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Abstract
Comparison of the spatial organization of related genomes reveals a wealth of information about how complex biological systems evolve and function. A fundamental task in spatial
comparative genomics is identification of homologous genomic regions, regions that have descended from a common region in an ancestral genome. While closely related regions are characterized by conserved gene content and order, in more distantly related genomes homologous
regions will be apparent only as gene clusters, pairs of regions with similar, but not identical,
gene content and scrambled gene order. As gene content and order diverge, statistical tests to
reject the null hypothesis that these regions share genes by chance become essential.
In this thesis, I provide statistical tests to assess the significance of gene clusters for a variety
of biological questions and search scenarios. I present the first formal statistical framework
for the max-gap cluster, the most widely used cluster definition in genomic analyses. This
framework provides statistical tests for two common search scenarios and facilitates principled
selection of parameter values prior to conducting a search for gene clusters.
Second, I propose novel statistical tests for clusters spanning three genomic regions, for two
comparative genomics applications: analysis of conserved linkage within multiple species and
identification of large-scale duplications. Multi-genome clusters are of increasing importance,
yet existing tests focus almost exclusively on pairwise comparisons. My results demonstrate
that simultaneously considering information from more than two regions dramatically improves
sensitivity over pairwise methods.
Third, I demonstrate the importance of incorporating cluster statistics in algorithms for spatial comparative genomics. Orthologs, genes that descended from a common ancestor through
speciation, are the fundamental unit of comparison in many comparative genomics applications. Using my statistical framework for evaluating max-gap clusters, I develop a new method
for ortholog prediction based on conserved spatial organization. Using statistical significance
to rank conserved patterns makes it possible to accommodate a variety of spatial features in a
single framework, yielding a method that can be applied to a broad range of genomic data sets.
This flexible framework outperforms current spatial ortholog prediction methods, especially on
highly diverged genomes.
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Chapter 1

Introduction
Comparative genomics, the analysis and comparison of genomes from related species, is a powerful technique for understanding how complex biological systems evolve and function. Genomes can be compared
on a range of scales to ask a variety of questions. Features that have been compared include gene complement, gene order, sequence similarity of both coding and non-coding DNA, and the intron and exon structure
of related genes. In this work, I focus on the spatial arrangement of genes within a genome, and use the
term spatial comparative genomics to refer to this particular aspect of the field. The analysis of conserved
spatial organization can further our understanding of protein function and regulation, functional constraints
on genome organization, the rates and patterns of chromosomal evolution, phylogenetic relationships, and
how evolutionary processes lead to functional innovation.
Spatial comparative genomics is used to identify homologous1 features in related genomes, facilitating the transfer of knowledge between organisms [113, 119]. Although increasing numbers of genome
sequences are becoming available, most experimental studies are still carried out on a small set of model organisms. By determining how genes and genomic regions of poorly-studied organisms correspond to those
of well-studied organisms, knowledge about one species can improve understanding of others. In particular,
although humans are among the most well-studied organisms, many types of experimentation cannot be
carried out on humans. Thus, transfer of knowledge from model organisms is essential for understanding
human biological processes, and developing new disease treatments.
Conserved patterns in spatial organization can also help elucidate protein function and regulation. In
bacteria, functionally related genes tend to be spatially clustered on the chromosome. Comparisons of gene
order can identify sets of genes whose spatial arrangement is conserved, and that are likely to be functionally
related. Unlike sequence or structural homology methods, which primarily provide insight on the biochemical function of a protein, spatial clustering offers evidence of associations between proteins, such as physical
interactions, or participation in the same pathway. These types of associations help identify the physiological
or cellular role of a protein, complementing information derived from sequence comparisons. In bacteria,
conserved gene order and content have been used for prediction of operons [37, 57, 130, 135, 177, 179, 181],
horizontal transfers [97], and more generally to investigate the relationship between spatial organization and
functional selection [86, 87, 95, 124, 159, 162, 163].
Finally, analyses of spatial organization serve an invaluable role in evolutionary biology. A great deal of
spatial comparative genomics methodology has been developed for the study of ancient large-scale or whole
1
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genome duplication events [4, 53, 54, 110, 148, 150, 174, 175, 180]. Conserved segments between different
genomes have been used extensively to reconstruct the history of chromosomal rearrangements and infer
an ancestral genetic map for a diverse group of species [18, 42, 51, 115, 116, 129, 142, 149], as well as to
provide novel features for new phylogenetic approaches [12, 44, 74, 140, 141, 164].
All of the evolutionary and functional questions described above require the identification of homologous chromosomal segments, chromosomal regions that have descended from the same chromosomal region
in an ancestral genome. When comparing two genomes, researchers are generally interested in finding orthologous segments, regions that have descended from the same chromosomal region in the genome of the
most recent common ancestor (MRCA) of the two species. In other cases, a genome self-comparison is conducted to identify evidence of whole genome or large scale duplication. In this case, chromosomes within a
single genome are compared in order to find duplicated, or paralogous, segments that derive from the same
region in the pre-duplication genome.
Immediately following speciation, offspring genomes have very similar gene content and order. Similarly, a whole genome duplication yields two very similar copies of the ancestral genome, both embedded
within a single genome. In both cases, the two genome copies will diverge over time due to a wide range
of evolutionary processes acting on the genome at different scales. These processes can radically alter genomic sequence, gene complement, and gene order. On a local scale, genomic sequence evolves through
point mutations and small insertions and deletions. Larger scale genome rearrangements, such as translocations, transpositions, and successive inversions of large regions of a chromosome, shuffle genes within
and between chromosomes, and scramble gene order with respect to the ancestral genome. In addition, the
gene complement, the set of genes that appear in the genome, will be altered by domain shuffling, horizontal
transfer, gene loss, and gene duplication.
As gene content and order diverge, homology can be significantly obscured. It is essential to not only
design sensitive search algorithms to identify homologous regions, but to apply statistical tests to show that
local similarities in gene content could not have occurred by chance. Although there is a long history of
searching for conserved chromosomal regions, there has been very little work on formal statistical models
for assessing their significance. This is the problem I address in this thesis.

1.1 Background
In closely related genomes, homologous segments will be characterized by conserved gene order and content, as well as similarity in non-coding regions, allowing them to be identified through direct sequence comparison. However, for more diverged genomes, sequence similarity will only be detectable in regions under
selection, such as protein coding regions. Furthermore, over time, successive rearrangements will cause
the scrambling of gene order. For comparisons of such diverged genomes, genes are frequently treated as
markers, and homologous chromosomal regions are detected by searching for gene clusters, pairs of regions
with similar but not identical gene content, and possibly scrambled gene order.
To detect distantly related homologous chromosomal segments, it is common to use a map-based approach, in which clusters are detected based on the locations of genomic markers, rather than direct comparison of the primary sequence. A marker-based approach to the identification of homologous segments
typically involves the following steps:
1. Markers must be mapped to their location in the genome. When the markers are genes and the data
2

are genomic sequences, this reduces to the problem of gene finding.
2. Homology between markers must be established.
3. A precise cluster definition must be selected, to specify the types of clusters sought, and an algorithm
must be developed, to identify such clusters via genome comparisons.
4. Statistical tests must be applied, to ensure that the clusters obtained are not due to chance similarities.
The focus of this thesis is the last step, the development of statistical tests to assess the significance of
gene clusters. The design of statistical tests will depend on decisions made in the previous three steps. In
the next three sections, I give a brief introduction to existing approaches for each of the first three tasks.
Then, at the end of this chapter, I will discuss the implications of all of these choices for the development of
formal tests to assess cluster significance.

1.1.1

Marker Identification

Map-based approaches to genome comparison require as input a set of markers, sequences with unique
locations in the genome. Frequently, genes are used as markers since their sequences tend to be conserved
over long periods of evolutionary time. Also, in many genomic studies, it is genes that are the unit of interest.
More recently, other types of markers have also been considered [126, 128, 145]. In this thesis I assume that
genes are used as markers, but all of the methods discussed here are general enough to be applied to other
types of markers as well.
Maps derived from whole genome data provide a close to complete listing of the location of all genes,
although errors in gene finding may occasionally result in markers that do not correspond to protein coding
regions. Sequence data also allows the precise order and physical distances between genes to be determined,
as well as gene orientation.
Until recently, maps were constructed from genetic linkage data, derived from the statistical analysis of
co-occurrence of traits. Unlike markers identified from genomic sequence data, markers in linkage maps
represent well-studied genes, for which the existence of corresponding transcripts has been verified. However, linkage maps can be quite sparse, with markers representing only a subset of all genes. Also, linkage
maps have low resolution: distances are approximate, gene orientation is unknown, and the respective ordering of nearby genes can not always be determined with certainty. Our current views of comparative spatial
genomics, as well as much of the existing models and methodology, are informed by this history. There are
many organisms where linkage maps are currently the only type of spatial data available. Thus, the basic
genome model used in this thesis is general enough to be applied to both linkage maps and modern genomic
datasets.
We assume a genome consists of a single linear unbroken chromosome, represented as a sequence of
n genes: G = (g1 ,. . .,gn ). The orientation of each gene is ignored. This model assumes that genes do not
overlap, and disregards the physical distance between genes. The distance between genes is defined to be
equal to the number of genes between them. This model can be advantageous for genomic comparisons
because physical distances often differ substantially between organisms. In addition, it eliminates the need
to model the variation in gene density that can lead to gene-rich and gene-poor regions of chromosomes. A
model based on physical distances would have to take into account the fact that a cluster that is unlikely to
appear in a gene-poor region might easily occur by chance in a gene-rich region.
3
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Figure 1.1: A hypothetical gene tree showing the evolution of the a gene family. An ancestral gene a
undergoes a gene duplication, giving rise to gene a′ . A speciation event occurs, giving rise to human and
mouse. Each lineage contains a copy of the a and a′ genes. The a gene in human is orthologous to the
a in mouse. The a′ genes are orthologs as well. All pairs consisting of one a gene and one a′ gene are
paralogous. All four genes are homologous, as they arose from a single ancestral gene. Together, they form
a gene family.

1.1.2

Homology Detection

For genome comparison, once a set of markers is determined for each genome, their homologous counterparts in the other genome must be located. Two genes are homologous if they arose from a single gene in
an ancestral genome. Homologous genes are either orthologs or paralogs. Two genes in different species
are orthologous if they arose from a single gene in the MRCA of the two species, and paralogous if they
arose through a duplication event that preceded the divergence of the species [59, 61]. These relationships
are illustrated in Figure 1.1.
In general, common ancestry is inferred from sequence similarity. However, homology identification
based on sequence comparison of genes is still an imprecise science. This problem is especially difficult for distantly related proteins, since distinguishing significant sequence similarity in the twilight zone
is particularly problematic [86]. Other factors that complicate homology identification include the presence of large families of multi-domain proteins [156], and the difficulty of distinguishing orthologs from
paralogs [134, 165, 59, 61]. As a consequence, gene homology identification is an area of active research [21, 26, 33, 40, 92, 147, 176].
For the purposes of this thesis, I assume that homology relationships have already been established,
and treat the set of homologous gene pairs as fixed input data. The real-valued similarity scores are discarded, and matches are considered binary, i.e. each pair of genes is either considered homologous or nonhomologous. The biological definition of homology implies that it should be an equivalence relation. In
practice, however, although detectable homology relations are generally symmetric, they are rarely transitive. That is, although gene x maybe be similar to gene y, and y is similar to gene z, there may be no
detectable similarity between x and z. In general, homology is a many-to-many relationship, but often the
data we are given is one-to-one. This is a computational not a biological requirement—many algorithms
for finding gene clusters assume a one-to-one mapping between genes. In addition, this restriction is often
enforced when the goal is to identify orthologous segments, as allowing only a one-to-one mapping significantly reduces noise in the comparative map [183]. Thus, I assume a model in which a gene has at most one
homolog, except in Chapter 4, in which I present a new method for generating a one-to-one mapping from
a many-to-many dataset.
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Figure 1.2: Three ways to visualize the comparison of marker order in two related genomes. Integers
and stars denote genes, with stars denoting singletons. (a) A comparative map. Lines show the mapping
between homologous genes. (b) A dot plot showing the same information in a matrix format. Columns
represent genes in G1 and rows represent genes in G2 . A matrix element is 1 (black circles) if the genes
are homologous, and 0 (empty) otherwise. (c) A graph in which vertices represent homologous gene pairs,
and edges connect vertices if the corresponding genes are close together in both genomes. In this example,
edges connect genes if the sum of the distances between the genes in both genomes is no greater than two.

1.1.3

Cluster Detection

Given the set of genes, their locations, and the homology mapping, the next step is to formally characterize
homologous segments. We have an informal notion of the signature of gene clusters: pairs of regions with
similar but not identical gene content, and scrambled gene order. In order to construct algorithms to find
such clusters, this informal notion of a gene cluster must be defined more rigorously.
The formal characterization of a gene cluster is critical to sensitive detection of ancient homology without inclusion of false positives. Cluster definitions are based on simplified models of real biological processes. In order to be useful, these models must abstract away much of the underlying biology and focus
on only a few features of interest. Researchers represent a genome comparison in a number of ways. For
example, consider two genomes G1 = 1*2*34**56789 and G2 = *3*14*2567*98, where the integers
correspond to homologous gene pairs, and the stars indicate singletons, genes with no homolog in the other
genome. Three ways of visualizing the ordering of genes in the two genomes are shown in Figure 1.2.
Figure 1.2(a) shows a comparative map representation, in which homologous pairs are connected by a line.
Alternatively, in a dot plot (shown in Figure 1.2(b)), the horizontal axis represents G1 , the vertical axis represents G2 , and homologous pairs are represented as dots in the matrix. Finally, this data can be converted
into an undirected graph (shown in Figure 1.2(c)), where each vertex v corresponds to a homologous gene
pair. Two vertices are connected by an edge if the corresponding genes are close together in both genomes,
where “close” is determined based on a user-defined distance function and threshold.
5

Cluster Definitions and Algorithms
Deciding how exactly to define the structures of interest is one of the most challenging tasks in cluster
identification. Cluster definitions can be declarative, specifying precise conditions that allow one to identify
a cluster, or they can be constructive, in which an algorithm to find clusters is given, but explicit cluster
criteria are not specified. Although a constructive definition makes it clear how to find clusters, it does not
necessarily provide information about what the resulting clusters will look like. Unless a formal definition
can be abstracted from the algorithm, it can be difficult to reason about these types of models, or to develop
formal statistical test for them. A declarative definition, on the other hand, is often easier to reason about,
but it requires an additional search procedure to find clusters that satisfy the formal definition. Whether a
declarative or constructive definition is used, in both cases, it is necessary to verify that the constructive and
formal definitions are equivalent. Recently there has been a movement to formalize cluster definitions, and
to develop precisely formulated search algorithms, so that correctness and efficiency of these algorithms can
both be analyzed.
The most conservative approach defines conserved segments as common substrings, contiguous regions
that contain the same genes in the same order, and sometimes orientation [161, 14, 114, 120]. For example,
two common substrings can be found in the example genome in Figure 1.2(b): {6,7} and {8,9}. However,
such a stringent definition will invariably lead to the exclusion of many regions that did indeed descend from
a single ancestral region but have since undergone small rearrangements.
A slightly more liberal approach defines a conserved segment as a common interval, a set of genes
occurring contiguously in each genome. The order of genes within the cluster may differ from genome to
genome. For example, two common intervals can be found in the example genomes in Figure 1.2: {5,6,7}
and {8,9}. A number of researchers have developed search algorithms to efficiently find common intervals
in genomic data [48, 77, 169]. However, this definition is still generally too strict, since gene duplication
and loss are common when comparing distantly related genomes, and a single gene insertion or deletion in
one genome will destroy a common interval.
The r-window definition generalizes a common interval, allowing rearrangements, as well as a limited
number of insertions and deletions. An r-window cluster is defined as a pair of windows, each containing r
genes, in which at least k genes are shared [34, 50, 62]. Note that if k = r, then an r-window reduces to a
common interval of size k. An r-window corresponds to a square in the dot plot with sides of length r, which
contains at least k homologs. For example, when r = 5 and k = 4, two clusters can be found in the example
genome in Figure 1.2(b): {5,6,7,9} and {6,7,8,9}. We distinguish between the genes that appear in
both regions that make up the cluster (the “marked” genes) and the intervening “unmarked” genes that occur
in only one of the two regions, although they may have a homolog elsewhere in the genome. One limitation
of the r-window definition is that it is unclear how to best choose the window size. If the window size is too
small, then a cluster may be missed, since it does not fit within the window. If the window size is too large,
however, then even if it contains a cluster the window may not be densely populated with homologs, and the
cluster may not appear significant. Rather than fixing the window size in advance, we would prefer to allow
the window to grow to its “natural size.” In other words, we would like to keep extending the window as
long as we continue to find homologs nearby in both genomes.
To gain extensibility, the more general max-gap cluster definition has been proposed [10]. It also ignores
gene order and allows insertions and deletions, but does not constrain the maximum length of the cluster to
r genes. Instead, a max-gap cluster is described by a single parameter g, and is defined as a set of marked
genes where the distance (or gap) between adjacent marked genes in each genome is never larger than a
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given distance threshold, g. Note that when g = 0, max-gap clusters reduce to common intervals. When
the maximum gap allowed is g = 1, two maximal max-gap clusters are found in the example genome in
Figure 1.2(b): {1,2,3,4} and {5,6,7,8,9}. A max-gap cluster is maximal if it is not contained within
any larger max-gap cluster. Correct search algorithms for this definition require some sophistication. Many
groups design heuristics to find max-gap clusters, but such methods are not guaranteed to find all maximal
max-gap clusters. The implications of using these search methods is discussed further in Section 2.3.3.
Bergeron et al. originally developed a divide-and-conquer algorithm (called GeneTeams) to conduct a whole
genome comparison, and efficiently detect all maximal max-gap clusters [10]. This algorithm was later
extended by He and Goldwasser [75]. Their HomologyTeams algorithm handles paralogs, and is one of the
few algorithms for finding gene clusters in which it is not assumed that the homology mapping is one-to-one.
Other cluster definitions include that of Calabrese et al. [30], in which the distance between each pair
of homologs is evaluated as a function of the gap size in both genomes. Unlike the max-gap definition,
which only requires the distance in each genome to some other marked gene in the cluster be small, this
method requires that all marked genes that are adjacent in genome G1 also be close in genome G2 , but not
vice versa. A very different approach by Sankoff et al. [143] explicitly evaluates a cluster (or segment) by
a weighted measure of three properties: compactness, density, and integrity. They seek a global partition
of the genome into segments such that the sum of segment scores is minimized. Clusters have also been
defined in terms of graph-theoretic structures (e.g. Figure 1.2(c)), such as connected components [128]
or high-scoring paths [71, 175]. Finally, a variety of heuristics have been proposed to search for gene
clusters [6, 30, 32, 72, 73, 171, 175, 179], the majority of which are specifically designed to find sets of
genes in approximately collinear order (i.e. forming a rough diagonal on the dot plot). Many constructive
definitions give only a vague description of the clustering procedure. Even those that are more precisely
specified cannot be easily summarized without describing the full heuristic of each procedure.
Search Strategies
The significance of a gene cluster depends not only on the characteristics of the cluster, but also on how the
cluster was found. The larger the search space, the less significant the cluster. Unfortunately, however, most
statistical tests do not consider the size of the search space, and most experimental studies present clusters
without providing the details of the search procedure that are needed to correctly assess significance. Durand
and Sankoff [50] characterized the following three most common search strategies:
1. Reference set: Given a set of genes of interest, the goal is to identify subsets of these genes that are
located in close proximity in the genome. In this case, the search space is the entire genome. For
example, the genes of interest may be located in a particular genomic region (the ”reference region”),
and homologous regions, which will presumably contain many of the same genes, are sought. In other
cases, the genes of interest share a particular functional or regulatory property, and the goal is to find
evidence of functional constraints on spatial organization.
2. Window sampling: Given two chromosomal regions, the goal is to determine whether the regions
share a significant number of homologs, in order to obtain evidence that they descended from a single
region in an ancestral genome. In many cases, these windows are selected because they contain a pair
of known homologs of particular interest. This search scenario may be used, for example, to determine
whether a particular set of paralogs were duplicated through a large scale event, or to assess whether
the gene order around a pair of orthologs has been conserved. In window sampling, the search space
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is confined to the two regions of interest.
3. Whole genome comparison: Given two genomes, the goal is to identify all clusters of genes that
appear in proximity in both genomes. When assessing the significance of individual gene clusters
found through whole genome scans, the much larger search space must be taken into account to avoid
overestimating cluster significance.
Note that in the reference set search scenario, only a single genome is analyzed. Although the set of
genes may have been selected based on their location in a second genome, the search problem is defined
with respect to a single genome. In the window sampling and whole genome comparison scenarios, on the
other hand, the search problem is defined with respect to two genomes.

1.1.4

Statistical Tests for Gene Clusters

The previous section introduced the basic steps involved in identifying gene clusters, from determining the
position of markers in the genome to designing cluster definitions and algorithms. A final critical step in
the identification of ancient segmental homologies is significance testing. Over time, processes of genome
mutation and rearrangement cause the properties of homologous segments to become more and more similar
to the statistical background. Thus, to evaluate putative homologous segments, it is imperative to test and
reject the hypothesis that the observed similarities could have occurred by chance.
In general, it is not possible to estimate a clustering algorithm’s accuracy, sensitivity or specificity, since
in the vast majority of cases the true evolutionary relationships are not known. Synthetic data can be used
to evaluate cluster-finding algorithms, but the rates of mutation and rearrangement events are also unknown,
and so evaluations based on simulated data are only informative to a limited degree. Thus, statistical tests
of cluster significance are critical for accurate identification of ancient segmental homologies.
Statistical models also enable the principled selection of search parameters. Many cluster definitions
are based on user-defined parameters. For example, the r-window cluster definition requires the user to
specify the window size r. If parameters are selected too conservatively, many significant clusters will not
be detected. On the other hand, very liberal parameter values may lead to biologically meaningful clusters
being detected but discarded as not statistically significant. A statistical model can be used to determine the
range of parameter values within which a cluster will still be significant.
Lastly, formal statistical models allow us to investigate statistical trends for particular cluster models,
and ensure that the statistical behavior meets our expectations. For example, a rigorous statistical analysis
can show that a cluster definition is inappropriate for certain types of data, or for certain regions of the
parameter space. A statistical model is also useful for comparing the power of alternative clustering models
under different models of genome evolution.
Related Work
The development of statistical models for gene clusters is largely an uncharted area. The significance of
a cluster depends on a broad range of factors, including characteristics of the data and model, the cluster
definition, the search procedure, and the biological question of interest. At present, the significance of
putative clusters is often not evaluated at all, or only informally. There are three basic approaches to testing
the significance of gene clusters: combinatorial analysis, statistical analysis, and analysis by randomization.
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These approaches are often complementary, such that improvements in accuracy and efficiency may be
obtained when they are used in combination. For the most part, however, existing significance tests are
based on data randomization, or on very simple combinatorial models that are applicable to only a limited
set of conditions and cluster definitions.
The most common approach is to assess cluster significance with randomization tests. Observed clusters
with properties that are rare in randomized data are assumed to correspond to homologous segments. Tests
based on randomization are simple to implement for null models of random gene order, since sampling
permutations uniformly is quite straightforward. For more complicated null hypotheses, however, randomization tests may be more difficult to design. Furthermore, randomization tests can be computationally
expensive. Combinatorial approaches for calculating cluster statistics may help to reduce this running time
by specifying a biased distribution for importance sampling [25]. Although the sample space (all possible
gene permutations) is very large, only a small fraction of random samples will contain any clusters at all.
Combinatorial analysis can be used to devise a sampling strategy that selects samples only from the small
fraction of permutations for which the probability of a cluster is high. Finally, randomization studies require complete knowledge of all markers and homologs in the data. When only partial data is available,
randomization tests are not feasible.
The only purely statistical approach to assessing cluster significance, of which I am aware, is that of
Calabrese et al. [30]. The authors present a search algorithm and a statistical model to test putative clusters
detected by their algorithm. They define a random variable Xij for each pair of genes (i, j), where Xij is one
when the genes are homologous, and zero when the pair is unrelated. Their statistical tests are based on an
assumption that the Xij ’s are independently distributed, Bernoulli random variables. Under
P this model, the
number of homologs for any given gene i can be described by a random variable Yi = j Xij . This model
implicitly assumes that gene family sizes are binomially distributed (since Yi is the sum of independent
Bernoulli random variables). However, this assumption is not supported by the data. Rather, gene family
sizes typically follow a power law: small gene families are most common and large gene families are rare.
Thus, it is unclear to what extent this approach allows accurate estimation of cluster significance.
A number of significance tests based on simple combinatorial arguments have been introduced within
the methods sections in various papers focusing on the analysis of particular genomic datasets [46, 51, 123,
167, 174, 177]. These tests provide a good starting point, but make so many simplifying assumptions that
their descriptive power is limited.
A few more rigorous combinatorial analyses have been made in conjunction with the development of
algorithms for cluster identification. In this work the mathematical quantity that is to be estimated is carefully defined, but the connection to the biological question of interest is not addressed, and overly strict
simplifying assumptions are made, e.g. that the two genomes have identical gene complements [43, 169].
Furthermore, these attempts are generally based on very conservative cluster definitions, such as common
intervals and max-gap clusters in which the maximum gap is is at most one [43, 169]. The one combinatorial
approach that provides significance tests for a broad range of different biological scenarios was introduced
by Durand and Sankoff [50], and later extended by Raghupathy and Durand [132]. While this was the first
statistical work in this area to clearly describe both the biological and mathematical problem of interest, a
number of open problems remain. In particular, this work is not applicable to the most commonly used cluster definition, the max-gap cluster. Furthermore, the tests are designed almost exclusively for comparisons
of two genomic genomes. Designing general statistical tests for clusters spanning multiple regions remains
an unsolved problem.
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The Design of Statistical Tests for Gene Clusters
Formal statistical models are needed to test the significance of gene clusters for a range of different biological
questions of interest. However, translating from a biological question to a formal mathematical statement of
the problem is not trivial. In particular, selecting appropriate null and alternate hypotheses, as well as a test
statistic, is challenging.
For many of the problems in spatial comparative genomics, how to specify appropriate null and alternate
hypotheses is not always obvious. Given a biological question, such as whether local conservation of spatial
organization in the genome provides evidence either of shared ancestry or functional selection on gene
order, the goal is to show that a cluster with particular characteristics is unlikely to be observed by chance.
However, the meaning of “by chance” depends on the particular biological question.
For example, to show evidence that a particular set of genes were duplicated in one large-scale duplication event, it is necessary to demonstrate that the observed cluster is unlikely to be the result of multiple,
independent, gene duplications. In this case, if we assume that a duplicated gene is located anywhere in
the genome with equal probability, then an obvious null hypothesis is that of random gene order. Although
there is some empirical evidence that the destination of single gene duplications tends to be closer to the
source than would be expected by chance [175], this process is poorly understood. Furthermore, subsequent rearrangements complicate the picture. Thus, tests of large-scale duplications are generally conducted
against the simple null hypothesis of random gene order. If the null hypothesis of random gene order cannot
be rejected, no more complex, biologically motivated null hypothesis need be considered. Similarly, when
testing for segmental orthology, tests are typically conducted against a null hypothesis of random gene order.
A test statistic should summarize all the properties of the sample that are relevant to the hypothesis being
tested; the value of the statistic is then used to decide whether or not the null hypothesis can be rejected. It is
difficult to devise a test statistic for gene clusters that captures all properties of interest. Ideally, the number
of shared genes, the number of insertions and deletions, and the degree of disorder would all be captured by
the test statistic. With clusters that span multiple regions, it is important to consider the number of genes
shared by all the regions, as well as the number of genes shared by various subsets of the regions. Given this
complexity, selecting an appropriate test statistic is not always straightforward.
Finally, tests of cluster significance need to consider not only the characteristics of the cluster being
evaluated, but also the characteristics of the marker and homology data, and the size of the search space.
The specific properties of the genomic data, such as the number of genes and the number of homologous
gene pairs, must be factored into any model of cluster significance. In particular, as the number of matches
between genes increases, so do chance occurrences of gene clusters. The significance of a cluster also depends on the number of possibilities considered during the search. The search space is O(n) for a reference
set scenario, but a whole genome comparison, on the other hand, is equivalent to comparing O(n2 ) pairs of
regions.
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Section
2.2
2.3
3

Cluster Definition
Max-gap
Max-gap
r-window

Sampling strategy
Reference set
Whole genome comparison
Window sampling

Number of regions
One
Two
Three

Null Hypothesis
Random Gene Order
Random Gene Order
Random Gene Order

Table 1.1: Overview of statistical tests presented in this thesis.

1.2 Thesis Overview
In this thesis I present statistical tests for two commonly used cluster definitions: max-gap clusters and
r-windows. These tests take the number of shared genes into account, but allow insertions, deletions and rearrangements of genes within a cluster. They include models for comparison of two regions and comparison
of three regions, and consider several different sampling strategies. These tests are summarized in Table 1.1.
In Chapter 2, I present the first formal statistical model for max-gap clusters. Tests for a reference set
scenario are presented in Section 2.2, and probabilities for clusters found through whole genome comparison
are derived in Section 2.3. I use the probability expressions derived in Section 2.3 to analyze the significance
of clusters found in a whole genome comparison of E. coli and B. subtilis. I also investigate the impact of
the search procedure on the set of max-gap clusters identified on three datasets: E. coli compared with B.
subtilis, human compared with mouse and human compared with chicken.
In Chapter 3, I propose novel statistical tests for r-windows sampled from three distinct genomic regions,
including comparisons of three regions selected from three distinct genomes, and comparison of a pair of
regions duplicated by whole genome duplication with a reference region selected from a pre-duplication
genome. I use the analytical expressions I derive to investigate the impact of the fraction of singletons genes
on cluster significance, and to evaluate alternative test statistics. I also compare the sensitivity of these tests
with that of existing approaches.
In Chapter 4, I develop a novel method for ortholog prediction based on max-gap statistics. In Sections 4.2 and 4.3 I review existing methods for identifying orthologs, based on sequence and/or spatial
information. In Section 4.4, I present my method for ortholog prediction, which includes a new algorithm
for finding a particular sub-type of max-gap gene clusters, and a method for statistically validating gene
clusters when the homology mapping is many-to-many. In Section 4.6, I present empirical results on a set
of γ-proteobacteria, and compare the performance of my method with previous results on this dataset.
Finally, in Chapter 5, I discuss a number of insights that have developed over the course of work, on
how to improve upon existing cluster definitions and statistical tests. A number of important open problems
raised by this thesis are also described.
Appendix A contains a glossary of technical and biological terms. Appendix B provides a detailed
catalog of cluster properties upon which many existing gene cluster definitions, algorithms, and statistical
tests are explicitly or implicitly based. Appendix C gives detailed derivations of many of the combinatorial
expressions used in Chapter 2.
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Chapter 2

Max-Gap Cluster Statistics
In this chapter, I present the first formal, rigorous mathematical model of max-gap gene cluster probabilities [81, 80]. The max-gap definition has been proposed independently several times, and has also been
referred to as gene teams [10], δ-teams [76], and γ-intervals [43]. Although the max-gap definition has
emerged as perhaps the most popular in empirical studies [11, 20, 37, 62, 102, 110, 124, 151, 162, 171, 175],
no formal statistical tests have been developed for max-gap clusters. Studies based on max-gap criteria currently use randomization to estimate the significance of clusters [11, 110, 124, 151, 171, 175]. Analytical
statistical models in the literature are designed for other definitions of gene clusters [30, 46, 50, 51, 167, 174].
It is not obvious how to extend them to apply to this commonly used cluster model.
Before presenting the main results of this chapter, I first present some necessary technical preliminaries.
After stating formal definitions for a max-gap chain in one genome, and a max-gap cluster in two genomes,
I present some general combinatorial expressions that are useful for deriving the results in the following
sections. Next I present the first statistical tests for max-gap clusters for two of the basic search scenarios
presented in Section 1.1.3.
In the first scenario, we wish to find clusters of a subset of genes that are pre-specified, or marked.
In the second scenario, we are given two genomes, and a mapping between their homologs, and we wish
to identify all sets of genes that are found in spatial proximity in both genomes. In this whole genome
comparison problem, the set of genes in a cluster emerges from the comparison of two whole genomes. The
window sampling search scenario is not addressed in this section, as it is not compatible with the max-gap
cluster definition, which allows the length of a cluster to be arbitrarily large.
For all tests, the null hypothesis is that the genes are randomly distributed in the genome, i.e. that each
permutation of the n genes is equally likely to occur.

2.1 Technical Preliminaries
As we stated in Chapter 1.1, we model a genome as a sequence of n genes. It is assumed that genes do not
overlap, and gene orientation and physical distance between genes is disregarded. This model assumes that
the genome consists of a single linear, unbroken chromosome. If a genome contains multiple chromosomes,
then we assume they have been concatenated in an arbitrary order to create one long sequence of genes.
In this case, our model may slightly overestimate the probability of a cluster since it would erroneously
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enumerate clusters that span chromosome boundaries. This effect should be small however, as the number of
chromosome boundaries is very small compared to the number of genes. If there are circular chromosomes,
they can be broken at their origin or terminus. In this case, our model may slightly underestimate the
probability of a cluster since it would fail to enumerate clusters that span the origin or terminus. Again,
this effect should be small. Our model also assumes that each gene has at most one homolog in the other
genome, as discussed in Section 1.1.2.

