Improved bounds for state certification,
separability testing, and shadow
tomography

Costin Badescu

CMU-CS-25-148
December 2025

Computer Science Department
School of Computer Science
Carnegie Mellon University

Pittsburgh, PA 15213

Thesis Committee:
Ryan O’Donnell (Chair)
Aayush Jain
David Woodruft
John Wright (University of California, Berkeley)

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Computer Science.

Copyright (©) 2025 Costin Badescu

This research was sponsored by: the National Science Foundation under award numbers CCF1618679,
CCF1909310 and CCF1717606; and the University of Sydney under award number G207324.

The views and conclusions contained in this document are those of the author and should not be interpreted
as representing the official policies, either expressed or implied, of any sponsoring institution, the U.S.
government or any other entity.



Keywords: quantum computation, sample complexity, property testing



ABSTRACT. We present improved sample complexity bounds for three fundamental quantum
information tasks: state certification, separability testing, and shadow tomography. Given
measurement access to n identical copies of an unknown quantum state p, we consider:

i.

iii.

State certification: The task of verifying p is equal to a reference state o or at least e-far
in trace distance. We present a testing algorithm for state certification that uses O(d/€?)
copies of p.

. Separability testing: For a bipartite state p on a d?-dimensional system, we prove a lower

bound of Q(d?/e?) copies are necessary to distinguish separability from being e-far in
trace distance from the set of all separable states.

Shadow tomography: The problem of estimating the expectation values tr(pA;) for m
observables Ay,..., A, to +e accuracy. We present an algorithm that accomplishes
this with O(log®(m)log(d)/e*) copies, which simultaneously achieves the best known
dependence on each parameter m, d, and e.
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CHAPTER 1

Introduction

The axioms of quantum mechanics postulate that the state of a physical system can be
exactly represented by a mathematical object called a density operator and that there are
two types of physically realizable state transitions: wnitary transformations and quantum
measurements.

For a d-dimensional quantum system, a density operator p is a d x d complex matrix
satisfying specific properties. A unitary transformation is a reversible state transition induced
by a d x d unitary matrix U mapping the density operator p to the new state UpUT. Since
U~! = UT, the original state can always be recovered from p’ by applying the reverse unitary
transformation: p’' + UTp'U = p. Thus, no information about p is lost under unitary evolution.
However, quantum systems are inherently opaque — a classical observer cannot extract any
information about an unknown state p using unitary transformations alone.

Quantum measurements, the other type of transition, provide the only means for a classical
(i.e. nonquantum) observer to interact with and extract information from a quantum system.
Unlike unitary transformations, measurements are irreversible. The act of measurement causes
the system to transition to a new state, a phenomenon known as wave function collapse.

A quantum measurement M defines a set of possible measurement outcomes, say [k] =
{1,...,k}. For a given state p, M induces a probability distribution over [k], where different
states may yield different distributions. When p is measured and a random outcome % € [k] is
observed, the state collapses to a new state p’, which depends on p, M, and %.

The pair (p, M) defines a probability distribution that an experimenter can sample from.
Crucially, quantum mechanics dictates that this is the only way an observer can gain information
about the system.

This framework raises a fundamental challenge in estimation tasks. After measuring p and
observing outcome %, the state collapses to p/, modifying the original probability distribution
to (p', M) for future measurements and possibly incurring information loss. To obtain another
sample from the initial distribution (p, M), one must prepare a fresh copy of p and measure it
again.

One might wonder whether quantum states can be cloned to circumvent this issue. However,
the well-known quantum no-cloning theorem [59] prohibits any physical process from perfectly
copying an unknown quantum state. Thus, copies of p are finite resources that are consumed
upon measurement.

This limitation motivates the central challenge: solving estimation problems while minimiz-
ing the number of state copies used. Statistical inference typically requires multiple samples,
but preparing identical quantum states is resource-intensive.

This thesis investigates the efficient extraction of statistical information from measurements
of unknown quantum states, where efficiency is quantified by the number of state copies required.
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We focus on three fundamental problems: state certification, separability testing, and shadow
tomography.

1.1. State certification

Let o denote a fixed known quantum state represented as a d x d density matrix. Given
measurement access to copies of an unknown state p, the quantum state certification task is to
with high probability distinguish between the case p ~ o and d,(p,0) > €, where d, is a chosen
distance measure between quantum states and € is a proximity parameter.

State certification addresses the problem of verifying that a quantum device works as
intended. In practice, ¢ may be the predicted theoretical output of a quantum gate on a
quantum computer and p may be the actual output, which could differ from o due to operational
noise and imperfections in the construction. Alternatively, p could be the state of a quantum
system obtained in a lab experiment and o could be the state predicted by theory. The problem
is to minimize the number of copies of p needed to certify that p is close to o or e-far from o.
This constitutes the quantum analog of classical identity testing for probability distributions,
extended to the noncommutative setting of density matrices.

A straightforward approach to the state certification problem is to perform quantum state
tomography on the n copies of p to learn an estimate p and then check if the estimate is close
to 0. Since learning to e-accuracy in trace distance requires ©(d?/e?) copies of p [28,46], this
approach yields an algorithm for quantum state certification with respect to trace distance
using O(d?/€?) copies of p. Yet, learning a matrix involving Q(d?) parameters just to answer a
yes-no question seems inefficient, raising the question of whether more efficient methods exist.

In Chapter 3, based on joint work with Ryan O’Donnell and John Wright [12], we confirm
that such methods exist. Specifically, we show that O(d/€*) copies of p are sufficient for state
certification with respect to trace distance, denoted di,(—, _):

THEOREM. There is an algorithm that, given n = O(d/€e?) copies each of unknown d-
dimensional mixed quantum states p and o, with high probability distinguishes between p = o
or diy(p,0) > €.

Our algorithm also works in the case where both p and ¢ are unknown. Furthermore, if
either of the two states is of low rank, we obtain the following improvement:

THEOREM. If either p or o is close to having rank k, in the sense that the sum of its largest
k eigenvalues is at least 1 — &, then there is an algorithm that, given n = O(k/€*) copies of each
p and o, with high probability distinguishes between dyus(p, o) < 0.58¢/Vk or dy(p, o) > € + 6.

We also study the state certification problem with respect to Bures y2-divergence, denoted
dy2(—,—), a quantum counterpart to classical y?-divergence, and prove that O(d/e?) copies are

sufficient in this case as well:

THEOREM. Let o be a d-dimensional known quantum state with smallest eigenvalue at least
ce?/d for some ¢ > 0. There is an algorithm that, given n = O(d/€*) copies of p, with high
probability distinguishes between d,2(p,o) < 0.99¢* and d,2(p, o) > €.

The result above leads to a state certification algorithm with respect to fidelity, denoted
F(_,_), perhaps the second most important dissimilarity measure in quantum information
science after trace distance:
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COROLLARY. Let o be a known d-dimensional quantum state. There is an algorithm that,
giwen n = O(d/€) copies of p, with high probability distinguishes between d,2(p,o) < 0.49¢ and
F(p,o0) <1—e.

Since fidelity measures the “overlap” between two states, F(p, o) = 1 if p is close to o. For a
worst-case o, our results have optimal copy complexity, up to constant factors, as a consequence
of a lower bound due to O’Donnell-Wright [45] which implies that state certification when
o= % is the mazimally mized state requires Q(d/e*) copies of p. On an instance-by-instance
basis, a recent result of O’Donnell-Wadhwa [48] gives nearly instance-optimal bounds for
the quantum state certification problem using a novel quantum analog of the Ingster—Suslina

method [35].

1.1.1. Related work. When o is a known pure state, it is a folk result that ©(1/€) copies
are necessary and sufficient for state certification with respect to fidelity (see, e.g. [41, Section
4.1.1]). This result also implies that ©(1/€e*) copies are necessary and sufficient for state
certification in trace distance. Furthermore, if o is assumed to be a pure state and the class
of measurements is restricted, e.g. to include only Pauli measurements, then it has been
shown [5,15,19] that O(d/€?) copies are sufficient to solve the certification problem with
respect to fidelity. At the other end of the spectrum, the state certification problem when
o = 1 is the maximally mixed state was studied in [45], where it is shown that ©(d/e?) copies
of p are necessary and sufficient for state certification in trace distance. To the best of our

knowledge, our work in [12] is the first study of state certification for general mixed states o.

1.2. Separability testing

A bipartite quantum state o on C? @ C? is said to be separable if it can be written as a
convex combination of product states, meaning states of the form p; ® py where p; and p
are quantum states on C¢. Separable quantum states are precisely those states which do not
exhibit any form of quantum entanglement. These are the only states that can be prepared
by separated parties who can only share classical information. Understanding the general
structure and properties of the set of separable states in higher dimensions is a difficult problem
and is the subject of much ongoing research. For instance, deciding whether a given d? x d?
matrix represents a separable state on C?¢ ® C? — also known as the separability problem in the
quantum literature — is NP-hard [26]. In this work, we study the following property testing
version of the separability problem:

Given unrestricted measurement access to n copies of an unknown quantum
state o on C? ® C?, decide with high probability if o is separable or e-far from
all separable states in trace distance.

The ultimate goal is to determine the number of copies of o that is necessary and sufficient to
solve the problem, up to constant factors, as a function of d and e.

By estimating (i.e. fully learning) o using recent algorithms for quantum state tomogra-
phy [28,47] and checking if the estimate is sufficiently close to a separable state, this problem
can be solved using O(d*/e?) copies of g.

In Chapter 4, based on joint work with Ryan O’Donnell [7], we prove the following lower
bound:
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THEOREM. Let P denote the set of separable states on (CH)®? and suppose e = Q(1/V/d).
Any algorithm that, given measurement access to n copies of an unknown state p, with high
probability distinguishes between p € P and p being e-far from P in trace distance, requires

n = Q(d?/€*) copies of p.

Closing the gap between the known bounds seems like a difficult problem and while we
have no particularly strong feeling about whether the tight bound is the upper bound, the
lower bound, or something in between, at least one paper [6] contains some evidence that ©(d®)
might be the true complexity for constant e.

Given the difficulty of closing the gap, we have sought a classical analogue of the separability
testing problem to try as a first step. Analogies between quantum states and classical probability
distributions have proven to be a helpful source of inspiration throughout quantum theory.
Unfortunately, entanglement is understood to be a purely quantum phenomenon; every finitely-
supported discrete distribution can be expressed as a convex combination of product point
distributions, so there are no “entangled” distributions. But motivated by the characterization of
separable quantum states using symmetric extensions and the quantum de Finetti theorem [18],
we propose as a kind of analogue the study of mixtures of i.i.d. bivariate distributions, which
arise in the classical de Finetti theorem. Doherty et al. [18] used the quantum de Finetti
theorem to show that a quantum state ¢ on C? ® C? is separable (i.e. a mixture of product
states) if and only if ¢ has a symmetric extension to C? @ (C%)®* for any positive integer k.
Somewhat analogously, the classical de Finetti theorem states that a sequence of real random
variables is a mixture of i.i.d. sequences of random variables if and only if it is exchangeable [16].

We call distributions which are mixtures of i.i.d. bivariate distributions completely positive,
due to their connection with completely positive matrices. We show that:

THEOREM. Given sample access to an unknown distribution p over [d] x [d], at least Q(d/€?)
samples are necessary to decide with high probability if p is completely positive or e-far from all
completely positive distributions in total variation distance.

Our proof is a generalization of Paninski’s lower bound for testing if a distribution is
uniform [49].

1.2.1. Related work. The property testing version of the separability problem, as defined
above, appears in [42], where a lower bound of Q(d?) is proven for constant e. As in [42], our
proof also reduces the problem of testing if a state is separable to the problem of testing if a
state is the maximally mixed state. However, we do not pass through the notion of entanglement
of formation, as [42] does, and instead rely on results about the convex structure of the set
of separable states. This approach yields a more direct proof that certain random states are
with high probability far from separable, which allows us to take advantage of a lower bound
from [45].

We believe that the separability testing problem has seen further study, but that there has
been a lack of results due to its difficulty. There is a very extensive literature on the subject
of entanglement detection (see e.g. [25,33]), which is concerned with establishing different
criteria for detecting or verifying entanglement. However, it is not obvious how these results
can be applied in the property testing setting. In particular, few of these criteria are specifically
concerned with states that are far from separable in trace distance and many only apply to
certain restricted classes of quantum states.
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As regards our classical analogue — testing if a bipartite distribution is completely positive
(mixture of i.i.d.) — we are not aware of previous work in the literature. The proof of our
Q(d/e?) lower bound is inspired by, and generalizes, Paninski’s lower bound for testing if a
distribution is uniform [49].

1.3. Shadow tomography

A quantum event E is a matrix representing an outcome of a quantum measurement
which can be assigned a probability tr(pE) of occurring with respect to a quantum state p.
Given m quantum events E, ..., F,, on C? and measurement access to copies of an unknown
d-dimensional quantum state p, the shadow tomography problem is to w.h.p. estimate the
probabilities of each of the m events, tr(pE}),. .., tr(pE,,), to € accuracy using as few copies
of p as possible.

There are two obvious approaches to shadow tomography. By performing quantum state
tomography on O(d?/€?) copies of p, one can learn an e-close estimate p and output the
probabilities tr(pE1), ..., tr(pE,,). Alternatively, for each event E;, with i = 1,...,m, one
can repeatedly measure O(1/€?) copies of p with the binary measurement (F;, E;), thereby
sampling from a Bernoulli distribution with p = tr(pFE;), and output an e-accurate estimate of
tr(pFE;), using O(m/e?) copies overall. Both of these approaches require a number of copies of
p that is polynomial in m or d.

Aaronson introduced the shadow tomography problem in [1] and proved that there exists an
algorithm for shadow tomography that requires only O(log*(m) log(d) /€*) copies, an exponential
improvement over the naive approaches.

In Chapter 5, based on joint work with Ryan O’Donnell [11], we improve quadratically the
dependence on log(m):

THEOREM. Given m quantum events Ay, ..., A,, and measurement access to n copies
of an unknown d-dimensional quantum state p, there exists an algorithm that, with high
probability, produces estimates i1, . .. [y, such that |f; — tr(pA;)| < e for alli=1,...,m, using
n = O(log?(m) log(d) /€*) copies of p.

Furthermore, this algorithm is online: the events A; can be presented one-by-one to the
algorithm and the corresponding estimate [i; is produced before the next event A;yq is determined,
so the sequence of events can be chosen adversarially.

In [1], Aaronson uses a combination of a gentle search lemma and a quantum state learning
algorithm to prove their result. Roughly speaking, the learning algorithm maintains an estimate
p of the state p, starting with p being the maximally mixed state, and iteratively improves
the estimate p by finding a “bad” event A; whose probability estimate tr(pA;) is off by O(e)
and postselecting on A; or its complement, i.e. conditioning the state p on the occurrence of
the event A; or 1 —A;. To find such a bad event, the gentle search lemma uses binary search
combined with a result of Harrow—Lin—Montanaro [29] which allows one to test if a collection
of events contains a bad event.

In a follow-up work, Aaronson-Rothblum [4] introduce a new Quantum Private Multiplicative
Weights (QPMW) algorithm for shadow tomography that uses 5(log2 (m)log?®(d)/€®) copies.
The QPMW algorithm features an online search routine that replaces the binary search method
used in the gentle search lemma (which, despite the name, is not gentle per se) with a linear
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search that is actually gentle, in the sense that each quantum measurement in the search causes
a small amount of damage to the measured state, so the copies of p that are prepared initially
can be reused.

Inspired by the gentle linear search in the QPMW algorithm of [4], we introduce an online
quantum threshold search routine with improved efficiency:

THEOREM. Given m quantum events Ay, ..., An, probability thresholds 6., ... ,0,, € [0,1],
and measurement access to n copies of an unknown d-dimensional quantum state p, there exists
an algorithm that, with high probability, either finds an event A; with tr(pA;) > 0; — € or
correctly outputs “tr(pA;) < 0; for all i € [m],” using O(log*(m)/€?) copies of p.

Furthermore, this algorithm is online: the event-threshold pairs (A;,0;) can be presented
one-by-one to the algorithm and chosen adversarially. Upon being presented with a pair (A;,6;),
the algorithm will either “pass” or halt and output ‘tr(pA;) > 0; —e.” If the algorithm passes
on all inputs, then it shall output “tr(pA;) < 60; for alli € [m].”

Combining this algorithm with the online state learning algorithm of Aaronson—Chen—
Hazan—Kale-Nayak [3], we obtain our shadow tomography result above.

Using our quantum threshold search result, we also give improved bounds for the following
hypothesis selection problem:

THEOREM. Given m known quantum hypothesis states o, ...,0,, and measurement access
to n copies of an unknown d-dimensional quantum state p, there exists an algorithm that, with
high probability, selects a hypothesis oy such that

di(p,o1) < 3.01 - min{dy,(p, 07)} + €,

using min{O(log?(m)log(d) /€*), O(log®(m) /e%)} copies of p.

1.3.1. Related work. Aaronson introduced the shadow tomography problem in [1] and
proved that O(log*(m) log(d)/e*) copies are sufficient to solve the problem. As previously stated,
Aaronson’s algorithm combines a quantum state learning algorithm with a search routine called
the gentle search lemma. The state learning algorithm used in [1] is improved further in a
follow-up work of Aaronson-Chen-Hazan-Kale-Nayak [3] (see Theorem 5.3.1). The gentle
search lemma is replaced with a gentle linear search in the work of Aaronson-Rothblum [4] using
techniques inspired by differential privacy. The algorithm for shadow tomography presented
in [4], which uses O(log?(m)log?(d)/e®) copies, improves the dependence on m at the cost of a
worse dependence on the other parameters, d and e. In [11], Badescu-O’Donnell obtain an
algorithm for shadow tomography, detailed in Chapter 5, that uses O(log?(m)log(d)/e*) copies
of the unknown state. A different algorithm for quantum threshold search with a matching
bound of O(log?(m)/e?) was obtained subsequently by Bene Watts Bostanci [58]. Their
technique does not require injecting noise into measurements, as we do, but their algorithm is
not online.

To the best of my knowledge, our result remains at the time of this writing the best upper
bound on the copy complexity of general shadow tomography. The best known lower bound for
general shadow tomography is Q(log(m)/€?), proved in Aaronson’s first paper on the subject [1].

Multiple variations of the shadow tomography problem arise by either limiting the types of
quantum events given or by constraining the possible states of the unknown quantum system.
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If the Hilbert—Schmidt norm of the events is bounded by a universal constant, i.e. there exists a
universal constant C such that tr(A?) < C for all i = 1,...,m, then [34,60] give an algorithm
for shadow tomography that only uses O(log(m)/€?) copies with a matching the lower bound.

The algorithms of [1,4,11] rely on quantum measurements that are applied to all n copies
of the unknown quantum state p simultaneously, viz. the algorithms measure the multipartite
state p®" directly. If one only allows measurements on single copies of p at a time, then
Chen—Cotler-Huang-Li [13] proved that any algorithm subject to this restriction requires
Q(m,d) copies of p in the worst case.






CHAPTER 2

Preliminaries

This chapter presents the technical foundations for the thesis. Section 2.1 and Section 2.2
cover the basics of quantum theory, including states, measurements, observables, and quantum
operations. Section 2.3 explores the relationship between probability theory and quantum
mechanics, while Section 2.4 and Section 2.5 introduce classical and quantum measures of
divergence. Section 2.6 reviews key concepts from representation theory and Section 2.7 defines
the complexity model used throughout this work. Finally, Section 2.8 establishes auxiliary
results needed in later chapters.

2.1. Operators on finite-dimensional Hilbert spaces

This section provides a brief introduction to finite-dimensional complex Hilbert spaces
H and the associated algebras of linear operators B(H) which are used in von Neumann’s
formulation of quantum mechanics [55]. The main purpose of this review is to establish our
notation and emphasize a basis-independent approach; for a more comprehensive introduction,
see e.g. [32,37,50].

A complex inner product space H is a vector space over C with an inner product
(_,_) i H xH — C, ie. asesquilinear form' (z,y) — (z,y) € C such that, for all z,y,z € H,

(i) (z,ax +y) = a(z,x) + (z,y) for all a € C;

)
(i) (y,z) = < Y

(ii) (z,z) >

(iv) (x,x) = O 1f and only if z = 0.

Given an inner product (_, ), the map = — ||z|| = \/(x,x) defines a norm on H. If H is
complete (i.e. every Cauchy sequence in H converges) with respect to the metric induced by
this norm, d(x,y) = ||z — y||, then H is a Hilbert space.

If the form (_, ) does not satisfy the condition that (z,x) = 0 holds only for = 0, then
(_,_) is a pre-inner product and H is a pre-Hilbert space. In that scenario, (_, ) defines
an inner product on the quotient H/N with N = {x € H | (z,x) = 0} and the completion of
H /N is a Hilbert space.

dim(#H) denotes the dimension of H as a vector space over C.

Remark 2.1.1. Henceforth, the Hilbert spaces considered in this thesis are all assumed to be
finite-dimensional.

Given Hilbert spaces H and K, B(H, K) denotes the set of linear maps T': H — K from H to
K. The algebra B(H, ) of linear operators on H is denoted by B(#). If A is finite-dimensional,

"n this work, a sesquilinear form is taken to be conjugate-linear in the first argument and linear in the second
argument, as is common in the physics literature.

17
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then all linear operators 7" € B(H) are bounded, viz. there exists a constant K such that
IT(x)|| < K||z|| for all x € H.

If T € B(H,K), then there exists a unique operator TT € B(K,H) such that, for all z € H
and y € K,

(T'z,y) = (z,Ty).

Tt is called the adjoint of T. If T is represented as a matrix, then 77 is equal to the
conjugate-transpose of T: Tt = T

There exist certain special types of operators in B(H), described next, that play an important
role in this work. An operator T' € B(H) is normal if T' commutes with its adjoint, T1T = T'T".
T is self-adjoint if it is equal to its adjoint, viz. TT = T. T is positive if it is of the form
T = STS for some operator S € B(H); it is easy to check that a positive operator is self-adjoint.
A projection is a self-adjoint operator IT € B(H) such that I1? = II. 14 denotes the identity
operator on H and 14 is the identity operator on C?. When no confusion can arise, the subscript
will be dropped. An operator T' € B(H) is invertible if there exists S € B(H) such that
TS = ST = 14. An operator U € B(H) is unitary if UTU = UU' = 14. The set of unitary
operators on H is denoted by U(H); U(H) is a subgroup of the group GL(#) of invertible
operators on H.

