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Abstract

In this thesis, we present a new method to solve algorithmic and combinatorial
problems by (1) reducing them to bounding the maximum, over x € {-1,1}", of
homogeneous degree-qg multilinear polynomials, and then (2) bounding the maxi-
mum value attained by these polynomials by analyzing the spectral properties of
appropriately chosen induced subgraphs of Cayley graphs on the hypercube (and
related variants) called “Kikuchi matrices”.

We will present the following applications of this method.

(1) Designing algorithms for refuting/solving semirandom and smoothed instances
of constraint satisfaction problems;

(2) Proving Feige’s conjectured hypergraph Moore bound on the extremal girth vs.
density trade-off for hypergraphs;

(3) Proving a cubic lower bound for 3-query locally decodable codes and an exponen-
tial lower bound for 3-query locally correctable codes.



vi



Acknowledgments

First and foremost, I would like to thank my wife Magdalen for all her invaluable support
throughout the past years.

I also want to thank my advisors, Venkatesan Guruswami and Pravesh K. Kothari, for their
mentorship and support. I would especially like to thank Pravesh for being a constant source of
optimism and motivation, and for helping me prove [KM?24a] as a wedding present! I also would
like to thank the rest of my thesis committee, Ryan O’Donnell and Uriel Feige, for attending my
thesis proposal and defense, and for providing suggestions that improved this thesis.

I am very grateful to Alessandro Chiesa, who was responsible for introducing me to research
many years ago back in 2015, when I was an undergraduate at UC Berkeley. My talks, writing,
and research would not be where they are today without your diligent mentorship. I also want
to thank Yi-Ren Ng for the time I did research in his computer graphics lab, even though it was
rather brief. I would also like to thank Luca Trevisan, who sadly passed away too soon just a few
months ago, for his mentorship and guidance, as well as his amazing blog, which has been a
great source of ideas and inspiration these past years.

I also want to thank Madhur Tulsiani, as well as Yury Makarychev and Siddharth Bhandari,
for their mentorship during Summer 2023 when I was an intern at TTIC.

I would also like to thank my great collaborators, as well as my many friends and outstanding
members of the CS Theory community whom I've had the pleasure to interact with these past
years: Omar Alrabiah, Mitali Bafna, Ainesh Bakshi, Guy Blanc, Jun-Ting (Tim) Hsieh, Max
Hopkins, Rahul Ilango, Siqi Liu, Sidhanth Mohanty, Jonathan Mosheiff, Shivam Nadimpalli,
Pedro Paredes, Kevin Pratt, Nic Resch, Jodo Riberio, Igor Shinkar, Nick Spooner, Shashank
Srivastava, Thuy-Duong (June) Vuong, Jeff Xu, Goran Zuzié, and many others; the research
community wouldn’t be the same without you. I also want to especially thank Guy Blanc for all
the great times that we spent together at conferences across the years.

I also want to thank the other professors and my friends within the CMU CSD community
for making this department a great place to be a PhD student: Anupam Gupta, Ryan O’Donnell,
Justine Sherry, and Danny Sleator, as well as my CSD friends Jatin Arora and Brian Hu Zhang. 1
am especially thankful to Anupam for his immaculate talk advice, which has been shared with
countless other students, and for his wise, sage-like presence and guidance (and also for selling
me his car!). I am also thankful to Jatin, for the great times we had watching Champions League
(even if you are a Barca fan...), and to Brian, for the many hours we spent together watching and
discussing Formula 1 and Star Wars together.

I'would like to give a big shoutout to Patricia Loring, Pravesh’s administrative assistant, as
well as the rest of the CMU CSD administrative staff, for handling all of my administrative tasks
quickly and efficiently, and for keeping the department running smoothly. You're the best!

I am deeply thankful for my high school friends, Eric Chen and Joy Li. Eric, thanks for the
amazing speech you gave at my wedding. Joy, I'm glad you finally got those cats you always
wanted; Tako and Vinnie are adorable!

I would also like to thank my friends Sudeep Dasari and Jason Zhang, along with their
fiancées, Varsha Venkat and Helen Jiang, and the rest of the RoboFantasy crew, for all the great
times we enjoyed 7 hours of commercial-free football while watching me lose my weekly fantasy
matchup because Josh Allen “only” put up 35 points.

I am very grateful to my wife’s parents, Ted Dobson and Susan Cook, along with her siblings

vii



Blue and Alcuin — it’s an honor to be a part of your great family. I would like to especially thank
Susan for the hard work she puts in every year to make me feel at home when we visit them in
Slovenia for Christmas, and Alcuin for truly endless discussions about Minecraft and for working
tirelessly to ensure that my wedding was spotted lanternfly-free!

Finally, I would like to thank my parents, Aneesh and Elizabeth, and my brother, Nathan, for
all their love and support, and also for instilling within me a love for science and mathematics.
This was where my PhD journey began.

viii



Contents

1 Introduction 1
2 An Overview of the Method and Key Technical Ideas 5
2.1 The main approach and Kikuchi matrices forevenqg . . . . .. ... ... ... ... 7

2.2 Handling arbitrary hypergraphs with row bucketing . . . . . ... ... ... ... 11

2.3 Handling correlated randomness with row pruning . . . . . ... ... ... .... 14

3 Background and Preliminaries 21
3.1 Basicnotation . . . . . . . . . . . e e e e e 21
3.1.1 Graph pruning and expander decomposition . .. ... ... ... ... .. 21

3.2 Hypergraphs . . . ... ... ... e 22

3.3 Locally decodable and correctablecodes . . . . .. ... ... .. ....... ... 23
3.4 Concentration inequalities . . . . . . . ... ... ... ... L L o L 25

3.5 The sum-of-squares algorithm . . . . ... ... ... .. ... .. .. ... .. ... 26

3.6 Facts about binomial coefficients . . . . . .. .. ... .. ... ... ... ... ... 27

I Algorithms for Semirandom and Smoothed Constraint Satisfaction Problems 29

4 Background and Results 31
41 Refuting CSPs in semirandom and smoothed models . . . . ... ... ... .. .. 32
41.1 Algorithms for refuting smoothed CSPs . . . . ... .. .. .......... 34

41.2 Refutation witnesses for smoothed CSPs below the spectral threshold . . . 37

4.2 Solving planted CSPs in semirandommodels . . . . . ... .. ............ 37
42.1 Our semirandom planted modeland results . . . . . ... ... ... ... .. 39

5 Algorithms for Strongly Refuting Smoothed CSPs 43
51 Proof overview: refuting semirandom k-XOR forodd k . . . . . .. ... ... ... 43
51.1 Refuting semirandom k-XOR for k > 3: hypergraph regularity . .. .. .. 46

52 A hypergraph decompositionlemma . .. ... ... ... .. ... . 0. 47
5.3 Refuting semirandom sparse polynomials over the hypercube . . . . . . ... ... 50
5.3.1 Regular bipartite polynomials . . . ... ... ... ... ... ... ... .. 51

5.3.2 Reduction to regular bipartite polynomials . . . . . ... ... ... ..... 52

54 Refuting regular bipartite polynomials . . . .. .. .. ... ... .. .. ... ... 53
54.1 Theinitial Kikuchimatrix . . . . .. ... ... ... .. ... ... 54

ix



II

8

9

542 Proofplan . . . . .. ... ..
543 Rowpruning . . . .. .. ... ... ...

5.4.4 Bounding the spectral norm of the “reweighted pruned matrix”: proof of
Lemmab.47 . . . . . e
5.5 Strong CSP refutation: smoothed via semirandom . . . . . ... ... .. ... ...
551 Proof of Theorem 554 . . . . . .. ... ... ..
5.6 Analyzing the [WAM19] approach for random 3-XOR . . . . .. ... .. ... ...

Short Refutation Witnesses for Smoothed CSPs Below the Spectral Threshold

Efficient Algorithms for Semirandom Planted CSPs at the Refutation Threshold
7.1 Technicaloverview . . . .. ... ... ... ... ...
7.1.1 Approximate recovery for 2-XOR from refutation . . . ... ... ... ...
7.1.2  The challenges for k-XOR and our strategy . . . . ... ... .........
7.1.3 Information-theoretic exact recovery from relative cut approximation
7.1.4 Efficient exact recovery from relative spectral approximation . . ... ...
715 Thecaseofodd k. ... ... ... ... .. ... ...
7.2  Fromplanted CSPstonoisy XOR . . . . .. ... ... ... .. ..........
7.3 From k-XOR to spread bipartite k-XOR . . . ... ... ... ... ..........
7.3.1 Proof of Theorem 5 from Lemma 7.3.2 . . . . ... ... .. ..........
7.4 Identifying noisy constraints in spread bipartite k&-XOR . . . . . ... .. ... ...
741 Setupand keynotation . . . ... ... ... L
742 Proofoutline . ... ... .. ... .. ..
7.4.3 Graph pruning and expander decomposition . .. ... ... ........
7.4.4 Rank-1SDP solution from expansion and relative spectral approximation .
7.4.5 Recovery of corrupted constraints from corrupted pairs . . . .. ... ...
7.4.6  Finishing the proof of Lemma 7.3.2 . ... ... ... .. .. ........
7.5 Notions of relative approximation . . . .. ... ... ... ... ... ... ...
7.6 Hypergraph decomposition . . . . .. ... ... ... ... ... ... L.
7.7 Theorem5whenk=1 ... ... ... ... .. .. .. ... ... ... .. .. ...,

Extremal Girth vs. Density Trade-Offs for Hypergraphs
Background and Results

A Proof of the Hypergraph Moore Bound

9.1 Proofof Theorem6forevenk . . . . .. . . . . . . . . . . . ...

9.2 Proof of Theorem 6forallk . ... . ... .. . . . . .. . . .. e
921 Proofof Lemma9.2.2 . ... . .. ... ... e

III Lower Bounds for Locally Decodable and Correctable Codes

10 Background and Results

10.1 Ourresults. . . . . . . . e

105

107

109
109
111
112

117

119



10.1.1 A near-cubiclowerbound for3-LDCs . . . . . . . . . . . ... ... ... .. 122

10.1.2 Exponential lower bounds for 3-LCCs . . . . . .. .. ... ... ....... 122

11 A Near-Cubic Lower Bound for 3-Query Locally Decodable Codes 127
11.0.1 Hypergraph decomposition: proof of Lemma 11.02. . . . . .. .. ... .. 130
11.0.2 Refuting the 2-XOR instance: proof of Lemma 11.03 . . .. ... ... ... 130

11.1 Refuting the 3-XOR instance: proof of Lemma 11.0.4 . . . ... ... .. ... ... 131
11.1.1 Bounding val(f; r) using CSP refutation . . . ... ... ........... 132
11.1.2 Counting nonzero entries: proof of Lemma 11.1.7 . . . . . .. ... ... .. 135
11.1.3 Spectral norm bound: proof of Lemmas 11.1.6and 11.1.9 . . . . . . ... .. 136

11.2 Improved lower bounds for 3-LDCs over larger alphabets . . . . . ... ... ... 136
11.3 Our proof as a black-box reduction to 2-LDC lower bounds . . . . . ... ... .. 139
12 Exponential Lower Bounds for 3-Query Locally Correctable Codes 143
12.1 Theproofstrategy . . . . .. .. . . .. .. ... ... 143
12.1.1 The naive XOR instance and LDC lowerbounds . . . . . .. ... ... ... 144
12.1.2 Long chain derivations: stronger spectral refutations by increased density . 146
12.1.3 From the heuristictoaproof . . . .. ... .. ... ... .. .. ... .. .. 148

12.2 Proofof Theorem 9 . . . . . . .. .. ... . ... 149
12.2.1 Bounding the second moment of the degrees: proof of Lemma 12.2.6 . . . . 153

12.3 Warmup: an n > Q(k*) lower bound via 2-chains . . . .. .............. 157
12.3.1 Step 1: the Cauchy-Schwarz trick . . . ... ... . ... ... ....... 158
12.3.2 Step 2: spectral refutation via Kikuchi matrices . . .. ... .. .. ... .. 159
12.3.3 Step 3: row pruning, the key technicalstep . . . . ... ... ... ... ... 160
12.3.4 Step 4: hypergraph decomposition to handle large heavy pair degree . . . 162
12.3.5 Preview: extending the warmup to a proof of Theorem 8 . . . . . ... ... 165

12.4 Proof of Theorem 8: from LCCs to XOR formulas . . . . ... .. ..... ... .. 167
12.5 Smooth partitionsof chains . . . . . .. ... .o L Lo L Lo 170
12.6 Spectral refutation via Kikuchi matrices . . . . ... ... ............... 172
12.6.1 Step 1: the Cauchy-Schwarz trick . . ... ... ... .. ... ... ... 173
12.6.2 Step 2: defining the Kikuchi matrices . . . . ... ... ... ... ...... 174
12.6.3 Step 3: finding a regular submatrix of the Kikuchi matrix . . ... ... .. 175
12.6.4 Step 4: finishing theproof . . . . .. ... ... ... .. .. ... ... 176
12.6.5 Step 5: optimizing the log n factor and proving Theorem 8 . . . . . . . . .. 177

12.7 Row pruning: proof of Lemma 12.6.4 . . . . .. ... ... ... .. ... .. .. .. 178
12.8 From adaptive decoders to chain XOR polynomials . . . ... .. ... ... .... 182
12.8.1 Constructing polynomials from adaptive smoothed decoders . . . . . . .. 186
12.8.2 Proofof Lemma 12.8.10 . . . . . . .. ... L 189

12.9 Refuting the graph-tailinstances . . . . .. ... .................... 190
12.10 Linear 3-LCC lower bounds over larger fields . . . .. ... ... ... ....... 194
12.11 Design 3-LCCs over F, from Reed-Mullercodes . . . . . . . ... ..... .. ... 196

xi



IV Future Directions
13 Kikuchi Matrices over Larger Alphabets

14 Improved Algorithms for Planted CSPs

14.1 Subexponential-time algorithms for planted CSPs . . . . . ... ... ... .. ...
14.2 Smoothed models of planted CSPs . . . . . . . ... ... ... .. .. ... ...

15 Improved Lower Bounds for LDCs/LCCs

15.1 Better LDC lower bounds: barriers and a path forward . . . ... .. ... ... ..
15.1.1 Improving odd 4 LDC lowerbounds . . . .. ... ... ...........
15.1.2 Improving even g LDClowerbounds . . . . . ... ... ... .......

15.2 The “LDC barrier” for LCC lower bounds

16 Improved Nondeterministic and Interactive Refutations

Bibliography

xii

199

201

205
205
206

209
209
209
210
212

215

219



Chapter 1

Introduction

Spectral methods — understanding eigenvectors, eigenvalues, and related linear algebraic proper-
ties — have a rich history in algorithm design, forming the backbone of the field of spectral graph
theory [HLWO06, Spil9]. For example, spectral expander graphs, a ubiquitous object in theoretical
computer science with numerous applications such as the construction of good error-correcting
codes [S594], are graphs whose expansion (a combinatorial quantity) is characterized by the
eigenvalues of its adjacency matrix. In the past 30 years, there have been remarkable advances in
designing algorithms through the use of spectral methods. Such algorithms typically construct a
carefully chosen matrix from the input, and analyze its eigenvectors and eigenvalues to find solu-
tions [AKS98, GKO1]. Notable examples of spectral algorithms include algorithms for problems
such as max cut [Tre09], graph partitioning [McS01], community detection in networks [Abb18],
graph sparsification [SS08], and fast linear equation solving [ST11], the latter of which has led to
the recent development of a near-linear time algorithm for maximum flow [CKL"22]. Spectral
algorithms are often used in average-case algorithm design, a setting where the input to the algo-
rithm is drawn from a (problem-specific) random distribution. This is because the randomness of
the input causes the matrix constructed by the algorithm to be random, and so one can analyze
the spectral properties of the matrix (and thereby prove correctness of the algorithm) by using
the toolkit of random matrix theory.

Spectral methods arise somewhat naturally in the context of graphs, as one can associate a
graph G to its adjacency matrix or Laplacian matrix and analyze their eigenvectors/eigenvalues.
This makes such methods rather natural to employ when studying computational problems
involving graphs such as clique, or instances of arity 2 constraint satisfaction problems (CSPs)
such as 2-SAT or 2-XOR, which have an underlying graph structure. However, when studying a
more complex CSP such as 3-SAT (since 2-SAT is in P while 3-SAT is NP-complete), the natural
object that arises is a 3-uniform hypergraph, rather than a graph, and this makes designing spectral
algorithms for such problems comparatively more challenging. For example, one could attempt
to design an algorithm by naturally associating a 3-uniform hypergraph with a 3-tensor and
then computing its injective tensor norm, but this approach immediately runs into issues, as
computing (or even approximating!) the injective tensor norm is a notoriously challenging task
(see [Bhal9]).

Nonetheless, spectral methods give very simple and beautiful algorithms for many problems.
However, eigenvectors and eigenvalues of matrices are notoriously brittle properties: small
perturbations to a matrix can change this structure quite substantially. As a result, many spectral
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algorithms, in particular algorithms for average-case variants of foundational computational
problems like 3-SAT or clique, are quite brittle as well. For the example, of, say, clique, the
classic spectral algorithm succeeds with high probability when given a graph drawn from the
Erd&s-Rényi distribution G(n,1/2), but the algorithm will fail with high probability if one allows
an adversarial addition/deletion of O(n) edges to the graph. One can interpret this brittleness as
showing that these algorithms are overfitting to the particular choice of input distribution (e.g.,
G(n,1/2)) and thus fail to generalize to other input distributions, even those that are merely small
deviations from the initial choice of distribution that should intuitively not affect the behavior of
a “good” algorithm.

Contributions of this thesis. In this thesis, we present a new collection of spectral techniques
to solve algorithmic and combinatorial problems over hypergraphs. Our techniques give a general
method to bound the maximum, over x € {-1,1}", of a (problem-dependent) homogeneous
degree-q multilinear polynomial f — a very general problem with many applications — by
analyzing the spectral norm of a family of appropriately chosen induced subgraphs (and related
variants) of weighted Cayley graphs on the hypercube {0,1}". The techniques that we introduce
are robust and allow us to obtain good bounds on max,¢¢_1,1}» f(x) even for polynomials sampled
from semirandom or smoothed input distributions: distributions where the sampled polynomial f
has a significant amount of adversarial structure. This is unlike typical spectral methods, which
are usually brittle and ill-suited to give good bounds in these more adversarial settings.

In more detail, we map the natural g-tensor associated to the polynomial f to a (hierarchy of)
matrices where the spectral norm of the ¢-th level matrix in the hierarchy yields progressively
tighter upper bounds on maxye(—1,1}» f(x) as £ increases. These matrices, first introduced in a
work of [WAM19] to design an algorithm for Gaussian tensor PCA, are called “Kikuchi matrices”
or the “Kikuchi hierarchy”, and hence we call our approach the Kikuchi matrix method.

In Chapter 2, we will give a technical overview of Kikuchi matrices and how to use them to
certify bounds on max,e(_1,1}» f(x); in the course of this overview, we will demonstrate our basic
approach along with two key ideas, row bucketing and row pruning, that allow us to construct
spectral certificates that bound max,c(_1,1}» f(x) even for polynomials f that have significant
adversarial structure and correlated randomness. Next, in Chapter 3 we will formally define
notation and concepts that we will use in the thesis. The remainder of the thesis is divided up into
three parts, where we will discuss the results that we have shown thus far using our “Kikuchi
matrix method”. The results will be presented and organized as follows.

Part I: Algorithms for Semirandom and Smoothed Constraint Satisfaction Problems:

Chapter 5: Algorithms for strongly refuting semirandom and smoothed CSPs. This chapter
is based on [GKM?22, Sections 4-7].

Chapter 6: Existence of short refutation witnesses for smoothed CSPs below the spectral
threshold. This chapter is based on [GKM22, Section 9].

Chapter 7: Efficient algorithms to solve semirandom planted CSPs. This chapter is based
on [GHKM?23].

Part II: Extremal Girth vs. Density Trade-Offs for Hypergraphs:

Chapter 9: A proof of the hypergraph Moore bound. This chapter is based on [GKM22,
Section 8].



Part III: Lower Bounds for Locally Decodable and Correctable Codes:

Chapter 11: A near-cubic lower bound for 3-query locally decodable codes. This chapter is
based on [AGKM23].

Chapter 12: Exponential lower bounds for 3-query locally correctable codes. This chapter is
based on [KM24a, KM24b].

Finally, in Part IV we discuss open problems and directions for future work.






Chapter 2

An Overview of the Method and Key
Technical Ideas

In this chapter, we will give a brief overview of Kikuchi matrices and the related spectral methods
that we develop in this thesis. The problems that we will discuss here are specific instantiations
of the general task of algorithmically certifying a good bound on val(f) = maxye(_1,1}» f(x),
where f(x) is a homogeneous degree-q multilinear polynomial f in variables x1,...,x,, ie.,
f(x) = ZCE([;LJ) bcxc, where be € R is a coefficient and xc is the monomial [];cc x;. More

formally, we will design an algorithm that is given as input such a polynomial f, and then the
algorithm efficiently computes a real number alg-val(f) such that val(f) < alg-val(f) always
holds. The goal is to argue that when f is chosen from a (problem-specific) family of distributions,
the output alg-val(f) of the algorithm provides a meaningful bound on val(f). For the purpose
of this chapter, we will focus on the case when g is even, i.e., the polynomial f has even degree.
This case turns out to be, from a technical standpoint, substantially easier to handle.

Before we delve into the techniques, we will give some motivating examples and state the
theorems that we will prove in this chapter.

Example 2.0.1 (Random and Semirandom 4-XOR). Let H be an arbitrary g-uniform hypergraph
and let bc € {-1,1} for each C € H. We think of the collection (H, {bc}cen) as specifying a
7-XOR instance ¢ with n variables and m = |H| constraints, i.e., we associate each C € H and
bc € {-1,1} with the g-XOR constraint [[;cc x; = bc. Setting f(x) = X cey bcxc, we see that
for any assignment x € {—1,1}" to the variables, f(x) simply computes the number of satisfied
constraints minus the number of violated constraints. Hence, val(f) = m if and only if the
instance is satisfiable, and val(f) < em implies that at most % + %e fraction of constraints can be
simultaneously satisfied.

A g-XOR instance is random if H and the bc’s are chosen at random, and it is semirandom if
H is arbitrary but the bc’s are still chosen at random. The main technical contribution of Part I
of this thesis is an algorithm to certify a bound on val(f) where f is defined via a semirandom
7-XOR instance. This is the task of refutation, or certifying unsatisfiability, as an algorithm that
outputs alg-val(f) such that (1) val(f) < alg-val(f) holds for any f, and (2) alg-val(f) < em with
high probability for, e.g., a random g-XOR polynomial f, is an algorithm that refutes (certifies
unsatisfiability) of a random g-XOR instance with high probability. In fact, such an algorithm
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strongly refutes the random instance, as it shows that only 1 + 1¢ fraction of the constraints can be
satisfied simultaneously.

Refuting semirandom instances of XOR, or of any constraint satisfaction problem more
generally, and other related algorithmic tasks is the focus of Part I of this thesis. In this overview,
we will prove our result for refuting semirandom g-XOR instances, for the case when g is even.
Theorem 2.0.2 (Refutation algorithm for semirandom -XOR, even q). Let g be even. For every
integer £ > q/2, there is an algorithm A that takes as input a g-XOR polynomial f(x) = Y,ccy bexc in
n variables x1, . .., Xy, specified by a g-uniform hypergraph H with m = |H| hyperedges and “right-hand
sides” bc € {~1,1}, and outputs in n®O-time a value alg-val(f) € [—-m, m] with the following two
properties:

(1) val(f) < alg-val(f) for all g-XOR polynomials f;
(2a) If m > O (El—z (%)q/2 {log n) and the input polynomial f is a random q-XOR polynomial, i.e., H is

a random collection of m hyperedges C and each bc is chosen from {—1, 1} uniformly at random, then
with high probability over the draw of H and the bc’s, it holds that alg-val(f) < em.

(2b) If m > O (é (%)C’/2 {log n) and the input polynomial f is a semirandom q-XOR polynomial, i.e.,
H is an arbitrary collection of m hyperedges C and each bc is chosen from {-1,1} uniformly at
random, then with high probability over the draw of the bc’s, it holds that alg-val(f) < em.

We note that Item (2b) above subsumes Item (2a), as it handles a more general case (H

is arbitrary rather than random). We have separated out Item (2a) because we will prove

Theorem 2.0.2 in two stages; we will first prove Item (2a), before generalizing the proof to handle
Item (2b).