2.1.1

Max-Gap Terminology

Definition 2.1.1. A genome G = {1, ..., n} is a sequence of genes, ordered by their position in the genome.
We define ∆(i, j), the gap between the ith and j th genes, as the number of genes between them, i.e.
∆(gi , gj ) = |i − j| − 1, if the genes are on the same chromosome, and ∆(i, j) = ∞ if the genes are
on different chromosomes.
We are interested in identifying sets of genes that appear in proximity in the genome, such that each
gene in the set is close to at least one other gene in the set, i.e. the maximum gap, or max-gap, between the
genes is small.
Definition 2.1.2. Let X = {x1 , ..., xm } be a set of m genes in genome G, such that gene xi precedes xj in
the genome iff i < j. Note that X is not required to be a contiguous set of genes, so genes that are adjacent
in X are not necessarily adjacent in the genome. We define ∆(X), the max-gap of a set of genes X, as the
maximum gap between adjacent genes in X, i.e. ∆(X) = max ∆(xi , xi+1 ).
1≤i<m

In the reference set scenario, we are given a set of genes of interest (the marked genes), and we wish
to determine whether any subset appears in proximity in the genome. We use the term chain to describe a
subset of genes that are located close together in one genome.
Definition 2.1.3. We say that X forms a g-chain of G if ∆(X) ≤ g. A g-chain X is maximal if it is not
contained within a larger chain, i.e. there is no g-chain X ′ ⊃ X.
For example, consider the genome G = abc*d***ef*, where stars indicate unmarked genes. If g = 2,
then {a, b, d} forms a g-chain, since neither (a, b) nor (b, d) is separated by more than two genes. However,
{a, b, d} is not a maximal 2-chain since it is contained within the larger 2-chain {a, b, c, d}. The set {e, f },
on the other hand, is a maximal 2-chain.
Definition 2.1.4. The size of a chain X = {x1 , ..., xm } is the total number of genes it contains: |X| = m.
The length of X is the total number of genes spanned by the chain: ∆(x1 , xm ) + 2.
In the example above, the chain {a, b, d} is of size three, and length five, whereas the chain {a, c} is of size
two and length three.
Now that we have introduced the term chain to describe a set of genes that are located close together in
one genome, we introduce a formal definition of a cluster, a set of genes that are located close together in
two genomes.
Definition 2.1.5. A set of genes, X, forms a g-cluster in genomes G1 and G2 if X forms a g-chain in G1 ,
each gene in X has a homolog in G2 , and X’s homologs form a g-chain in G2 . A g-cluster X is maximal
if it is not contained within a larger cluster, i.e. there is no g-cluster X ′ ⊃ X.
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g
0
1
2
3

maximal g-clusters
{a, b}, {c}, {d}, {e}, {f }
{a, b}, {c}, {d}, {e}, {f }
{a, b, d}, {c}, {e}, {f }
{a, b, c, d, e, f }

Table 2.1: The max-gap clusters of G1 = abc*d***ef* and G2 = abfd***c*de, for values of g from
0 to 3.
For example, consider the genomes G1 = abc*d***ef* and G2 = abfd***c*de, where each letter
corresponds to a homologous gene pair, and the stars indicate singletons. If g = 2, then {a, b} forms a
g-cluster, since a and b are within two genes of each other in both genomes. The set {a, b} is not a maximal
g-cluster, however, since it is contained within the g-cluster {a, b, d}. The set {b, c} does not form a g-cluster
since it does not form a g-chain in G2 . The complete list of maximal g-clusters of G1 and G2 is given in
Table 2.1, for all values of g.
In this chapter we often assume that g is given, and fixed. In this case, we use the term max-gap chain,
or even just chain, as shorthand for a maximal g-chain, and max-gap cluster as shorthand for a maximal
g-cluster.

2.1.2

Generalized Dice Equation

Here I introduce several related combinatorial expressions that are used repeatedly in subsequent sections to
compute cluster probabilities under a number of different search scenarios. Assume we are given m marked
genes, and that these genes are all located within a window of l genes. In the following sections we are
interested in three related quantities:
1. the probability of finding all m genes in a max-gap chain of length exactly l,
2. the probability of finding all m genes in a max-gap chain of length no greater than l, given that the
first gene in the chain is the first gene in the window, and
3. the probability of finding all m genes in a max-gap chain anywhere within a window of length l.
The number of ways to place the m genes so they form a max-gap chain of length exactly l is equivalent to
the number of ways to place m genes in a window of size l, such that they form a max-gap chain, and both
the first and last positions contain a marked gene (exemplified in Figure 2.1(a)). In this case, all m − 1 gap
sizes are constrained to be no more than g, and the gaps must sum to l − m. The second problem is similar,
except that only the first position must contain a marked gene (Figure 2.1(b)). In this case, in addition to
the m − 1 constrained gaps, there is also one unconstrained gap after the last marked gene, which can be
larger than g. In the third problem, neither endpoint is required to contain a marked gene (Figure 2.1(c)). In
this case, there are two unconstrained gaps, one at each end of the chain. The only difference between these
three problems is the number of unconstrained gaps.
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Figure 2.1: Three max-gap 4-chains of size m = 8, located in a window of l = 24 genes. The window is
shown as a rectangle. Genes in the chain (the marked genes) are shown as black circles, and all other genes
are shown as unfilled circles. The size of each constrained gap vi in the chain is labeled. The size of each
unconstrained gap wi is also labeled. (a) A max-gap 4-chain of length exactly 24, in which both endpoints
of the window contain a marked gene. All gaps are constrained. (b) A max-gap 4-chain of length 23, in
which only the leftmost endpoint of the window contains a marked gene. There is one unconstrained gap,
after the rightmost marked gene. (c) A max-gap 4-chain of length 18, in which neither endpoint contains a
marked gene. There are two unconstrained gaps, one at each end of the chain.
We can formulate all three problems as instances of a more general problem: for a given, non-zero
integer s, find the number of solutions to the following equation
c
X
i=1

vi +

u
X
j=1

wj = s, such that 0 ≤ vi ≤ g, ∀i ∈ 1..c and wj ≥ 0, ∀j ∈ 1..u,

(2.1)

where c is the number of constrained gaps, and u is the number of unconstrained gaps. This problem is a
more general version of a well-known problem [170]: determining the number of ways of rolling c dice,
each with faces numbered 0 to g, such that the sum of their faces is equal to s. In this generalized version, in
addition to having c dice with faces from 0 to g, we also have u “infinite” sided dice, and we wish to know
the number of ways of rolling the dice to get a sum of s.
Let dg (d, u, s) be the number of solutions to Equation 2.1. An expression for dg (c, u, s) can be derived
using recurrence equations (see Appendix C.1):
⌊s/(g+1)⌋

dg (c, u, s) =

X
i=0

 

c s − i(g + 1) + c + u − 1
(−1)
.
i
c+u−1
i

(2.2)

Using this equation, we can now give an expression for each of the three probabilities described
 above.
The probability of m marked genes forming a chain of exactly length l is dg (m − 1, 0, l − m)/ ml , since the
numberof constrained gaps is m − 1, the number of unconstrained gaps is 0, the gaps must sum to l − m,
and ml is the number of ways of placing m genes anywhere withing a window of l genes. The probability
that all m marked genes will form a chain of length no greater
than l, given that the first gene in the chain is

l
the first gene in the window, is dg (m − 1, 1, l − m)/ m . The probability that the genes will form a chain

anywhere within a window of size l is dg (m − 1, 2, l − m)/ ml .
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2−chain of size 5 and length 10
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Figure 2.2: A sample genome (n = 24), with m = 9 marked genes shown in black. Three maximal max-gap
chains are found when the maximum gap allowed is g = 2. The first has size three and length four, and the
second has size five and length ten. The rightmost marked gene forms a trivial chain of size one.
P
Note that dg (m − 1, 1, l − m) should equal lr=m dg (m − 1, 0, r − m), since the number of ways of
getting a chain of no greater than length l is simply the number of ways of getting a chain of length exactly
r, summed over all possible values of r from m to l. It is easy to verify thatP
this equivalence holds (see
Appendix C.2 for a proof). Similarly, we can show that dg (m − 1, 2, l − m) = lr=m dg (m − 1, 1, r − m).

For certain chain lengths, dg (m − 1, u, l − m) can be reduced to a simpler expression. The maximum
possible length of a max-gap g-chain of size m is Lm = m + g(m − 1), which occurs when all m − 1 gaps
are of size g. In the case where there are no unconstrained gaps, if l > Lm then dg (m − 1, 0, l − m) is zero,
since there is no way to get a chain of length greater than Lm . In the case when there is one unconstrained
gap, there is a special case when l ≥ Lm . In this case, the constraint on the length of the chain is irrelevant,
and the problem is much simpler. The number of ways of getting a chain of length no greater than l ≥ Lm
is dg (m − 1, 1, Lm − m) = dg (m − 1, 1, (m − 1)g), which can be shown to be equal to (g + 1)m−1 . This
is simply the number of ways of choosing m − 1 gaps so that the length of each gap is between 0 and g.

It is also useful to observe that dg (m − 1, 0, l − m) is symmetric around l = m + (Lm − m)/2, in other
words dg (m − 1, 0, i) = dg (m − 1, 0, Lm − m − i), ∀i ∈ {m..Lm − m)} (see Appendix C.3 for a proof).
This symmetry can be exploited to compute dg (m − 1, 0, l − m) more efficiently when l is large. A similar
symmetry can be exploited to reduce the time required to compute dg (m − 1, 1, l − m) by half, for large
values of l. dg (m − 1, 1, Lm − i − m) is the number of ways to generate a max-gap chain of size m and
length no greater than Lm − i. It can be shown that this is equivalent to (g + 1)m−1 − dg (m − 1, 1, i). This
is the number of ways to generate a chain of size m with any length, minus the number of ways to generate
a chain of size m and length no greater than m + i.
These expressions will be used in the subsequent sections in various situations in which the length of
a chain is constrained. In addition, we will use the generalized dice equation to enumerate arrangements
in which there are more than two constrained gaps. When g is fixed, I will use d(c, u, s) as shorthand for
dg (c, u, s).

2.2 Reference Set
In the reference set scenario, the task is to assess whether it is significant to find a particular set of genes
clustered together in the genome. We wish to find clusters of a subset of m genes that are pre-specified,
or marked. These genes may be of interest, for example, because their homologs are contiguous in another
region or genome (a “reference region”) or because they share some functional properties. We are interested
in the probability that all m marked genes, or a sizable subset, appear in close proximity within the genome
of interest.
There are many possible tests that could be considered for this problem. Indeed, this problem is very
similar to a standard one-dimensional, discrete scan statistic problem, for which many tests have been de17

vised [66, 67]. Since the focus of this chapter is statistical tests for max-gap gene clusters, our tests are
based on the maximum gap observed between marked genes. The expressions derived in this Section will
also be useful for computing cluster probabilities for the whole genome comparison problem presented in
Section 2.3.
We provide two tests of spatial clustering of the reference set of genes. In the first test, the test statistic is
the largest gap observed between the marked genes, i.e. the smallest value of g for which all m genes form a
single g-chain. For example, in Figure 2.2, all m = 9 genes form a 4-chain. If the probability of observing
a complete 4-chain is small, we will be able to reject the null hypothesis of random gene order. Even if the
probability is large, however, there still may be a high degree of clustering of a sub-set of the genes. Thus,
we propose a second test in which g is not an observed property of the data, but a parameter selected by the
user. With this approach, all maximal g-chains are identified, and the size of the largest maximal g-chain
is the test statistic. For example, in Figure 2.2, with a max-gap of g = 2, the largest maximal g-chain is of
size five. This test may give different results depending on what value of g is selected by the user. If tests
are conducted with multiple values of g, then a correction must be applied to the p-values to account for the
potential increase in Type I errors.

2.2.1

Exact Probabilities for Complete Chains

In this section, I consider the significance of a complete chain, containing all m genes of interest. The test
statistic Y in this scenario is the maximum gap between the marked genes. The p-value is the probability
of observing a gap between marked genes of no more than g in a random genome: PM = P0 (Y ≤ g). If
PM < α, the null hypothesis of random gene order can be rejected at a significance level of α.
Given a random permutation of n genes, we wish to determine the probability of observing all m marked
genes (in any order) in a g-chain. The probability is
 
n
,
(2.3)
PM (m, g, n) = NM (m, g, n)/
m
where NM (m, g, n) denotes the number of ways to place m marked genes in a genome of size n so that
they form a g-chain. Notice that NM (m, g, n) is precisely the quantity dg (m − 1, 2, n − m) derived in the
previous section.
When m and g are not too large (i.e. (m − 1)g + m ≤ n + 1), we can express NM (m, g, n) in closed
form. Our approach is to enumerate all possible chains by the position of the leftmost marked gene in the
chain. Given the position of the first marked gene, there are (g + 1)m−1 ways to place the remaining marked
genes so that they form a max-gap chain of any length. There are n possible starting positions for the chain.
However, m − 1 of these starting positions are so close to the end of the genome that there will be no room
for the remaining m − 1 marked genes. In addition, (m − 1)g of these positions are close enough to the end
of the genome so that they can fit only a subset of all (g + 1)m−1 possible chains. Cumulatively, half of the
chains starting at these (m − 1)g positions will extend beyond the end of the genome (a proof of this claim
is given in Appendix C.3). Combining these terms, the total number of chains is
i
(h
n − (m − 1) − (m−1)g
· (g + 1)m−1 , if Lm ≤ n + 1,
2
NM (m, g, n) =
(2.4)
dg (m − 1, 2, n − m),
otherwise.
For typical reference set problems, values of g and m are small compared to n, and Lm will be much smaller
than the size of the genome, so the closed form expression can be used.
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In some cases we may wish to constrain the total length of the chain, by adding the restriction that all
m genes must appear in a window of size at most r. The limit on window size ensures a minimum cluster
density, while the max-gap property prevents the gaps between marked genes from becoming too large.
More formally, given a genome of size n, the probability of finding all m marked genes (in any order) in a
window of size at most r, such that the gap between adjacent marked genes is never more than g, is
PR (m, g, r, n) =
=

1

 (n − r + 1) · dg (m − 1, 1, r − m) +

n
m

1

"

r−1
X

i=m

#

dg (m − 1, 1, i − m)

(2.5)

 [(n − r + 1) · dg (m − 1, 1, r − m) + dg (m − 1, 2, r − 1 − m)] .

n
m

There are n − r + 1 positions starting a window of at least r, and one window at the end of the genome of
each size from m to r − 1.

2.2.2

Exact Probabilities for Incomplete Chains

Requiring all m genes of interest to appear in a single chain is often too strict a requirement. Frequently,
only a subset of the m genes of interest are found in close proximity in the genome [2, 45, 55, 65, 83, 90,
91, 101, 103, 127, 136, 154, 157, 167]. For example, in Figure 2.2, when g = 2, the marked genes form
three maximal g-chains: the first of size h = 3, the second of size h = 5, and the last of size h = 1.
Thus, in this section I provide a statistical test for incomplete max-gap chains: maximal g-chains of
size h < m. In this case, the maximum gap value g is fixed in advance. We search the genome for all
maximal chains of marked genes. The test statistic Hmax represents the size of the largest chain, where the
largest chain is the one that contains the most marked genes. The p-value is the probability under the null
hypothesis that the largest chain will be of size h or greater: PH = P0 (Hmax ≥ h). This is simply the
probability of observing at least one chain of size h or greater in a random genome.
Dynamic program to compute exact probabilities for incomplete chains when h ≤ m
Unlike com2
plete chains, there can be more than one incomplete chain of size h or greater in the same genome. A simple
extension of Equation 2.4 to incomplete chains would therefore over-count permutations containing more
than one chain. Instead, I present a simple dynamic programming algorithm to count those permutations
which do not contain a chain of size h or greater, and subtract to obtain the probability of observing at least
one incomplete chain. The algorithm moves along the genome, adding a marked or unmarked gene at each
step. It keeps track of runs of marked genes that satisfy the max-gap chain criterion and avoids creating a
chain of size h or greater by judicious placement of unmarked genes.
The quantity NH̄ [n, m, j, q] represents the number of ways to place m marked genes in n slots without
creating a max-gap chain of size h or greater, where j is the distance to the previous marked gene and q is
the size of any chain created so far. It is defined recursively as follows:


0,
if q = h or n < m



1,
else if m = 0
NH̄ [n, m, j, q] =

NH̄ [n−1, m, j+1, q] + NH̄ [n−1, m−1, 0, q+1], else if j ≤ g



N [n−1, m, j+1, q] + N [n−1, m−1, 0, 1],
otherwise.
H̄
H̄
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Figure 2.3: An incomplete 2-chain of size h = 5 (in a rectangle), located in a genome of n = 24 genes, with
m = 7 marked genes. There are h − 1 = 4 constrained gaps, m − h + 2 = 7 − 5 + 2 = 4 unconstrained
gaps, and one gap of size exactly g + 1 (shown by the straight arrow).
The probability of observing at least one incomplete chain of size at least h is then just one minus the
probability that the genome contains no incomplete chains:
PH (n, m, h, g) = 1 −

NH̄ [n, m, g + 1, 0]

.
n

(2.6)

m

The complexity of computing PH is O(nmgh). Since h < m, this is bounded above by O(nm2 g). However,
in practice m will be significantly smaller than n. For example, the size of typical bacterial genomes ranges
from 500 to 5000 [153], whereas the average number of genes in an operon is predicted to be between two
and four, and the large majority of operons contain fewer than fifteen genes [186]. Vertebrate genomes
can be much larger. For example, the estimated size of the human genome is around 25, 000 genes [88],
but duplicated or conserved regions reported in the literature tend to include only five to thirty genes in a
window containing a hundred genes at most [2, 45, 55, 65, 83, 90, 91, 101, 103, 127, 136, 154, 157, 167].
√
If we make the conservative assumption that m ≤ n and that g is a small constant, then the running time
will be bounded above by O(n2 ).
When m > h > m
Exact probabilities for incomplete chains when h > m
2
2 , the probability can be
computed directly because there can be at most one chain of size h or greater, so we do not have to worry
about over-counting permutations containing more than one chain. There are m−h marked genes that are not
in the chain. These genes can appear to the left or to the right of the chain. We enumerate permutations based
on the number of marked genes that appear to the left of the chain. To do this we divide the permutations that
contain a chain of size h or greater into m − h disjoint sets. Let Ei represent the permutations containing a
chain of size h or greater, such that exactly i marked genes are to the left of the chain, where 0 ≤ i ≤ m − h.

The cardinality |Ei | can be computed easily using the generalized dice equation presented in Section 2.1.2. There are h − 1 gaps in the chain, each constrained to be no more than g, so c = h − 1.
The total number of gaps is m + 1 (m − 1 between the marked genes, one left of the leftmost marked
gene, and one right of the rightmost marked gene). Thus, there are u = m + 1 − (h − 1) = m − h + 2
unconstrained gaps. When i = 0, the constrained and unconstrained gaps together must sum to n − m, so
|E0 | = d(h−1, m−h+2, n−m). When i > 0 we have to ensure that there is a gap of at least g + 1 between
the chain and the marked gene immediately left of it, as shown in Figure 2.3. Our goal is to enumerate the
permutations with i genes to the left of the chain. If there was a marked gene within g, to the left of the
chain, then that gene would be part of the chain, and there would only be i − 1 genes to the left of the chain.
Thus, when i > 0 it is necessary to include a gap of size at least g + 1 immediately left of the chain. The
generalized dice equation was only designed to handle gaps with a maximum size, not a minimum size. A
gap with a minimum size of g + 1 can just be represented as two gaps—one of size exactly g + 1, and one
unconstrained. Thus, the unconstrained and constrained gaps in this case must sum to n − m − (g + 1), and
when i > 0, |Ei | = d(h − 1, m − h + 2, n − m − g − 1).
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Figure 2.4: Probability of a complete max-gap chain of m marked genes in a genome of size n = 500 (a) as
a function of g and (b) as a function of m.
The probability of observing at least one maximal chain of size h or larger is:
Pm−h
|Ei |
PH (n, m, h, g) = i=0n 
m

=

1

n
m

(2.7)

 [d(h − 1, m − h+2, n − m) + (m − h)d(h − 1, m − h+2, n − m − g − 1)]

This test is based only on the size of the largest chain, and thus may sometimes result in an error of the
second kind, i.e. it may not reject the null hypothesis of random gene order even though there is significant
clustering of the marked genes. For instance, in some cases the probability of observing at least one chain of
size h may be too large to reject the null hypothesis, yet the total number of chains will be much higher than
expected by chance. It is possible that an alternative test statistic, such as the number of g-chains of size at
least h, or the number of marked genes in chains of at least size h, may provide a test of higher power. This
is left for future work.

2.2.3

Experiments

The behavior of max-gap cluster statistics for a marked gene scenario was investigated by plotting the
probabilities computed by Equations 2.4, 2.6, and 2.7 graphically. I selected parameter values corresponding
to the range of values seen in real analyses. For example, I selected values of g ranging from 0 to 50, since
typical values of this parameter used in genomic analyses range from three in bacteria [162] to about thirty
in human [110]. I calculated probabilities for genomes sizes of 0.5K, 1K, 5K, 20K, and 25K, corresponding
to typical gene sets for bacteria, yeast, worm, and higher eukaryotes like human and Arabidopsis.
Complete chains The probability of finding a complete chain for varying values of n, m, and g was
calculated from Equation 2.4. For complete chains I computed cluster probabilities for all values of m
ranging from two to the genome size n.
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Figure 2.5: Region of the parameter space that is statistically significant (shown in black) at the α = 0.0001
level for a complete chain in a genome of size n = 500. (a) Complete parameter space where m ranges
from 1 to 500. (b) Detail for m ≤ 50.
Figure 2.4 shows the probability of observing a complete chain containing all m marked genes in a
genome of size n = 500, as m ranges from 5 to 250 and g increases from 0 to 50. The probability of finding
a complete chain increases monotonically with g. We might also expect that this probability will increase
monotonically with m, or equivalently, that larger chains will always be more significant, but this is not the
case. As Figure 2.4(b) shows, as m increases, the probabilities first decrease and then increase. This makes
sense intuitively if ones considers the extreme cases: when m = 1 or m = n the probability of finding a
complete chain will clearly be one, and the values of m in between these two extremes will have probabilities
of less than one. Calculations with larger genome sizes show that as n increases the probabilities decrease
but the general trends seen in Figure 2.4(b) remain the same. not shown).
Another question of interest is the range of values of m and g for which it is possible to obtain a
significant chain. Figure 2.5 shows the parameter values for which the probability of observing a complete
chain in a genome of size 500 is no more than 0.0001. The significant region of the parameter space is
shown in black, indicating that as gap size increases, the range of values of m for which it is possible to
obtain a significant chain becomes more and more restricted.

Incomplete chains I calculated the probability of finding an incomplete chain from Equations 2.6 and 2.7
for the values of n and g as stated above. I chose to examine values of m ranging from 3 to 250, which
covers the range of gene numbers found in typical reference regions of interest (cited above), and values of
h ranging from 3 to m/2. Figure 2.6(a) shows that as the maximum gap size allowed increases, so does the
probability of finding an incomplete chain. Increasing the required size (h) of the chain, on the other hand,
decreases its probability of occurring by chance. Figure 2.6(b) shows the probability of max-gap chains for
varying values of m, where h = m
2 . As in the case of complete chains, the probabilities first decrease then
increase with m. Probabilities were also calculated for larger genome sizes. Again, as n increases chain
probabilities decrease but the general trends are similar (data not shown).
Finally, Figure 2.6(c) shows the parameter values for which the probability of observing an incomplete
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Figure 2.6: (a) Probability of an incomplete chain of size at least h when n = 1000 and m = 50. (b)
Probability of an incomplete chain that contains at least half of all m marked genomes when n = 500. (c)
Region of the parameter space that is statistically significant (shown in black) at the α = 0.0001 level for an
incomplete chain of m = 100 marked genes in a genome of size n = 1000.

23

chain in a genome of size n = 1000 with m = 100 marked gene is no more than 0.0001. For example, with
a maximum gap size of g = 5, a chain is not significant until it contains at least 20 marked genes.

2.3 Whole Genome Comparison
In a whole genome comparison we are given two genomes, G1 and G2 , of length n1 and n2 respectively,
and a mapping between the m homologs shared between G1 and G2 . We are interested in assessing the
significance of a cluster composed of a set of homologs found in proximity in two different genomes, under
the assumption that both the homologs and the singletons are randomly distributed throughout the genome.
Recall that we say a set of genes forms a max-gap cluster only if they form a max-gap chain in both
genomes of interest, and the cluster is maximal, in other words the set of genes is not included within any
larger max-gap cluster. The span of two max-gap clusters can overlap, but their gene content will always be
disjoint, i.e. a gene can be contained in only one maximal cluster.
When h = m, the probability of finding a complete max-gap cluster when comparing two genomes of
size n1 and n2 is P (n1 , m, g) · P (n2 , m, g) where P (n, m, g), defined in Equation 2.4, is the probability
of observing a complete chain of m marked genes in a single genome. For whole genome comparison, m
is the number of shared homologs. Figure 2.4(b) shows how P (n, m, g) varies as m ranges from 2 to n.
Recall that for whole genome comparison the percentage of homologous genes shared between two closely
related genomes may be quite high. Thus, squaring the probabilities in Figure 2.4(b) would result in many
parameter values for which the probability of a complete cluster will approach one.
To understand this, first consider the simpler case in which the gene sets are identical; e.g.,m = n. In this
case P (n, m, g) equals one; under a simple model of identical gene content, there will always be a max-gap
cluster of size n, since a window that spans the entire genome will contain n genes with no gaps, and the n
genes will be identical in both genomes. Even without assuming identical gene content, when mg is large
with respect to n we will still be likely to observe extremely large clusters. Indeed, a complete cluster can be
found whenever g is greater than the longest contiguous run of singletons. This observation has implications
for the design of statistical tests.
Recall that for testing the significance of incomplete chains of marked genes, the p-value is equal to
the probability of observing a chain of size h or greater. This conforms to the traditional approach in
hypothesis testing of determining the probability under the null hypothesis of obtaining a value of the test
statistic that is more extreme (e.g. less likely) than the observed value. However, the probability of finding
a cluster by whole genome comparison may actually increase with the size of the cluster. For example, as
Figure 2.4 shows, the probability of a complete cluster is often greater than 0.5. Whenever this is the case,
the probability of observing a cluster of size m−1 must be less than 0.5. Thus, there is no guarantee that
a larger cluster will be less likely to occur by chance, and so a larger cluster is not more “extreme” from a
statistical viewpoint. Thus, for whole genome comparison, rather than calculate the probability of finding
a cluster of size greater than or equal to h, I determine the probability of a maximal cluster of exactly size
h. I calculate this probability by counting the number of permutations of the n1 and n2 genes that result
in a max-gap cluster containing exactly h homologs, then divide that by the total number of permutations
possible.
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Figure 2.7: A dot plot comparing two genomes—G1 on the vertical and G2 on the horizontal axis—that
share m = 7 homologous gene pairs. Singletons are drawn on the axes as circles, but not shown in the dot
plot.

2.3.1

Bounds on Cluster Probabilities

One strategy for counting all permutations that contain a cluster of size exactly h is to first count the ways
of creating a cluster of h homologs and then count the number of ways of judiciously placing the remaining
m−h homologs so that they cannot extend the cluster to make it larger. The challenge is to determine which
regions are “safe” for these m−h outer genes.
To determine which regions are “safe” it can be useful to think about a cluster in a two-dimensional
space, such as the dot plot in Figure 2.7, where G1 is on the horizontal axis, G2 is on the vertical axis,
and the cluster is represented in the center. In this example, a non-maximal cluster of size three ({124}) is
contained within a cluster of size five ({12456}). For a gap size of g = 1, how many configurations of the
remaining four outer genes are “safe,” i.e. do not extend the cluster of size three? Clearly the black rectangle
defined by the cluster itself is unsafe, as is the dark gray “moat” of width g around its border, since any gene
that lies in these regions will increase the size of the cluster beyond h = 3. What about locating a gene
within g positions from the cluster in only one of the genomes (e.g. the regions delineated by dotted lines in
Figure 2.7)? This region is not necessarily unsafe. For example, gene 7 is within a distance g of the cluster
in G2 yet does not extend the cluster since it is far from the cluster in G1 . On the other hand, though neither
genes 5 nor 6 can independently extend the cluster (since each is further than g away from the cluster on
one of the genomes), together they successfully extend the cluster of size three to one of size five. Thus it
is not clear how to exactly specify the unsafe regions so that we count all valid permutations while at the
same time not counting those permutations in which the cluster can be extended. Instead, I use the above
intuition to devise an upper bound for the probability of finding a shared cluster of size exactly h. The key
observation is that an outer gene may be within a distance of g from the cluster in G1 (like genes 3 and 5),
only if its homolog is located at least g genes from the cluster on G2 .
Upper Bound for Incomplete Clusters My upper bound counts the number of ensembles of the m homologs on both genomes which satisfy the following criteria: there exist h homologs that form a chain on
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both genomes, and there does not exist any other homolog that is within a distance g of the chain on both
genomes. The key observation is that an outer gene is permitted within a distance of g from the chain in G1
only if its homolog is located at least g + 1 genes from the chain on G2 (like genes 3 and 5). This strategy
is guaranteed to count all permutations that contain a max-gap cluster of size h, but because of its limited
look-ahead (as discussed in Section 2.3) it will also incorrectly count some permutations which contain a
cluster of size h, but for which that cluster is not maximal (such as the cluster of size three in Figure 2.7).
Thus, this approach provides an upper bound on the probability of observing a max-gap cluster of h genes.
Let M be the set of all m homologs shared between the genomes. As stated previously, no gene is
permitted in the dark gray region, since any gene in this region will extend the cluster. Thus, the set M can
be divided into three subsets corresponding to the three legal regions indicated in Figure 2.7:
1. H ⊂ M is the set of h homologs that form a chain in both genomes (e.g. the black region in Figure 2.7),
2. T ⊂ M−H is the (possibly empty) set of t homologs that are located within a distance g from the
cluster on G1 but not G2 (e.g. the light gray regions), and
3. R = M−H−T is the set of r = m−h−t genes that are not within a distance g from the cluster on G1
(e.g., the unshaded regions).
The upper bound is the number of ways of placing these three subsets of genes on both genomes so that
all constraints are satisfied, divided by the total number of ways to place the m homologs. To compute the
upper bound on the probability of observing a cluster of size h, we must sum over all possible values of t,
which yields
min(m−h,(h+1)g+2)
X
1
h!t!r!
(2.8)
Pup (h, g, n1 , n2 , m) = n 2
· q1 · q2 ,
m!
t=0

m

where q1 is the number of ways of “safely” placing the genes (according to the constraints on each set) in
G1 and q2 is the number of ways of “safely” placing the genes in G2 . The factorials account for the different
number of ways of ordering the genes within each subset (H, T , and R) versus the unrestricted case in
which all m homologs can be permuted indistinguishably. Note that the upper bound on the sum is typically
(h + 1)g + 2 rather than m − h, because when t > (h − 1)g + 2(g + 1) (the maximum number of positions
within g of a chain of size h), q1 will be zero.