Given operators X,Y € B(H), the relation X <Y holds if Y — X is a positive operator.
< defines a partial order on self-adjoint operators in B(H). “X > 0” is shorthand for “X is
positive.”

Notation 2.1.2. For operators E € B(H) with 0 < E < 1, let E € B(H) be the operator

defined by £ =1—-F.

The spectrum sp(T') of an operator T' € B(H) is the set sp(T) = {a € C | T —
a1 is not invertible}. The elements of sp(T') are eigenvalues of T. It holds that:
(i) sp(T) C R if T is self-adjoint;
(ii) sp(T") C Ry if T is positive;
(iii) sp(II) € {0,1} if IT is a projection;
(iv) sp(U) C{z € C | |z| = 1} if U is unitary.
The spectral theorem characterizes normal operators as complex linear combinations of
mutually orthogonal projections:

Theorem 2.1.3 (spectral theorem). A normal operator T € B(H) on a finite-dimensional
Hilbert space H admits a unique decomposition

T = oIl + - - + gl
where {aq,...,ar} = sp(T), IIy,..., Iy € B(H) are mutually orthogonal projections (i.e.
ILIL; =0 fori#j) and II; + - - - + 11, = 1.

If p(z) = agx® + - - + a1z + ag is a polynomial with coefficients aq, ..., a, € C, then, for an
operator 1" with decomposition as in Theorem 2.1.3,

P(T) = GZTK +---4apl= p(al)Hl + - +P(%)Hk-

Thus, a polynomial p(T") of a normal operator 1" can be defined and sp(p(7")) = p(sp(7")). Since
sp(T') is compact, the Stone-Weierstrass theorem allows extending this result from polynomials
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to continuous functions. In particular, the square root v/T of an operator T is the unique
2
positive operator such that (\/T) =T. Thus, the absolute value map z — +/z - Z extends

naturally to normal operators |T| = VT1T = VTTH.

Unless T, S € B(H) commute, there is no simple relation between sp(7'S), sp(T' +5), sp(T),
and sp(S). The following result establishes a relation between sp(7'S) and sp(ST) for all
operators T" and S

Theorem 2.1.4. For all operators T, S € B(H), sp(T'S) U {0} =sp(ST) U {0}.

Given two Hilbert spaces H and /C, there exist two fundamental constructions that allow us
to combine H and IC together into a “composite” Hilbert space: the tensor product H ® K and
the direct sum H & K.

The tensor product H ® K of Hilbert spaces H and K is a Hilbert space with the inner
product (z; ® y1, 22 @ y2) = (x1,x2) - (Y1, y2). Given two operators T € B(H) and S € B(K),
their tensor product 7" ® S is the uniquely determined linear operator on B(H ® K) satistying
(T®S)r®y)=Tr® Sy for all z € H and y € K.

The direct sum H @ K is also a Hilbert space with inner product (z1 @ y;,xe ® y2) =
(1, 2) + (Y1, 72)-

We adopt Dirac’s bra—ket notation for the representation of vectors and their dual linear
forms:

Notation 2.1.5. Dirac’s bra—ket notation represents vectors in H and their associated linear
functionals as follows:
(i) |x) denotes the vector x € H;

(vii) |x1,29,...,x,) denotes the tensor element 1 ® 5 ® « - - @ @y,.
Thus, if z € H is a unit vector, then |z) (x| is the projection onto the subspace spanned by .
If H = C%, the standard basis of H is denoted by [1),...,|d) where |i) = (014, 02, . . ., 0ai);
e.g. [1) = (1,0,0,...,0), 2) = (0,1,0,...,0), ..., |d) = (0,0,...,0,1).
The trace of an operator T' € B(H) is defined by
d

tr(T) = Z<€i|T|€i>7

i=1
where {ey,...,e4} is an orthonormal basis for H. It is easy to check that this definition does
not depend on the choice of basis {e1,...,eq}. Thus, if T has the spectral decomposition
from Theorem 2.1.3, then

tI'(T) IOél'd1+"'+Oék'dk,

where d; = dim(II;) is the dimension of the subspace determined by II; for i = 1,..., k. The
trace is a linear map tr : B(%) — C that has the following cyclic property:
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Proposition 2.1.6. For all operators T, S € B(H), tr(ST) = tr(TS).

The Hilbert—Schmidt inner product (_, ) on B(H) is defined by (T, S) = tr(T'S).
Thus, the set B(H) of operators on a Hilbert space H is a Hilbert space with the Hilbert—Schmidt
inner product.

The Schatten p-norm ||_||, on B(H) is defined by ||T]|, = tr(|T|p)%. The Schatten 2-norm

is in fact the norm induced by the Hilbert—Schmidt inner product, i.e. | T||2 = /(7. T). The
Schatten p-norm of a normal operator is equal to the /Z norm of its spectrum. The Schatten
p-norm ||—||, is unitarily-invariant, viz.

Fact 2.1.7. For all operators X € B(#) and unitary operators U,V € U(H), || X||, = [[UXV||,.

Given a positive operator A € B(H), it is possible to define a pre-inner product parameterized
by A, denoted (_, )4, on B(H) as follows:

(1) (T, S) 4 = (TVA, SVA) = tr(AT'S),
where the last equality uses the cyclic property of the trace. This pre-inner product induces a
seminorm || T||4 = \/(T,T) 4 on B(H) and satisfies the Cauchy-Schwarz inequality:
Proposition 2.1.8. Let A € B(H) with A > 0. For all operators T, S € B(H),

(T, S)al < NTN|allS]]a-

The Schur product T ® S of operators T, S € B(C?) is defined by (i|(T ® S)|j) =
(t|Tg) - (i]S|j) for all 4, j € [d]. The commutator [T, 5] is defined by [T, 5] =TS — ST.

The remainder of this section is concerned with linear maps between operator algebras
B(H) and B(K).

A linear map S : B(H) — B(K) is positive if S maps positive operators in B(#) to positive
operators in B(K), viz. S(A) > 0 for all A € B(H) with A > 0. S is completely positive
(CP)if S® 14 : B(H) ® B(CY) — B(K) ® B(CY) is a positive map for all d > 1.

EXAMPLE. An important example of a CP map is the partial trace: there exists a unique
linear map Trg : B(H®K) — B(H), the partial trace over K, such that Tr(T®.S) = tr(S)-T
for all T € B(H) and S € B(K).

The following result, due to Kraus [38], describes the structure of CP maps:

Theorem 2.1.9 (Kraus). A completely positive map S : B(H) — B(K) admits a representation
of the form

S(X)=EXE +-- -+ E,XE!

A linear map S : B(H) — B(K) is unital if S(13) = 1x. The following inequality for
positive unital maps is due to Kadison [36]:

Lemma 2.1.10 (Kadison). Let S : B(H) — B(H) be a linear map. If S is positive and unital,
then, for all self-adjoint O € B(H),

S(0)2 < S(02).
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2.2. Quantum theory: states, observables, measurements, and operations

This section reviews the mathematical formulation of quantum mechanics used in this thesis,
due to [55]. Let H = C? denote a finite-dimensional Hilbert space.

DEFINITION 2.2.1. A quantum state p on H is a positive operator p € B(H) with tr(p) = 1.
A quantum state of the form |z)(z| for x € H is called pure.

Thus, by the spectral theorem,
p:()é1H1+"’+Oéka,

with aq, ..., a5 € Ryg, a1 + -+ a = tr(p) = 1, and IIy, ..., Iy € B(H) mutually orthogonal
projections summing to 1; i.e. p is a convex combination of mutually orthogonal projections
that sum to the identity.

Example 2.2.2. An important example of a quantum state on C¢ is the mazimally mized
state, é -1, whose eigenvalues are all equal to é. The maximally mixed state is the quantum
analog of the uniform distribution on [d].

DEFINITION 2.2.3. A quantum operation S : B(H) — B(K) is a completely positive map
such that S(1y) < 1x. Furthermore, S is a quantum channel if S(1y) = 1.

Quantum operations represent admissible (i.e. physically realizable) transitions between
quantum states. If p is a quantum state and S is a quantum operation, then applying the
operation S to p transforms p into the state

S(p)
tr(S(p))

For example, any operator F € B(H) with ETE < 1 defines a quantum operation p — EpET.
Indeed, by Theorem 2.1.9, every quantum operation S is of the form

S(p) = E\pEl + -+ EkaZ

with Ey,..., Ey € B(H) such that EIE, + -+ ElE, < 1.
An observer can interact with a quantum state by means of a measurement:

DEFINITION 2.2.4. A quantum measurement M is a tuple M = (Ey, ..., E}) of operators
Ey, ..., E, € B(H) with EIEl 4+ E,ZEk = 1. An observer applying measurement M to the
state p registers an outcome ¢ € [k| with probability tr( pEiT E;); this is similar to sampling from a
discrete probability distribution p = (py, ..., px) on the set [k] = {1,..., k} with p; = tr(pEiTEi)
foralle=1,... k.

The fundamental difference between classical distribution sampling and quantum measure-
ments is that sampling does not change the underlying distribution, whereas the state p is
changed by the quantum measurement M depending on the outcome observed t; viz. when the
observer registers the outcome 2, we say that the state p collapses to

EipE]
tr(pE} Es)
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Notation 2.2.5. It is helpful to think of the expression in the equation above as the state p
conditioned on the outcome E)E;. Thus, for E € B(H) with ETE <1 and tr(pE'E) > 0, we
introduce the notation
= EpET
Ple = G (ETE)

to denote the state p conditioned on ETE.

Note that the statistics of M only depend on EjEl for i =1,...,k and on the state p. If
the observer is not interested in the post-measurement state, then it is more convenient to work
with positive operator-valued measures:

DEFINITION 2.2.6. A positive operator-valued measure (POVM) € = (Fy, ..., Ey) is a
tuple of positive operators Ey,. .., Ey € B(H) such that Fy + -+ + E, = 1.
If the operators Fy,..., E) are all projections, then £ is called a projection-valued

measure (PVM).

A POVM €& and a state p determine a probability distribution p = (py,...,pr) € R* with
pi = tr(pE;):

pi+o e = tr(pBy) + -+ tr(pBy)
=tr(p- (Bv+ -+ Ep)) =tr(p-1) = tr(p) = 1.

DEFINITION 2.2.7. A quantum event is a positive operator £ € B(H) with 0 < F < 1.
Quantum events are also known as effects [38] in the literature. An event E determines a
binary POVM {E, E}.

The distribution determined by a binary POVM {E, E} is Bernoulli(tr(pE)).

The quantum analog of a real random variable is an observable:
DEFINITION 2.2.8. An observable O is a self-adjoint operator in B(H).
By Theorem 2.1.3, an observable O admits a decomposition

O =uaIly + - - - + 2 I,

where (ITy,..., ;) isa PVM and x; € R for i = 1,...,k, so O and p determine a real random
variable X € {xy,..., 2} C R such that

P[X = ;] = tr(pll;).

The relationship between probability theory and quantum states and measurements is
explored further in the next section. The rest of this section is concerned with multipartite
states, i.e. states representing joint physical systems.

If po € B(H,) represents the state of a physical system a and p, € B(H;) represents the
state of a physical system b, then the state of the joint physical system (a, b) is represented by
Pa @ pp € B(Hy ® Hp). A state in B(H, ® Hp) of the form p, ® py is called a product state.

In quantum mechanics, it is possible for the joint system (a, b) to be in a state p € B(H,®Hs)
which is not a product state or even a convex combination of product states:
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DEFINITION 2.2.9. A quantum state p € B(H, ® H;) is separable if there exist states
o1,...,0% € B(H,) and 7, ..., 7 € B(H,) such that

p=a1-01 QT+ -+ ag- o Ty,

where ay,...,a; € R5p with a; + --- + a; = 1; in other words, p is separable if it can be
expressed as a convex combination of product states. The set of separable states on H, ® Hp
is denoted by Sep(H, ® Hp). Sep(Hqo @ Hy) is a strict subset of the set of quantum states in
B(H, ® Hy); a state p € B(Hq ® Hyp) which is not separable is called entangled.

Example 2.2.10. The maximally mixed state on C? ® C? is a product state since d% = % ® %.

DEFINITION 2.2.11. Let Sep, (H, ® Hp) denote the cylindrical symmetrization of the
set of separable states Sep(Hq, ® Hyp):

Sep (Ha @ M) = conv(Sep(Ha @ Heo) U (— Sep(Ha @ Ha))),

where conv(E) denotes the convex hull of the set E.

2.3. Quantum probability

In light of the connection between observables and real random variables, it is reasonable
to introduce the following notation:

DEFINITION 2.3.1. The expectation of an operator O € B(H) with respect to a state
p € B(H) is defined by

E][O] = tr(p0).

If O is self-adjoint, i.e. an observable, with spectral decomposition O = 1111 + - - - + x 11},
then E,[O] is equal to the expectation E[X] of the classical real random variable X €
{x1,..., 2} defined by P[X = z;] = tr(pll;) for all i € [k].

Since E,[1] = tr(p1) = tr(p) = 1, E,[O'] = E,[0], and E,[OTO] > 0 for all O € B(H), the
map E,[_| defines a positive linear functional of norm 1 on B(#). Moreover, E, g ,[_] has the
following tensorization property: for all O, O’ € B(H),

E [O® O] = E[O] - E[O'].

pRp’ p o

E,[] is also monotone with respect to the partial order < on positive operators:

Fact 2.3.2. For all self-adjoint operators Oy, Oy € B(H), it holds that O; < O, if and only if
E,[0:1] < E,[O,] for all states p € B(H).

DEFINITION 2.3.3. The covariance of operators O, O, € B(H) with respect to a state
p € B(H) is the sesquilinear form defined by

C;?V[OI(%] = ]E[(@l — 1 1)1(Oy — 42 1)] = (O1 — 111 1,05 — pp 1), = (O, Os), — Ty pia,

where y; = E,[O;] for i = 1,2 and (_,_), is the pre-inner product defined in Equation (1).
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Since Cov,[1,_| = Cov,[_, 1] = 0, it follows that Cov, is translation-invariant in each argu-
ment; i.e. Cov,[O1+al, Oy +b1] = Cov,[0;, O] for all a,b € C. Furthermore, Cov g,/ [, ]
satisfies the following tensorization property:

Cov|[0; ® 07,05 ® Oy] = Cov|[0;, Os] - Cov|0], Oy],
p o

PP

for all operators Oy, Oy, O], O} € B(H). Hence,
(2) Cov[0®1,100'] =0.

p&p

The equality above is a quantum analog of the classical fact that the covariance of independent
random variables is zero.

DEFINITION 2.3.4. The wariance of operator O € B(H) with respect to a state p € B(H)
is defined by

Var[O] = Cov][O, O].
P p

It holds that Var,[O] > 0 for all O € B(H), Var,[cO] = |¢|* Var,[O] for all ¢ € C, and

k k )
Z-Zl Oi] = ;Vgr[oi] + Z C/?V[Oia Oj]

i,j=1
7]

Var
P

for all operators Oy, ..., O € B(H).
We end this section with a lemma that will assist us in finding observables with low variance:

Lemma 2.3.5. Let ® : B(H) — B(H) be a positive unital linear map. If E,o0 ® = E, then
Var,[®(0)]| < Var,|O] for all observables O € B(H).

PROOF. Let O € B(H) be an observable. Since E,[®(O)]| = E,[0], it suffices to show that
E,[®(0)% < E,[0?%. Since O is self-adjoint and ® is positive and unital, ®(0)* < &(0?),
by Lemma 2.1.10. Hence, by Fact 2.3.2, E,[®(0)? < E,[®(O?)]. Since E, 0 ® = E,, it follows
that E,[®(0)?] < E,[®(0?)] = E,[0?], as needed. n

Thus, the class of mean-preserving positive unital maps is variance-nonincreasing.

Remark 2.3.6. Although there are other POVMs that can be associated with an observable
O € B(H) apart from its spectral decomposition, the variance of the resulting random variables
is at least Var,[O)]. Indeed, suppose M = {E},..., E;} is a POVM and x4, ...,z are real
coefficients such that O = z1Fy + -+ + 13 Ey. Let ® : B(C*) — B(C*) denote the map defined
by ®(A) = A By + - -+ Ay E), for all A € B(CF). Since M is a POVM, the map ® is positive
and unital. Hence, by Lemma 2.1.10,

O? = d(diag(zy, ..., 1)) < O(diag(zy, ..., 20)°) = 23E, + - + 27 )

and the result now follows from Fact 2.3.2.
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2.4. Distances and divergences between probability distributions

In this section, we introduce different measures of dissimilarity between pairs of classical
probability distributions. Fix a positive integer d and let p, ¢ € R? denote arbitrary probability
distributions on [d] = {1,2,3,...,d}.

DEFINITION 2.4.1. The total variation (TV) distance drv(p,q) is defined by

Pm_Pmy

1
drv(p,q) = 5llp — gl = max P ;

EC]d]

dry is a metric, so it satisfies the triangle inequality. Furthermore, since drv(p,q) =
|P,[E] — P,[E]| for some E C [d], it holds that 0 < drv(p,q) < 1.

DEFINITION 2.4.2. The % distance dy(p, q) is defined by

de2(p,q) = [lp—qll2 = \/(pl — @)+ (e — @)
By the fact that the p-norm is nonincreasing and by the Cauchy—Schwarz inequality,
de(p, q) < 2drv(p,q) < 2Vdde(p, q).
dy2 is also a metric with 0 < dpe(p,q) < 2.

DEFINITION 2.4.3. The Bhattacharyya coefficient’ BC(p, q) is defined by

BC(p,q) = /p1q1 + - - + /Ddda-

BC(p, q) has the following geometric interpretation. Let /p = (\/p1, /P2, - -,+/Pa) and let

/4 be similarly defined. Thus, as vectors in R?, ||\/pll2 = ||/dll2 = 1, so (\/p, /@) = BC(p, q)
is equal to the cosine of the angle determined by the unit vectors \/p and /g in d-dimensional

space. Hence, 0 < BC(p,q) < 1 with:
(i) BC(p,q) =1 if and only if p = ¢, and
(ii) BC(p, q) = 0 if and only if supp(p) Nsupp(q) = 2.

The Bhattacharyya coefficient satisfies the following tensorization property:

BC(p®p',q®q)=BC(p,q) - BC(',¢),

where the tensor product p ® p’ is interpreted as the product distribution on [d] x [d] arising
from p and p’.

DEFINITION 2.4.4. The Hellinger distance dy(p,q) is defined by

du(p;q) = [P — Vall2 = V2 = 2BC(p, q)

dy is a metric with 0 < dg(p, ¢) < V2. The following relation holds between dy and dpy (see
e.g. [51, Equation 7.22]):

~di(p,q)

<1
4 =

®) S(.0) < drv(p,q) < du(p,q) |1

2Also known as Hellinger affinity.
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DEFINITION 2.4.5. The Kullback—Leibler (KL) divergence dki(p,q) is defined by

d
diu(p,q) = Y piIn(pi/q:)
450
with dkr,(p, q) = +oo if supp(p) € supp(q). Pinsker’s inequality relates dxy, to drv:

dxw(p, q) > 2d3y(p, q)-
DEFINITION 2.4.6. The x?-divergence d,:(p, q) is defined by

d 2
de(pg) = a- <1 - %) = E
i=1 ’

qi;O

where, as with dkr,, dy2(p, q) = 400 if supp(p) € supp(q). Neither d,2 nor dky, are metrics.
The following inequalities relate d,2 to drv and dy:

(4) di(p.q) < d2(p, q)

(5) drv(p,q) < %\/dx2 (p,q).

Although the TV distance is operationally the most meaningful, it is frequently challenging
to compute, so bounding the TV distance in terms of ¢? distance, Hellinger distance, or
x2-divergence often proves more tractable.

Note that all of the distances and divergences reviewed are permutation invariant: if p’ and
¢’ are distributions on [d] obtained by applying the same permutation 7 € &, to the outcomes
of p and ¢, then d.(p',¢") = d.(p,q), where d, is any of the measures of dissimilarity defined
above.

2.5. Distances and divergences between quantum states

This section introduces dissimilarity measures for quantum states. Leveraging the connection
to probability theory, these are quantum counterparts to classical divergence measures presented
in Section 2.4.

Remark 2.5.1. A straightforward way of porting classical dissimilarity measures to quantum
states is as follows [20]: given a POVM M = (Ej, ..., E;) and a quantum state p, let Ay, ,
denote the probability distribution on [k] with the probability of outcome i € [k] being
tr(pk;) fori =1,..., k. Given a classical dissimilarity measure d.(p, q), we define its quantum
counterpart by:

d*(pa U) = sup d*<AM:P’ AM#")’
POVM M

where the suppremum is taken over all POVMs compatible with p and ¢. In this case, we will
say that the quantum divergence is a measured version of its classical counterpart.

Fix a positive integer d and let p and o denote arbitrary quantum states on C.

DEFINITION 2.5.2. The trace distance di.(p, o) is defined by

E[E] — E[E]‘.

1
du(p.0) = 5llp = ol = sup |E[E] - E

0<FE<1
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dy, is a metric with 0 < d;,(p,0) < 1. The following result [30] shows that the supremum
in the variational interpretation of trace distance above is attained for some projection II:

Proposition 2.5.3 (Holevo—Helstrom). For all states p,o € B(H), there exists a projection
IT € B(H) such that
B[] — B = d(p,0).

Explicitly, IT can be taken to be the projection onto the subspace of H generated by all eigenspaces
of p — o with nonnegative eigenvalues.

Thus, trace distance is the measured version of total variation distance, in the sense
of Remark 2.5.1.

DEFINITION 2.5.4. The Hilbert—Schmidt (HS) distance dus(p, o) is defined by
dus(p,0) = |lp = oll2-

Note that diq(p, o) = (p,p) — 2{(p,0) + (0,0) = tr(p* — 2po + ¢?); i.e. the squared HS
distance is the trace of a polynomial in p and o. Moreover, by the Cauchy-Schwarz inequality,

(6) dus(p, o) < 2du(p, 0) < 2Vd ds(p, 0).
DEFINITION 2.5.5. The fidelity F(p, o) is defined by

F(p,0) = IVpvall = tr < \/Ep\/E) ~ te(y5),

where the last equality follows from [8].

Fidelity is the measured version of the Bhattacharyya coefficient. Moreover, if a =
(a1,...,0q4) and B = (B1,...,Bq) are the spectra of p and o, respectively, then F(p,o) =
BC(«, 8) [20].

DEFINITION 2.5.6. The Bures distance dg(p, o) is defined by

dg(p,0) = /2 —2F(p,0).