Example 2.0.3 (Locally Decodable Codes). A (g, 9, ¢)-locally decodable code (LDC) C: {-1, 1} —
{-1,1}" is equivalent (Fact 3.3.3) to a collection of g-uniform hypergraph matchings Hjy, ..., H,!
each of size 6n, such that for any choice of b € {~1,1}*, the polynomial f;(x) := Zle 2icen; bixc
has value val(f) > em, where m = Zle |H;| = kén. Thus, for a particular choice of n as a function
of k, g, 0, and ¢, to show that no such locally decodable code exists, i.e., to prove a lower bound, it
suffices to argue that val(f;) < em with high probability when b « {-1, 1}* is chosen at random.
The application of our method to proving lower bounds for locally decodable codes and the
related stronger notion of locally correctable codes (LCCs) is the focus of Part III of this thesis. In
this overview, we will give a proof of the following lower bounds for (g, 5, €)-LDCs. We remark
that, prior to this thesis, these were the best known lower bounds for LDCs (or LCCs).
Theorem 2.0.4. Let C: {—1,1}* — {=1,1}" be a code that is (q, 5, ¢)-locally decodable, for constant
q > 2. Then, the following hold:
(1) If q is even, k < n'"2/10(log n)/(*6?), and
(2) If g isodd, k < n'=2/@*DO(logn)/(e*6?).

Examples 2.0.1 and 2.0.3 have been chosen to showcase the core technical contributions of this
thesis: the basic approach of our method along with two key ideas, row bucketing/reweighting and
row pruning. We will start by explaining the basic approach of our method in Section 2.1, where we
use it to give a simple algorithm to refute random g-XOR instances (Item (2a) of Theorem 2.0.2).
Then, in Section 2.2 we will give an algorithm to refute semirandom g-XOR instances (Item (2b) of

LA hypergraph H; is a matching if its constituent hyperedges are disjoint.
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Theorem 2.0.2). Compared to the case of random g-XOR, the new challenge is that a semirandom
instance has a worst-case hypergraph H, and overcoming this challenge requires a new technical
idea: row bucketing/reweighting. Finally, in Section 2.3 we will prove Theorem 2.0.4. Compared to
the two previous cases, the new challenge posed by Theorem 2.0.4 is that the coefficients bc of
the polynomial f from an LDC instance are not independent, and handling this issue will require
a different key technical idea: row pruning.

21 The main approach and Kikuchi matrices for even g

The high-level idea of our approach is to bound val(f) by first expressing the polynomial f as a
quadratic form on a matrix A¢, and then using the spectral norm ||A¢||> to bound the maximum
quadratic form on Af. As one can compute ||Af||2 in poly(N) time, where N is the size of the
matrix Ay, this will yield an algorithm to bound val(f), e.g., as required in Theorem 2.0.2. For
technical reasons, such a matrix is substantially easier to define and analyze when g is even, so
we shall restrict ourselves to this case in this overview for simplicity.

The way we shall express f as a matrix Ay is as follows. For every monomial xc := [ec xi,
we “lift” it to a matrix Ac € RV*N such that for each assignment x € {-1,1}", there is a vector
x® e {~1,1}N where (x®))TAcx®" = Dxc, for some positive integer D. If we have such a
collection of matrices Ac, then we can clearly associate f = } - bcxc to the matrix Ay = 3 bcAc.
We then have Df(x) = (x®))TA;x® for all x € {-1,1}" and therefore D val(f) = Df(x*) <
Ix*®|I3]|Afll2 = N||Afll2, where x* is a maximizer.

The matrices Ac are Kikuchi matrices, first introduced in the work of [WAM19].

Definition 2.1.1 (Kikuchi matrices for even g). Let C C [1] be a set of size g, where g is even, and
let £ > q/2 be an integer. We define the matrix Ac € R¥*N as follows. Let N = () and identify
N with subsets S C [n] of size exactly {. Welet Ac(S,T) =1if S@®T = C and 0 otherwise, where
S ® T denotes the symmetric difference of S and T,i.e, S®T := (SUT)\(SNT).

The integer ¢ in Definition 2.1.1 is a parameter that dictates the size of the matrix. A larger
choice of { yields a larger matrix, and hence a slower algorithm (as computing ||Af||2 is poly(N)
time, where N is the size of the matrix), but as £ grows the spectral norm [|A¢||> yields a tighter
bound on val(f) (as implicitly indicated in Theorem 2.0.2).

The matrices defined in Definition 2.1.1 have the following properties.

Proposition 2.1.2. Let C C [n] be a set of size q, where q is even, let { > q/2 be an integer, and let Ac be
defined as in Definition 2.1.1. Then, the following hold:

1. Ac has at most one nonzero entry per row or column, and has exactly D = (q‘}z) ( (,272) nonzero

entries;
2. Forany x € {-1,1}", let x®* € {=1,1}N be the vector where the S-th entry is xse‘} = [1jes xi-
Then, (x®)TAcx® = Dxc.

Proof. The fact that Ac has at most one nonzero entry per row or column follows because for a
fixed C and a fixed choice of the row S, Ac(S,T) is nonzero if and only if S & C has size exactly /.
One can compute the number of nonzero entries by observing that a pair (S, T) satisfies S®T = C
if and only if S and T each contain disjoint halves of equal size of the set C, along with some
shared set R of size exactly ¢ — q/2. There are (q{;z) ways to split C into disjoint halves, followed
by ( /1;72) ways to choose the set R C [n] \ C, which gives us the number of nonzero entries D.
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Figure 2.1: A part of the graph from the “basic spectral relaxation” when g = 4, or equivalently a
Kikuchi graph with { = q/2 = 2. The vertices S of the graph are in green, and the hyperedges C
are in blue.

Notice that here we crucially need that g is even so that we can divide the set C into two halves
of equal size.
To prove Item (2), we observe that

(x®HTAcx®t = Z XSXT = Z I_I x? 1_[ Xi = Z xc = Dxc,

(8,T):S@T=C (5,T):S®eT=C ieSNT  ieSaT (S,T):SeT=C
where we use that x? =1since x € {-1,1}". O

With Proposition 2.1.2 in hand, we have thus shown that for Af := } -cpy bcAc, it holds that
Dval(f) < N||A¢|l2, and so if we set alg-val(f) := ||Af|l2- N/D, then val(f) < alg-val(f) holds for
all f. Hence, to prove, e.g., Item (2a) in Theorem 2.0.2, it suffices to argue that ||Af|l> < emD/N
with high probability when the hypergraph H is random, the bc’s are chosen independently from

2
{-1,1},and m > O (é (%)q/ ﬁlogn).
Before we prove Item (2a) in Theorem 2.0.2, we give two interpretations of the Kikuchi
matrices defined in Definition 2.1.1.

Kikuchi matrices as generalizations of the “basic spectral relaxation”. Definition 2.1.1 arises
naturally from the viewpoint of trying to “lift” a polynomial f to a quadratic form on a matrix Ay.
The setting of { = q/2 corresponds to the well-studied setting of the “basic” spectral relaxation:
the matrix Ac is indexed by sets S and T of size 4/2, and we have Ac(S,T) = 1 if and only if
SUT = C. When { = g/2, this matrix is a flattening of the natural g-tensor associated to the
polynomial f. The Kikuchi matrices in Definition 2.1.1 give a generalization of this basic matrix to
larger and larger matrices, with the hope (that we will prove!) that the larger matrices will yield
tighter bounds on val(f). A rather interesting observation is that when ¢ > /2, the matrix Ac is
not a flattening of the natural g-tensor of the monomial xc. This viewpoint can be thought of as a
“bottom-up” approach, where we view the Kikuchi matrices at level ¢ as a natural generalization
of the “basic” matrix at level q/2.

Kikuchi matrices as induced subgraphs of Cayley graphs. Definition 2.1.1 arises naturally
from the perspective of Cayley graphs on the hypercube. Given a polynomial f = } .y bcxc,
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Figure 2.2: A part of the full Cayley graph when q = 4. The vertices S of the graph are in green,
and the hyperedges C are in blue. In a Cayley graph, any pair Cy, C; of hyperedges (generators)
along with a vertex S forms a 4-cycle.

one can associate f to a (weighted) Cayley graph on the hypercube {0,1}" as follows. The Cayley
graph has vertices {0,1}", with the group operation being addition over [}, and the generators
are given by the hypergraph H, i.e., for each C € H we identify C with its corresponding weight
g indicator vector in {0, 1}". Equivalently, we can identify the vertices of the graph with subsets
S C [n] (of any size), and we put an edge (S, T) with edge weight bc if S® T = C. Let B denote the
adjacency matrix of this Cayley graph, i.e., B is a 2" X 2" matrix where B(S,T) = bc if S®T =C
for some C € H, and otherwise B(S,T) =

A well-known fact about Cayley graphs over the hypercube is that the eigenvectors of B are
the character functions. Namely, for each x € {-1,1}", the vector 1% e {-1,1}%", defined as

(x) = [[;e5 xi foreach S C [n], is an eigenvector of B, and one can compute that its corresponding
elgenvalue Ay is simply f(x). Thus, ||B|l2 = maxye(-11}» f(x). The problem is that for, e.g., the
case of algorithms as in Theorem 2.0.2, computing ||B||, requires 20" time, as Bis a very large
matrix, and this is no better than simply computing f(x) for all x € {-1,1}" via brute force.

A rather naive way to lower the size of the matrix (and thereby lower the runtime) is to
simply take an induced subgraph of the full Cayley graph. Indeed, the Kikuchi matrices in
Definition 2.1.1 are obtained by restricting the matrix B to the set of vertices {S : |S| = {}. When
taking induced subgraphs, there are two potential problems that can arise. The first issue is that
the induced subgraph may have no edges in it at all, as it is the induced subgraph is on a very
small fraction of all 2" vertices! In fact, this is precisely the issue that arises in the case when g
is odd in Definition 2.1.1. The second issue is that the induced subgraph is no longer a Cayley
graph, and in particular it will not have the same nice eigenvector/eigenvalue structure that is
present in the matrix B. Thus, it might be the case that the spectral norm of the matrix from the
induced subgraph no longer provides an upper bound on val(f). When g is odd, this is trivially
the case as the induced subgraph has no edges. (Note that the spectral norm of the induced
subgraph is a lower bound on ||B||2, the spectral norm of the full Cayley graph.) However, as we
observed in Proposition 2.1.2, when g is even, neither of these two issues arise.

In contrast to the “bottom-up” viewpoint discussed previously, this viewpoint can be thought
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Figure 2.3: A part of the Kikuchi graph at level ¢ = 6 when g = 4. The vertices S of the graph
are in green, and the hyperedges C are in blue. Unlike in a Cayley graph, any pair C;, C; of
hyperedges (generators) along with a vertex S need not form a 4-cycle in the Kikuchi graph.

of as a “top-down” approach, where we view the Kikuchi matrices at level ¢ as a restriction of the
“full” matrix at level n.

One may be wondering why we have defined Kikuchi matrices as the induced subgraph on
subsets of size exactly ¢ rather than sets < ¢, as one could easily do the latter without substantially
increasing the size of the matrix. It turns out that defining the matrix using all sets of size < ¢
does not result in any major differences when ¢ is even,” as the contribution from the sets of size
¢ will be the dominant term in the spectral norm, so the matrix with sets of size < ¢ is essentially
“no better” than the matrix with sets of size exactly ¢ as defined in Definition 2.1.1.

With this Cayley graph viewpoint, we can view Kikuchi matrices as a way to transform a
g-uniform hypergraph H to a (family of) graphs, one for each choice of the parameter {. An
important fact is that a cycle (or even cover) in the hypergraph H — a collection of distinct
hyperedges Cy,...,C, such that C; @ --- @ C, = ) — gives a cycle in the Cayley graph: simply
take any vertex S and use the edges from the generators Cy, ..., C,. Moreover, any cycle in the
Cayley graph corresponds to a collection of (possibly not distinct) hyperedges Cy, ..., C, that
form a cycle. This key observation forms the start of the proof of the hypergraph Moore bound in
Part II, where we use Kikuchi graphs to show the existence of short cycles in sufficiently dense
hypergraphs.

Refuting random g-XOR for g even. Let us now prove Item (2a) in Theorem 2.0.2. The
analysis presented here is due to [WAM19], the original work that introduced the Kikuchi
matrices in Definition 2.1.1. We are given as input a random g-uniform hypergraph H with m >

O ( 1 (% )q/ {-log n) hyperedges with “right-hand sides” bc € {—1, 1} chosen independently for

&2

each C € H. As stated earlier, our goal is to argue that ||A|l, < emD/N, where A = Y ccpy bcAc

2When q is odd, this is a major difference; the Kikuchi matrix with sets of size ¢ is identically 0 whereas the Kikuchi
matrix with sets of size < { is not and can be used to bound val(f). However, this matrix achieves, e.g., in the setting

[4/21
of Theorem 2.0.2, a suboptimal bound of m 2 ( ) ! llogn.
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and the matrices Ac are defined in Definition 2.1.1. Because the b¢’s are independent and
random, the matrix A is the sum of mean 0 independent random matrices. Thus, by Matrix
Khintchine (Fact 3.4.2), it follows that with high probability, we have ||A|]» < O(o+/{¢1logn), where
02 =Y cen A2C ||2. So, it remains to compute o2

Because each Ac has at most 1 nonzero entry per row /column (Proposition 2.1.2), it follows
that A is a diagonal matrix. In fact, ¥ = Y-y AZ is a diagonal matrix where the S-th diagonal
entry is Ys := {C € H : [SNC| = g/2}, as the S-th row of Ac has a nonzero entry if and only if
|S N C| = q/2. We note that by Proposition 2.1.2, 3¢ Ys = mD, as },5 Y is equal to the number of
nonzero entries in all the Ac’s, and there are m choices of C with each Ac contributing D nonzero
entries. The average is simply mD /N where N = (}) is the size of the matrices Ac. Now, because
the hypergraph H is random, it holds that with high probability over S, maxs Ys < O(mD/N). With
this fact,® we can now finish the proof.

Indeed, by Matrix Khintchine (Fact 3.4.2), we have shown that with high probability over H

and the b¢’s, it holds that
D?1
VI < o,

where the last inequality follows by (1) standard binomial coefficient estimates (Fact 3.6.1) to
show that D/N ~ (%)q/z, and (2) using that m > O (é (%)q/2 {-log n). This finishes the proof of
Item (2a) in Theorem 2.0.2, i.e., the case of random g-XOR.

IAll2 <O

Summary: Method Overview

(1) For each monomial xc = [[;cc x; where |C| = g, we define a matrix Ac € RN*N, where
N = (’;), and Ac(S,T) =1if S®T = C and 0 otherwise. The parameter ¢ controls the size
of the matrix, and the matrix satisfies

.
x® Acx® = Dxe

for any x € {~1,1}", where (x*')s = [];es xi and D = (q{;z) (@ij)
(2) We associate a degree-g multilinear polynomial f(x) = X ¢.|c|=4 bcxc to the matrix Ay =

ZC:|C|=q bcxc. For every x € {-1,1}", the matrix satisfies

xo"TAfxOf =Df(x).

. 2
In particular, val(f) = maxye(_1,13» f(x) < M||Af||2 < (%)E’/ lA£|l2.

2.2 Handling arbitrary hypergraphs with row bucketing

In this section, we will prove Item (2b) in Theorem 2.0.2, i.e., we will give an algorithm to refute
semirandom instances of even-arity g-XOR. Compared to the case of random q-XOR with even g

3We will not prove this fact here, although it follows from a simple Chernoff bound (see [WAM19, Section F.1.4]).
In any case, the statement proven (Item (2a) in Theorem 2.0.2) will be subsumed by Section 2.2.
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handled in Section 2.1, the key challenge (and indeed, the only difference) is that we now allow
the hypergraph H to be arbitrary. The purpose of this section is to explain the key idea, row
bucketing/row reweighting,* that we use to handle this challenge.

More formally, a semirandom g-XOR instance f is represented as an arbitrary g-uniform
hypergraph H with random right-hand sides bc € {-1,1} for each C € H. Our goal is to give,
for any ¢, an n9O_time algorithm that will certify that val(f) < % + %em where m = |H| is the
number of constraints, provided that m > O((n/¢)1 /2¢ logn/e?).

Let us now conduct a post-mortem of the proof in Section 2.1 of Item (2a) in Theorem 2.0.2
to see where we used the randomness of the hypergraph H. Even after fixing H, the Ac’s
are independent random matrices, with all the randomness coming from the bc’s. Thus, we
can still apply the Matrix Khintchine inequality to obtain the same bound on [|A|>. The only
point in the proof where we used the randomness of the hypergraph H was to establish that
Ys = O(mD/N) = O(£logn) for every S. So, the proof in Section 2.1 immediately extends to
semirandom instances where the instance hypergraph H is such that Ys = O(mD/N) for every S.

This bound is delicate: when Y5 = Q(¢?), we obtain no non-trivial refutation guarantee and
even Ys ~ {11 results in a suboptimal trade-off. On the other hand, in arbitrary H, Ys can be as
large as m (but no larger). Further, this is a “real” issue and not an artifact of a potentially loose
spectral norm bound from the Matrix Khintchine inequality: when Y is large, so is the spectral
norm of A.

Key observation: only sparse vectors cause large quadratic forms. The key observation is
that even though Y can be large, making [|A[|> large, the “offending” large quadratic forms
are induced only by “sparse” vectors, i.e., vectors where the f,-norm is contributed by a small
fraction of the coordinates. On the other hand, we only care about upper bounding quadratic
forms of A on vectors x®! for some x € {-1,1}", in particular, on vectors where all coordinates
are +1 and are thus are maximally “non-sparse” or “flat”. More formally, in order to certify a
bound on val(f), it suffices for us to bound ||A||._,;, rather than ||A]|».

Row bucketing. We can formalize this observation via row bucketing. Let dy = mD/N ~
m - (£/n)7/2 be the average value of Ys. Let us partition the row indices in N = (';) into multi-
plicatively close buckets %y, #1,- - - , ¥ so that for each i > 1,

Fi={S 127 dy < Ys < 2'dp} .

and F = {S | Ys < do}. Then, since Ys < m and do > 1 (as m > O((1/£)1/% - £1og 1)), we can take
t < log, m. Further, by Markov’s inequality, |#;| < 27/(}) = 27'N. For each i,j < t, let A; j be the
matrix obtained by zeroing out all rows not in #; and all columns not in ¥; from the Kikuchi
matrix A. Then, A = Yo<; i<y Aij.

The key observation is the following: while A; ; has nonzero rows and columns where Y5 is
larger by a 2' (2/, respectively) factor than the average, we are compensated for this by a reduction
in the number of nonzero rows and columns.

Lety € RN be any vector with entries in {-1, 1}V, and let y# be the vector obtained by
zeroing out all coordinates of y that are not indexed by elements of #;. Then, by Cauchy-Schwarz,

Row reweighting, introduced in the work of [HKM23], is a refined version of the row bucketing method
of [GKM22].
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we must have:

e YT Ay = max ()" Asor) S T A -

We apply the Matrix Khintchine inequality in a similar manner to the previous analysis. The
“variance” term grows by a factor of max(2’,2/) over the bound of mD /N obtained for the random
case. As a result, the spectral norm of A; ; is higher by a factor of max(2i/ 2 9jl 2). On the other
hand, the effective f,-norm of the vector drops by 2-(+))/2 The trade-off “breaks in our favor”
and the dominating term in the bound is Ao, whose spectral norm is on the same order as the
spectral norm of the A in the case of the previous random g-XOR analysis!

More formally, we have that with high probability over the draw of the b¢’s, it holds that

/ (it 2max(i)mDe log n
ye?—l?,)f}NyT Z Ai,]‘yS Z |7—:||7—;|”A’JHZS Z N .27z 0 \/ N

0<i,j<t 0<i,j<t 0<i,j<t

mD/{logn mD/{logn LE
it te i (i+))/2  ymax(i,j)/2 _ it - 2 jl2
<N-O|4/ ~ ) Z 2" 2 =N-0 |4/ < Z 2"
0<i,j<t i=0 j=0
/ D?1

where we use that t < O(logm) < O(logn). Thus, the latter quantity is < ¢D provided that
m > O((n/0)72¢ log3 n/€?). Note that this is a log2 n factor higher than the threshold in Item (2b)
in Theorem 2.0.2.

Row reweighting. This row bucketing analysis loses this extra log 1 factor because it uses “hard
cut-offs” to determine the buckets. A slicker analysis, due to [HKM23], instead uses the following
row reweighting strategy, which one can view as a smoother version of the row bucketing analysis.
Let W be the diagonal matrix with S-th entry Ws = Ys + mD/N, i.e., itis Y plus the average
of the Ys’s, and we now consider the matrix A = W™/2AW~1/2, When we use A, there are two
immediate issues to resolve. First, we need to relate val(f) and |All2, and second, we need to
bound || Al|,.

To handle the first issue, we observe that for any x € {-1,1}", letting y = x©! we have that
fx) =~y T Ay = —= (W) TAW ) < — Al - [W 2y 3 (21)
= ﬁ“AHz tr(W) = EHAIIszD =2||A]l. (2.2)

Here, the bound ||W1/2y||§ < tr(W) uses that W is diagonal and that y € {-1,1}".
It thus remains to bound ||A||, which we will do using Matrix Khintchine (Fact 3.4.2). To do
this, we need to compute the variance term, which is IE[AZ]||. We have

[E[A2] = Z W2AWTACIW L2,
CeH

Recall that, as we observed in Section 2.1, for a fixed C € H, the matrix Ac has at most one
nonzero entry per row/column. Because W is diagonal, this implies that W~1/2Ac W 1AW ~1/2
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is a diagonal matrix as well, and so E[A?] is diagonal. Furthermore, the S-th diagonal entry of
E[A?] is

1 1 1 1 1 1 1
1 AC(S,T)—AC(T,S)) L I .
s (TZS;EH Wr VWs Ws T:s;‘eH Wr o s+ 57 T:s;eH Yr+ %
1 N N
< —= —_— < —,
Ys mD ~ mD

T:SeTeH

where the last inequality uses that for a fixed S, the number of T where S® T € H is exactly Ys.
By applying Fact 3.4.2, we thus conclude that with probability 1 — 0(1) over the draw of the

bc’s, it holds that ||All, < O( m% -llogn). Thus,
N{llogn
mD )

Using that D/N ~ (¢/ n)1/2 (Fact 3.6.1), it follows that the right-hand side above is < ¢ when
m > O((n/t)1?log n/e?), which finishes the proof.

<2||Al, <0
Jax fx) =204l

Summary: Row Bucketing/Reweighting

(1) When H is arbitrary (the semirandom case), ||A||> might no longer provide a good bound
on val(f) because Ys = [{C € H : |SN C| = q/2}| may be much larger than the average
value for some S, and this quantity controls the variance of || A||2.

(2) However, val(f) is controlled by quadratic forms yT Ay for Boolean vectors y € {-1,1}¥,
whereas the “bad” quadratic forms that make [|A||> large come from sparse vectors. In
other words, it suffices to bound ||A||,,_,; instead of ||A]|>.

(3) We can bound ||A||_,; by either the row bucketing strategy or the “smoother” row
reweighting strategy of [HKM23]. Both approaches use that Boolean vectors y € {-1, 1}V
are “spread” to handle the issue that the variance term Y5 might be very large for some
S’s.

2.3 Handling correlated randomness with row pruning

In this section, we will prove Theorem 2.0.4. Unlike in Sections 2.1 and 2.2, in this section we will
consider a random process that generates polynomials f;(x) with correlated coefficients bc. We
will thus develop a new technical idea, row pruning, that we use to handle the challenges posed
by the correlated coefficients.

As we mentioned in Example 2.0.3, by standard definitions and transformations (Defini-
tion 3.3.1 and Fact 3.3.3), in order to prove Theorem 2.0.4, it suffices to prove the following
lemma.

Lemma 2.3.1. Let q, k and n be integers with k < n and q even. Let 6,¢ € (0,1). Let Hy, ..., Hy
be q-uniform hypergraph matchings on the vertex set [n] with |H;| = 6n, i.e., for every i € [k], the
hypergraph H; is a collection of dn disjoint hyperedges, and each hyperedge C € H; has size |C| = q.
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For each b € {-1,1}%, let fy(x) = Zi;l bi Ycen; [Toec Xo- Suppose that By (4 1yx[val(fp)] >
ednk. Then, k < n'"2/10(logn)/(&%6?).

Before we proceed with the proof of Lemma 2.3.1, let us comment on the differences between
the setting of Lemma 2.3.1 compared to Theorem 2.0.2. In Theorem 2.0.2, in the semirandom q-XOR
setting (Item (2b)), we define a polynomial f(x) = X ccy bcxc, where (1) the hypergraph H is
arbitrary and (2) each bc is independently chosen from {-1,1}. To compare with Theorem 2.0.2,
we can view the polynomial f; in Lemma 2.3.1 as being defined by (1) the “full” hypergraph
H = UleHi, and (2) signs bc € {-1,1} for each C € H. However, unlike in Theorem 2.0.2, the
bc’s are no longer independent! Indeed, the randomness is correlated; we can view the partition
of the hypergraph H into the matchings Hy, ..., Hy as partitioning the hyperedges according to
their correlated signs bc. Namely, if C, C’ € H; for some i € [k], then bc = bcr = b;. On the other
hand, unlike in the semirandom case, the hypergraph H = Ui.‘le,- in Lemma 2.3.1 is not arbitrary,
as it is the union of k matchings Hj, ..., Hx. We have thus traded correlations in the “right-hand
sides” bc for additional structure in the hypergraph H. Note that the structure in H, i.e., that
H = Ui.‘lei is the union of k matchings, is crucial, as without this condition Lemma 2.3.1 is false.