Both q1 and q2 can be formulated as instances of a more general problem: the number of ways of placing
m = h + y + f + a genes in a genome of n genes, such that h genes form a g-chain, y genes are close
to the chain (i.e., within g genes), f genes are far from the chain (i.e. more than g genes away), and the
remaining a genes are anywhere. Let q[h, y, f, a, n] represent this number, then q1 = q[h, t, r, 0, n1 ] and
q2 = q[h, 0, t, r, n2 ]. To compute q[h, y, f, a, n] we enumerate over all possible values of l, where l is the
length of the chain:
min(Lh ,n)

X

q[h, y, f, a, n] =

l=h





b−h n−b n−h−y−f
max(0, n−l−2g−1) dg (h − 1, 0, l − h)
y
f
a
 ′



b − h n − b′
n−h−y−f
E · dg (h − 1, 0, l − h)
,
y
f
a

min(g,n−1)

+

X
i=0

(2.9)
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where the length of the chain plus its bounding moats (as shown in Figure 2.7) is given by b = l + 2(g + 1),
and E is defined below. The last term counts chains within a distance i ≤ g of either end of the genome.
In this case, the size of the chain plus its bounding moats is b′ = min(n, l+i+g+1). Generally, there are
two possible chains of length l within i of either end of the genome: one near the beginning of the genome
and one near the end. In this case E = 2. However, when l ≥ n − i − g, the chain spans almost the entire
genome, and will be simultaneously close to both ends, so E = 1.
When y = 0, q can be computed more efficiently, since we do not have to ensure that any genes are
close to the chain. We first consider the numberof ways of placing the h genes in a chain, and the f genes
far away, then multiply this number by n−h−f
, the number of ways of placing the remaining a genes in
a
any of the remaining positions.
The computation is very similar to that for Equation 2.7, except that we are interested in a chain of size
exactly h, rather than at least h. We must ensure that when any of the f far genes are to the right side of the
chain, then there is a moat of g + 1 genes to the right of the chain. We divide the ensembles that contain a
chain of size h into f + 1 disjoint sets. Let Fi represent the permutations containing a chain of size h, such
that exactly i of the f homologs are to the left of the chain, and the remaining f − i homologs are to the
right of the chain, and none of the f genes are within g genes of the chain. Again, the cardinality |Fi | can
be computed easily using the generalized dice equation presented in Section 2.1.2. There are h − 1 gaps
in the chain, each constrained to be no more than g, so c = h − 1. The total number of gaps is h + f + 1
(h + f − 1 between the h + f genes, one left of the leftmost gene, and one right of the rightmost gene).
Thus, there are u = f + 2 unconstrained gaps. When i = 0, all the far genes are to the right of the chain. In
this case we have to ensure that there is a gap of at least g + 1 between the chain and the gene immediately
right of it. In other words, the constrained and unconstrained gaps together must sum to n − h − f − (g + 1),
so |F0 | = d(h−1, f+2, n−h − f − (g + 1)). When i = f , the calculation is identical. When 0 < i < f
we have to ensure that there is a gap of at least g + 1 to the left of the chain, and to the right of the chain.
In this case, the unconstrained and constrained gaps in this case must sum to n − h − f − 2(g + 1), and
|Ei | = d(h − 1, f+2, n − h − f − 2(g − 1)). Putting these terms together, yields:

 f
n−h−f X
q[h, 0, f, a, n] =
|Fi |
a
i=0


n−h−f
=
· [(f − 1)dg (h − 1, f + 2, n−h−f−2(g + 1)) + 2dg (h, f + 2, n−h−f−(g + 1))]
a
(2.10)
Pup (h, g, n1 , n2 , m) can then be computed using Equations 2.9 and 2.10.
Lower Bound for Incomplete Clusters A similar approach can be used to calculate a lower bound on
the probability of observing a max-gap cluster of size h, for all h > m
2 . To compute the upper bound, an
outer gene was permitted within a distance g of the chain on G1 or G2 but not both. However, as explained
previously, this constraint on the location of the outer genes is not sufficient to guarantee that the cluster is
maximal. For example, both genes 5 and 6 in Figure 2.7 are individually “safe”, but together they extend
the cluster. Consequently, the constraint leads to over-counting, and thus the upper bound.
To compute the lower bound we strengthen the constraint so that no outsider is allowed within a distance
g of the cluster on G1 , regardless of where it is located in G2 . This is unnecessarily restrictive but guarantees
that a cluster is maximal. The choice of G1 , however, is arbitrary. A constraint that no outsider is allowed
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within a distance g of the cluster on G2 , regardless of where it is located in G1 would also guarantee a
maximal cluster. My lower bound is the probability of an ensemble that satisfies either of the two constraints
above, e.g. the union of the two constraints. By the inclusion-exclusion rule, the union is simply the sum of
the probability that each constraint is satisfied minus the probability that both constraints are satisfied.
Assuming equal genome sizes, the first and second scenarios are symmetric, and consequently the probabilities are equal. The probability can be computed by Equation 2.8, replacing q1 with q3 , defined below.
The intersection of the two constraints is not empty, i.e. the two scenarios are not independent; in enumerating all permutations that obey either constraint we will have double counted those permutations in which no
homolog is within a distance g of the chain in either genome. Thus we must subtract out the probability of
observing a cluster of size h where there is no homolog within a distance g of the cluster in either genome.
This probability can also be computed from Equation 2.8, except we again replace q1 with q3 , and q2 is
replaced by q4 , also defined below. Combining these two applications of Equation 2.8 yields a lower bound
on the probability of observing a cluster of exactly size h:
Plow (h, g, n1 , n2 , m) =

m−h
1 X h!t!r!
(2 · q2 · q3 − q2 · q4 ) .

n 2
m!

m

(2.11)

t=0

The expression for q3 is similar
to that for q1 , except the t close genes can no longer appear in the moat on

b′ −h
G1 , so the b−h
and
in
Equation
2.9 are both replaced by l−h
t
t
t :



l−h n−b
max(0, n−l−2g−1) dg (h − 1, 0, l − h)
r
t

min(Lh ,n)

X

q3 =

l=h




l − h n − b′
.
E · dg (h − 1, 0, l − h)
r
t

min(g,n−l)

+

X
i=0

(2.12)

The expression for q4 is similar to that for q2 . However, the r genes, rather than allowed anywhere at
all, can be anywhere but the moat:


n − h − t − 2(g + 1)
q4 = (t + 1)
dg (h − 1, t + 2, n − h − t − 2(g + 1))
r

(2.13)
g 
X
n − h − t − (g + 1 + i)
+2
dg (h − 1, t + 2, n − h − t − (g + 1 + i))
r
i=0

In the general case, the moat is of size 2(g + 1) so we just subtract this in the first binomial. In the two edge
cases, in which all the t far genes are on one side of the chain, we now need to know how large the moat is
in each case to know how many ways there are to place the r genes so that none falls in the moat. Thus, we
sum over i = 0..g, where i is the size of the moat left of the chain.
Equation 2.11 is guaranteed to give a lower bound on the probability of observing a cluster of size h for
all h > m/2. However, when h ≤ m/2, a permutation may contain more than one cluster of size h. The
strategy described above enumerates clusters according to their position in the genome, so a permutation
with two clusters of size h at different locations will be double counted. As h decreases, the percent of
random genomes that contain multiple clusters will increase, and the probability will be correspondingly
overestimated. For small values of h, it is possible that the probability computed by Equation 2.11 will
actually exceed the true probability.
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Figure 2.8: Comparison of simulation results (solid lines) to upper bound (dashed lines) and lower bound
(dotted lines). Probability of finding max-gap clusters of size h when (a) n = 1000, m = 250, and g = 10, (b)
n = 1000, m = 250, and g = 20, and (c) n = 500, m = 166, and g = 15.

2.3.2

Experiments

In order to investigate the accuracy of the bounds in different regions of the parameter space, I compared
them to the probability of finding max-gap clusters in randomly permuted genomes, estimated through
simulation. A number of different parameter values and genome sizes were analyzed. For each set of
parameter values, I generated one million random permutations of two genomes, and used the GeneTeams
software [10] to find all max-gap clusters. In Figure 2.8, the upper bound (dashed line) and lower bound
(dotted line) are compared to the probabilities estimated from the simulations (solid line). Notice that in
Figure 2.8(a) the simulated probabilities are only shown for h ≤ 10 since only one million random trials
were generated, and that is the cluster size at which the probabilities drop below 10−6 .
First, I considered how the ratio of gap size to genome size affects the accuracy of the bound. As
Figure 2.8(a) illustrates, when the maximum gap size is small with respect to n (about 1%), the upper bound
is extremely accurate for all values of h. However, when the maximum gap size is larger with respect to n
(2% or 3%), then the bounds are only exact when estimating the probability of a large or complete max-gap
cluster. This is illustrated in Figure 2.8(c), which shows the behavior of the bounds when n = 500, m = 166,
and g = 15. For these parameter values, the bounds are extremely accurate for large values of h, but begin
to diverge significantly as h drops below 100. To what extent does the divergence of the upper bound affect
the conclusions we may draw about cluster significance? At a significance level of 0.01, for example, the
error in the upper bound would lead to the unnecessary elimination of significant clusters of size 8 to 15. At
a significance level of 0.001, however, the upper bound could be used to correctly determine that no matter
how large the cluster size, the null hypothesis cannot be rejected.
In addition to accuracy, I also considered the monotonicity of the probabilities with respect to cluster
size. My analysis shows that, under a null hypothesis of random gene order, the probabilities of observing a
max-gap cluster are not always monotonic with respect to cluster size, but often decrease initially and then
increase as h approaches m. For example, when n = 1000, m = 250, and g = 20, Figure 2.8(b) shows that
the chance probability of observing a cluster of fifty genes is actually smaller than the chance probability of
observing a cluster of 100 genes. This non-monotonic behavior can be understood intuitively by observing
that, as the size of the cluster increases, the max-gap criterion implicitly increases the maximum allowed
window size. As a result, as the size of the cluster sought increases, the probability of observing such a
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gap
1
5
15
50
100

2-3
108
112
144
165
0

4-10
21
26
32
50
0

Cluster Size
11-26 27-60
1
0
1
0
2
0
6
2
0
0

> 60
0
0
0
1
2

Table 2.2: Number of max-gap clusters of varying sizes shared between E. coli and B. subtilis for a range of
gap values.

cluster may grow substantially as well.
In order to demonstrate the utility of these statistical tests, I conducted a whole genome comparison of
the E. coli and B. subtilis genomes. A mapping of homologs between the two genomes was obtained from a
website1 maintained by A. K. Bansal [6]. The E. coli genome has n = 4108 known genes and the B. subtilis
genome has n = 4245 known genes. After eliminating ambiguous orthologs, the map yields m = 1315
homologous pairs. Using the GeneTeams software [10], I identified all max-gap clusters shared between the
two genomes, for values of g ranging from 0 to 110. When g = 110, all homologs formed one complete
cluster.
A subset of the results selected to show the general trends is shown in Table 2.2. In addition, Figure 2.9
shows the sizes of the clusters found with a range of different gap sizes. The results fall into three regimes.
When g = 0 . . . 40, cluster sizes range from two to twelve, except for one larger cluster of size 20 to 30.
When g = 40 . . . 70, clusters sizes have a larger range, from two to about 600. Finally, for gap sizes of
g ≥ 70, the homologs form only one or two large clusters.
To assess the accuracy of my upper bound for this bacterial dataset, I again compared it with estimates
of the probability of finding max-gap clusters in randomly permuted genomes of the same size, obtained
through simulation. I generated one million random permutations of two genomes with n = 4108 genes
and m = 1315 homologs, and again used the GeneTeams software [10] to find all max-gap clusters with
gap sizes ranging from g = 0 to 100. Figure 2.10 compares my upper bound, calculated from Equation 2.8
(dashed lines), with the probabilities estimated from simulations (solid lines). The accuracy of the bound
depends on both h and g. The bound appears to be quite accurate when g is between one and fifteen, but
as g becomes larger the bound diverges from the estimated probabilities for small values of h. However, as
h approaches m, the bound provides a very accurate estimate of the probability even for large g. Note that
although one million random permutations were carried out to estimate the cluster probabilities, clusters
of size 20 ≤ h ≤ 1314 occurred only infrequently, and thus for g = 15 the probability estimates from
randomized genomes still have high variance in this region. Although the upper bound appears to drop
below the simulated probability for h = 1312 and h = 1306, this is due to the fact that one million iterates
are insufficient to obtain a precise probability estimate in this region of the parameter space.
Since the upper bound is highly accurate for 0 ≤ g ≤ 15, it can be used to evaluate the significance
of clusters detected through whole genome comparison. If we consider a significance threshold of 0.001,
then Figure 2.10 shows that clusters of size three and larger are unlikely to be observed given random gene
order when g = 0. When g = 15, however, only clusters of size seven or larger appear to be significant.
1
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Figure 2.9: The distribution of observed cluster sizes between E. coli and B. subtilis for g ranging from 0
to 125. The dashed line indicates the largest cluster found and the dotted line indicates the smallest cluster
found for each value of g.
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Figure 2.10: Probability of finding max-gap clusters of size h in the E. coli and B. subtilis genome comparison for g = 0 to g = 25. Solid lines show probabilities estimated via randomized genomes and dashed lines
indicate the upper bound on the probabilities as calculated by Equation (2.8).
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Using these statistics, we find a total of 128 homologs in some significant cluster when g = 0, whereas 191
homologs are in a significant cluster when g = 1, and only 82 are in a significant cluster when g = 15. This
suggests that using a gap value of g = 1 provides more discriminatory power than either g = 0 or g = 15 for
this dataset.
For g ≤ 40, most max-gap clusters contain two to ten genes, which corresponds to the range of sizes
for typical operons [186]. I compared the clusters to the RegulonDB database of experimentally determined
operons in E. coli [137], and verified that for gap sizes of zero to ten, over 90% of the clusters are comprised
entirely of genes from a single operon. The single large cluster of over twenty genes is composed entirely
of ribosomal proteins, which together form the ribosomal “super-operon” in E. coli.
An intriguing observation is that the number of large clusters seems to be fewer than expected under
the null model. When g ≥ 25, the model predicts that the probability that all genes will form a complete
cluster is close to one. However, a gap size of g > 100 is required to obtain a complete max-gap cluster
in the bacterial dataset. This discrepancy can be explained by the presence of operons. Since the genes in
operons are densely clustered [37], the singletons will be clustered more densely as well. These runs of
singletons form large gaps and prevent large clusters from forming as often as they would under a model of
random gene order. This is one piece of evidence that the max-gap cluster definition is a good discriminator,
since the frequency of both small and large clusters is clearly different than that expected under the null
hypothesis, at least for this dataset. In eukaryotes, clusters will generally be due to shared ancestry rather
than conserved operons, and so the difference between the observed and predicted cluster sizes may not be
so extreme.
The tests developed in this section follow the common practice of using cluster size as the test statistic.
Size is the most commonly selected test statistic for a variety of cluster definitions. This choice is based
on the natural intuition that the more homologs in a cluster, the lower the probability that it could have
occurred by chance, and thus the more confidence we can have that the cluster is truly indicative of common
ancestry. For example, the r-window definition constrains the maximum length of a cluster, then evaluates
the significance of a cluster according to its size. For r-windows, since the length is constrained, an increase
in size corresponds to an increase in global density, which, as shown in Durand and Sankoff [50], does
indeed correspond to a reduced probability that such a cluster would occur by chance in randomly ordered
genomes.
For max-gap clusters, however, we have demonstrated that the probability of observing a cluster by
chance may actually increase with the size of the cluster. Unlike for r-windows, the max-gap definition
does not constrain the length of the cluster. This is considered one of the key strengths of the max-gap
definition, but it is also a weakness. As the size of the cluster grows, the length of the window containing it
is also allowed to grow. Consequently, the probability of observing a max-gap cluster in randomly ordered
genomes will often increase as the cluster size increases. We showed that the cluster probabilities under
the null hypothesis are not even guaranteed to be monotonic with respect to size: the probabilities may
first decrease with size, then eventually begin to increase. Although there is a widespread belief that cluster
significance grows with the number of homologs in the cluster, it is critical to recognize that for some cluster
definitions, larger clusters do not always imply greater significance. This observation has implications for
the design of statistical tests, in particular the choice of test statistic.
In a standard hypothesis test, the p-value is the probability, under the null hypothesis, of obtaining a value
of the test statistic that is as extreme or more extreme (e.g. less likely) than the observed value. However,
if a larger cluster is actually more likely to occur by chance, then a larger value of the test statistic is not
more “extreme” from a statistical viewpoint, and such a test is not well-founded. More generally, any model
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G1
E. coli
Human
Human

G2
B. subtilis
Mouse
Chicken

n1
4, 108
22, 216
22, 216

n2
4, 245
25, 383
17, 709

m
1, 315
14, 768
10, 338

Table 2.3: The genomes compared (G1 and G2 ), the total number of genes in each genome (n1 and n2 ,
respectively), and the number of orthologs identified, excluding ambiguous orthologs (m).
for which the pdf of the test statistic is not unimodal poses difficulties for hypothesis testing. This is not
merely an abstract statistical issue, but suggests a failure to accurately capture the full interaction between
cluster properties and cluster significance [79]. Thus, before settling on a test statistic, its distribution under
the null hypothesis should be investigated. For many of the cluster definitions that have been proposed,
there has been little statistical scrutiny. Rarely is the null hypothesis or the test statistic formally stated,
and thus it remains to be investigated whether the significance tests being conducting are in fact statistically
well-founded.

2.3.3

Are Max-Gap Clusters in Genomic Data Nested?

Cluster definitions that constrain the gap size between marked genes are widely used in genomic studies [6,
11, 20, 37, 102, 110, 124, 151, 162, 171, 175]. An efficient algorithm for finding max-gap clusters (as
defined above) via whole genome comparison has been presented by Bergeron et al. [10]. However, other
groups [7, 11, 30, 32, 37, 73, 82, 110, 124] use a greedy, bottom-up heuristic in which larger clusters are
built iteratively from smaller clusters. Each homologous gene pair serves as a cluster seed, and a cluster is
extended by looking in its immediate neighborhood for another homologous gene pair close to the cluster
on both genomes. In each step, the heuristic “looks ahead” a certain number of positions to see if additional
homologs may be added to the clusters without violating the max-gap constraint. It can easily be shown
that a simple greedy approach with a look-ahead in either direction of size g + 1 will not find all max-gap
clusters [10]. For example, given genomes G1 = 12*34* and G2 = 31*4*2, regardless of the starting
point, a greedy approach using a gap size of g = 1 will not find the (valid) max-gap cluster {1,2,3,4}. In
fact, unless the algorithm “looks-ahead” all the way to the end of the genome, it is not guaranteed to find all
max-gap clusters [10].
It is instructive to compare the properties of clusters found by such heuristics with those of general
max-gap clusters (all clusters that satisfy Definition 2.1.5). Greedy search algorithms implicitly limit the
results to nested clusters, where a cluster of size k is nested if, for each h ∈ 1 . . . k − 1, it contains a valid
cluster of size h. Intuitively, it may seem that any reasonable cluster definition should have this property.
In fact, clusters with no ordering constraints are not necessarily nested, as illustrated in the example above.
Nested max-gap clusters comprise only a subset of general max-gap clusters found through whole genome
comparison. It can be shown that any greedy search algorithm that constructs max-gap clusters iteratively,
i.e. by constructing a cluster of size k by adding a gene to a cluster of size k − 1, will find exactly the set
of all maximal nested max-gap clusters, as long as it considers each homologous gene pair as a seed for a
potential cluster. In such cases, although order is not explicitly constrained, the search algorithm enforces
implicit constraints on gene order: nested clusters can only get disordered to a limited degree. In most cases,
however, such constraints are not acknowledged, and perhaps not even recognized.
Such implicit constraints may be particularly problematic when the goal is to characterize the properties
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Algorithm 1 A greedy, bottom-up algorithm to find nested max-gap clusters.
1: clusters ← {}
2: for i = 1 to n do
// i iterates through all genes in G1
3:
C ← {i}
// C is the cluster being constructed
4:
L1 ← R1 ← i;
// Li and Ri are the left/rightmost positions of C on Gi
5:
L2 ← R2 ← p(i);
// p(i) indicates the position of gene i’s homolog in G2
6:
j ← L1 − g − 1;
// j iterates through all genes close to C on G1
7:
while L1 -g-1 ≤ j ≤ R1 +g+1 do
8:
if j ∈
/ C and p(j) ∈ {L2 − g − 1, . . . , R2 + g + 1} then
// if j is close to C in G2
9:
C = C ∪ {j};
// add the gene to cluster C
10:
L1 = min(L1 , j); L2 = min(L2 , p(j));
11:
R1 = max(R1 , j); R2 = max(R2 , p(j));
12:
j = L1 − g − 1;
// start the search over
13:
else
14:
j++
15:
end if
16:
end while
17:
clusters ← clusters ∪ {C}
18: end for
of homologous regions. For example, although the CloseUp algorithm was ostensibly designed to identify
chromosomal homology using “shared-gene density alone” [73], the greedy nature of the search algorithm
means that all clusters with a minimum gene density may not actually be detected. If such an approach was
used to evaluate the extent to which order is conserved in homologous regions, incorrect inferences could be
made. If clusters with highly scrambled gene order were not found, one might erroneously conclude that no
such clusters exist, rather than that the clustering algorithm was simply not capable of finding them. Without
a clear understanding of which properties are constrained by the method, and which properties are inherent
in the data, it can be difficult to interpret such results.
In this section, we investigate the practical consequences of choosing one search procedure over the
other. We compare three pairs of genomes to determine the proportion of max-gap clusters in real genomes
that are actually nested. Whole genome comparisons of three pairs of genomes at varying evolutionary distances were conducted. The first comparison was of E. coli and B. subtilis, with a mapping of orthologs between the two genomes obtained from the GOLDIE database [6]. The other two comparisons were of human
and mouse, and human and chicken, with ortholog mappings obtained from the InParanoid database [118].
The total number of genes in each genome, and the number of orthologs identified, is given in Table 2.3.
The GeneTeams software, an implementation of the top-down algorithm of Bergeron et al. [10], was
used to identify all maximal max-gap clusters shared between the two genomes, for g ∈ {1, 5, 10, 15, 20, 30, 50}.
In addition, we designed a simple bottom-up, greedy algorithm to identify all maximal nested max-gap clusters (Algorithm 1). This algorithm considers each pair of orthologs in turn, treating each as a cluster seed
from which a greedy search for additional orthologs is initiated. Occasionally different seeds may yield
identical clusters. Any such duplicate clusters are filtered out, as are non-maximal nested clusters (clusters
strictly contained within another nested cluster). However, overlapping clusters (e.g. properly intersecting
sets) are not merged together, since the resulting merged clusters would not be nested.2
2

It is unclear whether those who employ a greedy heuristic merge all overlapping clusters or not, since such heuristics are
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Figure 2.11: Comparison of the set of nested clusters to the set of gene teams, for g ∈
{1, 5, 10, 15, 20, 30, 50}. (a) The fraction of gene teams that are not nested. (b) The fraction of maximal
nested clusters that are not gene teams.
For the bacterial comparison, for all gap values except g = 50, both methods found the same set of
clusters, i.e. all gene teams were nested. In all eukaryotic comparisons, however, at least one non-nested
gene team was identified. Nonetheless, the percentage of teams that were not nested remained low for
all comparisons, ranging from close to 0% to about 2% as the gap size was increased (Figure 2.11(a)).
The percentage of nested clusters that were not gene teams (in other words, clusters that could have been
extended further if a greedy algorithm had not been used), was also close to zero for small gap sizes, but
increased more quickly, peaking at almost 15% for a gap size of g = 50 (Figure 2.11(b)). In contrast, in
randomly ordered genomes, although large gene-teams are much rarer, a much higher percentage are not
nested (data not shown).
Another quantity of interest is the number of genes that would be missed altogether if a greedy approach
is used rather than a top-down algorithm; that is, the number of genes that are found in a large gene team but
not in a large nested cluster. For a minimum cluster size of two, very few genes are missed: the number of
genes missed remains under 20 for both eukaryotic datasets, no matter how large the gap size (Figure 2.3.3,
circles). For a more realistic minimum cluster size of seven, however, the number of missed genes rises
more quickly, peaking near 80 for the human/chicken comparison (Figure 2.3.3, triangles), and near 120 for
the bacterial comparison (data not shown).
The gene teams that are not nested tend to be the larger clusters. For example, Figure 2.13 compares the
distribution of gene teams sizes to the distribution of non-nested gene teams sizes, for the human/chicken
comparison, for the complete set of clusters identified at any gap size. The gene team size distribution peaks
very quickly: over 80% of gene teams contain fewer than ten genes. The sizes of non-nested gene teams,
however, peak much more slowly: only about 10% of non-nested gene teams contain fewer than ten genes.
It is not until the size reaches 270 genes that the CDF reaches 0.8.
generally specified quite vaguely, if at all. In our datasets, only a small percentage of clusters detected with the greedy algorithm
overlapped (e.g. 2% in the human/chicken comparison).
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size k ≥ 2, that are not in any nested max-gap cluster of size k ≥ 2 (circles). The triangles show the
number of genes that would be missed by a nested
search when k ≥ 7.

100

200
300
x: Cluster size

400

500

Figure 2.13: A CDF comparing the distribution of
gene team sizes to the distribution of nested gene
team sizes, for human vs chicken, for all gap sizes
tested.

In summary, when comparing E. coli with B. subtilis with reasonable gap sizes, the nestedness assumption does not exclude any clusters from the data. For the eukaryotic datasets, these results also suggest
that for smaller gap sizes few clusters are missed when using a greedy search strategy. For larger gap values, the nestedness assumption does appear to lead to some loss of signal, especially in the human/chicken
comparison: large clusters are identified only in fragments, and the spatial clustering of many genes is not
detected at all. For more diverged genome pairs, as clusters become more disordered, this loss of signal may
be exacerbated. Furthermore, a higher fraction of non-nested clusters may be found when the homology
mapping is many-to-many. These questions remains to be investigated, as do the practical implications of
the nestedness assumption on the detection of duplicated segments through genome self-comparison.
In Section 2, I presented a statistical model for general max-gap clusters identified through whole
genome comparison. The results presented there are not applicable to clusters found with a greedy heuristic
or for studies in which only nested clusters are of interest. In particular, since nested max-gap clusters are
a subset of general max-gap clusters, we expect to find fewer nested clusters than general clusters under
the null hypothesis. This is especially true for large clusters. In addition, the enumeration strategy I use to
derive statistics relies on the fact that max-gap clusters are disjoint and that gene order is irrelevant. Neither
of these properties holds for nested clusters [79]. Statistics for nested max-gap clusters remain an open
problem.
The significance of the results reported here goes beyond the vagaries of two competing methods for
finding clusters with gaps. Our results also show that, for the datasets considered here, a greedy search
strategy for max-gap clusters may actually improve statistical power, at least for small gap sizes. A test of
cluster significance will have increased power (i.e. a reduced number of false negatives) when the cluster
definition is as narrow as possible, while still capturing the properties exhibited by diverged homologous
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regions. These properties, however, are generally not known, since there is little data about evolutionary
histories or processes. In some cases, however, the appropriateness of a particular property can be evaluated
even without full knowledge of evolutionary histories [49, 79]. For example, if adding an additional constraint to the cluster definition does not eliminate any of the clusters identified in the data, then I argue that it
is not only acceptable to include such a property in the cluster definition, but desirable, in order to increase
statistical power. Thus, when comparing E. coli with B. subtilis with reasonable gap sizes, a nested cluster
definition appears to be a good choice: the nestedness assumption does not exclude any clusters from the
data, but substantially reduces the probability of observing a cluster by chance, thereby strengthening the
statistical significance of detected clusters.
It may be that considering order more explicitly, either in the cluster definition, or in the test, results
in additional discriminatory power. Nestedness implicitly enforces order constraints on a cluster, but it is
a binary constraint. It may be that this constraint is unnecessarily weak, or unnecessarily strong. Thus,
explicitly considering order in the statistical test may be preferable to requiring clusters to be nested. More
quantitative measures of order conservation may be found that increase statistical power still further. How to
best quantify the degree to which order is conserved, however, remains an open question. A first step in this
direction has been taken by Sankoff et al. [144], who proposed a number of quantitative measures of gene
order. However, analyses comparing the discriminative power of these measures in genomic data have not
yet been carried out. How to best quantify and/or constrain the degree to which order is conserved remains
an open question.
The use of search heuristics can be particularly dangerous when attempting to draw conclusions about
the degree of disorder observed in homologous regions. Researchers may think that they have searched for
all max-gap clusters, but by using a greedy heuristic they have implicitly biased their search toward partially
ordered clusters, invalidating any conclusions they may draw about conservation of order.
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Chapter 3

Cluster Statistics for Three Windows
Existing statistical tests for gene clusters are designed almost exclusively for comparisons of only two genomic regions. With the rapid rate of whole genome sequencing, analysis of gene clusters that span three
or more chromosomal regions is of increasing interest. Studies investigating the role of two or more successive rounds of whole genome duplications have searched for multiple homologous regions in the same
genome [110, 11, 47]. In addition, a number of methods have been developed for finding sets of clustered
genes across multiple genomes [30, 64, 122, 102, 125, 75, 109].
Even when only a pair of regions is under consideration, comparison with additional regions may increase statistical power. In particular, to identify regions duplicated in a whole genome duplication (WGD),
comparisons with related genomes may be necessary. Although some evidence of WGD can be found by
comparing a genome with itself and looking for pairwise clusters, in many cases duplicated regions may not
be identifiable by direct comparison due to complementary gene loss: following a WGD, there is no immediate selective advantage for retaining the majority of genes in duplicate, so one copy of most duplicates is
lost. As a result, the gene content of duplicated regions is often disjoint, or nearly so.
A solution to this problem is comparison with the genome of a closely related species that diverged
shortly before the WGD (a pre-duplication species). If two regions in the genome of the post-duplication
species each have significant similarity to a single region in the genome of the pre-duplication species, they
are likely to be homologous even if they share few or no homologous genes. In the example shown in
Figure 3.1, the post-duplication regions Wpost1 and Wpost2 have only one gene in common. However, they
share three and four genes, respectively, with the pre-duplication region Wpre . The strategy of comparison
with a pre-duplication genome enables the identification of duplicated regions, even when they share no
genes. It has been successfully employed to analyze duplications in fish [89], plants [96, 172, 173] and several yeast species [93, 146]. However, statistical analyses for this approach have relied solely on sequential
pairwise tests. Statistical tests designed for three regions have the potential to detect more highly diverged
duplicated regions, but are also more difficult to design.
In this chapter, I present statistical tests for three regions, developed in collaboration with Narayanan
Raghupathy [133]. These tests are based on the r-windows model introduced in Section 1.1.3 and assume
a window sampling search strategy. This approach is exemplified in Figure 3.2(a) which shows comparison
of two chromosomal regions, or windows of adjacent genes, (W1 and W2 ). The number of shared homologs
(y12 , shown in Figure 3.2(b)) is typically used as the measure of similarity. However, this pairwise approach
cannot be directly extended for tests of clusters composed of more than two windows. When comparing three
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Wpost1
Wpre
Wpost2

Figure 3.1: A gene cluster spanning three regions with complementary gene loss. Genes are represented
as circles. Homologous gene pairs are connected by dotted lines. Intervening genes with no homologous
match within the regions are indicated by black circles. The window Wpre is sampled from a pre-duplicated
genome Gpre and the two regions Wpost1 and Wpost2 are sampled from a post-duplicated genome Gpost .
Only the white gene has been retained in duplicate. The remaining genes in Wpre occur only once in Gpost .
:

\
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:

\

\
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Figure 3.2: A pairwise gene cluster and its Venn diagram representation. (a) A gene cluster of two windows,
W1 and W2 , of size r1 = r2 = 5, which share y12 = 3 homologous genes. Genes are represented as circles.
Homologous gene pairs are connected by dotted lines. Intervening genes with no homologous match within
the regions are indicated by black circles. (b) The Venn diagram representation of the pairwise comparison
of W1 and W2 , which share y12 homologous genes.

(a)

(b)

Figure 3.3: A three region gene cluster and its Venn diagram representation. (a) A gene cluster of three
windows W1 , W2 , and W3 , in which x123 = 1, x12 = 2, x13 = 1 and x23 = 1 homologs are shared between
the three windows. Genes are represented as circles. Homologous gene pairs are connected by dotted lines.
Intervening genes with no homologous match within the windows are indicated by black circles. (b) The
Venn diagram representation of the three-way comparison of W1 , W2 , and W3 , in which x123 homologs
appear in all three windows. The variables xij represent the number of genes that only appear in Wi and
Wj , and xi represents the number of genes that only appear in a single window, Wi .
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windows (W1 , W2 , and W3 in Figure 3.3(a)), there are many more quantities to consider (Figure 3.3(b)):
the number of homologs observed in all three windows (x123 ), the number of homologs observed in each
pair of windows (x12 , x13 and x23 ), and the number of genes observed only in a single window (x1 , x2 , and
x3 ). Evidence for homology comes not only from the set of x123 homologs that appear in all the windows
being compared, but also from the number of homologs that are shared by a subset of the windows (the
xij ′ s, which we refer to collectively as the pairwise overlaps). How best to combine evidence from different
subsets of windows remains an unsolved problem.
In the first attempt to address this issue, we consider the problem of clusters spanning exactly three
regions. Given a set of three windows sampled from three genomes, each containing r consecutive genes,
we wish to determine whether the windows share more homologous genes than expected by chance. (If
duplications are under consideration, the windows may be sampled from non-overlapping regions of a single
genome.) This problem, while restricted to three windows, exhibits the basic challenges that arise in the
more general problem of clusters spanning k ≥ 3 windows.

In this chapter, we develop the first statistical tests that consider both x123 and the xij ′ s simultaneously.
We obtain expressions for the probability—under the null hypothesis of random gene order—that the number
of shared genes is at least as large as the number observed. These expressions are derived for genome
models that are appropriate for two common comparative genomics problems: (1) analyses of conserved
linkage groups in three regions from three genomes, and (2) identification of segments duplicated by a
whole genome duplication, via comparison with the genome of a related, pre-duplication species. We show
through simulations that our tests for comparing three regions are more sensitive than existing approaches,
and have the potential to detect more diverged homologous regions.

3.1 Related Work
Durand and Sankoff [50] were the first to formally characterize the probability of a cluster in multiple
genomes. They derived an expression for the probability that in at least N ′ of N ′ genomes there is a
window of size r containing at least h of m genes of interest. In this scenario, the m genes of interested are
pre-specified. The subset of m that appears in each window can differ, but the subset of genes that appear
in more than one window, or even all the windows, is not given additional weight.
Here we consider the following more general: Given three distinct genomic regions of interest, possibly
from multiple genomes, devise a test that considers all evidence that these regions are homologous. There are
three existing approaches for determining whether the number of genes shared by three regions is statistically
significant. Our Venn diagram model (Figure 3.3) can be used to compare these approaches and succinctly
illustrate the differences between them. We first introduce some notation. Consider three windows W1 , W2 ,
and W3 , of length r1 , r2 , and r3 , sampled from three non-overlapping genomic regions. Let y12 = x123 + x12
be the total number of genes shared between window W1 and W2 . Note that y12 includes the genes that are
shared by all three windows. Similarly, y13 = x123 + x13 , and y23 = x123 + x23 . The random variable
Y12 represents the number of homologs shared between two windows of size r1 and r2 , under the null
hypothesis. Y13 and Y23 are defined analogously.
In order to determine the significance of gene clusters, the goal is to select a test statistic that captures
the essential properties of the clusters of interest. For example, when comparing two windows of size r1 and
r2 , the test statistic is typically y12 , the number of homologs shared between the two windows. Significance
is demonstrated by showing that P (Y12 ≥ y12 ) is small, under the null hypothesis. In contrast, when
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comparing three windows it is less obvious how to choose an appropriate test statistic.
The most common strategy for testing significance of multiple regions is to conduct multiple pairwise
comparisons (reviewed by Simillion et al. [152]). A cluster is considered significant if region W1 is significantly similar to W2 , and W2 is significantly similar to region W3 . In this case, homology between all three
regions is inferred, even if W1 and W3 share few genes. Using the notation from our Venn diagram model,
we can express this formally: a cluster is significant at the α level when
P (Y12 ≥ (x123 + x12 )) ≤ α and P (Y13 ≥ (x123 + x13 )) ≤ α.

