AN EFFICIENT CONTEXT-FREE PARS ING ALGORITHM

Jay Earley

Computer Science Department
Carnegie-Mellon University
Pittsburgh, Pennsylvania
August, 1968

Submitted fo Carnegie-Mellon University
in partial fulfillment of the requirements
for the degree of Doctor of Philosophy

This work was supported by +he Advanced Research Projects Agency of the
Office of the secretary of Defense (F44620—67-C—0058) and is monifored
by the Air Force Office of Scientific Research. This document has been
approved for public release and sale; its distribution is unlimited.






CARNEGIE-MELLON UNIVERSITY

CARNEGIE INSTITUTE OF TECHNOLOGY

COLLEGE OF ENGINEERING AND SCIENCE

THESIS

SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF..,.1)_9,9.'99?!“9_f___gb_i_-‘1_9.S_Q,Ph_‘l ___________________

TITLE oo ememer é!l.__E_ﬁfis_i_?,n_s,_99&59&9:E}f_s’—s_.??_a%_i__r}_g___él_sexiﬁh@ __________________________________
PRESENTED BY._-A__A:!Sa_X-_E_?f_]:EX _____________________________________________________________________________________ _
ACCEPTED BY THE DEPARTMENT OF - 99.‘.‘199.'595-?.‘?}9995 ......................................... —

Py . l
Ly AR
""""""""""" o T DAtk
g 1Y L26Y
DATE

EE ON GRADUATE DEGREES

(4,

APPROVED BY THE COMMITT




Jay Earley
an efficient context-free parsing algorithm

ABSTRACT

This paper describes a parsing algorithm for context-free grammars,
which is of interest because of its efficiency. The algorithm runs in
time proportional to n3 (where n is the length of the input string) on
all context-free grammars. |t runs in time proportional fo n2 on
unambiguous grammars, and we actually show that it is n2 on a considerably
larger class of grammars than this, but not on all grammars. These fwo
results are not new, but they have been attained previously by two
different algorithms, both of which require the grammar to be put into a
special form before they are applicable.

The algorithm runs in |inear time on a class of grammars which
includes LR(K) grammars and finite unions of them (and the LR(K) grammars
include those of essentially all published algorithms which run in time n),
and a large number of other grammars. These time n grammars in a practical
sense include almost all unambiguous grammars, many ambiguous ones, and
probably al!l programming language grammars.

We present a method for compiling a recognizer from a time n grammar
which runs much faster than our original algorithm would have, working
directly with the grammar as it is recognized. We show some undecidability
results about the class of grammars that are compilable by this method.

The space bound for the algorithm is nz, and by using a garbage
col lector which we describe, this can be cut down fo n in a large number

of cases.
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The algorithm can easily be converted into a parser, which has
the same bounds as the recognizer except that the space bound goes up
to n3 in order to store all the parses of very émbiguous grammars,

The time results we have obtained are only valid for a random
access model of a computer. The n3 result is the only one which
carries over to a Turing-machine-|ike model.

Our algorithm was clearly superior to the top-down and bottom-up
algorithms in a practical comparison with data from the Griffiths and

Petrick article.
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. - INTRODUCTION

Context-free grammars have been used extensively for describing
the syntax of programming languages and natural languages. They are
often called BNF grammars when used for programming |anguages [(Na 63].
The analysis of the syntax (parsing) of programs or sentences is a
crucial part of the implementation of compilers and interpreters for
programming languages and of programs which "understand" or translate
natural languages. Therefore the development of automatic parsing
algorithms for context-free grammars has importance in these areas of
computer science.

We need some way of evaluating fthe numerous parsing schemes which
have been developed. In order that this evaluation be unbiased by a
particular computer, a particular method of implementation, or a
particular set of fest grammars, we will formalize our evaluation
criteria and use mathematical rather than experimental methods for
comparison. We are interested in how fast the algorithm runs, how
much space it uses, and how widely applicable it is. To evaluate time
and space, we use a formal model of an idealized computer and count
the number of steps an algorithm takes and the number of registers it
uses (see Section XV). To evaluate the applicability, we use a formal
mode! of a grammar and consider what subclasses of grammars-can be
handled correcfly by the algorithm.

These formaI‘Techniques are some of those used by researchers in
complexity theory--the study of the intrinsic difficulty of computing
various functions. |In fact the results in this paper can be thought of

as complexity results.



In parTicuIar, we are more concerned with fTime than space. This
is because the space requirements for contexft-free language processing
generally fall within the capabilities of most large computers, but
the time requirements often are nof reasonable for the application. We
consider the length of fthe string being parsed as the most important
paramefer in evaluating the time. [t is more critical than the grammar
size because the way in which the time depends on the grammar size
seems to be prefty much the same over different algorithms and different
classes of grammars, but the dependence of the time on the sfring length
varies greatly.

We are concerned with upper bounds on the time required for various
algorithms on various subclasses of grammars. Specifically, if we speak
of an n2 algorithm for a subclass A of grammars, we mean that there is
some number C (which may depend on the size of the grammar, but not on
the length of the string), such that an is an upper bound on the number
of steps required in our model fo parse any string of length n with
respect to any grammar which is in class A.

Those who are not interested in the formal properties of the
algorithm need read only Sections | through 1V, the definition of the
algorithm and ifs implementation (pages [16-18 and 26-27), and Sections

X, XI, X1, XIV, XVI, and XVII.



1. TERMINOLOGY

A language is a set of strings over a finite set of symbols. We
call these terminal symbols and represent them by lower case letters:
a, b, ¢. Since most interesting languages are infinifte sets, we use a

context-free grammar as a formal device for specifying which strings

are in the set. |t uses another set of symbols, the non-terminals,

which we can think of as syntactic classes. We will use capitals for
non-terminals: A, B, C. There is a finite set of productions or

rewriting rules of the form A - a. The non-terminal which stands for
"sentence" is called the root R of the grammar. The productions with

a particular non-terminal D on their left sides are called the

alternatives of D. We will hereafter use grammar to mean context-free
grammar,
Strings of either terminals or non-terminals will be represented

by Greek letters: a, B, y. The empty string is A. ak represents

k times i

a...an @*=AU{a|i> 1}, [|a] is the number of symbols in a.
We will work with this example grammar of simple arithmetic

expressions, grammar AE:
E » E+T

T > T*P

The terminal symbols are {a, +, *}, the non-terminals are {E, T, P},

and the root is E.



Most of the rest of the definitions are understood to be with
respect to a parficular grammar G. We writea=28if 3v, §, n,
A such that o = yAS and 8 = yné and A > n is a production. We wrife

x .
o= B (B is derived from a) if 3 strings %y al,...,um(m > 0) such that

a=a.2a, = ...20 =28

0 l m

The sequence ao,...,am is called a defivafion (of B from a).

*
A sentential form is a string o such that R= a. A sentence is a

senTenTiél form consisting entirely of ferminal symbols. The language

defined by a grammar L(G) is the set of ifs sentences. We may

represent any sentential form in at least one way as a derivation tree

(or parse tree) reflecting the steps made in deriving it (fthough not

the order of the steps). For example, in grammar AE, either derivation
E = E+T = T+T = T+P = T*P+P

or

E = E+T = E+P = T+P = T*P+P

is represented by

/N

T
|
P

e T

RN
TOo* P

The degree of ambiguify of a sentence is the number of its distinct

derivation frees. A sentence is unambiguous if it has degree | of




ambiguity. A grammar is unambiguous if each of its sentences is
unambiguous.

The handle of a derivation free fs +he set of ferminal nodes which
emanate from the left-most, lowest non-terminal node (the lower left
'T*¥P! in the above free). That is, if we think of parsing as pruning
branches from a derivation free, it .is t+he first prunable branch that
we come to, scanning from leff to right.

A recognizer is an algorithm which takes as input a string and

either accepts or rejects it depending on whether or not the string

is a sentence of the grammar. A parser is a recognizer which alsn
outputs the set of all legal derivation trees for the string.

We use // as an end-of=-proof symbol.
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[11. PREVIOUS WORK

The previous work in developing efficient parsing algorithms can

be split into two independent developments.

Time n Algorithms. These algorithms are concerned mainly with

parsing in compilers; they all work in time proportional fto n on
various subclasses of grammars. Perhaps the sest known of these is
Floyd's operator precedence algorithm CFl 63]. It works by comparing
the operators (terminals) immediately to the right and left of a point
in a sentential form fo determine whether or not it is the boundary of
a handle. Wirth and Weber's precedence algorithm [WW 66] extends this
to non-terminals as well as terminals and hints at extending it fo
strings as well.

Bounded context analysis [Fl 64a] allows the algorithm fo look at
a bounded number of symbols to the right and left of a possible handle
+o determine whether or not it is a handle and what it is to be parsed
as. Knuth's LR(k) algorithm [Kn 65] extends this in that it is able to
consider the entire left part of the string (it scans from left fo

right) plus a bounded context on The-righf in order to determine the

handle.
There are at least a dozen more algorithms which fall into fhis
time n class. Many of these are referenced in Knuth's article. In

attempting to compare these algorithms using our critferia, we discover
that they all use time and space proportional fo n, so the class of

grammars which they can handle is the only distinguishing factor.



(This is not to say that it is fthe only distinguishing factor from a
pracTical point of view.) By This standard, Knuth's algorithm is the
pest, because The LR(k) grammars include as a subset the grammars which
the other three algorifthms can handle and those of almost all other
known Time n aigorithms. Recently there have been a couple of time n
algorithms developed which seem to handle some non-LR(K) grammars

[Ma 68] Wi 681].

General Algorithms. These algorithms are general in that they can

handle any context-free grammar. The oldest of these simply attemp? to
construct a possible parse free from the input sfring in a straight-
torward way. |f the algorithm starts this construction from the root
and works foward the input string, it is called top down [FI 64b]. If
i+ starts from the input string and works ftoward the root it is called
bottom up LIr 61]. The basic idea of either of these algorithms is to
make arbitrary choices about what the tree might look like and to back
up and try again i the choices later turn out to be incorrect. Although
some selectivity about these choices can be put into fhese algorithms,
the fact remains that because of fhe backtracking involved, grammars can
be constructed which cause even +he selective versions fo run in Time
proportional to c" for any C [CFI 64b]. These backtracking algorithms
are summarized in [GP 65].

The predictive analyzer [ko 63] is a version of top down analysis
which works on grammars in standard form (the lefimost symbol on the
right side of any production is terminal). However, even with a path

olimination technique [Ku 65] fo cuf down on the time, it has been
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shown that it can have exponential growth in some cases (or 66]. In
[Ka 66] is described an algorithm which is exponential only when the
qumber of parses of the senftence grows exponentially.

An algorithm without this exponential worst case was developed
independently by Cocke [Ha 627 and Younger (Yo 67]. |t requires that
+he grammar be put into a normal form such that every production is of
the form A - a or A BC; this can be done effectively for any
context-free grammar. It then provides a recognition algorithm for
these grammars with an upper bound of ns. Younger [Yo 66] and
Kasami EKa 67] are also able to recognize strings with respect to
|inear and meta-|inear grammars (see Section VIIIl) in fTime n2. And
more recently Kasami [KT 687 has developed an algorithm which
recognizes any unambiguous grammar in time n

One disadvantage of these fwo separate developments is that none
of the time n algorithms are also applicable to larger classes of
grammars, and none of the general algorithms seem fo do particularly
well (time n) on interesting subclasses such as those treated by the
time n algorithms. The algorithm presented in this paper seems to

remedy this difficulty and unify the two developments.



[V. INTUITIVE EXPLANATION

The following is an informal description of the algorithm as a
recognizer: |t scans an input string XI"‘Xn from left to right looking
ahead some fixed number k of symbols. As each symboll Xi is scanned, a
set of states Si is constructed which represents the condition of the
recognition process at that point in the scan. Each state in the set
represents (1) a production such that we are currently scanning an
instance of its right side, (2) a point in that production which shows
how much of the production we have scanned, (3) a pointer back to the
position in the input string at which we began to look for that instance
of the production, and (4) a k-symbol string which can legally occur
after that instance of the production. We will represent this quadruple
as a production, with a dot in it, followed by an integer and a string.

For example, if we are recognizing a*a with respect to grammar AE
and we have scanned the first a, we would be in the state sef S'

consisting of the following states:

P -+ a. 0
T~>P. 0
T>T.* O
E~>T. 0
E->EA+T O

- each with various k-symbol strings. Each state represents a possible
parse for the beginning of the string, given that we have seen only
the a. All the states have 0 as a pointer, since all the productions

represented must have begun at the beginning of the string.



There will be one such state set for each position in the string.
7o aid in recognition, we place k+l right terminators '4' (a symbol
which doesn't appear elsewhere in the grammar) at the right end of
the input string.

To begin the algorithm we put the single state

¢ - .RH 4k 0

intfo state set SO, where R is the root of the grammar and where ¢ is
a new non-terminal.

In general, we operate on a state set Si as follows: we scan the
states in the set in order, performing one of three operations on each
one depending on the form of the state. These operations may add more
states to Si‘and may also put states in a new stafe set Si+|' We will
describe these three operations by example:

In grammar AE, with k = |, SO starts as the single state
¢ ~ .EA 4 0 (n

The predictor operation is applicable to this state because there is a
non-terminal £ to the right of the dot. It causes us to add one new
state 1o Si for each alternative of E. We put the dot at the beginning
of the production in these new states since we haven't scanned any of
its symbols yet. The pointer is set to i, since the state was created
in Si' The k-symbol look-ahead string in this case is -, since it is
after € in the original state. Thus the predictor adds to Si all

productions which we might begin to look for at Xi+|'



In our example, we add to SO

E-> .E+T 4 O (2)

E->.T 4 0 (3)

We must now scan these ftwo states. The predictor is also applicable fo

+hem. Operating on (2), it produces.

E~> .E+T + O (4)
E->.T + 0 (5)
The difference is only in the look-ahead symbol. Operating on (3),

it produces

Now, the predictor, operating on (4) produces (4) and (5) again, but

they are already in SO’ so we do nothing. From (5) it produces

T+ .T* + 0

The rest of SO is

T~ .T* * 0



The predictor is not applicable fo the last three states. Instead the
scanner is, because they have a terminal fo the right of the dot. The
scanner compares that symbol with Xi+l’ and if they match, it adds the
state To Si+l’ with the dot moved over éne '~ the state to indicate
-+hat we have scanned that terminal symbot .

| f X| = a, Then Sl is

P>a. + 0 (6)

these states being added by the scanner.
If we finish processing Si and Si+l remains empty, then an error

has occurred in the input string. Ofherwise, we then start to process

Si+|'
The third operation, the complefer, is applicable to these states
in S, because the dot is at the end of the production. |t compares the

I
look-ahead string with Xi+|"'xi+k‘ |f they match, it goes back to fhe

state set indicated by the pointer, in this case SO’ and adds all
states from SO which have P to the right of the dot. [t moves the dot
over P in these states. Intuitively, SO is the state set we were in

when we went looking for that P. We have now found it, so we go back



+o all the states in SO which caused us fo look for a P, and we move
the dot over the P fo show that we have successfully scanned it.

| f XZ = +, then the completer is applicable to (6), and we add

to S‘
TP, 4 0
T > P. + 0
T > P. * 0

T>-T.%FP 4 0

T>-T.% + 0

T>T*P * 0

and finally, from the second of these, we get

¢é > E. 4 4 0

E->-EA4T 4 O

E>EAT + 0



The scanner +hen adds to 52
E->E+.T 4 O
E > E+.T + 0

[f the algorithm ever ends up with Si+| consisting of fthe single

state

¢—+E"‘. - 0

+hen we have correctly scanned an E and the 4, so we are finished with
the sfring, and it is a sentence of the grammar.