Another key difference is that, unlike the algorithmic setting of Theorem 2.0.2, in Lemma 2.3.1
we are merely seeking to prove an existential statement and we do not care about the runtime of
the (implicit) algorithm at all! For this reason one might expect to prove Lemma 2.3.1 by using
natural probabilistic arguments. Indeed, in the case of semirandom g-XOR, one can argue that
the polynomial f has low value by a simple union bound argument, and so the main difficulty
in Theorem 2.0.2 is finding an algorithm that can certify that val(f) is low. In the setting of
Lemma 2.3.1, the main challenge is that the polynomials f;, have significantly limited randomness
even compared to the semirandom setting. Namely, all the constraints C € H; share the same
right-hand side b;, and so there are only k < n bits of independent randomness, which is
insufficient randomness to execute a union bound argument.

Nonetheless, we can establish a good bound on the value of the polynomial f; in Lemma 2.3.1
by constructing a subexponential-sized spectral certificate of low value. A priori, bounding the
spectral value might seem like a rather roundabout route to bound val(f). However, shifting to
this (stronger) target allows us to leverage the spectral techniques based on Kikuchi matrices.
The significantly smaller amount of randomness in the polynomials f, produced in Lemma 2.3.1,
compared to, e.g., semirandom instances, poses additional technical challenges which we shall
handle with a technique called row pruning. This technique crucially exploits the combinatorial
matching structure in the hypergraphs Hj, . . ., Hy.

Spectral refutations for f,. To prove Lemma 2.3.1, we need to upper bound E;_(_; 1y«[val(fp)],
which we will do by bounding the spectral norm of an appropriately chosen Kikuchi matrix.
As a first attempt, we will use the general approach outlined in Section 2.1 to define a matrix
whose quadratic form is equal to f;(x). Namely, for a choice of the parameter ¢ (to be determined
later) and every b € {-1,1}*, we define the Kikuchi matrix A 5= Z;‘:l bi Y.cen, Ac, where Ac is
defined in Definition 2.1.1. For notational convenience, we will suppress the subscript f, and let
A= Ayp.

By Proposition 2.1.2, for any x € {-1,1}" (and letting x®¢ be defined as in Proposition 2.1.2),
we have that

1 N q/2
folx) < 5 IR 141l = 3 141, < 0 (7) 1Al
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where we have that D/N ~ (¢£/n)7/2 by Fact 3.6.1. We thus conclude that

n\4/2
eonk < Bylval(fy)] < 01) (7)) EslllAll], (2.3)

where the first inequality is by assumption in Lemma 2.3.1, and so it remains to bound [E,_(_; 13+ [[|All2]-
We can write A = Zle b;A; as a matrix Rademacher series, where A; = 2icen; Ac- By the

matrix Khintchine inequality (Fact 3.4.2), we have E[||A]|,] < O(4/log N) ||Zi A?”;/z.

A combinatorial proxy for |[|A]|,. As mentioned in Section 2.1, we can view the matrix Ac as
the adjacency matrix of a graph: the vertices are sets S € (}), and we have an edge (S, T) if and
only if S®T = C. We can thus view the matrix A; as a graph, which is obtained by taking the
union, over all C € H;, of the graphs Ac.

Let A; be the maximum degree of any node in the Kikuchi graph A;, and let A = maxj<j<i A;.
Notice that because A; is the maximum degree of any node in the graph A;, it follows that A; is
the maximum ¢;-norm of any row/column in A;, and hence is an upper bound on [|A;||». Thus,
we obtain the bound ||Zi A?”2 < i llAi ||§ < kA?, and we conclude that the maximum degree of
the A;’s naturally controls the spectral norm of A. Indeed, we have E[||Al|,] < A-O(y/k{logn).

The quantity A; arises naturally in the setting of LDC lower bounds due to the correlated
randomness of the coefficients in the polynomial f,. Indeed, as we saw above, the quantity

A; comes from the variance term ||ZZ- A?”;/z in our application of Matrix Khintchine, and this
variance term arises because of the correlated randomness. As we have stated earlier, one can
view the hypergraph H; as simply grouping the hyperedges C that share the same coefficient b;,
and likewise the matrix A; = } ¢y, Ac simply extracts the “b;-component” of the matrix A. One
can thus view the quantity A; as a means of controlling the contribution of the “b;-component” to
the overall variance term for the random matrix A.

Let us now investigate bounds on A. By Proposition 2.1.2, we have already observed that for
each C € H;, the graph Ac is a matching with D edges. Therefore, the total number of edges in
A; is exactly D|H;| = Dén, and so the average degree of A; is d; = 6nD/N ~ n(€/n)72. We must
have A > d; and A > 1, and so we have A 2 O(1)max{1, n(¢/n)?/2}. If A happens to be equal to
this minimum possible value, then substituting it in Eq. (2.3) yields:

2
eonk < O(1) (%)q vVktlogn - max{1, n(¢/n)"?},

which implies that k < O(£logn) - max{n7-2/¢7,1}. This is minimized at ¢ = n'=2/1 to give the
bound of k < O(n'~2/7), which is the bound we would like to show in Lemma 2.3.1.

However, there is one crucial problem: A; is much larger than the average degree d; of A;. In
fact, with some thought, one can see that A; = L%‘}J. This is achieved by a row S constructed by
(1) choosing Cy,...,C; € H;, where t = L%J, (2) choosing an arbitrary subset C; C Cj of size q/2
from each such Cj, and then (3) setting S to be the union of the C ]’.’s (which are disjoint since the
C/’s are disjoint as H; is a matching) along with £ — %’7 arbitrary extra elements from [n] \ Uj.:l Cj
to pad S so that it has size {. We can also observe that if 4 > 3 and we substitute A = Q(¢) into
Eq. (2.3), we obtain the best lower bound by setting ¢ to be as large as possible, i.e., { = Q(n). But

if we do so, our “lower bound” becomes k < O(nlogn), which is worse than the trivial k < n
bound!
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Handling irregularities: row pruning. The fact that the maximum degree A; is much larger
than the average degree d; ~ n(¢/n)1 /2 of A; is an inherent issue that we need to overcome. In
handling this issue, we will need to crucially use that the H;’s are matchings; notice that we have
not used this property so far, and Lemma 2.3.1 is clearly false without this assumption!

We will now make the following key observation. While there are some nodes in the graph
A; that have degree much larger than the average d;, these nodes are “rare”, and we can remove
them while only deleting a small number of vertices (and therefore also edges) from A;. Of course,
a small fraction of bad rows can still cause ||A;||, (and also ||A[|2) to be too large. But, we can
now combine this with the key observation that we made in Section 2.2: to bound val(f,), we
only need to bound yT Ay for Boolean vectors y € {-1,1}", or equivalently, we need to bound
||A]lo—1 rather than |[A||,. Unlike ||Al|2, the quantity ||Al|,_, is insensitive to deleting a small
fraction of rows/columns, since +1-coordinate vectors when restricted to a small number of
rows must have correspondingly small f,-norm. Hence, we can simply delete the bad nodes,
or equivalently “zero out” the bad rows/columns, of the matrix A; and thus obtain a matrix B;
where (1) ||A; = Bi||o—1 is small, and (2) the maximum degree of B; is O(d;) = O(n(¢/n)72). The
first property ensures that |[A||_ ~ [|B|lc— Where B := ZZ‘:] b;B;, and the second property
implies that, by our earlier calculations, ||B||, yields the desired bound on val(fy).

To prove that only a small fraction of nodes can have a large degree in any A;, we view the
degree of any node S as a polynomial in the corresponding indicator variables z € {0,1}" with
2.izi = ¢ and use tail inequalities for low-degree polynomials (that generalize concentration
of Lipschitz functions) of Kim and Vu and extensions [KV00, S512] (Fact 3.4.3) to bound the
probability that the degree of a random node S is at least polylog(n) times the average d;. This
relies on establishing strong bounds on the expected partial derivatives of the degree polynomial
by using that the H;’s are matchings.

Indeed, the degree of a node S is at most Deg(z) := Y.cen, Zicrccicr|=q/2 2c7, Where z is the 0/1
indicator vector of S. Using Fact 3.4.3, we can show that with probability 1 —1/poly(n), a random
S has degree at most polylog(n) - d;, provided that ¢ > n172/9 (which implies that d; > 1). Note
that this crucially requires that H; is a hypergraph matching!

We now let B be the matrix obtained by deleting (“zeroing out”) each row/column S where S
has degree > polylog(n) - d; in some d;. We also write B = Zle biBi, where the B;’s are defined
similarly from the A;’s. We have that

Nn3 N

||A_B||oo—> SN—an = ’
' poly(1) poly(n) ~ poly(n)

as (1) the total number of rows/columns removed is at most N - - k, using the concentration

1
) poly(n)
bound along with a union bound over all i € [k], (2) the maximum number of nonzero entries per
row /column of A; is at most 61, and (3) we have k < n. By construction, we also have that for

any i € [k], each row/column of B; has at most d; polylog(#) nonzero entries. We thus conclude
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that for ¢ > n1=2/1,

1

1
eonk < Ep[val(fp)] < =Ep[l|Allco] < D

D

o(N) + O(Nylog N)H D BZ.ZH:/Z) < (%)6’/2 o(1) + O(1)yZlog 1 - polylog(n) i 2
i i=1

%)qﬂ (o(l) + O(1)4/k¢ polylog(n) - n(f/n)q/z) =0 (\/W : ”)

= £26%k < O({ polylog(n)).

Ep[lA = Bllco1 + IBllco—1] < %(O(N) +IEp[N||Bl[2])

1
< —
D

IA

Setting ¢ = n1=2/1 we thus conclude that k < O(n'~2/9 polylog(n)/(25?%)), which proves Lemma 2.3.1
up to a small loss in the polylog(n) factor.

Obtaining a better polylog(n) factor. The above row pruning approach is rather intuitive, but
it is a bit lossy in the final polylog(n) factor. We can sharpen the final bound on k via a modified,
but perhaps less intuitive or general, row pruning argument.

We now define the matrix B as follows. For each i € [k], we let B; be the matrix obtained from
A by replacing any row/column in A; = } -y, Ac with all 0’s if it has at least 2 nonzero entries.
We will then show that if ¢ < n172/7 i.e., the average degree d; of A; is d; < 1, then because H; is
a matching, B; has at least a constant fraction of the entries of Ac for every C € H;. We can then
further delete entries of B; so that each C € H; contributes exactly the same number of entries
to B;; this ensures that each monomial xc in f; has the same contribution to the corresponding
quadratic form on B. Then, we bound val(f;) via ||B||2, using that ||B;||» < 1 forall i € [k] as B;
has at most one nonzero entry per row /column.

In more detail, we make the following definition.

Definition 2.3.2. Let ¢ := n'7%/7/c for some absolute constant ¢ > ¢'¢ if ¢ > 4, and let ¢ = 1 if
q = 2. Note that in either case, { = O(n'72/7). Let N := (}). For each g-uniform hypergraph
matching H;, let B; € RNV*N denote the matrix indexed by sets S, T € ([2’]) where B;(S,T) = 1 if
the pair (S, T) satisfies (1) S®@T =C € H;,and (2) [S® C’| # {, |T & C’| # ¢ for every C’ € H; with
C’ # C. We set B;(S,T) = 0 otherwise. We let B = Zi;l b;B;.

As we have said, the matrices in Definition 2.3.2 are almost the same as setting B; = Y ccy, Ac
where Ac is defined as in Definition 2.1.1; the key difference is that the definition of B; in
Definition 2.3.2 “zeros out” all rows/columns in } ..y Ac that have more than one nonzero
entry. Because we have removed entries from the matrix } -y, Ac, one might be worried that
we have removed all the entries and the matrix B; is identically 0. This is not the case because H;
is a matching and ¢ < 1172/ as we show in the lemma below.

Lemma 2.3.3. There is an integer D’ such that the following holds. Fix i € [k], and let B; be one of the
matrices defined in Definition 2.3.2. For any C € H;, the number of pairs (S,T) with S® T = C and

Bi(S,T) = 1is exactly D’. Moreover, we have that D’ /N > %(q‘}z)e—&% . (%)‘7/2.

We postpone the proof of Lemma 2.3.3, and now finish the proof of Lemma 2.3.1.
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For each x € {-1,1}", let y € {-1,1}"N be the vector where ys = [],cs X,. We then have that

k k
y"By = biy"Biy)= D bi D, > ysyr
i=1

i=1  CeH, (S,T):S&T=C

k
= Z b; D’-ysyr (by Lemma 2.3.3)
i=1 CeH;

036 Y [

i=1 CeH,; veC
=D'fy(x)
— Bylval(f)] < 5 - EulBl:],

where the last inequality uses that ||y||§ = N; here, m = ZlelHil = Onk is the total number of
constraints.

It thus remains to bound E;_(_ 13«[[|B|l2]. As each b; is an independent bit from {-1, 1}, the
matrix B = Zle b;B; is the sum of k independent, mean 0 random matrices. We will use Matrix
Khintchine (Fact 3.4.2) to bound E[||B||2]. We observe that ||B;||» < 1 by construction, as the
f1-norm of any row /column of B; is at most 1. It then follows that ||Zf:l Bfllz < 21;1”31'”2 <k.

Hence, by Fact 3.4.2, it follows that E[||B||2] < O(yklog N) = O(+/ktlogn).
We thus have

/2
eonk < Epeqqyr[val(fp)] < gO(\/kf logn) < (%)q -O(yktlogn)<n-O (\/knl—Z/q logn) ,

where we use that £ = n'=2/9/¢ and the bound on % from Lemma 2.3.3. We thus conclude that
k < n'=217. O(log n)/(£26?).
It remains to prove Lemma 2.3.3.

Proof of Lemma 2.3.3. First, let C € H; be any element. We first show that the number of pairs
(S, T) with S®T = C and B;(S,T) = 1 is independent of C. Indeed, let C’ € H; be different
from C. As H; is a matching, we have that C and C’ are disjoint. Let 7t be an arbitrary bijection
between C and C” and extend 7 to act on all of [#] by acting as the identity on elements not in
Cu . Itis simple to observe that if (S, T) is any pair satisfying the above criterion for C, then
(S, T’), obtained by applying 7 to all elements of S and T, satisfies the criterion for C’. Hence,
the number of pairs is independent of the choice of C € H;.

We note that it is clear from symmetry that D’ depends only on |H;|, g, and n. As |H;| = 6n
for all i, it follows that D" does not depend on i.

We now finish the proof. We have two cases. If ¢ = 2, then ¢ = 1 and N = () = n. This
implies that D’ = 2, as each H; is a matching, so if C = {u, v} € H;, then B;(u,v) = Bi(v,u) = 1.
Thus, in this case the conclusion trivially holds.

Now, suppose g > 4. Let C € H; be arbitrary. We first lower bound D’. We observe that
SeT=Cifandonlyif S =CsUQand T = Cr UQ, where Cs, Cr C C are disjoint subsets of
size exactly q/2, so that C = Cs U Cr, and Q C [n] \ C has size exactly ¢ — q/2. It follows that if
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S®T = C and for some C’ # C € H;, either [S® C’| = L or |T @ C’| = {, then it must be the case
that |Q N C’| = q/2. Hence, we have that

2
ro (a4 9\ (n-2q
D - |H;| - )
=l ) = () (25
Applying Fact 3.6.1, we thus have that
q/2 q
D’/N > 1 )e-3 ¢ -n- ¢
q/2 n q/2 n
q/2 q/2
= ( q )e_aq (£ ( - - 2!]6611 (5) )
q/2 n n
!

A
~2\g/2 n ’

where we use that ¢ < n1=2/7/¢16, |

Summary: Row Pruning

(1) In the LDC setting, H = Ui.‘lei where each C € H; shares the same coefficient b;. The
correlated coefficients make ||Al|2 too large to provide a good bound on val(f), even
when each H; is a matching (in some sense, the “nicest” case).

(2) ||A]l2 is controlled by the maximum degrees A;’s of the Kikuchi graphs A; = Y ccy. Ac
for each i € [k]. To get a good bound, we need A; = d;, where the d;’s are the average
degrees.

(3) Even when H; is a matching, A; > d;, which causes ||A[|> to be too large. However, the
“bad nodes” of large degree in each A; are rare, which one can show using Kim-Vu-style
concentration bounds ([KV00, S512], Fact 3.4.3). By deleting all of the bad nodes from A;,
we obtain a new graph B;, and we can use ||B||, where B = Zle biBi, to bound val(fp).
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Chapter 3

Background and Preliminaries

3.1 Basic notation

We let [1] denote the set {1, ...,n}. For two subsets S, T C [n], we let S @ T denote the symmetric
difference of Sand T,ie., S®T ={i: (i € SAi¢T)Vv(i ¢ SAi € T)}. For anatural number
t € N, we let ([;‘]) be the collection of subsets of [1] of size exactly ¢.

For a rectangular matrix A € R™", we let [|A|l2 = maxyerm yeRrr:|x[,=|yll=1 xTAy denote
the spectral norm of A, and [|A[lo_1 = MaXye(-1,1)mye(-1,13n X Ay. We note that ||A]|_,; <
Vam||All.

Given a multiset H, we will use the notation C € H to refer to a distinct element of C, and
C # C' for C,C’ € H to denote that C and C’ are distinct elements in H (even if they are two
different copies of the same element).

Given a set R and variables x1, ..., x,, we will let xg := [];cg xi. In particular, xc = [[;cc x;.

Given a graph G = (V,E) with n vertices and m edges (including self-loops'), we write
D¢ € R™™" as the diagonal degree matrix, Ag € R"*" as the adjacency matrix, and Lg = D¢ — Ag
as the unnormalized Laplacian (note that the self-loops do not contribute to Lg). Furthermore,
we write Lg = Dél/ 2LcD(_;1/ ? to be the normalized Laplacian, and denote its eigenvalues as
0=A1(Lg) < Aa(Lg) <+ < Au(Lg) < 2.

For any subset S C V, we denote G[S] as the subgraph of G induced by S, and G{S} as the
induced subgraph G[S] but with self-loops added so that any vertex in S has the same degree as
its degree in G.

3.1.1 Graph pruning and expander decomposition

It is a standard result that given a graph with m edges and average degree d, one can delete
vertices such that the resulting graph has minimum degree e¢d and at least (1 —2¢)m edges. We
include a short proof for completeness.

Lemma 3.1.1 (Graph pruning). Let G be an n-vertex graph with average degree d and m = % edges,
and let € € (0,1/2). There is an algorithm that deletes vertices of G such that the resulting graph has
minimum degree ed and at least (1 —2¢)m edges.

1Each self-loop contributes 1 to the degree of a vertex.
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Proof. The algorithm is simple: repeatedly remove any vertex with degree < ed. First, we show
by induction that each deletion cannot decrease the average degree. Suppose there are n’ < n
vertices left and average degree d’ > d. Then, after deleting a vertex u with degree d,, < ed, the
average degree becomes ”li’,__zld" > ",Zl,__ zfd =d- ”n',‘_ 28 Thus, for ¢ < 1/2, the average degree is
always at least d. Furthermore, since the algorithm can delete at most n vertices, it can delete at

most edn = 2em edges. O

We will also need an algorithm that partitions a graph into expanding clusters such that total
number of edges across different clusters is small. Expander decomposition has been developed
in a long line of work [KVV04, ST11, Wull7, SW19] and has a wide range of applications. For
our algorithm, we only require a very simple expander decomposition that recursively applies
Cheeger’s inequality.

Fact 3.1.2 (Expander decomposition). Given a (multi)graph G = (V, E) with m edges and a parameter
e € (0,1), there is a polynomial-time algorithm that finds a partition of V into V1, ..., Vr such that
AZ(EG{VI.}) > Q(rsz/log2 m) for each i € [T] and the number of edges across partitions is at most em.

Proof. Fix A = ce?/log? m for some constant ¢ to be chosen later. The algorithm is very simple.
Given a graph G = (V, E) (with potentially parallel edges and self-loops), if A2(Lg) < A, then
by Cheeger’s inequality we can efficiently find a subset S € V with vol(S) < vol(S) such

that Eg(g;l < V2A. Here vol(S) := Yves deg(v). Then, we cut along S, add self-loops to the

induced subgraphs G[S] and G[S] so that the vertex degrees remain the same (each self-loop
contributes 1 to the degree). This produces two graphs G{S} and G{S}, and we recurse on each.
By construction, in the end we will have partitions Vi, ..., Vr where either V; is either a single
vertex or satisfies /\Z(EG{V,-}) > A

We now bound the number of edges cut via a charging argument. Consider the “half-edges’
in the graph, where each edge (1, v) contributes one half-edge to 1 and one to v, and each self-
loop counts as one half-edge. Then, vol(S) equals the number of half-edges attached to S. Now,
imagine we have a counter for each half-edge, and every time we cut along S we add V2A to
each half-edge attached to S (the smaller side). Since E (S,5) < V21 - vol(S), it follows that the
number of edges cut is at most the total sum of the counters. On the other hand, each half-edge
can appear on the smaller side of the cut at most log, 2m times, as each time the half-edge is on
the smaller side of the cut, vol(S) decreases by at least a factor of 2, and vol([n]) = 2m. So, the
total sum must be < V24 - 2m log, 2m < em for a small enough constant c. |

7

3.2 Hypergraphs

Definition 3.2.1 (Hypergraphs). An (unweighted and undirected) hypergraph H on a vertex set
[1] is a collection of subsets C C [n] called hyperedges. We say that a hypergraph H is g-uniform
if |C| = g forall C € H, and that H is a matching if for all distinct C,C’ € H, C and C’ are disjoint.

For a subset Q C [n], we define the degree of Q in H, denoted deg;(Q), tobe {C€ H: Q C
C}l.

We will allow hypergraphs to be multisets, in which case we will use the notation C € H to
refer to a distinct element of C, and C # C’ for C,C’ € H to denote that C and C’ are distinct
elements in H (even if they are two different copies of the same set).
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Definition 3.2.2 (Weighted hypergraphs). A (weighted and undirected) hypergraph H on vertex
set [n] is a weight function wtg : 2"l — Ry, ie., a function from unordered sets C C [n] to
R>0. The hypergraph is < g-uniform if |C| > g implies that wty(C) = 0 and g-uniform if |C| # g
implies that wty(C) = 0.

A (weighted and directed) hypergraph H on vertex set [11] is a weight function wtg: S — Ry,
where S denotes the set of all ordered subsets of [n]. The hypergraph is < g-uniform if for any
ordered set C C [n], |C| > g implies that wty(C) = 0 and g-uniform if |C| # g implies that
wtg(C) = 0.

Forasubset Q C [n], we define the degree of Q in H, denoted deg;(Q), tobe ¥ c¢fnj1.0cc Wtu(C),
where we say that Q C C if this containment holds as sets.

3.3 Locally decodable and correctable codes

We refer the reader to the survey [Yek12] for background.

A codeisamap C: {-1, 1M — {-1,1}". We say that C is linear if the map C, when viewed as
a map from {0,1}* — {0,1}" via the mapping 0 <> 1 and 1 < -1, is a linear map. We note that
for linear codes, k = dim(V), where V is the image of {0, 1}* under the map C. We will typically
let £, as opposed to C, denote a linear code, and view L asamap £L: {0, 1}k — {0,1}". We say
that C is systematic if for every b € {-1,1}%, C(b)|jx) = b. Foracode C: {-1, 1} - {=1,1}", we
will write x € C to denote an x = C(b) for some b € {-1,1}X.

Locally decodable codes. A locally decodable code is a code where one can recover any bit b; of
the original message b with good confidence while only reading a few bits of the encoded string
in the presence of errors.
Definition 3.3.1 (Locally Decodable Code). A code C: {-1, 1} — {-1,1}"is (g, 9, ¢)-locally
decodable if there exists a randomized decoding algorithm Dec(-) with the following properties.
The algorithm Dec(-) is given oracle access to some y € {—1,1}", takes an i € [k] as input, and
satisfies the following: (1) the algorithm Dec makes at most g queries to the string v, and (2) for
allb € {-1,1}%,i € [k], and all y € {-1,1}" such that A(y, C(b)) < 6n, Pr[Dec?(i) = b;] > % + e.
Here, A(x, y) denotes the Hamming distance between x and y, i.e., the number of indices v € [n]
where x, # .