(3.1)

Here the test statistics are Y12 and Y13 . This approach allows the use of existing statistical methods designed
for comparing two regions. However, this strategy is conservative as it will only identify a three-way cluster
if at least two of the three pairwise comparisons are independently significant.
In a second approach, once a significantly similar pair of regions (W1 and W2 ) is identified, the genes in
these regions are merged to approximate their common ancestral region [152]. Then a second pairwise test
is conducted, in which the third region of interest is compared to this inferred ancestral segment. With this
approach, a cluster is significant when
P (Y12 ≥ (x123 + x12 )) ≤ α and P (Y1 ∪ 2,3 ≥ (x123 + x13 + x23 )) ≤ α,

(3.2)

where Y1 ∪ 2,3 is a random variable representing the number of genes shared between two windows of size
r1 + r2 − x123 − x12 and r3 , under the null hypothesis. This approach still allows the use of pairwise
statistical tests, but is more powerful than the above approach, since the second step considers the genes that
occur in W2 as well as those that occur in W1 , when comparing to a third homologous region. Nevertheless,
it still requires that at least one pair of regions be independently significant.
A third approach also merges two of the three regions (W1 and W2 ), but does not require that the regions
are significantly similar [123]. Rather, the only requirement is that the merged region be significantly similar
to the third region W3 :
P (Y1 ∪ 2,3 ≥ (x123 + x13 + x23 )) ≤ α.
(3.3)

When constructing the merged region W1 ∪ W2 , neither of these two methods (Equation 3.2 and Equation 3.3) distinguish between genes that appear in only W1 or W2 , and genes that appear in both W1 and
W2 . Thus, all three approaches fail to explicitly recognize the additional significance of genes that occur in
all three regions (x123 ). Also, the first and the third methods do not consider evidence from all three pairwise
overlaps. No existing test considers both the three-way and pairwise overlaps simultaneously.

3.2 Overview
In this chapter we develop statistical tests for three windows, sampled independently from distinct chromosomal regions. This sampling approach is used when a researcher is interested in the region surrounding a
particular gene, then compares the regions containing this gene in three different genomes for evidence of
common ancestry. As long as the gene of interest is discarded from the statistical computation, our proposed
tests are applicable to clusters found by this sampling approach. It is important to note, however, that these
tests are not applicable if the windows were selected by a whole genome scanning approach in which all
sets of three windows with genes in common are identified. In this case, the probability of observing the
cluster by chance will be greater, since the search space is larger. Using the tests proposed here to evaluate
the significance of clusters found by whole genome comparison will lead to false positives.
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(a)

(b)

Figure 3.4: Gene content overlap models. The set of genes in each genome is represented as a circle. (a)
Orthology model: n123 genes are shared between all three genomes. The remaining genes are singletons,
i.e. they appear in only one genome . (b) Duplication model: Gpre is the union of two ancestral, duplicated
genomes embedded within it. The n1,2 genes that are retained in duplicate appear twice in Gpost (once in
each embedded genome) and once in Gpre . The light gray regions correspond to the n1,1 genes that appear
once in Gpre and once in Gpost . These genes were preferentially lost. The dark gray regions correspond to
the n0,1 genes that appear once in Gpost , but do not appear in Gpre . These genes are retained in singleton in
Gpost but lost in Gpre .

The significance of a cluster depends not only on the search strategy used to identify the cluster, and the
properties of the windows (Figures 3.2(b) and 3.3(b)), but also on the properties of the genomes (Figure 3.4).
The relevant properties of the genomes are the total number of genes in each genome and the gene content
overlap— the fraction of genes shared among the three genomes. Depending on which biological questions
are being investigated, an appropriate model of gene content overlap will also differ. Here, we develop
statistical tests for two different models of gene content overlap. The first, the Orthology Model, is designed
for comparisons of three regions selected from three distinct genomes. The second, the Duplication Model,
is for comparison of a pair of regions duplicated by WGD with a reference region selected from a preduplication genome. Note that we use Venn diagrams to represent gene content overlap (Figure 3.4), but
these differ from the Venn diagrams of gene clusters (Figure 3.3). In the former case, each circle represents
the complete set of genes in the genome, whereas in the latter case each circle represents only the set of
genes sampled from a specific region of the genome.
For each genome content overlap model we give analytical expressions for three-way statistical tests,
and compute cluster probabilities for representative parameter values using Mathematica. We investigate
the impact of different gene content overlap models and alternative test statistics on cluster significance, and
compare the sensitivity of our tests with that of existing approaches.

3.3 Exact Probabilities for the Orthology Model
We model a genome Gi as an ordered set of Ni genes, Gi = 1, 2, . . . Ni . We ignore chromosome breaks and
physical distance between genes, and assume that genes do not overlap. We first consider a simpler version
of this model, where each genome contains n identical genes, i.e. N1 =N2 =N3 = n. Here, each gene in
genome Gi is assumed to have exactly one homolog each in Gj and Gk .
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3.3.1

Genomes with Identical Gene Content

We compute the probability of observing a cluster under the null hypothesis using a combinatorial approach.
We first illustrate this approach for the simpler case of a pairwise cluster, then present analytical expressions
for the probabilities of three-region clusters under the null hypothesis. Recall that the goal is to determine
the probability under the null hypothesis that the test statistic would have at least the observed value. The
probability P (Y12 ≥ y12 ) can be computed by counting the number of ways the two windows can be filled
with genes, such that they share at least y12 genes, and normalizing by the number of ways of filling the
windows without restrictions.
Given two windows, W1 and W2 of size r1 and r2 , sampled from twogenomes
n identical
 containing

n−r1
12
genes, the number of ways the windows can share exactly y12 genes is yn12 rn−y
[50].
The first
r2 −y12
1 −y12
binomial is the number of ways of choosing the y12 shared genes, and the remaining two binomials give the
number of ways of choosing two sets of genes to fill the remainder of each window, such that the sets are
disjoint. We normalize by the total number of ways of choosing genes to fill two windows of size r1 and r2 .
Thus, the probability that these windows share exactly y12 genes is

P2 (Y12 = y12 ) =



n
y12







n
n − y12
n − r1
y12 , r1 − y12 , r2 − y12
r1 − y12
r − y12
   2
  
=
,
n
n
n
n
r1
r1
r2
r2

(3.4)

where we define1


n
i1 , i2 , ..., ik



≡
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  k−1
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n Y n − jl=1 il
=
.
ij+1
i1
i1 !i2 ! . . . (n − i1 − i2 . . . − ik )!
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From this, we can obtain the probability that two windows share at least y12 genes,
min(r1 ,r2 )

P2 (Y12 ≥ y12 ) =

X

P2 (Y12 = h).

(3.5)

h=y12

We use an analogous approach and notation for computing the probabilities for comparisons of three
regions. In a comparison of three windows, the random variable X12 represents the number of homologs
shared between two windows of size r1 and r2 , that do not appear in a third window of size r3 . The random
variables X13 and X23 are defined analogously. The random variable X123 represents the number of genes
shared between three windows of size r1 , r2 , and r3 , under the null hypothesis. For notational convenience,
~ = ~x as shorthand for X123 = x123 , X12 = x12 , X13 = x13 , and
we define ~x = (x123 , x12 , x13 , x23 ) and use X
~
X23 = x23 . Similarly, we use Yij = ~yij as shorthand for Y12 = y12 , Y13 = y13 , and Y23 = y23 .
~ ≥ ~x), the probability of observing at least ~x genes shared among three regions, we
To compute P (X
first derive an expression for the probability of observing exactly ~x genes, then sum over this expression. In
the above pairwise comparison, we counted the number of ways to form three different sets: the y12 shared
genes, the r1 − y12 genes unique to W1 , and the r2 − y12 genes unique to W2 . Computing the probability
1

Note that this is a non-standard use of the multinomial notation since we do not require that n = i1 + i2 + . . . ik .
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of three windows containing exactly the observed number of shared genes is a direct extension of the twowindow problem, except there are seven sets to be selected (Figure 3.3(b)):


1
n
~ =~x) =



·
P (X
.
(3.6)
n
n
n
x123 , x12 , x13 , x23 , x1 , x2 , x3
r1 r2 r3
The probability of observing at least ~x shared genes is obtained by summing over all possible values of
X123 and Xij ,
u
u12
u13
u23
123
X
X
X
X
~ ≥ ~x) =
~ = ~v ),
P (X
P (X
(3.7)
v123 =x123 v12 =x12 v13 =x13 v23 =x23

where u123 = min(r1 , r2 , r3 ), u12 = min(r1 , r2 ) − v123 , u13 = min(r1 −v12 , r3 )−v123 , u23 = min(r2 −
v12 , r3 −v13 )−v123 , and ~v = (v123 , v12 , v13 , v23 ). In the worst case, evaluating this expression takes O(r4 )
time. In practice, the computation time can be substantially reduced, because the summand decreases exponentially as x123 and the xij ′ s increase. Only the smallest values will contribute to the final probability, and
most of the terms can be disregarded.

3.3.2

Genomes with Non-Identical Gene Content

In contrast to the assumptions of the identical gene content model, in most cases, a genome will have
singleton genes that do not have a detectable homolog in related genomes. The greater the number of
singletons, the fewer genes available to populate the windows such that the genes are shared between the
windows. Here, we develop a statistical test for three-window clusters for the general orthology model in
which the gene content of each genome may differ.
In this model, we assume the genomes share a common set of n123 ≤ min(N1 , N2 , N3 ) homologs (Figure 3.4(a)). In addition, each genome Gi contains ni = Ni −n123 singleton genes. Homology between gene
pairs that have no homolog in the third genome is disregarded, with such genes being treated as singletons.
This models the situation that would result if homologs were identified according to the triangle method
used in COGs [166].
To compute the probability of observing exactly ~x shared genes, we must count the number of ways
of choosing the ~x shared genes, as well as the genes that are unique to each window. As in the case of
identical gene content, the shared genes must be selected from the n123 genes common to the three genomes.
However, the xi genes that are unique to each window Wi can be selected either from the remaining common
genes, or from the ni singletons in genome Gi . In the former case, care must be taken to ensure that a gene
is only assigned to one window. As a result, two additional summations are required, since the number of
ways to choose the x3 genes unique to W3 depends on how many genes from the n123 common genes were
used to fill W1 and W2 . The probability is:
~ =~x) =
PS (X

 −1  −1  −1 

N1
N2
N3
n123
r1
r2
r3
x123 , x12 , x13 , x23





x
x
1 X
2
X
n123 − s
n1
n2
N3 − s − i − j
,
i, j
x1 − i x2 − j
x3
i=0 j=0

where s= x123 + x12 + x13 + x23 is the total number of shared genes.
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(3.8)
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Figure 3.5: Cluster significance as a function of σ/n, the fraction of singleton genes in each genome. (a)
~ ≥ (1, 1, 1, 1)), when n = N1 = N2 = N3 = 5000, and r = 100. (b) The probability
The probability PS (X
~
PS (X ≥ (0, 1, 1, 1)), when n= N1 = N2 = N3 = 25000, and r = 100.
The probability of observing at least as many shared genes under this model, can be computed from
~ = ~x) over all possible values of X123 and Xij :
Equation 3.8 by summing PS (X
~ ≥ ~x) =
PS (X

u
123
X

u12
X

u13
X

u23
X

~ = ~v ),
PS (X

(3.9)

v123 =x123 v12 =x12 v13 =x13 v23 =x23

where u123 = min(r1 , r2 , r3 ), u12 = min(r1 , r2 ) − v123 , u13 = min(r1 −v12 , r3 )−v123 , u23 = min(r2 −
v12 , r3 −v13 )−v123 , and ~v = (v123 , v12 , v13 , v23 ).

3.3.3

Properties that Influence Cluster Significance

We use Equation 3.7 and Equation 3.9 to investigate how properties of the genomes, the cluster, and the test
itself affect significance. First, we analyze how the proportion of singleton genes affects cluster significance.
Next, we investigate how the distribution of the total number of shared genes among the three-way and
~ ≥ ~x) for clusters with similar
pairwise overlaps affects significance. Finally, we compare the value of P (X
numbers of shared genes, but where the shared genes are distributed differently in the Venn diagram.
How does the proportion of singletons affect cluster significance?
To study how cluster significance depends on the extent of gene content overlap among the genomes, we
~ ≥ ~x), as a function of σ, the proportion of genes that are singletons. Note that given n and
computed PS (X
σ, n123 is defined by n(1 − σ). As σ increases, the probability of observing a cluster drops precipitously
(Figure 3.5) for both n = 5000 and n = 25000. Figure 3.5(a) shows when n = 5000 and r = 100 the
probability of a cluster with x123 = 1 and x12 = x23 = x13 = 1 drops from 0.01 to 10−5 as the proportion
of singleton genes in the genomes increases from 0.3 to 0.9. Similarly, when n = 25000 and r = 100 the
probability of a cluster with x123 = 0 and x12 = x23 = x13 = 1 drops sharply as shown in Figure 3.5(b).
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(a)

(b)

Figure 3.6: Two gene clusters with the same number of genes (h) conserved between each pair of regions.
(a) A gene cluster in which two genes are shared by all three regions (x123 = 2, x12 = x13 = x23 = 0) (b) A
gene cluster in which two distinct genes are shared by each pair of regions (x123 = 0, x12 = x13 = x23 = 2).

This is because as fewer homologs are shared between the genomes, it becomes much more surprising to
find them clustered together. These examples underscore the importance of considering the extent of gene
content overlap among the genomes when evaluating cluster significance.

How much more does a gene shared by all three windows contribute to significance?
To answer this question, we compare the significance of clusters in which h genes are shared by all three
windows (as shown in Figure 3.6(a)), with clusters in which there are h distinct genes shared between each
pair of windows (as shown in Figure 3.6(b)). Notice that in both examples shown in Figure 3.6 each pair
of windows shares h = 2 genes. However, in the first case each region only contains h = 2 shared genes,
whereas in the second case each region shares 2h = 4 genes with the other regions. Although the total
number of shared genes is larger in the second scenario, Figure 3.7(a) shows that the first scenario is much
more significant. Even a small increase in x123 results in a large increase in significance—much more so
than an increase of an equivalent number of homologous matches between pairs of regions. For larger values
of n (Figure 3.7(b)), although the difference between the two scenarios is not as great, the second scenario
is still more significant than the first.

How does the distribution of shared homologs among the pairwise overlaps influence significance?
We consider how an unequal distribution of the pairwise conserved genes (the xij ’s) affects significance. We
compare all possible distributions, ranging from a scenario in which only a single pair of windows shares
genes, toP
a scenario in which the genes are distributed evenly among the three windows (x12 = x13 = x23 ).
Let t =
xij be the total number of genes that appear in exactly two of the three regions. At one extreme,
the t genes can be uniformly distributed: x12 = x13 = x23 = t/3. In this case, the variance of the xij ’s will
be zero. The distribution could be skewed, on the other hand, with the most extreme skew occurring when
all t genes appear are shared between exactly one pair of regions: e.g. x12 = t and x13 = x23 = 0. In this
case the variance will be t2 /3. Figure 3.8 compares cluster probabilities for all possible distributions of the
xij ’s, as a function of the variance of the xij ’s. It shows that the greater the variance of xij ’s, the lower the
probability of observing the cluster by chance. In other words, a skewed distribution of the xij ’s is more
significant than a uniform distribution. This illustrates why it is preferable to consider the value of each of
the three pairwise overlaps independently, rather than considering only their sum.
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~ ≥ (h, 0, 0, 0)) and P (X
~ ≥ (0, h, h, h)), showing the impact of x123 and
Figure 3.7: A comparison of P (X
′
xij s on cluster significance, (a) when n= 5000, r = 100, (b) when n= 25000, r = 100.

3.3.4

Comparisons with Alternative Tests

In this section, to understand which aspects of our test are most important to cluster significance, we derive
~ ≥ ~x). We consider the following alternative tests:
three alternative tests, and compare them with P (X
~ij ≥ ~yij ), to determine how
P (X123 ≥ y123 ), to determine when it is necessary to consider the xij ’s; P (Y
~ = ~x), to see whether
much information is lost by not explicitly considering the value of x123 ; and P (X
it is sufficient to consider only the probability of observing an identical cluster, or whether more extreme
ensembles must be considered as well. Finally, we compare our three-way test with two of the pairwise tests
reviewed in Section 3.1.
Is a test based only on x123 sufficient, or is it necessary to consider pairwise overlaps as well?
In order to assess the additional sensitivity gained by also considering genes shared between only two of
~ ≥ ~x) with P (X123 ≥ x123 ), the probability of observing at least x123
three regions, we compare P (X
homologs shared between all three windows. To enumerate all triples of windows that share exactly x123
genes with no restrictions on the xij ′ s, it is necessary to select x12 , x13 and x23 so that they have no homologs
in common. Otherwise, X123 would be greater than rather than equal to x123 . This can be achieved using
the following expression for the number of windows that share exactly x123 genes:
q(X123 = x123 ) =

r1 X
−x123 
x12 =0

r1
x123 , x12



n − r1
r2 − x123 − x12



n − x123 − x12
,
r3 − x123

(3.10)

where the second term ensures that W1 and W2 share exactly x12 genes, and the third term ensures that
exactly x123 genes are shared in all three windows. We then obtain the probability of observing at least x123
genes in common by summing over q(X123 = x123 ) as follows:
 −1  −1 uX
123
n
n
P (X123 ≥ x123 ) =
q(X123 = k).
(3.11)
r2
r3
k=x123

48

P

xij = 6

P

0.1

xij = 9

Probability

Probability

0.1

0.01

0.001

0.01

0.001

0.0001
0

2

4
6
8
10
Var[ x12, x23, x13]

12

0

5

10
15
20
Var[ x12, x23, x13]

25

(b)

(a)

Figure 3.8: The probability of observing a cluster when n= 5000, r = 100, x123 = 0, and x12 +x13 +x23 = t,
as a function of the variance of the x′ij s, where higher variance indicates more skew. (a) When t = 6, the
variance of the xij ’s ranges from 0 when the xij ’s are uniformly distributed (x12 = x13 = x23 = 2) to 12
when the xij ’s are maximally skewed (x12 = 6, x13 = x23 = 0). (b) When t = 9, the variance of the xij ’s
ranges from 0 (x12 = x13 = x23 = 3) to 27 (x12 = 9, x13 = x23 = 0).
We analyzed the impact of disregarding the xij ′ s, by comparing Equation 3.11 with Equation 3.7 when
n ∈ {5000, 25000} and x12 = x13 = x23 ∈ {2, 3}, for a range of values of x123 (Figure 3.9). P (X123 ≥
~ ≥ ~x). This is because a test based only on
x123 ) is consistently two orders of magnitude greater than P (X
x123 fails to capture evidence of homology from genes that occur in only a subset of the windows (i.e. the
xij ′ s), and will severely overestimate the probability of observing a cluster by chance. For example, given a
significance threshold of α = .01 and the parameters used in Figure 3.9(b), a cluster with x12 = x13 = x23 = 3
and x123 = 1 would not be considered significant using a test based on x123 alone, even though the three-way
test shows that such a cluster is unlikely to arise by chance. Clearly, a test that considers only x123 is overly
conservative, and will lead to many false negatives.
Is it necessary to consider explicitly the number of genes that appear in all three windows?
~ distinguishes between x123 and each of the three pairwise overlaps. A simpler alternative
Our test statistic X
would be to consider both x123 and the xij ’s, but to not distinguish between the two. To investigate whether
~ ≥ ~x) with P (Y
~ij ≥ ~yij ). Recall that yij =
it is necessary to consider x123 explicitly, we compare P (X
xijk + xij , i.e. it is defined as the total number of genes shared between windows Wi and Wj , including
~ij ≥ ~yij is strictly a weaker constraint than X
~ ≥ ~x.
those genes that are also contained in Wk . Note that Y
~ ≥ ~x, two additional sets of ensembles will be counted when
In addition to all the ensembles in which X
~
~ ≥ ~x):
computing P (Yij ≥ ~yij ) that would not be counted when computing P (X
1. X123 ≥ max(y12 , y23 , y13 ), and X12 + X123 < y12 or X13 + X123 < y13 or X23 + X123 < y23 .
2. X123 < max(y12 , y23 , y13 ), and X12 + X123 ≥ y12 and X13 + X123 ≥ y13 and X23 + X123 ≥ y23 .
For example, if we observe a cluster with x123 = 2, x12 = x13 = 1, and x23 = 0, then to compute
~ ≥ X)
~ we count the number of ensembles in which x123 ≥ 2, x12 ≥ 1, and x13 ≥ 1. To compute
P (X
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~ij ≥ ~yij ), we will also enumerate the number of ensembles in which x123 = 0, x12 ≥ 3, and x13 ≥ 3,
P (Y
and the number of ensembles in which x123 = 1, x12 ≥ 2, and x13 ≥ 2.
~ij ≥ ~yij ) will always be an upper bound on P (X
~ ≥ ~x). In particular, with Equation 3.12,
Thus P (Y
the significance of a cluster in which h genes are shared by all three windows (as shown in Figure 3.6(a))
will be the same as that of a cluster in which h distinct genes are shared between each pair of windows (as
shown in Figure 3.6(b)).
~ij ≥ ~yij ) we simply sum P (X
~ ≥ ~x) over all possible values of X123 :
To compute P (Y
~ij ≥ ~yij ) =
P (Y

u
123
X

u12
X

u13
X

u23
X

~ = ~v )
P (V

v123 =0 v12 =δ(y12 ) v13 =δ(y13 ) v23 =δ(y23 )

= P (X123 ≥ ymax ) +

ymax
X−1

u12
X

u13
X

u23
X

(3.12)
~ = ~v )
P (V

v123 =0 v12 =δ(y12 ) v13 =δ(y13 ) v23 =δ(y23 )

where δ(x) = max(0, x − v123 ) and ymax = max(y12 , y13 , y23 ).
~ij ≥ ~yij ) with P (X
~ ≥ ~x), when x123 ∈ {0, 2}, for a range of values of xij ’s
We compared P (Y
~ij ≥ ~yij ) is very close to P (X
~ ≥ ~x). When x123 = 0 and
(Figure 3.10). When x123 = 0 and h is small, P (Y
~
~
h is large, P (Yij ≥ ~yij ) diverges slightly from P (X ≥ ~x), but in this region a cluster would be significant
~ij ≥ ~yij ) is a accurate test. On the other hand, when
according to either test. In short, when x123 = 0, P (Y
~ij ≥ ~yij ) overestimates P (X
~ ≥ ~x), as shown in Figure 3.10(b) and
x123 = 2 and x12 = x23 = x13 = 0, P (Y
~ij ≥ ~yij ) does not
Figure 3.10(d). In this case, the approximation could lead to false negatives, since P (Y
recognize the greater significance of genes that appear in all three regions.
~ = ~x) a suitable measure of significance?
Is P (X
It might seem natural to use the probability of observing the exact number of shared homologs directly to test
~ = ~x) with P (X
~ ≥ ~x) when n = {5000, 25000},
cluster significance. To investigate this, we compared P (X
~ = ~x) is
x123 = {0, 1}, and x12 = x13 = x23 = h, for a range of values of h (see Figure 3.11). Using P (X
~
~
risky: When n = 5000 and for small values of xij , P (X = ~x) underestimates P (X ≥ ~x) by several orders of
magnitude. For example, given the parameters in Figure 3.11(a), even when the three regions share no genes
~ = ~x) is significantly less than one! Therefore, this test
(x123 = x12 = x13 = x23 = 0), the probability P (X
~ = ~x) is
will lead to false positives when xij ’s are small. As h increases, the probabilities converge and P (X
~ ≥ ~x). In contrast, when n = 25, 000 (Figs. 3.11(c) and 3.11(d)), P (X
~ = ~x)
a good approximation for P (X
~ ≥ ~x) even for small values of xij . In general, P (X
~ = ~x) is a lower bound
is a closer approximation to P (X
~
~
on P (X ≥ ~x), and can be computed more efficiently. P (X = ~x) is a useful first test because if we cannot
~ = ~x), then we will not be able to reject using P (X
~ ≥ ~x). However,
reject the null hypothesis using P (X
~
when P (X = ~x) is small, then a second test will be required.
How does our three-way test compare to existing pairwise tests?
To assess the difference between existing pairwise tests reviewed in Sec. 3.1 and our joint three-region
~ ≥ ~x)) with Equation 3.1 and Equation 3.3, for a range
statistical tests, we compare our Equation 3.7 (P (X
of representative parameter values. (We did not plot Equation 3.2 as it will always lie between the curves
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for Equation 3.1 and Equation 3.3.) In Figure 3.12 we plot the significance level at which a null model of
random gene order would be rejected by each test, when n = 5000, x123 = {0, 2, 3, 5}, x12 = x13 = x23 = h,
and h ranges from zero to twelve. We consider a uniform distribution of the xij ’s, in order to focus on the
effect of x123 on cluster significance. There are two regions of the parameter space of particular interest.
The first case of interest is when x123 = 0, but the pairwise overlaps are relatively large. In this case,
we can see the importance of considering all pairwise overlaps in the absence of genes conserved in all
three regions. When x123 = 0, both Equation 3.1 and Equation 3.3 overestimate the probability of a cluster
(Figure 3.12(a)). Recall that Equation 3.1 conducts two independent pairwise tests of W1 with W2 , and
then W2 with W3 , whereas Equation 3.3 compares the merged region W1 ∪ W2 with W3 . Equation 3.1 is
a conservative test because it requires two of the three pairwise tests to be independently significant, and
ignores the overlap between the windows W2 and W3 , whereas our approach considers the three regions
jointly. Equation 3.3 is a better approximation, but is still overly conservative, because it does not consider
the overlap between windows W1 and W2 . As a result, both tests may miss significant clusters. For example,
in Figure 3.12(a), given a significance threshold of α = 0.001, for a pair of regions to be significantly similar
(Equation 3.1), they must share at least eight genes. In other words, to find a three-way cluster with a
sequential pairwise approach, W1 must share eight genes each with W2 and W3 . With the pairwise merging
~ ≥ ~x),
approach, W1 and W2 must together share at least six genes with W3 . In contrast, using our test P (X
a cluster is significant in both the above cases, but also in the case where each pair of regions shares only
four genes, even when none of these genes appear in all three regions. This example demonstrates the
importance of considering all pairwise overlaps in the absence of genes conserved in all three regions.
The second case of interest is when x123 is non-zero, and the pairwise overlaps are small. In this case,
tests which consider only the pairwise overlaps may fail to reject the null hypothesis, even though it is
highly unlikely that such a cluster would occur given random gene order. On the other hand, our test,
which considers x123 , does not make this error. When x123 is non-zero (Figs. 3.12(b), 3.12(c) and 3.12(d)),
and the pairwise overlaps are small, both Equation 3.1 and Equation 3.3 overestimate the probability of a
cluster, and would result in false negatives. Given a significance threshold of α = 0.001, when x123 = 2,
both Equation 3.1 and Equation 3.3 would fail to reject the null hypothesis for clusters in which h < 5
(Figure 3.12(b)), and when x123 = 3, they would fail to reject the null hypothesis for clusters in which h < 4
(Figure 3.12(c)). Even when x123 = 5, and the cluster is undoubtedly significant, the pairwise approaches
would still fail to reject the null hypothesis when h < 3.
In summary, our three-way test is more sensitive than existing tests based on pairwise comparison.
Those tests are overly conservative, and as a result may fail to reject the null hypothesis even when a cluster
is highly unlikely to occur by chance.

3.4 Exact Probabilities for the Duplication Model
Following a WGD, in many cases there is no immediate selective advantage for retaining a gene in duplicate,
so one of the duplicates is often lost. Since duplicated regions may share few paralogous genes, they are
often detected by comparison with a related pre-duplication genome. For example, in the species tree
shown in Figure 3.14, WGD occurred after the divergence of K waltii and before the speciation event that
produced S. bayanus and S. cerevisiae. Duplicated regions in S. cerevisiae, a post-duplication species, can
be detected by comparison with K. waltii, a pre-duplication species. We propose a second genome overlap
model specifically for analyzing such duplications. Let Gpost be a genome that has undergone a WGD and
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Figure 3.12: A comparison of our three-region test P (X
on pairwise comparisons (Equation 3.1 and Equation 3.3). The significance level at which a null model of
random gene order would be rejected by each test, when n = 5000, r = 100, x12 = x13 = x23 = h, where h is
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(a)
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Figure 3.13: Pre-post gene cluster examples with different gene loss scenarios, in which two regions, Wpost1
and Wpost2 , from the genome of a post duplication species are compared with a region Wpre from a preduplication species. (a) A pre-post gene cluster where Wpre share three genes each with Wpost1 and Wpost2
(x13 = x23 = 3). Wpost1 and Wpost2 do not share any genes (x12 = 0, x123 = 0). (b) A cluster in which
Wpost1 and Wpost2 share two genes with Wpre and have a single gene in common (x12 = 1, x123 = 0). (c)
A cluster in which Wpost1 and Wpost2 share two genes with Wpre and there is an additional gene shared by
all three regions (x12 = 0, x123 = 1).
Gpre be a genome that diverged prior to the WGD (Figure 3.4(b)). Let ni,j be the number of genes that
appear i times in Gpre and j times in Gpost , where i ≤ 1, j ≤ 2. This model only recognizes paralogs
that arose through WGD, ignoring lineage specific duplications. Thus, it assumes that each gene in Gpost
has at most one paralog and that genes in Gpre have no paralogs; i.e. n2,0 = n2,1 = n2,2 = 0. Furthermore,
this model assumes that every gene that appears twice in the post-duplication genome also has a homolog
in the pre-duplication genome; i.e. n0,2 = 0. This assumption is based on the rationale that genes retained in
duplicate are functionally important and, hence, are retained in Gpre as well. This assumption is supported
by empirical observation. For example, in post-WGD yeast species over 95% of genes retained in duplicate
are also present in each pre-WGD yeast genome [29]. Similarly, in this model every gene in Gpre has at
least one homolog in Gpost (n1,0 = 0). We use the convention that W3 is the window sampled from Gpre ,
and W1 and W2 are sampled from distinct chromosomal regions in Gpost .
To compute the probability of observing exactly ~x shared homologs under the null hypothesis, we make
the additional assumption that at most one copy of a duplicated gene appears in a given window. Given this
condition,





n1,2
Npre − x123 − x12
Npre − s Npost − n1,2 − s − x3
x13 , x23
x3
x1 , x2
~ = ~x) = x123 , x12
PD (X
,




 min(r
1 ,r2 ) 
X
Npre
Npre + n0,1 − i Npre + n0,1 − r1
n1,2
r2 − i
r3
r1 − i
i
i=0

~ ≥ ~x), the probability of observing at
where Npre = n1,2 + n1,1 and Npost = 2n1,2 + n1,1 + n0,1 . PD (X
~ = ~x)
least ~x shared homologs under the null hypothesis, is then obtained as before by summing over PD (X
How do Retained Duplicates after WGD Affect Cluster Significance? To investigate the importance
~ ≥ ~x) with parameter values based on recent
of the genes conserved in duplicates, we calculated PD (X
studies of pre- and post-duplication species in the yeast [29, 146] and bony fish [89] lineages. We compare
the significance of clusters for three reciprocal gene loss scenarios: when no genes are shared by the postduplication windows W1 and W2 (x123 = 0, x12 = 0, as shown in Figure 3.13(a)), when a single gene is
shared by W1 and W2 but none are shared by all three regions (x123 = 0, x12 = 1, as shown in Figure 3.13(b)),
and when a single gene is shared among all three regions (x123 = 1, x12 = 0, as shown in Figure 3.13(c)).
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WGD

K. waltii

S. bayanus

S. cerevisiae

Figure 3.14: A species tree containing three yeast species. A whole genome duplication (indicated by a star)
occurred after K. waltii diverged from the lineage leading to S. bayanus and S. cerevisiae.

In our simulations based on yeast, we used Npost = 5000 and n1,2 = 450. These parameters are consistent
with the observation that only 16% of genes in S. cerevisiae are duplicate genes that arose during the WGD.
Figure 3.15(a) shows the probabilities for these cluster scenarios when x13 = x23 = h, and h ranges from
0 to 5. The shape of the three curves is similar, but the probabilities drop by an order of magnitude from
one to the next. Genes retained in duplicate have a large impact on cluster significance. For example, in
Figure 3.15(a), given a significance threshold of α = 0.001, if only overlaps between the pre- and postduplication windows are considered, each pair of windows much share three genes in order to reject the null
hypothesis. However, if there is a single gene retained in all three windows, then random gene order can be
rejected regardless of how many other genes are shared by the pre- and post-duplication regions.
In our simulations based on bony fish, we selected parameter values from a recent study of WGD in the
bony fish lineage, in which duplications in the Tetraodon genome were identified by comparison with the
human genome [89]. In these simulations we used n1,2 = 3500, n1,1 = 19500, and n0,1 = 1500. Although the
Tetraodon and human genomes are much larger than yeast genomes, the statistical analysis shows similar
trends (Figure 3.15(b)): again, even the addition of a single gene retained in duplicate has a large effect on
significance!
Retained duplicates have such a large impact on cluster significance because the number of genes that
occur twice in Gpost is small. This is equivalent to having a very small value of n123 in the Orthology
model. In the Duplication model, the gene content overlap between the three conceptual genomes in the
Venn diagram will always be quite small, and so even small values of x123 and x23 lead to highly significant clusters. This is particularly noteworthy because most current methods compare the pre-duplication
region independently with each of the post-duplication regions, and thus ignore the values of x12 and x123
entirely [89, 93, 96, 146, 172, 173]. Our results show that existing methods could fail to detect clearly
significant clusters, and that by using a multi-region test additional duplicated regions may be uncovered.
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Figure 3.15: The effect of reciprocal loss on cluster significance in comparing pre- and post-duplication
genomes, when r = 50, x12 = x13 = h, as h ranges from 0 to 5, and (a) n1,2 = 450, n1,1 = 3600, n0,1 = 500
(b) n1,2 = 3500, n1,1 = 19500, n0,1 = 1500.