The squared Bures distance is the measured version of squared Hellinger distance [20].
dp is a metric with 0 < dg(p,0) < V2. Moreover, the following inequality relates dg to dj,
(cf. Equation (3)):

7 504(0.0) < dulp,0) < dn(p, ).

The last dissimilarity measure we will define is Bures y?-divergence, the measured version of
classical y?-divergence [10]. Recall the definition of classical x2-divergence (cf. Definition 2.4.6):
d 2
dy2(p, q) = Z—(pl w)
i=1 i
q;>0
In this formula, one divides by the probability ¢; when ¢; > 0. In order to define a quantum
version of y2-divergence, we want to somehow “divide” by a quantum state o. If ¢ is invertible,
then division by ¢ corresponds to multiplying by o~! on the left or the right due to the
noncommutativity of matrix multiplication. To avoid introducing one-sidedness in our definition,
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we define a type of commutative division [10]. To this end, let R : B(H#) — B(?) be a map on
operators defined by

R, (T) = %(O‘T +To).

In the orthonormal basis in which ¢ is diagonal, R,(T") can be expressed as a Schur product:
1
Ro(T) =T 3 [B; + Bilti_y

Thus, R,(T") is commutative in the sense that R,(T") = Rr(o), and if §; + 5; # 0 for all
i,j € [d], then R, is clearly invertible. Moreover, using the fact that the Schur product
of matrices A, B € B(C?) in the standard basis is given by A ® B = II(A ® B)II where
II=11,1)+12,2) +-- -+ |d,d), it is straightforward to check that R,(7") is a quantum channel.

Since R, is an invertible quantum channel, there exists a quantum channel, €2, the inverse
of R,. In the orthonormal basis in which o = diag(f, ..., 84) is diagonal, we have

(8) Q1) =T ©2[(Bi + 5]
DEFINITION 2.5.7. The Bures x?-divergence d,2(p, o) is defined by
dy2(p,0) = tr((p — 0) (6(p = 0))).

Since dg and d,» are the measured versions of their classical counterparts, dy and d,z,
respectively, it holds that dj(p, o) < d,2(p,0).

All of the dissimilarity measures defined in this section are unitarily invariant, i.e. d.(p, o) =
d.(UpUT,UcUT) for all U € U(C?). Furthermore, d,, dg, and d,2 satisfy the quantum data
processing inequality, viz. for all quantum channels S,

(9) d(S(p), S(0)) < du(p,0)
for d, € {d,dp,d,2}.

d
ig=1

2.6. Representation theory

This section reviews a few facts from the representation theory of groups which are needed
in Chapter 3. For additional background, consult e.g. [24,52,53].

Let &,, denote the symmetric group on the alphabet [n] = {1,2,3,...,n} and let U(d)
denote the group of d x d unitary matrices.

DEFINITION 2.6.1. A partition A is a nonincreasing sequence of nonnegative integers of
finite support. If A\; + Ag 4+ -+ = n, then X is said to be a partition of n, denoted by A\ F n.
The size of the support of A is called the length of the partition and is denoted by ¢(\). The
power sum symmetric polynomial in d variables py(x1, ..., x4) associated to a partition A of
length k is defined by px = pa,pa, - - - P, Where pp(xy, ..., 24) = 2] + -+ - + 2, for all » > 0.

A permutation m € &,, decomposes uniquely into a product of disjoint cycles. The sequence
of lengths of the cycles in this decomposition is called the cycle type of the permutation 7
and is denoted by cyc(m). Sorted in nonincreasing order, cyc(w) is a partition of n. Thus, the
partitions of n index the conjugacy classes of G,,.
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DEFINITION 2.6.2. Let P denote the unitary representation of &,, on the n-fold tensor
product (C%)®" defined by

P(r)|z1) @ -+ @ fn) = [tr11) @+ @ [Tr1(m)),

for all |z;),...,|z,) € C? and 7 € &,,. Furthermore, let Ady be the linear map on observables
defined by Ady(X) = (U)X (U®")T for all U € U(d).

DEFINITION 2.6.3. The symmetric group algebra CS,, is the algebra of functions f : &,, — C.
The functions 1, : &,, — C with 7 € &,, form a basis of C&,,, where 1, is defined by

1, 7=,
LF(T)_{O TET

With a slight abuse of notation, we use 7 to denote the function 1, and think of elements of
CG,, as linear combinations of permutations 7 € &,,. Thus, the product in CG,, is obtained by
extending the product in &,, to a bilinear map. CS,, also admits a conjugate-linear involution
X +— X' defined by nf =77 forall 7 € &,,.

The representation P of G,, extends to a x-representation of the x-algebra CS,, as follows:

X = Z ArT Z a;P(m) =P(X).

TeSy TeS,

Since the representation P is unitary, it follows that P(XT) = P(X)T for all X € CG,,.

The center of CS,,, denoted by Z(CG,,), is the set of elements X € CS,, that commute
with every other element of CG,,, viz. XY =Y X for all Y € CS,,. For all partitions « F n, let
O, € CG,, be defined by

O, = avg {7}
7T€6n
cyc(m)=k
In other words, O, is the normalized indicator function of the conjugacy class of permutations
of cycle type k. The following elementary result relates the elements O, to the center of CGS,,.

Proposition 2.6.4. {O, | k F n} is a linear basis for Z(CS,,).

For a proof, see e.g. [24, Proposition 4.3.7]. Since Of = O, for all & - n, it follows that
{O, | K Fn} is also a basis for the real vector space of self-adjoint elements of Z(CS,,).

2.7. The complexity model

The problems considered in this thesis follow the template below:

Problem 2.7.1. Given unrestricted quantum measurement access to n copies p®" of an

unknown quantum state p on C¢, find an algorithm that completes a given task 7 (d, €, d) using
as few copies of p as possible.

The parameters of the task T (d, €, 0) are as follows:

(a) d is the dimension of the Hilbert space underlying p;
(b) € is the proximity parameter [23];
(c) 0 is the error probability.
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In this work, two main types of tasks are considered:

i. estimation tasks: given a function f : B(C?) — (X,d) from quantum states to a
metric space (X, d) of possible estimates (e.g. X = R or X = R¥), the estimation task
determined by f is to:

produce an estimate y € X of f(p) such that d(y, f(p)) < e with probability

at least 1 — 9.
In the case where X = R, an algorithm to complete an estimation task can be given
simply as an observable O on (C%)®". Given the spectral decomposition

0= CL’1H1 +ZL’2H2+ +ZL’;€H;€,

the algorithm measures p®" using {IIy, ..., II; } and outputs estimate z; upon observing
outcome ¢ € [k].
The observable O must satisfy the following concentration inequality:

> E[@M]>1-4
, p®™
1<i<k
d(f(p),zi)<e
ii. property testing tasks: given a property P C B(C?), which is a subset of the set of
quantum states, and a dissimilarity measure d, on quantum states (cf. Section 2.5),
the property testing task is to:
decide correctly if p € P or d.(p, P) = in7f) d.(p,0) > € with probability at
S

least 1 — 4.
If the algorithm decides that p € P, we say that it accepts p. Otherwise, we say that
the algorithm rejects p.
An algorithm to complete an estimation task can be given as a quantum event F
on (C%)®" satisfying:
peP — E[E]>1-,

pen

di(p,P) > e = E [E] < 0.
pen
To complete such an estimation or property testing task, an algorithm needs to measure
a number n of copies p®" of the unknown state p. The problem is to design algorithms that
minimize n as a function of the parameters d, €, and 9, ignoring constant factors.
For property testing tasks, the error probability o can always be easily improved:

Remark 2.7.2. Given an algorithm A that completes a property testing task 7 (d, €, 1/3) using
n copies, one can run A independently N times, using n - N copies of p in total, and expect
that 2/V/3 of the outputs (which are either ACCEPT or REJECT) to be correct. Thus, picking
the majority output yields an answer that, by standard amplification techniques, is correct
with probability at least 1 — O(e~). Therefore, A can be easily converted to an algorithm A’
that completes the task T (d, €, d) using O(n -log(1/9)) copies of p for any 6 > 0.

2.8. Miscellaneous lemmas

In this section, we prove a few key lemmas needed in the following chapters. Let H denote
a finite-dimensional Hilbert space.
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2.8.1. A special version of Chebyshev’s inequality. Our main property testing results
in Chapter 3 depend on a special version of Chebyshev’s inequality proved below:

Lemma 2.8.1. Fiz 1> 0 and let X(l), e ,X(”) denote a sequence of random variables with
E[X(Z)] = foralli=1,...,n. Let b(z) and v(z) be functions such that:
i. b(z) and v(x) are nondecreasing on [0,00);
. b(x)/x? and v(x)/x?® are nonincreasing on [0, 00).
If the following upper bound holds,
b
(10) Var[X™] < O ((_l;) + M) :
n n

where the constant implicit in the O(_) notation does not depend on n, then there exists a test
that distinguishes with high probability between the case p < 0.990 and p > 6 provided n is
sufficiently large, viz.

b(f) v(0)
(11) nZC’max{ F’T}

PROOF. The test checks if X is above or below a certain threshold:
X™ <0.9950 = output “u < 0.990”
X™ > 0.9950 = output “u>0".

To prove correctness, we show that by adjusting the constant C' in the lower bound Equa-
tion (11), the standard deviation stddev[X ] can be made arbitrarily small. Thus, if 4 is
sufficiently distant from the testing threshold 0.99560, then the probability of an error is low by
Chebyshev’s inequality.

Suppose g < 0.996. Since b(z) and v(z) are nondecreasing,

W) o) _ O) | o(0)

n? n n? n
By Equation (11), n > C/b(0)/0 and n > Cv(6)/6, so

b(p) | v(p) _ b))  w(@) 0> 0
< < — —.
n? + n — n? + n — (2 + C

Thus, by Equation (10),
1 1
Var[X"] <O = + = | 0%
ar| | < ( o + C)
Hence, for C sufficiently large, StddeV[X(")] < 0.0016. Since p < 0.996, the output of the
test is only incorrect if X ™ — 1 > 0.0050 > 5 - stddev[X (”)]. By Chebyshev’s inequality, the

probability of being at least five standard deviations away from the mean is at most 1/25.
Suppose p > 6. Since b(z)/z* and v(z)/z* are nonincreasing on [0, 00), it holds that

M<@andm<@
2 g2 2 oz
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Thus, by Equation (11),

2 0 2
1

nZC’maX{ M v(u)}'
1

Hence, by Equation (10),
n b(p) | v(w) L1y o

Therefore, for C' sufficiently large, stddev|[X (")] < 0.001p. Since p > 6 by assumption, it
holds that 0.9954 > 0.9956, so the output of the test is only incorrect if 1 — X ™ > 0.005u >
5 - stddev[X ]. By Chebyshev’s inequality, this occurs with probability at most 1/25. n

2.8.2. Lifting quantum events to projections. Due to their idempotent property,
projections are simpler to work with than quantum events. The following result, a special
case of Naimark’s dilation theorem [43], shows that every quantum event can be lifted to a
projection at the expense of adding a qubit component (i.e. a quantum state on C?) to the
quantum system.

Theorem 2.8.2 (Naimark). For any quantum event A € B(C?), there exists a projection
IT € B(C? ® C?) such that, for any quantum state p € B(C?),

p@%m‘[ﬂ] B Ep)[A]'

2.8.3. A simpler formula for fidelity. Below we give a simpler formula for the fidelity
F(p, o) when o is a conditioned version of p (such results are sometimes known under the name
“gentle measurement”; see e.g. [57, Corollary 3.15]):

Lemma 2.8.3. For all positive operators X, Y € B(H), F(X,YXY) = (X,Y).

PROOF. Since VXY VX > 0 and
VXYXYVX = (VXY VX) - (VXY VX) = (VXY VX,

it follows that

F(X,YXY) = tr (\/\/YYXYJY) — tr ( (ﬁyﬁ)z)
= tr (VEYVX) = tr(XY) = (X,V). .

Corollary 2.8.4. Let A € B(H) be a quantum event. For all quantum states p € B(H),

E,[VA]

Moreover, if A =11 is a projection, then

F(p: pl) = , /B
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PRroor. By Lemma 2.8.3,

F(p,plya) = F (p, %) = < ’—\EﬁA]> _E, V4]

If A=1Iis a projection, then VA = vII = II. ]

Below we give a further formula for F(p, p| /z) in terms of the Bhattacharyya coefficient
using the spectral decomposition of A. This result may be obtained as a special case of a
theorem of Fuchs and Caves [20].

Proposition 2.8.5. Let p € B(H) be a quantum state and let A € B(H) be a quantum event
with spectral decomposition A = Zle NI as in Theorem 2.1.3.

If p is the probability distribution on [k] determined by the measurement M = (I, ... 1)
on p and q is the one determined by M on p| 5, then

E(p, ply2) = BC(®, q).
PROOF. By definition, p; = E,[II;] and
oo B )~ EVAVAD Ol A
Plya Ep [A] Ep [A] Ep [A]
for all i =1,..., k. Hence, by Corollary 2.8.4,
E,[VA]
E,[4]
Ep [Zf:l \/XHZ]
E,[A]

_ Zf:l \/TiEp[Hi]
- E,[4]

_ X _1\/_“ Z lpl - /b = BC(p, q). n

2.8.4. Naive expectation estimation. The following lemma provides a simple method
for estimating the expected value of a quantum event E with respect to a quantum state p
using n copies of p.

F(p, plz) =

Lemma 2.8.6. Let E € B(H) be a quantum event and let 0 < €,6 < 3. Then there eists
= O(log(1/6)/€?) (not depending on E) and a measurement M = (A, ..., A,) such that, for
any quantum state p € B(H),

P{E—tr(pE) > el <6,
n

where k € {0,...,n} is the random outcome of the measurement M applied to the state p®".
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Moreover, for any parameters 0 < 7,¢ < 1, there exists a quantum event B such that
tr(pE) — 7| >c+e = g[B]zl—éand
p n
tr(pE) — 7| <c—e = E[B] <.

pE™
Additionally, if E is a projector, then so is B.

PROOF. Let Fy = F and Ey = 1 —F. For all z € {0,1}", let E, € B(H)®" be defined by
E,=E, ®FE,® ---®FE, . Fork=0,...,n,let Ay, € B(H)®" be the quantum event defined

by
Ay= > E.
ze{0,1}"™
|x|=k
Let M be the measurement defined by M = {A,,..., A,}.
Thus, if k € {0,...,n} is the random outcome of measuring p®" according to M, then

k is distributed as Binomial(n, tr(pFE)). Hence, if n = O(log(1/d)/€*), then, by Hoeffding’s
inequality [31],

p||E- tr(pE>' > < 2emp(-2e) <5

n
Let parameters 7, ¢ € [0, 1] be given and let the function f : [0,1] — {0, 1} be defined by

#t) = {1, t—7] >,

0, otherwise.

Finally, let the quantum event B be defined by

B =Y f(k/n)A.

Thus, if k ~ Binomial(n, tr(pFE)), then

n

>

If c4 € <|tr(pE) — 7|, then |tr(pE) — k/n| < € implies |k/n — 7| > ¢. Hence,

B B = 3" Pl = K- (/) = E[f(k/m] = P |

- =T
pen

k [ k |
E[B|=P||——7|>c¢| >2P||— —tr(pE)| <e| >1—6.
pe™ L n ] | n ]
If c — e > |tr(pE) — 7|, then |tr(pE) — k/n| < € implies |k/n — 7| < c¢. Hence,
— [k | | k |
E[B]=P||——7|<c| >P||— —tr(pE)| <e| >1—0.
p®" n ] n ]

If E is a projector, then Ay, is a projector and Ay A, = ApAr =0 for all k,¢ € {0,...,n}. Since
B is a sum of orthogonal projectors Ay with k& € {0,...,n}, it follows that B is a projector. m
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2.8.5. The damage lemma. The following result is part of the “Damage Lemma” of
Aaronson and Rothblum [4, Lemma 17]. Since the original proof of the “Damage Lemma” was
found to be incorrect [39], we provide a slightly different proof by induction below:

Lemma 2.8.7. Let Sy,...,95, be arbitrary quantum operations on d-dimensional quantum
states. Let p be a quantum state on C? with p; = tr(S;(p)) > 0 for all i € [m]. It holds that

(S S100) =il <23 g (A ).

ProOOF. For all k € [m], let pp = p1---pr and o, = Si(p)/ tr(Sk(p)). For all self-adjoint
matrices X, |tr(X)| < || X||; and [|S(X)]|; < || X1 for all quantum operations S. Hence,

[tr(Sin (- - 51(p))) = | = [tr(Sin (- ~'51( ) —p[m 1) tr(Sm(p))]
= [tx(Sm (- - S1(p)) = Pim—115m(p))|
= [tr(Sm (S (- 51( )) Pim-11))]
< 1S (Sm-1(- - 51(p)) = Ppn-110) |11

1
) =
) = Pim—1)0m—1l1 + |Ppm—1]0m-1 — Pim—-yp|l1
) —
) —

< [Sm-1(- -+ S1(p)) = Ppm—11plla

< |[Sm-1(-- - S1(p)

= ”Sm 1( Sl(ﬂ) Pim— 2]Sm 1( )||1+2pm 1]dtr(0m 1,P)
(- S1(p)

S HSm 2 Sl P pm 2PH1+2P[m I]dtr<0m 17,0)

Note that ||S1(p) — piplli = pillor — plli = 2ppydec(o1, p). Therefore, by induction,

[tr(Sm (- 51(p)) = | < [|Sm—2(- -+ S1(p)) — Ppm-21llt + 2Dm—1)dix (01, )

m—2

<2 Z Pl - dtr(gka P) + 2p[m71]dtr(0-m—17 p)
k=1
m—1

<2 P - die(Ok, p). |
k=1

Lemma 2.8.7 compares the probability tr(Si(p)) - - - tr(Sy(p)) that the operations Sy, ..., Sy,
accept the same state p independently with the probability tr(S,,(---Si(p))) that all S, ..., Sy,
accept when applied sequentially to the initial state p.

2.8.6. Quantum union bound-style results. The following inequality, which appears
in the proof of [44, Theorem 1.3|, will be used in Chapter 5 to show that when S,..., S,
are applied sequentially to the initial state p, the probability of observing S, ..., 5,1 accept
and S; reject for certain “good” values of t € [m] is bounded below by a positive constant for
specific p and S1,...,S,.

Lemma 2.8.8. Let p be a mized quantum state and let Ay, ..., A, denote quantum events
on C* with E,[A;] > 0 for alli € [m]. Letpy =1, qo = 1, po = p, pi = 1 — E,[A;], and
pi = pi—1| gz for alli € [m].
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Suppose the measurements (Ay, A1), ..., (Am, Ay) are applied to p sequentially; for all
t € [m], let ¢, denote the probability of observing outcomes Ay, ..., Ay and let s, denote the
probability of observing outcomes Ay, ..., Ay_1, A;. It holds that

1< V/am F(p, pm) + Zx/s_\/P_

PRrROOF. Since 1 = ¢oF(p, po) and ¢; = ¢i—1 - E,, ,[A;] for all i € [m],

m

> (Va1 Fp. pie1) — V@i Flp, pi)

i=1

' (V@IN@Ma)—WEECE}MF@%W>

M(F(Pa pi-1) — pE [Ai] F(p, Pz))

1 = /@ F(p, pm)

I
NE

Il

i—1

=1

By [44, Lemma 2.1] and the inequality 1 —/A; < A;,

F(p,pi1) — | E [A]F(p,p) < \/gu —@MPE 1-V/4) < \/gm ﬁnjl[zz-].

Pi—1 i—1

Hence,

L= V@ F(ppm) <3 \/—qi_l\/l«pz[zi] ¢E A< Ve .
i=1 - i=1
Finally, for the “unique decoding” part of our Hypothesis Selection routine (cf. Chapter 5),

we will use a related result, Gao’s quantum union bound [21]:

Lemma 2.8.9. Let I1;,...,1I,, € B(H) be projections. For any quantum state p € B(H),

p

EML~I%MHy~HMWZl—4§5EﬁJ

Corollary 2.8.10. In the setting of Lemma 2.8.9, suppose E,[II;] > 1 —€ for all1 <i <m.
If an algorithm sequentially measures p with (111, 11;),. .., (IL,,,IL,), then the probability that
the measurement outcomes are precisely 11y, ... 1L, is at least 1 — 4dem.



CHAPTER 3

Quantum state certification

In this chapter, we consider property testing and estimation problems related to the quantum
state certification problem: given measurement access to copies of an unknown quantum state
p and either a mathematical description (e.g. the density matrix) or measurement access to
copies of another (possibly unknown) quantum state o, the state certification task is to, with
high probability, distinguish between p = o or d,(p, o) > € for a given quantum dissimilarity
measure d, (cf. Section 2.5).

We show that O(1/¢?) copies are sufficient to complete the state certification task with
respect to Hilbert—Schmidt distance:

Theorem 3.0.1. There is an algorithm that, given n = O(1/€*) copies each of unknown mized
quantum states p,o € B(C?), with high probability distinguishes between dug(p, o) < 0.99¢ or
dHS<p7 J) > €.

As a consequence of Theorem 3.0.1, we obtain an algorithm for state certification with
respect to trace distance using O(d/€*) copies:

Corollary 3.0.2. There is an algorithm that, given n = O(d/e?) copies each of unknown
mized quantum states p,o € B(CY), with high probability distinguishes between dy.(p, o) = 0 or
du(p,0) > €.

Furthermore, if at least one of the states measured is close to a state of rank k, then the
number of copies needed is O(k/€?), an improvement if k is significantly smaller than d:

Theorem 3.0.3. If either p or o is close to having rank k, in the sense that the sum of its
largest k eigenvalues is at least 1 — &8, then there is an algorithm that, given n = O(k/€*)
copies of each p,o € B(C?), with high probability distinguishes between dys(p, o) < 0.58¢/vVk
or diy(p,0) > €+ 0.

Additionally, we show that state certification with respect to Bures y?-divergence can be
completed with O(d/e?) copies:

Theorem 3.0.4. Let o € B(CY) be a known quantum state with smallest eigenvalue at least
ce?/d for some ¢ > 0. There is an algorithm that, given n = O(d/e*) copies of p, with high
probability distinguishes between d,2(p,o) < 0.99¢* and d,2(p, o) > €.

As a consequence of Theorem 3.0.4, we obtain a state certification algorithm with respect
to fidelity:

Corollary 3.0.5. Let 0 € B(C?) be a known quantum state. There is an algorithm that,
given n = O(d/e) copies of p, with high probability distinguishes between F(p,0) <1 — € and
dy2(p,0) < 0.49€.

This chapter draws on material originally published in [12].