Following known reductions [Yek12], locally decodable codes can be reduced to the following
normal form, which is more convenient to work with.
Definition 3.3.2 (Normal LDC). A code C: {-1,1}f — {-1,1}" is (g, 0, €)-normally decodable if
for each i € [k], there is a g-uniform hypergraph matching H; with at least 61 hyperedges such
that for every C € H;, it holds that Pry (1 13k [bi = [Toec C(b)o] 2 T+e
Fact 3.3.3 (Reduction to LDC Normal Form, Lemma 6.2 in [Yek12]). Let C: {-1,1}k — {-1,1}" be
a code that is (g, 5, €)-locally decodable. Then, there is a code C': {—1,1}% — {~1,1}°0") that is (q, &', €’)
normally decodable, with &' > €5/3q*277 and &' > /2%,

We recall the lower bound for linear 2-LDCs from [GKST06].
Fact 3.3.4 (Lemma 3.3, Lemma 3.5 in [GKST06]). Let £: {0,1}* — {0,1}" be a linear map, and
let Gy, ..., Gk be matchings on n vertices such that for every b € {0,1}* and every i € [k] and every
(u,v) € G, it holds that x, + x, = b;, where x = L(b). Suppose that % Zf-‘:llGil > on. Then,
26k < log, n.
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Locally correctable codes. A locally correctable code is defined similarly to a locally correctable
code, except that the decoder must now recover any bit x, of the (uncorrupted) encoded string.
Definition 3.3.5 (Locally correctable code). A map C: {-1, 1} - {-1,1}"isa (g, 9, ¢)-locally
correctable code if there exists a randomized decoding algorithm Dec(-) that takes input an oracle
access to some y € {—1,1}" and a u € [n], and has the following properties:
(1) (g queries) For any y € {-1,1}" and u € [n], Dec’ (1) makes at most q queries to the string y;
(2) ((1/2 + &)-correction with 6n errors) For all b € {-1,1}%, u € [n],and all y € {~1,1}" such
that A(y, C(b)) < on, Pr[Dec?(u) = C(b),] = 1/2+ ¢. Here, A(x,y) denotes the Hamming

distance between x and y, i.e., the number of indices v € [n] where x;, # y,.

Definition 3.3.6 (Smooth LCCs [KT00]). A map C: {-1,1}f — {-1,1}" is a -smooth g-locally
correctable code with completeness 1 — ¢ if there exists a randomized decoding algorithm Dec(-)
that takes input an oracle access to some y € {-1,1}" and a u € [n], and has the following
properties:

(1) (g queries) For any y € {-1,1}" and u € [n], Dec? (1) makes at most q queries to the string y;
(2) (1 - &)-completeness) For all b € {-1,1}*, u € [n], Pr[Dec’® (1) = C(b),] = 1 —.

(3) (5-smoothness) For all b € {-1,1}, u € [n], x = C(b), v € [n], Pr[Dec®® (1) queries v] < (\%n.
We will call such codes (g, 6,1 — €)-smooth LCCs.

Remark 3.3.7. Any 6-smooth q-LCC with completeness 1 — ¢ is a (g,16,1 — ¢ — n)-LCC for any
n > 0. Indeed, this follows because if we let y € {—1,1}" be a corruption of a codeword x € C
with 767 errors, then the probability that the smooth decoder queries a corrupted entry is < 1.
Fact 3.3.8 (Systematic Nonlinear Codes, Lemma A.5, Thm A.6 in [BGT17]). Let C: {-1,1}F —
{~1,1}" be a 5-smooth q-LCC with completeness 1 — ¢. Then, there is a systematic code C": {~1,1}} —
{=1,1}" that is a 6-smooth q-LCC with completeness 1 — ¢, where k' = Q)(k /log(1/0)).

Like LDCs, (linear) LCCs admit a standard combinatorial characterization, formalized in the

definition below.
Definition 3.3.9 (Linear LCC in normal form). A linear code £: {0,1}f — {0,1}" is (g, 6)-
normally correctable if for each u € [n], there is a g-uniform hypergraph matching H, with at
least 6n hyperedges such that for every C € H, and b € {-1, 1}k, it holds that [[,cc xv = x4
where x = C(b).

Every linear LCC can be transformed into a linear LCC in normal form with only a small loss
in parameters.

Fact 3.3.10 (Reduction to LCC normal form, Theorem 8.1 in [Dvil16]). Let £: {0,1}¥ — {0,1}" be
a linear code that is (g, , €)-locally correctable. Then, there is a linear code £’ {0,1}* — {0,1}?" that is
(g, 6")-normally correctable, with 6" > 0/24.

Below, we define design 3-LCCs, which are an idealized form of linear 3-LCCs in normal
form. We note that Reed—Muller codes, the best known construction of 3-LCCs, are designs (see
Section 12.11).

Definition 3.3.11 (Design 3-LCCs). Let H C ([Z]) denote a collection of subsets of n of size exactly
4. We say that H is a design if, for every pair of vertices u # v € [n], there exists exactly one C € H
with {u,v} C C.

We say that such an H is a design 3-LCC of dimension k if the subspace V := {x € {0,1}" :

Yvec X0 =0VC € H} € {0,1}" has dimension k.
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Remark 3.3.12 (Connection between Definition 3.3.11 and Definition 3.3.9). Given a design 3-LCC
H, we can construct the hypergraphs H, for u € [n] in Definition 3.3.11 by letting H,, := {C \ {u} :
C € H and u € C} be the set of C € H that contain # (and then remove u). Because H is a design,
for every pair u # v € [n], there exists C € H containing u and v. So, there is exactly one C’ € H,,
containing v, which implies that H,, is a perfect 3-uniform hypergraph matching on [n] \ {u}, i.e.,
|Hy | = nT_l

3.4 Concentration inequalities

We will rely on the following concentration inequalities. The first is the standard rectangular

Matrix Bernstein inequality.

Fact 3.4.1 (Rectangular Matrix Bernstein, Theorem 1.6 of [Tro12]). Let X3, . .., Xk be independent ran-

dom dy x dy matrices with E[X;] = 0and || X;]| < R forall i. Let 6* > max(|E[Z, XiX[1llo, IE[ZE, X7 Xill2)-

Then for all t > 0, Pr[|| 5, Xilla > t] < (d1 + dz)exp(%&).

The second is the following non-commutative Khintchine inequality [LP91].
Fact 3.4.2 (Rectangular Matrix Khintchine Inequality, Theorem 4.1.1 of [Tro15]). Let Xy, ..., Xk be
fixed dy x dy matricesand by, . .., by be i.id. from {~1,1}. Let 0* > max(|| 2, X;: X 1ll2, | 25, X7 Xi]ll2).
Then

k
E[ 1) biXilla | < 202 log(d: + ),
i=1

and
k _p2
Pr]| ;blxlnz > 1] < (d + d) exp(5—).

The third concentration inequality is a result for combinatorial polynomials due to Schudy

and Sviridenko [SS512] that is the culmination of an influential line of work begun by Kim and
Vu [KVO00].
Fact 3.4.3 (Concentration of polynomials, Theorem 1.2 in [S512], specialized). Let H C (")) be a
collection of multilinear monomials of degree t in n {0, 1}-valued variables, and let f(x) = Y cep [liec Xi-
Let Y1,Ys,...,Yy be independent and identically distributed Bernoulli random variables with Pr[Y; =
1] = 7. Then, for some absolute constant R > 1,

(A
Pr(|f(Y) - Ef(Y)| 2 A] < ¢? max{ max te_Az/VOV’Rt, max e Gorr) } ,
r=12,..., r=1.2,...,

where, for every r < t, v, = T " maxy,cunol=[{h € H : h 2 ho}l.
Fact 3.4.4 (Chernoff bound). Let Xj, ..., X, be independent random variables taking values in {0, 1}.
Let X = Y7y X; and p = E[X]. Then, for any 6 € [0,1],

Pr{|X —u|>o6u} < 207013

Fact 3.4.5 (Matrix Chernoff [Tro15, Theorem 5.1.1]). Let X1, ..., X, € R pe independent, random,
symmetric matrices such that X; > 0 and Amax(Xi) < R almost surely. Let X = Z?:l Xiand u =
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Amax(EE[X]). Then, for any 6 € [0,1],

o
Pr{Amax(X) = (1 +6)u} < d-exp (—3—R) .

3.5 The sum-of-squares algorithm

We briefly define the key sum-of-squares facts that we use. These facts are all taken from [BS16,
FKP19].
Definition 3.5.1 (Pseudo-expectations over the hypercube). A degree d pseudo-expectation |
over {—1,1}" is a linear operator that maps degree < d polynomials on {-1,1}" into real numbers
with the following three properties:

1. (Normalization) E[1] = 1.

2. (Booleanity) For any x; and any polynomial f of degree < d —2, E[fx?] = E[f].

3. (Positivity) For any polynomial f of degree at most d/2, E[f?] > 0.

We note that if E is the expectation operator of a distribution over {—1,1}", then E is a degree
d pseudo-expectation (for any d), and thus max,e(—_1,1}» f(x) < maxg [E[f], where the second max
is taken over all degree d pseudo-expectations [E.

The SoS algorithm shows that we can efficiently maximize E[f] over degree d pseudo-
expectations [E for a polynomial f.
Fact 3.5.2 (Sum-of-squares algorithm, Corollary 3.40 in [FKP19]). Let f(x1,...,x,) be a polynomial
of degree k, where the coefficients of f are rational numbers with poly(n) bit complexity. Let d > k. There
is an algorithm that, on input f,d, runs in time n®% and outputs a value a such that p+27" > a > B,
where B is the maximum, over all degree d pseudo-expectations IE over {—1,1}", of E[f].

We now list the other key properties of pseudo-expectations that we will use. First, we note
that pseudo-expectations satisfy the Cauchy-Schwarz inequality.
Fact 3.5.3 (SoS Cauchy-Schwarz inequality). Let f, g be polynomials with deg(f), deg(g) < d/2, and

let |E be a degree d pseudo-expectation. Then E[fg] < \JE[f2]E[g2].
Next, we observe that SoS captures Grothendieck’s inequality, which we recall below.
Fact 3.5.4 (Grothendieck’s inequality). Let A bean n X n matrix and let s = maxzernxn 70,7, ;=1vi tr(A -
Z). Then, s < Kg||A|lo—1, where Kg < 1.8 is a universal constant independent of A.
Fact 3.5.5 (SoS “knows of" Grothendieck). Let A € R™". Let IE be a pseudo-expectation over {—1,1}"
of degree > 2. Then
E[x"Ax] < K6l Allom < 18/ Allss -

Proof. Since EE is a pseudo-expectation of degree > 2, the pseudo-moment matrix E[xxT]
Further, since E is over {-1,1}", ]E[xzz] =1 for every i € [n]. Thus, the matrix Z = E[xxT]
and has Z;; = 1. Applying Fact 3.5.4 completes the proof.

v v

0.
0,
m

Fact 3.5.6 (S0S “knows” spectral norm bounds). Let A € R™". Let IE be a pseudo-expectation over
{=1,1}" of degree > 2, and let W be a symmetric PSD matrix. Then
E[xTAx] < |[W2AW12|L,E[xTWx] < [|[WY2AW 12|, - tr(W).
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Proof. Since E is a pseudo-expectation of degree > 2, the pseudo-moment matrix E[xx]
Further, since E is over {-1,1}", ]E[xlz] =1 for every i € [n]. Thus, the matrix Z = E[xxT]
and has Zl‘,,‘ =1.

We then have that

0.
0,

vV v

E[xTAx] = E[((WY2x)TW 12AW12(Wx)] < [W2ZAWV2|LE[xTWx] < [[W2AW V2| |1tr(W),

where the first inequality holds because for any matrix B, the matrix ||B||, - I — B is PSD, and the
second inequality holds because E[xTWx] = Y/, Z; ;W; = tr(W). O

Finally, we observe that IE[ f] > 0 holds for all nonnegative f on k variables, provided that the
degree d is at least 2k.

Fact 3.5.7. Let f(x1,...,xx) be a non-negative degree < k multilinear polynomial in x1, ..., xx, i.e.,
f(x1,...,xx) 2 0forall xq,...,x¢ € {-1, 1}*. Let E be a pseudo-expectation of degree d over {—1,1}",
where d > 2k. Then, E[f] > 0.

3.6 Facts about binomial coefficients

Fact 3.6.1. Let n,{,q be positive integers such that n/2 > € > q. Then, e1(¢/n)1 > (n[_zqq)/(’;) >
e=34(¢/n)q.

Proof. We compute the ratio
(n —Zq)/(n) B (n—2q)! =0 (n —8)(0)/(211)(71)
=g )'\t)  (t=qtn—t-qr nt g J\g)'\q)\2q) "
This implies that
_ _p\1 q —29 _p\1 q q
[ = (5 G 2] semameveam (S (5) < (5)
and that
_ _p\1 q =24 _p\4 q q
e e G R G I G o IR I

where we use that ¢ < /2. Throughout, we use that (%)k < (Z) < (%)k O

~

=
~—
Y
~

Fact 3.6.2. Let n,{,q be positive integers such that n/2 > € > q. Then, e*1({/n)T > (efq)/(';) >
e~ 1(f/n)1.

Proof. We compute the ratio

n n\ _ n! ln—=0! () [n—-L+q
(f—q)/(l’)_(f—q)!(n—Hq)!' n! _(q)/( q )
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This implies that

n ) < e _ g (2 ‘7<e2w nd
t—q)'\t)” (n—L+q)7 ~ n| — ni’

n n e 101 e 101
o)) o
(—q)"\{

T (n—=Ll+q)7 — ni
where we use that (%)k < ()< (%)k

7

Fact 3.6.3. Let n,r,t,{ be integers witht < r and { > r. Then, it holds that

(;)t'(?) ((’—(;r—t)) < (1 n 0(62)) Tlt (ﬁ::)
(SIS & ()

Proof. First, we have that

(0) (e=rn) _ 0@\t -

(ne—_er)(ng—_er) - n ! ([_(Zr_t))[ né’—r né’—r
o?)\ ,(t—r) (0 —7)!

S(“ " )”t i U-er-nn

We now observe that

tl((’—r) £ —r)! ! '(f—r)!‘ £ —r)!
t 0 (=Qr—t)t (r=t)) 0 (f=Q2r-t))!
1 1 £—r)!

@ (r—tH! ({—@2r—1t)

_ G- )

(0

which finishes the proof.
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Chapter 4

Background and Results

Four decades of work in computational complexity has uncovered strong hardness results for
constraint satisfaction problems (CSPs) such as k-SAT that leave only a little room for non-trivial
efficient algorithms in the worst case. Strong hardness of approximation [Has01] essentially rule
out (unless P = NP) any improvement over simply returning a uniformly random assignment
when the input instance is sparse (i.e., has m = O(n) constraints on n variables). While there is
a polynomial time approximation scheme (PTAS) [AKK95] for maximally dense instances (e.g.,
with m = O(n*) constraints for k-SAT), under the exponential time hypothesis [[P01], we can
already rule out polynomial time algorithms for o(n*) dense instances and more generally, on'
time algorithms for any > 0 for o(n*~!) dense instances [FLP16].

Search and refutation in the average case. In sharp contrast, in well-studied average-case settings,
there appears to be significant space for new algorithms and markedly better guarantees for
CSPs. CSPs can be studied as two natural problems in such average-case settings: the problem of
refutation — where we focus on efficiently finding witnesses of unsatisfiability for models largely
supported on unsatisfiable instances, and the problem of search — where our goal is to find an
assignment that the model guarantees is planted in the instance.

The refutation problem has been heavily investigated in the past two decades. For fully random
k-CSPs with uniformly random clause structure (i.e., which variables appear in each clause) and
“literal pattern” (i.e., which variables appear negated in each clause), there is a polynomial-time
algorithm that, with high probability over the instance, certifies that the instance is unsatisfiable,
provided that m is at least O(n*/2) [GL03, CGL04, AOW15, BM16, RRS17]. This threshold is far
below the ~ n* hardness threshold of [FLP16] for worst-case instances. Furthermore, lower bounds
in various restricted models [Fei02, BGMT12, OW14, MW16, BCK15, KMOW17, FPV18] provide
some evidence that this threshold might be tight for polynomial time algorithms. Adding to this
rich theory is the fascinating work of [FKOO06] that shows that random CSPs admit polynomial-
time verifiable certificates of non-trivial upper bounds on the value even when m ~ n*/2=%
when number of constraints are polynomially smaller than the threshold for efficient refutation.

—1ie.,

The search problem for planted models of CSPs has also received a fair bit of attention. The
setting naturally arises in the investigation of local one-way functions and pseudorandom gen-
erators in cryptography. Indeed, the security of the well-known one-way function proposed
by Goldreich [Gol00] (also conjectured to be a pseudorandom generator [MST06, App16]) is
equivalent to the hardness of recovering a satisfying assignment planted (via a carefully chosen
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procedure) in a random CSP instance with an appropriate predicate. This has led to significant
research on solving fully random planted CSPs [BHL"02, J]MS07, BO09, CCF10, FPV15]. Specifi-
cally, Feldman, Perkins and Vempala [FPV15] showed that for fully random planted k-CSPs with
planted assignment x*, there is a polynomial-time algorithm that, with high probability over
the instance, recovers the planted assignment x* exactly, provided that the instance has at least
O(n*/2) constraints. That is, the refutation and search versions have the same clause threshold.

Beyond the average case: semirandom and smoothed instances. The phenomenal progress in
average-case algorithm design notwithstanding, there is a nagging concern that the algorithms
that have been developed rely too heavily on “brittle” properties of a specific random model.
That is, the methods may have “overfitted” to the specific setting of random CSPs, and thus the
resulting algorithms only apply in this limited setting. Unfortunately, this fear turns out to be
rather well-founded — natural spectral algorithms for refuting random k-CSPs and solving the
natural planted variants break down under minor perturbations, including very weak modifica-
tions to the input model such as the introduction of a vanishingly small fraction of additional
clauses.

Motivated by such concerns, Blum and Spencer [BS95] and later Feige and Kilian [FKO01, Fei07]
and Spielman and Teng [ST03] introduced semirandom and smoothed models for optimization
problems. In semirandom models, the instances are constructed by a combination of benign
average-case and adversarial worst-case choices; in smoothed models, the instances are con-
structed by applying only a small perturbation to an otherwise worst-case input. Algorithms that
succeed for such models are naturally “robust” to perturbations of the input instance.

For CSPs, a semirandom instance is generated by first choosing a “worst-case” clause structure
and then choosing the literal negation patterns in each clause via some sufficiently random
(and thus “benign”) process. In the model for refutation, the literal negation patterns are chosen
uniformly at random, which makes the instance unsatisfiable with high probability. In the planted
model, one has to sample these negation patterns carefully to simultaneously ensure that (1) the
instance has a planted assignment and (2) the negation patterns do not leak information about
the planted assignment in a trivial way:.

The smoothed model is a generalization of the semirandom model for refutation. In the
smoothed model with smoothing probability p, an instance is generated by starting from an
arbitrary (i.e., worst-case) instance, and then negating each literal in each clause independently
with probability p. Note that when we take p = 1/2, we recover the semirandom model for
refutation, and in both the semirandom and smoothed models, the clause structure of the instance
is worst-case, with the only randomness coming from the literal negation patterns.

4.1 Refuting CSPs in semirandom and smoothed models

We will break our results into two sections, one to discuss the task of refutation and one to discuss
solving CSPs in planted models. For the case of refutation, we will focus the discussion on the
case of smoothed models, of which the semirandom model is a special case.

In this thesis, we develop new spectral techniques, namely the Kikuchi matrix method, that
yield strong refutation algorithms for all smoothed Boolean k-CSPs with (a possibly sharp)
trade-off between running time and number of constraints matching that of fully random k-
CSPs [RRS17], up to polylogarithmic factors. In particular, our results show that the algorithmic
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task of strong refutation in the significantly “randomness starved” setting of smoothed instances
is no harder than in a fully random instance.

In Part II, we will use these same techniques to prove Feige’s conjectured hypergraph Moore
bound, a conjecture on the extremal girth vs. density trade-off for hypergraphs that generalizes
the well-known Moore bound for graphs. Our proof uses Kikuchi matrices to give a new spectral
double counting argument that relates subexponential-time smoothed refutation algorithms and
the existence of cycles (even covers) in hypergraphs. As a corollary of the hypergraph Moore
bound, we show that there are efficiently verifiable witnesses of unsatisfiability for smoothed
instances of all k-CSPs with m ~ n*/2=% constraints, for some constant x, which is polynomially
smaller than the threshold at which efficient refutation algorithms exist even for random k-CSPs.
This second result generalizes the work of [FKO06] for random CSPs to the semirandom and
smoothed models.

Taken together, our results can be interpreted as suggesting that the worst-case picture of
complexity of CSPs arises entirely because of islands of pathology: most instances “around” the
worst-case hard ones are in fact essentially as easy as random, for both refutation algorithms as
well as existence of refutation witnesses. Further, in a precise sense, the difficulty of worst-case
instances can be attributed to the worst-case literal patterns, rather than the clause structure.

Our contribution is shown visually in Fig. 4.1. Fig. 4.1 plots the time vs. # constraints trade-off
for refuting random and smoothed 3-SAT instances (along with the analogous trade-off for
approximation schemes for worst-case instances). Our contribution is the smoothed case (blue
line), which shows that smoothed 3-SAT instances can be refuted with the same trade-off as
random ones (green line). We also show that there exist efficiently verifiable refutation witnesses
for smoothed instances at n' constraints (purple line), matching the result for random instances
due to [FKOO06].

Before we formally state our results, let us recall the standard notation to talk about CSPs.
Definition 4.1.1 (k-ary Boolean CSPs). A CSP instance W with a k-ary predicate P: {-1,1}f —
{0, 1} is a set of m constraints on variables x1, . . ., x,, of the form P(é(é)lxél, 5(6)23(52, e, é(é)kxék) =

1. Here, C ranges over a collection H of scopes' (a.k.a. clause structure) of k-tuples of n variables
and & (é ) € {~1,1}* are “literal negations”, one for each C in H. We let valy(x) denote the fraction
of constraints satisfied by an assignment x € {—1,1}", and we define the value of ¥, val(¥), to be
MmaXye(—1,1}» Valy(x).
Definition 4.1.2 (Random, semirandom, and smoothed models for refutation). In a random
(sometimes, fully random in order to disambiguate from related models) instance, H is a collection
of m uniformly random and independently chosen k-tuples and the £(C)’s are chosen uniformly
at random and independently from {-1,1}¥ for each C.

In a semirandom instance, H is arbitrary (i.e., worst-case) and &(C) € {-1, 1}* are sampled
uniformly at random and independently for each C.

In a smoothed instance, H is arbitrary (i.e., worst-case) and £(C) € {-1, 1} are obtained by
starting with arbitrary (i.e., worst-case) &’(C) € {-1,1}¥ for each C and then for each C, i, setting
&(C); = &'(C); with probability 0.99 and &(C); = —&’(C); with probability 0.01, independently.

We note that the semirandom model is more general than the random model, and the
smoothed model is more general than the semirandom model.

e additionally allow Htobea multiset, i.e., that multiple clauses can contain the same ordered set of variables.
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Figure 4.1: Time vs. # constraints trade-off for refuting random and smoothed 3-SAT instances,
and for approximation schemes for worst-case instances. The smoothed case is our contribution.
We also prove that refutation witnesses exist for smoothed instances at the purple line, i.e., nt4
constraints.

Definition 4.1.3 (Weak, Strong and Tight refutation algorithms). A refutation algorithm takes as
input a CSP instance ¢ and outputs a value alg-val(¢) € [0, 1] with alg-val(¢) > val(¢) for all ¢.
For a distribution O over ¢, we say that the refutation algorithm weakly refutes instances drawn
from O if with high probability over ¢ ~ D, alg-val(¢) < 1. We also define strong refutation
(alg-val(¢p) < 1— 0 for some absolute constant 6 > 0) and e-tight refutation (alg-val(¢) < val(¢p) + ¢,
where ¢ is a parameter of the algorithm that can be made arbitrarily small) analogously.

4.1.1 Algorithms for refuting smoothed CSPs

Our first main result gives a (possibly sharp) trade-off between running time and number of
constraints for strongly refuting smoothed CSP instances.

Theorem 1 (Smoothed refutation, informal Theorem 5.5.4). For every { = €(n), there is a n°O-time
strong refutation algorithm for smoothed CSPs with m > mg = O(n) - (%)(%_1) constraints. That is, for
any CSP instance ¢ with m > mq constraints, with probability 0.99 over the smoothing ¢s of ¢, the
algorithm outputs alg-val(¢s) < 1 — 6 for some absolute constant 6 > 0.

Here, t = t(P) < k is the “degree of uniformity” of P — the smallest integer t < k such that there is no
t-wise uniform distribution (Definition 5.5.3) on {—1,1}* supported entirely on the satisfying assignments
P~1(1) c {-1,1}

In order to understand the trade-off described by the theorem, let us apply it to two examples.
Example 4.1.4. For k-SAT, P is the Boolean OR function. We thus have t(P) = k, as the uniform
distribution on odd-parity strings is supported on P~!(1) and is (k — 1)-wise uniform. Our result
gives a polynomial time algorithm to strongly refute smoothed instances of k-SAT whenever the
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number of constraints m > O(ng). More generally, for any 6 > 0, in time 20(1") the algorithm
strongly refutes smoothed instances with > O(n(l‘é)é”’) constraints.