3.5 Discussion and Open Problems
In this paper, we presented a simple framework that allows us to understand and compare existing statistical
tests for clusters spanning more than two regions. We proposed two different models of gene content overlap
suitable for common comparative genomics problems. Based on these models, we developed novel statistical tests for evaluating the significance of gene clusters spanning three regions. Here, we have presented
initial results for the design of tests for multi-region clusters, and shown that multi-region tests are able to
validate distantly related homologous regions that will be dismissed by pairwise tests, or by a test based on
x123 alone.
Our three-way tests are the first to combine evidence from genes shared among all three regions and
genes shared only between pairs of regions. Unlike tests that consider only x123 , our three-way tests also
consider xij ′ s, and thus can detect significant clusters even when x123 is small (Figure 3.9(a)). In addition,
our tests outperform current approaches based on sequential pairwise tests, as shown in Sec. 3.3.4. These
approaches disregard two important pieces of information. They do not always consider evidence from all
three pairs of regions. Even more importantly, they do not explicitly consider the number of genes shared
among all three regions. Our results show that even a few genes conserved in all three regions dramatically
increases the statistical significance of gene clusters (Figure 3.7(a)). This effect is particularly strong when
the shared gene content of the genomes is small (Figure 3.5(a)). Thus, unlike pairwise tests, our approach
can detect related regions where each pair of regions share only a few genes (i.e. xij ′ s are small), but where
a few genes are also shared among all the regions (i.e. x123 is non-zero but small).
The difference between our tests and sequential pairwise tests is even more striking in the duplication
model. We showed that even the addition of a single gene retained in duplicate has a large effect on significance (Figure 3.15(a)). However, current tests compare the pre-duplication region independently with each
of the post-duplication regions, and thus ignore these retained duplicates. Consequently, there could be a
large number of highly significant gene clusters for which sequential pairwise tests would fail to reject the
null hypothesis of random gene order, but a three-way test would provide strong evidence that the regions
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(a)
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Figure 3.16: Examples of potentially misleading gene clusters. (a) Windows W1 and W2 share many genes,
but W3 shares only a single gene with each. Even if this cluster is highly unlikely to occur by chance,
concluding that all three regions are homologous would be a mistake in this case. (b) The leftmost three
genes in W2 appear in the leftmost half of W1 , and the rightmost three genes in W2 appear in the rightmost
half of W3 . Even if this cluster is highly unlikely to occur by chance, it may be incorrect to conclude that
all three regions arose from a single region.
arose through duplication.
It is important to be precise about the conclusions that can be drawn on the basis of these tests. A small
p-value does not guarantee that all three regions descended from a single region in the genome of a common
ancestor. Even if only two of the windows descended from a common region, it is quite likely that we
will be able to reject the null hypothesis of random gene order. Figure 3.16(a) shows an example in which
windows W1 and W2 share many genes, but W3 shares only a single gene with each. Concluding that all
three regions are homologous would be a mistake in this case. Furthermore, even if the cluster is significant,
this does not mean that the regions arose from a common ancestor spanning the entirety of all three regions.
It could be that only a small portion of each region is homologous, but the signal from this sub-region is still
strong enough to reject the null hypothesis that the regions are completely unrelated. Figure 3.16(b) shows
an example in which the leftmost three genes in W2 also appear in the leftmost half of W1 , and the rightmost
three genes in W2 also appear in the rightmost half of W3 . Given this scenario, it may in fact be the case that
the region of W1 that is homologous to W2 is distinct from the region of W2 that is homologous with W3 .
In this case it may be incorrect to conclude that all three regions arose from a single region. One possibility
would be to flag such clusters, or screen them out entirely, in a post-processing step.
The work presented here can be extended in many ways. Our genome overlap models make certain
assumptions that may not always hold. For example, in the orthology model we assume that there are no
genes that appear in only two of the three genomes. In our duplication model, we assume there are no
genes that appear in Gpre but not Gpost . In our orthology models we disregard paralogs entirely, and in our
duplication model, we consider only those paralogs that arose via WGD. Also, our test for duplicated regions
assumes that there will never be two copies of a gene in a window selected from Gpost . A more general
test would loosen these restrictions, and take all paralogs into account. Another important extension is the
modification of these tests for clusters found via a whole genome scanning approach. Finally, to investigate
hypotheses of multiple WGDs within the same lineage, tests for more than three regions sampled from the
same genome are required.
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Chapter 4

Ortholog Detection
In this chapter, I use gene cluster statistics to develop a new method for identifying orthologs, motivated
by the idea that orthologs will appear in similar genomic contexts more often then paralogs. Recall that
two genes in different species are orthologous if they arose from a single gene in the most recent common
ancestor (MRCA) of the two species, and paralogous if they arose through a duplication event that preceded
the divergence of the species [59, 61]. These relationships are illustrated in Figures 4.1(a) and 4.1(b).
Orthologs are thought of as direct evolutionary counterparts: when we refer to ’the same gene in different species’, we typically mean orthologs. Thus, orthologs are the fundamental unit of comparison in many
comparative genomics studies, and there are a variety of applications that require high-throughput methods
for accurately identifying orthologs in genome-scale datasets. Traditional methods for ortholog identification are based on comparison of gene sequences. However, many additional sources of information can be
used in addition to sequence comparison. Comparisons of genomic spatial organization have recently been
used to augment sequence information, and improve ortholog prediction.
In this chapter, we combine our previous statistical work on testing the significance of max-gap clusters
with a new algorithmic approach for finding max-gap clusters. By joining these two components, we design
a novel method for orthology prediction based on both sequence comparison and spatial organization. We
show that the use of the flexible max-gap cluster definition combined with our statistical approach for ranking gene clusters consistently reduces the number of orthologs missed (false negatives), without increasing
the number of paralogs identified as orthologs (false positives), compared to previous approaches based on
spatial analysis.
The rest of this chapter is organized as follows. In Section 4.1, I describe some of the applications that require genome-wide ortholog detection, and review the approaches that have been developed for this problem.
In Section 4.2, I introduce a general graph-based framework that is used in the majority of context-based
orthology detection methods. In Section 4.3, I describe existing methods that consider spatial organization
in order to improve ortholog identification, and discuss the limitations of these methods. I give an overview
of my approach in Section 4.4, then discuss each of the main contributions in detail. In Section 4.6, I present
empirical results on a set of alpha-bacterial genomes, and compare my method’s performance with previous
results on this dataset. Finally, in Section 4.7, I end by outlining possible improvements to this approach.
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Figure 4.1: (a) A gene tree showing the evolution of the hypothetical c gene family. Gene c in genome G
undergoes a gene duplication, giving rise to its paralog c′ . A speciation event occurs, which gives rise to
genes c1 , c′1 , c2 , and c′2 . Genes c1 and c2 are orthologs that arose from gene c in the MRCA, whereas genes
c′1 and c′2 are orthologs that arose from gene c′ in the MRCA. The remaining gene pairs are paralogs. (b) A
gene tree showing the evolution of the hypothetical d gene family. A single copy of the d gene family exists
in genome G. A speciation event occurs, which gives rise to d1 and d2 . A subsequent duplication of gene
d1 in G1 gives rise to d′1 . Genes d1 and d′1 are paralogs, and are both orthologous to gene d2 .

4.1 Background
Identification of orthologs is a prerequisite for a wide range of functional and evolutionary problems that
can be approached through comparative genomics.
One application is predicting the functions of genes in newly sequenced genomes. The number of
sequenced genomes is growing rapidly, too quickly for gene functions to be determined experimentally.
Given a newly sequenced genome, we would like to infer the function of its genes from the function of
related genes in well-studied model organisms. Since orthologs share a direct evolutionary relationship,
they often have similar functions [56, 100, 111, 147]. Distinguishing orthologs from paralogs is considered
an essential step for accurate transfer of experimental knowledge between species [119].
Other types of functional investigations also rely on orthologs. In phylogenetic foot-printing, transcription factor binding sites and other functionally important non-coding sequences are identified by searching
for conserved sequences near orthologous genes. In addition, researchers often find it useful to distinguish
orthologs from paralogs when studying the evolution of gene expression or how protein interaction networks
differ among related organisms.
Finally, since orthologs arise through speciation, they play a key role in inferring evolutionary histories.
To infer phylogenetic relationships among species, it is essential that only orthologous genes are analyzed.
In addition, in comparisons of genome organization and genome rearrangements, orthologs are often used
as markers, in order to identify orthologous chromosomal segments.
Existing Methods for Orthology Detection
Most methods for assigning orthologs start by constructing a set of ortholog candidates via sequence comparison. An all-against-all comparison of genome G1 and genome G2 is conducted to identify homologous
gene pairs. For each gene, a set of homologs is selected, which serve as candidate orthologs. Frequently,
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Figure 4.2: (a) Two hypothetical modern-day genomes, and the genome of their most recent common ancestor (MRCA). Genome G1 is in species S1 , genome G2 is in species S2 , and genome G is in the ancestral
species S. Rearrangement events are shown to illustrate the evolution of spatial organization. (b) A map
comparison of genomes G1 and G2 , represented as a bipartite graph. (c) A matching of the genes in G1 and
G2 . (d) The conserved blocks shared between G1 and G2 , according to three different definitions: common
substrings, common intervals, and max-gap clusters (g = 1).
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any pair of genes with sequence similarity above a set threshold is considered homologous. In other cases
the requirement is more stringent: a gene must not only be similar to the query gene, but must score within
a fixed percentage of the highest scoring match, or be one of the k highest scoring matches. Sometimes no
fixed similarity threshold is applied—for each query gene the k most similar genes are kept as candidate
orthologs. Many more variants have been proposed, but regardless of the details of the method, the end
result is a set of homologous gene pairs. The problem is then to determine which of these homologous pairs
are orthologs, and which are paralogs.
One way to distinguish orthologs from paralogs is to construct a gene family tree, then reconcile it
with the corresponding species tree to infer speciation and duplication events [39, 60, 68, 187, 158]. This
approach is challenging to apply on a genome-wide scale, however, because it is resource-intensive and
error-prone [22]. With this method, the accuracy of ortholog assignments depends on the accuracy and information content of the multiple sequence alignment (MSA), and the accuracy of the estimated phylogeny.
However, current methods for automatically generating MSAs yield alignments of poor quality when sequences are not highly similar, and so MSAs often require hand-curation. Even with the best possible MSA,
there is often not sufficient information in the MSA to infer an accurate gene tree. Furthermore, this method
requires building a new tree for each family of interest. Building gene trees is NP-hard; even the best heuristics are time-consuming, and are not guaranteed to find the correct tree topology, particularly when gene
sequences are highly divergent. Although accuracy of the inferred tree can be assessed through bootstrap
analysis, this type of analysis is impractical for genome-scale datasets.
Thus, many orthology predictions methods do not try to explicitly build a tree, but instead consider only
pairwise sequence similarity. The simplest approach assumes genes are orthologs if they form reciprocal
best hits, or bi-directional best hits (BBHs) [112, 158, 86, 166]. However, this method assumes that protein
similarity accurately reflects evolutionary distance, that all genes within a family evolve at equal rates, and
that gene predictions are correct and complete. As a result, domain shuffling, fused proteins, high sequence
diversity within a family, incomplete genome sequencing, and errors in gene prediction can all lead to errors.
For example, in Figure 4.1(b), if the best hit of gene d2 is d′1 , then the orthology of d1 and d2 will not be
detected. Furthermore, if d2 was later duplicated, giving rise to d′2 , then the BBH method may identify only
a single pair of orthologs. Since d2 and d′2 were duplicated recently, they will have very similar sequences,
and it could easily be the case that the best hit of gene d′1 is gene d2 , the best hit of d′2 is d1 , and the best
hit of d1 is d′2 . In this case, only (d′1 ,d2 ) would be returned as an orthologous pair. Gene loss also leads to
errors. For example, in Figure 4.1(a), if c1 and c′2 are lost, then c′1 and c2 would be BBHs, and would be
incorrectly classified as orthologs.
More complex approaches have been designed to overcome some of these limitations. The COGs
method [165] tries to reduce false positives by identifying orthologs only if they form triangles of BBHs
shared between three distantly related species. Triangles that share a side are then merged into a single
orthologous group. This merging step is designed to decrease false negatives by allowing many-to-many
orthology relationships. Given a particular pair of species of interest, however, the COG groupings are often
too coarse. Orthology sets are often very large, and contain genes that diverged prior to the speciation event
of interest. OrthoMCL [99] and InParanoid [134] attempt to reduce false negatives by using clustering algorithms that group together similar sequences even if they do not form BBHs. In addition, the OrthoMCL
algorithm attempts to eliminate spurious matches due to shared domains and protein fusions. Even these
more sophisticated approaches are limited by their reliance on sequence information alone.
Other approaches have been developed that augment sequence data with orthogonal information sources,
such as functional or regulatory data. For example, Bandyopadhyay et al. [5] infer orthologs based on the
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gene interaction network. They assume that genes whose network neighbors are orthologs are more likely
to be orthologs. A Markov Random Field is created that models the orthology relation between each pair of
proteins as a probabilistic function of the orthology relations of their immediate network neighbors. Gibbs
sampling is used to compute the probability of orthology for each gene pair. Che et al. [36] supplement
sequence data with operon boundaries. The assumption is that if two genes are in the same operon, then
their orthologs are likely to also be in the same operon. Zheng et al. [185] identify BBHs, but then filter
these predictions based on functional annotations: if the pair of proteins are classified in different functional
subfamilies, then they are not considered orthologs. These methods are not applicable to most newly sequenced genomes in which little functional, transcriptional, or regulatory data is available, however, or if
orthologs are being identified in order to infer gene function.
Comparisons of spatial organization also contribute evidence of orthology that is orthogonal to evidence
provided by gene sequence comparisons. Figure 4.2(a) shows a hypothetical genome S that is replicated
by speciation, yielding genomes S1 and S2 , that subsequently diverge through small-scale and large-scale
evolutionary changes. Shared genomic context combined with sequence similarity is thought to be a better
indicator of orthology than sequence similarity alone. For example, consider the members of gene family
c in Figure 4.2(a). Genes c and c′ are paralogs that arose through a single gene duplication prior to the
separation of species S1 and S2 . They are located in distinct chromosomal regions in G, the genome of the
MRCA of species S1 and S2 . A speciation event results in two copies of c and c′ , one in G1 and the other
in G2 . Immediately following the speciation, the orthologs c1 and c2 appear in identical contexts, i.e. they
have the same neighboring genes in the same order. The same is true of c′1 and c′2 . The paralogs c1 and
c′2 , and c2 and c′1 , on the other hand, appear in very different genomic contexts. Thus, by comparing gene
neighborhoods, it is possible to determine that c1 is orthologous to c2 and not to c′2 . Over time, the genomic
context of the orthologs will diverge due to genomic rearrangements. However, in many cases the regions
will remain similar enough to detect orthology. For example, in the genomes of S1 and S2 , c1 and c2 are
both within two genes of a, b, d, and e. Similarly, c′1 and c′2 are both within three genes of u, v, w, and z. In
contrast, there are no shared genes in the local neighborhoods of c1 and c′2 .

4.2 A Graph-Based Framework for Orthology Detection
Before we review existing methods for incorporating spatial organization into ortholog prediction, we introduce the graph-based representation of the data used by many of these approaches, and describe the various
types of output they generate.

4.2.1

Input

Given a set of homologous gene pairs, a bipartite homology graph H = (V1 ∪V2 , E) is constructed. Vertices
in V1 and V2 represent genes in G1 and G2 respectively. Given v1 from V1 and v2 from V2 , (v1, v2) is an
edge in E if v1 and v2 are homologous. Most often, H is an undirected1 , unweighted graph. In a few cases,
edge weights are assigned based on sequence similarity scores, and a weighted graph is constructed.
If true homology relationships were known, genes would form gene families, in which every gene in
1

Depending on the strategy for identifying homologous pairs, the inferred homology relationship may not be symmetric, i.e.
gene a’s list of homologs may contain gene b, but not vice versa. In this case, an additional pre-processing step is required to
enforce symmetry.
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the family is homologous to every other gene in the family since each gene in a family arose from a single
ancestral gene. However, due to noise, limitations of sequence comparison methods, or a stringent similarity
threshold, not all homologous pairs will be identified, and the inferred homology relationship may not
always be transitive, e.g. in the bipartite homology graph there may be a gene a that is homologous to b
and c, and another gene d that is homologous to gene b but not gene c. Since many of the algorithms
designed for this problem require gene families as input, the transitive closure2 of H is often used as the
input graph (omitting edges between genes in the same genome). We call this the family graph, F. An
example is shown in Figure 4.2(b). There is an edge between two genes in F if and only if they are in
different genomes, and they are in the same connected component in H. The graph F is composed of a set
of connected components, each corresponding to a family. Gene a is said to be in the same family as gene b
iff a and b are in the same connected component in F.
Applying the transitive closure has the effect of adding edges to the homology graph. In some cases,
these edges will correspond to homologs that were not identified due to weak sequence similarity. In other
cases, these edges may be false predictions due to domain chaining, in which genes are erroneously considered homologous because they share an inserted domain. For orthology identification, it is critical that
all orthologs be identified as homologs, but it is not important that all homologs be represented in the input
graph. In fact, ideally, the input graph would contain the smallest set of homologous genes that is likely to
contain the true ortholog. For ortholog identification, adding edges may just introduce noise, and decrease
performance. That said, taking the transitive closure is still a common practice in orthology-detection methods, because it is the norm in other applications in which a homology graph is constructed, and because
gene families often simplify algorithms.

4.2.2

Output

Given the graph F as input, the typical output is a graph O, called the orthology graph, that is a sub-graph
of F that forms a matching, i.e. each vertex is incident to at most one edge. Genes connected by edges in O
are considered orthologs. Genes in the same family that are not connected by an edge in O are considered
paralogs. The orthology graph may take one of three forms, as follows.
In the exemplar approach, a single exemplar gene is selected from each family. In other words, edges
are pruned from F until each connected component representing a family contains exactly two genes, one
from each genome. The exemplar of each family (also called the main ortholog [63], or the positional
ortholog [27]) is thought to represent the gene that best reflects the original position of the ancestral gene
family progenitor [138]. One motivation for seeking exemplars is that they are “more likely to be functional
counterparts since they are both evolutionary and positional counterparts.” [63]. The assumption underlying
this approach is that the MRCA S had only a single gene in each gene family, and all duplications occurred
after speciation, by separate lineage specific expansions in the lineages leading to S1 and S2 . If the ancestral
genome contained paralogs, then there may be more than one pair of orthologs within a family, and this
approach will identify only a subset of the orthologs.
A second approach seeks a maximal matching of F. In this case more than one orthologous pair can be
identified per family. This approach assumes that all copies of a gene family were present in the MRCA,
and no duplications occurred after speciation. With this approach, when co-orthologs are present, only one
will be identified. For example, in Figure 4.2(b), gene d2 can only be matched with gene d1 or d′1 , but not
2

The transitive closure of a graph G = (V, E) is a graph G+ = (V, E+) such that E+ contains an edge (v, w) iff G contains
a non-null path from v to w.

66

both. Note that this method generates a maximal matching, but it is not guaranteed to be a perfect matching.
When the number of representatives of each gene family is not be the same in both genomes, some genes
will not be assigned an ortholog. This is illustrated in the maximum matching shown in Figure 4.2(c), in
which d′1 is not assigned an ortholog.
In the most general approach, edges are pruned from F, but a one-to-one matching is not required.
The output may include one-to-many or even many-to-many mappings between genes. These genes are
considered co-orthologs, genes that arose by duplication subsequent to the speciation. For example, in
Figure 4.2(a), d1 and d′1 are co-orthologs to d2 , since the duplication of gene d1 occurred subsequent to
the speciation of S1 and S2 . This model makes no assumptions about the relative timing of speciation and
duplication events.

4.3 Related Work
The use of genomic context to augment sequence data in orthology detection has received considerable
attention in recent years, both in practical efforts to build orthology databases, and in theoretical work on
genome rearrangements.
A number of software tools for identifying orthologs use genomic context as auxiliary information to
improve ortholog predictions based on sequence similarity. Typically, these heuristics identify unambiguous
orthologs (often BBHs) that form collinear blocks, i.e. regions with perfectly conserved gene order. Gene
pairs with sufficiently strong sequence similarity are matched if they appear within or near a collinear block,
even if they have a better sequence match elsewhere in the genome [29, 28, 31, 41, 94, 27, 178, 185]. In
addition, such methods sometimes feature a post-processing step in which genes with extremely low or even
no detectable similarity are assigned as orthologs if they appear in a collinear block, and no other potential
ortholog was identified [29].
The use of multiple genome comparisons can increase the accuracy of these methods since a gene is
likely to be in a collinear block in at least a subset of the genomes. Once a subset of the orthologs have been
identified, additional orthologs may be assigned by comparison with a third genome. For example, if genes
bcde are adjacent in genome G1 , genes abc are adjacent in G2 , and genes cdef are adjacent in G3 , it can be
inferred that gene c in G2 is orthologous to gene c in G3 , even though they share no genomic context.
Methods based on collinear blocks of unambiguous orthologs have been successful when comparing
genomes in which local gene order is well-conserved, such as ascomycete fungi [94, 29, 28]. However, in
more diverged genomes such an approach may be less successful, because fewer orthologs will be immediately unambiguous, and order within orthologous segments will be more scrambled. More complex methods
based on the family graph presented in Section 4.2 have been developed to handle these cases.
Perhaps the earliest attempt to solve this problem within a graph-based framework is that of Bansal et
al. [7]. They propose a heuristic consisting of two steps. In the first step the Hungarian method [17] is used
to find a maximal matching in the weighted bipartite graph. Based on these matches, in the second step
max-gap gene clusters are identified. The weights of edges between genes in all large clusters are increased,
and the remaining edge weights are decreased. The algorithm iterates between these two steps, but does not
converge. This method has no statistical basis, nor explicit optimization criteria.
Many of the recent methods for orthology identification based on genomic context can be classified into
one of two basic approaches. The first seeks to select orthologs that minimize some measure of distance
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between the two genomes, and the second strives to selects orthologs to maximize conservation of spatial
organization. Unlike the methods discussed above, all of these approaches discard sequence similarity
scores, and use an unweighted family graph.

4.3.1

Minimizing Rearrangement Distance

The first exemplar approach to the problem of orthology identification based on genomic context sought a
set of orthologs that minimized the number of breakpoints, the number of pairs of genes that are adjacent
in one genome but not in the other [138]. When local order is conserved, minimizing breakpoints may be
helpful for orthology detection. When local order is scrambled, however, the breakpoint distance will be
less useful, since it only considers adjacent genes, not local neighborhoods. For example, the breakpoint
distance does not help us choose between the two possible assignments of the c gene family in the genomes
shown in Figure 4.2(a). If c1 is matched with c2 , then it creates two breakpoints, but if c1 is matched with c′2 ,
it also creates two breakpoints. Similarly, regardless of whether c′1 is matched with c′2 or c2 , two breakpoints
result.
More recent approaches define the distance between two genomes in terms of a specified set of rearrangement operations. Given this set of rearrangement operations, a matching that corresponds to the most
parsimonious evolutionary history of rearrangements is sought. Ortholog assignment is then formulated as
the problem of transforming one genome into the other with the smallest number of rearrangement events.
Within both the exemplar and matching framework, different sets of rearrangement operations have been applied to this problem, including reversals [38, 138, 160], reversals and translocations [63], or duplications,
transpositions, and reversals [52]. This approach is challenging because for even a simple set of operations,
finding the most parsimonious scenario is NP-hard [38]. In addition, this approach is based on the assumption that the underlying evolutionary model can be explained by a small set of rearrangement operations.
Finally, relative costs must be assigned to each operation to reflect the underlying frequency of such events,
but such frequencies are often genome-dependent, and typically not known.

4.3.2

Maximizing Spatial Conservation

Another common approach is to select an ortholog assignment that maximizes conservation of spatial organization. These approaches are typically based on some notion of a conserved block. The underlying
assumption is that chromosomal segments that form a conserved block arose from a single chromosomal
segment in the MRCA, i.e. the regions are orthologous. Thus, the genes within the block are also likely
to be orthologous. Each conserved block can be thought of as specifying a local ortholog assignment. A
global mapping can then be constructed based on these local mappings. However, if a gene appears in more
than one conserved block, these blocks may imply different orthology assignments, in which case they are
inconsistent.
With this approach, the goal is to select a consistent subset of the conserved blocks, such that every gene
appears in at least one conserved block, i.e. the blocks cover both genomes. Typically, a greedy heuristic
is used [15, 14, 161]. The set of all maximal3 conserved blocks is identified in a pre-processing step. The
procedure repeatedly selects the longest maximal conserved block from this set, assigns orthologs within
the block, and then removes all remaining blocks that are inconsistent with the new partial assignment [15,
14, 161].
3

A conserved block is considered maximal if it is not included within any larger conserved block.
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A number of methods based on this framework have been proposed. Two methods differ in two main
ways: the precise definition of conserved block and the optimization criterion used to select the set of
blocks that specify the matching. Two definitions of a conserved block have been investigated within this
framework. The most constrained definition equates a conserved block to a common substring: two sets
of contiguous genes in identical (or reversed) order, with identical gene content [161, 14]. This definition
is very stringent, as it does not allow a single insertion, deletion, or inversion to occur within a conserved
block. Like the breakpoint distance, this measure of conservation is most useful when gene order is highly
conserved. For example, in Figure 4.2(d), the only common substring with length greater than one is vw, so
identifying common substrings will not help determine orthology relationships for the genes in family c.
The common interval, another block definition that has been used, is less constrained. A common
interval is defined to be two sets of contiguous genes, representing the same set of gene families, in any order [19, 14, 13]. In other words, the set of gene families contained within the block must be identical in both
genomes, although the number of representatives of each family may differ. For example, in Figure 4.2(d),
the common intervals are ({u1 , w1 , v1 }, {u2 , v2 , w2 }) and ({d1 , d′1 }, {d2 }). Common intervals are much
more inclusive than common substrings. They allow rearrangements, as well as many-to-one or many-tomany relationships within the interval. This means there can be local duplications or deletions after the
speciation, as long as at least one representative gene for each family remains in the interval. However, insertions of unrelated genes are still not allowed, nor is the deletion of a single-copy gene. As a consequence,
this definition of conserved block is still not general enough to identify the two conserved, but scrambled, regions ({a1 , b1 , c1 , d1 , d′1 , e1 }, {a2 , b2 , c2 , d2 , e2 }) and ({c′1 , u1 , v1 , w1 , z1 }, {c′2 , u2 , v2 , w2 , z2 }), in
Figure 4.2(d).
Different optimization criteria have been proposed for determining which subset of conserved blocks is
best. One approach is to select a set of consistent, maximal conserved blocks, such that the the total number
of conserved blocks is minimized [161, 14, 13]. This is based on the assumption that genes that appear in
longer conserved blocks are more likely to be orthologs. Whether or not this assumption is justified has never
been investigated. Since these optimization problems have been shown to be NP-hard [13, 16, 15, 19, 24, 35],
existing methods rely on greedy heuristics.
A somewhat different approach is used by Bourque et al. [19], who seek a maximum cardinality subset
of consistent blocks. These blocks need not be maximal however; in fact, they may even be nested, such
that one block completely contains another. The motivation for maximizing the number of blocks is that
genomes with similar gene order will have many conserved blocks, whereas randomly ordered genomes
will have few. Bourque et al. [19] reduce the problem of finding the maximum number of compatible
blocks to a MAX-SAT problem. They design their own MAX-SAT heuristic since their clauses are not in
conjunctive normal form, and so no direct MAX-SAT solver can be used.
There is a close relationship between maximizing spatial conservation and minimizing rearrangement
distances. For certain block definitions it has been proven that minimizing the number of maximal blocks is
equivalent to minimizing the rearrangement distance. For example, the ortholog assignment corresponding
to the smallest set of common substrings that cover both genomes will also be the ortholog assignment that
requires the fewest inversions to transform one genome into the other [161]. More generally, choosing a
definition of a conserved block is comparable to choosing a set of rearrangement operations. For example,
allowing gaps in a conserved block definition is similar to adding insertion or deletion to a set of rearrangement operations.
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4.4 Our Approach
Previous methods based on maximization of spatial conservation rely on very restrictive definitions of a
conserved block. Neither the common substring, nor the common interval definition allows gaps within the
block. When comparing more distantly related genomes, these conservative definitions may fail to detect
orthologous regions in which neither gene order nor gene content are identical. To address this, we present
a new orthology detection algorithm on a more general definition of a conserved block, the max-gap cluster
presented in Section 2. The max-gap cluster is the most general definition of a conserved block that is used
in practice, and for which efficient search algorithms have been developed. This cluster definition allows
for scrambled gene order, gene loss, gene insertions, as well as tandem duplications. In addition, unlike the
methods described in Section 4.3.2, our method also accepts a weighted homology graph, and we propose a
number of ways to integrate sequence similarity scores into our framework.
Allowing a conserved block to contain gaps poses a number of new challenges that do not arise with
more conservative block definitions. Since conserved blocks may be very sparse, and gene order scrambled,
truly orthologous chromosomal regions are more easily confused with regions that share a few genes just by
chance. Although using a more flexible definition should decrease the number of false negatives that arise
due to failure to detect spatial conservation, this is offset by the risk of generating more false positives due
to incorrectly identifying regions that simply share a few genes by chance as orthologous regions.
A second, related challenge arises with the introduction of gaps. If a gene appears in two distinct,
but inconsistent, clusters, we must decide which cluster is more likely to represent a pair of orthologous
chromosomal segments. With previous definitions of conserved blocks, whether common substrings or
conserved intervals, larger blocks were always preferred over smaller blocks. This reflects the intuition that
larger blocks are less likely to occur by chance, and thus are more likely to indicate orthology of the entire
region. This assumption has never been tested, however. Although this assumption seems reasonable with
the common substring definition, in which gene content and order are identical, once duplicates are allowed
within the cluster, such as with common intervals, it is more speculative. Furthermore, once gaps are allowed
this assumption clearly no longer holds—a longer block with more genes but with large gaps may be less
indicative of common ancestry of a region than a smaller block with fewer gaps. A key challenge of this
more general framework is therefore how to compare two conserved blocks of different sizes and lengths,
and determine which one is more likely to represent a pair of orthologous chromosomal segments.
We address the two challenges above by using statistical significance of a cluster as a measure of conservation. The key idea of this approach is to rank clusters based on their probability of occurring by chance
under a null model of random gene order. The underlying assumption is that the smaller the probability that
a cluster would occur by chance, the more likely the cluster indicates orthology of the entire region, and
thus the more likely the genes within the cluster are orthologous. This approach can be used for any cluster
definition, including one with gaps. The only requirement is that a test statistic be selected, such that the
probability of a cluster decreases as the value of the test statistic increases.
A third challenge that arises when gaps are introduced is it becomes more difficult to determine when
blocks conflict. Maximal common substrings conflict whenever the gene span of one substring overlaps the
gene span of another. In this case, all conflicting blocks can be identified and removed in time proportional
to the length of the block. Once gaps are introduced, however, identifying all clusters that conflict with a
selected cluster is more difficult. Even if the gene spans of two clusters overlap, the clusters may still be
compatible. To address this issue, rather than removing all conflicting clusters immediately upon selecting
a lowest-cost cluster, we take a lazy approach: we check whether a cluster is invalid only when it is selected
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as the current lowest-cost cluster.
One last challenge is that our approach requires an algorithm for finding all highly significant maxgap clusters. Existing algorithms only find maximal max-gap clusters. Since a shorter cluster with fewer
gaps may be more significant than a longer cluster with more gaps, it is desirable to consider non-maximal
clusters, as well as maximal ones, when assigning orthologs. To this end, below we will define a new type
of max-gap cluster, called a dominant max-gap cluster, which can be proven to always be more significant
than any of the sub-clusters it dominates, in the case of clusters without duplicates.
We design a general ortholog detection approach by combining our previous statistical work on maxgap gene clusters with an extension of the max-gap cluster search algorithm designed by He and Goldwasser [76], to find dominant max-gap clusters. Before presenting our algorithm, we first introduce some
technical preliminaries. We then give a high-level overview of our algorithm, which is followed by detailed
presentations of our main contributions.
Technical Preliminaries
In this chapter, unlike previous chapters, we assume genes are partitioned into equivalence classes, i.e. gene
families. In this case, the homology graph will have many-to-many homology relationships. In this section
we revisit the definitions of a max-gap chain and cluster given in Section 2.1.1, and extend them to allow
for a many-to-many homology mapping. In addition, in this chapter we require a new notion of a dominant
cluster, which is also defined below.
As before, we model a genome as an ordered list of genes, ignoring gene orientation, physical distances
between genes, and overlapping genes. If a genome contains multiple chromosomes, we assume they are
concatenated in a fixed (but arbitrary) order. Each gene is now associated with a gene family in addition to
its position on the genome.
Definition 4.4.1. A genome is a triple G = (Σ, X, F ), where Σ is a set of gene families, X = {1, .., n} is
a sequence of genes, ordered by their position in the genome, and F : 1, .., n → Σ is a function mapping
genes to gene families. F −1 (f ) denotes the subset of genes assigned to family f .
From a pairs of genomes we can construct the corresponding family graph:
Definition 4.4.2. Given two genomes G1 = (Σ1 , X, F1 ) and G2 = (Σ2 , Y, F2 ), F = (V1 ∪ V2 , E) is a
bipartite graph, where a vertex v1 ∈ V1 represents a gene in G1 , a vertex v2 ∈ V2 represents a gene in G2 ,
and (v1 , v2 ) ∈ E iff v1 ∈ V1 , v2 ∈ V2 , and F (v1 ) = F (v2 ).
A maximum matching of F is of size ν =

X

f ∈Σ1 ∪Σ2

min(|F1−1 (f )|, |F2−1 (f )|)