37
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3.1. Efficient quantum estimators

The connection between observables and random variables presented in Section 2.3 allows
us to import notions from classical statistics into the quantum setting. In this section, this
connection is used to define (unbiased) quantum estimators and introduce the notion of
statistical efficiency of a quantum estimator. These notions are used to formulate a structure
theorem for efficient quantum estimators in situations where the statistic of interest is unitarily
invariant.

Let V be a finite-dimensional Hilbert space. Let S denote a set of quantum states on V'
and let f: S — R be a statistic on .S. The set S serves to restrict an estimation problem to a
particular class of quantum states. S will be gradually restricted, as needed, from an arbitrary
set of quantum states to a set of multipartite quantum states of the form p®" or p®" ® o®",
where p and o are quantum states on C.

DEFINITION 3.1.1. An estimator for f is an observable O € End(V') such that E,[O] = f(p)
for all p € S. An estimator O is efficient if Var,[O] < Var,[0'] for all estimators O" € End(V)
for f.

Henceforth, fix V' = (C%)®" and let S denote the set of states of the form p; ® --- ® p,,
where p, ..., p, are quantum states on C¢.

DEFINITION 3.1.2. A statistic f : S — R is wunitarily invariant if f o Ady = f for all
U € U(d). An observable O € End(V) is unitarily invariant if Ady(O) = O for all U € U(d).

Let ® be the map on observables O € End(V') defined by
®(0) = / Ady(0)dU,
U(d)

where dU denotes the Haar measure on U(d). Note that ® preserves self-adjointness and, hence,
maps observables to observables.

Proposition 3.1.3. If O is an estimator for a unitarily invariant statistic f, then ®(O) is
also an estimator for f, and Var,[®(O)] < Var,[O] for all p € S.

PROOF. The map & is positive and unital. Since f is unitarily invariant,
B2(0)) = [ (A0 U = [ fadn(@) v = [ fle)av ~B(O]
U(d) U(d) (d)
Hence, by Lemma 2.3.5, Var,[®(O)] < Var,[O]. u

The following result relates the image of the map ® to the symmetric group algebra
CG,, and the representation P, using the Schur-Weyl duality theorem. For a proof, see
e.g. [14, Proposition 2.2].

Proposition 3.1.4. The map ® is a projection into P(CS,,).

Thus, by Proposition 3.1.3, if O is an efficient estimator for a unitarily invariant statistic f,
then ®(0O) is also an efficient estimator for f. Hence, the next corollary follows immediately
from Proposition 3.1.4.
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Corollary 3.1.5. To find an efficient estimator for a unitarily invariant statistic f : S — R,
it suffices to consider estimators of the form P(X) with X € C&,,.

In light of Corollary 3.1.5, we introduce the following (abuse of) notation:

Notation 3.1.6. Let E, be extended to a map on elements X € C&,, defined by E,[X] =
E,P(X)]. Thus, E,, Cov,, and Var, are defined directly on elements of C&,, via the
representation P.

If v = (i1 g -+ i) € &y, let tr, be defined by tr, (o) = tr(p; pi, - - - pi,). The following
proposition establishes a formula for the expectation E,[r] of a permutation 7 € &,, with
respect to a state p € S. (Caution: 7 is not in general an observable.)

Proposition 3.1.7. Let m € &,, be an arbitrary permutation. If m = 1 ...V is a decomposition
of m into disjoint cycles, including cycles of length 1, then

Bl = [[ s (o).

PROOF. In light of the tensorization property of E, and the fact that ¢ is an n-partite
quantum state, the problem reduces immediately to the case when 7 is an n-cycle. Without
loss of generality, suppose 7 = (1 2 ... n). Thus,

tr(pipz - pn) = Z (vi]p1lva) - -+ (Vnlpnlvr)

vE[d]”

= >~ (lpifa(©)2) - (walpalr(v)a)
vE[d]™

= 3 (elelm(v)) = tr(0P(x ) = B[] "
veld]™

Remark 3.1.8. In describing the cycle type of a permutation 7 € &,,, it is common to
omit mentioning 1-cycles. Conveniently, this would have no effect in Proposition 3.1.7, since
tr(p;) = 1 anyway for all i.

DEFINITION 3.1.9. The group I' of permutation invariants of the set of states S is defined
by

I={r€6,|VoeS, VX € C&,, E[r 'Xn| =E[X]}.
4 4

Note that the definition of I" depends on S. For all X € C&,,, let X' € C&,, be defined by

1
X' = WZW_IXW.

el

Thus, X'7 =7XT forall 7 € I and X € CG,,.
Proposition 3.1.10. For all self-adjoint elements O € CS,, Var,|O'] < Var,|O].

PROOF. The map O +— OV is positive and unital. Moreover, E,[O'] = E,[O] for all
O € CG,,. Hence, by Lemma 2.3.5, Var,[O"] < Var,[O]. ]
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Corollary 3.1.11. To find an efficient estimator for a unitarily invariant statistic f : S — R,
it suffices to consider estimators of the form P(X) with X € CS,, and X7 =71X for all T €T.

The group I" acts on &,, by conjugation, viz. 7 € I" acts on &,, by m — 7 'z7. This action
partitions the group &,, into disjoint orbits: &,, = Oy U --- U Oy, where two permutations
m and 7 belong to the same orbit O; for ¢ € [¢] if and only if there exists 7 € ' such that
77 m T = my. It is easy to see that an element X € C&,,,,, commutes with all elements of T’
if and only if X is constant on the orbits Oy, ..., O, defined by I'. Let ¢; € CS,,, denote
the indicator function of the orbit O; for i € [¢]. Thus, the set {¢1,...,¢,} forms a linear
basis for the elements X € CG&,, that are constant on the orbits Oy,...,Oy. Therefore, by
Corollary 3.1.11, it holds that:

Proposition 3.1.12. To find an efficient estimator for a unitarily invariant statistic f : S — R,
it suffices to consider estimators of the form P(X) with X = ay¢1+- - -+aepe, whereay, ... ap €
C and ¢1, ..., Qs are indicator functions on orbits Oy, ..., Oy, respectively, determined by the
action of I' on &,,.

3.1.1. Case: p = p®". Let S denote the set of states of the form ¢ = p®", where p is a
quantum state on C?. Let o € R? denote the spectrum of p (taken in some arbitrary order).

When p is a state of the form p®", the expectation E,[n] of 7 € &,, has a particularly
simple formula:

Proposition 3.1.13. For all m € &,, with cyc(n) = K, E,[n] = p.(a).

PRrROOF. Let ¢ denote the number of disjoint cycles in the decomposition of 7. By Proposi-
tion 3.1.7,

Elr] = tr(p™) - - tr(p™) = pe, (@) - - - P, (@) = pr(a). u
Thus, E,[7] depends only on the cycle type of 7. Since the cycle types of mmy and mom;
are equal for all 71, m € G,,, the following result holds:

Proposition 3.1.14. For all X,Y € CG,,, E,[XY]| = E,[Y X].

Proor. For all m,m € &,, cyc(mmy) = cyc(mm). Hence, by Proposition 3.1.13,
E,[mim] = E,[mm] = ps(a), where k = cyc(mms). It follows by linearity that E,[XY] =
E,[YX] for all X,Y € CG,,. u

Thus, we obtain the following strengthening of Corollary 3.1.5:

Proposition 3.1.15. To find an efficient estimator for a unitarily invariant statistic f : S — R,
it suffices to consider estimators of the form P(X) with X € Z(C&,,).

ProoF. By Proposition 3.1.14, I' = &,,. The statement follows immediately from Corol-
lary 3.1.11. [ ]

The expectation E,[X] of an estimator X € Z(C&,,) can be expressed as a linear combination
of px(«) with k F n where, recall, « is the spectrum of p. By Proposition 2.6.4, the elements
O, € CG,, with k - n form a linear basis for the real vector space of self-adjoint elements of
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Z(C6,,). Hence, an estimator X € Z(CG&,,) can be expressed uniquely as a linear combination

of the form
X = Z al’iOFi?

kkn

where a,, € R for all k = n. Thus, by Proposition 3.1.13,

]E[X] = Zan EQ)[O/@] - Zanpn<a)'

Moreover, an estimator X € Z(C&,,) is unique, as the following result shows.
Proposition 3.1.16. If X;, X, € Z(CG&,,) are estimators for f: S — R, then X; = Xs.

PROOF. Suppose X; = > a0, and Xy = > b,0,. Since X; and X, are estimators for
f S — R, it follows that

Zampf@(a) = ]E[Xl] = E][Xﬂ = Z bnpn(a)'

Kkbn kkn
Thus, if h(«) is defined by
h(a) = Z(an — be)pe(),
KFn

then h(a) = 0 for all @ € RZ with ||a|l; = 1. Note that & is a homogeneous polynomial of
degree n in . Hence, if x € RY with ||z|; > 0, then

pte) = (llell - ) =l () =0

Thus, h(x) = 0 for all z € Ri. Since h is a polynomial, it follows that A = 0. Therefore,
a, = b, for all kK n, so X; = Xo. [

Therefore, all observables in the center of CG,, are efficient estimators:
Corollary 3.1.17. If X € Z(C&,,) is an estimator for f : S — R, then X is efficient.
PRroOOF. The result follows from Proposition 3.1.15 and Proposition 3.1.16. [ ]

Example 3.1.18. By Corollary 3.1.17, O, is an efficient estimator for f(o) = p.(a). In
particular, suppose k = (k, 1,1, ... ), which we will denote simply as (k) (recalling Remark 3.1.8).
Then Oy, is an efficient estimator of f(o) = tr(p¥).

3.1.2. Case: o = p¥" ® c®". Let S denote the set of states of the form o = p®" ® o®",
where p and o are quantum states on C%. Let a € R? and 8 € R? denote the spectra of p and
o, respectively. The group I' of permutation invariants of S can be described as follows:

Proposition 3.1.19. I' 2 &,, x &,,, where (m,m) € ' embeds in &,,1,, in the natural way,
viz. by applying w1 to {1,...,m} and applying w5 to {m,...,m +n}.

PROOF. Let I' be as in the statement of the proposition and let 7 € I'. The conjugation

7+ 7 77 applies 7 to each index in the cycle decomposition of . Hence, if 7 acts as in the

statement of the proposition, then, by Proposition 3.1.7, E,[r] = E, [t~ '77].
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Conversely, let 7 € &,,,, and suppose there exists an index ¢ € {1,...,m} such that
(i) € {m+1,...,m+n}. Thus, if 7 = (1 i), then E,[r] = tr(p*) and

1 Jtr(po), (1) €{1,...,m},
Bl ] = {tr(ag), (1) e{m+1,...,m+n}.

Since p and o are arbitrary quantum states, it follows that 7 & T". [ ]

To find an efficient estimator with respect to S, it is sufficient, by Proposition 3.1.12, to
consider functions X € C&,,,, which are constant on the orbits defined by the action of I" on
6m—i—’n~

Notation 3.1.20. Since I' acts on G,,,,,, by conjugation, the orbits of I' refine the conjugacy
classes of G,,1,. An orbit of I' is uniquely determined by a signature consisting of a cycle type
and a map that associates each index in the cycle type with either p or ¢. For instance, the
signature (p o) identifies the orbit of I' which consists of all transpositions that exchange an index
in {1,...,m} with an index in {m + 1,...,m + n}. Note that (po) = (o p). Similarly, (ppo)
denotes the set of 3-cycles with two indices in {1,...,m} and one index in {m + 1,...,m + n}.

If s is the signature of an orbit of T, let O, € C&,,,+,, denote the average of all elements
in the orbit. For example, O(,,) denotes the average of all transpositions in the (po) orbit
described above.

Example 3.1.21. By Proposition 3.1.7, O, is an estimator for f(o) = tr(po).
Moreover, O, ,) satisfies the following uniqueness property:

Proposition 3.1.22. If X € C&,,, is an estimator for the statistic f : S — R defined by
f(o) = tr(po) and X is of the form presented in Proposition 3.1.12, then X = Opq).

PROOF. In the case when p = o, X becomes an estimator for tr(p?). Then, by Proposi-
tion 3.1.13, E,[X] can be expressed as follows:

BX)= Y awila)

where « is the spectrum of p and a, € R for all kK = m + n. Since E,[X] — pa(a) = 0 for all
a € R? with ||a]|; = 1, it follows, as in the proof of Proposition 3.1.16, that a, = 0 for all
k= m+n with £ # (2) and a2y = 1. Thus, in general, X = aOy,,) + bO(, o) + cO, ) With
a+b+c=1. Since E,[X] = tr(po), it follows that c =1 and a =b = 0. n

A similar argument proves the following:

Proposition 3.1.23. If X € CS,,, is an estimator for the statistic f : S — R defined by
f(o) = dis(p,o) and X is of the form presented in Proposition 3.1.12, then X = O,, +
Do) = 20(p0).-

Thus, the estimators obtained for tr(po) and djg(p, o) are efficient:
Corollary 3.1.24. O, is an efficient estimator for f(o) = tr(po).
Corollary 3.1.25. O,,) + Oy — 20(,,) is an efficient estimator for f(o) = Dig(p, o).
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3.2. Hilbert—Schmidt distance and related estimation

In Corollary 3.1.24 and Corollary 3.1.25, we obtain observables which are efficient quantum
estimators for the quantities tr(po) and dys(p, o) determined by two quantum states p and o.
In this section, we establish upper bounds on the variance of these estimators.

3.2.1. Purity, and testing identity to the maximally mixed state. Let p be a
quantum state on C%, let o = p®" denote n copies of p, and define f(o) = tr(p?). The quantity
tr(p?) is called the purity of p.

Since djg(p, o) = tr(p?) — 2(p, o) + tr(c?),

1 2 1 1
d ) =tr(p?) - S+ S =tr(p?) — .
Thus, up to an additive constant depending on the dimension d, the purity of p is equal to the
squared Hilbert—Schmidt distance between p and the maximally mixed state.

By Corollary 3.1.17, E,[O)] = tr(p?) is an efficient estimator for purity. The following

result gives an explicit formula for the variance of O(y):

Lemma 3.2.1.
Var(O) = (1= pa(0)?) + 22 gu(a) = pafa)?).
¢ (5) (5)

PROOF. By definition, O(y) is the normalized sum of all transpositions in &,,. The product
of two transpositions is either the identity, a 3-cycle, or a product of two disjoint transpositions.
Thus, to compute 0(22), it suffices to consider the following counting problem: given two
uniformly random transpositions 71 and 75 from &,,, what is the probability that 77 is the
identity, a 3-cycle, or a product of two disjoint transpositions.

There are, in total, (Z)2 choices for 71 and 7. 775 = id if and only if 7 = 7, so Ty7» is the
identity with probability: ( )

5 1
2

P

()
T1T2 is a permutation of cycle type (2, 2) if and only if 71 and 75 are disjoint, which occurs with

probability: , ,
G5 (%)

n\ 2 n\ -
(2) (2)
Finally, 7173 is a 3-cycle if and only if 71 and 7, share exactly one index. If 7 = (i j), then

Ty = (i k) or 75 = (j k) for some k # i, j. In each case, there are n — 2 choices for k, so the
probability that 717 is a 3-cycle is:

(5) 200 —2) _2(n—2)
()" ()
Hence, since all permutations of cycle type x for x € {(1), (3),(2,2)} are obtained as products
of two transpositions, it holds that

1 2n — 2 n2

() ()
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Therefore, by Proposition 3.1.13,

and the lemma follows. ]

Using Lemma 3.2.1, we can prove our main result on state certification with respect to
Hilbert—Schmidt distance in the special case when ¢ is known to be the maximally mixed
state (cf. Example 2.2.2). (This result was originally proven, in a slightly more opaque way,
in [45, Theorem 4.1].)

Proposition 3.2.2. There is an algorithm that, given n = O(1/€?) copies of the state p € B(C?),
with high probability distinguishes between dus(p, 3) < .99¢ and dus(p, %) > €.

PROOF. Since dig(p, =) = tr(p?) — 3, the observable O — % is an unbiased estimator
of the distance dig(p, %) between p and the maximally mixed state. Let o € R? denote the
spectrum of p. The variance of this estimator is given by:

1
Var {O(m - E} = Var[O)]

= B0} ~ B0
= B0})] - pa(e)
1 2(n-2)
ARG
1 2(n-2) 2(n—2)+1
ARG @)

0 (ni) (1= pa@)?) 1 0 (%) - (s(a) — pa(a)?).

ps(a) + (1 —

paa) — p2(04)2

In order to apply Lemma 2.8.1, we would like to bound p3(cr) — pa(a)? by diis(p, %). To this
end, we rewrite ps(a) — pa(a)? in terms of py(A) and p3(A), where A € R? is the difference
vector defined by A; = a; — 1/d for all i = 1,...,d. Note that dig(p, 2) = po(A). Expanding
and simplifying the terms on the LHS below, we obtain:

2 1 1

p2(A) = pa(a) — Epl(a) + i pa(a) — 7

2 1
p2(A)2 = pz(@)z - C—ZP2(04) + E;

1 3 2

Po(8) = py(@) — pale) + pr(a) — 5 = pal) — pa(e) + .
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Hence,

1 1

ps(8) = pa(A) = pal@) = pa()* = gpala) + 5.

50 pa(@) — p2(a)® = p3(A) — pa(A)? + 3pa(A). Therefore,

1 1
pale) = ) = () = oA + () < 20m(2) =2 (7).
Finally, we conclude that

d? 1
Var {0(2) - 1] = Var [Oy)] <O (i + M) _
¢ 0

d n? n

The result now follows immediately from Lemma 2.8.1. |

3.2.2. Linear fidelity. Let p and ¢ be quantum states on C?, let o = p®™ ® ¢®", and
define f(o) = tr(po). The quantity tr(po) is sometimes called the overlap or linear fidelity
between p and o. By Corollary 3.1.24, O, is an efficient estimator for the statistic f. The
following result gives an explicit formula for the variance of O, ).

Proposition 3.2.3.

1 1—-m-—n 1 1 1 1
Var|O, | = — + ——tr 24 21— =) tr(p? —(1==) tr(po?).
O] = oo+ e (oo 4 (1= ) (i) + - (1= 1) (o)
PROOF. The proof uses a counting argument very similar to the proof of Lemma 3.2.1.
Given two transpositions 71 and 7 of type (p ¢), i.e. 71 and 75 swap one of the m copies of p
with one of the n copies of o, their product 7,7, is either equal to the identity, a 3-cycle of type
(p p o) or(poa), orof type (p o)(p o).
The product of two uniformly random transpositions of type (p o) is:
the identity with probability %;
of type (po)(po) with probability (1 — L) (1 —1);
of type (ppo) with probability (1 — +);

and of type (po o) with probability L (1 — 1).

O O O O

Therefore,

1 1 1 1 1 1 1
2
Oy =1 +(1 - g) (1 - 5) Opopo) 5(1 - E)Qppo) +— (1 - 5) Opoo)- ®

3.2.3. Squared Hilbert—Schmidt distance. Let p and ¢ be quantum states on C%, let
0= p¥"®c®" and define f(p) = dis(p, o) = tr(p?) + tr(c?) — 2tr(po). By Corollary 3.1.25,
Owp) + Owo) — 20,0 is an efficient estimator for the statistic f. In this section, we give an
explicit upper bound on the variance of this estimator.

Lemma 3.2.4. Cov[O,,), O] = 0.
o
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Proor. Note that O,,) = O) ® 1, where O(y) is defined on the first m components of
the tensor product. Similarly, O, ,) = 1 ®0 2y, where O(y) is defined on the last n components
of the tensor product. Hence, by Equation (2),

CgV[O@p)a Owo)l = CgV[O@) ®1,1®0)] = 0. u

2 (tx(p20) — tr(p?) tr(por)).

Lemma 3.2.5. Cov[O,,),O(,0)] = —
] m

PROOF. A permutation of type (pp)(po) or (ppo) is uniquely determined by a product of
two transpositions of types (pp) and (po). Hence,

2 2
O(PP)O(F’U) = Eo(ppa) + (1 - E) O po)-
Therefore,

CSV[O(,OP% O(pa)] = };—"[O(pp)o(pa)] - ]E[O(pp)] [O(PU)]

©

2 2 2 2 2
= Z (o) + (1= 2) ) o) — () (o)
_ 2 tr(p’c) — ztlr(p2) tr(po). u
m m
Proposition 3.2.6. If m = n, then

1 dis(p,o
Var(Og)) + Owa) = 20(0)] = 0( + M)

n? n

PRrROOF. Let V = Var,[O,,) + Oro) — 20(,,)] denote the variance of the estimator
from Corollary 3.1.25. Since O, ), O o) € CI', O, ) and O, 5y commute with each other and
with O, ). Hence, by Lemma 3.2.4,

V= Vgr[(’)(pp)] + V?.I'[O(JU)] + 4V§lr[0(pg)] —4 CZ)V[O(M;), O(pg)] —4 CSV[O(UU), O(pg)].

Using prior results, we have

Var(Oy,) + VarlOp, ] < o(ni) 2 (1) + (0%) — x(?)? — tx(0%)?),

4 4-38n o 4n—4 9 dn — 4 9
4V§1r[0(pg)] =5t tr(po)” + = tr(p°o) + = tr(po®)
1 4
< O<—2> + —(tr(p°0) + tr(po?) — 2tx(po)?),
n n

and

8
—4 CSV[O(W), Opo) —4 CSV[O(M)7 Opoy) = ——(tr(p’0) + tr(po?) — (tr(p?) + tr(c?)) tr(po)).

n

Therefore,

V<O (%) + %(tr(p?’) +tr(0®) — tr(p?)? — tr(0?)® + tr(p’c) + tr(po”) — 2tr(po)?)
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- %(2 tr(p*c) + 2tr(po?) — 2(tr(p®) + tr(c?)) tr(po))

- O(%) * %(“(Pg) +tr(0”) — tr(p®)” — tr(0”)” — tr(p’0) — tr(po”) — 2tr(po)’)

+ é(2 (tr(p?) + tr(c?)) tr(po))

(tr((p +0)(p = 0)?) = (tr(p?) — tr(pa))? — (tr(0?) — tr(po))?)

~ 3

tr((p+ 0)(p — 0)%)

+=llp+ollee - tx((p — 0)?)

<o(L) +o(L) din.

3.2.4. Consequences for testing. State certification with respect to Hilbert—Schmidt
distance, Theorem 3.0.1, follows immediately from Lemma 2.8.1 and the variance bound in
Proposition 3.2.6. State certification with respect to trace distance, Corollary 3.0.2, follows
from Theorem 3.0.1 and Equation (6).