Example 4.1.5. Consider the “Hadamard predicate” P on k = 22"1 bits where P(x) = 1 if and
only if x is a codeword of the truncated Hadamard code, i.e., x is a truth table of a linear function,
excluding the all 0’s function. Hadamard CSPs naturally appear in the design of query efficient
PCPs. Here, t(P) = 3 < k, so our theorem gives a polynomial-time algorithm to strongly
refute smoothed instances of the Hadamard CSP with at least O (1) constraints, and a 2" _time
algorithm for instances with at least O(n'5-%/2) constraints Vo € (0,1].

Comparison with prior results. Theorem 1 can be directly compared to works on refuting
random, semirandom and smoothed (in the order of increasing generality) CSPs.

Building on [AOW15, BM16], Raghavendra, Rao and Schramm [RRS17] proved the same
trade-off (up to a polylog(n) factor in m) between running time and number of constraints
required as in Theorem 1 for the significantly simpler special case of fully random CSPs — when
the clause structure and the literal patterns are chosen uniformly at random from the respective
domains. Our result shows that the same trade-off holds for smoothed instances — i.e., with
worst-case clause structure and small random perturbations of worst-case literal patterns. All
known efficient refutation algorithms, including ours and that of [RRS17], can in hindsight be
interpreted as an analysis of the canonical sum-of-squares (SoS) relaxation (Section 3.5) for the
max k-CSP problem. For random CSPs (and thus also for the more general smoothed instances
we study) the trade-off we obtain is known to be essentially tight [KMOW17, BCK15] for such
“SoS-encapsulated” algorithms: this fact is often taken as evidence of sharpness of this trade-off.

Much less is known about refuting CSPs in the more general semirandom and smoothed models.
Feige [Fei07] gave a weak refutation algorithm for refuting smoothed and semirandom instances of
3-SAT. His techniques apply to all 3-CSPs but do not seem to extend to either strong refutation or 4-
CSPs. More recently, in a direct precursor to this work, Abascal, Guruswami and Kothari [AGK21]
gave a polynomial time algorithm for refuting semirandom instances of all CSPs — thus obtaining
one of the extreme points (corresponding to { = O(1)) in the trade-off in Theorem 1 above.
Theorem 1 relies on a key idea from their work (row bucketing) along with several new ideas
discussed below.

Algorithms for refuting semirandom k-XOR. Our main technical result is an algorithm for
tight refutation of semirandom instances of k-XOR. Theorem 1 then follows by a simple blackbox
reduction (see Section 5.5) that relies on a dual polynomial introduced in [AOW15]. For the
special case of k-XOR, an instance ¢ is completely described by an arbitrary k-uniform instance
hypergraph H and a collection of “right-hand sides” bc € {-1,1}, one for each C € H; in the
notation of Definition 4.1.1, we have bc = Hle &(C);. One can associate to ¢ a homogeneous
degree k polynomial ¢(x) on the hypercube {-1,1}":

(P(X)Z%Zbcnxi.

CeH ieC

This polynomial ¢(x) computes the “advantage over 1/2” of an assignment x. That is, the value
of the associated instance is % + % maxye(-1,1}» ¢(x). Tight refutation corresponds to certifying
that ¢(x) < € for arbitrary € > 0.

Theorem 4.1.6 (Tight refutation of semirandom k-XOR, informal Theorem 5.3.1). For every k € N
and { = €(n) and every € > 0, there is a nOY) time e-tight refutation algorithm for homogeneous degree k
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polynomials that succeeds with probability at least 0.99 over the draw of the coefficients i.i.d. uniform on
logn
5 €

In particular, for every & > 0, we obtain a 2°""")-time e-tight refutation algorithm for semirandom

k-XOR instances with m > O(n) - n(l_‘s)(é_1)poly(%)—c0nstmints.

{-1,1}, whenever the associated hypergraph H has m > n (%) i1, poly(=2=) hyperedges.

Prior works and brief comparison of techniques. The trade-off above (up to polylog(n) factors in
m) matches the one obtained for refuting fully random k-XOR [RRS17]. Our techniques, however,
necessarily need to be significantly different, as the analysis in [RRS17] (and related works it
built on [CGL04, BM16, AOW15]) crucially rely on the randomness of the hypergraph H. In
particular, the refutation in [RRS17] uses the spectral norm of a certain “symmetric tensor power”
of the canonical matrix obtained from the instance. They analyze this matrix using a technical
tour-de-force argument using the trace moment method.” A couple of follow-up works have
attempted to simplify the analyses in [RRS17]. Wein, Alaoui and Moore [WAM19] succeeded in
giving a simpler proof (introducing the Kikuchi matrix, a variant of which is central to this work)
for the case of random k-XOR for even k, and they also suggest that a natural generalization of
their Kikuchi matrix for random odd k will work (their suggestion does not pan out, as we prove
in Section 5.6). In a recent work, Ahn [Ahn20] simplified some aspects of the analysis of the
“symmetric tensor power” matrix in the analysis of [RRS17]. To summarize, the tools in prior
works on random CSPs for analyzing the spectra of relevant correlated random matrices seem to
use the randomness of the hypergraph both heavily and in a rather opaque manner.

For the more general setting of semirandom k-XOR refutation, the best known result [AGK21]
obtained an extreme point in the trade-off (i.e., the case of = O(1)). That work analyzes the
oo — 1-norm of the canonical matrix associated with the CSP instance. In this special case when
¢ = O(1), it turns out that handling 3-XOR instances allows deriving all larger k as a corollary.
For the case of 3-XOR, their analysis relies on a new row bucketing step according to the butterfly
degree of a pair of vertices (a new notion that they define), along with a certain pseudo-random vs
structure decomposition for arbitrary 3-uniform hypergraphs associated with the 3-XOR instance.

To prove Theorem 4.1.6, we build on [AGK21] and introduce a few new tools. For even k,
the Kikuchi matrix of [WAM19] analyzed using the row bucketing idea (with an appropriate
generalization of the butterfly degree) of [AGK21] yields a correct trade-off (see Section 2.2). The
case of odd k turns out to be significantly more challenging (as has always been the case in CSP
refutation) and needs new ideas. We introduce a variant of the Kikuchi matrix for this purpose.
Unlike the case of even k (and the algorithm in [AGK21]), the spectral norm of this matrix is
provably too large to yield a refutation, even for random instances. Indeed, this is why the strategy
suggested by [WAM19] fails, as we show in Section 5.6. Instead, we use the row pruning strategy
(Section 2.3) and refute the instance using the spectral norm of a matrix obtained by pruning
away appropriately chosen rows. We then show that the number of pruned rows is not too large,
and so does not contribute too much to the co — 1-norm of the full matrix.

The row pruning step motivates a definition of regularity, a collection of natural pseudorandom
properties that relate to well-spreadness in the intersection structure of the hyperedges in the
instance hypergraph.” We then show that the hyperedges in every k-uniform hypergraph can
be decomposed, via a regularity decomposition lemma, into k’-uniform hypergraphs for k" < k,

2Just the technical argument in [RRS17] runs over 20 pages!
3This is closely related to the notion of spread encountered in recent work on the sunflower conjecture [ALWZ20,
Rao23].
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along with some “error” hyperedges, such that (i) each of the k’-uniform hypergraphs satisfies
regularity, and (ii) refuting all of these k’-XOR instances provides a refutation for the original
instance. We explain our row pruning and the regularity decomposition steps in more detail in
Section 5.1.

4.1.2 Refutation witnesses for smoothed CSPs below the spectral threshold

In a one-of-a-kind result, Feige, Kim and Ofek [FKOO06] (henceforth, FKO) proved that with high
probability over the draw of a fully random 3-SAT instance 1, there is a polynomial size witness
that weakly refutes ¢ if 1 has m ~ O(n'*) constraints. Formally, there is a polynomial time
non-deterministic refutation algorithm that succeeds in finding a refutation with high probability
over the drawn of a fully random 3-SAT instance with m ~ O(n'*) constraints. On the other hand,
all known polynomial time deterministic refutation algorithms require the input random instance
to have Q(1n'®) constraints — this bound is often called the spectral threshold. The fastest known
refutation algorithm [RRS17] for instances with ~ n'# constraints runs in time 2, matching
the SoS lower bound [KMOW17]. Thus, intriguingly, the FKO result shows the existence of
polynomial time verifiable refutation witnesses (i.e., certificates of an upper bound of 1 — 0,(1) on
the value) at a constraint density at which there are no known 27""_time refutation algorithms.
Does such a “gap” between thresholds for existence vs efficient computability of refutation
witnesses persist for semirandom and smoothed instances, i.e., instances with worst-case constraint
hypergraphs?

In 2008, Feige [Fei08] made an elegant conjecture on the existence of even covers in sufficiently
dense hypergraphs. This conjecture can be interpreted as generalizing to hypergraphs the classical
Moore bound on the girth of graphs with a given number of edges. If true, Feige’s conjecture
implies that the FKO result holds for all semirandom and smoothed CSP instances — in particular,
the FKO result does not rely on the properties of the underlying hypergraph at all.

In Part II of this thesis, we will prove this conjecture. Combining this result with our smoothed
refutation algorithms (Theorem 1), we immediately obtain a generalization of the FKO result that
yields a polynomial time non-deterministic refutation algorithm for smoothed instances of all
k-ary CSPs with number of constraints m polynomially below the spectral threshold of 1*/2,
Theorem 2 (Informal Theorem 6.0.2). There is a non- deterrrumstlc polynomzal time algorithm that

weakly refutes smoothed instances of any k-CSP with m > mg = O(n? : 2<k+8)) -constraints. For the special
case of k = 3, mg = O(n'*).

4.2 Solving planted CSPs in semirandom models

In this section, we discuss our results for solving CSPs in planted models.

In this thesis, we give an algorithm for the search variant of CSPs in the semirandom setting.
Our result gives an efficient algorithm for solving semirandom planted CSPs that succeeds in
finding the planted assignment whenever the number of constraints exceeds O(n¥/2) — the same
threshold at which polynomial time algorithms exist for the refutation problem for random (and
semirandom) instances.

Theorem 3 (Algorithm for planted CSPs, informal Theorem 4). There is an efficient algorithm that
takes as input a k-CSP W and outputs an assignment x with the following guarantee: if W is a semirandom
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planted k-CSP with m > O(n*/?) constraints, then with high probability over W, the output x satisfies
valy(x) > 1—-0(1), i.e., x satisfies 1 — o(1)-fraction of the constraints in V.

We note that in the semirandom setting, it is not possible to efficiently recover an assignment
that satisfies all of the constraints without being able to do so even when m = O(n).* This
is because it is easy to construct a semirandom instance W that is the “union” of two disjoint
instances Wy and W,, where W and W, use disjoint sets of n/2 variables, but Wi only has
my ~ O(n) clauses (and W5, therefore, contains almost all of the m ~ 1n*/2 clauses). Thus, the
guarantee in Theorem 3 of satisfying a 1 — o(1)-fraction of constraints is qualitatively the best we
can hope for.

Search vs. refutation. It is natural to compare Theorem 3 to the problem of refuting semiran-
dom CSPs discussed in Section 4.1 [AGK21, GKM22, HKM?23]. For average-case optimization
problems, techniques for refuting random instances can typically be adapted to solving the
search problem in the related planted model. This can be formalized in the proofs to algorithms
paradigm [BS14, FKP19] where spectral/SDP-based refutations can be transformed into “sim-
ple” (i.e., “captured" within the low-degree sum-of-squares proof system) efficient certificates
of near-uniqueness of optimal solution — that is, every optimal solution is close to the planted
assignment. Unfortunately, this intuition breaks down even in the simplest setting of semirandom
2-XOR where there can be multiple maximally far-off solutions that satisfy as many (or even more)
constraints as the planted assignment. Such departure from uniqueness also breaks algorithms
for recovery [FPV15] that rely on the top eigenvector of a certain matrix built from the instance
being correlated with the planted assignment. In the semirandom setting, one can build instances
where the top eigenspace of such matrices is the span of the multiple optimal solutions and
has dimension w(1) (searching for a Boolean vector close to the subspace is, in general, hard in
super-constant dimensional subspaces).

Our key insight. Our starting point is a new, efficiently checkable certificate of the unique
identifiability of the planted solution for noisy planted k-XOR (i.e., where each equation in a
satisfiable k-sparse linear system is corrupted independently with some fixed constant probability)
whenever the constraint hypergraph satisfies a certain weak expansion property. For random
graphs in case of 2-XOR (and generalizations to multiple community stochastic block models), such
certificates (in the form of explicit dual solutions to a semidefinite program) were shown to exist
in [ABH16, MNS15]; these two works independently discovered the threshold for exact recovery
for 2-community SBMs.

Our certificate naturally yields an efficient algorithm for exactly recovering the planted as-
signment in noisy k-XOR instances whenever the constraint hypergraph satisfies a deterministic
weak expansion property and has size exceeding the refutation threshold ~ 1*/2. Finally, we use
expander decomposition procedures to decompose the input constraint hypergraph into pieces
that satisfy the above condition. This is done in a manner that further allows us to find a good
assignment via a consistent patching scheme to combine solutions across all the pieces in our
decomposition.

4Achieving this would break a hardness assumption for the search problem analogous to Feige’s random 3-SAT
hypothesis for the refutation problem [Fei02].
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4.2.1 Our semirandom planted model and results

Before formally stating our results, we define the semirandom planted model that we work with
and explain some of the subtleties in the definition. Our model is the natural one that arises
if we wish to enforce independent randomness (for each clause) in the literal negations, while
still fixing a particular satisfying assignment. Recall that we have formally defined a k-CSP in
Definition 4.1.1.
Definition 4.2.1 (Semirandom planted k-ary Boolean CSPs). Let P: {-1,1}* — {0,1} be a
predicate. We say that a distribution Q over {—1, 1}¥ is a planting distribution for P if Pr,o[P(y) =
1]=1.
We say that an instance W with predicate P is a semirandom planted instance with planting
distribution Q if it is sampled from a distribution \I’(ﬁ ,x*, Q) where
(1) the scopes Hc [n]* and planted assignment x* € {—1,1}" are arbitrary, and
) \I’(I:)I ,x*, Q) is defined as follows: for each CeH , sample literal negations & (E ) — Q(& (5 )O
x*é), where “©” denotes the element-wise product of two vectors. That is, Pr[& (5 )=¢&] =

Qo x’é) foreach & € {-~1,1}*. Then, add the constraint P(é(é)lxél, 5(6)23(52, ., é(é)kxék) =
1toW.
Notice that because Q is supported only on satisfying assignments to P, it follows that if W «
\P(ﬁ ,x*,Q), then x* satisfies W with probability 1.

A (fully) random planted CSP, e.g., as defined in [FPV15], is generated by first sampling
H « [n]* uniformly at random, and then sampling W « \P(ITI, x*, Q). The difference in the
semirandom planted model is that we allow H to be worst-case.

Notice that in Definition 4.2.1, there are some choices of Q for which the planted instance
becomes easy to solve. In the case of, e.g., 3-SAT, one could set the planting distribution Q to be
uniform over all 7 satisfying assignments, which results in the literal negations in each clause
being chosen uniformly conditioned on x* satisfying the clause. However, by simply counting
how many times the variable x; appears negated versus not negated and taking the majority vote,
we recover x* with high probability [BHL"02, JMS07] (see Section 7.7).

Instead of sampling clauses uniformly from all those satisfied by x*, one can create more
challenging distributions, e.g., ones where true and false literals appear in equal proportion.
Such distributions are termed “quiet plantings” and have been studied extensively [JMS07, KZ09,
CCF10, KMZ12]. Our semirandom model follows definitions in [FPV15, FPV18] and is a general
planted model with respect to a planting distribution Q, which unifies various plantings studied in
the past.

Unlike in the case of random planted CSPs, we cannot hope to recover the planted assignment
x* exactly in the semirandom setting. Indeed, the scopes H may not use some variable x; at all,
and so we cannot hope to recover x;! Thus, our goal is instead to recover an assignment x that
has nontrivially large value, ideally value 1 — ¢ for arbitrarily small €. Our result, stated formally
below, gives an algorithm to accomplish this task.

Theorem 4 (Formal Theorem 3). Let k € IN be constant. There is a polynomial-time algorithm that takes
as input a k-CSP WV and outputs an assignment x with the following guarantee. If WV is a semirandom

3 -
planted k-CSP with m > ckn*/2. lof—gn constraints drawn from W(H,x*, Q), then with probability
1—1/poly(n) over \V, the output x of the algorithm has valy(x) > 1 — €. Here, c is a universal constant.
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In particular, setting ¢ = 1/polylog(n), if m > O(n*/2), then with high probability over W «
\I’(ﬁl, x*,Q), the algorithm outputs x with valy(x) > 1 —o(1).

Theorem 4 shows that one can nearly solve a semirandom planted k-CSP at the same O(n*/?)
threshold as done in the random case [FPV15], matching the same O(n*/2) threshold as for
semirandom refutation (Theorem 1, [AGK21, GKM22, HKM23]). However, as explained earlier
(and will be discussed further in Section 7.1), there are several unanticipated technical hurdles to
overcome in the semirandom planted setting that are not present in the semirandom refutation
setting, and this causes many of the natural approaches that “springboard off” the refutation case
to fail. Curiously enough, for the special case of k = 2 there is a simple reduction from search to
refutation for the case of 2-XOR, which we will describe in Section 7.1.1, but the same approach
for k-XOR encounters a hardness barrier for k > 3, as we will discuss in Section 7.1.2.

Theorem 4 also breaks Goldreich’s candidate pseudorandom generators [Gol00] and its
variants [App16],° when they have Q(1*/?) stretch and any k-hypergraph (not just a random one).
In fact, not only does Theorem 4 break the PRG, it also gives an algorithm that nearly inverts it.

Noisy planted k-XOR. Similar to work on random planted CSPs [FPV15] and the refutation
setting [AOW15, RRS17, AGK21, GKM22, HKM23], our proof of Theorem 4 goes through a
reduction to noisy k-XOR. Our algorithm achieves very strong guarantees in the noisy k-XOR
case, as we now explain. We define the noisy k-XOR model below and then state our result.

Definition 4.2.2 (Noisy planted k-XOR). Let H C ([Z]) be a k-uniform hypergraph on n vertices,
let x* € {-1,1}", and let 1 € [0,1/2). Let ¢(H, x*, ) denote the distribution on k-XOR instances
over n variables x1,...,x, € {-1,1} obtained by, for each C € H, adding the constraint [];cc x; =
[licc x; with probability 1 -1, and otherwise adding the constraint [[;cc xi = — [[;cc x}. In the
latter case, we say that the constraint C is corrupted or noisy.

We call ¢ a noisy planted k-XOR instance if it is sampled from )(H, x*, 1), for some H, x*, and
n; the hypergraph H is the constraint hypergraph, x* is the planted assignment, and 7 is the noise
parameter. Furthermore, we let &, C H denote the (unknown) set of corrupted constraints.
Theorem 5 (Algorithm for noisy k-XOR). Let n € [0,1/2), let k,n € N, and let ¢ € (0,1). Let

4 3
k/2. ng(i(i—gzq)z for a universal constant c. There is a polynomial-time algorithm A that takes as input

a k-XOR instance 1 with constraint hypergraph H and outputs two disjoint sets A (H), Ay(Y) € H
with the following guarantees: (1) for any instance Y with m constraints, | A1(H)| < em and A1(H) only
depends on H, and (2) for any x* € {=1,1}" and any k-uniform hypergraph H with at least m hyperedges,
with probability at least 1 —1/poly(n) over \ « (H, x*,1), it holds that Az(1p) = Ey N (H \ A1(H)).

In words, the algorithm discards a small number of constraints, and among the constraints
that are not discarded, correctly identifies all (and only) the corrupted constraints. In particular,
the subinstance obtained by discarding the < (¢ + n)m constraints A;(H) U Ax(y) is satisfiable
(and a solution can be found by Gaussian elimination). Thus, Theorem 5 immediately implies
that for k-XOR, the NP-hard task of deciding if ¢ has value > 1 —7 or < 1 + 17 is actually easy if
1 has ~ n*/2 constraints (far below the ~ n*-hardness of [FLP16]), provided that the n-fraction
of corrupted constraints in the “yes” case are a randomly chosen subset of the otherwise arbitrary
constraints.

m 2> cn

Exact vs. approximate recovery. As alluded to above, the guarantees of Theorem 5 are much

5Goldreich’s original PRG is essentially a planted k-CSP with a Boolean predicate P on a random hypergraph,
containing both P and —P constraints.
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stronger: not only can we find a good assignment to 1, we can break the constraints into two
parts, a small fraction, Ay (H), where we are unable to determine the corrupted constraints,® and a
large fraction, H \ A1(H), where we can determine exactly all of the corrupted constraints, Ax(¢).
Moreover, this partition depends only on the hypergraph H and is independent of the noise. We
remark that it is not immediately obvious that this guarantee is achievable even for exponential-
time algorithms, as x* may not be the globally optimal assignment with constant probability. This
strong guarantee of Theorem 5 is in fact required for the reduction from Theorem 4 to Theorem 5;
the weaker (and more intuitive) guarantee of approximate recovery — obtaining an assignment
of value 1 —n — 0(1) for the noisy XOR instance — is insufficient for the reduction.

One can view Theorem 5 as an algorithm that extracts almost all the information about the
planted assignment x* encoded by the instance 1. Indeed, notice that even if n = 0, the instance
i only determines x* “up to a linear subspace.”” Namely, if we let y € {—1,1}" be any solution to
the system of constraints [[;,c.c yi = 1 for C € H, then y © x* is also a planted assignment for ¢:
formally, Y/(H, x*,n) = ¢ (H, y © x*,1n) as distributions. So, aside from the em constraints that are
discarded, with high probability over i the algorithm determines the uncorrupted right-hand
sides [[;ec x} for every remaining constraint, which is all the information about the planted
assignment x* encoded in the remaining constraints.

The importance of relative spectral approximation. As a key technical ingredient in the
algorithm, we uncover a deterministic condition — relative spectral approximation of the Laplacian
of a graph (associated with the input instance) by a certain correlated random sample from it —
which when satisfied implies uniqueness of the SDP solution (Lemma 7.1.4). In Lemma 7.1.5 and
Lemma 7.4.7, we establish such spectral approximation guarantees.

This spectral approximation property is the key ingredient in our certificate of unique identi-
fiability of the planted assignment in a noisy k-XOR instance (see Section 7.1.4 for details) and
allows us to exactly recover the planted assignment for 2-XOR instances where the constraint
graph G is a weak spectral expander (i.e., spectral gap > 1/poly log ) (Lemma 7.1.4), and forms
the backbone of our final algorithm. We note that our spectral approximation condition can
be seen as an analog of (and is, in fact, stronger than) the related spectral norm upper bound
property that underlie the refutation algorithm of [AGK21].

This process of extracting a “deterministic property of random instances sufficient for the
analysis” is an important conceptual theme underlying recent progress on semirandom optimiza-
tion, and manifests as, e.g., the notion of “butterfly degree” in [AGK21], “hypergraph regularity”
or spreadness in [GKM22] in the context of semirandom CSP refutation, and biclique number
bounds in the context of planted clique [BKS22].

6Note that discarding a small fraction of constraints is necessary in the semirandom setting, as ¢» may contain many
disconnected constant-size subinstances where it is not possible, even information-theoretically, to exactly identify the
corrupted constraints with 1 — o(1) probability.

7A k-XOR constraint xc, ---xc, = bc € {~1,1} can be equivalently written as a linear equation x7, +--- +

’
Cy b

xl, =
Ck C
over [Fp, where we map +1 to 0 and -1 to 1.
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Chapter 5

Algorithms for Strongly Refuting
Smoothed CSPs

In this chapter, we will prove Theorem 1 using the Kikuchi matrix method. As we will show in
Section 5.5, to prove Theorem 1, it suffices to prove Theorem 4.1.6. We note that in the case of
even k, Theorem 4.1.6 is Theorem 2.0.2, which we have already proven in Section 2.2. Thus, the
majority of this chapter will focus on proving Theorem 4.1.6 when k is odd.

In Section 5.1 we will give an overview of the proof for k odd, and then in Sections 5.2 to 5.4,
we will present the full proof of Theorem 4.1.6. Finally, in Section 5.5, we will use Theorem 4.1.6
to prove Theorem 1.

5.1 Proof overview: refuting semirandom k-XOR for odd k

The case of odd arity XOR refutation is lot more challenging. Even in the well-studied special
case of random k-XOR and the special case of £ = O(1) (i.e., polynomial time refutation), the case
of odd k turns out to be significantly more challenging than the even case. So, let us start by
focusing on the case of random 3-XOR first.

Analogous to the case of even k, we would like to begin by finding a simpler argument
(compared to [RRS17]) for the special case of random 3-XOR using some appropriate variant of the
Kikuchi matrix. In fact, [WAM19] attempted this by introducing a variant of the Kikuchi matrix,
and suggested an explicit approach (see Section F.1 of [WAM19]) to prove that the spectral norm
of that matrix yields a refutation, but unfortunately this approach does not work (see Section 5.6).
Indeed, unlike the case of even k, we do not know of any reasonable variant of the Kikuchi matrix
whose spectral norm yields a refutation for even fully random 3-XOR instances with the expected
trade-off.