A complete run of the algorithm on grammar AE is on page I5. In this
example, we have writfen as one all the states in a state set which differ
only in their look-ahead string. (Thus "4+*" as a look-ahead string
stands for three states, with gt "4 and "*" as their respective
look-ahead strings.)

The technique of using state sets and the look-ahead are derived
from Knuth's work on LR(k) grammars [Kn 65]. In fact our algorithm

approximately reduces to Knuth's algorithm on LR(k) grammars.



Grammar AE

root: E > T|E+T
T >~ P|T*P
P->a

input string = ata*a

k=1

S ¢ > .E 4 0 Sy P—+a 4+*
E~> .E+T 4+ O T > P, <4 +*
E~>.T 4+ 0 E - E+T 4+
T > TP A4+% 0 T > T.*P 4+%
T~>.P 4+* 0
S, T > T*.P  A+*
P+ .a 4+* 0
P> .a < +*
SI P> a. 4+* 0
55 P> a. - +%
TP 4+* 0
T > T*P.  A+¥
E->T 4+ 0
E > E+T. 4+
T > T.%P  4+% 0
T > TP A+%
¢ > E. 4 4 0
$ ~ E. A -
E->EAHT 4+ O
E > E.4T  A+%
S2 E->E+.T 4+ O
56 ¢ ~E- -

T > JT*P  H4+* 2
T->.P 4+% 2

P~ .a 4+% 2



V. THE RECOGNIZER
The following is a precise description of the recognition algorithm:

Notation: Number the productions of grammar G arbitrarily I,...,d-1,

where each production is of the form

b -C ,...C_ = (1 <p <d-1)
p pl pp -7 -

where p is the number of symbols on the right hand side of the pth

production. Add a Oth production

DO > R4

where R is the root of G, 4 is a new ferminal symbol, and k is a

non-negative integer called the took-ahead parameter.

Definition. A state is a gquadruple <p, j, f, @> where p, |, and f
are integers (0 < p < d=1) (0 < j<p) (0<f<ntl)andaisstring
consisting of k ferminal symbols. A state setf is an ordered set of
states. A final state is one in which j = p. We add a state to a

state set by putting if last in the ordered set unless it is already

a member.

Definition. Hk(y) = {a|a is terminal, la| = k, and 3 B such that
*
Yy = aB}l.
Hk(y) is the set of all k-symbol terminal strings which begin
some string derived from y. This is used in forming the |ook-ahead

string for the states.



The Recognizer. This is a function of 3 arguments REC(G,X,...xn,k)

computed as follows:
Let X ¢ = 40 <1 <kt
Let Si be empty (0 < i < ntl).
Kk
Add <0,0,0,4 > to Sy

Set i «+ 0 and go to A.

A: Process the states of Si in order, performing one of the

following three operations on each state s = <p, Jj, f, a>.

(1) Predictor: If s is non-final and C_ . is non-terminal,
pCj+1)
+hen for each q such that C_ . = D_, and for each
pLjth)  7q
B e Hk(Cp(J+2)...Cp5 o) add <q, 0, i, B> to Si'
(2) Completer: If s is final and a = X X then for

R E

each <q, &, g, B> ¢ Sf (after al! states have been added to Sf)

such that Cq(£+|) = Dp’ add <q, 2+!, g, B> to Si'
(3) Scanner: |f s is non=final and Cp(j+l) is terminal, then
if Cp(j+|) = xi+l’ add <p, j+l, f, a> to Si+l'
I f Si+l is empty, reject XI...Xn.
It i=nands, = {0, 2, 0, 45>}, accept X,...X, .

Otherwise set i <« i+l and So to A.

This is not Feally a complete description of the algorithm until

we describe in detail how all these operations are implemented in our



node | . However, we will defer that description until it is required to
obtain +he time bounds.

We will now prove that this algorithm is indeed a recognizer.
First we introduce the idea of i-state, which is a way of stating,
in an algorithm-independent way, the properties of a state constructed
by the algorithm. We will use this concept in later proofs. Theorem |

ostabl ishes the relationship between i-states ind states constructed by

the algorithm. Theorems 2, 3, and 4 then complete the recoc ‘er proof.
pefinition. The extensions of a string a are the strings aB for all B
Derinlt =

Definition. The i-stafes of a derivation of a string XI"’X (F < i <n
- . n —

(let X, =) are the triples (p, J, f), (0 <p<d-1), (0<j<p),

(1 < f < i) such that 3 & (i < & < ntl) such that

*
(a) if p#0, R= XI"'XpoX2+I"'Xn

*

.C ., =X v o X

(0) TF > 0, C peniCpp Xey i

- *
(c) if j <p, Cp(j+|)"'cp5 = Xi+|"'X2

in that derivation.

Definition. The i-states of a string X ...X (m > i) are the i-stafes

of the derivations of the extensions of XI"'Xm'

The i-states of a string Xl"'Xm are roughly those states constructed %1

by the algorithm on X, ...X, which are consistent with XI+|“‘Xm being

next in the input string.
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Note: Unless otherwise specified, the algorithm is understood to be
Not=

REC(G, XI"'Xn’k) in our proofs.

Theorem |. 1f <p, J, f, a> ¢ S. and
S [

Xi+|"'xi+k € HK(CD(J+|)'°'CP5 a)

then (p, j, f) is an i-state of XI"'Xi+k'

Proof: By induction on the number of states added to any state set

before <p, Jj, f, &> is added to Si'

Basis: <0, 0, 0, A> is the first state added to SO. | f Xl"'xk €

HK(R4K+|), t+hen (0, 0, 0) is an i-state of XI"‘Xk as follows:

(a) p =0, so not applicable

(b) j

]

0, so not applicable
* . k+1
(c) 3 B such that R = XI"'ka since X'...Xk € HK(R4 ).

Induction Step:

(1) <q, 0, i, B> is added to Si by the predictor from state

<p, j, f, &> and

X e X, € Hk(C

i+ 4k ...an B) = Hk(Dq B)

gl

Then

C - a)

X, oo Xy € Hk(cp(j+|)Cp(j+2)"' 0P

i+ i+k

since D and B ¢ Hk(Cp(j+2)"‘Cp5 a). So by inductive

q = Cp(j+|)



20

hypothesis (p, j, f) is an i-state of Xl"‘xi+k' Therefore 3 an

extension XI"'Xn and an & such that

*
=
R XI"'XpoX2+I"'Xn
c *
Cpl PJ = ><f+| XI

*
and Cp<j+|)...Cp6 SRERERYY

So there is an &' (i j_l' 5_2) such that

*
Cp(j+2).-.cp5=9 XQ'H"'XZ
If 3 y such that
*
qu...an = Xi+|"'X3+KY

(g, 0, i) is an i-state of a derivation of XI"‘Xi+kYXQ'+I"‘Xn as

fol lows:

*
(a) Dp = xf+|"°XiDqX£'+l"'x£’ S0

*
R= X| e X D Xg vy oo Xy

(b) j = 0, so not applicable

*
(¢) C,...C ==X,

qi**~Cag = Niwr ek

i+kY



2|

*
[ 3 k' < k such that qu"'an = Xi+|"'xi+k" then (q, 0, 1)
. H. H 1 i ' =
is an i-state of a derivation of Xl“‘xi+k'xz'+l"'xn (i+k L")

as follows:
(a) and (b) are the same as above.

() CgyenCg ™ Xoppe e K

(2) <q, j+!, g, 8> is added tfo Si by the completer from

<p, p» f, @> ¢S, and <q, j, g, B> € 5. Then o = X, -+eX; \» SO

by inductive hypothesis, (p, p, f) is an i-state of xl"'xi+k' So

*

o1 Cop PRRRRRY
Also, since

Xi+l"'xi+k € Hk(Cq(J+2)...an B)

X e XX el X

f+1 P+ (C Cpp ©

i+k € Tiofrk U1t Tpp q(j+2)"‘cqa 8)

which equals Hi—f+k (Cq(j+l)"'c - 8) since D_=C So

aq p q(j+D)’

Xf+l"'xf+k € Hk(Cq(j+l)...an 8). So by inductive hypothesis (q, J, g)
is an f-state of XI"'Xf+k' Therefore 3 an extension XI"'Xn and an %

such that

R 2+|"'Xn
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and

*

Cp(j+l)"'cp5 = Xf+l"'xl

If 3 y such that

*
Cp(j+2)"'cp5 = XK Y

. . - . .
(q, J+!» g) is an | state of a derivation of XI...X.+K Y X£+|...X as

n
follows:
By
(a) R XI"°XquX2+I“'Xn
2
(b) qu...qu Cpl"'cpﬁ Xg+l"'xfxf+l"°xi so
C ol X i
= -
qu... q(j+1) Xg+‘... 0 since Cq(j+l) Dp
c *
- =
(c) Cp(j+2)"' op Xi+|"'xi+k Y
' *
£ 3 k' < k such that Cp(j+2)'°'cp5 = XI+|"'Xi+k" then
(q, j*+l, g) is an i-state of a derivation of XI"'Xi+k'X2+|"'xn

(i+k' = ¢) as follows:
(a) and (b) are the same as above.

(c) C S

0(j+2)°Cpp T Kt Nk

(3) <p, j*l, f, B> is added tfo Si by the scanner from

<p, Js f, B> ¢ S'i’-|'

X e o X B)

R T+k € Hk(C

otj+2)"Cpp
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and Cjep) = i %9

KivooXigp € Hk+|(cp(j+l)"'cp6 B)

SO

Xioo X aent © HCCoiuryeCop B

Therefore, by inductive hypothesis, (p, j, i/ is an (i-l)-state of

X!"'Xi+k—|' Therefore 3 an extension Xl"'xn and an & such that
*
R= X! ..XfD X2+|. Xn
c *
o1 Coy = Xeere X
*
and Cp(j+l)"'cp5 = Xi...X2

so (p, j+l, f) is an i-state of a derivation of XI"‘Xn as follows:

*
(a) R= XI"'XpoXZ+|"'Xn
* -
(b) Cpl' 'ijcp(j+l) = Xf+|"'xi—lxi Since Cp(j+l) = Xi
*
(c) Cp(j+2)"'cp5 = Xi+l"'xl' //

Theorem 2., If X ...Xn is accepted by the algorithm, then it is a

sentence.

Proof: If xl...xn is accepted by the algorithm, then Sn+| =

t<0, 2, 0, 4>}. And by theorem 1, since ¢ Hk(4k), (0, 2, 0)



is an (ntl)-state of Xl...xn 4K+|. So by (b) in the definition of
i-state,
*
R4 =X ...X 4
*
or R=X ...X , so it is a sentence. //
. *
=
Theorem 3. If <p, j, f, a> € Si’ CD(J+|> Xi+|"'xz’ and
Xz+l"'xl+k € Hk(cp(J+2)"‘Cp5 a), then <p, j+l, f, a> € Sz.
. 11
Proof: By induction on m (see page 4) in the definition of = in
*

CP(J+|) = Xi+l...X2.

Basis: |f m =0, then & = i+l and CP(J+‘> = Xi+l’ SO <p, j*t, f, o>

is added to Si+ by the scanner.

Induction Step: if m > 0, 3 g such that CP(J+|) = Dq > qu...an

and 3 0 < | <.e.¥< - SucC a 0 =1, - =% and
C =2 X X C -= X X
q + . + LI 19 + +
! 0 ! | (Q“) l q

Because of the predictor acting on <p, j, f, &> in Si’

<g, 0, i, XZ+I"'X2+k> will be added to Si since

X£+|"'Xz+k € Hk{Cp(j+2)“'Cp5 o). And by inductive hypothesis

we know that if <q, r, i, X X, > is in S

PENEERLS I + o then <q, r+l, i,
r

X2+|...X£+k> will be in SJr (0 < r <qg-l) since
(r+l)
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*

C = X ee o X
alr+l) = T

and X e oo X

)
e

(0]

H (C ...C =X eo o X
T(r+|)+k k' "q(r+2) qq A+l L+k

[0

SZ contains <g, a, i, X

q
And the completer, acting on this state, adds <p, j+i, f, a> to Sl' //

X >

So by induction on r, ST— IPYERER SRS

Theorem 4. If xl"’Xn is a sentence, then it is accepted by the algorithm.

. k * Kk k+1
Proof: SO contains <0, 0, 0,4 >, R= XI...Xn, and 4 e Hkéi ). So
by theorem 3, Sn contains <0, I, O,—ik>. And since 4 = COZ’ the

scanner adds <0, 2, O,-4k> to Sn+|' This is the only state that Sn+l

can contain since 4 appears nowhere else in the grammar. So X ...X

e n
is accepted. //

Theorems 2 and 4 together show that the algorithm is a recognizer
for all context-free grammars. Notice that our recognizer proofs
require no restrictions at all on the grammar. That is, unlike most
algorithms, ours handles correctly circular grammars, disconnected

grammars, grammars which generate strings with an infinite number of

parses, even grammars which generate the empty language.



V|. RECOGNITION TIME

Now we will Try to characterize precisely The speed of the algorithm.
First we describe its implementation. The formaf model of a computer
which we are using has been chosen purposely To reflect as much as
possib|e +he random access properties of real machines. Therefore it
is not restricted to the Square—af-a—¢ime movement of a Turing machine.

We will not describe our model in detail here; that will be done
in SecTioﬁ XV. Instead we will describe the implementation as if it
were done on a real machine. Our implementation description assumes a

know | edge of basic list processing techniques.

Implementation

(1) For each non-terminal, we keep a linked list of its alternatives,

for use in prediction.

(2) The states in a state set are kept in a Iinked list so they

can be scanned in order.

(3) 1In addition, as each state set Si is constructed, we put entries
info a vector of size i. The ffh entry in this vector (0 < f <) is a
pointer to a list of all states in Si with pointer f, i.e., states of the form
<p, j, f, a> € Si for some p, Jj, ®. Thus to test if a state <p, j, f, &>
has already been added to Si’ we search through the lis? pojnfed fo by
the fth entry in this vector. This takes an amount of Time independent

of n. The vecfof and lists can be discarded after Si is constructed.
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(4) For the use of the completer, we also keep, for each state

set Si and non-terminal N, a list of all states <p, j, f, o> ¢ Si such

that Cogapy =

(5) |f the grammar contains nul| productions (A — A), we cannot
implement the completer in a straightforward way. When performing the
completer on a nil state (A ». o i) we want fo add to Si each state in
. Si with A fo the right of the dot. But one of these may not have been
added to Si yet. So we must note this and check for it when we add more

states to Si‘ This does not change the time bounds, however.

Now we will derive an upper bound on the recognition time. First

some definitions.

Definition. Let m-1 be the maximum p (0 < p < d=1).
Let a be the maximum number of alternatives of any non-terminal.
Let + be the number of terminals in G.
Let u be the number of non-terminals in G.
Let v = t+u be the number of terminals and non-terminals in G.