In the remainder of this section, we give the proof of Theorem 3.0.3, restated below, which
improves Theorem 3.0.1 in the case that one or both of the states p and o is of low rank:

IN
Q
7/ N7 NN
3= 3= F~
N— — "
+
S 3 3

Theorem 3.0.3. If either p or o is close to having rank k, in the sense that the sum of its
largest k eigenvalues is at least 1 — &, then there is an algorithm that, given n = O(k/e?)
copies of each p,o € B(C?), with high probability distinguishes between dys(p, o) < 0.58¢/vVk
or di(p,0) > €+ 9.

PrRoOOF. The algorithm applies the Hilbert—Schmidt tester from Theorem 3.0.1 with prox-
imity parameter n = ce/ Vk where ¢ = 2 — /2. The tester with high probability distinguishes
between dyg(p, o) < 0.99n < 0.58¢/v/k and dus(p, o) > n. To complete the proof, it suffices to
show that dys(p, o) < n implies di(p,0) < 0 + €.

Since both dys(p, o) and di,(p, o) are symmetric and unitarily invariant, we may assume,
without loss of generality, that the state o is close to having rank £ and is diagonal in the
standard basis, viz. ¢ = diag(fi,...,0q) with y > -+ > fgand 51+ ---+ . > 1 — 0.

Let p4 denote the d x d matrix obtained from p by zeroing out all entries (i, 7) with i > k
or j > k. Let pp denote the d x d matrix obtained from p by zeroing out all entries (i, j) with
1<d—korj<d—k. Let pog = p— pa— pp. Let o4, op, and oy be defined similarly. Note
that o, = 0 since o is diagonal.

Thus, by the triangle inequality,

lp=alls = llpa = oalls + lps = Bl + o = oot

The rank of p4 — 04 is at most k. Since pog is the sum of two matrices of rank at most k,
the rank of pog — gog = por is at most 2k. Hence, by the Cauchy—Schwarz inequality and the
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assumption that dys(p, o) < ce/Vk,

1pa = aalli + l|por — Torlli < VEllpa — aalla + V2k| porr — o2

< (VE+V2E)|p—olls < (1 +V2)Vke— = (1 + V2)ce,

€
VEk
where the second inequality holds because pa, pog, 04, and oo are zero-extended submatrices
of p and o, respectively.
To bound ||pp — 0|1, we use subadditivity of ||—||;:
loe — oBlli < llpslli + lloslli = tr(pp) + tr(op) =1 — tr(pa) + 1 — tr(oa).
The first equality follows from the fact pp,op > 0 and that || X ||; = tr(X) for positive operators
X. The second equality holds because 1 = tr(p) = tr(pa) + tr(pp) and similarly for o. Hence,
o5 — oplly <2 = tr(pa) — tr(oa)
=2—tr(pa—oa+o04)—tr(oa)
=2 —tr(pa—oa) —2tr(oa)
=2-(1—tr(oa)) +tr(pa —oa)
= 2tr(op) + tr(pa — 0a)
<20+ [|pa —oals
< 26+ Vkl|pa— aall2
<25+ Villp ~ ol

< 20 + \/EcL
- Vk
= 20 + ce.

Putting everything together, we obtain:

lp—olli < (14 V2)ce + 26 + ce = 26 + (2 + V2)ce = 26 + 2.

1

Therefore, d.(p,0) = 5||p — |1 < 0 + ¢, as needed. n

3.3. Quantum chi-squared estimation

In this section, we define a new unbiased estimator O,z for the Bures x*-divergence d,2(p, o)
between an unknown state p and a known state o. With the aim of applying Lemma 2.8.1 to

obtain a state certification test, we analyze the variance of O,2 and prove that a suitable upper
bound holds.

3.3.1. A 2 observable. In this section, o is assumed to be a known quantum state on
C? of full rank. Recall that the Bures y2-divergence d\2(p,0) between two quantum states p
and o is defined by:

dy2(p,0) = tr((p — o) - (R (p — 0))).
Note that €2, is a quantum operation, so Q,(p — o) is an operator in B(C?).
To simplify calculations, we introduce the following notation:
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DEFINITION 3.3.1. For operators X, Y € B(C?), let w? (X,Y) be the bilinear form defined
by

WP (X,Y) = (X - (2,(Y))).

w? has the following “contraction” property:

Proposition 3.3.2. For all X € B(C%), it holds that ws?) (X,0) =tr(X) = wc(,2)(a, X).

PROOF. Recall that €, is defined as the inverse of R, (X) = 1-(6 X +X0). Since R,(1) =0,
it follows that €2, (c) = 1. Furthermore, R,(Q2,(X)) = X.

Thus, w$? (X, 0) = tr(X - U (o)) = tr(X - 1) = tr(X) and

wP (o, X) = tr(c - (X)) =
= tr(Ro(2:(X)))

e - 2, (X)) +%tr(QU(X)-a)
tr(X). n

I l\')lr—\

Expanding the definition of d,2 and using Proposition 3.3.2 yields a simplified formula for
the divergence:

Proposition 3.3.3. For any quantum state p € B(C?),

dyz(p,0) = WP (p,p) =1 =tr(p- ((p))) — 1.
Furthermore, if o = diag(ps, ..., Ba), then

d 2
de(p,o) = (Z —av;fgj, ﬁj}> - 1.

PRrROOF. By bilinearity of w((f),

dy2(p,0) = tr((p = 0) - (Qlp—0))) = WP ((p = 0), (p — 7))
WP (p,p) = WP (p,0) = WP (0, p) + W (0,0)
Wi (p, p) = tr(p) — tr(p) + tr(o) = WP (p, p) — 1,

where the last two equalities follow from Proposition 3.3.2 and the fact that tr(p) = tr(o) = 1.
Recall from Equation (8) that if o = diag(f1,. .., f4), then Q,(X) = X ©2[(8; + 5;)~ ]” L

Let B = [(8; + 5;) ]” .- Thus,

—

Q@Q

wP (p,p) = tr(p- (W(p) = tr(p- (p©2B)) = Y _ pij(p ©2B);

=1
Syl
_E pii - 2B+ B) o= Y~ u
P j° )P -~ avg{S;, B}

In light of the above, it is natural to define the following observable:
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DEFINITION 3.3.4. The x? observable associated to a quantum state o = diag(fy, .. ., q)
is defined by
i)
X, = —
”ZI ave{ i, B;}
Since

E ] = tr((p® p)X;) = w? (p,p) = dy2(p,0) + 1,

X, — 1 is an unbiased estimator of the Bures y2-divergence between an unknown quantum
state p and the known state o.

We extend X, to an observable on n-copies p®" by applying X, to all ordered pairs of distinct
copies of p and averaging the results, similarly to the purity observable from Section 3.2.1:

DEFINITION 3.3.5. Given distinct i,j € [n], let x4 denote the operator acting on the

n-fold tensor product (C%)®" by applying X, to the i-th and j-th copies of C? in the tensor

product and acting as the identity on the remaining copies. Note that x4 g implicitly

dependent on n.
For n > 2, the averaged x? observable on (C%)®" is defined by

Oy = avg{ X[} — 1,
i

where the average is over all distinct ordered pairs of i, j € [n].

Clearly, the averaged x? observable is also an unbiased estimator for the Bures y2-divergence:

Proposition 3.3.6. The expectation and variance of the averaged x? observable are given by:
E [O,z] = d\2(p,0), Var|O,2| = Var[avg{)c’fij)}],
p®n p®” 7/#]

p®n

The following multilinear form w((,3), which involves terms of the form Xf’j ). Xg(j ’k), will

appear in the analysis of the variance of the averaged x? observable.

DEFINITION 3.3.7. For operators X, Y, Z € B(C?), let ws) (X,Y, Z) be the multilinear form
defined by
WwIX,Y,Z) = tr (X1 X2 (X oY @ 2)).

w satisfies the following “contraction” property:
Proposition 3.3.8. For all X, Y € B(CY), it holds that
wP(X,Y,0) = wP(X,Y) = wP (0, X,Y).

PROOF. Since

- |ijk) (jkil
Xél,Z) . XU(Z,S) _ |
1];:1 ave{ B, B} avg{B;, Br}
it follows that d

Zij Yk Xki
avg{ﬁiv 6]} an{ﬁi’ ﬁk} .

WX Y, Z) =Y

1,5,k=1
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Thus,
d
7Yoo
(3) YZ _ 1] jk kl
wy(0,Y, Z) ij;_l avg{B:, 0;} ave{fi, Br}
B Z Zk;] jkOkk
an{ﬂkvﬁj}an{ﬁk’Bk}
_ i ij ]kﬁk
an{ﬁlwﬁj}Bk
Pyt an{ﬁka ﬁ]}
= CL)(S.Q) <Y7 Z)
Similarly,
d
Vo X
@) v _ Oij ¥ jreNEki
W ( 3 ;U) zk;l an{Bia ﬂj} an{ﬁia /Bk’}
_ i 75 VinXr;

Ao avel By By aved ), Br
_ Z VX
an{Bk B}
= wf, N(X,Y). n
3.3.2. Analyzing the variance of the averaged y? observable. In this section, an

exact formula for the variance of the averaged x? observable is given in Proposition 3.3.9 and
an upper bound on the variance is proved in Theorem 3.3.14.

Proposition 3.3.9. The averaged x?-observable has variance
2(n — 2)
()

PRrROOF. The proof is very similar to the proof of Lemma 3.2.1. Given transpositions
71, T2 € &, there are three cases to consider: the product 7175 may be the identity, a 3-cycle,

or a permutation of cycle type (2, 2).
If 7173 is the identity, then 77 = 75, so X' X2 = (X7)2. Since tr(p1) = 1, it follows that

(S0 XT) = tr(p®h(X])?) = tr(pP2X2).

3

Var [0,.] = %(tr@@%f) (o)) + W (p.p.p) — 0 (p. p)?).

pen

If 77 has cycle type (2,2), then XT* and X7 act on disjoint components of the tensor
product p®™, so

tr(p* AT AT = tr(p™PX,)? = Wl (p, p)?.
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If i1 is a 3-cycle, then, by Definition 3.3.7,
tr(p*" X X) = Wi (p, p, p)-

By the same counting argument used to calculate the variance of the purity observable
in Lemma 3.2.1, it holds that

Var [0,] = —(tr(p™2&2) — @ (p, p)?) + 222

O

To bound the variance of O, we consider the terms tr(p®2x2)—wS

p,p)* and wi¥ (p, p, p)—
w? (p, p)? in Proposition 3.3.9 separately. Let A = p — 0.

Proposition 3.3.10.
WP (p, 0, p) — Wi (p, p)* = WP (A, A, A) + WP (A, 0,A) = dy2(p, 0)°

PROOF. Rewriting p as 0+ A, expanding by multilinearity of wc(,?’), and using the contraction

properties of w and W (Propositions 3.3.2 and 3.3.8), we obtain

W (p,p,p) =wA+0,A+0,A+0)
GA A A) + WP (A 0, A) + 202 (A A) 4 20 (0, A) + WP (A, 0) + wP (0,0
(
(

= Ww
= WA A A) + WA 0, A) + 2d,2(p, o) + 3tr(A) + 1
= WA A A) + WA 0, A) +2d,2(p,0) + 1,

o

where we used the fact that tr(A) = tr(p) —tr(c) =1—-1=0 and d,2(p,0) = WS (A A).
Similarly,

wP(p,p)? = (WP (A, A) +1)7
= wP(A,A)? 4 20P(A, A) +1
:dx2< ) +2d 2(P )

Hence,

WS (0, p, p) — WP (p, p)? = WP (AL A A) + WP (A, 0,A) —dy2(p, o). m

We upper bound wS® (A A, A) and WS (A o, A) separately, and use —d,2(p,0)? < 0.

Proposition 3.3.11.
wP (A, 0,A) < 2d2(p,0).
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PROOF. By definition,

d

AN AN P
Gl (A . A) = E—
Wy ( y 0, ) i’gl an{ﬁia ﬁ]} an{ﬁiyﬁk}

d
_ AyiBiAi
B Z an{ﬁi,ﬁj}Q

'j—l

_ | A7
Z avg{ﬁz, B,y ave{B:, B}

4,7=1
d

| A2
9. _ 1=yl
= jzl an{ﬁi,ﬁj}
= 20D (A, A)
= 2dX2( ,O’),

where we used the fact that o = diag(fy, ..., 84) is a diagonal matrix, A = p — o is self-adjoint,
and f; < 2avg{f;, 5;}. [

Proposition 3.3.12. If the smallest eigenvalue of o is at least § > 0, then

W (A, A, A) < \/2d/6 - dya(p, 0)*>.

Proor. By the Cauchy—Schwarz inequality,

d

A A Ay
GA.A.A) = ij kS ki
wa ) Y
( ) i,j,;:l avg{ﬁia ﬁj} an{ﬁia /Bk}
i AyPAGLE Z Ayl
eyl avg{ B, B;} avg{ 5, Br } i avg{ B, B;} avg{ B, Br }
The sum under the first square root is bounded as follows:
d d d 2
Z | A1 A _ Z Z |A;[?
el avg{ S, B} avg{5:, Bk} = \‘5 avg{ S, B}
2
< zd: A2
= dy2(p, 0)?,

where the inequality holds because all the terms in the summation are nonnegative.
For the sum inside the second square root, the following inequality is used:

avg{ S, B} avg{ B, B} > (0/2) avg{p;, Bk}
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which holds if 6 < 3;, 3;, Bk, < 1. Thus,
d

|A3k| |A3k|
Z avg{ B, 0;} avg{fi, Bi} : Z (0/2) ave{f;, Br }

d

1,5,k=1 i,j,k=1
d
|Ajk|
(CRAD vy ey
= (2d/d) - dyz2(p, 0).

Therefore,
W (A, A, A) < V/2d/6 - dya(p, 0)*>

Proposition 3.3.13. If the smallest eigenvalue of o is at least d > 0, then
B [X2] < 24 + (24/) - dys(p. ).
p

PRrOOF. By the AM-GM inequality, avg{5;, 5;} > w/ﬂiﬁj. Hence,

d d
21, (2) _ PiiPyjj _ PiiPjj
/EQ[XU] =w, (p,p) = Z avg{f;, B;}? - B:B; - (Z::

ij=1 ij=1

() o

Since (a + b)? < 2a? + 2b* for all a,b € R,
A
d +
B (15
p 2
Asil
< 2d*+2 2

)
)

NIVRY
<24 +2 §<Biforalli=1,...,d
< — V0 5i> ( )
d 2
= 2d% + (2/6) - (Z >
J r
< 2d* + (2d/6) - Z (by the Cauchy—Schwarz inequality)
o |Agj[°
< 2d* + (2d/6) - L
< 2"+ (24/3) Z A

= 2d* 4 (2d/6) - d,2(p, o).
Therefore, by Proposition 3.3.13, Proposition 3.3.12, and Proposition 3.3.11,
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Theorem 3.3.14. If the smallest eigenvalue of o is at least § > 0, then

Var|0,.] < % (242 + (2d/6) - dy2(p, o)) + % <\/2d/5 -y (p, )2 + 2.2 (p, 0))

pe"

0 (Z_Z ~dyz(p,0) + g (dy2(p, ‘7)3/2 + dy2(p, U))) .

3.3.3. Consequences for testing. Let o € B(C?) denote a fixed known quantum state
of full rank and consider the task of estimating d,2(p, o) given n copies p®" of p. By unitary
invariance of d,2, we may assume, without loss of generality, that the matrix representation of o
is diagonal in the standard basis, so the averaged x* observable O, defined in Definition 3.3.5
is an unbiased estimator for d,2(p,o). Thus, Theorem 3.0.4, restated below, follows from
Lemma 2.8.1 and the variance bound Theorem 3.3.14:

Theorem 3.0.4. Let 0 € B(CY) be a known quantum state with smallest eigenvalue at least
ce?/d for some ¢ > 0. There is an algorithm that, given n = O(d/e*) copies of p, with high
probability distinguishes between d,z2(p, o) < 0.99¢* and d,2(p,0) > €.

Corollary 3.0.5, which follows directly from Theorem 3.0.4, is a robust “far-in-fidelity vs.
close-in-y2-divergence” tester with no assumption about o’s eigenvalues. A stronger version
of this result is proved below, framed in terms of the squared Bures distance d4(p,0) =
2—-2F(p,0) < d(p,0) (see Definition 2.5.7):

Corollary 3.3.15. Let o € B(CY) denote a fized known quantum state. There is an algorithm
that, given n = O(d/e€) copies of p, with high probability distinguishes between d,z2(p, o) < 0.49€
and d%(p,o) > 0.5¢.

PRroor. Let ®, denote the depolarizing channel defined by

2,(0) = (L= n)p+ 07

Let p' = ®.(p) and o' = & (o), where ¢ > 0 is a small absolute constant to be chosen later.
Since d, 2 satisfies the data processing inequality Equation (9), d,2(p’, ") < dy2(p, o) < 0.49€.
On the other hand, if d%(p, o) > 0.5¢, then, by the triangle inequality,

V0.5¢ < dg(p,0) < dg(p,p') +ds(p',0") + dg(d’,0).
Since d% < 2dy, < 2 (cf. Equation (7)),

< 2ce.

1
P dl,

= Cc€
1

1
(0, 0) < 2, ) = llp — olls = H” — (e —eey

By a similar argument, d4(o, 0’) < 2ce. Thus,
V0.5¢ < d(p, o) < dp(p', o) + 2v/2ce.
Let ¢ be sufficiently small such that v/0.5¢ — 2v/2ce > v/0.495¢. Hence, dg(p',0’) > v/0.495¢, so
dy2(p',0") > di(p,0’) > 0.495¢.
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Therefore,
dy2(p,0) <049 = d,2(p’,0") < 0.49,
dy(p, o) > 0.5¢ = d,2(p',0’) > 0.495¢.

Thus, by applying the depolarizing channel ®.. to p®" to obtain (p’)®" and then using
the tester from Theorem 3.0.4 with ¢’ in place of o and 0.5¢ in place of €2, we can with high
probability distinguish between d,2(p, o) < 0.49¢ and dg(p, o) > 0.5e. u



CHAPTER 4

Quantum separability testing

In this chapter, we consider the problem of testing if a bipartite quantum state is separable
or e-far from all separable states in trace distance. Specifically, given measurement access to
copies of an unknown quantum state p € B((C?)®?), the separability testing task is to, with
high probability, distinguish between p € P or di,(p, P) > ¢, where P = Sep((C?)®?) denotes
the set of separable quantum states on (C¢)®2.

In Section 4.3, we prove that at least €(d?/€*) copies of p are necessary for this task:

Theorem 4.0.1. Let P = Sep((C)®?) and suppose ¢ = Q(1/+/d). If there exists an algo-
rithm that, given n copies of an unknown quantum state p € B((C%)®?), with high probability
distinguishes between p € P or dy.(p, P) > €, then n = Q(d*/€?).

In Section 4.1, we introduce completely positive distributions on [d]? as classical counterparts
to separable quantum states on (C%)®2. Drawing an analogy between completely positive
distributions and directed weighted graphs on [d]?, we establish a sufficient condition for a
arbitrary distribution on [d]? to be e-far from all completely positive distributions.

Then, in Section 4.2, we study the problem of testing whether a distribution on [d]?* is
completely positive. Given sample access to a distribution p, the testing task is to reliably
distinguish between two cases: (1) p belongs to the set Q of all completely positive distributions
on [d]?, and (2) p is at least e-far from Q in total variation distance:

Theorem 4.0.2. Let Q denote the set of all completely positive distributions on [d]?. If there
erists an algorithm that, given n samples of an unknown distribution p on [d]?, with high
probability distinguishes between p € Q or dry(p, Q) > €, then n = Q(d/€?).

Sections of this chapter are derived from the work presented in [7].

4.1. Completely positive distributions

There is a well-developed theory of completely positive and copositive matrices (see e.g. [22,
Chapter 7]). In this section, we review some known material.

Let d be a positive integer. We consider distributions over the grid [d]* = [d] X [d] =
{(1,1),(1,2),...,(d,d)} which we represent as matrices A € R?*? with A;; being the probability
of sampling (i, 7).

Example 4.1.1. If p € R? is a distribution on [d] = {1,...,d} represented as a column vector,
then pp' is the natural i.i.d. product probability distribution on [d] x [d] derived from p, with
pip; being the probability of sampling (i, 7).

DEFINITION 4.1.2. A matrix A € R?*? is completely positive (CP) if there exist vectors
V1, ..., 0 € Réo with nonnegative entries such that A can be expressed as a convex combination

57
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of their projections vyv7, ..., vgv}, viz.

k
(12) A= Z civiv]
i=1

for some nonnegative real numbers cq,...,cx € R with ¢y +---+ ¢, = 1.
A distribution on [d]? represented as a matrix A is completely positive if A is a CP matrix.

Remark 4.1.3. For a CP distribution A, the vectors v; in Equation (12) may be taken to
be probability distributions, since one can replace v; by v;/||v;||1 and ¢; by ¢;||v;||?. Thus, CP
distributions are precisely the mixtures of i.i.d. distributions.

It follows immediately from Definition 4.1.2 that a CP matrix A satisfies three basic
properties:
(i) A is symmetric (AT = A),
(ii) A;; >0 for all 4,5 € [d], and
(iii) A is positive semidefinite (PSD), denoted A > 0.
A matrix satisfying these three properties is called doubly nonnegative. Thus, completely
positive matrices are doubly nonnegative. However, if d > 5, then there exist doubly nonnegative
matrices which are not completely positive [40].

Example 4.1.4. Let J denote the d x d matrix with J;; = 1 for all 7, j € [d] and let Unif; =
J/d? denote the uniform distribution on [d]?. Since Unif, = (3,...,2)(3,..., )T, the uniform
distribution on [d]? is completely positive.

Let CP, denote the set of completely positive d x d matrices and let CPD, denote its subset
of completely positive distributions on [d]?. Tt is well known that CPy is a cone and that its dual
cone consists of copositive matrices, i.e. matrices M such that "Mz > 0 for all nonnegative
vectors ¥ € R%,. Thus, by cone duality, if B ¢ CP, is a non-CP matrix, then there exists
a copositive matrix W such that tr(AW) > 0 for all A € CP4 and tr(BW) < 0. This result
yields witnesses certifying nonmembership in CPD,. However, its usefulness is limited by the
fact that it provides no quantitative information about how far a nonmember A is from the set
CPDy,.

In what follows, we interpret distributions on [d]? as weighted directed graphs with self-loops
and obtain a sufficient condition for a distribution to be e-far in total variation distance from
all completely positive distributions, CPDy, in terms of the maximum value of a cut in the
corresponding graph.