Instead, we will introduce a variant of the Kikuchi matrix and use it to give a refutation
algorithm for random 3-XOR instances by relying not on the spectral norm (which is too large)
but, instead, the spectral norm of a “pruned” version of the matrix. In other words, to handle
the case of random 3-XOR, we will need a variant of the “basic approach” (Section 2.1) along
with the “row pruning” method (Section 2.3). Finally, we refute semirandom k-XOR for odd k by
adding two new ideas to this approach: regularity decomposition and row bucketing (Section 2.2).

Bipartite 3-XOR. The Kikuchi matrix we introduce relates directly to a polynomial obtained by
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applying the standard “Cauchy-Schwarz trick” to the input polynomial. Consider the polynomial
(x) = L ¥y bexe associated with a 3-XOR instance described by a 3-uniform hypergraph H
with m hyperedges and “right-hand sides” bc’s. Here, for a set R we define xg := [];cr xi, and in
particular, xc = [[;cc x;. For each C € H, let Ciyin be the minimum indexed element in C (using
the natural ordering on [n]). Then,

1
max x) < max —Zbcc.x _
xe{-1,1}" ) xye{-1,1}" m =4 ¥ Conin ¥ C\Crin

where each y, is formally a new variable, but we think of y, as equal to x,. Let us reformulate
this expression a bit: let H, = {C | C’ =(C,u) € H,C’ . = u}. Then,

min

max YP(x) < max l Z Yu Z bucxc.

—11w 11w m
xe{-1,1} x,ye{-1,1} weln] Ceh,

One can think of the RHS as the polynomial associated with a bipartite instance of the 3-XOR
problem on 2n variables, since every constraint uses one y variable and two x variables. Our
refutation algorithm works for such bipartite instances more generally.

For such a bipartite instance, using the Cauchy-Schwarz inequality, we can derive:

2

% Z Yu Z bu,cxc < %Z Z bu,Cbu,C’xCxC’

u€e[n] CeH, u C,C'eH,

nm n n
= — + — Z Z bu,Cbu,C’xCxC’ = E + f(X) (51)
me me S e,

The first term on the RHS is < €?/2 if m > 2n/e?. The second term produces a < 4-XOR instance.

We thus end up with a 4-XOR instance — an even arity instance — albeit with significantly
less randomness than required in the argument from Section 2.1. So, we need some different
tools to refute such instances. The first of this is the following variant of the Kikuchi matrix that
is designed specifically for “playing well” with the symmetries produced by the squaring step
above.

Our Kikuchi matrix. Our Kikuchi matrix is indexed by subsets of size ¢ on a universe of size 2n,
corresponding to two labeled copies of each of the original n x variables. For each C € H, let C(V
be the subset of [1n] X [2] where every variable is labeled with “1”, and similarly for C @ This
trick is done to ensure that the clauses xu) xc/2 form a 4-XOR instance, as now C M and C’@ by
definition cannot intersect.

For even k, the “independent” pieces in the Kikuchi matrix were the matrices Ac, one for

each C € H. For odd k, the independence pieces will be A, one for each v, because of the loss of
independence due to the Cauchy-Schwarz step above.
Definition 5.1.1 (Kikuchi Matrix, 3-XOR). Let N = ([2; ]). For every u € [n], let A, € RN*N be
defined as follows: foreach S, T C [n] X [2] of size {, we will set A, (S, T) to be nonzero if there are
C,C’ e H,suchthatSeT=CVaoCPand1=|SNCO|=|SNC’?| = |TnCcD| = |Tnc'?).
That is, A, (S, T) is nonzero if each of S, T contain one variable from each of C M and C’?). In that
case, we will set A, (S,T) = by,c - by,cr. Finally, set A = 3}, A,.
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Equivalently, A, (S, T) is nonzero if there are C, C’ € H, such that the 1-labeled (respectively,
2-labeled) elements in S, T have symmetric difference C (C’, respectively). This construction is
important for the success of our row pruning step (which we will soon discuss) and at the same
time ensures that every pair (C, C’) of constraints in H,, contributes an equal number of nonzero
entries in the Kikuchi matrix A. We note that if we do not introduce the 2 copies of each variable,
the number of times a pair (C, C’) appears in the matrix would depend on [C N C’|.

The quadratic forms of A relate to the value of the underlying 4-XOR instance: for D = 4(2;’__24),

n

val(¢)? < %+Val(f) < %+ ( max z'Az).

m2D “ze{-1,1}N

Bounding z " Az. In the even arity case, we were able to obtain a refutation at this point by simply
using the spectral norm of A to bound the right-hand side above. However, this turns out to
provably fail here. To see why, let us define the relevant notion of degree — the count of the
number of nonzero entries in each row of A,:

deg(S) = {C,C’ € H, | SN CW| = [SNC"@| =1}

Because A, is itself a random matrix, rather than a random sign times a fixed matrix, we cannot
apply the Matrix Khintchine inequality (Fact 3.4.2) anymore. We can, however, still apply the
related Matrix Bernstein inequality (Fact 3.4.1), but if we do so, the upper bound on [|A,||» for all
u is at least as large as ~ maxs 4/deg(S) and it is not too hard to show that there are S for which
this bound is at least ¢. As a result, the best possible spectral norm upper bound that we can hope
to obtain on A is Q)(¢log, N) = Q(¢?), a bound that gives us no non-trivial refutation algorithm.

Row pruning. The key observation that “rescues” this bad bound is the key observation that
we made in Section 2.3: deg(S) cannot be large for too many rows. To see why, consider the
random variable that selects a uniformly random S € ([2; ]) and outputs deg(S). This can be well
approximated (for our purposes) by a random set where every element is included independently
with probability ~ £/2n. The expectation of deg(S) on this distribution is O(1). By relying on
the fact that [C N C’| = 0 in H,, for almost all pairs with high probability, Var[deg(S)] = O(1). A
Chernoff bound yields that the fraction of S for which [{C € H,, | [SNC| > O(logn)}| is inverse
polynomially small in . A union bound on all # then shows the fraction of rows that are “bad”
for any u is at most an inverse polynomial.

It turns out we can ignore such “bad” rows with impunity. This is because, as we observed in
Sections 2.2 and 2.3, we are interested in certifying upper bounds on quadratic forms of A over
“flat” vectors again and we can argue that removing “bad” rows cannot appreciably affect them.
For the “residual matrix”, we can now apply the Matrix Bernstein inequality and finish off the
proof!

Extending to semirandom 3-XOR. Looking back, the previous analysis uses that the graphs H,,s
obtained from the random 3-uniform hypergraph H satisfy a “spread” condition: there are few
to none distinct pairs C, C’ € H, such that C N C” # (. This notion of regularity is the precise
pseudorandom property of H that is enough for our argument (i.e. the row pruning step) above
to go through. This immediately poses an issue for the row pruning step, as unlike the case of
LDCs highlighted in Section 2.3, where the constituent hypergraphs H,’s were matching, here
the H,’s are arbitrary and need not be regular!

45



For the case of 3-XOR, such a regularity property is relatively easy to ensure by a certain ad
hoc argument: if too many pairs C,C’ € H, happen to share a variable, then, “resolving” them
yields a system of 2-XOR constraints. Refutation in the special case of 2-XOR is easy using the
Grothendieck inequality; this has been observed in several works, including [Fei07, AGK21].
Indeed, this was roughly the strategy employed in the recent work [AGK21] for the case of
{ = O(1) for semirandom k-XOR. In fact, in the ¢ = O(1) regime, it turns out that one can reduce
k-XOR for all k to the case of 3-XOR and get the right trade-off; thus, such a decomposition for
3-XOR is enough for the argument of [AGK21] to go through for all k.

A second issue is that the variance term in the application of Matrix Bernstein may become
large. This is analogous to the issue with the variance term that appears in the even k case
(Section 2.2), which we handled earlier using row bucketing/reweighting. The execution here
is essentially the same, but now requires bucketing with respect to a different combinatorial
parameter called the butterfly degree (generalizing a similar notion in [AGK21]) that controls the
variance term in the odd k setting.

5.1.1 Refuting semirandom k-XOR for k > 3: hypergraph regularity

When ¢ > O(1), the case of higher arity k does not reduce to k = 3. Once again, working through
the case of random k-XOR inspires our more general argument. We work with a generalization
of the Kikuchi matrix introduced in the previous section for the case of k = 3. When analyzing
the row pruning step, we need a significantly stricter notion of reqularity — we call this (e, {)-
regularity — for our row pruning argument to go through.

Hypergraph regularity decomposition. Roughly speaking the notion of (e, {)-regularity (indexed
by the parameter { and an accuracy bound €) we need demands that for each subset Q C [n], the
number of hyperedges C € H,, such that Q C C is bounded above by an appropriate function of
m,n and ¢. Random hypergraphs H satisfy such a regularity property naturally.

In order to handle arbitrary hypergraphs, we introduce a new regularity decomposition for
hypergraphs. Our regularity decomposition is based on a certain bipartite contraction operation
that takes a bipartite hyperedge (1, C) € H and a subset Q C C and replaces it with ((1, Q), C \ Q).
This operation should be thought of as “merging” all the elements in Q and u into a new single
element (1, Q) and obtaining a smaller arity hyperedge in a variable extended space.

We give a greedy (and efficient) algorithm that starts from a k-uniform hypergraph and re-
peatedly applies bipartite contraction operations to obtain a sequence of k’-uniform hypergraphs
for k’ < k along with some “error” hyperedges, with the property that each of the k’-uniform hy-
pergraphs produced are (€, ¢)-regular. Each of the k’-uniform hypergraphs produced is naturally
associated with a k’-XOR instance related to the input k-XOR instance. We show that refuting
each of these output instances yields a refutation for the original k-XOR instance.

Cauchy-Schwarz even in the even-arity setting. Unlike in the case of 3-XOR where the resulting
bipartite 3-XOR instance had an equal number of y and x variables above, the bipartite k- XOR
instances produced via our regularity decomposition are lopsided — the number of y variables can
be polynomially larger in n than the number 7 of the x variables. A naive bound on the number
of constraints required to refute such instances is too large to yield the required trade-off, even in
the case for even k.
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Instead (and in contrast to all previous works on CSP refutation), we show that an appropriate
application of the “Cauchy-Schwarz” trick above to even-arity k-XOR instances allows us to “kill”
the y,’s appearing in the polynomial, leaving us with only a polynomial in the x;’s. This is a
rather different usage of the technique; in prior works (and as in the case of 3-XOR highlighted
above), it was instead used to build the right “square” matrices for obtaining spectral refutations
of the associated CSP instances when k is odd.

5.2 A hypergraph decomposition lemma

We are now ready to start the full proof of Theorem 4.1.6. A key ingredient in our proof is a
reqular hypergraph decomposition algorithm that takes an arbitrary k-uniform hypergraph and
decomposes it into a k — 1 different regular sub-hypergraphs (after removing a small fraction of
the hyperedges). In this section, we present this decomposition step. We first introduce some
notation, and then explain the decomposition.

Definition 5.2.1 (Uniform hypergraphs). A k-uniform hypergraph H on n vertices is a collection
H of subsets of [n] of size exactly k. For a set Q C [n], we define deg(Q) .= {C € H: Q C C}|.
Remark 5.2.2. We will not assume that H is simple, i.e., H can be a multiset. For simplicity, we will
abuse notation and let C € H refer to an element of the multiset H. We will say that C # C’if C
and C’ are different elements of the multiset H, even if C and C’ are equal as sets, i.e., they are
distinct copies of the same element in the underlying set of H. As an example, we use the above
definition of deg(Q) to refer to the number of C € H with Q € C, counted with multiplicity. We
encourage the reader to assume that H is simple, and then observe that nothing changes if H is a
multiset, and definitions are changed appropriately to count multiplicities.

Our decomposition lemma will decompose a uniform hypergraph into bipartite hypergraphs,

which we introduce.
Definition 5.2.3 (Bipartite hypergraphs). A p-bipartite t-uniform hypergraph on n vertices is
a collection {H, },¢[p;, where each H,, is a collection of subsets of [n] of size exactly t —1. We
call each H,,, or just u, a partition of the bipartite hypergraph. A set C € H, corresponds to the
hyperedge (u,C). For aset Q C [n] and u € [p], we define deg,(Q) := {C € H, : Q € C}|.
When p is clear from context or not relevant, we just use the terminology “bipartite t-uniform
hypergraph”.

One should think of a bipartite hypergraph {Hy},¢[p) as a hypergraph H on two sets of
vertices, [p] and [n], where each hyperedge (1, C) € H contains one vertex u € [p] and k — 1
vertices in [n]; for u € [p], the (k — 1)-uniform hypergraph H, contains all hyperedges C such
that the hyperedge (u, C) is in the hypergraph H.

Definition 5.2.4 (Hypergraph regularity). We say that a p-bipartite k-uniform hypergraph
{Hu}uepp) is (g, £)-regular if deg,(Q) < %max((%)g_HQl ,1) for all Q C [n] of size at most
k—1and all u € [p]. For convenience, we will say {H, },¢[p] is regular when ¢, { are clear from
context.

Remark 5.2.5 (Regularity is a pseudorandom property). Informally speaking, a collection of k-
tuples is regular if the number of k-tuples in H,, that all contain a fixed set of size j is appropriately
upper bounded. It is not hard to show that if H = Uy, Hy is a uniformly random bipartite

hypergraph with p = n partitions and m = ¢ (%ﬁ random k-tuples, then with high probability,
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for every u € [p],Q, deg,(Q) < max(’%, 1)- O(log n) < max((%) :-1-lol ,1)- O(log n), which is
the same condition of regularity, up to the O(log 1) extra factor. Thus, regularity can be seen as a
(weak) pseudorandom property of a bipartite hypergraph.

Next, we define a notion of hypergraph decomposition that we call a bipartite contraction.
Definition 5.2.6 (Bipartite contractions). Let H be a k-uniform hypergraph on n vertices. We say
that a pair of subsets (Q, C’) (of [n]) is a contraction of the hyperedge C € Hif C = QU C" and
Q, C’ are disjoint. It is sometimes useful to think of this pair as denoting a set of size 1 + k — |Q],
where the first “element” of the set is the entire set Q, and the remaining k — |Q| elements come
from the set C \ Q.

A bipartite contraction of H is a collection of k — 1 bipartite hypergraphs {Hf,t)}ue[ ] for

®

t =2,...,k, along with a set HV of “discarded edges” where: '

(1) each {Hb(,t)}u epoyisa bipartite t-uniform hypergraph,

(2) each u € [p")] corresponds to a subset Q,, C [n] of size k + 1 —t (it is possible that Q, = Q.
for distinct u, u’),

(3) every hyperedge in any H,(f) is a bipartite contraction of some hyperedge in H, i.e., for every ¢
and any u € [p!]and R € Hf,t), the set Q, UR = C for some C € H, so that the hyperedge
(Qu, R) is a contraction of C,

(4) every hyperedge C is contracted exactly once, i.e., for each C € H, either C € H M or there
exists unique ¢, u € [p®M],R € HL(f) such that Q, UR = C.

Our hypergraph contraction lemma shows that for any k-uniform hypergraph H, we can
efficiently find a bipartite contraction of H such that each of the resulting bipartite hypergraphs
is regular.

Lemma 5.2.7 (Hypergraph contraction lemma). Let H be a k-uniform hypergraph on n vertices with
k > 2 and |H| = m. Then, there is a bipartite contraction of H such that

(1) m® = [HO| < 2 (2)27
(2) For t > 2, each bipartite t-uniform hypergraph {H"}
(a) (&,{)-reqular,
b)) [HY| = m®/p® = Lémax((%)t_l%_l,l) | for all u € [p®], where m® = 3, oy HY.
Further, given H, the decomposition itself can be computed by an algorithm running in time O(n*|H|?).

uelp®) 19

Observe that the lemma does not assume any lower bound on m. Indeed if m is too small
then we will have m® = 0 for all t > 2.

Proof of Lemma 5.2.7. We prove Lemma 5.2.7 by analyzing the following greedy algorithm to
construct the bipartite contraction. Before stating the formal algorithm, we first explain the high
level idea of the algorithm, as it is very simple.

If H does not have enough hyperedges, then we set H) = H and are done. Otherwise, there
must be some “violating” set Q: namely, a set Q where deg(Q) is above a threshold 7 (related to
the definition of regularity). We choose a “maximal” such violating Q, i.e., no set containing Q is
a violation, and then (1) remove an arbitrary 7 hyperedges of the form Q U C from H, (2) take
bipartite contractions (Q, C \ Q) of all such hyperedges, and (3) add them all to Hb(lkﬂ_lQl) where
u is “new” partition where Q, := Q. Notice that we may pick the same Q more than once since
we only decrease deg(Q) by 7 in one such step. We repeatedly fix such violations greedily until
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we cannot and stop. Notice that this procedure is “one-shot” — we do not recursively operate on

the Hl(,t)’s produced, as (we will show) that they are guaranteed to (¢, {)-regular by the design of
our decomposition procedure.

We now state and analyze the greedy algorithm.

Algorithm 5.2.8.

Given: A k-uniform hypergraph H over n vertices, where m = |H|.
Output: A bipartite contraction {{Hl(f)}ue[p(r)]}t=2,...,k of H.
Operation:
1. Initialize: p) =0 fort =2,...,k.
2. Fix violations greedily:
(a) Find a maximal nonempty violating Q. That is, find Q C [n] of size 1 <
|Q| < k—1such that deg(Q) = |[{C € H: Q C C}| > %max((%)%_IQI ,1), and
deg(Q’) < :—2 max((%)g_@/l ,1)forall Q" 2 Q.
(b) Let g = |Q|. Letu =1+ p(k”‘q) be a new “label”, and define H’ to be an
arbitrary subset of {C € H : Q C C} of size exactly |_£1—2 max((%) 0 ,1)]. Let
Q be the set Q,, associated with u, and define Hl(,kﬂ_q) ={C\Q:CeH}.
() Set p*+1=1) 1+ p*+1=0) and H « H \ H'.
3. If no such Q exists, then put the remaining hyperedges in HV.

First, we argue that m! is small. By construction, HV is the set of remaining hyperedges when
k_ k_

the inner loop terminates, and so we must have deg({i}) < 51_2 max((%)? v 1) = é (%)? ! for

every i € [n]; we abuse notation and let deg only count hyperedges remaining in H. We then

have 3¢, deg({i}) = k|H @), as every C € H @ is counted exactly k times in the sum. Hence,

ml) < 2 ()77

We now argue that for each t, the bipartite hypergraphs {Hl(f)}ue[p(f)] have the desired proper-
_k_
ties. Fixt € {2, ..., k}. By construction, each Hl(,t) has the same size, namely Lé max((%)t 271 ,1)].

_k_
It then follows that m®) = Zue[pa)]lef)l =p®. | 5 max ((%)t 271 1)], and so p) < e2m® and

|Hl(f)| = ’:T(:)). This proves property (b) in Item (2).

It remains to show property (a), that {Hl(,t)}ue[pm is (¢, f)-regular. To see this, let u € [p®)],
and let Q, be the set associated with the label u. Note that we must have |Q,| = k+1—t. Let
H’ denote the set of constraints in H at the time when u and Hff) are added to the bipartite

hypergraph. Namely, we have that for every C € H,(f), Q,UC € H'. Now, let R C [n] be a
nonempty set of size at most t — 1. First, observe that if R N Q, is nonempty, then we must

have deg, (R) = 0 (this degree is in the hypergraph H,(f)). Indeed, this is because CN Q, = 0 for
all C € Hl(f). So, we can assume that RN Q, = 0. Next, we see that deg, (R) < deg;;,(Q, UR)

(where deg,;, is the degree in H’), as Q, UC € H' for every C € Hl(f). Because Q, was maximal
whenever it was processed in our decomposition algorithm and Q, ¢ Q, UR as R is nonempty
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and RN Q, = 0, it follows that

!

7

1 =1QuUR] 1 n
degy, (QuUR) < — max(( ) 1) = 2 max((

1 n f—z—l IR| 1 ny\z-1-IR|
= ?max((?) ,1) < ;max((?) 1),

)§—|Qu|—IR|

where the last inequality follows because t — % —1—-|R| < % —1—|R| always holds, as t < k. This
finishes the proof.

Finally, when R = 0, we trivially have deg, (0) = IHY| = | 1 max((%) Y1) < > max((%)
% max((4) 271 ,1), where we use again that t — % <last<k.

To argue the runtime bound, we simply observe that each iteration takes O(|H |n*) time via
brute-force, and there are clearly at most |H]| iterations. O

5.3 Refuting semirandom sparse polynomials over the hypercube

In this section, we describe an algorithm to tightly refute semirandom instances of homogenous,
multilinear degree-k polynomials. Concretely, our algorithm takes as input a homogenous,
multilinear degree-k polynomial ¢ in n variables x1, ..., x, and outputs a correct upper bound
on val(¢) = maxye(_11)» ¢(x). Whenever the coefficients of the polynomial are generated
from independent random probability distributions on [-1,1] and the (multi-)hypergraph of
coefficients has sufficiently many hyperedges, with high probability, the algorithm outputs a
value that is smaller than a target €. The guarantees of our algorithm are captured by the theorem
below.

Theorem 5.3.1 (Refuting semirandom sparse polynomials). Let k € IN and £: IN — IN be a function
such that 2(k — 1) < €(n) < n. There is an algorithm that takes as input a homogeneous, multilinear
polynomial ¢ in n variables x1,x2, . .., X, of total degree k specified by a k-uniform multi-hypergraph H
and a collection of rational numbers {bc}cen:

o= > be[ [ xc., (52)

CeH i<k

and the algorithm outputs a value alg-val(¢p) € [—1,1] in time n® satisfying the following:
(1) 1 > alg-val(¢) > val(¢).

(2) There is an absolute constant T > 0 such that if n'°8&" > |H| = m > mg = T*- (% )2 l- Ing
and the bc’s are independent, mean 0 random variables supported in [—1,1], then with probabzlzty
1—1/poly(n) over the draw of bc’s, it holds that alg-val(¢p) < e +27".

Moreover, our algorithm is “captured” by the canonical degree 2¢ sum-of-squares relaxation of polyno-
mial maximization problem over the hypercube. Specifically, under the same hypothesis on ¢ as above, for
every pseudo-expectation | of degree > 2¢ over {—1,1}", it holds that E[¢] < €

As is the case in Section 5.2, we will not assume that H is simple, and we will adopt the same
notational conventions as in Remark 5.2.2.
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5.3.1 Regular bipartite polynomials

Our proof of Theorem 5.3.1 goes via a reduction to refuting sparse polynomials with additional
structure that we call bipartite polynomials. Bipartite polynomials can be seen as a generalization
of partitioned 2-XOR instances introduced in [AGK21]. We next present this class of polynomials
and identify a regularity property of such polynomials that will be a key technical ingredient in
our algorithm.

Definition 5.3.2 (p-bipartite polynomials). Let k € IN. A p-bipartite polynomial ¢ is a homoge-
neous degree k polynomial in p + n variables y = {y, },c[p) and x = {x;};c[,) defined by

P
l;b(y/x) = %Zyu Z bu,CxC/

u=1 CeH,

where {H, },c[p) is a p-bipartite k-uniform hypergraph (Definition 5.2.3), b, c € [-1,1] for
every C € H, xc = [ljecxi, and m = Zue[p]|Hu|. The value of ¢, denoted by val(y), is
maxye(-1,1)r xe{-1,1}n Y(¥, x). Note that val(y) € [-1,1] always. We also note that i is a homoge-
neous degree 1 polynomial in y.

Definition 5.3.3 (Regular p-bipartite polynomials). We say that a p-bipartite polynomial
is (¢, {)-regular if the underlying p-bipartite k-uniform hypergraph {H, },¢[ is (¢, {)-regular
(Definition 5.2.4). When ¢, { are clear from context, we will simply say that ¢ is regular.