Let C be any constant independent of the length of the sfring.

Definition. A sfep is an algorithm which takes a fixed number of basic
operations in our mode! independent of the size of the grammar or of the

string being recognized.

The fol lowing theorem establishes +he fact that our algorithm is an

3 . .
n- recognizer n general .
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Theorem 5. There is a bound of the form Cn3+o(n2) on the number of steps

required o compute REC(G, Xl"'xn’ k) for any k.

Proof: (a) There are at most dmi-rk states in any state set Si—l’ so it
takes at most dmi'rk steps to scan them. The scanner adds just one state
for each state to which it is applicable. The predictor adds at most

afk states for each state to which it is app!icable. (The members of Hk
can be calculated independent of the recognition process.) To test each
state added to see if it is already in the state set costs at most dm+k.

So scanning the states in Si plus the scanner and predictor operations

takes at most (aTk) (dmifk) (dmfk) steps.

(b) The completer performs more than one step at a particular state
<p, Jj, f, a> only if j = 5 and a = Xi+l"°xi+k' For each of these states
i+ adds at most dmffk<i de‘k states, one for each possible state in Sf.

It takes at most mek steps to test each state added. So the completer

performs at most (di) (dmiTk) (mek) steps.

Summing over all state sets, we get

n+ 1|
$ (admit?® + ¢Zmi%thy amt™

n+ | n+l
T i2] (mek)
i=1 i=|

1
M
[s}]
Q
3
i
™
+
Q
3
&+

[adm+2k (n+|);n+2) + dZmTk (n+l)(n22)(2n+3)] (dmfk)

e

d3m21‘2kn3 //
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Since this bound holds for any k (including k = 0) we could do
without the look-ahead here. It will be more useful in obtaining time
n bounds (Section 1X). The n> bound is no better than that obtained by
vounger [Yo 67], but the algorithm is better in that it does not
require the grammar to be puf into any special form (Younger's requires

normal form).



30

VIi. BOUNDED DIRECT AMBIGUITY

We next ask the question: What classes of grammars can be done
in Time n2 by the algorithm? We will define one such class in terms

of the amount of ambiguity of the grammar.

Definition. The degree of direct ambiguity of a non-terminal A with

respect to a string XI"’Xn is the number of distinct pairs <p, t>,

where p is a production such fhat Dp A, and T is an (p+i)-tuple

<q|,oo-,q5+|> such that q! = O’ q5+' = n and

* -
c.=X oo o X (I <j<p)
I et g

Intuitively, the degree of direct ambiguity is the number of
"top-level parses". That is, instead of considering all the different
parses of X|...Xn as A, we consider only the first production of each
parse, say A > BC, and the substrings of XI"’Xn which the symbols in

* *
this production generate, B= X, ...Xx, C=2X ...X . Each such
I m m+ | n
distinct pair <p, (0, m, n)> increases the degree of direct ambiguity
by I.

We know the following concept:

Definition. A grammar has bounded ambiguity if there exists a bound

for the grammar on the degree of ambiguity of any of its sentences.
The analogy. of this definition for direct ambiguity is as

follows:
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Viltl., TIME n2

Now we attack the n2 question. The completer is the only thing
which forces us fo use n2 steps for each symbol we scan, making the
whole thing nB. So we ask, in what cases does this operation involve
only n steps instead of nz? | we examine the state sef Si after the
completer has been applied to it, there are at most proportional to i
states in it. So unless some of them were added in more than one way
(this can happen; that's why we must test for the existence of a state
before we add it to a state set) then it took at most ~ i (proportional
to i) steps to do the operation.

In the case that the grammar is unambiguous, we can show that each
such state gets added in only one way, but using the concept of bounded
direct ambiguity, we can gef an even more powerful result. Lemma |
shows that the number of ways that a state can be added is proportional
+o the degree of direct ambiguity. Using this, we prove theorem 6,

which gives us the n2 result for all BDA grammars.

lemma |. |f b is a bound on the degree of direct ambiguity of Dq with
respect to any string, then any state <q, j+I, f, o> which is added to

Si by the completer can be added in at most ba different ways.

Proof: Assume that the state <g, j+!, f, a> is added to Si‘in two

"different ways by the completer. Then we have

SI = <p|’ p|, f", Xi+|--.Xi+k> Ssi
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and T P P PUR TR

<q, j, f, o> ¢ Sf and Sf
| 2

D =C ,.,,, =D

and either p, # p, or fl # f2’ for otherwise s, and s, would be the
same state.
Consider the degree of direct ambiguity of Dq with respect to
* .
Xf+l"'xi6’ where Cq(j+2)'°'cqa = 8. It must be at teast 2, since

(in the definition of degree of direcT ambiguity) fl-f and fz—f are

the (j+1)th members of fwo (gq+1)-tuples which partition Xf+|...XiB.
And each other distinct fi indicafes the existence of another distinct
n-tuple. So there can be at most b such integers, since b is a bound
on the direct ambiguity.

| f fl = fz, there can be at most a distinct productions P since
each is an alternative of Cq(j+|)' Therefore <q, j+!, f, a> can be

added in at most ba ways by the completer. //

Using this lemma, we can obtain fthe n2 resul t:

Theorem 6. There is an upper bound at the form Cn2+0(n) on the number

of steps in computing REC(G, XI"'Xn’ k) for any k and any BDA grammar.
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Proof: Let G have degree b of direct ambiguity.

(a) of theorem 5 still holds here.

(b) AT most dmiTk states can be added by the completer. By
lemma |, each can be added in at most ba different ways. And it
costs at most dm'rk +o test each one. This gives us (badmiTk) (dmfk)

steps required for the completer.

Summing for i = l,...n+tl produces

T (admiT2k+badmi*k)(dmfk)

< oD Gadmt ™) ant’y T T = (b+1) (admt2) (dmt’) (n+1) (n+2)/2
i=1
Y bad?nlt>kn”
We will now show that our algorithm also achieves Younger's n2 results

for |inear and meta-linear grammars Yo 66].

Definition. A production A > a is linear if a contains at most one

non-terminal symbol.
Definition. A grammar is |inear if all its productions are linear.

Definition. A grammar is meta-linear if no production A > a has the

root R in a, and if all productions A + a where A # R are linear,
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Theorem 7. A |inear grammar has bounded direct ambiguity.

Proof: A non-terminal A has degree of direct ambiguity of at most a
(the maximum number of alternatives of any non-ferminal) with respect
to any string. For each production A > Cpl"'c - where Cp' is the
non-terminal (1 < j < p) and each sfring XpowoXos the only (p+1)-tuple
that partitions the string is <0, |, euuj=l, j+n=p,...n=l, n>. //
combined with Theorem 6, this gives us the W% result for linear

grammars.

Theorem 8. There is a bound of the form Cn2+O(n) on the number of
steps in computing REC(G, XI"°Xn' k) for any k and any meta-linear

grammar G.
Proof: (a) of theorem 5 holds here.

(b) of theorem 6 holds also for all the linear productions

in G, by theorem 7. However, since R cannot occur on the right side
of any production, all states <p, j, f, a> such that DD = R will have
been created originally (i.e., when j=0)in SO. Therefore f = 0 for
all states with non-linear productions, and therefore there can be at
most mek of them in ST—I' Each of these states can be added a full ai
different ways by the completer (see proof of lemma I). So we must add
a third term, admiTk, +o the calculations of theorem 6. This however
also results in an n2 term, so we still have the n2 result. //

So we have achieved the n2 resul ts for both unambiguous and
meta-|inear grammars with one algorithm. n addition, our algorithm does

not require a normal form grammar while both Kasami's and Cocke's do.
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To illustrate these results we will run some example grammars,
Grammar BK (page 39) is obtained by simplifying grammar K. |f has
the same ambiguity properfies as K (but t+he language doesn't); that

is, it has BDA, but unbounded ambiguity. Notice that state
K> KJ,4x O

in SI gets added twice by the completer. (Th.s is signified by the
superscript on the 0.) This is because the grammar has degree 2 of
direct ambiguity. Actually fthis grammar not only doesn't require
more than time n2, it requires only time n, since all the state sets
after SI are more or less the same.

Grammar BP (page 40Q) is obtained in a similar way from grammaf P.

|+ has unbounded direct ambiguity. This is illustrated by the

increasing superscript on state
P->MN. O

The superscript will continue to be i+l in Si' However, this is not

enough to make this grammar require n3, since it is meta-linear. This

fact means that the state which gets added v i times, will be unique
(or there will be a bounded number of +them) as it is here, so the Time
is still n2.

Grammar UBDA (page 42) is not so nice. |IT has unbounded direct
ambiguity and no saving grace. One can tell by the looks of the

exponents on states



in4

this really takes fime n3

38

A - AA.
A - AA.

A~ AA.

S  that there are ~ i stafes, each of which is added ~ i times.

So



root: K =+ A |KJ
J = FlI
F > x
[
sentences: x" (n > 0)
REC(BK,x", 1)
SO ¢ > KA -
K> . - x
K-> .KJ | x
¢ > K. -
K~ K.J -+ x
J > .F -4 x
J > . - x
F > .x - x
> X -+ x
S‘ F -+ x. - x
| > X. - x
J > F. -1 %
J - 1. ~ x
K-> KJ. = x
K+ K.J - x
¢ » K. <
J » .F - x
J > . ~ x
F»> .x = x

~4x

39

Grammar BK

0 Si(Z.i i <n) F
0 <F
0 J
0 J
0 K
0 K
0 ¢
0 J
0 J
0 F
0 I
’ Sn+| ¢
0

O2

0

0

KJ .

K.J

K

K-.

- x

<%

—4x

~ %

-4 x

- x

- X



root: P - MN

M > A|Ma

N > A|Na

sentences:

n
a

(n > Q)

REC(BP, aa, 0):

SO ¢ >~ P4
P > .MN
M -
M > .Ma
P > M.N
M- M.a
N >
N - .Na
P -+ MN,
N - N.a

P.4

40

Grammar BP

Ma.
Na.

M.N

.Na

P .



Ma.
Na.

Na.

.Na

P.A

PA.

41



root: A > x|AA

n
sentences: x (n > |)

REC(UBDA, <+

Grammar UBDA

SO o > A4 4
A > X 4x
A > JAA  4x
S] A - x. -4 x
¢ >A4 4
A > A.A 44X
A > .X 4 x
A > AR 4X
52 A > X. 4 X
A > AA. HAx
A > AA 44X
o> Ad A
A > A.A HAx
A > .X 4 X

AA.

AA.

A.A

A.4

A.A

.AA

4%
—x
4x
= x
4x

<4 x
b B
-} x



AA.

AA.

AA.

A.A

A.A

ALA

AA

AA

AA

AA.

- x
4 X
-4 X

-4 x

-4 X

- X

4%
4 x

43



44

IX. TIME n

We would now like to characterize the class of grammars which the
algorithm will do in time n. We notice that for some grammars the
numbers of states in a state set can grow indefinitely with the length
of the string being recognized. For some others there is a fixed bound

on the size of any state set. We will call the latter grammars

"bounded state" grammars, and we will show fthat they can be done in
time n.

We can define "bounded state" independently of the algorithm using

the concept of i-state which we defined earlier (Section V).

Definition. A grammar is bounded state with look-ahead k, BS(k), if
3 a bound on the number of different i-states of any string
Xl"'xi+k (0 < i <.

Theorem 9 shows that our definition of bounded state really means

what it says.

Theorem 9., |f b is a bound on the number of i-states of any string

XI"'Xi+k’ then dmmek is a bound on the number of states in Si’

Proof: Assume that there are dmbmfk+l states in Si' Then 3

Py J,» @, fl,...,fbm+I such that the f's are distinct and
<p, Jz f|: 0>, ¢0s,<P, J) fbm+|’ a> e S‘

If j =0, then f_ =1 for all *+ (I <+ <b™I[). So j#0. In fact,

.1.

if Cpl"'ij is a tferminal string, then f* = i-j forall + (I <t < b™+1).
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pJ
h < j such that Cph js non-terminal. We know that <p, h, fT’ a> e S

So one of Cp',...,C-. must be non-terminal. Let h be the largest integer

(I <t < bm+l) where g = i=(j=h). So these states were added to Sg by

the completer acting on some number r of final states

<9, G, &_, X

5 g+l"‘xg+k> € Sg (Oiis <g) < s < r) where Dq =C

ph

The look-ahead string for these states must be X X for the

g+l " Tg+k
completer to be applicable.

By theorem I, (q, g, Zs) Is a g-state of X'...Xg+k (1 s <r),
SO r < b since there can be at most b of them.- But since there are
b+ states added by the completer from these r states, at least one
of the final states must have bm—|+f parents, That is for some s,

’S2 contains (p, h-1, ff, a) for bm-‘+l different t's. We now apply
s

the above argument again as many times as there are non-terminals in
Cpl"'cph’ reducing the power of b by one each time. However, there
can be at most m non-terminals, so we end up with at least bo+| (or 2)
states <p, h', fT’ a> in some state set Sg' (0 <h'<h (0 <g'<g)
where Cpl"'cph' is terminal. But then the two ff's must both be g-h'.
But the f's are all distinct. Contradiction. //

From this, we easily obtain the +ime n result for bounded state

grammars.

Theorem 10, There Is a bound of the form Cn on the number of steps

required to compute REC(G, xl"'xn’ k) for any BS(k) grammar G.



Proof: By theorem 9, dmbmfk is a bound on the number of states in any
state set Si' This cHanges (a) of theorem 5 to (afk)<dmbmfk)(dmfk).
In (b), we have at worst (dmbmfk)z(dmfk). Since both of these are
constant with respect fto n, we get

n
r C==¢Cn //

Now, how does the bounded state grammar concept compare with
other time n classes of grammars, especially the LR(k) grammars? |t
turns out that almost all LR(k) grammars are BS(O) grammars. In fact
all except certain right recursive LR(k) grammars are B8S(0). (A right
recursive grammar is one in which 3 a non-terminal A such that A 2 aA
for some A.,) However, even very simple right recursive grammars are
not BS(k) for any k. -

The run on grammar RR with k = | illustrates this (page 48).
Notice that all state sets have 4 or less states except 83 which has 7.
|f the input string were xn, all states would have 4 or less except Sn
which would have 4+n. Grammar RR is, in fact, LR(l), but there is no
bound on the size of Sn’ so it is not BS(i). One can see that no
finite k would remedy this.

However, notice that each of the extra states in Sn actually
represents a step in the derivation of x". So since the derivation can
have at most ~ n steps, the total number of "extra states" is v n, and
therefore the number of states is v n even though there is no bound on
the number in a single state set. Because of this, the algorithm will

recognize with respect to RR in time n if k = |. We will prove that
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Grammar RR

A > xle

n
sentences: x (n > 1)

REC(RR,xxx,0):
SO ¢“>.A" 0 83 A > X
A > .Xx 0 A > X.A
A+ .xA 0 A > xA.
A+ .X
SI A > x 0
A > XA
A > x.A 0
. A - xA.
o > A.H 0
o > A
A+ .Xx |
A > .xA | S, o+ A4
52 A > x |
A > x.A |

o > A 0



REC(RR, xxx, | ):

6 » A4 4
A+ .x -
A > .xA
A > X. -
A > x.A -
A=+ X -
A > .xA !
A > X. -
A > x.A -
A > .X -
A > .xA 4
A > Xx. -
A+~ X.A -
A > xA. 4
A > .X 4
A > .xA 4
A > xA. 4
o> A A 4
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this holds true for all LR(k) grammars. That is, even if they aren't
bounded state, they are time n if a look-ahead of k.us used.