We interpret a distribution A on [d]? as a weighted directed graph G with vertices V(G) = [d]
and edges

E(G) ={(i,j) € [d]" | Ai; > 0}.

A cut x € {£1}¢in G is a bipartition of the vertices V(G) = E;UE, with E; = {i € [d] | z; < 0}
and Fy = {i € [d] | ; > 0}. The total weight of edges cut by this bipartition is

1 — 1— 225 1 1 1 1
— PP = E —YI__-_ _ E v —= = — ZaV Ar.
Z T GgmA 2 2 2Ggea I T2 2t
(4,5)€ld)?
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In particular, if A = pp" with p € R?, then
v Ar = x'pp'z = (27p)? > 0.
By Remark 4.1.3, a CP distribution is a convex combination of matrices of the form pp'. Thus,

the following holds:

Proposition 4.1.5. If A is a CP distribution, then the total weight of a cut in the graph
represented by A is at most %

This fact allows us to prove the following result which gives a sufficient condition for a
distribution to be e-far from all CP distributions in ¢! distance. (The matrix norms in the
following are entrywise.)

Proposition 4.1.6. Let A be a distribution on [d]>. If there exists a cut x € {£1}? with
xTAx < —e¢, then |B — A||y > € for all B € CPD,.

PRrROOF. Let B € CPDy be arbitrary. By Hélder’s inequality, for all U € R?*? with
1U]loo = 1,
|B — Ally > tr(U(B — A)) = tr(UTB) — tr(UT A).
Let U = za'. Since 2"Bx > 0 and tr(UTA) = 2T Az < —¢,
|B — Aly > 2"Bx — 2" Az > e. n

4.2. Testing complete positivity

Let d be a positive integer. If d is odd, we can reduce to the case of d — 1 by using
distributions that don’t involve outcome d € [d], and the asymptotics of €(d/€*) remain
unchanged. Hence we may assume, without loss of generality, that d is even.

We begin by defining a family of distributions on [d]* which are e-far from CPD,. Let
S C [d] be a subset of size |S| = 4. Thus, |5°| = ¢ and

2

d
|S><S°US°><S|:|S><S°|—|—|S°><S|:§.
Let ¢ : [d]*> — R be the function defined by
l+e, 2€85x5°US %S
¢s() :{

1 —¢€, otherwise.

Hence,

1 [ d? d>
avg ¢ x:—<—1+e +—1—e>:1.

So we may think of ¢g as a density function with respect to the uniform distribution on [d]?.
Let x € {#1}? be defined as follows: for all i € [d], if i € S, then x; = 1, otherwise x; = —1.
Let A% be the matrix defined by AP = ¢s((4,j))/d*. Thus, A% is a symmetric distribution on
[d]? and = is a cut. The total weight of this cut is
d? 14€e 1

2 &2 2

_|_

DN ™
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Therefore, for every subset S C [d], the distribution A is not completely positive. Moreover,
2T A%x = —¢, so, by Proposition 4.1.6,

1A% = BJl1 >

for every CP distribution B (where the matrix norm is entry-wise). In other words, for every
subset S C [d] with |S| = 4, A% is a distribution on [d]* which is e-far in ¢! distance from every
CP distribution on [d]?.

Fix Q = [d]? and let ¢ : Q™ — R denote the function defined by

o(x) = avg os(z1) - dg(xn).
SCld]
1S|=d/2

Let D,, denote the distribution on Q" defined by the density ¢ and let d,2(—, ) denote the
x2-distance between probability distributions, i.e. for distributions P and Q on €2,

o535

The following proposition will be shown to imply our lower bound:
Proposition 4.2.1. If d,2(D,, Unif3") > %, then n = Q(d/€*).
PROOF. Let H denote the uniform distribution over subsets S C [d] with |S| = d/2. Thus,

D,
dy2 (Dn, Unifz%") - (Z Unlf( >< > —1= ( ¢ ) —1= UE'f®" (b(w)Z —1
:L'EQ” r~Uuni a2

TeQn

- E {(SEHﬁbs(ml)"'ﬁbs(mn))Q}—1

. ®n
:I:NUnlfd2

- B | B ostw) - ostenis (o) s i) -1

x~Uni 22 8,8~

= E E _¢s(®) - 0s(@n)ds(@1) - dsr(@n) =1

S,8'~H :1:~Un1f®"

= s [(zwgﬁf(ﬂ ¢S(iL‘)¢s'(w)) 1 - 1.

For a subset F C [d], let xg be the +1-valued indicator function defined by xg(z) =1ifz € £
and yg(z) = —1 otherwise. Note that ¢r(z) =1 — xg(z1)xe(xe)e for all z € Q. Hence,

¢s(x)ps (x) =1 — (xs(@1)xs(®2) + xs/(T1)xs (X2))e + xs(T1)xs(T2) X5 (1) X5 (®2) €

For a fixed outcome of S and « uniformly random, xg(x1) and xs(a2) are independent uniform
+1-valued bits. So, in expectation, the terms involving just € in the expression above drop out.
Moreover, xs(@1)xs (x1) and xs(@x2)xs (x2) are independent. Hence,

B, os@ose)=1-¢ (B xS<wl>xS/<x1>)2

wNUnlfdg wanlfdg
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Let » = |S N S’'|, where S,S" ~ H, and let § denote the mean of ys(x;1)xs (x1) appearing
above. It is easy to check that § = 4r/d — 1. Thus,

dy2(Dy, Unif ") < B [(1+€%6%)"] -1

~H
252\n] __
< S,.SEJNH [exp(e?6?)"] — 1
= S’ENH [exp(ne®d?)] — 1.

Since exp(ne?6?) —1 > 0,
E 20) —1= 26%) — 1 > t]dt.
o [exp(ne )} /0 s [exp(ne ) > }
Since exp(ne?8?) — 1 > t is equivalent to
1
d d [log(1+1t)\?
> 2 (==Y
"3ty ( ne? )
it follows that
c®n > d
dXz(Dn,Unlf?; ) < /0 S,L"}?NH [’r > 1 +

where f(t) = log(1 + t)/ne>.

Since r = |S N 8’| is invariant under permutations of [d], it follows that r is distributed
according to the hypergeometric distribution with d/2 draws from a set of d elements with d/2
successes. If X is a random variable distributed according to the hypergeometric distribution
with m draws from a set of N elements with &k successes, then (see e.g. [54])

X _k
P {— > ~ 3] < exp(—2s%m).

m
Hence,
2 1 d dt
P 2> 2ol = P >+ —| < —dt?
S,S’NH[T d_2+} S,S’NH{T_ZL—'—Q]_GXP( )
whence,
d
P |r= (VA4 1| < exp-arion
8,8 ~H 4
Therefore,

dy2(D,,, Unif ") < /OOO exp(—df(t)/4)dt

o d

:/0 e:><;p(—4n62 log(1+t))dt
o0 1 Cc

- [(5)
o \1+t

c—1’
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where ¢ = d/4ne?. Since d2(D,,, Unif%y") > 1/3, it follows that ¢ < 4, so n > d/16€>. Therefore,
n = Q(d/e?), as needed. m

Let drv(—,_) denote the total variation distance between probability distributions. Let
p € CPDy and let g be a distribution e-far from CPDy.

A testing algorithm f : ([d]*)" — {0,1} for complete positivity determines a probability
event E C ([d]*)" satisfying p®"(E) > 2/3 and ¢®"(E) < 1/3. Hence, Unif%;"(E) > 2/3
and, since D,, is supported on distributions e-far from CPDy, D, (E) < 1/3. Therefore,
drv(Dy, Unify") > 1/3 and the following corollary establishes the lower bound:

Corollary 4.2.2 (Equivalent to Theorem 4.0.2). If dry(D,, Unif5") > 1/3, then n = Q(d/€?).

PROOF. For all distributions p and v, 2dpy (i, v)? < dy2(p, v). Hence,

(d/4ne = 1)7* > d\(Dy, Unif%') > 2dry (D, Unife')” >

O N

Y

where the first inequality is obtained in the proof of Proposition 4.2.1. Therefore, n =

Q(d/e2). -

4.3. Testing separability

Let d be a positive integer. As in the previous section, we may assume, without loss of
generality, that d is even.

Let H = C?® C?, let U(H) denote the set of unitary operators on H, and recall (cf. Defini-
tion 2.2.9) that Sep(#) denotes the set of separable states on H.

We begin by defining a family of quantum states which are with high probability O(e)-far
from Sep(#H). For 0 < e < 1/2, let D, be the diagonal matrix on #H defined by

1+ 2 14+2¢ 1—2¢ 1— 2
77"'a d2 ) d2 Yty d2 )

D, = diag (

where tr(D.) = 1, and let D denote the family of all quantum states on H with the same
spectrum as D, viz. D = {UD.U' | U € U(H)}.

Our lower bound will rely on the following theorem which follows immediately from [45,
Lemma 2.22 and Theorem 4.2]:

Theorem 4.3.1. Q(d*/€®) copies are necessary to test whether a quantum state o on H is the
mazimally mized state or o € D.

If U is a random unitary on H distributed according to the Haar measure, then o = UD . U"
is a random element of D. This induced probability measure is invariant under conjugation by
a fixed unitary: for all V'€ U(H), VoV has the same distribution as . We want to show the
following:

Lemma 4.3.2. There is a universal constant Cy such that for all Co/vVd < € < 1/2, the
following holds when o = UD.U" is a uniformly random state in D:
2

P[Vo € Sep(H), |lo — o1 > 2¢] > 3
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As € tends to zero, the elements of D get closer to the maximally mixed state and eventually
become separable, by the Gurvits-Barnum theorem [27]. Indeed, if € < 1/(2v/d? — 1), then
D C Sep(H). Hence, some assumption on € is necessary for Lemma 4.3.2 to hold.

Lemma 4.3.2 and Theorem 4.3.1 easily imply the desired lower bound:

Theorem 4.3.3 (Equivalent of Theorem 4.0.1). Let ¢ be a quantum state on C¢ @ C? and let
e = Q(1/V/d). Testing if o is separable or e-far from Sep(H) in trace distance requires Q(d?/€?)
copies of o.

PROOF. Let {Ey, F1} be a measurement corresponding to a separability testing algorithm
using n copies of p. To apply the lower bound in Theorem 4.3.1, we use {Ey, E1} to define an
algorithm that decides w.h.p. if a state g is equal to the maximally mixed state d% or p € D.

Let 0®" be given with either o € D or o = d%. Note that, for all o € D, d;,(o, d%) > €
holds. Let U be a random unitary. If p is the maximally mixed state, then VoV = o for all
V € U(H), so (UpU")®" = ¢®". Otherwise, UoU" is a random state in D.

Applying the separability test {Ep, E1} to UoU', we have that:
(i) if UpU' = o = d%, then UoUT is separable, so

tr(UoUN®"E) = tr(o®"Ey) >

Wl o

(ii) if o € D, then the probability of error is
]lijltr((UgUT)mEl) < P[UU" is e-close to Sep(H)] + Pltest fails | UoU" is e-far from Sep(#H)]
Sl 12 5
-3 33 9
where the second inequality follows from Lemma 4.3.2.

Thus, using the separability test, we can distinguish w.h.p. between ¢ = % and o € D using n
copies of p. Therefore, by Theorem 4.3.1, n = Q(d?/€?). n

It remains to show that Lemma 4.3.2 holds. Its proof relies on two main facts: first, that
Sep(H) is approximated by a polytope with exp(O(d)) vertices which are separable pure states;
and, second, that a random element of D is e-far from a fixed pure state except with probability
exp(—=0(d)).

The first fact follows from the next lemma which is a rephrasing of [6, Lemma 9.4]:

Lemma 4.3.4. There exists a constant C > 0 such that, for every dimension d, there is a
family N of pure product states on H (i.e. states of the form |z ® y){(x ® y| with z,y € C?)
with |IN'| < C¢ satisfying

conv(N U —=N) C Sep, (H) C 2conv(N U-N),
where Sep (H) denotes the cyclidrical symmetrization of Sep(H).

Now, we wish to upper bound the probability that a random element of D is e-far from a
fixed pure state. The following result provides a sufficient condition for a state o on H to be
e-far from a state p € D:
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1
Proposition 4.3.5. Let o € D be arbitrary and let W = 7
H, if tr(cW) > —€||W ||, then |0 — o1 > €.
ProOOF. Note that

— 0. For all quantum states o on

tr(QW) = i — tr(gz) = _ - _

d? d? d? dz’
1 2e
Wi = | & -0 =2
By Holder’s inequality for matrices, tr((c — 0)W) < ||lo — o1 - [|W||. Hence,
tr(cW) — tr(oW) tr(cW)
lo—o|l1 > =2+ ———>. u
W oo W ]]oo
When o = |z)(z| with z € H and ¢ = UD.U", we have
tr(fe)(z|W) = (z[W]z)
1
- T
~ (5 - vo I
1 i
= (z|U ﬁ—De U'|x)
(13) = [Wllw - (2|UZU"|z),
where Z = diag(—1,...,—1,1,...,1) is just 1 /d*—D, divided by ||W||w. Hence, |o—|z){x|||; >

¢ holds if (x|UZUT|x) > —e.
Since we are interested in the case when o = UD. U is random, it suffices to show that
(x|UZUT|z) concentrates in the interval [—¢, ¢]. This fact follows easily from the next lemma:

Lemma 4.3.6. Let k be a positive even integer. If w € CF is a uniformly random unit vector,
then, for sufficiently large k,

1
P ||(u|Z]u)| > gk /1 < dexp(—Vre/8),

where Z = diag(1,...,1,—1,...,—1) is a k x k diagonal matriz with tr(Z) = 0 and ¢ may be
any positive constant.

PROOF. Let u = (a; + iby, ..., a; +iby) € C* be a uniformly random unit vector with
ai,...,a; by, ... b, € R and let v € R? be defined by

v:(al,...,ag,bl,...,bg,agﬂ,...,ak,bgﬂ,...,bk).

Let D be the 2k x 2k diagonal matrix D = diag(1,...,1,—1,...,—1) with tr(D) = 0. Thus, v
is a uniformly random real unit vector such that (v|D|v) = (u|Z|u).

Let x1,..., Tk, Yy,--., Y, € R be 2k standard Gaussian random variables. Let X =
2+ -+ and Y = y? + --- + y2. By the rotational symmetry of multivariate Gaussian
random variables, v has the same distribution as

(wlu---7wk7y17"'7yk)
X+Y '
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Hence, (v|D|v) and £=3; have the same distribution. Since X and Y are independent

random variables with &k degrees of freedom each, it holds that (see e.g. [56, Example 2.11])
X

Pll— -1
Ik

for all t € (0,1) and similarly for Y. Hence, for ¢ = ck='/4, we have P[|X — k| > ck¥/4] <

2 exp(—vkc?/8).
If | X — k| < ck®* and |Y — k| < ck®/*, then, for k sufficiently large,

> t] < 2exp(—kt?/8),

X -Y]| 20k3 ¢ I
P = 37% <o —an —w—1 2™
Hence, P[|(v|D|v)| < $ck™/4] > 1 — 4exp(—vVkc?/8). n

If U is a random unitary distributed according to the Haar measure on U(#H) and = € H is
a fixed unit vector, then w = Ulz) is a uniformly random unit vector in H. Hence, we can
apply Lemma 4.3.6 to [(u|Z|u)| to get

(14) P[|(z|UZU"|z)| > €] < dexp(—dc?/8),
where c is an arbitrary positive constant and € > 1ed ™'/

We now have all the elements needed to prove Lemma 4.3.2:

PROOF OF LEMMA 4.3.2. Let o = UD.U" be a uniformly random element of D and let
W = & — o. Thus, assuming € > cd /%,
P[Vo € Sep, drv(o,0) > €]
= P[Vo € Sep, o —ol[1 > 2¢]

> P[Vo € Sep, tr(cW) > —2¢||[W ||| (by Proposition 4.3.5)
> PVo € 2conv(N U —=N), tr(cW) > —2¢||W || ] (by Lemma 4.3.4)
=PV|z) (x| e NU =N, 2tr(|z)(x|W) > —2¢|W || o] (by convexity)
=P[V|z)(z| € N, [(z|UZU|z)| < €] (by Equation (13))
>1-— Z P[|(z|UZU|z)| > €] (by the union bound)
|z) (2| N
>1— |N|-4dexp(—dc®/8) (by Equation (14))
=1—4exp(d(logC — c*/8)) (since |N| = C%).

Hence, if ¢ = /8(log C' + 1), then
P[Vo € Sep, drv(@,0) > ¢ > 1 —4exp(d(logC — */8)) = 1 — dexp(—d) >
for d > log 12. [ ]

Wl Do

Y






CHAPTER 5

Shadow tomography

In this chapter, we consider the shadow tomography estimation problem: given measure-
ment access to copies of an unknown state p € B(C?) and quantum events Aj,..., A, €
B(C?), the shadow tomography task is to with high probability estimate the expected values
E,[A],E,[As], ..., E,[A,] to accuracy =e.

We show that n = O(log?(m)log(d)/e*) copies are sufficient for shadow tomography:

Theorem 5.0.1. There is a quantum algorithm that, given parameters m € N, 0 < €,0 < %,
and access to unentangled copies of a state p € B(C?), uses
(log® m + L)(log d) lozd
p= CETUEED o) (L=log()

copies of p and has the following behavior: when any adversarially or adaptively chosen sequence
of observables Ay, Ay, ..., A, € B(C?) with 0 < A; < 1 is presented to the algorithm one-by-one,
once A, is presented, the algorithm responds with an estimate [i; of E,[A;] = tr(pA,).

Ezcept with probability at most 6 (over the algorithm’s measurements), all m estimates
satisfy [7; — By[A[]| < e.

The shadow tomography algorithm from Theorem 5.0.1 combines an existing quantum state
learning algorithm of Aaronson—Chen—Hazan—Kale-Nayak [3] with our novel algorithm for the
quantum threshold search problem, defined as follows:

Given

o parameters 0 < €,6 < %,

o access to unentangled copies of an unknown quantum state p € B(C?),

o a list of d-dimensional observables 0 < A;,...,A,, <1, and

o a list of thresholds 0 < #,,....,0,, <1,
the quantum threshold search task is to with high probability output correctly

o “E,[A;] > 6; — € for some particular j; or else,

o “E,[A;] <0, for all i”.
The output of the algorithm is a sample from a distribution over indices j such that “E,[A;] >
; — € or “E,[A;] <6, for all i if no such j exists. The goal is to minimize the number n of
copies that are used, while ensuring the probability of a false output statement is at most 9.

We show that O(log®(m)/e?) copies are sufficient for this problem:

Theorem 5.0.2. There is an algorithm that performs the quantum threshold search task using

n=ETEE 00 (1= log(1/5)

copies of p. Furthermore, this algorithm is online in the sense that:

67
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~

. The algorithm is initially given only m, €, and §. It then selects n and obtains p®™.

2. Next, pairs of observables and thresholds (Ai,6,),(As,0s),... are presented to the
algorithm in sequence. When each (A, 0;) is presented, the algorithm must either
“pass”, or else halt and output “E,[A;] > 0 —e.”

3. If the algorithm passes on all (A4, 0;) pairs, then it ends by outputting “E,[A;] < 6;

for allv”.

Using our results from Theorem 5.0.1 and Theorem 5.0.2, we additionally give improved
copy complexity bounds for the hypothesis selection problem: given m hypothesis states
o1,...,0, € B(C?) and measurement access to an unknown state p € B(C?), the hypothesis
selection task is to, with high probability, select a hypothesis o; such that di,(p, ;) < O(n) + e,
where 7 is the minimum trace distance between p and one of the m hypothesis states.

We show that O(log®(m)/€?) or O(log®(m)log(d)/€*) copies are sufficient for this problem:

Theorem 5.0.3. There is a quantum algorithm that, given m fixed hypothesis states oy, . ..o, €

B(CY), parameters 0 < €,6 < %, and access to unentangled copies of a state p € B(C?), uses

2 3 '
n:min{(log m*‘;)(logd) Oy, 8 m“OgG(QL?/(s) logm .0(L2-1og(L2/5))}

copies of p (where Ly = log(*2%) and Ly = log(1/max{n,e})) and has the following guarantee:

except with probability at most §, it outputs k such that

dir(p, o1) < 3.01n + €, where n = min{dy(p, 0;) }.

Further, assumingn < §(min;;{dy (07, 0;)}—€) (so there is a unique o; near p), one can find
the oy, achieving di.(p, o) = 1 (except with probability at most 6 ) using only n = O(log(m/§)/€?)
copies of p.

The chapter starts with the proof of a key “y2-stability” result used in the proof of

Theorem 5.0.2 involving the probability that a noisy binomial random variable exceeds a given
threshold:

Theorem 5.0.4. Fiz a threshold 6 € [0,1]. Let S ~ Binomial(n, p) and write ¢ = 1—p. Assume
that X is an independent exponential random variable with mean at least stddev[S] = /pgn
(and also at least 1). Let B be the event that S + X > 0n, and assume that P[B] < 1. Then

— stddev([S] >

d B S|P[B ————

o519 5 (plsl- 25
This chapter draws on material originally published in [11].

5.1. x2-stable threshold reporting

Our goal in this section is to prove Theorem 5.0.4 and to show how this classical result
applies to quantum states and measurements. We begin with some preparatory facts.
The following is well known [9]:

Proposition 5.1.1. If f : R — R is 1-Lipschitz, then Var[f(S)] < Var[S] for any random
variable S.
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PROOF. Let S’ be an independent copy of S. Thus,

E

%(S — s’f] = %E (82 —2.8-8+ (8] = % - (2E[S?] — 2E[S]?) = Var[S].
Similarly, E[3(f(S) — f(S))?] = Var[f(S)]. Since f is 1-Lipschitz, 3(f(S) — f(8"))* <
+(8 — §')%. Therefore, Var[f(S)] < Var[S]. m
We will also need the following inequality:
Lemma 5.1.2. Fizp € [0,1] and let g=1—p. If C = (e — 1), then, for all X € [0, 1],
q+pe* < (1+Cpgh?) - (q+ pe)?.
PROOF. Since (q + pe*)? > (¢ +p)? =1 for A > 0, it suffices to show that
q+pe* < (q+pe*)’ + Cpgh® YA€ 0,1].
Since p+q =1,
p—p'=pl-p)=(1-qa=q-¢"
Hence, with A = e,
(q+pA%) = (g +pA)* = g +pA® — ¢ — 2qpA — p*A?