In order to define a max-gap cluster in the presence of gene families, we first recall from Section 2.1.1
the definitions of the max-gap of a set of genes on a single chromosome, and of a g-chain:
Definition 4.4.3. Given genome G = (Σ, X, F ) containing two genes i and j, the gap between i and j is
defined as ∆(i, j) = |i − j| − 1, if the genes are on the same chromosome, and ∆(i, j) = ∞ if the genes are
on different chromosomes. Given a (not necessarily contiguous) subset of genes X ′ ⊆ X, we define ∆(X ′ ),
the max-gap of X ′ , as the maximum gap over all pairs of adjacent genes in X ′ . We say that X ′ ⊆ X is a
g-chain of C if ∆(X ′ ) ≤ g. The set of families occurring in X ′ is denoted Σ(X ′ ) = {F (i) | i ∈ X ′ }.
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For example, consider the two genomes shown in Figure 4.2(b):
G1 = a1 d1 d′1 c1 b1 e1 ∗ ∗ ∗ u1 w1 v1 ∗ c′1 z1
G2 = b2 a2 c2 ∗ d2 e2 ∗ ∗ ∗ u2 v2 w2 c′2 ∗ z2

where genes in the same family are assigned the same letter, and stars indicate genes with no homolog in
the other genome. In this example, the gap between gene w2 and gene c′2 is zero, and the gap between w2
and z2 is two. The set {c′2 , w2 , z2 } forms a 1-chain in G2 , as does {u2 , v2 , w2 }, which also forms a 0-chain.
Definition 4.4.4. Given two genomes G1 = (Σ1 , X, F1 ) and G2 = (Σ2 , Y, F2 ), and two sets of genes,
X ′ ⊆ X and Y ′ ⊆ Y , the pair (X ′ , Y ′ ) forms a cluster if X and Y contain the same gene families; i.e.
Σ(X ′ ) = Σ(Y ′ ). A cluster (X ′ , Y ′ ) is a sub-cluster of (X ∗ , Y ∗ ) if X ′ ⊆ X ∗ and Y ′ ⊆ Y ∗ . The max-gap
of a cluster (X ′ , Y ′ ) is ∆(X ′ , Y ′ ) = max(∆(X ′ ), ∆(Y ′ )).
Definition 4.4.5. A cluster (X ′ , Y ′ ) forms a g-cluster if its max-gap ∆(X ′ , Y ′ ) ≤ g. A g-cluster X is
maximal if it is not contained within a larger g-cluster, i.e. there is no g-cluster (X ∗ , Y ∗ ) such that X ∗ ⊇
X ′ , Y ∗ ⊇ Y ′ , and (X ′ , Y ′ ) 6= (X ∗ , Y ∗ ).
This definition of a cluster requires that the set of gene families be the same in each chain, but the
number of representatives of each family in the two chains may differ. The order of the genes within the two
chains may also differ, but the number of gaps between any pair of adjacent genes in a chain is constrained.
For the purpose of identifying orthologs, if there is a sub-cluster with a smaller gap, it may be useful
to distinguish it from the larger cluster that contains it. For example, S = ({u1 , v1 , w1 }, {u2 , v2 , w2 }) is a 1cluster, but it is not a maximal 1-cluster because it is contained in the larger 1-cluster T = ({c′1 , u1 , v1 , w1 , z1 },
{c′2 , u2 , v2 , w2 , z2 }). However, the max-gap of S is actually smaller than the max-gap of T , since S is also
a 0-cluster. To address this issue, it is convenient to define the following:
Definition 4.4.6. A g-cluster C1 = (X ∗ , Y ∗ ) dominates a g-cluster C2 = (X ′ , Y ′ ) if X ∗ ⊇ X ′ , Y ∗ ⊇ Y ′ ,
and the maximum gap of C1 is at least as small as the maximum gap of C2 ; i.e. ∆(X ∗ , Y ∗ ) ≤ ∆(X ′ , Y ′ ).
A g-cluster is dominant if there is no cluster that dominates it.
For example, U = ({c′1 , u1 , v1 , w1 }, {c′2 , u2 , v2 , w2 }) is dominated by T = ({c′1 , u1 , v1 , w1 , z1 },
{c′2 , u2 , v2 , w2 , z2 }) since both have a max-gap of g = 1, and T contains U . The cluster, V = ({u1 , v1 , w1 , z1 },
{u2 , v2 , w2 , z2 }) is also dominated by T since T has a smaller max-gap and contains V . However, although
S = ({u1 , v1 , w1 }, {u2 , v2 , w2 }) is contained by T , it is not dominated by T , since S has a smaller maxgap. In fact, both S and T are dominant clusters. The list of all dominant clusters in G1 and G2 is given in
Table 4.1.
Recall that a key idea of this approach is that to find a global matching of two genomes we identify significant gene clusters, which can be used to select a local matching. However, as defined above, a g-cluster does
not necessarily specify a local matching. Note that a cluster (X ′ , Y ′ ) is in essence a sub-graph of F with vertices corresponding to the subset of genes in X ′ and Y ′ , and all edges whose endpoints are in these subsets.
We call this the subgraph of F induced by (X ′ , Y ′ ). In many cases this sub-graph will be a matching. For
example, each vertex in the sub-graph induced by ({u1 , v1 , w1 }, {u2 , v2 , w2 }) has degree exactly one. In
other cases, the induced sub-graph will not be a matching since the two chains may contain different numbers
of genes from a gene family. For example, the sub-graph induced by ({a1 , b1 , c1 , d1 , d′1 }, {a2 , b2 , c2 , d2 })
(shown in Figure 4.2(b)) contains two edges incident to d2 : one to d1 and one to d′1 . Given such a cluster, in
order to assign a unique ortholog from within the cluster to each gene, the problem is to select a maximum
matching associated with the cluster.
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g
0
1
2
3

Dominant g-clusters
({u1 , v1 , w1 }, {u2 , v2 , w2 }), ({c1 }, {c2 }), ({c1 }, {c′2 }), ({c′1 }, {c2 }), ({c′1 }, {c′2 })
({a1 }, {a2 }), ({b1 }, {b2 }), ({d1 , d′1 }, {d2 }), ({e1 }, {e2 }), ({z1 }, {z2 })
({a1 , b1 , c1 , d1 , d′1 e1 }, {a2 , b2 , c2 , d2 , e2 }), ({c′1 , u1 , v1 , w1 , z1 }, {c′2 , u2 , v2 , w2 , z2 })
none
({a1 , b1 , c1 , c′1 , d1 , d′1 e1 , u1 , v1 , w1 , z1 }, {a2 , b2 , c2 , c′2 , d2 , e2 , u2 , v2 , w2 , z2 })

Table 4.1: The set of max-clusters of G1 = a1 d1 d′1 c1 b1 e1 ∗ ∗ ∗ u1 w1 v1 ∗ c′1 z1 and G2 = b2 a2 c2 ∗ d2 e2 ∗ ∗ ∗
u2 v2 w2 c′2 ∗ z2 .
Definition 4.4.7. We say that the cluster Sm = (Xm , Ym ) is an associated matching of the cluster S =
(X ′ , Y ′ ), if Sm is a sub-cluster of S, and the sub-graph of F induced by Sm forms a matching. The size
of a matching is the number of edges in the sub-graph it induces, which is equivalent to |Xm | = |Ym |. An
associated matching of S is a maximum matching associated with S if there is no associated matching of
greater cardinality.
There may be more than one maximum matching associated with the same cluster. For example, there
are two maximum matchings associated with cluster W = ({a1 , b1 , c1 , d1 , d′1 }, {a2 , b2 , c2 , d2 }) depending
on whether d1 or d′1 is matched with d2 : ({a1 , b1 , c1 , d1 }, {a2 , b2 , c2 , d2 }) and ({a1 , b1 , c1 , d′1 }, {a2 , b2 , c2 , d2 }).
Both matchings have size four. The sub-cluster ({a1 , b1 , c1 }, {a2 , b2 , c2 }) is also a matching associated with
W , but it is not maximum since it is only of size three.
Finally, given a cluster (X ′ , Y ′ ) whose associated matching (Xm , Ym ) has size h = |Xm | and max-gap
g = ∆(Xm , Ym ), we introduce the notation Φ(h, g) to denote the cost of the cluster. Our implementation
will allow any non-negative cost function to be used, but ideally, the cost of a cluster should be inversely
related to the probability of observing such a cluster by chance.

4.5 The Algorithm
An overview of our ortholog detection algorithm is given in Algorithm 2. This algorithm takes as input two
genomes of size n1 and n2 , and a family assignment for each gene. In addition, the user must specify a
maximum gap parameter gmax . Although in theory the algorithm could identify all dominant g-clusters, for
any value of g, for efficiency we restrict the search to only those dominant clusters with max-gap no greater
than gmax . Algorithm 2 follows the general framework described in Section 4.3.2. It differs from previous
approaches in two ways. First, the max-gap definition is used to specify the conserved blocks. Second,
rather than selecting the largest remaining cluster at each step, Algorithm 2 selects the lowest cost cluster,
where the cost of a cluster is based on its probability of occurring by chance in a random genome. This
strategy is designed to find a matching such that genes within clusters that are most significant are assigned
as orthologs preferentially.
There are four main components: pre-computing matching costs, finding clusters, scoring clusters, and
assigning orthologs. In the first step, we pre-compute matching costs Φ(h, g), for all possible values of
h > 0 and g ∈ 0..gmax . Costs are either computed analytically, based on the equations presented in
Section 2.3, or computed empirically, by randomly permuting gene order and counting how many clusters
of different sizes and gaps are observed.
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Algorithm 2 Ortholog Detection Algorithm
1: Compute the cost of a matching of size h and max-gap g, for all 1 ≤ h ≤ H and 0 ≤ g ≤ gmax
2: Identify all dominant g-clusters, for all g ∈ {0..gmax }
3: for each dominant cluster do
4:
Select a maximum matching
5:
Compute the cost of the matching.
6:
Insert the cluster into a priority queue, with priority equal to the cost of the associated matching
7: end for
8: while queue is not empty do
9:
Remove the lowest cost cluster from the queue.
10:
if the cluster is no longer valid then
11:
Add to the queue any sub-clusters that are now dominant.
12:
else
13:
Assign orthologs within the cluster, as specified by the associated matching.
14:
end if
15: end while
In the second step we identify all dominant g-clusters, where g ∈ {0..gmax }. Next, for each cluster
that we identified, we select an associated matching, based either on gene order or sequence similarity. We
compute the size and max-gap of the matching, and from those quantities look up the cost of the cluster. We
then insert the cluster into a priority queue, with priority equal to the cost of the associated matching. Note
that it is possible that the max-gap of a cluster containing duplicates may be smaller than the max-gap of
its maximum associated matching. As a result, in rare cases, the gap size of the associated matching might
actually be larger than gmax . In this case the cluster is not inserted into the priority queue.
Finally, in the last step we construct a genome matching. We iteratively remove the lowest cost cluster
from the priority queue. If any of the genes in the cluster have already been assigned an ortholog, then the
cluster is no longer valid, and is discarded. In this case, sub-clusters that were previously dominated by the
cluster may now be dominant. We identify any newly dominant sub-clusters, and add them to the queue. If
the cluster is valid, then we assign all the gene pairs in its associated matching as orthologs. We continue
this procedure until the queue is empty, and a global maximum matching has been selected.
Below we discuss in more detail our solution to the four main components of our algorithm: finding
dominant clusters, finding an associated matching of a cluster, scoring clusters, and keeping the list of
dominant clusters up to date.

4.5.1

Finding all dominant g-clusters

Line 2 of Algorithm 2 requires a method to identify all dominant g-clusters, for all values of g in 0..gmax .
Given a fixed value of g, and a one-to-one homology mapping, the GeneTeams algorithm [8] has been designed for finding all maximal g-clusters in two genomes. He and Goldwasser [76] extended this approach
to handle gene families, in a software tool called HomologyTeams.4 However, the HomologyTeams algorithm identifies only maximal g-clusters, for a fixed value of g. For example, given g = 3, of the fourteen
4

Although the software is entitled HomologyTeams, note that it cannot be applied to the general homology graph H, but only
the family graph F .
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dominant clusters shown in Table 4.1, HomologyTeams would return only the single large cluster shown
in row g = 3. What we seek to determine, rather, is all dominant g-clusters, for all values of g in 0..gmax .
There is a close relationship between maximal and dominant clusters, however, that suggests a modified version of the HomologyTeams algorithm for finding dominant clusters. In order to describe the algorithm, we
first review the He and Goldwasser algorithm, then explain how we modify it to find dominant clusters. The
HomologyTeams algorithm handles only single-chromosome genomes. We have modified their algorithm
to compare multi-chromosomal genomes as well, but in order to simplify the exposition, in this section I
assume each genome contains only one chromosome.
Both GeneTeams and HomologyTeams use a divide-and-conquer algorithm which begins by breaking
one genome into runs of genes separated by a gap greater than g. For example, consider again the two
genomes shown in Figure 4.2(b):
G1 = a1 d1 d′1 c1 b1 e1 ∗ ∗ ∗ u1 w1 v1 ∗ c′1 z1
G2 = b2 a2 c2 ∗ d2 e2 ∗ ∗ ∗ u2 v2 w2 c′2 ∗ z2

Given g = 2, genome G1 would be split into two runs, X1 = a1 d1 d′1 c1 b1 e1 and X2 = u1 w1 v1 ∗ c′1 z1 , since
they are separated by a gap greater than g. In GeneTeams, each division of G1 specifies a unique division
of G2 into disjoint subsequences. In HomologyTeams, however, a gene may have more than one homolog,
and so each run in G1 is compared with the subsequence of G2 formed by taking all genes with homologs
in the run on G1 . For example, X1 would be recursively compared with Y1 = b2 a2 c2 ∗ d2 e2 ∗ ∗ ∗ ∗ ∗ ∗c′2 ,
and X2 would be compared with Y2 = c2 ∗ ∗ ∗ ∗ ∗ ∗u2 v2 w2 c′2 ∗ z2 . Notice that the subsequences Y1 and Y2
are not disjoint since both contain the genes c′2 and c2 .
The HomologyTeams algorithm alternates between splitting genomes G1 and G2 on gaps greater than g,
recursively breaking each one down into runs, and updating the current set of shared families (the alphabet),
until two subsequences with no gap greater than g are reached. For example, in the comparison of X1 and
Y1 , Y1 would be broken into two runs: Y11 = b2 a2 c2 ∗ d2 e2 and Y12 = c′2 . At this point X1 has the same
alphabet as Y11 , and since neither have a gap greater than g = 2, the recursion would halt, and (X1 , Y11 )
would be returned as a maximal g-cluster. Y12 would be compared with the subsequence of X1 with the
same alphabet: X11 = c1 . Since neither X11 nor Y12 has a gap greater than g = 2, (X11 , Y12 ) would be
returned as a maximal g-cluster.
In order to modify this algorithm to identify dominant clusters, we note the relationship between maximal and dominant clusters:
Proposition 4.5.1. Every maximal g-cluster is a dominant g-cluster.
Proof. Let (X ′ , Y ′ ) be a g-cluster with ∆(X ′ , Y ′ ) = g ′ ≤ g. If (X ′ , Y ′ ) is maximal then every cluster that
contains it has gap greater than g. Therefore, there exists no cluster with a max-gap less than or equal to g ′
that contains (X ′ , Y ′ ).
Proposition 4.5.2. Every dominant g-cluster is a maximal g ′ -cluster, for some g ′ < g.
Proof. Let (X ′ , Y ′ ) be a dominant g-cluster with ∆(X ′ , Y ′ ) = g ′ ≤ g. Since it is dominant, there is no
cluster with max-gap g ∗ ≤ g ′ than contains it. Thus it is a maximal g ′ -cluster.
These two propositions suggest a possible algorithm: run the HomologyTeams algorithm multiple times,
for each value of g in 0..gmax . Proposition 4.5.1 guarantees that only dominant clusters will be returned,
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and Proposition 4.5.2 guarantees that all dominant clusters will be found. However, this naive approach is
inefficient, since for small values of g much of the work of the algorithm is the same as for larger values of
g. In addition, the same clusters could be output multiple times, since a dominant cluster may be a maximal
g-cluster for many values of g. Thus, an additional post-processing step would be required to filter out
the many redundant clusters returned. We present a more efficient algorithm based on the the following
observations.
Lemma 4.5.1. (Beal et al. [8]) If X1 and X2 are two g-chains of genome G, and X1 ∩X2 6= ∅, then X1 ∪X2
is also a g-chain.
Proof. The proof is given in the GeneTeams paper, as proof of Lemma 1. The existence of gene families
does not alter this lemma.
Lemma 4.5.2. If (X1 , Y1 ) and (X2 , Y2 ) are two g-clusters, X1 ∩ X2 6= ∅, and Y1 ∩ Y2 6= ∅, then (X1 ∪
X2 , Y1 ∪ Y2 ) is also a g-cluster.
Proof. Since (X1 , Y1 ) is a cluster, Σ(X1 ) = Σ(Y1 ). Similarly, Σ(X2 ) = Σ(Y2 ). Thus, Σ(X1 ∪ X2 ) =
Σ(Y1 ∪ Y2 ), and (X1 ∪ X2 , Y1 ∪ Y2 ) is a cluster. By Lemma 4.5.1, X1 ∪ X2 is a g-chain, as is Y1 ∪ Y2 .
Hence, ∆(X1 ∪ X2 , Y1 ∪ Y2 ) ≤ g, and (X1 ∪ X2 , Y1 ∪ Y2 ) is a g-cluster.
Proposition 4.5.3. Either a g-cluster is a maximal g-cluster, or there exists a unique maximal g-cluster that
contains it.
Proof. Let (X ′ , Y ′ ) be a non-maximal g-cluster with ∆(X ′ , Y ′ ) = g ′ ≤ g. Since it is non-maximal, there
is some maximal g-cluster (X1 , Y1 ) that contains it. Assume there is another maximal g-cluster (X2 , Y2 )
that also contains (X ′ , Y ′ ). Clearly, X1 ∩ X2 6= ∅ and Y1 ∩ Y2 6= ∅ since both X1 and X2 contain X ′ , and
both Y1 and Y2 contain Y ′ . By Lemma 4.5.2, (X1 ∪ X2 , Y1 ∪ Y2 ) is also a g-cluster. However, (X1 , Y1 ) is
maximal, so there is no larger g-cluster that contains it. Thus (X1 , Y1 ) = (X2 , Y2 ).
These propositions guarantee that the following modification of the He and Goldwasser algorithm efficiently identifies all dominant clusters. The existing HomologyTeams algorithm is used to find all maximal
gmax -clusters (which are guaranteed to be dominant gmax -clusters by Proposition 4.5.1). When a maximal
gmax -cluster (X ′ , Y ′ ) with max-gap g ≤ gmax is found, rather than outputting it and halting, we reduce the
maximum allowed gap from gmax to g − 1, and recursively identify all the sub-clusters of (X ′ , Y ′ ) that form
maximal g − 1-clusters. Only when two subsequences with no gaps (g = 0) are reached does the algorithm
halt.
Since only maximal g-clusters are output, for g ≤ gmax , Proposition 4.5.1 guarantees that only dominant
clusters will be output. Proposition 4.5.2 guarantees that this strategy will identify all dominant g-clusters.
Proposition 4.5.3 guarantees that no duplicates will be produced, since a dominant cluster will never be a
sub-cluster of more than one maximal cluster.
The main FindDominantClusters function is shown in pseudo-code in Algorithm 3, and the recursive
procedure is shown in Algorithm 4. The GetSharedFamilies and SplitIntoRuns functions are not given here,
but are implemented identically to the HomologyTeams implementation, except that they ignore genes which
have already been assigned orthologs, and treat them as gaps. These functions rely on the key innovation
of the HomologyTeams approach: a succinct representation of subproblems that maintains an overall space
bound proportional to the size of the genome. Our modified algorithm also uses this representation.
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Algorithm 3 FindDominantClusters( A, B, gmax )
1: Q ← emptyset
2: shared families ← GetSharedFamilies(A, B)
3: runs in A ← SplitIntoRuns(A, shared families, gmax )
4: for each A run in runs in A do
5:
Q ← Q ∪ FindDominantClusters’(B, A run, gmax )
6: end for
7: return Q

Algorithm 4 FindDominantClusters’( A, B, g )
1: Q ← emptyset
2: shared families ← GetSharedFamilies(A, B)
3: runs in A ← SplitIntoRuns(A, shared families, g)
4: if |runs in A| = 1 then
5:
g ← max(∆(A), ∆(B)) −1
6:
Q ← Q ∪ (A,B)
7: end if
8: if g ≥ 0 then
9:
for each A run in runs in A do
10:
Q ← Q ∪ FindDominantClusters(B, A run, g)
11:
end for
12: end if
13: return Q

4.5.2

Selecting a Maximum Matching Associated with each Cluster

A maximum associated matching must be selected for each dominant cluster found on line 4 of Algorithm 2.
We designed two methods for selecting a maximum matching associated with each cluster. The first relies
only on gene order within the cluster, and the second also considers sequence similarity.
The first method uses a simple left-to-right strategy for choosing a local matching of a cluster (X ′ , Y ′ ).
Starting with the leftmost gene in the chain X ′ , we match each gene in X ′ with the leftmost gene in Y ′ , such
that the gene is in the same family, and the gene has not yet been matched. For example, given the cluster
shown in Figure 4.3, b1 would be matched with b2 , b′1 would be matched with b′2 , and e1 would be matched
with e2 . When order is preserved this strategy will perform well. If there has been an inversion or additional
scrambling of gene order, this strategy may match genes quite poorly.
The second method uses a greedy strategy to select gene pairs that have similar sequences, i.e. with the
lowest E-values. Starting with the leftmost gene in the chain X ′ , we match each gene in X ′ with the most
similar gene in Y ′ , such that the gene is in the same family, and the gene has not yet been matched. For
example, given the cluster shown in Figure 4.3, b1 would be matched with b2 , b′1 would be matched with b′2 ,
and e1 would be matched with e′2 .
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a1

b1

c1

d1

b′1

e1

a2

b2

c2

d2

e2

b′2

e′2

Figure 4.3: An example gene cluster with many possible maximum associated matchings. The e-values
are: e-val(b1 , b2 ) = 10−100 , e-val(b′1 , b′2 ) = 10−98 , e-val(b′1 , b2 ) = 10−10 , e-val(b1 , b′2 ) = 10−12 , eval(e1 , e2 ) = .0001, e-val(e1 , e′2 ) = 0.

4.5.3

Computing cluster costs: Estimating the Expected Number of Clusters

A cost must be assigned to each dominant cluster found on line 1 of Algorithm 2. The cost of a cluster
depends on the statistical significance of its associated matching. The parameters that we use to determine
the significance of a matching are its size h and max-gap g. Note that although all maximal matchings
associated with a cluster will have the same size, the max-gap will depend on which matching is selected,
which may differ depending on which of the two matching algorithms is used.
More precisely, the cost is based on the number of matchings of size h and max-gap g we expect to
observe when comparing two genomes that contain the same genes, in the same gene families, if all possible
permutations of genes were equally likely. Let Xh,g be a random variable representing the number of clusters
with matchings of size h and gap g, in a comparison of two genomes. We define φ(h, g) = E[Xh,g ] as the
expected value of Xh,g under the null hypothesis. The cost Φ(h, g) of a cluster is then the expected number
of clusters with size ≥ h and maximum gap ≤ g:
Φ(h, g) =

g
ν X
X

φ(k, d),

k=h d=0

where ν, the size of the maximum matching, is the largest possible value of h. For reasonably small values
of g, as h increases the probability of observing a cluster decreases rapidly. Thus, for some sufficiently large
value of H
g
H X
X
φ(k, d).
Φ(h, g) ≈
k=h d=0

Thus, rather than summing from k = h..ν, we sum only from k = h..H, where H is relatively small, and is
set by the user.
For genomes with arbitrary gene family sizes, an exact expression for E[Xh,g ] is not known. Thus,
we propose two methods for estimating the expected number of clusters with a matching of size h and
gap g. The first method estimates the number of clusters that would be observed under the null hypothesis
through a Monte-Carlo procedure in which random permutations of the genes in each genome are selected
at each iteration. With this procedure the number of genes assigned to each family remains the same, but
the locations of each family within the genome are randomized. The number of matchings of each size and
gap are tabulated at each iteration. This procedure is repeated for r iterations. Let xi (h, g) be the number of
clusters with associated matching of size h and gap g observed in the ith iteration. The average number of
clusters observed provides an estimate of the expected number under the null hypothesis:
r

φ(h, g) ≈

1X
xi (h, g).
r
i=1
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(4.1)

This approach will provide very accurate estimates for clusters that occur frequently. However, it will not
provide accurate estimates for clusters that have only a very small probability of occurring by chance. In the
most extreme case, any cluster that is not observed in any random permutation is assigned a cost of zero.
Given two zero cost clusters, this method cannot determine which is more likely to represent the orthologous
region.
Our second estimate is based on the upper bound Pup (h, g, n1 , n2 , m) derived in Section 2.3. Recall
that Pup (h, g, n1 , n2 , m) is an upper bound on the probability of observing a maximal max-gap cluster of
size h and gap no greater than g, in a comparison of randomly ordered genomes containing n1 and n2 genes
respectively, and m shared gene families, each of size exactly two. We estimate the expected number of
clusters of size h and max-gap exactly g as:
φ(h, g) ≈ Pup (h, g, n1 , n2 , min(n1 , n2 )) − Pup (h, g −1, n1 , n2 , min(n1 , n2)).

(4.2)

This will only be a rough approximation for a number of reasons. It is an upper bound on the probability
of observing at least one cluster, rather than the expected number of clusters. In addition, chromosome
boundaries are disregarded, which will cause the number of clusters to be slightly overestimated. Most importantly, however, it assumes that all gene families are of size at most two, so it may severely underestimate
the number of clusters. Unlike the randomization approach, however, with this analytical method even very
small probabilities can be computed.
We experimented with two different strategies for prioritizing clusters. The first strategy ranks clusters
according to their cost Φ, which is based solely on the spatial characteristics of the cluster. Often, however,
there will be multiple clusters in the queue with the same cost. With the first strategy, these clusters are
ranked randomly. Our second strategy first ranks clusters according to their cost Φ, but uses sequence
similarity to break ties. Given two clusters of equal cost, we can sort them in the priority queue by their
minimum E-value. More precisely, the secondary sorting criterion is the minimum E-value of the associated
matching, where the minimum E-value of a matching (Xm , Ym ) is defined to be
min{e-val(x, y) | x ∈ Xm , y ∈ Ym , F (x) = F (y)},
where e-val(x, y) is the E-value of gene x and gene y, and is computed as described in Section 4.6.2.
This secondary sorting criterion is most important for selecting between clusters with associated matchings of size one, i.e. clusters containing only a single gene, that provide no spatial evidence of orthology. In
this case, sequence similarity is the only information available.

4.5.4

Updating the queue of dominant clusters

Algorithm 2 starts by computing the set of all dominant g-clusters in the original homology graph H. As
orthologs are assigned, however, the homology graph may change, and thus the set of dominant clusters
may change. On line 13 of Algorithm 2, genes are assigned as orthologs. When a pair of genes (g1 , g2 ) is
determined to be an orthologous pair, all other edges to g1 and g2 must be pruned from the graph. Thus, after
the tth iteration of line 13 of Algorithm 2, there will be a new homology graph Ht . Since Ht contains fewer
edges then Ht−1 , it may also contain a different set of dominant g-clusters. After removing edges the size of
gaps may have increased, and a g-cluster (X, Y ) that was dominant at time t may have gap greater than gmax
in Ht+1 . In this case, the cluster (X, Y ) is considered invalid at time t + 1, and should be removed from
the priority queue. In addition, a cluster (X ′ , Y ′ ) that was previously dominated by (X, Y ) could become a
dominant cluster, and thus should be added to the priority queue at time t + 1.
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We use a lazy strategy to handle these deletions and insertions. We wait until cluster (X, Y ) reaches
the front of the queue to remove it. We check whether the cluster if invalid, and only then do we insert
its newly dominant sub-clusters into the priority queue. Since the function FindDominantClusters treats
matched genes as gaps, we can re-use this function to identify the newly dominant sub-clusters of cluster
(X, Y ), by passing X and Y as the input gene sequences rather than the entire genome.
Even with this lazy insertion strategy, in most cases the lowest-cost valid cluster at time t will in fact be
in the queue at time t. This is because if a cluster C ′ is valid at time t, but is not yet in the queue, it must be
dominated by some invalid cluster C that is associated with a graph from a previous time step, but has not
yet been removed from the queue. However, the fact that C is still in the queue means that there are clusters
with smaller cost. These clusters most likely have a smaller cost than C ′ as well, since C ′ is a sub-cluster of
C. In fact, if a cluster C has no duplicates, then any sub-cluster C ′ it dominates cannot have a smaller cost.
Theorem 4.5.3. Let (X, Y ) be a g-cluster that contains no duplicates, i.e. if x1 ∈ X, x2 ∈ X, and F (x1 ) =
F (x2 ) then x1 = x2 , and if y1 ∈ Y, y2 ∈ Y , and F (y1 ) = F (y2 ) then y1 = y2 . Any sub-cluster (X ′ , Y ′ )
dominated by (X, Y ) must have equal or higher cost.
Proof. Let h and g be the size and max-gap of (X, Y ), respectively and h′ and g ′ be the size and max-gap
of (X ′ , Y ′ ). Since X ′ ⊆ X and Y ′ ⊆ Y , h ≥ h′ . Since (X, Y ) dominates (X ′ , Y ′ ), g ≤ g ′ . By definition,
′

′

′

Φ(h , g ) − Φ(h, g) =

g
H X
X

k=h′ d=0

φ(k, d) −

=

φ(k, d) +
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=
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(4.3)
φ(k, d)

k=h d=0

φ(k, d)

d=g+1

Regardless of the method used to estimate φ(k, d), it is always non-negative. The sum of non-negative terms
is non-negative, therefore Φ(h′ , g ′ ) ≥ Φ(h, g).
Even when a cluster contains duplicates, it is typically the case that all its sub-clusters have a higher
cost. This is because a sub-cluster will generally be smaller, and have a larger gap. In rare circumstances, it
is possible that a sub-cluster will have a lower cost. For example, consider this very simple example:
G1 = a1 ∗ a′1 ∗ ∗ b1

G2 = b2 ∗ ∗ a2 .

The cluster C = ({a1 , a′1 , b1 }, {a2 , b2 }) is a dominant 2-cluster. If we select the associated maximum
matching ({a1 , b1 }, {a2 , b2 }) then the matching has size h = 2 and max-gap g = 4. The sub-cluster
C ′ = ({a′1 , b1 }, {a2 , b2 }) is also a 2-cluster, but it is contained within C, so it is not dominant. If a1
is assigned an ortholog, C becomes invalid and C ′ becomes a dominant cluster. However, the maximum
matching associated with C ′ has size h = 2 and max-gap g = 2, so it will be assigned a lower cost than C.
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This scenario occurs as a result of selecting a poor matching for C. In the majority of cases, however, the
cost of a sub-cluster will never be less than the cost of its dominating cluster. Thus, it is reasonable to use a
lazy strategy for adding newly dominant clusters to the queue.

4.6 Experiments
Evaluating ortholog prediction methods is challenging. Although there are many databases of predicted
orthologs, there is no clear gold standard. A wide variety of evaluation strategies have been used. Methods that do not consider genomic context often use spatial organization to evaluate their predictions [68],
but clearly that is not appropriate for a method based on genomic context. Another approach is to use
functional genomics data [85], since orthologs are believed to have similar functions. Experimentally determined functions are known for only a small fraction of genes, so more indirect measures must be used, such
as expression profiles, protein-protein interactions, and participation in metabolic pathways. Methods that
consider spatial organization are often evaluated on synthetic datasets [19, 63], but these datasets are typically generated so as to conform to the method’s underlying evolutionary model, which is often not realistic.
Ortholog predictions can also be evaluated by comparing gene names and annotations, under the assumption
that genes with similar names and annotations are more likely to be orthologs than genes with distinct names
and no shared annotations [63, 14, 13]. Obviously, this assumption will hold to varying degrees depending
on the genes under consideration, and how they were annotated.

4.6.1

Data and Evaluation Metrics

Our main goal in this evaluation is to test whether by relaxing the conserved block definition and incorporating sequence similarity scores we are able to improve ortholog prediction compared to previous methods
that try to maximize spatial conservation. Thus, in order to compare our results with two previous spatial
methods, we use the same evaluation approach as LCS [14] and CIGAL [13], which were tested on a γproteobacteria dataset. The resulting predictions were evaluated using gene name annotations, as described
below.
The dataset consists of eight single-chromosome species (listed in Table 4.2), that span the phylogeny
of γ-proteobacteria (Figure 4.5). The MRCA of these species is thought to have lived at least 300 million
years ago [98]. Table 4.2 gives the number of genes in each genome. The genome sizes range from only 598
genes, in the aphid endosymbiont Buchnera aphidocola, to 5642 genes, in the environmentally versatile,
opportunistic pathogen Pseudomonas aeruginosa.
For consistency, we used the gene families constructed by Blin et al. [14]. They place an edge between
two genes in the homology graph if the sequences have at least 25% identity (in both directions), and the
BLAST alignment covers at least 65% of both sequences. Then, they take the transitive closure to generate
the family graph. Figure 4.4 shows the distribution of the number of genes per family per genome. Pseudomonas aeruginosa contains two families with more than forty genes. All other families are represented
by fewer than 35 genes in each genome. The majority of families are represented by fewer than ten genes
in each genome. These gene families determine the maximum matching size for each pair of genomes
(Table 4.2).
We compared our method with three previous methods. In the BBH method, orthologs are assumed to
be those gene pairs that form bi-directional best Blast hits. LCS and CIGAL assign orthologs greedily based
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Ba
Ec
Hi
Pa
Pm
St
Xf

598
4345
1732
5642
2015
4532
2821

Ec
4345
564

Hi
1732
466
1319

Pa
5642
521
2209
1131

Pm
2015
450
1460
1329
1220

St
4532
563
3348
1320
2231
1459

Xf
2821
464
1104
820
1222
829
1123

Yp
3954
557
2325
1270
2035
1422
2543
1072

Table 4.2: Number of genes in each bacterial genome (first row and first column), and maximal matching
size ν. Abbreviations: Ba, Buchnera aphidicola; Ec, Escherichia coli; Hi, Haemophilus influenzae; Pa,
Pseudomonas aeruginosa; Pm, Pasteurella multocida; St, Salmonella typhimurium; Xf, Xylella fastidiosa;
Yp, Yersinia pestis CO 92.
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Figure 4.4: The distribution of family sizes, over all eight genomes.