First we rephrase Knuth's definition of LR(k) [Kn 65].

Definition. For an unambiguous grammar, {(m, p) is a handle of Al"'An if

*

(a) R= Al"°AerAm+l"'An (r = m=-pl

* *
and (c) § a=2 A ...A such that R =2 aA ...A
£ | m

m=1 n

Definition. A grammar is LR(k) as follows:

1}
>
[*]

Let a

where X, X

1 1 H
p e Kiske @ B' are terminal.

lf (i, p) is a handle of a and (j, q) is a handle of B, then i = j and
P =q.
Now we define the idea of a "useful'" string. Given xl"'xi+k’ AI"'A

m.
is useful if it is the leftmost portion (generates Xl...Xi) of a
sentential form of xl...xn, and if it is the fopmost such sfring'in the
derivation. Lemma 2 proves that this string is unique in LR(k) grammars.

Note that it is also important that there is only one derivation of

X ...X, from A ...A .
| i | m
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Definition. A string Al"'Am is useful if

*
(1) R= AI"'AmXI+I"'Xi+k6 for some §

*
(2) Al"‘Am = XI"'XI in only one way

* *
=
(3 % v : AI"‘Am such that R = Yxi+l"'xi+k6 for some &

Lemma 2. |f G is LR(K), then for each string XI"'XI+k’ 3 at most one

useful string AI"'Am‘
Proof: By induction on i.

Rasis: If i = 0, thenm =20 and Al"'Am = A.

Induction Step: Assume it is frue for i. Then the unique useful
string for xl"’xi+k’ Al...Am, is the only string such that either

(1) AI"'AmXi+|"'Xi+k+IG is a sentential form which can have a

handle at m+! for some &, or (2) A|"'Amxi+| is a useful string for

X eaoX

| CrkE] Let XI+ = A .

| m+ |

X § for

A: |f (m+l, p) is not a handle of A|...Am+lxi+2... Dk ]

any p, §, then AI"'Am+I is the only useful string for XI"'XI+k+|'

lf (m+l, p) is a handle of AI"'Am+IXi+2“'xi+k+l6 for some

' p, 8, then it is the handle for all & since the grammar is LR(Kk).
Therefore AI"'Aer (where r = m+|—5) is so far the topmost string

such that A "'ArD‘ > A ...A and Al"'ArD X, qeeeX is a

| P |*° " m+ 1’ pli+2 i+k+l(S

sentential form which can have a handle at r+l. Lef Ar+l = Dp’

let m = r. Repeat the above process starting at A until (m+1, p)



is not a handle. Notice that there is only one derivation of the new

A L.WA

h
- ] from the old A‘...A X

IRSTRY so by inductive hypothesis there

//

*
. . . z
is only one derivation AI"'Am+| XI"'Xi+t'
Since the "extra states" above the bound on the size of a state
set in LR(k) grammars are added by the completer, we will concentrate

on this operation in our proofs. Lemmas 3 and 4 are used in several

places later.

Lemma 3. |f G is an LR(k) grammar, then 3 at most one state

<q, G5 % Xippee XK © S, which has not been added by the completer.

Proof: By theorem I, (g, g, &) is an i-state of X,...X; ., SO

This derivation then is part of the unique derivation AI"'Am avx‘...xi
of the useful string Al"'Am of XI"'xi+k (because of (3) in the
definition of useful, and lemma 2). Buf since this state was not added
by the completer, i+ must have been added by +he scanner, so C = = X

aq it

¥ there is another such final state <q', q', &', X X it is

. I . >’
i+l itk

also part of the same derivation and has Cq,a, = Xi for the same
reasons. Thus Xi is parsed in Two different ways as follows: | f

q # q', then X, is derived by different productions. If q = q, but

g # &' then The production which Xi is derived from generates 2
different length strings. In any case, if the states are not identical,

then they come from different derivations. //
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Lemma 4., |If G is LR(k), th: at most one state <g, a, &, Xi+|"'xi+k

can be added o S. by a single completer operation.

 Proof: Suppose <q, a, &, Xippoe Xipl 18 added by the completer from

<p, p, f, Xippoo Xip € S and <a, =1, &, Xig e-eX,, > € Se Then
by theorem I, (q, g, %) and (p, p, f) are i-states of X, ...X; . So
0 *
- .
q > qu .qu xl+i X|
0 *
and o - cpl"'cpﬁ = Xf+l"'xi
But then
Xewr s Xerk © HCag Kivr e Xinid
so (q, g-1, &) is an f-state of xl...xf+k. Therefore
*
- =
qu...Cq(q_l) X2+I"'Xf
8ut all these derivations are part of the unique derivation
*
A A =X X
| m [ i
of the useful string A, ...A_. So since C - = o,
Lo aq P
b -C_,...C_ = D ¥ ...X.. |f there is another state
q ql q(q=1) 7p 2+1 [
<q', q', &', X v X added by the same completer operation,

[Rad
then by the same argument as above,
*

- =
Dgt ~ Cqr 1+ -Cag!-1) %% Xpvpp e X
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But by the same argument as in lemma 3 (using Dp instead of Xi)’ this

is impossible. //

Now we will show that the number of states added by a single
completer operation is bounded (lemma 5). Then we show that the number
of states in a state set not added by the completer is bounded (lemma 6)
and that the total number of completer operations is ~ n (lemmas 7 and 8),

Thus the total number of states is v n (theorem 11),

Lemma 5. |f G is LR(K), then mek is a bound on the number of states

that can be added by a completer operation,

Proof: |If dm+k+l states are added by one completer operation to Si
then 2 of them must be <p, j+!, fl, a> and <p, j+I, f2’ a> for some

p, j+l, o, f # f2' So3 & such that <p, j, fl’ a> and <p, j, f,, a> € S2

and 3 q such that <q, q, %, Xipl

2'
eesX, ,>€ S,. Now this state was
i+k i

originally added to S, by the predictor as <q, 0, &, X, ,...X; > so

X X €Hk(C C=-a)

i+ T i+k p(j+2)° " 7pp
Therefore let B be a string such that

*

Let g = i+k+|B]. Let kaH,,,xg = 8.

Then by applying theorem 3 p-(j+I) times, we get that Sg contains

<p, 6, f’, a> and <p, 5, f2' a>, and a = | f 5 = j+1,

X1+ Xgak*

we already know that these states were added by a single completer



operation., If CPE is.terminal, they were added by the scanner. |f
C 5 is non-terminal and 5 > j+l, then they were both added by a single
completer operation on some state <r, F, h, a> for some r, h,

[f they were both added by the scanner, lemma 3 is violated. |If

they were both added by a single completer, lemma 4 is violated. //

Lemma 6. If G is an LR(k) grammar, then mek is a bound on the number

of states in Si not added by the completer.

[0

Proof: Suppose the number of these states is mek+|. Then 3 p, j, f, # f2,

such that <p, j, fl, a> and (p, ], f2, a) are in Si’ but not by the

completer. If j =.0, then f! = f2 =i, |If Cpl"'ij is a terminal string,
then f, = fz = i-j. So one of Cpl"'cpj must be non-terminal. Let h be

the largest infeger h < j such that Cph is non-terminal. We know that
<p, h, fl, a> and <p, h, f2, a> € Sg (where g = i-(j~h)), and these states
were added by the completer. Choosing the first of these, since it was
added by the completer 3 & such that <p, h-l, f,, a> € L and 3 q such that

<g, g, &, Xg+l"'xg+k> € Si' This state was originally added to Sl by

the predictor as <q, 0, &, Xigpe X4 > SO

xi+l"'xi+k € Hk(cp(h+l)"'cp5 a)

so by the same argument as in lemma 5, 3 an extension Xl"'xg such that

Sg contains <p, p, f,, @> and <p, p, f,, a>, a = X , and these

5 el Xk

two states were added either by a single completer operation or by the

scanner, unless 5 = h. But this would mean that j h, and this is

impossible, since C h is non-terminal but <p, ], f], a> and <p, j, a>

p
were not added by the completer.

f2,



| f

{f tThey

Lemma 7.

differen

Proof:

they were both added by the scanner, lemma 3 is violated.

were both added by a single completer, lemma 4 is violated. //

if G is LR(k), every comp leter operation represents a

+ step in the derivation of XI"’Xn'

By theorem |, any state <p, 5, f, Xi+|

completer is applicable means that (p, 6, f) an

So

and

for some extension of X|...X

a step (

step in

Furthermore, every such completer O

step in

state set.

must be

Lemma 8.
derivati

grammar .

Proof:

a,B and

¥*
Dp - Cpl...Cpaf-" Xf+|"'xi

i+k’

...X, > to which the

i+k

-state of Xl"'xi+k'

But since the grammar is LR(k),

at i) in the derivation of one extension of XI"'X is a

+he derivation of any extension of XI...

X,
i

i+k

K’ including X|"'Xn'

peration represents a different

the derivation because states are not duplicated in fthe same

So in a different completer operation, gither p, f, or i

different, making it a different step in the derivation. //

There is a bound of the form Cn on the length of the leftmost

on of a sentence of length n with respect to an unamb i guous

*
| any non-terminal N has the property that R = aNB for some

*
N= A, then there is only one derivation

*
N = A since the grammar i
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unambiguous. LeT Z be the length of the longesT such derivation for
al |l the non-ferminals in G.
In any derivation of a sentence in G, let an occurrence of a

non-terminal N be a nul!l occurrence if A is eventually derived from

that occurrence of N in that derivation.

Let the width of a sentential form be the number of symbols in it
which are not null occurrences. Each step in a deri. rion does one of
four things:

(1) Increases the width of the sentential form.
(2) Is a step in a null derivation.

(3) Transforms a non-terminal info a single terminal (plus possibly

some null occurrences).

(4) Transforms a non-terminal into another non-terminal (plus

possibly some null occurrences).

In the leftmost derivation of a sentence, there can be at most u
occurrences of steps of type (4) before there is a step of type (I)

or (3) (here we are ignoring type (2)). [|f there were ut! steps of

* *
type (4), then we would have N = N=a in a non-trivial way as part
| 2

of +he derivation for some non-terminal N. But then we could also
ha 3y shorter derivation by bypassing the second N, N ; a. This
violates the fact that the grammar is unambiguous. TheLe can be at
most n type (3) steps since the sentence is of length n. And there

can be at most n-1 type (I) steps for the same reason. So, ignoring

type (2) steps, there are at most (n+n-1)u steps.



Let an initial null occurrence of a non-terminal be a null

occurrence which is not an intermediate step in a null derivation.
initial null occurrences can only be created by steps of type (1),
(3), or (4), and at most m of them can be created by each such step.
So there are at most (n+n-1)um initial null occurrences. So there

are at most (n+n=1)um different null derivations, and each has at most
z steps. Therefore (n+n-1)umz is a bound on the number of type (2)
steps.

So the total number of steps is bounded by (n+n=1)ulmz+l) N 2umzn. //

Theorem Il. If G is LR(k), then there is a bound of the form Cn on

t+he total numbef of states constructed.

Proof: By lemma 5, mek is a bound on the number of states not added
by the completer in any state set. 5o (n+l)dm‘rk is a bound on the total
number not added by the completer.

By lemma 7, every completer operation represents a different step
in the derivation of X|...xn for an LR(k) grammar. So The total number
of completer operations is bounded by the length of a derivation,
which is the same as The length of a leftmost derivation, or Cn, by
lemma 8. By lemma 6, at most dm*l'k states can be added by a completer
operation. So the total number of states added by the completer is
bounded by Cdmfkn.

Summing these two gives us the resulft:

(el yamtk + Camt®n % Camt®n //
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We will generalize the theorem to be proved fo include not only
LR(k) grammars, but any finite union of +hem. A union of two grammars
is just the straight-forward way of combining the two grammars to
obtain a grammar which generates a language which is the union of

the two original languages.

Definition. A union U of b grammars GI""’Gb with roots RI""’Rb

is obtained as follows:

(1) Systematically change the non-terminal symbols of eac

grammar, SO +hat no non-terminal appears in more +han one grammar.

(2) Let the non-terminals of U be the union of the changed

non-terminals of G!""’Gb plus R.

(3) Let the terminals of U be the union of the terminals of

G|""’Gb'

(4) Let the productions of U be the union of the productions of

Gl""’Gb plus the following productions:

R > Rl

(5) Let R be the root of U.

Theorem 12. There is a bound of the form Cn on the number of ..2ps in

computing REC(G, Xl"'xn’ k) if G is a finite union of LR(k) grammars



(write U LRC M),

Proof: Let G be a gnion of b grammars.

The first states added to SO are

The algorithm fthen proceeds 1O process each of the grammars in
parallel. The b different recognifion processes cannot interfere with
each other in any way because the non-terminals from each grammar are
distinct and therefore the productions (and thus the states) are all
distinct. So the bound for such a union grammar is b times the bound
on an LR(k) grammar. (More generally, t+he time required for any union
grammar is the sum of the times for the component grammars.)

The bound for an LR(k) grammar is obtained as follows:

(a) The fotal number of states is bounded by Cn, sO it takes at
most Cn sfeps to scan +hem all. The scanner adds one state and the
predictor adds at mosT aTk states for each state scanned. So including

mek +o test each state, we get C(dmfk)(afk)n steps for these.

(b) The completer performs af most dm’rk steps for eachvsfafe it
adds, since it adds each one in only one way because the grammar is
unambiguous. So it performs af most Cmekn steps. //

Notice that this result and the previous bounded state result do

not hold for any K. That is, in this case, we know the algorithm will



Fun in time n on a union of LR(k) grammars only if the look-ahead it
uses is at least as large as k. Grammar RR provides an example of
what happens if K isn't large enough. We have already seen that it

is recognized in time n if k = 1. But if k = 0, (page 47) we can see
that S| contains 5 states, S2 6 states, and in general Si will contain
i+4 states up through Sn' Thus the total number of states is v n2 and
so is the time. The reason for this is as follows: After we have
scanned xi, we could be finished scanning x's (if i = n) and therefore
we would need to construct states which represent the whole parse of

the string as follows:

In the case that k = |, we look-ahead at the next symbol before we
construct all these states and we do so only if the next symbol is
a "q", that is, we do this only once. But if we don't look-ahead,
we are forced to construct all these states at each step just in case
that step one was the last one.

So with the algorithm as it is, we -3ed the look-ahead to get
the time n result for all LR(k) grammars. There seems to be a way of
obtaining the LR(k) time n result using k = 0 by a slight change in

the algorithm. However, we have not investigated this in detail,



so it is only a conjecture, and we won't describe it here. Even if this
modification were valid, the |ook-ahead is still very important in that
a look-ahead of jusT | will cut down the +ime used significantly in
many grammars even if it doesn't produce any new theoretical results.