The bulk of the technical work in proving Theorem 5.3.1 is in analyzing a refutation algorithm
for regular instances of p-bipartite polynomials encapsulated in the following theorem.
Theorem 5.3.4 (Refuting regular bipartite polynomials). Let k € IN. For any £ : N — IN with
2(k=1) < €(n) < n forall n € IN, there is an algorithm with the following properties: the algorithm takes
as input a p-bipartite, homogeneous, polynomial = Y (y, x) in variables y = {yu tue[p) and x = {xi}ie[n)
of total degree k:

4’(%96) = %Zyu Z bucxc,

p
u=1  CeH,
specified by a collection of (k — 1)-uniform hypergraphs {Hy}ye[p) and rational numbers in [-1,1]
{bu,ctuerp),cen,- The algorithm runs in time (p + 1) time and outputs alg-val(y) € [-1, 1] satisfying
the following:
1. For every ), alg-val(y) > val(y).
2. Whenever ¢ and by, c’s satisfy:
(a) ¢ is (e, £)-reqular,
(b) |Hul < B forall u € [p],
(c) m > max {Fk (%) T \pllogn - g%, :;2}, where T is an absolute constant, and
(d) Each by, ¢ is chosen uniformly at random from {-1,1}.
Then with probability 1 —1/poly(n) over the draw of b, ¢’s, alg-val(y)) < O(e) +27".
Further, our algorithm is “captured” by the sum-of-squares algorithm of degree 2¢: for every pseudo-
expectation IE in variables x, y of degree 2¢ over {—1, 1}P*", E[¢(x, y)] < O(e).
We defer the proof of Theorem 5.3.4 to Section 5.4.
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5.3.2 Reduction to regular bipartite polynomials

We now use Lemma 5.2.7 along with Theorem 5.3.4 to complete the proof of Theorem 5.3.1 by
analyzing the following algorithm:

Main Refutation Algorithm

Algorithm 5.3.5.
Given: A polynomial ¢ specified by a k-uniform multi-hypergraph H over n vertices and
rational numbers {bc}cey.
Output: A value alg-val € [-1,1].
Operation:
1. Apply the decomposition algorithm from Lemma 5.2.7 to construct bipartite
hypergraphs {Hl(,t)}ue[p(t)] for 2 < t < k, and a set of discarded edges HV.
2. Forevery t, u € [p")] and for every hyperedge C € H,(f), set b, c = bg,uc.

3. For 2 <t <k, apply the refutation algorithm for regular bipartite polynomials
from Theorem 5.3.4 to the degree t p)-bipartite polynomial specified by the

bipartite hypergraph {Hb(,t)}u e[p0] and by c’s to obtain alg-val;. Set alg-val; = 1.

4. Output alg-val = % D=1k m® . alg-val;, where m) = Zue[pu)]ng)L

Proof of Theorem 5.3.1 from Lemma 5.2.7 and Theorem 5.3.4. First, without loss of generality we will
assume that ¢ < %, so that é > 2. This is without loss of generality, as it only changes the
universal constant in Theorem 5.3.1.

For each t and u € [p®"], let Q, C [n] denote the subset of size k + 1 — t associated to u,
and let 1; be the polynomial associated with the t-uniform (¢, £)-regular bipartite hypergraph
{Hz(f)}ue[pa)] obtained from the hypergraph H specifying the input polynomial ¢ by applying the
decomposition algorithm from Lemma 5.2.7. Thus, ¢ is a polynomial in the p"*) + n variables
{yy)}ue[pm U {xi}ien), and l,bt({yg)}ue[p(t)]l x) = ﬁ Zuelp®] yff) HCeH,‘j) bo,ucxc. We then have
that

k

¢)(X) = % Z m(t)l)bt({XQu }ue[p(f)],X) + % Z bch . (53)

t=2 CeH®

Indeed, this follows immediately from the definition of a bipartite contraction, because when we
substitute xg, for y, for some u € [p*], then y,xc = xg,uc = xc for C’ € H.

Let alg-val; = alg-val(1);) be the output of the refutation algorithm from Theorem 5.3.4 applied
to ¢;. Then, val(y;) < alg-val;. Thus, using (5.3), val(¢) < % Zle malg-val; = alg-val.

Next, if for some ¢, m'Y) < em, then using the trivial bound of alg-val(y;) < 1 yieklds

mWalg-val(y;) < em. Note that in particular, mY < em always holds, as m > :—3 (%)2-¢
k_
and mV) < 25 (4)? '
Now, suppose that for some ¢, m*) > em. We now prove that in this setting, m*) > T*-

t=1 2t+0.5 _k_
(%) 2 vpWe- %. We know that m®) = p®) . Lé max((%)t 271 1)]. Hence, it suffices to
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show

t-1 1 n
e () 2
€ %max((%)t_rl,l)
where we use that |_é1—2 max((%) 1)J > |_ L] > 252 as lz > 2.

Hence, for t > % + 1, it suffices to have

log, n
et

K
em > 2I'%. (2)2 (-
!
and for t < % + 1, it suffices to have

em > 2T . (E)t_l {- logy n
- ! g4

Asm >T'k. ( )2 l- 1ng  for the absolute constant I” = 2I'2, both conditions are satisfied.

We have thus shown that if m® > em, then Y satisfies the conditions of Theorem 5.3.4, and
so we have malg-val; < em®) < em with probability 1 — 1/poly(n) over the draw of bc’s. By
union bound over all t, we thus get that alg-val(¢) < O(ke) with probability 1 — k/poly(n) >
1—1/poly(n) over the draw of bc’s. This completes the analysis of the second guarantee.

The running time of the algorithm is dominated by the time required to apply the refutation
algorithm from Theorem 5.3.4 to each of the bipartite polynomials produced by the decomposition
algorithm. This cost is bounded above by n°.

Finally, the fact that this algorithm is “captured” by SoS follows because Theorem 5.3.4 is
“captured” by SoS and the linearity of the pseudo-expectations. |

5.4 Refuting regular bipartite polynomials

In this section, we prove Theorem 5.3.4. Our algorithm is based on the semidefinite programming
relaxation of the “co — 1”-norm of an appropriate matrix associated with the polynomial i). The
analysis of the algorithm will naturally establish the “Further,...” part of the statement.

As in several prior works starting with [CGL04], our proof of Theorem 5.3.4 applies the
“Cauchy-Schwarz” trick in order to work with an even-degree polynomial associated with 1.
Lemma 5.4.1 (Cauchy-Schwarz trick). Let 1 be a p-bipartite, homogeneous, polynomial = ¢Y(y, x) in
variables y = {yu }ue[p) and x = {x;}ic[q) of total degree k:

p
Py =1y Y bucxc.

u=1 CeH,

Let f be the following polynomial obtained from 1p:

p
p
flx)= = Z Z bu,cbucrxcxcr .
u=1(C,C’)eH,xH,,C#C’

Then Val(l,b)

s < f%] +val(f). Further, for every pseudo-expectation E of degree > 2k over {—1,1}*",
Y +E[f]
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Proof. Fix an assignment in {-1,1} to the y,’s and x;’s. We then have

% 2 p 2
Ebz(y,x) = (%Zyu Z bu,CxC) < mi (Z yu) Z ( Z bu,CxC)

u=1 CeH, u=1 \CeH,

;SL'EE D ReEe N Y buchiorexc

u=1 CeH, u<p (C,C’")eH,xH,,C+C’

IA

IA

p
p p
—+ = E E by,cbucxcxcr,
m  m>2
u=1(C,C’)eH,xH,,,C+C’

where the first inequality above uses the Cauchy-Schwarz inequality, the second uses that y2 = 1
for every u, and the third uses that bi,c <1land x% = 1. Further, observe that by using the SoS
version of the Cauchy-Schwarz inequality (Fact 3.5.3) and the fact that E is over {-1,1}P*", we
see that the above also holds for all degree d > 2(k — 1) pseudo-expectations IE.

Taking the maximum over x and y on both sides then yields that val(y)? < % +val(f). Taking
the maximum over all pseudo-expectations [E on {-1,1}’*" and using Fact 3.5.3 yields that
Ely)* < E[y?] < 5 +EIf] 0

5.4.1 The initial Kikuchi matrix

As Lemma 5.4.1 shows, it suffices to upper bound val(f). Our certificate of an upper bound on
val(f) is based on an appropriate variant of the Kikuchi matrix of [WAM19]. The definition of
the final matrix that we use is rather technical, so we will first define a simpler Kikuchi matrix
that will be helpful for intuition and in the analysis. Our final matrix will be obtained by keeping
a carefully chosen subset of the entries of the initial matrix.

To define the initial matrix, it is convenient to think of having two clones of each of the n
possible “x” variables. For every i, we will use (i,1) and (7,2) to denote the two clones of the
i-th variable below. For any set C C [n], we will use CD to denote the set {(i,1) | i € C}, i.e.,
the clause C using the first type of clones, and C @ to be the clause C using the second type of
clones. Recall that for any sets S, T, let S ® T denote the symmetric difference of the two sets.
More generally, let S1 ® S, @ - - - @ S; denote the set of all elements that occur in an odd number of
different S;’s.

Definition 5.4.2 (Our initial Kikuchi Matrix). Let ¢ € N and let N = (%').

Fix a p-bipartite k-uniform hypergraph {H, },c[p)- For each u € [p], define the N X N matrix

Ay, indexed by sets S C [n] X [2] of size ¢, as follows. For any two sets S, T C [n] X [2] of size ¢

and sets C # C" € H, of size k — 1, we say that S C<’—C>, T if
1. SeT=CWegC®,
2. kisodd,and [SNCD| = |SNC@| = |TnCY| = |TnC?| =L or
3. kiseven,and |SNCY| = |TnC'®| = % and |SNC®| = |TnCcO| = "2;2, or,
4. kiseven,and [SNCY|=|TNC?| =52 and |SNC'?| = |TnCV| =L
Note that CV @ C"® = C u '@, as CV and C"? are disjoint by construction.
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For C # C’ € H,, we define

c.C
1lifS & T,

Auc,c(S,T) = _
0 otherwise.

We then set
Ay = Z bu,Cbu,C’Au,C,C' . (5'4)
C#C’eH,
Note that the sum is over pairs of different elements C, C’ of the multiset H (which may nonethe-
less be equal as sets).
Our (overall) Kikuchi matrix A for the polynomial f is defined as

A= Zp: Ay (5.5)

u=1

The matrix A allows us to write f as a quadratic form, as the following lemma shows.

Lemma 5.4.3. Let N := (%) and let A be the Kikuchi matrix in Definition 5.4.2 associated with an
arbitrary p-bipartite \ specified by a bipartite hypergraph H and coefficients {by,c }ye[p),cen- For any
x € {-1,1}", let x°% € {~1,1}N be the vector where the S-th entry of x** is x5 = [Tpepa) [1ip)es i-

Then,
m2D

(x®HTAx®! = - f(x) (5.6)
for D as defined in Eq. (5.9).

Furthermore, since x®* has +1-valued entries, for any symmetric PSD matrix W > 0, it holds that
val(f) < = ||[W2ZAW2|, - tr(W). Moreover, for every pseudo-expectation IE of degree > 2£ over
{_11 1}71,

Frel— P mro0T 4,00 p ~1/2 g1A7-1/2
E[f]= mﬂi[(x ) AxPT] < %”W AWz - tr(W).
Proof. To see (5.6), observe that by definition of A, if k is odd then every pair (C,C’) in H, with

2 opo(k—
(2’;_(2 1&1)1 ) ) = D times when we expand the LHS. This is because
k-1

we can choose S by first picking its size £51 intersection with CV) and its intersection with C’®

((Ii;ll)2 choices) and then picking the rest of the set ((2;;:(2]&;)1 )
de’iermines T. A similar calculation yields the value of D when k is even, and so Eq. (5.6) then
follows. This is the place where we crucially use the “clones” of the variables to ensure that each
pair (C, C’) appears the same number of times on the LHS. Without this trick, the number of
times a pair (C, C’) appears would instead depend on [C N C’|.

The “furthermore” follows by Fact 3.5.6. O

C # C’ appears exactly (kk;})
2

choices), and this also completel
P y

Below, we summarize the definitions that we have made so far.
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Key Notation
1. The input polynomial ¢

p
¥y, x) = %Z Yu D bucxe, (5.7)

u=1 CeH,

is (¢, f)-regular, and p-bipartite, homogeneous of total degree k and is described by
a collection of (k — 1)-uniform hypergraphs {Hy},¢[p) one for every u € [p] and a
collection of rationals {by,c }ue[p),cen, -

2. The polynomial f obtained after the Cauchy-Schwarz trick applied to -

p
fx) = % Z Z bu,cbycrxcxcr, (5.8)
u=1(C,C’)eH,xH, ,C+C’

is homogeneous of total degree 2(k — 1). Furthermore, val(y))? < val(f) + % <val(f)+

€2,

3. The Kikuchi matrix A = )}, A, of f is an N X N matrix for N = (zf ). The entries of
A are indexed by sets S, T C [n] X [2] of size ¢ and the entry A, (S, T) is nonzero (and

c,.c .. . .
equal to b, cb, /) if and only if S < T for some distinct pair C,C’ € H,. Each pair
(C, ) from H,, contributes D nonzero entries in A where

k=1\2 2n-2(k-1) s
D= (kT;)l (kr;_l(k_Zl) l(k 1) s odd (5.9)
- - n— - . .
2( k )(%)( I—(k-1) ) if kiseven.

Furthermore, val(f) < m% |W=12AW=1/2||, - tr(W) for any symmetric PSD matrix W.

5.4.2 Proof plan

Using Lemma 5.4.3, our task reduces to finding a symmetric PSD matrix W such that || W~=1/2ZAW~1/2||, -
tr(W) < # whenever b, c’s are chosen independently at random from {-1,1}. Our proof
proceeds in three conceptual steps:

1. Row pruning (Section 2.3). It turns out that the matrix A is not quite sufficient for the
analysis to go through. Specifically, there can be rows in the matrix A, that have ¢;-norm that
is much larger than the average of ’”2—ND. The first step of the proof is to remove rows in each
A, that have too large {;-norm and show that, by furthermore deleting an extra small set of
entries, we are left with a matrix B = Zzzl B, that satisfies all the properties of Lemma 5.4.3
and each B, has rows with bounded ¢;-norm. This is somewhat delicate and crucially
relies on regularity of the H,’s. We will prove this by computing conditional first moments,
a strategy that is due to [Yan24] and is a generalization of the edge deletion method of
row pruning in [HKM23]. The original proof in [GKM?22] used a careful application of
the celebrated Schudy-Sviridenko polynomial concentration inequality for combinatorial
polynomials [SS12].
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2. Row bucketing/reweighting (Section 2.2). The row pruning ensures that no row has a
large ¢1-norm in any single B,,. Taking inspiration from spectral analyses of combinatorial
random matrices, one might expect that the spectral norm of B after row pruning is upper
bounded. However, this turns out not to be true when the H,’s are arbitrary regular
hypergraphs. Instead, we show that by reweighting by a careful choice of the PSD matrix
W, we can make all the rows/columns have roughly equal contribution to the “variance
term” in the reweighted matrix W=1/2BW~1/2, which will make it have a good spectral
norm. This row reweighting strategy is due to [HKM23], which is a smoother version of
the row bucketing strategy employed in [GKM22].

3. Spectral norm bound. Our final step involves proving a spectral norm upper bound on
|W-1/2BW~1/2||,. This is the only step where we use randomness of the right-hand sides
bc’s.

Let us now proceed with the details of each of the three steps above.

In the row pruning step, we prove the following lemma.
Lemma 5.4.4 (Row pruned Kikuchi matrices). Let A be the Kikuchi matrix associated with the
polynomial f obtained from an (e, £)-regular p-bipartite polynomial { of total degree k defined by (k — 1)
uniform hypergraphs {Hy }ye[p)- Let A = ck :—4 for a sufficiently large absolute constant c. Then, for each
u € [p] and each pair C # C’ € H,,, there exists a matrix B, c,c € {0, 1}N*N such that
(1) The matrix By c ¢ isa “subset” of the matrix A, c,c.. Namely, for any pair (S,T), if By, c,c/(S,T) =1,

then Au,C,C’(S/ T)=1,and ifAu,C,C’(S/ T) =0 then Bu,c,c,(S, T)=0.
(2) The matrix B, c,c’ has exactly %D nonzero entries.
(3) The matrix ¥ c4crep, Bu,c,cr has maximum row/column ¢1-norm at most A.

Similarly to Definition 5.4.2, we let By = Y.c4cren, Bu,c,cbu,cbucand B := 3, () Bu-

We note that the above properties of the matrices B, c ¢ imply that Lemma 5.4.3 holds for the
matrix B as well if we replace D with %D.

The reweighting matrix uses the following definition, which is a combinatorial notion that
bounds the f;-norm of rows in B,,.
Definition 5.4.5 (Combinatorial proxy for the row ¢;-norm in B,;). For u € [p]and S € (2;), we
let d,,(S) := X 7|Bu,c,c/(S,T)|. We also define d(S) = Duelp] du (S).

Remark 5.4.6. We note that d,(S) is an upper bound on the ¢;-norm of the S-th row in B,,, with the
difference being that B, is a random matrix (with randomness coming from the b, ¢’s), and so the
f1-norm of the S-th row may be lower depending on the draw of the b, ¢’s if H, is a multigraph.

We also have that > 5 d(S) < @. This is because this simply counts the total number of
nonzero entries across all the B, c c/’s, and there are exactly D /2 nonzero entries in each matrix,
and there are p choices for u and |H,|? < 4m?/p? choices for C # C’ € H,,.

The reweighting and spectral norm bound steps are captured via the following lemma.
Lemma 5.4.7. Let A be the Kikuchi matrix associated with the polynomial f obtained from an (e, {)-
regular p-bipartite polynomial \ of total degree k defined by (k — 1) uniform hypergraphs {Hy }y[p) and
coefficients {by,c tue[p|,cen,- Let B be the pruned Kikuchi matrix defined in Lemma 5.4.4, and let W be

the diagonal PSD matrix where Ws is d(S) + "Zf—ND.
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Then, with probability 1 — 1/poly(n) over the draw of b, c’s, it holds that

pNtlogn +ApN€logn

W_1/2BW_1/2 <0
l 2 < D D

We now finish the proof assuming Lemmas 5.4.4 and 5.4.7.

Finishing the proof of Theorem 5.3.4. We have already shown that

2p “1/2 pAr—1/2
val(f)SmHW BW™4||2 - tr(W),

where B is defined by Lemma 5.4.4.

Thus, our refutation algorithm operates as follows. First, we construct the matrices A, c ¢/,
and then we construct the matrices B, c,c: (wWhich exist and are well-defined, by Lemma 5.4.4).
Then, we compute the matrix W and mzz—pD |[W-1/2BW~1/2||5, to obtain an upper bound on val(f).
We note that because the spectral norm is a real number, we can only compute it to an additive
error of 2790, Finally, we use Lemma 5.4.1 to compute an upper bound on val(i).

It thus remains to argue that with probability 1 —1/poly(n), the output of the idealized
algorithm (namely, ignoring the 27" error from real number computation) is O(¢), i.e., it produces
an upper bound of O(¢) on val().

By Lemma 5.4.7, we have that with probability 1 — 1/poly(n) over the draw of b, ¢’s, it holds
that

pN{logn +ApNFlogn

W2ZBW2|; < O
I 2 < D D

Therefore, our algorithm certifies that
val(f) < z—puw—l/sz-l/lez tr(W).
m2D

We have that tr(W) < O (mIZTD), as ».¢d(S) < #, because for each u € [p] and pair C # C' € H,
(of which there are at most 4m?/p), the pair (C,C’) contributes exactly D/2 entries, each of

magnitude at most 1.
[pNtlogn N Aprlogn
m?D m?D

It thus follows that we certify that
By Fact 3.6.2, we have that N/D < 20(0) . (%)k_l. Recall that A = cke™#, for some absolute constant

val(f) <O

k=1
c. Because we have m > I'* - (%) 7 \Jpllogn - €2 for a sufficiently large constant T, it follows
that we have val(f) < O(&?).

Finally, we have Lemma 5.4.1 that val(y)? < % +val(f). Asm > p/e?, it follows that we
certify that val(y)? < O(&?), i.e., val(y’) < O(e). This finishes the proof. m|

58



5.4.3 Row pruning

In order to implement our row pruning step and prove Lemma 5.4.4, we will define bad
rows/columns of A, for each u. The following key definition abstracts out the property (of
the hypergraphs defining the input polynomial) that decides which rows are bad:

Definition 5.4.8 (Butterfly Degree). Let H, be a (k — 1)-uniform hypergraph on [n]. For any
C,C"eH,, let

Ricc = {R C [n]x[2] ‘ IRl = k-1, {|R nCcOLIRN c'(2>|} - {[?} {%J}} .
For any S C [n] X [2], and (k — 1)-uniform hypergraph H,, on [n], the butterfly degree of S in H,, is
defined by:
Yu(S) = Z Z 1SN (CYuC'®@)=R).
(C,C")eHyxH,,C#C" ReR(c,cr)
For a collection of (k — 1)-uniform hypergraphs H,, on [n] for u € [p], the total butterfly degree of S
is defined by y(S) = Zue[p] Yu(S).

We note that the notion of total butterfly degree above generalizes the notion of butterfly
degree studied in [AGK21]; the original notion of “butterfly degree” is so named because it counts
numbers of butterfly-shaped graphs.

The following lemma shows that the butterfly degree characterizes the maximum ¢;-norm of
the rows of the Kikuchi matrix A,.

Lemma 5.4.9 (Butterfly Degree and the ¢;-norm of rows of the Kikuchi Matrix). Let H, be a
(k = 1)-uniform hypergraph on [n] and A, be the associated matrix in Definition 5.4.2. Then, for any

S C [n] x [2], we have:
yu®)2 > > lAuce(STI.
T C#C’eH,

Proof. If k is odd, we observe that y,(S) is the number pairs (C,C’) € H, x H, with C # C’
such that |SNCW| = |SNC?)| = k—gl, and if k is even, y,(S) is the number of pairs such that
ISNCW| = % and |SNC"?)| = % or |SNCW| = % and |SNC"?)| = % The lemma now
follows. O

We now identify “bad rows” in A, as those that have too large total butterfly degrees.
Definition 5.4.10 (A-Bad rows in A;). We define the set of A-bad rows in A to be:

By ={S:yu(S) > A}.

Note that the set 8B, does not depend on the values of the b, ¢’s.

Observe that by Lemma 5.4.9, every row that is not bad has an ¢;-norm that is bounded by A.

The following lemma bounds the expectation of y,(S) over the rows S where S is a nonzero row
in A, c,c’. We defer the proof of Lemma 5.4.11 to the end of this subsection.
Lemma 5.4.11 (Conditional first moment of y,(S)). Let A be the Kikuchi matrix associated with
the polynomial f obtained from an (e, {)-reqular p-bipartite polynomial \ of total degree k defined by
(k = 1) uniform hypergraphs {Hy }ye[p)- Let u € [p]. For C # C" € Hy, let Uy c,c’ denote the uniform
distribution over nonzero rows in Ay,c,cr. Then, Bs—ay, . .. [yu(S)] < 20(k) ¢=4

59



By Markov’s inequality, this immediately implies the following corollary, which bounds the
number of entries that are deleted for a particular pair (C, C’) by the row deletion process.
Corollary 5.4.12 (Row pruned Kikuchi matrices). Let A be the Kikuchi matrix associated with the
polynomial f obtained from an (e, £)-regular p-bipartite polynomial y of total degree k defined by (k — 1)
uniform hypergraphs {Hy },cp). Let u € [p]. Let B, is the set of A-bad rows in A, for

A= ck%, (5.10)
&

where c is an absolute constant. Then, for each C # C’ € H,,, the number pairs (S,T) with S,T ¢ B,
such that A, c,c/(S,T) = 1is at least %D.

In particular, for each pair C # C’ € H,,, there exists a symmetric matrix By c o € {0, 1}N*N such
that

(1) The matrix By, c,c is a “subset” of the matrix A, c,c:. Namely, for any pair (S, T), if By,c,c/(S,T) =1,
then Ay,c,c/(S,T) =1, and if Ay,c,c/(S,T) = 0 then By, c,c/(S,T) = 0.

(2) The matrix By, c c' has exactly %D nonzero entries.
(3) Forevery S, 31 Ycecren, Buc,c(S,T) < A

Proof of Corollary 5.4.12 from Lemma 5.4.11. Fix C # C" € H,. We observe that, because c is a
large enough absolute constant, by applying Markov’s inequality and using Lemma 5.4.11, the
probability that a row S « D, cc has ,(S) > A is at most 0.01. Let A; o be the matrix
obtained by (1) starting with the matrix A, c ¢/, and (2) “zeroing out” all rows/columns in B,,,
i.e., setting A;’C’C,(S,T) =0ifSeB,orT € B,.

By the above, this can remove at most 2 - 0.01 - D nonzero entries from A, c,c’, sO A;,C,C/ has
at least 0.98 - D nonzero entries. We then let B, c ¢ be an arbitrary matrix obtained by taking a
subset of exactly %D of the nonzero entries of A, oo Because A, c,c’ is symmetric, the set of bad
rows and bad columns is the same, and so A; oo is symmetric. Thus, we can also make B, c ¢/
be symmetric as well.

We have clearly found symmetric matrices By, c, ¢ that satisfy the first two properties. To show
the last property, we observe that for any row S, we have either S € 8, in which case the S-th

row of B, c ¢ is zero, or else S ¢ B,,, in which case we have

D D) BucoSTI< Y > Aucce(S,T) <yulS) <A,

T C#C’eHy T C#C’eHy

where we use Lemma 5.4.9 and the observation that if B, c ¢ has a nonzero entry, then so does
Au,C,C’- O

It remains to prove Lemma 5.4.11, which we do now.