=N (p—p") —20pg+q—¢°

= pq(A* —2A + 1)

= pg(A - 1)*.
Thus, it suffices to show that, for A € [0, 1],

pg(e* =12 < Cpg\? = (* —1)2 < C\?
= e =1<(e—1)A
= A< (1=))+ e

The last inequality holds by convexity of €*, so the result now follows. [ ]

Given a random variable S and an event B on the same probability space, the following
result gives a simpler formula for the y?-divergence between the distribution induced by S
and the distribution induced by S conditioned on the nonoccurrence of the event B. In what

follows, the typical mindset is that B is an event that “rarely” occurs, so P[B] is close to 1.

Proposition 5.1.3. Let S be a discrete random variable and let B be an event on the same
probability space with P[B] < 1. For each outcome s of S, define f(s) =P[B| S =s]. Then

1.5 1).8) - Y L2
Proor. By Bayes’ theorem,
P[S=s|B] _(1-/(s)

P[S = 5 P (D]
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where the last step uses E[f(S)] = P[B].
We can now prove Theorem 5.0.4, which we restate for convenience:

Theorem 5.0.4. Fiz a threshold 6 € [0,1]. Let S ~ Binomial(n, p) and write ¢ = 1—p. Assume
that X is an independent exponential random variable with mean at least stddev[S]| = /pqn
(and also at least 1). Let B be the event that S + X > 0n, and assume that P[B] < 1. Then

— stddev([S] )’
d B S|\ PBl ——
(815,85 (Pl “F )
PRrROOF. Write A = 1/ E[X], so X ~ Exponential(\) and we have the assumptions A < \/W

and A < 1. Using Proposition 5.1.3 and P[B] > 2, it suffices to show
Var[f(S)] < P[B]* - pgn)?,
where
f(s) =P[X >0n—s]=min{l,g(s)},  g(s) = exp(=A(0n — s)).

Since y — min{1,y} is 1-Lipschitz, Proposition 5.1.1 tells us that Var[f(S)] < Var[g(S)].
Var[g(S)] can be computed using the moment-generating function of S ~ Binomial(n, p),
namely Elexp(tS)] = (¢ + pe")™

E[g(S)] = Elexp(~A(6n — 5))] = exp(=An) - (g + pe)".
E[¢(S)?] = Elexp(—2A(0n — S))] = exp(—2X0n) - (g + pe**)".
Thus
Varly(8)] = Elo(S)F - (Eetd 1) = Blo(s)? - () 1)
< E[g(S)]*- ((1+3pgA*)" — 1) (by Lemma 5.1.2)
SE[(S)? - pgn’ (a5 X< o)

and it therefore remains to establish
(15) E[g(S)] = exp(=A0n) - (¢ + pe*)" < P[B].

Intuitively this holds because g(s) should not be much different than f(s), and E[f(S)]

= P[B]
by definition. Formally, we consider two cases: p > + = (intuitively, the main case) and p <

1
n’
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Case 1: p > L. In this case we use that P[S > pn] > 1 (see, e.g., [17]), and hence: (i) it
must be that 6 > p, since we are assuming P[B] = P[S+ X > 0n] < 1; and, (i) P[B] > P[S >
pn] - P[X > (0 — p)n] > Lexp(—A(f — p)n), where the first inequality used independence of S
and X and the second inequality used (0 — p)n > 0 (by (i)). Thus to establish Inequality (15),
it remains to show exp(—Adn) - (¢ + pe*)" < exp(—=A(0 — p)n).

Since 0 < A < 1,

eA—1:Z£:A+>\QZ)\Z—_2 <A+A221 <A+ Me
il il — il — '
i>1 i>2 i>2
By a similar argument, e — 1 < —\ + \%e. Using these two inequalities and 1 + = < e* for
r € R, we obtain

(q+pe)" = (1+p(e* = 1))" < exp(p(e* — 1)n) < exp(Apn) exp(eA?-p-n)  and
(q+pet)" = exp(An)(p + ge™)" = exp(An)(1 + g(e ™ = 1))"
< exp(An) exp(g(e* — 1)n) < exp(Apn) exp(eX® - ¢ - n).

Hence, (q + pe*)" < exp(Apn) exp(eA? - min{p, ¢} - n). Since, A2 < 1/pgn, by assumption, it
follows that A? min{p, ¢}n < 1/ max{p,q} < 2, so

(¢4 pe’)" < exp(Apn) exp(e/ max{p, ¢}) < exp(Apn) exp(2e).

Therefore, exp(—A\0n) - (q + pe*)" < exp(—=A0n) exp(Apn) = exp(—=\(0 — p)n), as needed.
Case 2: p < +. Since A € (0,1], we have e* < 1+2\. Hence, g+pe* < 1+2pX < 1+2, and so
(g +pe*)™ < 1, meaning that Inequality (15) follows from P[B] > P[X > 0n| = exp(—\0n). =

5.1.1. The quantum version. Having established Theorem 5.0.4, we now show how this
result applies to quantum states and measurements. Specifically, we prove that for any quantum
event A € B(C?), there exists a corresponding event B € B((C%)®") which exhibits the same
statistics as the classical event S + X > 0n from Theorem 5.0.4 with S ~ Binomial(n, tr(pA))
when p®" is measured according to B. Moreover, we also relate the fidelity between the states
p®" and p®"| ;=g (i.e. the state p®" conditioned on the event 1 —B) to the Bhattacharyya
coefficient between S and (S| S + X < 0n) (i.e. S conditioned on the event S + X < 6n).

Lemma 5.1.4. Let p € B(C?) represent an unknown quantum state and let A € B(C?) be
a projection. Let n € N, let A > 0, and let 0 € [0,1] be an arbitrary threshold. Let S and
X be classical random variables with distributions defined by S ~ Binomial(n, E,[A]) and
X ~ Exponential(\). There exists a quantum event B € B((CY)®") such that E,en[B] =
P[S + X > 6n] and

F(p@m,p@"‘m) —BC((S| S+ X <0n),S).

PROOF. Let o = p®". Let A; = A and Ay =1—A. For all z € {0,1}", let A, € B(C?)®"
denote the event defined by A, = A, ® A,, ®-- @A, . For k € {0,...,n}, let B, € B((C%)®")
be the event defined by

E,= Y A,

z€{0,1}"
|z|=k
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Since A is a projection, A, is also a projection and A,A, = A,A, = 0 for all z,y € {0,1}"
with x # y. Thus, each E} is a sum of orthogonal projections, so Ej is a projection as well and
EvE, = E/E, =0 for all k,£ € {0,...,n} with k # ¢. Moreover,

ZEk_ > oA,=1.

z€{0,1}"

Let B € B((C%)®") denote the quantum event defined by

B=> P[X+k>0n E.
k=0

The statistics of the measurement {Ey | £ = 0,...,n} applied to ¢ are distributed as
Binomial(n, tr(pA)), so E,[Ey] = P[S = k|. Hence,

3

= PX+k>0n]-E[E]=)Y PX+k>0n -P[S=k=P[S+X >0n.
k=0 ¢ k=0

For all ¢ € {0,...,n},
V1-B-E;,=FE;-V1-B=+/P[X +(<0n]-E,.

Hence,

tr(g|ﬁ-EZ):EQ[ B tr(vV1—-B-0-vV1—-B-E))

= tr(Ey-vV1—B-0-V1—B- Ey)

_ P[X +(<0n]
E[B]
_ P[X + ¢ < 6n] "E[E]
E,[B] e
P[X + ¢ < 6n)]
:Pw+X§%y[

tr(Eg 0" Eg)

S=1.

Thus, the measurement {E} | k= 0,...,n} applied to g| ;-5 yields statistics distributed as
(S | B). Therefore, by Proposition 2.8.5,

F (o, Qh/ﬁ Z\/ r(o- Ey) \/tl" Qh/ﬁ Ey) =BC((S| S+ X < 6n),S). [

Using Lemma 5.1.4, we obtain the following “quantum version” of Theorem 5.0.4:

Corollary 5.1.5. Let p € B(CY) represent an unknown quantum state and let A € B(C?)
be a projection. Let n € N, let A > 0, and let 0 € [0,1] be an arbitrary threshold. Fix
p = E,[A] and let S and X be defined as in Theorem 5.0.4. If p, A\, n, and 6 satisfy the
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conditions of Theorem 5.0.4, then there ewists a quantum event B € B((C%)®") such that
E, en[B] =P[S + X > 0n] and

stddev|[S]
dm(@", ®n ><EB._
Moreover,

B [B] < exp(—nA(0 — (e — 1) E[A])).
pE” P

PROOF. Let o = p®*. By Lemma 5.1.4, there exists a quantum event B € B((C%)®") such
that E,[B] = P[S + X > 6n] and F(o, Q\ﬁ) BC((S| S+ X <6n),S). Note that, for
all distributions p and v, 1 — BC(u,v) < d,2(u, v). Hence, by Lemma 5.1.4 and Theorem 5.0.4,
it follows that

dBures <p®n’p®n‘\/ﬁ> = \/2(1 B F(Q>Q|\/ﬁ))
= /2(1-BC((S| S+ X <0n),S))
=du((S]| S+ X <6n),S)

< \Jde (S8 +X <0n).8)

S EBI: —S“,‘Ed&v][s].
Since E,[B] = P[S + X > 0On],
]g][B] =P[S+ X > 0On]
< Elexp(=A(fn — 5))] (by P[X > 1] < exp(=At))
— exp(—\0n) Elexp(\S)]
= exp(—A0n)(1 — p + pe)" (Elexp(AS)] is the m.g.f. of S)
= exp(—\0n)(1 + p(e* — 1))"
<exp(=A0n)(1 + p(e — 1)A)" (by e* <1+ (e — 1)z for z € [0, 1])
< exp(—Adn)exp((e — 1)nAp) (by 1+ 2 <€ for x € R)
= exp(—nA(0 — (e — 1)p)). [

5.2. Threshold search

In this section, we prove Theorem 5.0.2, restated for convenience below:
Theorem 5.0.2. There is an algorithm that performs the quantum threshold search task using

— log;QszLL -O(L) (L =log(1/9))

copies of p. Furthermore, this algorithm is online in the sense that:

€

1. The algorithm is initially given only m, €, and 6. It then selects n and obtains p®".
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2. Next, pairs of observables and thresholds (Ai,6,),(As,0s),... are presented to the
algorithm in sequence. When each (A, 0;) is presented, the algorithm must either
“pass”, or else halt and output “E,[A;] > 0, —e.”

3. If the algorithm passes on all (A, 6;) pairs, then it ends by outputting “E,[A;] < 6;
for allv”.

5.2.1. Preliminary reductions. We begin with several reductions that allow us to reduce
to the case of projections, and to the case when €, §, and the 6;’s are all fixed constants:

Reduction to projections. Let p € B(C?) denote the unknown quantum state and let
Ay, ..., Ay, € B(CY) be the observables in the quantum threshold search problem, which are
assumed to be given in an online fashion. If we extend the unknown state p to p ® |0)(0|, then
by Naimark’s Theorem 2.8.2, there exists a projection II; € B(C? ® C?) for each A; such that
E, s} = E,[A;] for all i = 1,...,m. Since the state p ® |0)(0] can be prepared without
knowing p and this extension increases the dimension of the quantum system only by a constant
factor, by replacing p with p ® |0)(0| and each A; with the corresponding II;, it follows that we
can assume, without loss of generality, that the observables A4, ..., A,, are projections.

Reduction to 3/4 vs. 1/4. Let 0 < ¢ < 3 be given, and recall that in the threshold
search problem the algorithm is presented with a stream of pairs of projections and thresholds,
(A;,0;), with the goal of distinguishing the cases E,[A4;] > 0; and E,[A;] < 0; — e. By applying
Lemma 2.8.6 with 7 =0, c =0; — €¢/2, § = 1/4, and € replaced by €/2, it follows that for some
no = O(1/€?), each projection A; may be replaced with a projection B; € B((C?)®™) satisfying

i if Ep[Az] > 01', then Ep®no [B,L] > 3/4,
i. if Ep[A'L] S 92 — €, then Ep®n0 [Bz] S 1/4

Thus, the general threshold search problem reduces to the “3/4 vs. 1/4” version of threshold
search at the expense of an extra factor of ng = O(1/€?) in the copy complexity. Note that the
parameter d increases to d™, as well, but — crucially — our Theorem 5.0.2 has no dependence
on the dimension parameter.

Reduction to a promise-problem version, with fixed §. So far we have reduced
proving Theorem 5.0.2 to proving the following:

Theorem 5.2.1. There is an algorithm that, given m € N and 0 < § < %, first obtains
n* = O(log® m+log(1/6))-log(1/68) copies p®™" of an unknown state p € B(C?). Neat, a sequence
of projections Ay, ... A, € C¥ is presented to the algorithm (possibly adaptively). After
each Ay, the algorithm may either select t, meaning halt and output the claim “E,[A;] > 1/47,
or else pass to the next projection. If the algorithm passes on all m projections, the algorithm
must claim “E,[A;] <3/4 for all i”. Except with probability at most §, the algorithm’s output

18 correct.

The most challenging part of the proof is the following similar result, which, operating
under the assumption that there exists an observable A; with E,[A;] > 3/4, with some constant
positive probability finds another observable A, such that E,[A;] > 1/3:

Lemma 5.2.2. There is an algorithm that, given m € N, first obtains n = O(log? m) copies p®»
of an unknown state p € B(C?). Next, a sequence of projections Ay, ... A,, € B(CY), obeying
the promise that E,[A;] > 3/4 for at least one j, is presented to the algorithm. After each Ay,
the algorithm may either halt and select t, or else pass to the next projection. With probability
at least 0.01, the algorithm selects a t with E,[A;] > 1/3.
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One needs a slight bit of care to reduce Theorem 5.2.1 to Lemma 5.2.2 while maintaining
the online nature of the algorithm:

PROOF OF THEOREM 5.2.1, ASSUMING LEMMA 5.2.2. We will use the algorithm in Lemma 5.2.2
as a kind of “subroutine” for the main theorem. Our first step is to augment this subroutine in
the following way:

e Given parameter ¢ for the main theorem, the subroutine will use a parameter ¢’ =
d/(C'log(1/6)), where C' is a universal constant to be chosen later.

e n is increased from O(log>m) to n’ = O(log®m) + O(log(1/¢")), where the first
O(log® m) copies of p are used as usual, and the additional O(log(1/d")) copies are
reserved as a “holdout.”

e If ever the subroutine is about to halt and select t, it first performs a “failsafe” check:
It applies Lemma 2.8.6 with 7 = 0, ¢ = .3, ¢ = .03, § = ¢, and measures with
the holdout copies. (Note that ¢+ ¢ < 1/3 and also ¢ — e > 1/4.) If event “B” as
defined in Lemma 5.1.4 occurs, the subroutine goes ahead and selects t; otherwise, the
algorithm not only passes, but it “aborts”, meaning that it automatically passes on all
subsequent A;’s without considering them.

We make two observations about this augmented subroutine:

e When run under the promise that E,[A;] > 3/4 for at least one j, it still selects a ¢
satisfying E,[A;] > 1/3 with probability at least 0.005. This is because the “failsafe”
causes an erroneous change of mind with probability at most ¢’, and we may assume
0" <0.005 for large enough C.

e When run without the promise that E,[A;] > 3/4 for at least one j, the failsafe implies
that the probability the algorithm ever selects a ¢ with E,[A,] < 1/4 is at most ¢'.

With the augmented subroutine in hand, we can now give the algorithm that achieves The-
orem 5.2.1. The algorithm will obtain n* = n’ - L copies of p, where L = O(log(1/J)); these
are thought of as L “batches”, each with of n’ copies. As the projections A; are presented to
the algorithm, it will run the augmented subroutine “in parallel” on each batch. If any batch
wants to accept a certain A;, then the overall algorithm halts and outputs “E,[A;] > 1/4”.
Otherwise, if all the batches pass on A;, so too does the overall algorithm. Of course, if the
overall algorithm passes on all A;’s, it outputs “E,[A;] < 3/4 for all ¢”.

We now verify the correctness of this algorithm. First, if there exists some A; with E,[A;] >
3/4, the probability of the algorithm wrongly outputting “E,[A4;] < 3/4 for all i” is at most
(1—.005)%, which can be made smaller than ¢ by taking the hidden constant in L = O(log(1/4))
suitably large. On the other hand, thanks to the “failsafe” and a union bound, the probability
the algorithm ever wrongly outputs “E,[A;] > 1/4” is at most Lé’ = L - 6/(C'log(1/0)), which
is again at most 0 provided C' is sufficiently large. |

5.2.2. The main algorithm (proof of Lemma 5.2.2). In this subsection, we will prove
Lemma 5.2.2. Let n = n(m) and A = A\(m) be parameters to be fixed later and let § = 2/3.
As stated in Lemma 5.2.2, we may explicitly assume there exists ¢ € [m] with E,[4;] > 3/4.
For each projection A;, let B; denote the event obtained from Lemma 5.1.4. The algorithm
proceeds as follows:
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Let o denote the current quantum state, with o = p®" initially. Given projection A;,
let B; be the event obtained from Lemma 5.1.4. Measure the current state o with (B;, B;)
using the canonical implementation. If B; occurs, halt and select i; otherwise, pass.

Note that the n copies of p are only prepared once and reused, and that the current state o
collapses to a new state after each measurement.
The algorithm has the following modes of failure:

(FN) the algorithm passes on every observable because the event B; occurs for every i € [m];
(FP) the algorithm picks an observable A; with E,[A,] < 1/3.

We want to show that the algorithm does not make errors of type FP or FN with probability
at least 0.01. To this end, we introduce the following notation.

Notation 5.2.3. Fori=1,...,m, let:

(1) S; be a random variable distributed as Binomial(n, E,[A4;]);

(2) pi = Epen[B;] be the probability that B; would occur if p®" were measured with
(Ei, B;);

(3) 0o = p®™ and let p; be the quantum state after the ith measurement, conditioned on
the event Ej occurring for all 1 < 7 <7;

(4) r; = E,,_,[Bi] be the probability that the event B; occurs assuming all the events B;
with 1 < j <7 —1 occurred;

(5) ¢; = r1 -+ - 7; be the probability that all of the events B; with 1 < j < i occur;

(6) si = qi—1 - E,, ,[Bi] be the probability of observing outcomes B;,...,B;_1,B.

Note that the p;’s refer to a “hypothetical,” whereas the r;’s, ¢;’s, and s;’s concern what
actually happens over the course of the algorithm. In particular, g, is the probability that the
algorithm passes on every observable. The following claim shows that, as long as the noise
expectation E[X] = 1/X used in Lemma 5.1.4 is sufficiently large, the probability of a false
negative (FN) is bounded above by 4/5:

Claim 5.2.4. For E[X] = Q(\/n), there exists t € [m] such that g, < 4/5. Moreover, if t > 1,
then q—1 > 3/4 and p1 + -+ -+ p—1 < 1/4.

PRrROOF. By Lemma 5.1.4, p, = Een[B;] = P[S; + X > 0n]. Let k € [m] be such
that E,[A;] > 3/4. Thus, S is a binomial random variable with mean at least 3/4. Since
0 =2/3 < 3/4,if n is taken to be a sufficiently large constant,

pr =P[Sr+ X > 60n] > P[S, > (2/3)n] > 1 —exp(—1/4).

Therefore, there exists a minimal ¢ € [m| such that (1 —p;)---(1 —p) < exp(—1/4). If
t =1, then ¢ =1 —p; <exp(—1/4) < 4/5. Otherwise, since ¢ is minimal, it follows that
(1=p1)-- (1 —pi_q) > exp(—1/4). Hence,

exp(=1/4) < (1 =p1)--- (1 =pi1) < exp(=(p1 +--- + 1)),
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whence p; + -+ 4+ p;_1 < 1/4. Thus, by Lemma 2.8.7 and Corollary 5.1.5,

t—1

(T—=p1)-(1—p) —q| < 2Zdtr<0®",p®"|\/1_—&>
=1

t—1
< E (B, _stddev[S;] < vn
~ L pen E[X] E[X

=1

Jn
E[X]

(pr+ .. +pi1) <

Ny

]

By a similar argument,

Ya Ya

1-— (T =pee1) — | S == . o) < .

(L=p1) L =p—1) — @] S X (p1+ ...+ pi—2) < E[X]
Therefore, since 3/4 < exp(—1/4) < 4/5, we have ¢; < 4/5 and ¢, > 3/4, for E[X]| =
Q(v/n). n

Assuming E[X] = Q(y/n), let t € [m] be as in Claim 5.2.4. Since ¢, < q; < 4/5, it follows
that the probability the algorithm makes an FN error is at most 4/5. In fact, since ¢ < 4/5,
the algorithm will pick an index i <t with probability at least 1/5. Thus, to show that the
algorithm succeeds with probability at least 0.01, it suffices to show that w.h.p. the algorithm
does not pick an index i € B, where B C [m] is the subset defined by

B={icml|1<i<tand BlA] <1/3}.

|

First, we show that an event B; with i € B8 is unlikely to occur when the initial state P is
measured according to (B;, B;):

Claim 5.2.5. Letn € (0, 1], to be specified later. Ifn is of order O(log?(m/n)), then p; < (n/m)?
for alli e B.

Proor. By Corollary 5.1.5, for all i € [m],
pi = E [B;] <exp(—nA(0 — (e — 1) E[A;])).
p

p®™

Since § = 2/3 and i € B, we have E,[A;] < 1/3 and 6 —(e—1) E,[A;] > 0.09. Since nA = Q(y/n),
there exists a constant C' > 0 such that n\ > C'y/n. Thus,

pi = E [B;] < exp(—0.09C/n).

p&™

Therefore, if n > log®((m/n)?)/(0.09C)?, then p; < (n/m)>. ]

Next, we show that the algorithm picks an index i € [t] such that E,[4;] > 1/3 with
probability at least 0.03, proving Lemma 5.2.2.

PROOF OF LEMMA 5.2.2. Fix n = 0.01, so that indeed n = O(log® m) as promised. By
Lemma 2.8.8,

t
1< V@ F(p™", o) + > sy
=1
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By Claim 5.2.5 and the Cauchy—Schwarz inequality,

PINENTES S DNCED NN EL RN DEN DS
=1 iZB iZB

icB iZB

where i € B denotes ¢ € [t] \ B. By Claim 5.2.4, p; + -+ -+ p; < 1/4. Hence,

1— @ F(p®", 0) —n < /ZSi /ZPiS% /ZSi-
iZB i¢B i¢B

Since F(p®™, o) < 1, n = 0.01, and, by Claim 5.2.4, ¢, < 4/5, it follows that

1
3 ) 52099 /4/5 = > 5, >4-(0.99 — \/4/5)* > 0.03.
iZB

iZB

Since ) ;5 8i is the probability that the algorithm returns an index i € [t] with E,[A4;] > 1/3,
it follows that the algorithm is correct with probability at least 0.03. [ ]

5.3. Shadow tomography

In this section, we prove our online shadow tomography result, Theorem 5.0.1, using
quantum threshold search, Theorem 5.0.2. The reduction from shadow tomography to threshold
search is known to follow from a learning algorithm for quantum states due to Aaronson—Chen—
Hazan—Kale-Nayak [3]. A detailed proof of this reduction is given below.