We now have characterized two classes of grammars which can be
done in time n--bounded state and finite unions of LR(kK). Thus our
algorithm does in time n a much larger class of grammars fhan any
previous one. We don't, however, have a ¢ull characterization of the
+ime n grammars for our algorithm. It is clear that there will be
some grammars which are right recursive (and therefore not bounded
state) which are not finite unions of LR(k), vet which are simple
enough to be +ime n. One possible characterization for The time n
grammars is that they are all grammars for which the ftotal number of
states constructed is proportional to n. This has not been investigated.

Notice that the time n conditions, like The LR(k) condition, is
not symmefric. That is, if we implemented a recognizer exactly like
the one in this paper except that it went from right to left, then we
would get a different set of grammars +o be time n. Grammar RL
(page 63) is an example of one which is time n2 from left to right,
as the example run clearly shows. However, i+ seems clear from the
structure of the grammar that it runs in ftime n from right to left.

The time n grammars seem to be rather large; they seem to include
hcsf unambiguous grammars. In fact the only unambiguous grammars we
have found which are not time n in either direction are certain

pal |l indrome grammars with unmarked centers and variations on them.
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(A language is @ patlindrome if each of its sentences is the same
reversed.) Grammar PAL (page 65) illustrates this. Si and Si+|
each have i+4 states in them, up to and including Sn’ so the total
number of states is v n2

The time n grammars also include a surprising number of quite
ambiguous grammars. Grammar BK (page 39), we have already seen,
has unbounded ambiguity, yet it is a ftime n grammar.

Even more surprising is that grammar GAP has unbounded direct
ambiguity and yet is a time n grammar. On page 67 is a run on this
grammar. One can see fhat all the state sets affer 82 will also
contain seven states until a "c" is scanned. Furthermore, when

. n .
recognizing ab ¢, Sn+2 will be

B - bB. n-1
B~ bB., |
R~AB. O
¢ > R.A 0

So it contains ~ n states; but since the rest of the state sets are

of bounded size, GAP is a time n grammar.
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Grammar RL

R ~ A|aRb
A ~ alAa

n m.n
sentences: a a b (m >0, n>1)

REC(RL, a>, 0):

SO ¢ - R4 0o v 52 R - a.Rb

R > .A o v A~ a.
R -~ .aRb 0 A -+ Aa.
A-> .a 0 R~» .A
A > .Aa o v R - .aRb

R >~ A

S, R - a.Rb o v

A A.a
A > a. 0

R+ A
R~ .A Y

A~>A.a
R - .aRb |

A-> .3
R - A, 0

A > .Aa
A~ A.a 0

R -+ aR.b
A > .a |

¢ ~ R.A
A~ .Aa 4

¢ ~ R.4 0



a.Rb.

Aa.

Aa.

.aRb
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Grammar PAL

A - x|xAx

n
sentences: x (n > |, n odd)

REC(PAL, x5, 0):

S 6 + A 0 S
A > X 0

A + XAX 0

A » XAX | S

A -+ x.Ax |

A + xAX 2

A >

A -

XAX .

X o« AX

A.A

XA X

+ XAX

xAX .

X « AX
XA X
XA X
oX

. XAX



xAX .

XAX .

X « AX
AA

XA . X

xA.X

. XAX

A.

Oh

(@)



Grammar GAP

root: R = AB
A~ alAb
B - bc|bB

sentences: ab'c (i i_l)

REC(GAP, abc, 0):

50 ¢ ~ R4 0 53
R +~ .AB 0
A~> .a 0
A > .AD 0
S| A+ a 0
R~ A.B 0
A+ A.b 0
B + .bc | 34
B -~ .bB |
82 A -~ Ab 0
B+ b.c |
B~ b.B |
R > A.B 0
A - A.b 0
B » .bc 2

Ab'

b.B
A.B
A.b
.bc

.bB

Ab.

b.B
A.B
A.b
.bc

.bB



> R.A

68
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‘X, THE COMPILED ALGORITHM

We can recognize a large class of grammars in fTime n, but for
practical purposes we are forced to ask, how large is the constant
coefficient of n? Unfortunately, it turns out +hat if one uses the
algorithm as given, the coefficient is likely to be quite large, af
least compared with those of most of the time n algorithms. This is
understandable in a way, since they are specialized algorithms,
tailored to specific classes of grammars, and ours is a general
algorithm which just happens fo be fTime n on many grammars, without
its being told that they are of any special form.

But we can expect better performance from our algorithm if we are
willing to tell it that it has a time n grammar (time n for our algorithm).
|+ we know that, we can run the grammar - through a compi lation process to
produce a recognizer for the grammar. Then we can use only the compiled
recognizer each fTime we recognize a string. This will cut down the
coefficient of n to approximately the same magnitude as the other time
n algorithms. The reason for the cutdown is that the compilation
process does much of the work once that would otherwise have been done
with every run of the recognizer. Letf's look at an example. [If we
examine an ordinary run on grammar LR (page 71), we can see that all
the states after SI are identical. So we can compile an Algol-like

parser for it as fol lows:
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i« 13
SO: | f Xi = x Then
begin i « i+l; go to S| end
else Error;

S+ If Xi = x then
begin i « i+l; gc | end
else if Xi = 4 then Halt

else Error.

We have combined SI and 52 because their actions are the same even
though the state sets are different.

We won't be as lucky with all time n grammars as with this one.
We won't always get them fo repeat their states so easily, especially
to repeat them with the same values for the poinfers for all tength
input strings. But+ we do know that in the case of a time n grammar,
there is a bound on the number of states in any state set.* 5o if we
ignore the pointers, +here are only a finite number of distinct state
sets which can ever appear in the recognition of a string with respect
to this grammar. Therefore, given a particular grammar, we would like
t+o compute all such state sets at compile time, compiling 2 recognizer
which works according fo the algorithm, but only examines the pointfers

and the input str during the run-time recognition process. For each

*¥This isn't really true for right recursive grammars, but it will
be in the compiled algorithm.



A~ xle

n
sentences x

REC(A,xx,0):

S

0

v/

A

> A4

> WX

-+ Ax

> X.

> A.4

- Ax.

> A.4

(n> 1)

71

Grammar LR
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compi le-time state set we compile a block of code which at run fime
tests the input sfriné and +he values of The poinfers in order to
construct a new set of pointers and go on to a new block of code.

As an example, we show the compi le-time state setfs for grammar RR
(page 73, left side). Notice fthat along with each state in the state
set, instead of a pointer, we keep a list of all the state sets which
can be pointed to by a pointer in that position. The code on the right
side of page 73 is abbreviated code for the Algol code to manipulate
+he pointers and input string. The expansion of this code is on
pages 74-75, and a sample run is on page 76. 'We have numbered the
productions in the grammar, SO +hat fthese numbers could be used as
indices for the run fTime data structures in the compiled code. The
block of compiled code for each state set is put immediately to the
right of it.

The meaning of both the abbreviated code and the compiled Algol
code is explained in the following ful!l description of the compi fation
algorithm. [T is advisable to read this descripfion first and then
examine the grammar RR compiled code. The run-time data structures for

which we are compiling code are as follows:

Run-Time Data Structures

(1) A three dimensional array F[O:n+l,0:d=1,0:m=1]1. We store af
Fli,p,j] all f such that <p,,f,a> € 5. for some a.

(2) The input string is X[O:n+k+l].

(3) A vector S[0:n+1] contains fthe names of the state sets current af

each i.



A +lx\2xA

sentences:

"(n > D)
4 SO

4 SO

4 SO

- SO’Sl
- SO’S|
- Sl

4 Sl

4 SO’SI
4 SO

4 S

Grammar_RR

e ———

Condition

e T———

Action
@1,2
(1,0)

(2,0)

(1,0)
(2,0)
2,H

(0,0))

2,
(0,0
R

HALT

Go To
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Compi led Code

i « O
Syt £[i,0,01 « i; FLi, 1,01« i3 F[i,2,01« i; slil< Sys
it x[i+1] = x then
begin FLi+l,1,11* FLi,1,01; FLi+1,2,01« F[i,2,0]; i <« i+l;
“go to Sl end else

Error;

FLi,1,01 < i; FLi,2,01« i3 slil« S;
if x[i+1] = x then
begin FLi+l, 1,11« F[i,1,03; FLi+1,2,11« F[i,2,0]; i« i+l;
go to Sl end else
it X[i+1]1 = 4 then
it s{Fli, 1,111 = S, then
v gin FLi,2,2]* FIFLi,!,11,2,1]; go to 5, end else
it SFLi,1,11] = Sy then
begin F[i,0,1]1« F{Fli,1,11,0,0]; go to Sy end
Error else

Error;

SZ: sli] « 52;
it x[i+1] = 4 then
(¢ S[FLi,2,211 = 5 then

begin F[i,2,2] « FIF[i,2,21,2,11; go To S, end else



it S(FLi,2,2]1] = S, then
begin F[i,0,11 < F[F[i,2,2],0,0]; go to S
Error else

Error;

if Xi+| = <4 then
begin F[i,0,2] « F[i,0,1]; go to S, end else

Error;

Halt;
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Trace of Compi led Run

[aS]
Ll

FLi,0,1]

F[i,0,2]

X X X
S S| SI,SZ,SZ,Q3
! 2 3
0 I 2
1,0
0
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A+ compile time we manipulate ob jects which we will call C-states,
pecause they are almost like states in the original algorithm, except
t+hat they confain a pointer fo a collection of states rather than a
pointer to a place in the input string. Throughout this section, we
will refer to C-states as states.

A state collection is the means by which we identify state setfs

which are the same except for fheir pointers.

Definition: A C-stafe is a quadruple <p,j,T,2>, where p,J, and o are

as in an ordinary sfate and T is a pointer fo a state collection.

Definition: A state collection is an equivalence class of state sets

under the relation Sl Y 52 if there is a |-| correspondence
between their states such that <pl,J|,Tl,a|> and <p2,J2,T2,a2>

correspond if Py = Pos JI = JQ’ and a, = ¢s-

Definition: =S, where S is a state set, is a poinfer fo the state

collection of which S is a member.

A precise description of the compi lation algorithm is on pages
80-83. The following is an intuitive description: It is a recursive
procedure which takes as input a state set. It is supposed To compile
the code for fthat state set and for all state sets which we might go to
from that state set in recognizing any input sfring.

|+ works as follows: Given a state set S, it computes t+he predictor

on S and compiles any code needed 1o perform this at run time. Then, if
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there are no final states in 5, i+ takes each legal terminal x that
could appear next io the input string. For each of these, if pretends
that x was nexT, computes the scanner under this assumption (compiling
code for it), and calls i+self recursively fo compile the new state

set which results. Thus we are n some sense running the recognizer on
all possible input strings at compile Time. This can't really be done,
of course, so we must have a Terminafioﬁ condition To keep our
recursive calls on the compi lation algorithm from going on indefinitely.
Before we Aescribe +his, however, we will describe how the comp | eter
works.

| there is a final state in the state set, then for each
possible |ook-ahead string &, we first compile a test to see if the
next k symbols match a. Then we compute the completer on all final
states for which a is +he look-ahead string (compi ling the code for
this), we delete the final states, replacing them by the states added
by the completer, and then we call %he compi lation algorithm
recursively on the newly created state.

Notice, however, +hat we cannot compute +he completer in The
ordinary way. We are at compile time, soO we have no input string and
no pointer f. Instead we have a poinfer +o a state collection. We
+ake each of the state sets in this collection one by cne and assume
+hat it was the state pointed to; then we compute fthe completer in the
ordinary way. For example, in grammar RR (page 73), S| is a state
collection consisting of fwo states--one with SO as the pointer for the
first two states and one with S|. At one point we are working with the

state set consisting of fhe single state
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+hat means that no new state sets were encountered since the last time
i+ was compi led.

Note that at the end of the completer, we musT compute tThe scanner
on any states which were not included in the processing done by fthe
completer.

For each state collection, +he compilation algorithm compiles a
block of code labeled by +he name of the state liection. These
blocks consist of an action followed by a sequence of tests. Each
test consists of a condition, action, and go +o. The tests are
implicitly followed by a branch to an error exit if They all fail. In
the description of the compi lation algorithm, "compile under »S'" means
compi le that code into the block of code labeled =+S.

The compilation algorithm we have described here assumes That
+here are no null productions. This problem can be overcome, but we
choose to ignore it in This description.

This compilation algorithm has not been either debugged on a
machine or proven correct, sO it may have some small bugs, but the

general idea is not in error.

The Compilation Al qorithm~--COMP(G,K) :

Add <O,O,"S,4k > to S.

Compute COMPILE(S).
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PREDICTCR

Scan the states of S in order. For eacn state <p,j,T,a>, if

j < E and Cp(j+t) s non-terminal, then for each g such that
Cp(j+l) = Dq, and for each B8 ¢ Hk(cp(j+2)"‘cp5 o)), add
<q,0,+S,8> fo S and compi le under >S: "q." This is interpreted
vFli,q,0] « i."

COMPLETER

For each a such that 3 <p,E,T,a> e S, let <p|,5|,Tla>,,,,,
<pr,3r,Tr,a> be the final states in S with look-ahead sfring a.

For each possible combination of a state set Si € TI""’Si € Tr’

| r
do the following 3> steps:
1 1 H —
ap Sa “« {<p,J,T,8>|J < pand o € Hk(cp(j+l)""’cpp g)}
(2) For each state <qj,2J,U,B> € Sij such that qu(lj+|) = Dpj’

add <qj)2J+l:U)B> to S& (J = \,...,r).

(3) Compute COMPILE(S&)
Compile under >S:

Py = TI (q[,l‘) [for each ql’zl as in (2)]

- ' 'on ) .

p T (qr,lr) Se [for each q_,&_as in )]
This is interpreted

vig X[i+l]...x[i+k] = a A

sFli,p,,p 1l =T AL A S[F[i,pr,pr]] = »T_ then

begin F[i,q|,2|+l] < F[F[i;P‘:E|];q|;Q|} [fOr eaCh qllgl]

F[i,qr,2r+l] « F[F[i,pr,pr],qr,lr] [for each qr,lr]



slil « =3¢
. o
Go To S'
end"
Let S" « {states s\s ¢ S; for any of the above a}

Compute SCANNER(S').

SCANNER (U)

For each x such fhat 3 <p,j,T,a> €U such that
x = Cojeny’
u' « {<p1J+I;T;Q>\<p:j;T;Q> e U and CP(J“'\) = x}

Compile under =5:

'x (py+dy)

.' ron
(s I U
where {(p|,jl),...,(pm,jm)} = {(p,j)| 3 a,T such that <p, j*¥t,T,a> € u'l
The above compiled code means
nif x[i+l] = x then

begin FLi+l,p ., +11 « Flip 0]

F[i+l,p;,Jm+l] « F[i,ﬁm,Jm]
i« il
s[i] « ~u!
Go To U}
end"

Compute COMPILE(S")



| we examine the grammar RR example (page 73) in detail we will
find that some of +he run-time pointer manipulation which gets compi led
is unnecessary. In particular the four circled parfts of the
abbreviated code are unnecessary. Extraneous code like this may
appear because the pointer is sef but never tested in a completer
operation, or if it is tested, there may be only one possible value
for it, so the test is meaningless.