Xf Pa Pm Hi Ba Yp St

Ec

Figure 4.5: Phylogenetic tree showing the estimated branching order of the eight γ-bacteria species used in
the evaluation. [98]. Branch lengths are not representative. Abbreviations are given in Table 4.2.

82

Measure

Formula

Intuitive Meaning

Precision

TP
T P +F P
TP
T P +F N
TN
T N +F P
T P +T N
T P +T N +F P +F N
2T P
2T P +F N +F P

The percentage of predicted orthologs that are correct.

Recall / Sensitivity
Specificity
Accuracy
F 1 measure

The percentage of orthologs predicted to be orthologs.
The percentage of paralogs predicted to be paralogs.
The percentage of predictions that are correct.
The harmonic mean of precision and recall.

Table 4.3: Common evaluation metrics for binary classification tasks.

on longest common substrings [14], and largest common intervals [13], respectively. We applied BBH, LCS,
CIGAL, and our new algorithm to all 28 pairs of genomes and evaluated the results using a “ground truth”
dataset constructed as follow. Each gene is associated with a (possibly empty) list of UniProt [3] names,
including the gene name field and the synonyms field. We consider two genes to be true (T) orthologs if
they share a name. If both genes have UniProt names, but no common name, we consider them paralogs, or
a false ortholog pair (F). Otherwise, if one or both of the genes in the pair has no UniProt name, we consider
the pair to be unknown (U). Note that this approach does not guarantee that a gene will be assigned only one
ortholog. In fact, a number of genes have two or more matches in a single genome.
We ran each method on all 28 pairs of genomes. Note that with the exception of BBH, these methods
are guaranteed to be symmetric. In other words, it is possible that switching the order of the input genomes
will yield a slightly different set of orthologs. We always order the genome pairs alphabetically. For each
pair of genomes, the output of each method is a matching, a set of predicted orthologous pairs. These are the
set of positive predictions (P). All gene pairs that were not matched are considered paralogs, and are labeled
negative ortholog predictions (N). Combining the known labels with the predicted labels, each gene pair is
classified as a true negative (TN), true positive (TP), true unknown (TU), false negative (FN), false positive
(FP), or false unknown (FU).
Table 4.3 summarizes the five metrics typically used in evaluating prediction systems. For orthology
prediction, the majority of the examples are negative (i.e. paralogs), and thus specificity and accuracy will
always be high as long as the classifier does not predict too many positives. For this reason, we selected
precision, recall, and the F 1 measure as our evaluation metrics. For each method we report the precision
and recall for all 28 genome pairs, as well as the average precision and recall and the overall precision and
recall. The average5 precision is simply the average of the 28 precision measurements, whereas the overall
precision reports the percentage of all predicted orthologs in all 28 datasets that are correct. The average
and overall precision and F 1 measure are defined similarly. The average precision weights all genome pairs
equally. The overall precision weights all gene pairs equally, and thus is influenced more by pairs of large
genomes with many true orthologs than by pairs of small genomes with only a few orthologs.

5

Often, the average precision is referred to as the macro-average, and what we call the overall precision is referred to as the
micro-average.
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4.6.2

Methods

The gene sequences, gene orderings, and UniProt annotations for all eight species were obtained from a
website6 maintained by Cedric Chauve.
We implemented Algorithm 2 and the Monte Carlo method described in Section 4.5.3 in C. The implementation of Algorithm 2 re-uses much of the code from the HomologyTeams7 software. The analytical
cluster probabilities were computed using Mathematica.
The cluster cost Φ(h, g) was computed separately for each pair of genomes. As described in Section 4.5.3, φ(h, g), the expected number of clusters with associated matching of size h and max-gap g,
was estimated in two ways, by Monte Carlo sampling and using an analytical method. The Monte Carlo
sampling procedure was conducted as follows. For each genome, r = 1, 000, 000 random permutations
of gene order were generated. For each pair of randomized genomes, all dominant max-gap clusters with
1 ≤ h ≤ 50 and 0 ≤ g ≤ 20 were identified. The order-based strategy described in Section 4.5.2 was used
to select a matching, and the size and max-gap of the associated matching were tabulated, yielding a table of
cluster frequencies for all values of g and h. These frequencies were used to estimate φ(h, g), as specified
in Equation 4.1. In the analytical method, φ(h, g) was computed from Equation 4.2, for all matchings of
size 1 ≤ h ≤ 50 and max-gap 0 ≤ g ≤ 20.
E-values were calculated using an all-against-all BLAST [1] comparison using default parameters on a
combined FASTA file with the list of gene sequences from all eight genomes. E-values are not, in general,
symmetric because Blast statistics are length dependent. If sequences a and b are of different lengths, eval(a, b) will differ from e-val(b, a). In this case, we set both e-val(a, b) and e-val(b, a) to be the smaller of
the two E-values. These E-values were used to compute BBHs for each pair of genomes G1 and G2 . Given
sequence a in G1 and b in G2 , the pair (a, b) is a BBH iff there is no pair (a, b′ ) such that b′ is in G2 and
e-val(a, b′ ) ≤ e-val(a, b), and there is no pair (a′ , b) such that a′ is in G1 and e-val(a′ , b) ≤ e-val(a, b).

4.6.3

Results

In this section, we compare nine different variants of our method, summarized in Table 4.4. These strategies
differ in terms of four factors: the method used to compute cluster costs, the method for selecting an associated matching, whether E-values were used to rank clusters with equal costs, and the value of gmax . By
comparing different strategies, we investigate the affect of allowing gaps, and the importance of incorporating sequence information along with spatial information. We also compare our methods with three existing
methods for ortholog predictions: CIGAL, LCS, and BBHs.
In all the graphs below, the genome pairs are ordered by the value of the F 1 measure achieved when
using BBHs to assign orthologs. In other words, gene pairs on the left are “easy”: orthologs can be identified
accurately using gene sequences alone. Gene pairs on the right are “hard”: sequence-based methods have
lower precision and recall on these datasets.

6
7

Available at http://arnt.bioinfo.uqam.ca/˜genoc/CG06
Available at http://euler.slu.edu/˜goldwasser/homologyteams/.
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Computing φ(h, g)

Selecting a Local Matching

Ranking clusters

gmax

MG0

Monte Carlo

Order

Φ

5

MG1

Analytical

Order

Φ

5

MG2

Analytical

Order

Φ

0

MG3

Analytical

Order

Φ

10

MG4

Analytical

E-values

Φ

5

MG5

Analytical

Order

Φ + E-values

5

MG6

Analytical

E-values

Φ + E-values

5

MG7

Analytical

E-values

Φ + E-values

10

MG8

Analytical

E-values

Φ + E-values

0

Table 4.4: Summary of prediction methods evaluated.
Analytical versus Monte Carlo
In Section 4.5.3 we proposed two methods for estimating the significance of a cluster: a Monte Carlo
method and an estimate based on the analytical equations presented in Section 2.3. The F 1 measure for
these two methods are compared in Figure 4.6, when gmax = 5. Although there are a few datasets for
which the Monte Carlo method yields a larger F 1 measure, the overall performance is slightly better with
the analytical estimates. This difference occurs because, even with one million samples, the Monte Carlo
method is not able to estimate very small probabilities accurately. Hence, the queue initially contains a large
number of clusters that are all assigned a cost of zero. The analytical method can rank these clusters more
accurately, giving preference to those with smaller gaps and larger size. In Figure 4.6, E-values were not
used to select a local matching, nor to rank clusters. When local matchings are selected based on E-values,
the trends are very similar. If E-values are also used to rank clusters, then the difference between the two
methods is reduced, since the inability of the Monte Carlo method to rank highly significant clusters is
mitigated by the use of E-values to rank these clusters.
Figure 4.6 also illustrates that the average (macro-average) performance is better than the overall (microaverage) performance. This trend is observed regardless of the method used to predict orthologs, since the
genome pairs with more orthologs tend to be the more difficult datasets.
Allowing Gaps
A central tenet of our approach is that ortholog prediction can be improved by using a more flexible cluster
definition that allows insertions and deletions. We also claim that our statistical approach to scoring clusters
enables us to identify more true positives without increasing the number of false positives. In order to test
these assumptions, we examined how the performance of our method changes as gmax is increased from 0
to 20. No sequence information is considered in this analysis, because we want to investigate the effect of
allowing gaps when using a purely spatial approach. Figure 4.7 shows that as gmax is increased from 0 to 5,
both precision and recall increase. As expected, the improvement to recall is larger than to precision. The
largest improvements are achieved on the hardest datasets. Although for certain datasets, such as Pm-Yp,
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Figure 4.6: Performance comparison of two methods for estimating the significance of a cluster: Monte
Carlo (MG0) and Analytical (MG1).
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allowing gaps larger than five does improve precision and/or recall, increasing gmax above five does not
yield an increase in overall performance. However, neither does it substantially decrease performance. Even
allowing gaps as large as ten or twenty, the performance decreases only very slightly or not at all. This shows
that our use of cluster statistics is effective in eliminating clusters that are not biologically meaningful.
Figure 4.7 also compares our method to CIGAL. Recall that CIGAL is based on common intervals,
which are max-gap clusters with g = 0. By allowing gaps in conserved blocks, our method obtains a substantial performance improvement over CIGAL. This difference is due almost entirely to the more liberal
cluster definition, since when gmax = 0, the overall performance of the two methods, as expected, is very
similar. Max-gap with gmax = 0 performs slightly better than CIGAL on the easiest datasets, which is probably due to differences in how a local matching is selected. Unlike CIGAL, our matching strategy explicitly
tries to preserve gene order, which appears to work better than CIGAL’s matching strategy, especially for
the easier datasets. This small difference is not sufficient to explain the improvement over CIGAL when
gmax = 5. Thus, the majority of the improvement must be due to using a more liberal cluster definition.
The advantage of a cluster definition that includes gaps is exemplified by the cluster in Figure 4.8, which
shows a dot plot of regions in the E. coli and B. aphidocola genomes. This region contains a gene cluster
characterized by numerous insertions and deletions. A method that does not recognize conserved blocks
that contain gaps would fail to detect this cluster, and thus would be unlikely to correctly identify orthologs
for the genes in these regions.

Considering Gene Order

To evaluate the relative importance of gaps versus gene order, we compare the max gap method, based on
spatial information alone and disregarding sequence information, with LCS, a method based on common
substrings. For the γ-proteobacteria considered in this evaluation, order tends to be very conserved. Consequently, LCS achieves better performance than CIGAL (Figure 4.9). Not only does CIGAL have lower
precision than LCS, but it improves recall for only one of the 28 genome pairs (not shown). This poor
performance occurs because only a small fraction of the additional clusters that CIGAL identifies are biologically meaningful—more often they are just chance clusters, and thereby increase the number of false
positives. This illustrates that for this dataset, relaxing the gene order constraint was not helpful for ortholog
prediction.
If rearrangements and gaps are allowed (gmax = 5), then our method performs similarly to LCS overall.
It performs slightly better on roughly a third of the datasets and slightly worse on the remaining datasets.
For these eight γ-proteobacteria, even when clusters contain gaps, gene order tends to be conserved. For
example, the cluster shown in Figure 4.8 contains many gaps, but order is almost perfectly preserved within
the cluster—it contains only a single inversion. This suggests that a method that considers both gene order
and gaps would yield more accurate predictions. One approach would be to select a cluster definition that
requires identical gene order but allows gaps. Such a stringent definition might not work well, however,
when analyzing more rearranged genomes. We discuss alternative ways of incorporating gene order into our
approach in Section 4.7.1.
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Figure 4.7: Comparison of (a) precision and (b) recall for CIGAL and Max-gap when gmax = 0 (MG2),
gmax = 5 (MG1), and gmax = 10 (MG3).
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Figure 4.8: A dot plot showing a region of Buchnera aphidicola compared with a region of E. coli. Each
box indicates a pair of genes in the same family, one from Ba and one from Ec. True orthologs are shown in
green, false orthologs in red, and unknown pairs in black.
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Figure 4.9: Performance comparison of LCS, CIGAL, and Max-gap (MG1).
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Figure 4.10: Performance comparison of different ways of incorporating sequence similarity. In the first
method (Max-gap no-evals, MG1), sequence information is disregarded, and a local matching is selected
based on gene order. In the second method (Max-gap eval-match, MG4), a local matching is selected based
on E-values. In the third method (Max-gap eval-ties, MG5), a local matching is selected based on gene
order; E values are used to rank clusters of equal cost. In the last method (Max-gap eval-match-ties, MG6),
E-values are used both to select a local matching and to rank clusters.
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Figure 4.11: Performance comparison using different values of gmax , when E-values are used for selecting
a matching and ranking clusters: gmax = 0 (MG8), gmax = 5 (MG6), and gmax = 10 (MG7).

Incorporating Sequence Information
We proposed two ways to incorporate sequence information within a spatial framework. In the first case,
E-values are used to select a local matching, once a cluster has been obtained from the priority queue. In
the second case, E-values are used to break ties in the cluster ranking when more than one cluster has the
same cost. Here we evaluate the effectiveness of these two methods. Figure 4.10 shows that our method for
using E-values to select a local matching is preferable to our method for selecting a matching based on gene
order alone. It is possible, however, that a method that considers only gene order, but recognizes inversions,
would perform as well or better than our sequence-based method.
Using E-values to rank clusters with the same cost also results in a large increase in performance (Figure 4.10). This improvement is much larger than that obtained when using E-values only to assign a local
matching. This is because the majority of gene clusters have only one associated matching. Even when
there is a choice of matching, for this data, gene order is highly conserved within clusters (as illustrated by
Figure 4.8), so the order-based matching strategy performs reasonably well. However, there are a number
of genome pairs in which there are large numbers of orthologs that do not share any gene neighbors at all.
Without using E-values to break ties, these singletons are ranked randomly, which is equivalent to picking an
arbitrary family member as the ortholog. Not surprisingly, choosing the gene with the most similar sequence
as the ortholog yields much better results. These two uses of sequence information are orthogonal, so by
using E-values both to select a local matching and to break ties, performance is further increased.
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Incorporating sequence into a context-based approach consistently improves performance, over all 28
genome pairs. However, when both methods of incorporating sequence similarity are used, allowing gaps
no longer improves performance, as shown in Figure 4.11; in fact, the best performance is obtained when
gmax = 0. It is not completely clear why larger gap sizes lead to slightly worse predictions. It could
be that sequence is just a better predictor than spatial context for this dataset, and so by using a smaller
gap we are relying on sequence for a larger portion of the genes. Another possible explanation is that,
with larger gaps, there are more “innocent bystanders” that get erroneously pulled into a highly significant,
neighboring cluster. When a conserved block is very large and dense, the probability of it occurring by
chance is extremely small, and so if there are neighboring genes, even at some distance, they may get
included in the cluster, without substantially affecting the probability. A small probability of occurring by
chance is a good indicator that a part of the cluster indicates an orthologous block, but it is not a good
indicator that the entire cluster represents an orthologous block.

Comparison to Existing Approaches
Here we compare our method, based on a combination of sequence and spatial information, with existing
approaches based on only spatial context, or only sequence comparison. Figure 4.12 compares our method
with CIGAL, LCS, and BBHs. As shown in Figure 4.7, even without using sequence information, our
method is a better predictor or orthologs than CIGAL. Allowing gaps and using sequence information, together, results in an even larger improvement over CIGAL (Figure 4.12). Without sequence information, our
method performed similarly to LCS, but our combined method achieves substantially higher precision and
recall than LCS on all 28 genome pairs. Incorporating sequence into a context-based approach consistently
improves performance.
Although BBH is the most common method for assigning orthologs, previous studies of spatial methods
have not compared their results with BBHs. We address that omission here, comparing CIGAL, LCS, and
our max-gap method with BBHs (Figure 4.12). Surprisingly, both CIGAL and LCS have significantly worse
results than BBH. Compared to our method, BBH has higher precision, but slightly lower recall overall. For
the easier datasets, BBH tends to do better, particularly on recall. For the harder datasets, however, our
method gets consistently higher recall.
The small magnitude of the improvement over BBHs could be due to a number of factors. First, our
evaluation metric is based on gene names, which are assigned primarily based on sequence similarity. Indeed, there are many cases of clearly conserved clusters, with identical gene order and content, in which
the genes were not assigned the same names. It is highly unlikely that these clusters occurred by chance.
Second, our method assumes that all orthologs are assigned to the same gene family. We observed numerous
cases where orthologous pairs were assigned to two different families. In these cases, our method can not
possibly make the correct prediction. To address this issue, one possibility would be to use a more liberal
sequence threshold when identifying homologous genes. However, this strategy would add many extraneous edges to the homology graph. We discuss an alternative solution to this problem in the next section. A
third factor may be the close relationship between the γ-bacteria considered in this evaluation. It may be
that these eight species are so similar that a simple approach like BBHs works quite well. When comparing
more highly diverged species, however, our approach may yield larger improvements. Finally, there are a
number of ways to improve our methods, both in how it utilizes spatial and sequence information. These
extensions are discussed in the next section.
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Figure 4.12: A comparison of (a) precision and (b) recall, for BBH, LCS, CIGAL, and max-gap (MG8).

4.7 Discussion and Future Work

In this chapter we presented a new method that predicts orthologs based on a combination of spatial context
and sequence information. This method makes two main contributions. The first is an efficient algorithm
that, given a bipartite family graph F, identifies all dominant max-gap clusters. As orthologs are assigned,
and edges are removed from the graph, our algorithm efficiently updates the set of dominant max-gap clusters. The second contribution is a statistical method that, given two max-gap clusters of different sizes and
gaps, estimates which cluster is least likely to have occurred by chance. Our ortholog identification method
improves over existing methods based on spatial context, which rely on more conservative cluster definitions, and disregard sequence information. Assessing gene clusters statistically allows us to use a more
flexible cluster definition, increasing true positives without increasing false positives. In fact, by identifying
conserved blocks that contain gaps, we increase both precision and recall, compared to existing spatial approaches. Furthermore, unlike previous methods, our statistical approach allows us to not only return a set
of predicted ortholog pairs, but also to rank those pairs by the strength of the evidence.
On the datasets tested, our combination approach results in slightly lower precision and slightly higher
recall than BBHs. However, even with equivalent performance to sequence-based approaches, our approach
has the advantage that in addition to identifying orthologous genes, it identifies orthologous regions, which
are the required input to many comparative genomics applications.
Aside from ortholog prediction, our framework is useful as a platform for comparing clusters definitions
and/or test statistics. Although many different definitions of a conserved block have been used for this
problem, it is not yet clear which characteristics of a conserved block are most important. Although it might
seem preferable to choose the most liberal possible definition of a conserved block, we demonstrated that this
is not necessarily the optimal approach. The appropriate definition of a conserved block will depend closely
on the rates and patterns of large-scale chromosomal changes, and may differ from organism to organism.
In order to determine which properties are most important, we need an algorithmic framework in which all
of these properties can be considered. Since our approach is designed for a very general cluster definition,
it can easily be modified to use more constrained definitions: we can set the max-gap to zero (yielding
conserved intervals), disregard scrambled clusters and those with duplicates (yielding common substrings),
restrict the minimum size of a cluster, or allow only partially scrambled clusters, etc. A Monte Carlo method
can be used to estimate cluster significance based on a wide range of test statistics. Hence, our framework
is useful for conducting unbiased comparisons of the performance of different cluster definitions and test
statistics. For example, we showed that for the γ-proteobacteria considered here, it is more important to
consider insertions/deletions then local rearrangements.
Finally, we demonstrated that it is critical to consider sequence information in addition to spatial context.
Although spatial context is often useful, there are often large numbers of orthologs that share no neighboring
genes. Thus, since LCS and CIGAL disregard sequence information, they do not perform as well as BBHs. It
is possible that spatial methods based on other principles might provide more accurate ortholog predictions.
On the other hand, it has been demonstrated that CIGAL achieves similar performance on a mouse/human
dataset as MSOAR, a state-of-the-art approach that seeks to minimize rearrangement distances [13]. This
suggests that other methods based only on spatial data also suffer from the same limitations.
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4.7.1

Directions for Future Work

Evaluation
Comparisons of gene names are not ideal for constructing a gold standard. An alternate strategy could be
to use a phylogenetic test to assess ortholog predictions. Phylogeny reconstruction is NP complete and
hence computationally prohibitive for predicting orthologs in large gene families. In contrast, the use of
phylogenetic methods for testing ortholog predictions is less computationally demanding because only a
restricted search space must be considered. Since only the phylogenetic position of the predicted orthologs
is in question, it is unnecessary to build gene trees for all the genes in a given family. Rather, trees could
be constructed for all subsets of four genes (quartets) that include the predicted ortholog pair and two other
family members. A prediction is validated if the majority of the quartet trees confirms that the predicted
pair is indeed orthologous. A confidence score for each prediction could also be derived from the fraction
of quartet trees that support the prediction.
In addition to better evaluation strategies, it would also be interesting to test our method on a more diverse set of species, with more distantly related pairs. A larger, more diverse dataset may help us understand
why ortholog prediction is easier in some genomes than in others, and how the characteristics of the genome
determine which cluster definition is most appropriate. Finally, we plan to compare the performance of our
method with a broader range of competing approaches. In this thesis, the method was compared with two
existing methods based on spatial context. Other methods have been developed, but their data and/or code
is not publicly available. Creation of a standard, publicly available benchmark will allow more thorough
comparison of all the existing methods.
More effective use of sequence information
Our results demonstrate that incorporating sequence information in a spatial approach yields a marked performance improvement. Additional use of sequence information is likely to yield further improvements.
For example, our method continues to select clusters based on their spatial characteristics, even when the
cost of the cluster is extremely high, i.e. there is no evidence that the clusters represent homologous regions. An alternative strategy would be to switch from a combined spatial/sequence approach to a purely
sequence-based approach, once the spatial organization no longer provides sufficient evidence to reject the
null hypothesis. One possibility is to compare the observed number of clusters with size ≥ h and max-gap
≤ g with the expected number of clusters. If the difference is small, then the cluster should be discarded.
A significance threshold could be selected based on a χ2 test with one degree of freedom. Only clusters
with scores above the significance threshold would be considered for ortholog assignment. To assign the
remaining unmatched genes, a purely sequence-based method could be used. Alternatively, when a high
precision dataset is desired, no additional orthologs could be assigned.
Sequence information could be better utilized in our our method for choosing an associated matching
based on E-values. Currently a greedy heuristic is used. Other possibilities include identifying the maximum
weight, maximum cardinality matching: i.e. the maximum matching such that the sum of the edge weights
is largest. (In this case it is appropriate to use bit scores rather than E-values.) Alternatively, we could
select a stable matching. Even better than either of these approaches would be to design an algorithm that
considers both gene order and sequence similarity. An algorithm such as Shuffle-Lagan [23] could be used
to create a glocal alignment of the gene sequences in the cluster: an alignment in which each letter of one
sequence is aligned to only one letter of the other sequence, but which allows for rearrangement events such
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as inversions, translocations, and duplications.
Another modification that would allow us to make better use of sequence data is to omit the transitive
closure step when creating the input graph. As discussed in Section 4.3, for ortholog identification, it is
not necessary to identify all homologs of a gene, but only a small set that is likely to contain the true
orthologs. Requiring gene families defined as equivalence classes is actually detrimental, since to create
families we have to either remove strong edges between genes in H, or add weak edges. Removing strong
edges may remove orthologs, whereas adding weak edges mostly adds noise. Instead, our method could
be modified to work on the homology graph H, rather than the family graph F. This introduces some
algorithmic challenges, but they are not insurmountable. My approach is strongly based on the fact that
the the homology relation is reflexive (i.e. the graph is undirected), but only a few details of the algorithm
require transitivity.
More effective use of spatial information
Estimating probabilities is currently the most time-consuming step of our algorithm. Even with a million
random iterations, the Monte Carlo method does not estimate small probabilities accurately, and the analytical approach is only approximate since it does not consider the effect of gene families. Faster, more
accurate statistics could be obtained by combining the two approaches. The analytical equations could be
used to generate a biased distribution of permutations for importance sampling [25]. Although the sample
space of all possible gene permutations is very large, only a small fraction of random samples will contain
non-trivial gene clusters. Our combinatorial analysis can be used to devise a sampling strategy that selects
samples only from the small fraction of permutations for which the probability of a cluster is high.
Another way to use spatial information in the absence of sequence similarity would be to add a postprocessing step in which pairs of genes with weak or even no detectable similarity are assigned as orthologs
if they appear in a gene cluster, and no other potential ortholog was identified for either gene.
One of the strengths of the max-gap cluster definition is it allows homologous blocks that have sustained
local rearrangement to be identified. Nonetheless, homologous blocks tend to be more ordered than gene
clusters found in randomly ordered genomes. Requiring identical gene order is too strict, and designing an
algorithm to find only partially disordered clusters is challenging. A simpler way to consider order, while
still allowing rearrangements, is to incorporate the degree of rearrangement into the test statistic. Several
such test statistics have been proposed [144]. An order-based test statistic could be included as a secondary
sorting criteria, to rank clusters with identical size and max-gap. Alternatively, a compound test statistic
could be designed that considers size, max-gap, and order simultaneously.
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Chapter 5

Discussion
In this thesis, I provide statistical tests to assess the significance of gene clusters for a variety of biological questions and search scenarios. I developed the first formal statistical framework for max-gap gene
clusters [80], the most widely used cluster definition in genomic analyses. This framework provides statistical tests for two common search scenarios: a reference set scenario in which the goal is to find clusters
comprising a set of genes of interest, and a whole genome comparison to identify homologous segments.
In addition to assessing significance of gene clusters after they are detected by a search algorithm, this
framework facilitates principled selection of parameter values prior to conducting a search for gene clusters.
In the development of statistical tests for the max-gap cluster definition, I observed two troubling issues regarding the use of this definition. First, my statistical results demonstrate that cluster probabilities
under the null hypothesis are not monotonic with respect to cluster size, which is commonly used as a test
statistic for gene clusters. Although there is a widespread belief that cluster significance grows with the
number of homologs in the cluster, it is critical to recognize that for some cluster definitions, larger clusters
do not always imply greater significance. In the design of future studies, before selecting a test statistic its
distribution under the null hypothesis should be analyzed to ensure that the distribution is monotonic. Second, I observed that the majority of studies based on the max-gap definition use a greedy, bottom-up search
strategy that implicitly enforces order constraints, yet these biases are rarely recognized. The use of such
heuristics can be particularly dangerous when attempting to draw conclusions about the degree of disorder
observed in homologous regions [79].
I also proposed a novel statistical framework for evaluating the significance of clusters spanning three genomic regions, based on an r-window cluster definition and a window sampling search scenario. I designed
statistical tests for clusters spanning exactly three regions [133] based on genome models for two typical
comparative genomics problems: analysis of conserved linkage within multiple species and identification
of large-scale duplications. My statistical tests for three genomic regions are the first to combine evidence
from genes shared among all three regions and genes shared between pairs of regions. My results demonstrate that these tests are more sensitive than existing pairwise methods, and have the potential to detect
more diverged homologous regions. Recent studies of whole genome duplication have compared a duplicated genome with a related genome that diverged prior to the duplication event. This approach has been
shown to detect more paralogous regions than can be identified through genome self-comparison. However,
my statistical analysis demonstrates that there may be many additional duplicated blocks that these studies
are failing to detect, due to their reliance on pairwise tests. The promise of increased statistical power is
intriguing in light of the continuing debate concerning the history and tempo of whole genome duplications
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in the evolution of species such as human and Arabidopsis.
Finally, I demonstrated the importance of statistical analysis of gene clusters by applying my max-gap
cluster statistics to a key problem in comparative genomics: ortholog prediction. I developed a new method
for ortholog prediction, based on a simple greedy strategy which repeatedly selects the most significant
max-gap gene cluster, and assigns orthologs within the cluster. The fundamental idea of this approach is
to rank clusters based on statistical significance; this strategy was key to applying this greedy strategy to
the max-gap cluster definition. Another important innovation was the design of an efficient algorithm for
finding all highly significant max-gap clusters, for all values of g. This algorithm extends on previous work
that finds only maximal max-gap clusters for one particular choice of g, and hence could miss many highly
significant clusters.
My method for otholog prediction improves over other methods based on conserved spatial organization,
by allowing a more flexible cluster definition to be used, by employing a more principled ranking criterion,
and by relying on sequence information in the absence of any significant spatial signal. In addition, rather
than just returning a binary classification of each gene pair as an ortholog or a paralog, the statistical approach makes it possible to assign a confidence score to each pair based on the strength of the associated
spatial evidence. Lastly, by disentangling the ranking criterion from the cluster definition, my statistical
approach to ranking clusters allows the same basic framework to be applied to an unlimited range of cluster
definitions and test statistics, making it an effective framework for comparing the performance of different
algorithmic and statistical approaches to detecting homologous chromosomal regions.

5.1 Designing Improved Gene Cluster Definitions
In addition to developing new statistical and algorithmic tools for key problems in spatial comparative
genomics, this thesis has led to a number of observations about the current challenges in analyzing the
spatial organization of genomes, as well as insights into the most promising directions for new methods in
spatial comparative genomics.
Identification of distantly related homologous chromosomal regions has traditionally been broken down
into two independent steps. The first is to define the spatial patterns suggestive of common ancestry, then
search for “gene clusters,” pairs of regions that exhibit these patterns. The second step is to select a test
statistic and design a statistical test to determine the significance of an observed cluster. Ideally a cluster
definition would be based on all properties of interest, and search parameters would be selected to ensure that
only significant clusters are identified. In practice, a cluster definition often constrains only one property,
such as the maximum gap size or cluster length. A significance test, based on an orthogonal property such
as cluster size or density, filters the clusters identified by the algorithm to ensure that they are statistically
significant. Both steps are critical for ensuring sensitive detection of ancient homologous regions without
inclusion of false positives.
Formal characterization of a gene cluster is one of the most challenging tasks in cluster identification.
Many definitions have been proposed, but there is little understanding of the trade-offs between them, or consensus on which criteria best reflect biologically important features of gene clusters. Nor has any consensus
been reached about how to compare or evaluate different gene cluster definitions. This lack of consensus
reflects the difficulty in characterizing what homologous blocks will look like, since in most cases evolutionary histories are not known. Most often, when designing cluster definitions this issue is ignored altogether.
Formal definitions of gene clusters are typically geared toward the design of efficient search algorithms,
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rather than on selecting a definition that reflects the underlying biological processes.
Even when the explicit goal is to select a definition that reflects the underlying biological processes,
definitions are generally based upon intuitive notions, often derived from small, well-studied examples (e.g.
such as the MHC region [55, 154, 167]). However, these regions were identified precisely because of
their distinctiveness, and so they may not be appropriate representatives of typical homologous regions.
Inferences drawn from larger sets of predicted homologous regions may be biased as well, since only those
regions that match existing cluster definitions are detected. Confusing the picture still further, inferences
about properties of homologous blocks may be unreliable, due to implicit constraints enforced by search
algorithms, as described in Section 2.3.3.
Cluster definitions should reflect the patterns of spatial conservation in the data, but these patterns, in
turn, will depend on which rearrangement processes dominate in the lineage of interest. The most common
large-scale rearrangement events are inversions, translocations, horizontal gene transfer, duplications, and
loss. All of these processes will result in different characteristic patterns behind in the genome. In order to
design appropriate cluster definitions, it is important to understand not only which rearrangement processes
occur, but how often they occur, and how they influence cluster properties.
Inversions can arise as a result of recombination between inverted repeats, and are seen frequently in
both eukaryotic and prokaryotic genomes. In fact, inversions appear to be the most frequent rearrangement
events in closely related bacteria [9, 84]. The size and spatial distribution of inversions will affect both
cluster size and order. If inversions span many genes, and are located randomly throughout the genome,
then although the global organization of two genomes may look very different, gene order will be wellconserved within homologous blocks. If inversions are short, on the other hand, conserved regions will be
quite small, and gene order in homologous regions may differ substantially. In bacteria, inversions occur
most often in a symmetric fashion around the origin or terminus of replication [84]. As a results, genes
located together in the ancestral genome will tend to maintain similar distances to the origin and terminus,
but may appear on opposite sides of the genome. For this situation, it may be most appropriate to use
a cluster definition in which the location relative to the axis of replication is considered, but the absolute
genomic location is not. However, note that this pattern is not predictive of orthology per se. Paralogs that
arose through tandem duplication could be separated by an inversion, and thus also end up on opposite sides
of the origin of replication.
The rate of inversion depends on genome characteristics such as the number of repeats, as well as
characteristics of a species’ lifestyle, such as level of selective pressure and effective population size. For
example, Saccharomyces “sensu stricto” species exhibit protein divergence levels similar to mammals, and
yet only a few large inversions have been identified within this group, compared to much higher numbers in
mammalian genomes [58]. Even within yeasts, inversion rates vary substantially. A. gosyppi and K. lactis
have fewer inversions, and smaller inversions than S. cerevisiae and C. glabrata, which are more closely
related. D. hanseii, has been shown to have an inversion rate more than twice as high as that of related
yeasts, whereas the rate in Y. lipolytica is at least twice as small [58]. In bacteria, there is some evidence
that short inversions are generally more common than longer ones [139], but for the most part, the length
distribution of inversions in different lineages is unknown.
Multi-gene insertions can occur as a results of translocations and—in bacteria— horizontal gene transfer (HGT). Both translocations and HGT can lead to rearrangement and fragmentation of clusters within
the genome, but neither will cause substantial shuffling of gene order within clusters. However, HGT in
particular may confound ortholog identification: clusters inserted by HGT may be more conserved than
orthologous clusters, and could lead to errors predicting orthologs. Like inversion rates, translocation rates
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may be affected by repeat frequency. Translocations can occur when direct repeats lead to deletions, and
these deleted fragments are reinserted at another location in the genome. Rates of HGT also differ between species [121]. Some of these differences have been attributed to selection against disruption of short
sequences used by the cell for orientation purposes during processes like replication and segregation [78].
The mechanisms and rates of gene duplication and loss will also influence the characteristics of homologous blocks [49]. Gene duplication can occur by retrotransposition, tandem duplication, segmental
duplication, and whole genome duplication. The characteristics of gene clusters will depend on which duplication mechanisms dominate in the genomes of interest. Whole genome duplication, for example, is often
followed by massive gene loss, and thus results in clusters with large numbers of gaps, but often highly conserved gene order [89, 93, 146]. The effect of gene loss on cluster properties will depend on whether genes
are lost gradually, one at a time, or abruptly, in large blocks. If gene loss occurs in large contiguous blocks,
such as might occur following whole genome duplication, or a lifestyle change from a free-living organism
to a symbiont, then the retained genes will occur in large, dense conserved blocks. If single genes are lost
independently, on the other hand, conserved regions may still be large, but not very dense.
It has been shown that both duplication and loss rates vary substantially between species and over evolutionary time [104, 105, 108]. Tandem duplication rates may be affected by the number of repeated elements,
since recombination between direct repeats can lead to tandem duplications [84]. The little that is known
regarding susceptibility to whole genome duplications, on the other hand, suggests that it is related more to
species lifestyle than genome characteristics [106, 107, 155].
Functional constraints could also influence the local rate of rearrangement, and thus the local characteristics of a conserved block. If two genes are in the same operon, then there will be selection against insertions
or inversions with endpoints between the genes. Consequently, the genes will maintain the same orientation,
and the physical distance between them will be constrained. Hence, gene orientation and physical distances
between genes may be very informative for identifying functional clusters in bacterial genomes.
In addition to theories about which genomic and lifestyle factors affect specific types of rearrangements,
a few hypotheses have been proposed concerning the factors that results in high or low overall levels of
rearrangements. For example, symbiotic or pathogenic species often have high rearrangement rates [58, 84].
This has been attributed to a number of factors, including smaller population sizes, and selective pressure to
escape immune recognition. However, these associations tend to be either speculative, or weak.
In summary, little is currently known about the rates at which different evolutionary processes occur.
The relative frequency of these processes and the degree to which these frequencies are consistent across
lineages, remain open questions. Thus, we cannot yet carry out accurate simulations to investigate what gene
clusters would look like under characteristic rearrangement regimes. This does not mean it is impossible to
compare the performance of two potential cluster definitions on a particular dataset, however.
I argue that a cluster definition should be selected that is precisely as general as needed to include the
set of homologous blocks, but no more general, in order to capture as few chance clusters as possible [79].
Of course, we do not know which are the homologous regions. In the future, we may be able to construct
accurate generative models, then use these models to evaluate the discriminatory power of different cluster
definitions and statistical tests. An innovation we can implement immediately is to select a cluster definition
that maximizes the difference between the number of clusters observed in the genomic data of interest,
compared to random data, as discussed in Section 2.3.3.
It is essential that new cluster definitions be designed specifically to discriminate truly homologous
regions from background noise (clusters of genes that occur by chance). This requires statistical techniques
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for quantifying the discriminatory power of different combinations of definitions and test statistics, as well
as software tools that, given a dataset of interest, and a suite of possible cluster definitions, selects the most
appropriate one. In Appendix B, I present a detailed catalog of cluster properties that can be considered
in designing new definitions. Analyses of desirable cluster properties may pave the way for new, possibly
more powerful cluster definitions.