Let p € B(C?) be an unknown quantum state. The shadow tomography algorithm is framed
as an interaction between a “teacher” and a “student,” both of which have measurement access
to copies of p. The teacher presents a sequence of quantum events Ay, As, ... to the student.
For each event A; presented by the teacher, the student must output an estimate ji; of the
expected value p; = E,[A;]. If the student’s estimate [ is too far from pu; relative to some
error tolerance ¢, the teacher declares a “mistake.” When a mistake is declared, the teacher
must provide a sufficiently accurate estimate u; ~ ;.

Assuming the existence of an algorithm to emulate the teacher, Aaronson et. al. [3] show
that there exists algorithm that can emulate the student that succeeds with probability 1 and
makes at most O(log(d)/€*) mistakes:

Theorem 5.3.1 (Aaronson et. al. [3]). Let p be a quantum state on C¢. Let Ay, ..., A,, € B(C?)
be a sequence of quantum events, possibly chosen adaptively. Let p, = E,[A;] denote the expected
value of event A;. Let ji; denote the student’s estimate of yu;.

Suppose the teacher satisfies the following properties for each event Ay:

o If |liy — | > €, the teacher always declares “mistake.”

o If |t — | < 3¢, the teacher always passes.

o If %e < |y — | < €, the teacher may either pass or declare a mistake.

o Whenever the teacher declares “mistake,” they must supply a value p; to the student
such that |p; — pu| < je.

Then there is an algorithm for the student that causes at most Co(logd)/€* “mistakes” (no
matter how many events are presented), where Cy is a universal constant.
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Note that there is no “0 parameter” above, i.e. algorithm works with probability 1.

The quantum threshold search task can be used to implement a teacher that satisfies the
properties stated in Theorem 5.3.1. Thus, to obtain an algorithm for shadow tomography, we
will run in parallel the student’s algorithm from [3] and our teacher algorithm using threshold
search.

As presented in Theorem 5.0.2, the threshold search algorithm halts if the expected value
p = E,[A;] exceeds a threshold 6;. To emulate the teacher, we instead need to test if s is
sufficiently close to an estimate ji;. To test for closeness, we essentially use the following logical
equivalence:

|E[A:] — 7] <€ <= E[A] <[ +eand E[A] <1—[i; +e
P P P

Thus, two threshold tests can be used to determine if y; is sufficiently close to ji;. Recall that
the estimate fi; is given to the teacher by the student, so it is available for the threshold search
routine to use as a threshold value.

When |u; — 1| > €, the teacher is contractually obligated to declare that a mistake has
occurred and supply their own, more accurate, estimate ;. To calculate uj, the teacher can
directly use Lemma 2.8.6 to naively estimate the expectation of A, using fresh copies of p since
the student is guaranteed to not make too many mistakes.

Lemma 5.3.2. Let p be a quantum state on C?, let Ay, ..., A, € B(C?) denote quantum
events, and let 0 < 0y,...,6,, <1.
There is an online algorithm that outputs correctly (except with probability at most 0 ):
o “|E,[Aj]—0;| > 3¢, and in fact |E,[A;] — 5] < 1€7, for some particular j and value pu);
or else,

o “|E,[A;] — 60| <€ foralli”.

using
log?m + L
n=——-5—-0(@) (L=log(1/d))

€
copies of p.

PrOOF. The algorithm turns each event-threshold pair (A, 6;) given as input into two
event-threshold pairs, (A, 0; +¢) and (1 —A;, 1 — 6, + ¢€), and applies quantum threshold search
with respect to p and the resulting 2m pairs

(Al, 01), (1 —Al, 1-— 01 + 6), ey (Am,Om), (1 —Am, 1-— 0m + E)‘

with parameters €/4, and 6/2.
Except with probability at most 6/2, the guarantees in Theorem 5.().2_h01d. If threshold

search passes on all 2m pairs given as input, then E,[A4;] < 6; + € and E,[4;] <1 —6; + € for
all i € [m]. Otherwise, the algorithm selects either an event A; such that

1
E[A;] >0, +c— —e
; 1

or an event 1 —A; such that

1
E[l—Aj]>1—0j+€——€.
p 4
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In cither case, |[E,[A;] — 6;] > 3¢ holds. In this scenario, the algorithm then uses Lemma 2.8.6
and fresh copies of p to output an estimate 4 such that [p; — p| < Te.

Naive expectation estimation, as in Lemma 2.8.6, requires O(log(1/d)/e?) fresh copies of p
where the constant hidden in the O(_) notation is universal. Since threshold search is applied
with parameters 2m, €/4, and 6/2, the number of copies needed is

- log?(m) —1—210g(1/5) - O(log(1/6)). .

Our online shadow tomography algorithm works by running in parallel the student algorithm
of Aaronson et. al. [3] and the custom threshold search algorithm from Lemma 5.3.2 as the
teacher:

€

Proor or THEOREM 5.0.1. The algorithm starts by preparing ng copies of the quantum
state p, where ng is the number of copies required by Lemma 5.3.2.

When observable A; is received, the student algorithm from [3] is used to obtain an estimate
s, which is presented to the teacher emulated with the custom threshold search algorithm
from Lemma 5.3.2.

If the teacher passes, then the student’s estimate i, satisfies |z, — ] < %e <€, so fuy will
be the shadow tomography algorithm’s estimate of the expected value E,[4;]. We can then
pass to the next observable, reusing the ng copies of p that we prepared initially.

If the teacher declares “mistake” and supplies a more accurate estimate p; with |y — | <
ie < ¢, then p; will be the estimate of p; output by our shadow tomography algorithm. When
a mistake occurs, the quantum state represented by the initial ngy copies of p is discarded and a
new batch of fresh ng copies of p is prepared for the next observable.

By Lemma 5.3.2, the teacher is guaranteed to satisfy the properties necessary for the student
algorithm from [3] to work correctly. Thus, at most R = [Cy(logd)/e*] + 1 mistakes will be
declared. Let 69 = 0/R and suppose that the threshold search algorithm is run each time with
parameter Jg as its . Since the ng copies of p are discarded after each mistake and the student
makes at most R mistakes, all of the invocations of threshold search yield correct outputs
except with probability at most R-dy = R-J/R = 6 by the union bound.

Therefore, the number of copies of p needed is n = R - ny, i.e.

2
o (log“(m) + L)(log d) o). .

et

5.4. Hypothesis selection

In this section, we consider the hypothesis selection problem for quantum states: given m
quantum states as hypotheses, o1, ...,0, € B(C?%), and measurement access to copies of an
unknown quantum state p € B(C?), the hypothesis selection task is to select a hypothesis o;
such that di,(p,0;) < O(n) + €, where n is the minimum distance between the unknown state p
and one of the hypotheses:

n = min{du(p, 0:)}-
We show that hypothesis selection can be solved with:

i. O(log%(m)log(d)/€*) copies using the shadow tomography algorithm proved above,
Theorem 5.0.1;
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ii. O(log®(m)/€?) copies using quantum threshold search directly, Theorem 5.0.2;
iii. O(log(m)/€*) copies in the special case where 7 is smaller than half the minimum
distance between any two hypotheses.

DEFINITION 5.4.1. For each pair (i,5) € [m]? with i # j, let A;; € B(C?) denote the
quantum event satisfying

di (03, 05) = E[Ay] — E[A] = tr((0; — 0;) Aij).

g; O'j

The events A;; exist for all o; and o; by Proposition 2.5.3. Note that every A;; can be taken to
be a projection and that A;; =1 —A4;; = A;;.

Intuitively, if the state p is close in trace distance to a hypothesis state oy, then the expected
value E,[A;;] should be close to the expected value E,, [A;;] for all i,j € [m]. Since the
hypothesis states are known to the algorithm, the events A;; can be computed without knowing
p. Thus, using shadow tomography, Theorem 5.0.1, we can obtain estimates fi;; of the values
Wi = Ep[AZJ] for all Z,] c [m] with 7 < j

Given the estimates fi;;, we consider the m? differences |E,,[A;;] — fi;;] for each hypothesis
state o,. Informally, if p ~ o), and [1;; = p;;, then one expects |E,, [Ai;] — [ii;] to be small for
all 7,7 € [m|. Therefore, we will select the hypothesis o, that minimizes the maximum possible
difference between E,,[A;;] and ji;; over all indices 7, j € [m].

Specifically, given parameters € > 0 and 6 < % for hypothesis selection, we run our shadow
tomography algorithm with parameters ¢/2, §, and the (7;) quantum events A;; to obtain
estimates [i;; with |E,[A;;] — ;] < €/2 for all 4, j € [m]. Except with probability at most 0, we
obtain estimates fi;; such that |E,[A;;] — ;| < €/2 for all i, j € [m]. We select the hypothesis
o, that minimizes the expression max;;|Eq, [A;;] — fj:

k = argmin {max {|E[Azg] — Hij| }} .
Ee[m] 1<J o¢

Let oy« for some i* € [m] denote one of the hypotheses closest to p, i.e. with di,(p, 0;x) = 1. By
definition of o and the guarantees of Theorem 5.0.1, it holds that

max |E[A;;] — [i;;| < max|E [A;;] — i)
1<) Ok i<j o

< max|E[A;] — E[A;j] + E[Ay] — 71|
i<j o P p

< mgx{ | E[Aj;] — E[A;]| + [E[Ay] — 1y }
1<J ox p p

S dtr(p7 Ui*) + 6/2

=n+e€/2.
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Hence, by the triangle inequality,

dtr(p7 Uk) S dtr(pa Ui*) + dtr(ai*a Uk’)
=+ E[A] - E[Ai*k]
=n-+ UE [Ape] — Hoiere + Hivg — E[Azk]

< n+ max | E[A;;] — [i;;]| + max|E[A;;] — [i;]
1<) O4x 1<) Ok

<+ 2 max | E[Ay] — i
1<) T ;%
<n+2-(n+e¢/2)
=3n+e
It follows that,

Proposition 5.4.2. The above-described method selects a hypothesis oy, with dy.(p, o) < 3n+e€
(except with probability at most §), using a number of copies of p that is the same as in shadow
tomography (up to constant factors).

Now, we consider the problem of solving hypothesis selection using quantum threshold
search directly, i.e. without using the learning algorithm from Theorem 5.3.1. We will need
the following result, which is a straightforward special case (cf. Lemma 5.3.2) of the quantum
threshold decision algorithm proved in Section 5.5.

Corollary 5.4.3. Given parameters 0 < €y, 0g < %, event-threshold pairs (A1, 601), ..., (Amgs Omo),
values n1, ..., Mme > 0, and measurement access to copies of an unknown state p, there exists
an algorithm using ny = O(log(mg/d0)/€e0*) copies of p that, except with probability at most &y,
correctly outputs:

o “there exists j with |E,[A;] — ;| > n;;” or else,

o “|E,[A;] —6;| <mi+e€ foralli.”
Furthermore, the algorithm can be implemented by a projection applied to p®™.

In the remainder of this section, we will use the simpler Hilbert—Schmidt product notation
(p— o0, A;;) instead of E,[A;;] — E,[A;;]. Using Corollary 5.4.3, we can prove the following:

Proposition 5.4.4. Fiz a threshold value v > 0. In the setting of hypothesis selection, there
exists an algorithm that, except with probability at most 9§, correctly ouputs:
o one of the hypothesis states o, such that max;;|(ce — p, Aij)| <v+e€; or
o “max;<;|(oy — p, Aij)| > v for all € € [m].”
Furthermore, the algorithm requires
3
. log®(m) + log(m) - log(1/9) O

€2

log(1/9))
copies of p.
Proor. Clearly, the following equivalence holds

max|(oy — p, Aij)| < v <= there does not exist A;; such that [(o, — p, Ai;)| > v.
1<]
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For a given hypothesis g,, Corollary 5.4.3 yields a measurement on ng copies of p that can
be used to test if there exists an A;; such that |(o, — p, A;;)| > v. Hence, for each hypothesis
state oy, with k& € [m], we apply Corollary 5.4.3 with ¢, 6 = 1/3, the (’;) observables A;;,
0;; = E,, [A;], and n;; = v to obtain a projection By on (C%)®™ where ny = O(log(m)/€?).

If max;<;|(ox — p, Aij)] < v < v +e, then Ejon[By] > 2/3 > 1/3 by Corollary 5.4.3.
Conversely, if E eng [Bi] > 1/3, then, since the algorithm errs with probability at most 1/3, it
follows that rejection is the correct output, so max;;|(ox — p, Ai;)| < v + €. Therefore,

E [By] > 1/3 <= max|(o}, — p, Ayj)| < v +e
p®no 1<j
To find a hypothesis o, satisfying max;;|(o¢ — p, A;;)| < v + €, we apply threshold search,
Theorem 5.0.2, to the projections B1, ..., B,, with thresholds §; = 6y = --- = 6,, = 1/2 and
parameters € = 1/6 and § > 0.

Suppose the output of threshold search is correct. If there exists o, such that max;;|(o, —
p, Aij)| < v, then, by Theorem 5.0.2, the algorithm outputs k € [m] such that E en,[By] >
1/2—-1/6 = 1/3. Thus, oy, satisfies max;;|(ox — p, Aij)| < v + e

Otherwise, if max;;|(ox — p, Aij)| > v for all k € [m], then E en, [By] <1/3=1/2—1/6
for all k € [m], since the B}, test errs with probability at most 1/3. In this case, threshold
search will, assuming correctness, pass on all the By’s and output “max;;|(o, — p, Aij)| > v
for all ¢ € [m].”

Since each By, observable requires ng = O(log(m)/€?) copies of p, the total number of copies
required is n = ng - nrs(m, 1/6, ) where nrg(...) is the number of copies required for threshold
search, viz.

. log®(m) + log(m) - log(1/6) - O(log(1/9)). .

Recall that o;+ denotes the hypothesis state closest to p in trace distance. Given o, with
max;<;|(or — p, Aij)| < v+ e, it holds that

dtr(p7 UZ) S dtr(pa Oi*) + dtr(o-i*a O-Z)
=0+ E[Aid] - E[Ai]

Ok

<0+ max|{o; — p, Aij)| + max|(or — p, Ay)|
1<j <]
<2n+v+e

Thus, if max;;|{o, — p, A;;)| < v for some hypothesis oy, then our algorithm from Proposi-
tion 5.4.4 can find a hypothesis o, with di.(p,00) < 2n+ v + €.

If we assume that 7 is known to the hypothesis selection algorithm, then we can let v = 7,
and the hypothesis selection result follows. Otherwise, we iteratively search for 1 by running
the routine above with v =1, %, %p %, ..., using new copies at each iteration and stopping when
threshold search fails to find a hypothesis (i.e. when v becomes smaller than n) or if v < e. If the
algorithm stops because no hypothesis is found, then the last choice of v satisfies v < 1, so the last
hypothesis found, say o, will satisfy di,(p, o¢) < 2n+2v+€ < 2n+2n+e. If the algorithm stops
because v < €, then dy.(p, 0¢) < 2n+2¢. In either case, di,(p, 07) < 4n+2¢e. The algorithm stops
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at round ¢ when 1/2° < max{2n, e}. Hence, t > log(1/ max{2n,e}) = O(log(1/ max{n,e})). By
tuning the constants, we can make the final guarantee that d,(p,0y) < 3.019 + €. Therefore,

Proposition 5.4.5. The above-described method selects oy with di(p, o) < 3.01n 4 € (except
with probability at most ¢ ), using

_log®m +1log(L/d) - logm
B 2

. O(L - log(1,/5))

€
copies of p, where L = log(1/max{n,€}).

We now present an algorithm for hypothesis selection that achieves an improved copy
complexity of O(log(m/d)/e?) copies in the special case where exactly one correct selection
exists.

Let o be the minimum distance between hypothesis states, viz. o = min;; d,(0;, 0;), and
suppose that n < 1(a — ).

Fix v = (a — €). Since n < v, for all k # ¢*,

max|(oy — p, Aij)| 2 [{or = p, Aivi)|
= [{or — i + 0= — p, Aii)]
> [(or — 04, Ais)| — {03 — p, Aii)|
= dy(ok, 00) — {00 — p, Aisi)|
a— (o — p, Aisi)|
>a—n

V

=2U+e—n
>V +e

Hence, max;;[(os+ — p, Aij)| < die(p, 0i+) = 1 and max;;|(or — p, Aij)| > v+ € > n+ ¢ for all

k £ i*.
By the decision-problem version of threshold search, Corollary 5.5.3 from Section 5.5, there
exist projections By, ..., B, on (C)®" with n = O(log(m/§)/e?) such that

E[B-]>1-6/(4m)

pE™
E [B] < §/(4m), for all k # i*.
p n
Suppose the measurements By, ..., B, are applied to the state p®" sequentially. By the

quantum union bound, Corollary 2.8.10, the measurement B;- will accept and all others will
reject with probability, over all measurements, at least 1 — § since 4%, 6/(4m) < 5. We
conclude:

Proposition 5.4.6. Using the assumption n < %(04 — €), where a = min;y; dy,(0;,0;), the

above-described method selects oy« (except with probability at most §), using n = O(log(m/4)/e?)
copies of p.

Our omnibus Theorem 5.0.3 follows immediately from Proposition 5.4.2, Proposition 5.4.5
and Proposition 5.4.6.
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5.5. The quantum threshold decision problem

The decision-problem version of quantum threshold search is as follows: given measurement
access to copies of an unknown quantum state p € B(C?), quantum events A1, ..., A,, € B(C?),
and threshold values 0 < 64,...,6,, < 1, the task is to, with high probability, distinguish
between the following cases:

- E,[A)] <6, for all i € [m];

- there exists an event A; with E,[A;] > 6, —e.
Note that the two possible outputs of the decision problem are not mutually exclusive unless
there exists some event Ay, with E,[A;] > 6.

Using a theorem of Harrow—Lin—Montanaro [29, Cor. 11], Aaronson [2] showed that the
decision-problem version of quantum threshold search can be solved with n = O(log(m) log(1/5)/€*)
copies. In Theorem 5.5.2 below, we prove a new version of the Harrow—Lin—Montanaro theorem,
with a mild qualitative improvement, which enables us to reduce the copy complexity of the
threshold decision problem slightly, to n = O(log(m/d)/€?) (see Corollary 5.5.3).

Recall that a positive operator p > 0 determines a pre-inner product (_, ), which satisfies
the Cauchy—Schwarz inequality Equation (1). If one of the two operators in the pre-inner
product is positive, the following result holds:

Lemma 5.5.1. Let p € B(CY) be a quantum state. For all X,Y € B(C?) with X >0,
X,Y), < JE[X] - /E[YIXY].
(X.Y), < [EIX]- | [BIVIXY]
Proor. By the Cauchy—Schwarz inequality,
<X7 Y)p = <\/§, \/Yy>p
< VWX V), (VXY VEY),
= \/E[X] : \/E[YTXY]. .
p p

Theorem 5.5.2. Let Ay,..., A, € B(C%) be quantum events and define #A = Ay + -+ + A,,.
Given v > 0, let B be the orthogonal projection onto the span of eigenvectors of #A with
eigenvalue at least v. For any quantum state p € B(C?),

i {E[Az-]} 27 <EBB] < LEl#A]

ie[m] | P

PROOF. By definition of B, vB < #A. Thus, since E,, is linear and monotonic (Fact 2.3.2)
vE[B] = E[vB]| < E[#A].
p P P

Therefore, E,[B
For any j €
1

< —E,[#A].

R
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< JEIA]- | [B(BAB) + \/1;;[_]»] - \/I;J[EA_]-E] (by Lemma 5.5.1)

< \[EBAB) + \/EJ[A_J] w;:rﬁ] (B4 B<B1D)

= \/B(BAB] +  [E[4] -, [E[B (B’ =B)

< ]:;[E#AE] + B,(4)] ; BB (A; < #A and AM-GM)
<\Vv+ ol 4] + E"zm (by definition of B).

Therefore, 1 — E,[B] = E,[B] < 2y/v + E,[A;] =2/v + 1 - E,[4}], so
B(B) > B[4,] - 27

p P

Since the index j € [m] is arbitrary, the lower bound follows. n

The algorithm for the decision-problem version of threshold search is similar to Aaronson’s
(see [2, Lemma 14]):

Corollary 5.5.3. Given measurement access to copies of an unknown state p € B(C?), quantum
events Ay, ..., A, € B(C?), and thresholds 0y, ... ,0,, > 0, there exists an algorithm that, except
with probability at most &, outputs correctly:

o “there exists j with E,[A;] > 0; —€”; or

o “E,[A;] <6, for all i”.
The algorithm requires only n = O(log(m/d)/e*) copies of p and it can be implemented by
applying a projection to p®™.

PROOF. Let o = p®" denote the n copies of p that the algorithm has measurement access
to. For each event A; with i € [m], let A, € B((C?)®") denote the amplification of A; obtained
by applying Lemma 2.8.6 with 6/16m as the J parameter to A;. Thus, for all 7 € [m],

E[A] > 0, = E,[4]] >1-6°/(16m),

p

BIA] <6, — ¢ = B[] <5"/(16m)

Let B denote the projection onto the span generated by eigenvectors of A} + A, +---+ A’
with eigenvalue at least v = §%/16. By Theorem 5.5.2,

max{E[4])} - 6/2 < E[B) < (16/6*) B[]

i€lm] o
If there exists an ¢ € [m] such that E,[A;] > 6;, then E,[A]] > 1—§%/(16m) >1—4/2, so
E[B] > maxE[A4]] —§/2>1-6/2—-§/2=1—4.
i o

4
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Otherwise, if E,[A;] <6, for all i € [m], then E,[A]] < 6%/(16m) for all i € [m], so

BB < VR 44 A
0 62 o
16
— 5 - (B -+ B
1) 0 0
_16 5
=52 " T6m
_ s

Therefore, the algorithm can measure o = p®" with {B, B} and output “there exists...” if
B occurs and “E,[A;] < 6, for all i” otherwise. As the analysis above shows, this algorithm is
correct except with probability at most §. [ ]
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