In anQ case, we can prune away all extraneous code by making an
analysis of the compiled code. This +akes the form of working backwards
from all meaningful pointer tests and marking all the code which leads
up fo fThem. We could then delete all unmarked code as being useless.
We expect that such a pruning procedure would significantly improve the
run-time speed of the compi led recognizer. For many grammars we could
also extend this pruning procedure to delete state sefs which accomplish
nothing (after pruning) and to combine any two stafte seTfs whose actions
are the same. Grammar LR2 (page 125) provides a good example of
pruning.

Now we investigate jusT what properties this compilation algorithm
has. |f the algorithm does +erminate, it's clear that no new state
sets could have been created, so we do have a valid recognizer for the
grammar. Can we also say that the grammar was a time n grammar?
Unfortunately, not quite. What we do know is fthat there are only a

finite number of state sets which can be created by fThe grammar and
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+herefore there is a bound on +the size of any of them. But these state
sets are not quite the same as those of the original algorithm. The
difference comes in the way we treat the completer. In the original
algorithm, we compute the completer on all the states in the state seft,
including thc. which may have just been added by t+he completer, until
t+here are no more states +o which the completer is applicable. But in
the compilation algorithm, we apply Thé comp leter once, deleting the
.old final states and substituting the new ones to form a new state set.
Then if +Be completer is applicable again, we apply it fo the new
state set, again deleting the final states after it is applied. So in
some cases where we might end up with ~i states in Si according to the
old algorithm (because of the accretion of old final states), we can
get at most a bounded amount by the compi lation algorithm because of
the deletion of final stafes. Grammar RR is a perfect example of this.
In the original run (page 47, 53 has 7 states (and Sn would have had
n+4 states) but in The compiled run (page 73), no state set has more
than 4 states in if.

From this insight we should be able to come up with a definition
of what grammars can be compiled by this algorithm. We will not fry

to make it independent of the algorithm.

Definition: A grammar G is compi lable with look-ahead k, C(k), if 3
a bound on the number of states in any state sef not added by fthe
complefer, and 3 a bound on the number of states added by any

single completer operation.
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This is equiva\enfhfo saying +hat there is a bound on the number
of states in any state set generated by the compi tation algorithm. Now
by this definition, grammar RR is C(l) even though it is not BS(1), buf
i+ is LR(1) and +ime n using k = 1. 1t also provides an example of
something which is compi lable pu¥ not time N. I+ is C(0), but as we
have seen before (page 47y, it definitely fakes Time n2 when run with
k = 0. ‘

So, in conclusion, wWe have four classes of grammars having the

following relations:

U LR(k) ctime n
bounded state ctime n

time n — compi lable

and neither U LR(k) nor bounded state 'is included in the other.
Furthermore, all these inclusions are proper. We have already shown
all these facts except that there are time n grammars and bounded state
grammars which are not U LR(k). This will be shown in Section XI.

So we know that if the compi lation algorithm terminates, the
grammar is compilable. I+ is also obvious that for any non-compilable
grammars, +he algorithm won't terminate, because there will be an
infinite number of different state sets 1O be processed, and so fhe
t+erminating conditions will never be met. However, it is unfortunately
also possible for fthe algorithm to go on indefinitely on @ compi lable
grammar. This can happen in the following way:

Notice that we have guaran+eed that if fhe algorithm +erminates,

all the state sets that could be needed will have been created. We did



not guarantee fthat only those needed would be created. In fact this is
not necessarily so.. When we perform the complefer on a state set S, we
pick up all fhe state sefs in the statfe collection which is pointed to
by some final state s in S, not just the one state set which was
current when that s was created originally. So in using all these
state sefs, we may create a new state set which couldn't have been
created by any run of the original algorithm, And, of course, if we
éan produce one unneeded state set, fhe processing of it may produce

an infinite number of unneeded ones, where the number of needed ones
was finite.

Given this, one wonders why we use state collections at all. Why
not just perform t+he completer on the one éfaTe set which was valid
when s was created and avoid this +trouble? We could, but close
inspection of the algorithm will reveal that this would invalidate the
t+erminating condition we are using. -

So in conclusion, if +he compilation algorithm t+erminates, the
grammar is compilable. 1f it doesn't terminate, the grammar may or
may not be compilable. In Section X!1 we show that one cannot expect
+o do better than this in deciding whether or not a grammar is
compi lable.

|f t+he compilation algorithm doesn't always ferminate, even on
compi lable grammars, how can we use it in a practical sense to compile
a recognizer for a grammar? One solution is as follows: We run the
algorithm with a built-in limit on how far it can go. This could be a
+ime limit, @ limit on +he size of any state set consfructed, a limit

on the total number of state sets constructed, etfc. With some
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experience we could obtain reascnable estimates for these jimits as a

function of the size of the grammar. Then we run +he compilation

algorithm with the limiting condition. £ it compiles the grammar, We
are through. If i+ terminates because of the limiting condition, we
print ouf the state sets constructed so far and examine them. In most

cases, we should be able to tell by examination whether or not it
appears that the algorithm will not +erminate--this might be becausé 2
state set appears 1o be growing in size in some uniform way and there
appears to be no reason to limiT its growth. ¥ it appears that the
algorithm won't terminate, we can give up on this grammar deciding that
i+ is not compilable (or it might be one of those few compilable
grammars on which the algorithm doesn't fterminate). |f it appears

+hat the algorithm will terminate, we run it again with a limiting
condition and repeat the process. This should not be a serious
problem, in compilers af least, because if seemsS likely that all

programming language grammars will be easily compi lable.
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X1. AN EXAMPLE

In Section IX we claim +hat there are time n grammars which are
not finite unions of LR(k) and we claim that the time n grammars are
very large. In Section X we also claim that U LR(k) does not include
bounded state. In this section we waﬁf to give these claims some
validify_by producing grammar N, which is obviously not U LR(k), but
even more strongly, L(N) is not a finite union of deterministic
languages (those languages generated by LR(k) grammars). We run tThe
compi lation algorithm on grammar N and it terminates. So N is
compilable. Further, N is not right recursive, so N must be bounded
state as well, and certainly a Time n grammar.

L(N) was obtained from [Ul 651, pages 22-25, where it is proved
that it is not a finife union of deterministic languages. Grammar N,
L(N), and the compi lation with k.= | are on pages 90-96. This should
also serve as a more interesting example of the application of the
compi lation algorithm. We have used some abbreviations: "4ac" in the
condition column means that +the next symbol can be any of these.

"8=Sl 2“ means that 8 can point back to either Sl or SZ'
?



Grammar_M

A o Zann!ab LAY =a™” (nx D)
¢ - %acoblabb L) = ab” (nx b
D -+ 3A|4Ac‘5Ccc L) = a"" (n > 1
R » 'nl%rD ua™e (n > D
U anbzncc (n > 1)
LR) = L(D)¥
Condition Action Go To

o,l!,2,3,4,5,6,7,8,9

¢ - .R4 - SO a (0,0
(2,0)
R ~». 4 a SO (6,0)
R -.RD 4 a SO (7,0)
@ +R.4 4 SO (8,0)
R -R.D 4 a SO (9,0) Sl
D »~.A 4 a SO
D >.A 4 a SO - o, 533
D -+ .Ccc 4 a SO
A ~>.aAb 4 ac SO
A ~>.ab 4 ac SO
C ~».aCbb c¢ SO
c - b c S
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Condition Action Go To
a.Ab -4 ac 80’526 6,7,8,9
a.b 4 ac 50’526
a.Cbhbh ¢ 50’526 a (6,0)
a.bb C 50’526 (7,0)
.aAb b Sl (8,0)
.ab b S‘ (9,0) 82
.aCbb b Sl
.abb b S‘ b (9,1
(7,0 S3|
a.Ab b SI’SZ 6,7,8,9
a.b b S],S2
a.Cbhb b Sl,S2 a (6,0)
a.bb b SI’SZ (7,0)
.aAb b S2 (8,0)
.ab b 52 (9,0) S2
.aCbb b 52
.abb b 52 b (7,1
9,1 S3
ab. b‘ SZ’SI b,9=S2 8, 84
ab.b b SZ,Sl b,9=5‘ 8,1 S6
aA.b b 52,5| b 8,2)
ab.b b 52,5| (7,2) 55



A ~ aAb.

C »> abb.

A > aA.b

A ~> aAb.

C > abb.

Cc > aC.bb

A ~ aAb.

C > aCb.b

A > aA.b

Cc T aCb.b

Condition
5509
52,S| b,8=52
7=52
b,8=5‘
7=S|
50’526 b
52,5‘
50726

b, 755,
0,75
5.5, b
S523)
5,5, 6,875,
5,,5, b8
5,5, b
5.,5

Action

(3,0
(6,1
8,1

(6, 1)

(8,2)

(7,2)

(3,0)
4,0)
(6,1

(6, 1)

(6,2

(8,2)

8,hH

8,1

6,2)

(8,3

Go_To

29

27

Si6



aAb.

aCbb.

aA.b

aC.bb

aAb.

aCb.b

aA.b

aCb.b

aAb.

aCbb.

aC.bb

aCb.b

ac

ac

ac

ac

07726

592526

50926

507526

S0’526

5273

507526

2’71

S|,52

1772

Condition

-~ ac,8=50,526.'

b,6=5
b,6=S

~ ac,8=SO,526

Action

8,1
(6,1
(8,1

(6,1)

(8,2)

(6,2)

(3,0)
4,0)

(6,3)

(8,2)

(6,3)

(6,1

(6,1

(3,0)

4,0

(8,2

(8,3)

Go To

27

21
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aCbb.

aC.bb

aCb.b

aCbb.

C.cc

Cc.c

Ccc.

RD.

R.4

R.D

.aAb

O

- a

4 ac

SI’SZ

SA,S

0’726

507526

S07526

0’726

SO’ 26

SAsS

0’726

94

Condition Action
Lendl " '~ JACERACILS
b,8=S2 (8,1)
b,8=SI (8,1)

b (6,2)

b
c,6=SO,826 (5,0
c (5,1)
c (5,2)
- a,5;50,826 (2,0)
< a,2=SO (2,0
(0,0)

3,4,5,6,7,8,9

a (6,0)
(7,0
(8,0)
(9,0)

26



27

28

29

30

31

.ab

.aCbb

.abb

Ac.

aA.b

aC.bb

aAb.

aCb.b

ab.

ab.b

-l ac

0

26
26

26

S07°26

02926

507326
S0+526

S0+526

S0+26

07526

507526

S0°526

95

Condition

4 a,3=SO,826

- a’4=SO’826,

—|ac,8=So,526

- ac,9=SO,S26

Action

(0,1

(2,1

(4,1

(2,1

(8,2)

(6,2)

(3,0)
(4,0)

(6,3)

(3,0)
(4,0)

(7,2)

Go To

33

25

28

25

30

27

21

27

32



32

33

C ~» abb.

g -~ R4 .

c

4

S

C’7=SO’526 (5’0)
HALT

Go To

22



X1, SOME UNDECIDABILITY RESULTS*

Since we have a set of éompilabie grammars for which a fast
recognizer can be compiled, we would like to know (1) Can it be deter=
mined for all grammars whether or not they are compilable? and (2) | f
not, can we at least have an algorithm +hat fterminates if a grammar is
compi lable and not otherwise? In other words, are the compilable
grammars décidable, or at least enumerable. In This section we show
t+hat they are neither.

We will use the famous Post correspondence problem [Po 47] to get

our results.

Definition: Let X = (x|,...,xw), Y = (y|,...,yw). The Post correspondence

problem P(X,Y) is solvable iff 3 a sequence il...iy (y 2 D
< 1 < =
(1 < 'l"""y < w) such that X, e X \Z ceYyo
| y l y
This problem was shown by Post fo be undecidable. It is used in

[BPS 641 to show that determining whether +he intersection of Two
context-free grammars is empty is also an undecidable question. We use
that same construction to show +hat this question is also undecidable
for compilable grammars. This construction uses the following set of

compi lable grammars.

*The proofs in this section were suggested by R. W. Floyd.
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Definition: The grammar G(X) is as follows
root: R~ ab‘er\ab!in (b <1 2w
i i
sentences: ab V.. .ab le Xi owe Xy (y 2
| y

Definition: @ is the empty set.

Theorem |3: The problem, "Is L’3|)f1 L(GZ) empty?" is undecidable for

Gl and G2 compi lable grammars.

Proof: G(X) is LR(0) for any w-tuple X as follows: All sentential

torms are of The form

i i
ab Y...ab {c or R}a

For some y > |, | £ il,...,iy < w, a, The handle ends scmewhere in &.

The exact place however is determined unambiguously by iI (which is
obtained by simple counting, since it takes on at most w values). So
+he handle is determined without looking to its right at all. Therefore
t+he grammar is LR(0) and consequently compilable.

P(X,Y) is solvable & L(G(X)) (1 L(G(Y)) # @ as follows: If P(X,Y)
is solvable, then 3 il...iy such That X, X, =Y. ...y, . But fthen

|
i i ' Y ‘ Y
ab ¥...ab 'c x; ...x; (which € L(GOO))
Ly
i i ,
=ab Y...ab c'y, ...y; (which € L(G(Y))). So the intersection is
I Y
non-empty. If L(G(X)) n L(G(Y)) is non-empty, lef
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ab V...ab ‘CG be the common senfence. Then & = X, X and
. . | v
@ =y, ...Y: » 39 P(X,Y) is solvable.

So if the intersection problem were decidable for compilable
grammars, we could decide P(X,Y) as follows: Decide whether or not
.L(G(X)) n L(G(Y)) is empty. If it is, Then P(X,Y) is unsolvablie and

vice versa.

But the Post correspondence problem is undecidable.//

Now, using Theorem |3, we can prove that the compilable grammars

are undecidable.

Theorem l4: The problem, "lIs G compilable?" is undecidable for any

grammar G.

Proof: LetT Gl and G2 be compilable grammars, with roots R‘ and R2.

Consider the grammar B(Gl,GZ):

root: R -~ AIAZ

A > A\AI c R, where ¢ £ 6,6,

A, > A\A2 c R,

plus the productions for G‘ and G2.

sentences: C%...Ca cB,...cB
| | s

where a‘,...,ar € Gl and Bl""’Bs € G2 (r,s 20
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(a) 1fy € L(Gl) n-L(GZ), then B(GI’GZ) will have the same
compi lability properties as grammar BP (page 40) with "cy" replacing
"a" in grammar BP. And we observe from the run of B8P, fhat in

Si (i > 1) we have the states
N> Na. O
N> Na. |
N> Na. i-l

assuring us that the grammar is not compilable.

(b) On the other hand, if L(Gl) n L(GZ) = @, then since Gl and G2
are compilable and ¢ forms a convenient marker befween +heir sentences,

there can be no trouble compi ling a recognizer for B(G‘,GZ). The

compilation algorithm will compile a recognizer which initially looks
for either a GI or a 62 between the c's and as soon as it gets the
first 62’ it looks only for Gz‘s. So B(Gl’Gz) is compilable.

Therefore, L(G|) n L(GZ) = J&» B(G‘,GZ) is compilable, and if the
compi lable question were decidable, we could decide the infersection

question for compi lable grammars. But this is impossible by Theorem 13.//

We can also prove that the BDA question is undecidable using this
same grammar.