5.2 Open Problems
In addition to the open problems discussed in previous chapters, and the need for improved gene cluster
definitions, my thesis raises a number of other important problems:
Multi-region clusters: Additional statistical tests for comparison of multiple regions is an important
area for future work. Tests for more than three regions are needed, as well as tests for whole genome
comparison. Such tests will be particularly useful for detecting evidence of more than one round of WGD,
and for designing ortholog prediction methods that consider spatial context in more than two genomes.
Combining sequence, spatial, and phylogenetic evidence for ortholog detection: Ortholog detection
based on spatial data is a hot topic, that has received considerable attention in recent years. Most existing
methods either assume very conservative cluster definitions, or ignore sequence information entirely. However, spatial approaches have limitations. Ideally, methods would be developed to effectively exploit spatial
information while at the same time making optimal use of sequence and phylogenetic data as well. Sequence
similarities and spatial context could be analyzed simultaneously within a combined statistical framework.
This problem seems to fit naturally within an expectation maximization framework, since if the orthologous
blocks were known the orthologous genes could be identified, and vice versa.
Gene families: Exact cluster statistics that take gene families into account remains an important and
challenging problem. Virtually all genomic data sets require models that consider many-to-many homology
relationships. The model upon which I based my statistical tests in Chapter 2 assumes that each gene has at
most one homolog. In Chapter 3 this assumption was relaxed slightly to allow for two copies of a gene that
was duplicated via WGD. In Chapter 4, arbitrary sized gene families were assumed, but I approximated the
probability of gene clusters in this case by assuming a one-to-one homology mapping, and then adjusting
the number of homologous gene pairs upward. This approximation worked as well for ortholog prediction
as estimating probabilities using a Monte Carlo approach. Even better estimates may be obtained by an
approach combining analytical and Monte Carlo methods, as described in Section 4.7.1.
Statistics for clusters found by whole genome comparison: There are a number of unresolved statistical questions regarding evaluating the significance of clusters identified through whole genome comparison.
Whole genome comparisons can lead to questions about the degree of clustering in the genome overall, or
about individual clusters. For example, a researcher might want to make a global statement about processes
in the evolution of the genomes, such as whether an ancestral genome underwent a whole genome duplication. In this case the focus is not on a single homologous region, but on the level of clustering overall.
In other cases, we may want to ascribe meaning to individual clusters, e.g. to argue that a particular cluster
was a result of a whole genome duplication. In this search scenario, clusters are not independent. The presence of one cluster affects the probability of finding additional clusters. The gaps in a cluster will typically
be smaller than the expected gap size, and so the expected gap size of the remaining gaps will be larger
than expected in a random genome. For example, if a large conserved operon is detected, then to evaluate
the degree of clustering of the next largest cluster we might need to take the existence of the first cluster
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into account, since it will effectively reduce the size of the genome and change the distribution of the test
statistics. With many large clusters, the probability of finding small clusters might be changed significantly.
Thus, what can be said about the significance of any individual cluster identified through whole genome
comparison is unclear.
Statistical tests for selective pressure on spatial organization: In this thesis I attribute similarities
in spatial organization of genes to common ancestry, either through speciation or duplication events. If
our goal is merely to detect homologous regions, we need not consider why the regions are conserved,
or why some regions are more conserved than others. However, clustering of genes may indicate more
than recent shared ancestry. Conservation of spatial organization across large phylogenetic distances often
indicates selective pressure on gene order, especially in bacteria. With increasing evolutionary divergence,
ongoing rearrangement processes lead to randomization of gene order in the absence of functional selection.
In distantly related genomes, conservation of genomic organization suggests functional selection, while
in more closely related species similarities in gene order may be due only to shared ancestry. Thus, to
identify functional selection on spatial organization, the phylogenetic distance between the species must
be incorporated into the null hypothesis. One possible direction would be to take an approach analogous
to the approach that is used to detect selective pressure at individual sites along specific lineages [182].
Sequence data could be used to infer a phylogenetic tree topology. With the topology fixed, branch-specific
rearrangements rates could be learned that maximize the overall likelihood of the data. This likelihood could
be compared to that achieved when allowing rearrangement rates to vary vary at different spatial portions of
the genome. If the latter likelihood is significantly higher, then selective pressure on these regions can be
inferred. The main challenge would be to devise a statistical model that allows efficient computation of the
likelihood of observing a particular spatial organization given the inferred rearrangement rates.
Identifying precise boundaries of homologous regions: The statistical tests presented here reject
the null hypothesis of random gene order if there is any evidence of shared ancestry in the regions being
compared. In the three-window tests in Chapter 3, this means that a cluster may be significant even if
only two of the three regions share a common ancestor, or if two regions share non-overlapping regions
of homology with the third. In Chapter 4, we observed that highly significant gene clusters may attract
spurious neighboring genes by chance. Large gene families exacerbate this problem, since if a cluster is
large, there is a good chance that there will be two genes from the same large family in proximity to the
cluster in both genomes. More work must be done to identify such “innocent bystanders.” Given the gene
family distribution, and the size and length of a gene cluster, it may be possible to estimate the number of
unrelated genes that will be near the cluster in both genomes simply by chance. Then the size of the cluster
could be corrected before evaluating it statistically. Alternatively, we might be able to identify outliers by
comparing density in the periphery of the cluster with density in the center of the cluster.
Statistical tests that consider cluster density and order: The results in this thesis have shown that
for many datasets the max-gap definition is too liberal since gene order is not considered. In Section 2.3.3,
in an empirical study of three genomic datasets, I demonstrated that the majority of max-gap gene clusters
are nested. In Section 4.6.3, I showed that for identifying orthologs in a set of γ-proteobacteria, a cluster
definition that requires identical gene order performed better than a definition that allows rearrangements,
but not gaps. It is likely that a definition that allows small differences in gene order would perform even
better. Rather than trying to define a search algorithm to find only partially ordered clusters, order could
be considered in a test statistic. How to choose such a test, and how to combine it with tests of density,
is unclear, however. A first step in this direction has been taken by Sankoff et al. [144], who proposed a
number of quantitative measures of gene order. However, analyses comparing the discriminative power of
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these measures in genomic data have not yet been carried out. How to best quantify the degree to which
order is conserved remains an open question.
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Appendix A

Glossary
Conserved: Derived from a common ancestor and retained in contemporary related species. Conserved
features may or may not be under selection.
Chromosome: a single DNA molecule. Typically, bacterial chromosomes are circular, while erotic
chromosomes are linear.
Gene: a unit of inheritance that consists of a segment of DNA that, typically, encodes a protein or
structural or functional RNA. Alternately spliced genes can encode more than one product.
Gene orientation: gene orientation is dictated by the strand from which the gene is transcribed. Genes
in a cluster have the same orientation if they are transcribed from the same strand.
Genome: The total genetic material of an individual or species, consisting of one or more chromosomes.
Homologs: Genes or features that share common ancestry.
Homologous: Related through common ancestry.
Homology: Similarity due to shared ancestry.
MRCA: Most recent common ancestor.
Negative selection: The removal of deleterious mutations from a population; also referred to as purifying
selection.
Orthologs: Homologs that arose through speciation. They are descendants of the same gene in their most
recent common ancestor.
Paralogs: Homologs that arose through duplication.
Phylogenetic distances: Measures of the degree of separation between two organisms or their genomes,
expressed in various terms such as number of accumulated sequences changes, number of years, or number of generations.
Positive selection: The retention of mutations that benefit an organism; also referred to as Darwinian
selection.
WGD: whole genome duplication.
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Appendix B

Catalog of Cluster Properties
The properties underlying existing cluster definitions are generally not stated, and the dimensions along
which they differ have been analyzed in only a cursory manner. As a result, the formal trade-offs between
different models have been difficult to understand or compare in a rigorous way. Here we attempt to characterize desirable properties of clusters and cluster definitions, in order to develop a more rigorous understanding of how modeling choices determine the types of clusters we are able to find, and how such choices
influence the statistical power of tests of segmental homology. We present a set of properties upon which
many existing gene cluster definitions, algorithms, and statistical tests are explicitly or implicitly based [79].
We also propose additional properties that we believe are desirable, but are rarely stated explicitly.
Many of the cluster properties underlying existing definitions derive from the processes that lead to
genome rearrangements. As genomes diverge, large-scale rearrangements break apart homologous regions,
reducing the size and length of clusters. Gene duplications and losses cause the gene complement of homologous regions to drift apart, so that many genes will not have a homolog in the other region, and gene
clusters will appear less dense. Smaller rearrangements will disrupt the gene order and orientation within
homologous regions. Thus, clusters are often characterized according to their size, length, density, and the
extent to which order and orientation are conserved. We discuss these properties in more detail below, as
well as a number of additional properties that are rarely stated explicitly, but that we argue are nonetheless
desirable.
Size: Almost all methods to evaluate clusters consider the size of a cluster, i.e. the number of homologous gene pairs contained within it. In general it is assumed that the more homologs in a cluster, the
more likely it is to indicate common ancestry rather than chance similarities. An appropriate minimum size
threshold will depend, however, on the specific cluster definition. For example, a cluster of four homologs in
which order is conserved may be less likely to occur by chance, and thus more significant than an unordered
cluster of size four.
Length: The length of a cluster, defined with respect to a particular genome, is the total number of
genes spanned by the cluster. For example, in Figure 1.2(b), the upper left cluster is of size four, and spans
two singletons, so is of total length six. In a whole genome comparison, the number of non-homologous
genes spanned by the cluster in each genome may differ. However, if the processes that degrade a cluster are
operating uniformly, then the length of the cluster in both genomes should be similar. Similarity of lengths
is implicitly sought by the length constraint of r-windows, and explicitly sought in a clustering method
proposed by Hampson et al. [73].
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Density: Although over time gene insertions and losses will cause the gene content of homologous
regions to diverge, in most cases we expect that significant similarity in gene content will be preserved.
Thus, the majority of existing approaches attempt to find regions that are densely populated with homologs.
We define the global density of a cluster as its size divided by its length. For a fixed value of r, the minimum
global density of an r-window is set by choosing the parameter k. The only way to set a constraint on the
global density of a max-gap cluster, on the other hand, is to reduce g, which will also reduce the maximum
length of a cluster.
Even when a minimum global density is required, regions of a cluster may not be locally dense: a
cluster could be composed of two very dense regions separated by a large region with no homologs. In
this case, it might seem more natural to break the cluster into two separate clusters. Density as we have
defined it here reflects the average gap size, but does not reflect the variance in gap sizes. The gap between
adjacent marked genes in an r-window can be as large as r−k, whereas max-gap clusters guarantee that the
maximum gap will be no more than g. Note that the two definitions have switched roles: the local density is
easily controlled by the parameter g for max-gap clusters but there is no way to constrain the local density
of r-window clusters without also further constraining the maximum cluster length. This trade-off between
global and local density gives a simple illustration of how it can be difficult to design a cluster definition
that satisfies our basic intuitions about cluster properties.
Order: For whole genome comparison, a cluster is considered ordered if the homologs in the second
genome are in the identical or opposite order of the homologs in the first genome. For example, consider
the two genomes shown in Figure 1.2. The clusters {6,7} and {8,9} are ordered, but {5,6,7} and
{1,2,3,4} are not. Many cluster definitions require a strictly conserved gene order [11, 32, 179]. Over
time, however, inversions will cause rearrangements, and thus conserved gene order is often considered too
strict a requirement. In order to allow some short inversions, Hampson et al. [72] explicitly parameterize
the number of order violations that are allowed in a cluster. A number of groups use heuristic, constructive
methods that either implicitly enforce certain constraints on gene order, or explicitly bias their method
to prefer clusters that form near-diagonals in the dot plot [30, 171, 175, 110]. The remainder, including rwindows and max-gap clusters, completely disregard gene order. However, as we explained in Section 2.3.3,
though a number of groups state that they ignore gene order, constraints on gene order are often unintended
consequences of algorithmic choices.
Orientation: Conserved spatial organization in bacterial genomes often points to functional associations
between genes. In particular, clusters of genes in close proximity, with the same orientation, often indicate
operons. In whole genome comparison of eukaryotes, similarities in gene orientation can provide additional
evidence that two regions share a common ancestor. To the best of our knowledge, however, except for the
method of Vision et al. [175], in which changes in orientation decrease the cluster score, existing definitions
either require all genes in a cluster to have the same orientation, or disregard orientation altogether.
Temporal Coherence: Temporal information can be used to evaluate the significance of a putative
homologous region identified through whole genome comparison. If a set of homologous genes all arose
through the same speciation or duplication event, then the points in time at which each homolog pair diverged will be similar, and consequently we would expect our estimates of these divergence times group
close together. However, all existing methods to find clusters are based solely on spatial information, and
divergence times have been used only to estimate the age of a duplicated block identified based on spatial
organization [11, 131], but not to assess the statistical significance of a cluster. In theory, combined analysis
of temporal and spatial information could be used, for example, to increase our confidence that a region
is the result of a single large-scale duplication event. However, due to the large error bounds that must be
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associated with any sequence-based estimate of divergence times [70, 117, 184], the practicality of such an
approach is as yet unclear.
Nestedness: For whole genome comparison, one cluster property that is generally not considered explicitly, but may be assumed implicitly, is nestedness. A cluster of size k is nested if for each h ∈ 1 . . . k − 1
it contains a valid cluster of size h. Intuitively it may seem that any reasonable cluster definition should
have this property. In fact, clusters with no ordering constraints are not necessarily nested. For example,
Bergeron et al. [10] state a formal definition of max-gap clusters, and prove that there are maximal max-gap
clusters of size k which do not contain any valid sub-cluster of size 2..k−1. For example, when g = 0 they
present a non-nested max-gap cluster with only four genes. The sequence of genes 1234 on one genome
and 3142 on the other form a max-gap cluster of size four which does not contain any max-gap cluster of
size two or three. Thus, nested max-gap clusters comprise only a subset of general max-gap clusters found
through whole genome comparison.
There are no definitions that explicitly require that clusters be nested; rather, greedy search algorithms
implicitly limit the results to nested clusters. Greedy algorithms use a bottom-up approach: each homologous gene pair serves as a cluster seed, and a cluster is extended by looking in its chromosomal neighborhood
for another homologous gene pair close to the cluster on both genomes [30, 32, 73, 82]. It can be shown
that any greedy search algorithm that constructs max-gap clusters iteratively, i.e. by constructing a cluster
of size k by adding a gene to a cluster of size k − 1, will find exactly the set of all maximal nested max-gap
clusters, as long as it considers each homologous gene pair as a seed for a potential cluster. In such cases,
although order is not explicitly constrained, the search algorithm enforces implicit constraints on gene order:
nested clusters can only get disordered to a limited degree. In most cases, however, such constraints are not
acknowledged, and perhaps not even recognized.
Disjointness: If two clusters are not disjoint, i.e. the intersection of the marked genes they contain is
not empty1 , our intuitive notion of a cluster may correspond more closely to the single island of overlapping
windows than to the individual clusters. For example, in Figure 1.2, when r = 5, and k = 4 there are two
r-windows: {5,6,7,9} and {6,7,8,9}. Although both clusters contain genes 6, 7, and 9, there is no
window of length five that contains all five of the genes. Thus, r-windows are not always disjoint. Indeed, it
is surprisingly hard to find a cluster definition that guarantees that all clusters will be disjoint. The majority
of definitions lead to overlapping clusters that must be merged or separated in an ad-hoc post-processing
step for use by algorithms that require a unique tiling of regions. The only definition for which maximal
clusters have been shown to be disjoint is the max-gap cluster [10], but only when homology relationships
are one-to-one. When a gene may be matched with multiple genes, or when additional constraints are
enforced (in addition to the maximum gap size), disjointness is quickly forfeited. For example, consider
the consequences of requiring conserved order when looking for max-gap clusters in Figure 1.2. With
a maximum gap of g = 2, five maximal g-clusters with conserved order are identified: {1,2}, {2,4},
{3,4,5,6,9}, {3,4,5,7,8}, and {3,4,5,7,9}. Although the last three clusters overlap, they cannot
be merged without breaking the ordering constraint (due to the inversions of the segments containing genes
6 and 7 and genes 8 and 9).
More generally, a lack of disjointness strongly suggests that the cluster definition is too constrained. In
the r-window example, these clusters are not disjoint precisely because the definition artificially constrains
the length of a cluster. In the second example, the clusters were not disjoint because a definition with a strict
ordering constraint was not able to capture the types of processes, such as inversions, that created the cluster.
1

Note that it is possible, however, for two disjoint clusters to have overlapping spans in one of the genomes, as long as they do
not share any homologs.
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Isolation: If we observe a cluster with some additional homologous pairs in close proximity to its
borders we might feel that the cluster border was arbitrary, and should extend to cover the neighboring
island of genes. Thus, we propose that cluster definitions should guarantee that clusters will be isolated,
that is: the maximum distance between marked genes in a cluster should always be less than the minimum
distance between two clusters. A maximum-gap constraint guarantees that clusters will be isolated, but only
barely—the gap within a cluster may be as large as g, whereas the gap separating two clusters may be just
g+1.
Symmetry: For whole genome comparison, a desirable property that is rarely considered explicitly is
whether the definition is symmetric with respect to genome. In some cases, such as the definition proposed
by Calabrese et al. [30], a cluster is defined in such a way that whether a set of genes form a valid cluster may
depend on whether genome G1 or genome G2 is represented by the vertical axis in the dot plot. Put another
way, the set of clusters identified will differ depending on which genome is designated as the reference
genome. A surprisingly large proportion of constructive definitions are not symmetric. These clustering
algorithms require the selection of a reference genome even when there is no clear biological motivation
for this choice. Definitions that are symmetric with respect to genome include r-windows and max-gap
cluster definitions, as well as algorithms that represent the dot plot as a graph and use a symmetric distance
function [128, 175].
*

*

*

The detailed catalog of cluster properties presented here will be useful for assessing whether definitions
satisfy the intuitive notions upon which they are implicitly based, and whether these notions actually correspond to the types of structures present in real genomic data. Analysis of cluster properties can be useful
for determining which characteristics actually reflect the types of structures found in real genomes, and thus
which will best discriminate truly homologous regions from background noise (clusters of genes that occur
by chance). Analyses of desirable cluster properties may also pave the way for new, possibly more powerful
cluster definitions.
It is important to note that the importance of a property may depend on the goals of the study. For example, when clusters are being identified as a pre-processing step for reconstructing rearrangement histories,
the exact boundaries and sizes of the cluster may be quite important [168]. In other cases, a researcher
may wish to test a global hypothesis (such as finding evidence for one or two rounds of whole genome
duplication), and may not necessarily care about the significance or boundaries of any specific cluster.
Even if it were known which properties reflect biologically and methodologically relevant features, designing a definition to satisfy those properties may not be straightforward because, in many cases, properties
are not independent. Properties may interact in subtle ways—a definition that guarantees one desirable
property will often fail to satisfy another. For example, one of the nice properties of the max-gap definition
is that clusters are always disjoint. However, as shown above, adding additional constraints on order or
length results in clusters that are no longer guaranteed to be disjoint. The subtle and sometimes undesirable
interplay of some of these properties makes it difficult to devise a definition that satisfies them all. In fact,
many of the most important properties are difficult to satisfy with the same definition. Thus, it remains an
open question to what extent a single definition can capture all of these properties simultaneously.
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Appendix C

Derivations of Max-Gap Expressions
C.1 Derivation of dg (c, u, s)
For a given, non-zero integer s, dg (c, u, s) is the number of solutions to the following equation
c
X

vi +

u
X

wj = s,

j=1

i=1

such that 0 ≤ vi ≤ g, ∀i ∈ 1..c and 0 ≤ wj , ∀j ∈ 1..u. The number of ways in which s can be obtained is
the coefficient of xs in the generating function
f (x) = (1 + x + x2 + ... + xg )c · (1 + x + x2 + ...)u .
Since f (x) is the product of finite and infinite geometric series, it can be written as follows:
!c 
u 
c 
u
g
X
1 − xg+1
1
1
i
=
= (1 − xg+1 )c (1 − x)−(c+u) .
f (x) =
x
1−x
1−x
1−x
i=0

Expanding by application of the binomial theorem, we obtain:
f (x) =

c
X
i=0

 

∞ 
c i(g+1) X c + u + l − 1 l
(−1)
x
x.
i
l
i

l=0

In order to get the coefficient of xs , we must include all terms where i(g + 1) + l = s, which means that
l = s − i(g + 1). Therefore,
dg (c, u, s) =

c
X
i=0

 

c s − i(g + 1) + c + u − 1
(−1)
.
i
s − i(g + 1)
i

However, s − i(g + 1) > 0 only when i < s/(g + 1), so the other terms do not contribute to the sum.
Furthermore,

 

s − i(g + 1) + c + u − 1
s − i(g + 1) + c + u − 1
=
,
s − i(g + 1)
c+u−1
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yielding the final expression
⌊s/(g+1)⌋

dg (c, u, s) =

X
i=0


 
c s − i(g + 1) + c + u − 1
.
(−1)
c+u−1
i
i

C.2 Derivation of dg (m − 1, 1, l − m) from dg (m − 1, 0, l − m)
In Section 2.1.2 we gave an expression dg (m − 1, 0, l − m) for the number of ways of arranging m marked
genes in a max-gap g-chain of length exactly l. We obtain an expression for dg (m − 1, 1, l − m), the number
of ways of arranging m black genes in a max-gap chain of length no greater than l, as follows:
l
X

dg (m−1, 0, r−m) =

r=m

l ⌊(r−m)/(g+1)⌋
X
X

r=m

i=0




r − i(g + 1) − 2
m−1
,
(−1)
m−2
i
i

The r in the upper bound of the second summation can be replaced by l because when i > ⌊(l −m)/(g +1)⌋
the final binomial will be zero, which gives



l ⌊(l−m)/(g+1)⌋
X
X
r − i(g + 1) − 2
i m−1
.
(−1)
m−2
i
r=m
i=0

Now that the upper bound of the second summation is no longer dependent on r, the outer summation can
be moved inward:

 X

⌊(l−m)/(g+1)⌋
l 
X
r − i(g + 1) − 2
i m−1
.
(−1)
m−2
i
r=m
i=0

Rewriting the bounds of the inner summation gives:
⌊(l−m)/(g+1)⌋

X

(−1)i

i=0



m−1
i



l−i(g+1)−2

X

r=m−i(g+1)−2




r
.
m−2

Decreasing the lower bound to r = 0 does not affect the probability because when 0 ≤ r < m − 2
the binomial is zero. We apply the upper summation identity (see Appendix C.5) to eliminate the inner
summation, which yields



m−1
l − i(g + 1) − 1
(−1)
,
i
m−1

⌊(l−m)/(g+1)⌋

X
i=0

i

which is exactly dg (m − 1, 1, l − m). The derivation of dg (m − 1, 2, l − m) from dg (m − 1, 1, l − m) is
identical.

C.3 A closed-form expression for dg (m − 1, 2, Lm−m−1)
The following three lemmas are needed to obtain a closed-form expression for dg (m−1, g, (m − 1)g−1).
Recall that the maximum possible length of a g-chain of size m is Lm = m + g(m − 1).
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Lemma C.3.1. For all l such that m ≤ l ≤ Lm , dg (m − 1, 0, l − m) = dg (m − 1, 0, Lm−l).
Proof. Let S(m, g, l) be the set of g-chains of size m and length l, with no gap greater than g. Clearly,
|S(m, g, l)| = dg (m − 1, 0, l − m). Let hg1 , ...,Pgm−1 i, where 0 ≤ gi ≤ g, denote a member of this set,
m−1
gi , with gap sizes g1 , ..., gm−1 . Define a function
i.e. a g-chain of size m and length l = m + i=1
f (hg1 , ..., gm−1 i) = hy1 , ..., ym−1 i, where yi = g − gi . We claim f maps S(m, g, l) to S(m, g, Lm+m−l).
To see this, observe that 0 ≤ yi ≤ g, and the length of the chain hy1 , ..., ym−1 i is
m−1
X

m+

yi = m+

m−1
X

g−gi = m+(m−1)g−

gi = m+(m−1)g−(l−m) = 2m+(m−1)g−l = Lm +m−l

i=1

i=1

i=1

m−1
X

Since f is a bijection, |S(m, g, l)| = |S(m, g, Lm+m − l)|, and thus dg (m − 1, 0, l − m) = dg (m −
1, 0, Lm − l).
Lemma C.3.2. For all l such that m ≤ l ≤ Lm , dg (m − 1, 1, l − m) + dg (m − 1, 1, Lm−l−1) =
dg (m − 1, 1, Lm − m).
Proof. By definition,
dg (m − 1, 1, l − m) + dg (m − 1, 1, Lm−l−1) =

l
X

i=m

Lm +m−l−1
X

dg (m − 1, 0, i − m) +

j=m

dg (m − 1, 0, j − m),

Lemma C.3.1 can be used to simplify the second term, yielding
l
X

i=m

dg (m − 1, 0, i − m)+

Lm
X

j=l+1

=

dg (m − 1, 0, j − m)

Lm
X

j=m

dg (m − 1, 0, j − m) = dg (m − 1, 1, Lm − m)

Lemma C.3.3. If m ≥ g1 +1 and (Lm+m−1) is even, then 2dg (m−1, 1, 12 (Lm +m−1)−m) = dg (m−1, 1, Lm−m)
Proof.

dg (m−1, 1, Lm −m) =

Lm
X

1
(L +m−1)
2 m

dg (m−1, 0, i−m) =

X

dg (m−1, 0, i−m)+

i=m

i=m

Lm
X

dg (m−1, 0, j−m)

j= 21 (Lm +m+1)

which by Lemma C.3.1 is equal to
1
(Lm +m−1)
2

X

i=m

dg (m − 1, 0, i − m) +

m
X

j= 21 (Lm +m−1)

1
(Lm +m−1)
2

dg (m − 1, 0, j − m) =

X

i=m

2dg (m − 1, 0, i − m)

1
= 2dg (m − 1, 1, (Lm + m − 1) − m)
2
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Theorem C.3.4. dg (m − 1, 2, Lm−m−1) =

Lm − m
(g + 1)m−1
2

Proof. Either Lm + m is even or it is odd. When it is even dg (m − 1, 2, Lm−m−1) is equivalent to
LX
m −1
i=m

1
(Lm +m)−1
2

X

dg (m − 1, 1, i − m) =

i=m

dg (m − 1, 1, i − m) +

LX
m −1

dg (m − 1, 1, j − m).

j= 21 (Lm +m)

Rewriting the summation index on the second term yields
1
(Lm +m)−1
2

X

i=m

dg (m − 1, 1, i − m) +

m
X

dg (m − 1, 1, Lm − j − 1)

j= 21 (Lm +m)−1

1
(Lm +m)−1
2

X

=

i=m

dg (m − 1, 1, i − m) + dg (m − 1, 1, Lm − i − 1).

By Lemma C.3.2, this simplifies to
1
(Lm +m)−1
2

X

i=m

dg (m − 1, 1, Lm − m) =

Lm − m
(g + 1)m−1 ,
2

as desired.
Otherwise, if Lm + m is odd, then dg (m − 1, 2, Lm−m−1) is equivalent to
1
(Lm +m−3)
2

X

i=m

LX
m −1
1
dg (m − 1, 1, j − m).
dg (m − 1, 1, i − m) + dg (m − 1, 1, (Lm + m − 1) − m) +
2
1
j= 2 (Lm +m+1)

The second term can be simplified by Lemma C.3.3, yielding
1
dg (m − 1, 1, Lm − m) +
2

1
(Lm +m−3)
2

X

i=m

dg (m − 1, 1, i − m) +

LX
m −1

dg (m − 1, 1, j − m).

j= 21 (Lm +m+1)

As in the even case, the last two terms can be combined and simplified by Lemma C.3.2:
1
(Lm − m − 1)
Lm − m
dg (m − 1, 1, Lm − m) +
dg (m − 1, 1, Lm − m) =
(g + 1)m−1 ,
2
2
2
as desired.
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C.4 Expected length and gap of a chain of m marked genes
Expected length The expected length, E[l] of a complete chain of m marked genes (with no restriction
on the gap sizes, i.e. g = n), placed randomly in a genome containing n genes is:


n
n
X
l−2
1
1 X
(m−1)(n + 1)
= n · M = 1 +
l · (n − l + 1) ·
l · prob(l) = n  ·
E[l] =
m+1
m−2
m
m
l=m

l=m





n
X
l−2
l−2
(n − l + 1) ·
+
(n − l + 1) · (l − 1)
M=
m−2
m−2
l=m
l=m




n
n
X
X
l−2
l−1
(n − l + 1) ·
+
(n − l + 1)
= (m−1)
m−2
m−1
l=m
l=m



 X



n
n 
n
n
X
X
X
l−2
l−2
l−1
l−1
l·
l·
−
+ (n + 1)
−(m−1)
= (m−1)(n + 1)
m−2
m−2
m−1
m−1
n
X

l=m

l=m

l=m

l=m

=A−B+C −D
  

n+1
n
m
m
· (m−1)(n + 1) − m(m−1)
=
+ (n + 1) − (m−1) −
m
m+1
n
n
  

(m−1)(n + 1)
n
· 1+
=
,
m
m+1

where A, B, C, and D are defined below, and simplified using the identities given in Appendix C.5.
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n
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l·
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=
D=
n m
m−1
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.
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m
Expected gap size The expected gap size, E(g), if m genes are placed randomly in a genome of size n is:

E[g] =

E[l] − m
1
(m−1)(n + 1)
m
=
+
−
m−1
m−1 (m + 1)(m−1) m−1
(m−1)(n − m)
n−m
m + 1 + (m−1)(n + 1) − m(m + 1)
=
=
=
(m + 1)(m−1)
(m−1)(m + 1)
m+1
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C.5 Useful combinatorial identities
The following three simple identities are used in the above proofs. For derivations see Graham et al. [69].

n 
X
l−1

n−1
X

x
=
m−1
m−1
x=0
l=m
 

n 
X
l−2
n−1
=
m−2
m−1
l=m

n   
X
n+1
l
=
m+1
m
l=m



 
n
by upper summation
=
m
 
m n
by an absorption identity
=
n m
 
n+1 n
=
by an absorption identity
m+1 m
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