Now that we know that fhe compi labl- -rammars are undecidable, it
is reasonable to ask whether or not the, . at least enumerable. We

use the Post corrscpondence problem again o show that they are not.
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Theorem 15: The set of all solvable Post correspondence problems is

enumerable.

Proof: The following algorithm enumerates all solvable Post correspondence

problems over a vocabulary V:

Enumerate all triples of integers <w,%,y>. On each one perform
+he following:

Enumerate all possible pairs of w-fuples <X,Y> = <(x|,...,xw),
(yl,...,yw)> of strings over V of length < L. There are a finite number
of them. For each of these, enumerate all possible y-tuples of
integers (il,...,iy) such that | £ il,...,iy < w. There are a finite
number of these. If x. ...x. =Y. ceeYi o t+hen output P(X,Y) as a

h y Y y
solvable problem.//

Theorem 16: The set of all compilable grammars is not enumerable.

Proof: |f we could enumerate all compilable grammars, we would be
able to enumerate the unsolvable Post correspondence problems (PCP) as
follows:

For each Post correspondence problem P(X,Y), ufing the proofs of
Theorems |2 and 14, we know that 3 compilable grammars G(X) and G(Y)
such that P(X,Y) is unsolvable&»B(G(X),G(Y)) is compilable.

So enumerate the compilable grammars. As each compi lable grammar
appears in the enumeration, we t+est whether it is of the form B(G(X),G(Y))

for some X and Y. |f so, we output P(X,Y) as an unsolvable problem.
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the solvable pPCP's are also enumerable, so the

471.//

3ut by Theorem 15,

PCP is decidable. This is impossible by [Po

rammars are not enumerable, we know That we

Since the compilable g

cannot improve much on +the compilation algorithm fthat we have. We

certainly can't get i+ fo terminate even on all compilable grammars,

for that would be possible "1ly if they were enumerable.



X111, SPACE

Qur algorithm provides no néw results in the way of upper bounds
on the space required for recognition. The best result in that
direction [LHS 65] is (log n)2, far better than we can do. But on The
other hand, this result is only obtained using an extremely slow
algorithm. When compared with other fast algorithms, our space results

show up quite well.

Theorem 17: There is a bound of the form an + 0(n) on the number of
registers used in computing REC(G,x|,...,xn,k) for any k and any

grammar G.

Proof : dmfki is a bound on the number of states in any state set

Si-l' The 3 representations we have for each state set (2,3,4 under
implementation, page 26) each require an amount of storage proportional
to the number of states in +he state set. The storage for the grammar

is a constant, and that for the input string is n. So summing the

storage over all the state sets:

n+| "
n+ L dmfki =n + mek(n+l)(n+2)/2 v dmfknz//
i=l
So, in general, the algorithm requires space n2. This is comparable
to Cocke's and Kasami's algorithms, which also require n2. However, it
has one big advantage over Cocke's in that the n2 is only an upper

bound for ours. Cocke's algorithm requires n2 all the time, while our

algorithm very often ftakes only space n.



|n fact one may have noticed that in +the s- ‘2 sefs that are no
jonger current, many of the states are no longer useful, and in fact
are not accessible at all. The only way +hat non-current stafes can
be accessed is by the comp leter, and many of fthem are either of the
wrong form for the complefer to access them, or the states which might
have caused fthem fo be accessed are no longer current.

Thus we can infroduce a "garbage céllecfion" procedure, Mc 62]
.bage 42, which can be evoked at any time, which will release the
storage fof +hose states which are no longer needed. We will specify
t+his procedure only as tar as formally defining t+hose states which are
still needed at point i in the scan. These are those states for which
there exists a sequence of completer operations which could lead to

+hem from a state in Si'

Definition: A state s = <p,j,f,®> is needed at i if 3 a sequence of

states SO’SI"“’Sm (s = <pQ,J2,fz,Gl> for ¢ = 0,...,m) such

that Sq € Si’ Sm = s, and sy € Sf and CPQ(J+|) =

D
(-1 Pe-1

(1 <2 <m.

Under the assumption that this garbage collector is at work, what
can we say about the class of space n grammars? They naturally include
the time n grammars, for these certainly don't create more than a total
of n states in any recognition run. However , because of +he garbage
col lector, quite a fea time n2 grammars will be space n also. We have

not been able to characterize them in any meaningful way independent



of the algorithm. However, they include all grammars for which there
is a bound on the number of 'needed" states in any state set other than
the current one.

Grammar PAL (page 65) is an example of a time n2 grammar which is
space n. |In examining the run with grammar PAL, we note that in each

state set, there is only one state,

A > x.Ax i=l in Si

which can be needed when this state set is no longer current. So when
the garbage collector is finished, we will have left the states in the
current state set plus one in each of the prev{ous state sets--
proportional to n in all. Grammar RL (page 63) is another time n~ buf
space n grammar. There are 3 needed states in each non-current state
set for this grammar (we have checked Y them).

So the space n grammars include the +ime n grammars plus some
more--possibly all unambiguous grammars, but certainly most of them

from a practical point of few.



106

x1v. THE PARSER

We have now investigated the algorithm thoroughly as 2 recognizer.
But we are really interested in parsing for practical purposes. In
+his section we show how to converT +h§ algorithm into a parser, and
we investigate what different properties i+ has in this form.

The recognizer can be made into a-parser in the following way:

. Each time we perform the completer operation adding a state
E~>aD.B g (ignoring | cok-ahead)

we construct a pointer trom that instance of D in that state fo the

state
D~->Y. f

which caused us to do the operation. This indicates that D was
parsed as Y. in case that D is ambiguous there will be a set of

pointers from it, one for each completer operation which caused
g >aD.B g

to be added to the particular state set. Each symbol in Y will also
have pointers from it (unless it is +erminal) and so on, thus repre-
senting the derivation free for -

In this way, when we reach T -minating state

g »R-1. O
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we will have the parse tree for the sentence hanging from R if it is
unambiguous, and otherwise we will have a factored representation of
all possible parse frees.

The following is a more precise description of this parsing

algorithm.

Definition: A parse free is a directed graph with parse states at the
nodes. A parse state is a 5-tuple <p,j,f,a,B, where p,Jj,f and a
are as in a state and B is a seguence consisting of terminal
symbols and setfs of pointers to other parse states. The elements
of the sequence are BI"‘Bj' | f Cph is terminal (I < h < J),
then Bh'= Cph' | f Cph is non-Terminél, then B is a set of
pointers 1o other parse states. Each of these pointers represents
a different possible derivation proceeding from Cph; specifically,
if a parse state pointed to from a parse state in Si is
<q,E,2,B,B'>, then Dq = Cph and the production Cph-+ qu"‘an
is first in some derivation of XQ_H...Xi from Cph’ in a

derivation of the entire input sfring. The root of the parse free

K
is the parse statfe <0,2,0,4 ,B ¢ Sn+l'

The Parser

Add the following fo the recognifion algorithm:

(1) In the predictor, lef the parse state to be added be
<q,0,i,B,A>. In the completer and scanner, let the first 2 or |

elements of B of the parse state be carried along fo the newly created
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parse stafe. In the completer, let By be a pointer TO <p,E,f,a,B>.
in the scanner, let BJ.+| = Xi+l'
(2) When a parse state <p,j,f,a,Bl...Bj> is added fo a state set,

i the set already contains a parse state <p,j,f,d,81...83>, +then we

replace that state with

. . :
<p,J,f,a,(B‘ U B‘)...(Bj U BJ)>

Imp |ementation

We store the sefs of poinfers Bi as linked lists. By the proof of
lemma |, we can get a pointer into a set Bi in only one way, so we can
unite the lists (in (2) above) by joining the tail of one to the head
of another. This takes a fixed amount of time i ndependent of the size
of the lists.

Now we ask, does the parser have any different time bounds than
the recognizer? The answer is no. The following +heorem proves this
for the general case, but it is clear from the proof that it applies

+o the time n2 and n results also.

Theorem 18: There is a bound of the form Cn3 + O(nz) on the time

required to parse Xl...Xn with respect to any grammar G.

Proof: The only difference between recognition (Theorem 5) and parsing
occurs in the completer when we are adding a parse state which already

exists in the stafe set. This may take up 1o j steps to unite the
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|ists BI"'BJ' But j is bounded by m. This increases by | the

exponent of m in the final bound.//

The parser does have different space requirements than the
recognizer. This is because space is required fo store +he factored
. 3 i
parse trees. We can derive an n space bound, however, Dy observing

‘+hat the time is n3.

Theorem 19: There is a bound of the form CnB + O(nz) on the space

required to parse X!"'Xn with respect to any grammar G.

Proof: |t takes one operation To use up oneé storage location, so we

get this result by Theorem 18.//

This result indicafes that we. are able to store in space n3 (in a
factored form) all the parse +rees for any grammar and string, even
ones which have an exponential number of parses (grammar UBDA, page 42,
is such a grammar). Even more remarkable, our parser automatically
bui lds a factored representation of even an infinifte number of parses.
Grammar |NF (page 110) i | lustrates this. We have circled the last 5
states so they can be pointed fo. Notice that R> R.A O is not part
of the final parse free (since it is not a final state) even though it
was important in getting the parse tree formed.

We also notice that for BDA grammars, the space results for the
parser are the same as those of the recognizer. This is because a
state can be added in at+ most a bounded number of ways by the completer,

and therefore the additional space required for its parses will be
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A > x|A

Sentences: x" (n > 0)

PARSE(INF, ,0):

So ¢ > .R4 0
R~ .A 0
R > .RA 0
A > .X 0
A~ . 0

R A 0)

R > RA. 0
b

¢ +~R.4 0

Parse Trees:

———————————




bounded. Thus the parsing space for BDA grammars is n2 and fthe space n
grammars are the same for the parser and recognizer.

We have not specified how +o convert the compiled version of the
algorithm info a parser, but this is done in almost exactly the same
way as for the original algorithm.

The algorithm we have described in this section provides a way of
constructing the parse +ree as the anélysis is done. An altfernative
is to run fthe algorithm +hrough as a recognizer, and then reconstruct
each parge from the state sets afterwards. This can be done in a

straightforward manner.



XV. TWO MODELS

In this section we describe in more detail the random access model
of a computer that we have been using implicitly t+hroughout this paper.
We also discuss the possible use of a Turing machine model and the

results obtained under this different formalism.

The Random Access Machine (ram)

This model has an unbounded number of .registers (counters) each
of which may contain any non-negative infeger. These registers are
named (addressed) by successive non-negative integers. The primifive
operations which are al lowed on these registers are as follows:

(1) Store O or the contents of one register into another.

(2) Test the confents of one register against 0 or against the

contents of another register.

(3) Add | or subtract | from the contents of a register (faking

o-1=0).

The control for fhis model is a normal finite otate device. The most
imporfant property of +his machine is that in the above three operations,
the register R fto be operated on may be specified in two ways:

(1) R is the register whose address is n (register n).

(2) R is the register whose address is the contents of register n.

This second mode (sometimes called indirect addressing) is what gives

our model the random access property. The +ime is measured by the



number of primifive operations performed, and the space is measured by
+he number of registers used in any of fnese operations.

We will not specify +his model in any more detail. It is clear
from the above how an appropriate tormalism could be developed. It is
our opinion that this model represents most accurately the properties

of real computers which are relevant to syntax analysis.

The Bounded Activity Machine

Another model, which is frequently used in studies of computational
complexity, is @ bounded activity machine (bam). This is a Turing
machine, which has a fixed number of tapes thch may be multi-dimensional
and a fixed number of heads. |t is a weaker model than the random
access machine in that any algorithm can be done at least as fast on a
ram as on a bam. The converse is not frue. This is because a random
access machine can access anything in ifs memory in one step (if it has
+he address), while a bam must move one of its heads to the appropriate
position first. This could take proportional fo n steps in some cases.

Since the bam is a frequently used model, it is reasonable to ask
if we can obtain fthe same results for our algorithm if if is implemented
on a bam. We are unable fto obtain any of our results by a "direct"
encoding of the algorithm onto a bam. All the times get increased by
at least a factor of n in +his way. We have been able to obtain the n'-5
result on a t+wo-dimensional, fixed head Turing machine by making a
small change in the algorithm to fif the bam structure, but we have

been unable to obtain The n2 or n results at all on a bam.



e

This coincides quite closely with +he published results. Cocke's

> i+hm does work on a bam. Kasami's n2 algorithm for unambiguous

n~ algor
grammars works on & ram only. Knuth's algorithm is able to compile a

push down automata (certainly a bam) for LR(k) grammars, but this is
not a general context-free algorithm. So our algorithm is as good as

other algorithms but no better on a bam;



XVi. EMPIRICAL RESULTS

We have programmed the algorithm and tested it against the fop-down
and botftom-up parsers evaluated by Griffiths and Petrick [GP 65]. These
are the back-fracking algorithms (section !11) whose Time requirements
can be exponential. However, they also can do well on some grammars,
and they have both been used in numerous compi ler-compi lers, so it will
be interesting to compare our algorithm with them.

The Griffiths and Petrick data is not in ferms of acfual running
times, but in ferms of "primitive operafion§." They have expressed
their algorithms as sets of non-deterministic rewriting rules for a
Turing-machine—like device. Each application of one of these is a
primitive operation. We have chosen as our primifive operation the act
of adding a state fo a state set (or attempting to add one which is
already there). One can see from the data that this is comparable to
what Griffiths and Petrick use.

We compare the algorithms on 7 different grammars. We did not use
2 of their examples because the exact grammar they used was not given.
For the first four, Griffiths and Pefrick were able to find closed
form expressions for their results, so we did also (page 118). BU
and TD are the bottom-up and t+op-down algorithms respe&fively, and
sgU and STD are their selective versions. |t is obvious from these
results that SBU is by far the best of the other algorithms, and the
rest of their data bears +his out. Therefore we will compare our

algorithm fto SBU only. We used our algorithm with k = 0. The two are



comparable on Gl, G2, and G3, the simple grammars, but on &4, which is
very ambiguous, Ours ts clearly superior=-n TO n3.

For the next 3> grammars we present only the raw datfa (pages 119-121).
We have also included the data from [GP 65] on PA, the predictive
analyzer without path elimination [KO 63]. On the propositional calculus
grammar, PA seems o be running in time n2‘while both SBU and ours are
intime n, wifh ours a little faster. Grammar GRE produces two kinds
of -behavior. All three algorithms go up linearly with the number of
"p"s, with SBU using a considerably higher constant coefficient.
However, PA and SBU go up exponentially with t+he number of "ed"s, while
ours goes up as +he square. Grammar NSE is quite simple, and each
algorithm takes time n with fthe same coefficient.

So we conclude fthat our algorithm is clearly superior to the
back-tracking algorithms. I+ performs as well as the best of them on
all seven grammars, and is subs+an+ia{ly faster or ome.

There are at least four distinct general context-free algorithms
besides ours--TD, B8U, Kasami's n2, and Cocke's n3. We have shown sO
far in this paper that our algorithm achieves +ime bounds which are as
good as or better t+han those of any of these algorithms. However, we
are also interested in how our algorithm compares with these algorithms
in a practical sense, not Jjust at an upper bound.

We have just presented some empirical results in this section which
indicate that our algorithm is better than TD and BU. Furthermore, our
algorithm must be superior to Cocke's since his always achieves its

upper bound of n3. This leaves Kasami's. His algorithm [KT 67] is
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actually described as an algorithm for unambiguous grammars, but it can
easily be extended ta a general algorithm. In this form we suspect
that it will have an n3 bound in general and will be'n2 as often as
ours. We are very curious about the class of grammars that it can

parse in time n.
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Propositional Calculus Grammar
root: £ clslelu

c»- uUuou

U~ B lulL

L L'ip\q\r

¥

Uvsiuvu

w
¥

p > U/\P‘U/\U

Sentence

p
(p AQ)
(p'Aq) Vr VpVa'

p:(MDNW‘VquH)
o' Vvr)

Nvp' A @V ) AP

((pA Q) V(@A V (r Ap"))
SAa(p' Vg A V)

19
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4
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1955

2040
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56

185

277

223

562

28

68

148

2717

141



Grammar_GRE

2 ——

root: X > a\Xb‘Ya

v > clvdy

Senfence Length Eﬁ sBU Qurs
ededea 6 35 52 33
ededeab’ 10 75 92 45
ededeab‘O 16 99' 152 63
cdedeab’® 206 859 2052 633
(ed)* eabb 12 617 526 79
(ed)  eabb I8 24352 16336 194

(ed)8eabb 20 86139 54660 251
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Grammar NSE

root: S ™ AB

A > alsC

B~ blDB
C~»c
D~ d
Sentence Length SBU Qurs
adbcddb 7 43 44
ad bebed bedt b 18 1 108
adbedbed bed b 19 117 | 14
2d'8p 20 120 123
=z
A (be)>d> (bed) Zdbed b 24 150 141

a(bed) 2 dbed beb 6 100 95




XVIl, THE PRACTICAL USE OF THE ALGOR!THM

So far in this paper, Wwe have infroduced an algorithm (and a couple
of variations of it), and we have studied in detail its formal properties.
Now we ask the guestions, what is fthe practical value of the algorithm?
in what areas and in what form can it best be put to use?

As we mentioned in +he introduction, fhe two main uses of context-
free languages are in natural language processing and in programming
language implementation. We will resftrict our atfention to the latter
area because we are not familiar with the practical aspects of
compufaTional |inguistics, and because it is compi ler work which
originally motivated us to study parsing.

First we ask, what impact will our algorithm have on the parsing
done in production compi lers for existing programming languages? The
answer is, practically none. Production compilers require ~essing
time proporfional +o n with a fairly low coefficient of n. if the
syntax of the language is fixed and the available programming effort is
large, fthe parsing can be hand coded for the parfticular language. This
will probably make i+ faster than or at least as fast as our algorithm
or in fact any automatic parser.

The value of any parsing algorithm is for use in compiler-writing
languages {BM 62] or simi lar devices where +he programmer is experi-
menting with The syntax of the language as he implements it, or wants
+o be able to implement many di fferent languages easily, or for some

other reason can't afford to code the parser by hand. Here he is



willing fo give up a little in speed tToO obtain the advantages of having
+o supply only TheiBNF of the language in order to get a parser.

|+ is here fthat many of the time n algorithms which we mentioned
‘n Sectfion |11 are used. Most of these, except for Knuth's algorithm,
have been used (or have been tried) in compi ler systems of one form or
another. They all share at least one important drawback. Most
programming languages do not readily fall into the class of grammars
which the algorithm will handle, and consequently much fiddling must
be done wi+h the grammar to get the parser to accept it. This seems
not to be the case with the LR(k) algorithm, [T seems to be the case
that most programming languages naturally have LR(!) grammars, or maybe
LR(2) in a few places. And the one programming language which we have
discovered that is not LR(k) (ignoring languages which are ambiguous)
is compilable by our algorithm quite easily.

So it seems that the compi led version of +he LR(k) algorithm and
t+he compiled version of ours which is more or less an extension of the
LR(k), hold some promise of alleviating this problem of having fo
fiddle with the grammar. The coefficient of n is also reasonable for
these algorithms. It is very low for fhe LR(1) algorithm; we estimate
that it is about as good as a hand-coded parser. And given the pruning
process, the coefficient for our compi led algorithm may go up only as
much as the grammar deviafes from being LR(I).

I+ is probably important to say here that we recommend using a
look-ahead of | with both compiled algorithms. implementing the full
|ook-ahead for all k would cost more in programming tfime and efficiency

than could be gained from the off chance grammar which might require 2
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large k. i+ might bg worthwhile to imp lement the LR(k) algorithm fo
include a look-ahead of | or 2, but no more than this is needed. And
a look-ahead of | at the most is needed for our algorithm, because it
can compile a much larger class of grammars fhan t+he LR(k) algorithm,
so the extra look-ahead is much less likgly +o0 be needed.

This points out a possible advantage of our algorithm over just
the LR(k) algorithm, even it we are working only wifh LR(k) grammars.
|f we have a grammar which is basically LR(l) everywhere except in one
or two "places" (Algol is this way), we would have o do one of three

things if we are using only the LR(k) algorithm:

(1) Change the grammar SO i+ is LR(1) everywhere.

(2) Use an LR(2) parser. This, however, means losing efficiency
everywhere because of the 2 character |ook=-ahead.

(3) Modify the LR(k) algorithm so that part of a grammar could be
done with a |ook-ahead of | and part with 2. This has not

been done.

However, if we are using our algorithm, we simply run it with a look-ahead
of |, and the few places where a look-ahead of two would have been needed
by an LR(k) parser will be taken care of automatically with only as

much loss of efficiency as i's necessary. frammar LR2 (page 125) is

such an LR(2) grammar. I+ in facT lect ~he problem which makes some
Algol grammars LR(2). Think of pr~ ‘on | as an assignment statement
and production 2 as allowing an arbi ary number of labels on such a

statement.
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Grammar_LR2Z

5
oot: R~ 1:= 1oL
L+~ 31
Sentences: (1:}7 =1 (n2 1
Condition Action Go To

SO @ > R = SO 0,1,2,3

R~ .l:=1 - SO | (1,0

R~ .L:R - SO 3,0 Sl

L~ .| SO
S\ R~ l.:=1 4 30,53

L > 50,53 :,3=SO (2,0 52

:,3=53 2,0 52

SZ R~ l.:=1 H 50,53 (1,

R > L.:R 4 50,53 2.1 53
53 R~ l:.=1 4 50,53 1,2,3

R > L:.R 4 SO,S3 = 1,2) 54

R ~» .l:=1 4 53 | 1,0

R > .L:R 4 53 (3,0) S|

(I S
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R.

R+
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Condifion

S~»S !

0’73

$07°3
4,1=5,.
4,125,
S4»55
4,275,
4,225,
1
%0
S

(0,0)

(2,2)

(0,0

(2,2)

0, 1)

HALT

Go To



Pruned Code

L e e

Condifion Action Go To
1,2
! (1,0)
(2,0) 82
(1,0
(2,1 S3
1,2
= (1,2 S,
| (1,0)
(2,0) 52
| (1,2 55
4,175, HALT
-I,I=S3 (2,2) Sg
4,2=SO HALT
-,2=5; (2,2) S



Example: EXP(2)

R > A A

A > czAl\clalldl
A, > clAZ\CZBZIdZ
B, ~ C!BllczBl‘d‘

5 - c|BZ|c282ld2
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Grammar EXP(n)

(1 <

(4 <

(i< i
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There is one large drawback to both the LR(k) algorithm and our
algorithm in their compiled forms, however. That is fthat in generating
all possible state sets at compile time, we may have Té generate such
a large number that we exceed the space of the machine on large
grammars. This can be stated mcre precisely as follows: The space
required for the recognition process is proportiaqnal fo n, but in the
compiled version of the algorithm, the space used depends on the size
of the grammar as well as on the size of fthe sfring. And we have no
guarantee that it depends linearly on the size of the grammar. In
fact, page 128 contains a class of LR(O) grammars discovered by John
Reynolds for which the number of state sets generated by Knuth's
compi lation algorithm goes up exponentially with the size of the
grammar .

Furthermore, [Ko 67] reports that in trying Knuth's compilation
algorithm on a grammar for Algol, the number of state sets generated
blew up. He presents a method for factoring an LR(l) grammar in
pieces, applying the compilation algorithm to each of these, and then
connecting the pieces info one parser. He claims that this cuts down
on the number cf state sets generated. We suspect that there are other
small modifications in both Knuth's and our compilation algorithms
which will guarantee a linear growth in the number of state sets with
respect to the grammar for a large practical set of grammars. HoweVer,
until this is accomplished, the compiled versions of these algorithms
will not be of any practical value.

Now, what about the original version? |+ is obviously useful in

compi ler-writing systems where the speed of the algorithm is not as



important as the fact fhat i+ will accept any grammar without modifications
and won't run too slowly on any of them. Here it is a matter of choice.
Until the problems which we have mentioned are removed from Knuth's and

our compiled algorithms, one has the choice befween a large coefficient

of n or a large amount of fiddling needed to get the grammar accepted

by the recognizer.

There is another use +o which the original version is even better
suited. That is the extendible language systems [GP 67] which are being
bui |t now. These systems have the property that the syntax of +he source
language may be changed or extended as part of fhe program itself. Many
of them allow syntax extensions fo be made at any point in the program,
so as soon as some of them become conversational [st+ 68], then syntax changes
will be made capriciously and frequently.

These systems will not tolerate a costly compilation of a full
parser each time a change is made in the synfax. The +ime n algorithms
which are in use now all require such compi lations (in one form or
another) and unless fthey can be altered to allow incremental
recompi lation when small changes are made, they may be useless in

extendible systems. Thus if such systems want to allow full syntax

extension, they may have fo go to non-compi led algorithms. in this
class ours seems to be the best. I+ will almost certainly do all the pracTical
grammars i¥ gets in time n and if i~ :5 get any n2 or n3 grammars,
i+ will do at least as well as any ¢ =2 algorithm. The resulfs in

Section XVI also indicate that our constant coefficients are as good
as or better than other algorithms. Krutar [Kr 68] is currently

implementing such an extendible language system using our algorithm.



We should mention here one possible disadvantage of either version
of our algorithm that is bof shared by the time n algorithms, Our
algorithm, or any of the ofhers, may be caused to output a parse free
for the string it has recognized when it is finished. And in fact,
some compiler-writing systems do work this way; the output of the
parsing phase is a tree, which is then processed by the next phase of
the compiler. Some other systems [BM 62], however, do not build up the
whole parse tree before the next phase is called, but build up pieces
of the tree and pass these on to the next phase, which works on them
before the parsing can continue. Some systems even call the next phase
every time a parsing decision is made [Fe 66].

All +he time n algorithms (including Knuth's) are set up so that
every time a parsing decision is made, it is indeed going to be part
of the final parse tree for the sentence. This is not true of our
algorithm. Because of the fact that we carry along all possible parses
as we go, many parsing decisions (completer operations) are made which
later turn out to be extraneous. For this reason, we can't afford to
call the next phase every time a parsing decision is made.

This problem can be remedied in the following way: Any fTime that
a completer operation is to be performed, it can be determined directly
whether or not it is known then that this decision will be part of the
final parse. If the final state causing the completer is the only one
in its s+a+e set which matches the next k symbols, then it will be part
of the final parse. |f there are two or more such states, +hen the
states that they produce by the complefer can be marked and the parsing

can confinue. Later, as soon as a condition is reached where the
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current stafte set conéains only statfes which were produced by one of
+hose final states, Tﬁen that final state is the one which represented
the correct parsing decision, and fhe next phase can be called for ift.

Even without this marking procedure, we can guarantee that all
parsing decisions will be correct at the t+ime they are made for at
least all LR(k) grammars for which we use a look-ahead of k.

Qur algorithm has the useful properTy +hat it can be modified 1o
handle an ex%ension of context-free grammars which contains the

Kleene star notation. In this notation,
A > {BC}*D

means A may be rewritten as an arbitrary number (including 0) of "BC"'s

followed by a "D". It generates a language equivalent fo that generated

by
A ~ DlBCA

However, The parse structure given fo the janguage is different in the

two grammars:

B ¢ B C D B C T
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Structures like that on the |eft cannot be obtained using context-
free grammars at all, so this extension s useful. The modification to

the algorithm involves two additional operations:

(1) Any state of the form
A~ a.{(8¥*y f
is replaced by
A+ ol.8¥*y f

A~ afg¥*y f

(2) Any state of the form
A~ oa{B8. My f
is replaced by
A~ al.8Yy f

A~ a{g¥*y f

Another possible advantage of our algorithm over the fime n
algorithms (including Knuth's) is that we can handle ambiguous grammars,
énd in fact handle many of them in time n. Syntactic ambiguity can be
vatuable in compi ler-writing languages To represent constructs which
are syntactically ambiguous, but which can be disambiguated easily by
using semantic considerations. All of the time n algorithms work only

on subsets of the unambiguous grammars.
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XVI11, FURTHER RESEARCH AND CONCLUSION

Some formal work still remains to be done on this algorithm:

(1) Find a good algorithm-independent characterization of the time
n grammars. Show that it includes bounded state and U LR(k) grammars.

(2) Do the same for the space n grammars; do they include the
unamb i guous grammars?

(3) Prove our conjecture (Section VII) t+hat there is a language
with inherent unbounded direct ambiguity, and +hat there is a language

with inherent unbounded ambiguity which is BDA.
Much practical festing still is needed:

(1) Implement and fest fhe garbage collector (Section XI11). Are
there any space problems with it in use?

(2) Implement and test the compilation algorithm and the pruning
procedure. In a practical sense, how large is the set of compilable
grammars? What problems are there because the algorithm may loop?

What is the coefficient of n like in practice.

(3) Imbed either the compi led or the original algorithm in a

compi ler-writing or extendible-language system. what are the interface

problems?

Further research in the general field of context-free parsing
might center on.a number of different things. |1 may be possible to
develop a general algorithm with an n2 +ime bound. |1 seems unlikely
that a general algorithm with a time n bound exists, although it has

not been proven impossible. I+ would be worthwhile to try to extend
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+he class of grammars which can be done in time n, possibly +o include
all unambiguous grammars.

For the researcher in automata theory or comp lexity theory, it
would be interesting to fry to obTaip our n2 or n results on a bam, or
+o ftry to prove +hat a general time n algorithm is impossible (for a
bam at first fry anyway) .

We discussed some compi ler motivated research problems in
Section XVIl. A modification for Knuth's (or our) compiiafion algorithm
is needed which cuts down on the growth of the space with respect to
the size of the grammar. For use in conversational extendible languages,
an incremental recompi lation feature would be very valuable. Perhaps
a complefely different compilation algorithm should be devised which
eifther overcomes some of the prqb\ems of the others or covers a wider
class of grammars.

In conclusion let us emphasize that our algorithm not only matches
or surpasses the best previous results for times n5 (Younger), n
(Kasami) and n (Knuth), but it does this with one single algorithm
which does not have to have specified To i+ the class of grammars it is
operating on. In other words, Knuth's algorithm works only on LR(K)
grammar s and Kasami's only on unambiguous ones, but ours works on them
all and seems to do about as well as it can automatically.

Thus we have developed a context-free parsing algorithm which is
quite efficient in the formal sense, and also shows promise of being
very useful in ceveral applications related to the implementation of

programming languages.
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