Proof of Lemma 5.4.11. Let C # C" € H,, and let U, c,c’ be the uniform distribution over the rows
in A, c,c that contain a nonzero entry. Note that by definition, if a row S has a nonzero entry,
then it has exactly one nonzero entry, and there are exactly D nonzero entries in A, c ¢/, so there
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are exactly D rows with nonzero entries. If k is even, we have

1
:[ES(—(L{%C,C/ [7/14(5)] = 5 Z Z Z |{S . S E jcu/cm),]{l) U]§2) g S}l
LEC:RI=L52 ] R eCila|=[ 451 C€7#C €Hy

RhEC:R|=I 21 peCilpl=| K51 | C"#C"€Hy

and if k is odd, we have

1
Esett,cclyu(S)] =5 Z Z Z 15 : S € Fierem, JUUTP € S).
RECiln|=551 eCi|fp|=k51 C7#CeH,

Below, we will bound

2NN usisedeendt U es)

JEC:NI=L45E ] 2Cilal=[ 5521 C7#C €My

when k is either even or odd. It will be clear from the calculation that, by symmetry, the bound
we show will also apply to the term when k is even.

Consider a fixed choice of [; € C, J, € C" with |1] = L%J and || = [%'l. Let us fix
r < I_%J and r, < |-k2;1-|, and let Ry C J1, Ry C J with [Ry| =11 < I_%J and |Ry| =1 < I'kz;l'l.
Let us also consider a fixed choice of C”,C"”" € H, withC” # C"”",C”"NJ; = Ry, and C"”" N J, = R».
We will bound |{S : S € Ricr e, JIV U (2> c S}.

Observe that |S| = £ and ], Wy ](2) C S. Thus, to count the number of S, we simply need to
count the choices for the remaining ¢ — (k — 1) elements of S. Because S € Rc» ¢y, it must contain
at least L%J elements of C” and [%] elements of C”’. Because |C” N J1| = ryand |C”' N ]| =1y,

this means that the £ — (k — 1) elements of S \ (Rgl) U Réz)) must contain at least Lk—glj — r1 elements
of (C”\ Ry)Y and [%'l — 15 elements of (C”” \ R»)@. Thus, the number of choices for S is

k-1 k-1 2n
S:SeRerem MUl s <( )( )( ,
I G L V= T R V= SO | O TP S
where we note that { — (k — 1) — (|_k2;1j -r)— ([%'l —ry)=4—-2(k—-1).
We thus have that

L D >SS eTienem VU ¢ sy

LCC:T1|=L55E | JacCilo|=T £52] C7#C™€Hy

% 2. 2 2 )y (S :S € Ricrem, i VI € S}

LCC =155t | e Cilfal=[ 5511 RiCTTRaCla C7#C™eH,:C70i=R1,C""No=Ry

1 2n
< = 20(k) )
- D Z Z Z {—2(k—=1)+|Rq| +|Ry|
]1§C:|]1|:[kTJ cC:|l= [k 11 R1CJ1,R2C)> C7#C"€H,:C"NJ1=R1,C"”"NJ2=R

Iﬂ

Now, applying Facts 3.6.1 and 3.6.2, we have that

2 _____ —_— —_ -_—

(@—Z(k—lr)l+r1+r2) o) (g)Z(k 1)-r1—ra—(k-1) o) ([)(k 1)=IR1|=|Rq]|

—F <2 — =2 > )
D n n
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Thus, we have the bound

1
52 2 >, Hsisedeen ) uiesH

heCihl=L 55t ] heCilal=[452] €"#C"€H,

) I I

n
KEC:I=L 52 ] LeCipl=T52] RiCiR2C]2 C7#C7€H:C"N1=R1,C"N2=R>

¢\ (ED=IRal=IR|
< Z Z Z degu (Rl) degu (RZ)ZO(k) (E) .

RheC:nl=552 | hcCilfal=[5521 Ri€Ti,R2C]2

k_q_
Because the H,’s are (¢, f)-regular, we have that for any b € {1,2}, deg,(R;) < % (%)2 BN

|Rp| < %, and deg, (Rp) < :—2 if |Ry| = % (if k odd) or % (if k even). We have a few cases. If
|Rp| < % —1, then

1 ¢
< — =,
e n

(k=1)=|R1|-|Rz]
7

deg,(R1)deg,(R2) (

If k is odd and |Ry| = % for one choice of b and |Rp| < % — 1 for the other choice of b, then we
have

f (k_l)_lRll_lRZI 1 e
deg,(R1)deg, (R2) (E) < RS

If kis odd and |R1| = |Rz| = %, then we have

¢ )(k—l)-lRll-lel
<

1
deg,(R1) deg, (R2) (; o
Finally, if k is even and |R;| = % for one choice of b, then we must have |R,| < % — 1 for the other
choice of b, and we thus have

(k=1)—|R1|-|Rz]
) <

1
deg, (R1)deg, (R>) (E e

In all cases, we conclude that deg, (R1) deg,, (R>) (%)(k—l)—le—lel

% 2 2 D HS:SeFerem MU < SY

RCC:hl=L 552 | e Cilal=[ 5511 C"#C™eHy

< > > > deg,(Ry)deg, (Ry)2°" ( d

n
ReC:Nl=L 52 ] ReCilpal=T5511 RiCliRaCl2

zO(k)
< ) 2
ReC:nl=L 52 ] peCilfal=T5511 RiCTiRaC T
20(k)
<
54

< 51_4' and so we have a bound of

)(k—l)—|R1 [-IRa|
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5.4.4 Bounding the spectral norm of the “reweighted pruned matrix”: proof of
Lemma 5.4.7

We now prove Lemma 5.4.7. The proof is based on the trace moment method, and will also be
important to us in Chapter 9 in Part II of this thesis.

Proof. We observe that ||W_1/2BW_1/2||57 < tr(W-12BW~1/2)2") = tr((W~1B)?"). We will proceed
with the proof in two steps. First, we upper bound E[tr((W~!B)?")] by a combinatorial quantity:
the total weight of “even walk sequences”, which we define below. Then, we bound the total
weight of such sequences.

Definition 5.4.13. Let S € ( /). We say that a sequence (11, C1, C}), ..., (uzy, Cor, C,) with uy, € [p]
and Cj, # C;l € H,, is a “walk sequence” for S if the sets Sj, .= S @ @jsh(C](.l) @ C;(z)) each have
size exactly { and the entries By, (Sy, Sy+1) are nonzero for each h € {0, ...,2r}, where Sy := S.
Moreover, the sequence is even if each (1, Q) appears an even number of times in the multiset

{(un, Cn), (un, C))}nepan-
The weight of the sequence is [17' 7 s

Proposition 5.4.14. We have
El(W'B))] < ) > WH(S, (11, C1, 1), .., (uar, Cay, C,))

SG(ZZ’) even walk sequences
(41,C1,CY),-.. (u2r,Car,C5,) for S

Lemma 5.4.15 (Sequence counting). For each S, it holds that

) ) N 2r 2m2D r
E Wt(S, (”1/ Cy, Cl)/ ceey (u21’/ Cor, CQr)) < (4r)r ( pz ) ( + rAz) .
m+D pN
even walk sequences
(u1,C1,C),.. (u2r,Cor,C3,) for S

We observe that Proposition 5.4.14 and Lemma 5.4.15 immediately imply Lemma 5.4.7. Indeed,
we have that

2r r
IE[tr((W_lB)zr)]SN(4r)T(TZi\ID ) (2;1;1) +rA2) ,

and hence by Markov’s inequality,

2r
N
Bl Ew Ry NG () (3P )
/\Zr = /\Zr

Pr[||[W2BW 2|, > A] <

Taking r = [log, N]and A = ¢ ( er +rA- p ) for a large enough absolute constant ¢ thus
implies
N N r
Pr |[|[W™2BW 2|, > ¢ PR int < N4 < ! ,
m2D m2D c?r = poly(N)
which finishes the proof of Lemma 5.4.7, as ¥ < O(log N) = O({log n). m|
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We now prove Proposition 5.4.14 and Lemma 5.4.15.

Proof of Proposition 5.4.14. We compute:

2r

_ 1
Ele(W Bl = ) EI| [—Bu(Si sl
(11,51),...(u2r,S2r)  h=1 " 7M1

where we use the convention that 15,41 := uy and Sp := Sy,. Next, we observe that this is equal to

2r 1
-y 5 B[ ] oo Bu (5ot 0
S (ul,C1,Ci),...,(uzr,Czy,Cér) walk sequence for S h=1 Sn-1
2r

= Z Z ]E[rl W;b”h—lzch—lb“h—lrcil,l]
S

(u1,C1,CY),.. (u2r,Car,C5, ) walk sequence for S h=1 Sh-1

S ; Z Wt(S/ (U], Cl/ C’i)/' . '/(MZT’/ CZI’/ Cér))/

even walk sequences
(”lzcl/Ci)/m/(uZhCerCér) for S

as the term in the sum is 0 unless the walk sequence is even. O

Proof of Lemma 5.4.15. We shall upper bound the total weight of such sequences for each S via
an encoding argument. For a set S and u € [p], we will say that C,C’ € H, extends S if
B.(S,SeCVeC ’(2)) is well-defined and nonzero. The encoding is as follows:

(1) Choose z € [r], the number of distinct u’s that appear in the sequence. Note that z must be at
most 7 because the sequence is even; u;, cannot appear once in {u, ..., uz,}, as then we must
pair (uy, Cp,) with (uy, C;), but we must have C;, # C;.

(2) Choose 2z locations L in [2r]. These will denote the first and last occurrence of each distinct
uy for h € [z].

(8) Choose a perfect matching 7 for the 2z chosen locations. We will think of 7 as a function
n: L — [z], satisfying t; < tp < --- < t;, where t), is the first preimage of & in L (using the
natural ordering on L inherited from [2r]). We let ¢; denote the second preimage of 1 in L.

(4) Proceed in order of steps t = 1,...,2r. We thus know the set S; that we are currently “at”.
There are three cases.

(a) Suppose t = t, for some h. Then, (1) choose u € [p] (that has not yet been chosen);
(2) choose C,C’ € H, extending S;; (3) set the ¢-th element of the sequence to be (1, C,C’).

(b) Suppose thatt # tj, t; for all h € [z]. Then, pick a previously chosen u (that has not yet
reached its last occurrence according to the matching ), and pick C, C" € H, that extends
St. Set the t-th element of the sequence to be (1, C,C’).

(c) Suppose that t = t; for some h. Then, choose u = uj, and let C,C" € H, be the unigue pair
that extends S; and keeps the sequence even. Set the t-th element of the sequence to be
either (u,C,C’) or (u,C’,C).

We now count the number of choices. Let us first think of the first 3 steps as fixed. There are 3
cases. If we are choosing a new u, then there are }}, d,(S;) = d(S¢) ways to pick (u,C, C’), and
this is multiplied by a weight of ﬁ < #St)’ so this adds a total weight of at most 1.

t
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If we are choosing an old u, then there are zA ways to pick (1, C,C’), as we have z choices

for u and then d,,(S¢) < y4(St) < A choices for the pair C, C’. This is multiplied by a weight of

1 pN . zApN
—_ >
Ws, = w?D’ for a total contribution of —; D

Finally, if we are at t = t;l for some h, then we have 2 choices, and thus the total contribution
¥N 1y st have 17 - (2N . (z4eN 2r=2z hoi

5 Hence, across all steps, we have 1% - (=== | - | ——5 choices.
Next, we think of z as fixed, and count the choices for Steps (2) and (3). These have (27)

2z
choices and (222),! choices, respectively. Combining, we thus have the bound
27! p Y &

to the weight is at most

r z 2r-2z
/ / 2r\(2z)! (2pN zApN
- - < . .
#(u1,C1,Cy), ..., (u2r, Cor, Cj,) even, well-formed for S < Zzgl (22) 7] (mZD D

We now observe that

2r (22)' ZZr—Zz — (27’)' . ZZr—Zz
2z) z! (2r —2z)!z!
@)l (r=z)i(r - 2)! r! r!

X ZZr—Zz

rlr! (2r — 2z)! ' (r—2)! ' zI(r — z)!

r —
S221’_1.7,2‘( )_r2r 2z
zZ

< (41’)’(:)1”_2.

Thus, the total weight is at most

r ) z A 2r—2z r 2r—z
RIS (5] gl
i \2z z! \m2D m2D —i\z m=D
N\" & (r) (2m2D\° _
) B o
z=1

2r r
— r pN 2m*D 2
= (4r) (sz) ( N +rA°]

which finishes the proof. O

5.5 Strong CSP refutation: smoothed via semirandom

In this section, we show how the tight refutation of semirandom sparse polynomials in Section 5.3
can be used in a black-box way to derive nearly optimal algorithms for strongly refuting smoothed
CSPs and, as a special case, semirandom CSPs.

Smoothed model. Let us first formally describe the model of smoothed Boolean CSPs.
Definition 5.5.1 (Smoothed CSP Instances [Fei07]). Let k € IN. Let i be an instance of a CSP
with predicate P : {~1,1}¥ — {0, 1} specified by a collection of k-tuples H and literal patterns &.
Letp = {pc,i}cen,icix) with each pc; € [0,1] be smoothing parameters, one for every C € H and
i € [k]. A p-smoothing of 1 is obtained as follows:
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1. Forevery C € H, let Sc C [k] be obtained by adding i to Sc with probability pc,; indepen-
dently for every i € C.

2. Forevery i € Sc, reset £(C, i) to be a uniform and independent random bit in +1.

Remark 5.5.2. 1. The notion of smoothing allows using a different probability of “rerandomiz-

ing” each of mk literals in a k-CSP instance ¢ with m constraints.

2. The two-step random process above is equivalent to flipping the negation pattern £(C, i) of
the i-th literal in clause C € H independently of others with probability pc,i/2.

3. Setting pc; = 1 for every i, C yields the model where the literal patterns are uniformly
random and independent in {+1}. This is the semirandom model of CSPs.

We now proceed to state and prove our main results concerning refutation of smoothed
instances, along the way noting also a better bound for the special semirandom case. We recall
the notion of t-wise uniform distributions before presenting the main result.

Definition 5.5.3 (f-wise uniform distribution). A probability distribution u on {1, 1}* is said to

be t-wise uniform if ;. [];cs zi = 0 for every S C [k] of size [S| < t.

Theorem 5.5.4 (Smoothed Boolean CSP Refutation). Let P : {-1,1}* — {0, 1} be a k-ary Boolean

predicate such that there is no t-wise uniform distribution supported on P=1(1). Let € be an integer with

2(k = 1) < € < n. There is an algorithm that takes as input an instance © of CSP(P) and outputs a value

alg-val(®) € [0,1] in time n®Y satisfying the following:

(1) val(®) < alg-val(®) < 1.

(2) Suppose the input instance © is a smoothing s of an arbitrary CSP instance ¢ = (H, &) with n
variables and m constraints w.r.t. a vector of smoothing parameters p = {pc i} in [0, 1]. Suppose that

m > 2@, where
q(p) o] t

2 (0] n n\z
m === 0(g)
and

9(p) = % Do pei (5.11)

CeH ieC

Then with probability at least 1 — 1/poly(n) over the randomness of the smoothening process, it holds
that alg-val(®) <1 - %ﬁ) - (0t —€)+27". Here, O > 2-0(") depends only on the predicate P.
Furthermore, in the semirandom case (where all pc; = 1), we have alg-val(®) < 1—0; +€+27"
with probability 1 —1/poly(n).
Moreover, the algorithm is captured by the canonical degree 2{ sum-of-squares relaxation of the CSP
maximization problem over the hypercube.

The following result, proved in [AOW15] using LP duality, plays a crucial role in our proof
of the above theorem, by allowing us to bound the value of CSP with predicate P that does not
support a t-wise uniform distribution by a degree-t polynomial as proxy.

Fact 5.5.5 (Separating Polynomials, Lemma 3.16 and Theorem 4.10 in [AOW15]). Let P :
{=1,1}* — {0, 1} be a predicate such that there is no t-wise uniform distribution supported on P~(1).
Then, there is a O; > 2-O0() gych that for every t-wise uniform distribution C, E¢[P] < 1 — 0. Further-
more, there is a degree-t polynomial Q : {~1,1}* — R such that Q(z) = 2TClk] O(T)zr and:

1. P(z) < 1-06; +Q(z) for every z € {~1,1}F

2. Q(0) = 0, i.e. Q has no constant coefficient, and,
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3. Treqy 1Q(N)] < 2%
We now turn to the task of proving Theorem 5.5.4.

5.5.1 Proof of Theorem 5.5.4

By Fact 3.5.2, there is an algorithm that in n°()-time outputs a value alg-val(®) € [0, 1] such that
B < alg-val(®) < B +27", where f = maxE[®], O(x) := Ycey P(E(C, 1)xcy, ..., E(C, k)xc,)is a
degree < 2k polynomial, and the maximum is taken over degree-2¢ pseudo-expectations [E over
{=1,1}". Note that © is indeed a degree < 2k polynomial, as P can always be expressed as a
degree < 2k polynomial.

First, we observe that Item (1), i.e., completeness, is completely trivial: simply take IE to be the
expectation B, of a distribution u supported only on optimal solutions to ©. Indeed, this implies
that val(®) < B < alg-val(®). We thus focus on proving Item (2).

We will analyze the smoothing random process using the two steps that define it. Let us first
consider the event that the first step chooses to re-randomize all the literals in a given clause C € H;
the probability of this event is H?:l pc,i- Let G be the set of clauses for which this occurs. Observe
that the 0-1 indicator of “all literals are chosen to be re-randomized in C” is independent across
clauses C € H. The expected number of clauses in G equals mq(p) = Yccn H;‘:l pc,i- Thus, by
Chernoff bound, |G| > 0.5mq(p) with probability at least 1 — e maAP)8 > 1 gm0/t > 1 1/poly(n),
as mq(p) > 2my. Let us proceed assuming that |G| > 0.5mq(p).

Let & denote the literal patterns after re-randomizing. We see that for every C € G and i € [k],
&(C, i) is drawn uniformly and independently from {—1, 1}. We shall view &(C, i) as fixed for all
C ¢ G,i € [k], and think of the £(C,i)’s for C € G,i € [k] as being random. For C € G, let rc;
denote the random variable &(C, i), which is uniformly random in {-1,1}.

Let

g |g| ZP(VQXCV . ,VCkak)z

Ceg

P = D PEC, Dxey, . E(C, R)xey),

CeG

|||§|

so that |[H|¢s = |G Y, + (IH| = |G|)¢p. Thus, by linearity of pseudo-expectations, we must have
that for any pseudo-expectation I,

gl
H|

G|

Ely.] < i

B[]l + (1= ZOIEps]]- (5.12)

Note that 1, and ¢, are not known to our algorithm; these quantities appear only in our analysis.
Now, we know that for every x, P(E(C,1)xc,,...,&(C, k)xc,) < 1. As P is a degree k
polynomial on k variables, by Fact 3.5.7, for every pseudo-expectation [E of degree 2¢ > 2k,
E[P(&(C, D)xg,, - - .,&(C,k)xc,)] < 1. Using linearity of IE and adding up the inequalities above

for C ¢ G yields that:
Ely,] <1. (5.13)

Let us now analyze E[i,]. First, we invoke Fact 5.5.5 to conclude that for every x, it holds
that:

P(rcaxcy,...,rckxc,) <1—=0:+Q(rcaxc,, ..., rcxc,)-
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As deg(Q) =t < k, by Fact 3.5.7 and summing up over C € G, for every pseudo-expectation of
degree 2{ > 2k, we must have that:

[, < 1-00+— > E[QUcaxc, ..., reixc,)].

CeG

1G]

Next, let T C [k] of size < t. For each C, let x¢c|, = [[;er Xc; and b¢), = Ilierrc,i. Observe that
Q(z) = Y1)t O(T)zr from Fact 5.5.5 and that further, 20<|T|<t |O(T)| < 22, Thus, we have:

E[p,] <1- M@Z > 10M)be, E[xcp,] -
Ce@ TC[k],0<|T|<t

Define ¢t to be the homogenous degree |T| polynomial described by:

Prx) = 1= Z bepxcyy

Ceg
Then, notice that:
Ely, ) <1-8c+ >, |OM)Elgr]. (5.14)
TC[k],0<|T|<t

We now observe that each ¢r is a polynomial with independent random coefficients in {-1,1}.
Further, since |G| > 0.5q(p)m > mg, by Theorem 5.3.1, with probability at least 1 — 1/poly(n), we
must have that for every pseudo-expectation IE of degree at least 2¢,

E[¢r] < sz
By a union bound over < 2F possible T, this bound holds for every T with probability at least
1 —-1/poly(n). Conditioning on this event, combining with (5.14), and using that >\ |Q(T)| < 2%
gives:
E[yp,] <1-6;+€. (5.15)

Thus, plugging this bound into (5.12) and using (5.13) yields:

JE[%]S( :gll) 1+% (1—6t+e)sl—:g||(6 —e)<1—(5i—e)- Q(p) (5.16)

16l
1H|

trivial if this does not hold. As alg-val(ys) < f+27" <1 - (0¢ —¢€)- q(p ) 427", this completes the
proof for the smoothed case.

where we use that Zr > g(§)/2. Note that here we require &; > ¢, although the conclusion is

As the semirandom model is the special case of the smoothed model (where pc,; = 1 for
every i), the above argument directly yields an upper bound of E[¢)] < 1-0.5(5; —€) +27"
for the case of semirandom instances. However, we incurred the 0.5 factor entirely due to the
probabilistic bound on |G|, and in the semirandom setting, |G| = |H| with probability 1. Hence,
for semirandom refutation, we do not lose this extra 0.5 factor.
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5.6 Analyzing the [WAM19] approach for random 3-XOR

In this section, we will prove that the approach suggested by [WAM19] (in their Appendix F.1,
E2) for strongly refuting random k-XOR with k odd does not yield the right trade-off for m as a
function of 1, £. Our proof reduces to showing that a certain matrix defined in [WAM19] does not
have small spectral norm. For simplicity, we present the argument for k = 3.

First, we give a brief overview of their approach. Let ¢ be a random 3-XOR instance in n
variables and m clauses, with hypergraph H and coefficients {bc }cey. We will assume that each
pair C; # C2 € H has |C1 N Cy| < 1; this “morally” holds with high probability provided that
m < n? (and recall that we are working in the regime of m ~ n'® or smaller, as for m > n'?®
there is a polynomial-time refutation [AGK21]). More formally, when m < 12, then with high
probability over H, one can remove o(m) constraints from H so that the remaining hypergraph
satisfies this condition.

The construction of [WAM19] is as follows. First, partition the hyperedges H arbitrarily into
Hy,...,Hy, such that if C € H, then u € C. From now on, we shall think of H as U} _, H,. We
note that our lower bound will hold regardless of the choice of the partition here.

Next, let ¢ be the polynomial ¢(x) := % 2cen bcxc, where xc = [];cc xi. Applying the
Cauchy-Schwarz inequality, we have that

n

1 v n n
2 2 —
)" < — E Yt E E beberxeywyXenuy = -+ f(x),

u=1 u=1C#C’eH,

where f(x) := # Yone1 2CxCreH, beborxe\ X en quy-
We now recall the following definition from [WAM19].

Definition 5.6.1. Let { € N, and let H = U] _, H,, be a 3-uniform hypergraph. For § f e [n]f and

Ci1 = {u,v1, w1}, Co = {u, vz,wz} € H, with {v1, w1} N {vz,wz} = (), we write S <—> T if there
exist i # j € [{] such that (1) St Tt forallt #1i,j,and (2) {SZ, S; j} contains exactly one element

from each of {v1, w1} and {vy, w,}, and {Tl, T]} contains the other two remaining elements. Here,

- - - C ,C -
Si denotes the i-th element in the tuple S € [n]¢. We note thatif S &2 T for some C1, Cy, then we

—>C’; 4 -
cannot have S <»” T for any other pair C7, C),.
- o - C1,Cy =
Let A, € R">*" be the matrix where Au(S,T) = be,be, if S &2 T for some Cq # Cp € Hy,
and 0 otherwise, and let A := Y _; Ay.

Itis simple to observe that max,e(_1,1} f(x) < 5 ( )||A||2, as m—zf(x) i )( - Z(XW)TAXW

for all x € {-1,1}" because each pair C1 # Cz € H, “appears” exactly 4( )(n —4)'~2 times in
the matrix A. Thus, in order to get the correct m = nl3 /e VI trade-off, we need to show that
|All2 < O(¢), with high probability over H and the b¢’s.

We prove that ||A||» is in fact large with high probability, and so the above approach of [WAM19]
fails. Formally, we prove that with high probability, the matrix A has a spectral norm Q(min(¢?, ’Z—;)),
which has the following implications. If the minimum is ’:—;, then the upper bound certified on
f is Q(n/€?), and thus the upper bound certified on ¢ is Q(+/n/¢). This is not very useful, as it
is greater than 1 when ¢ < /. If the minimum is £?, then we certify a good upper bound on f
(and therefore also ¢) only if m > n!-°>, which is higher than the desired threshold of n!~/ Ve.
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Proposition 5.6.2. Let ¢ be a 3-XOR instance with n variables and m constraints, with constraint
hypergraph H = U _ | H, and coefficients {bc }cen. Suppose that 2n < m, and that for every pair
of constraints C1 # Co € H, it holds that |[C1 N Cy| < 1. Let £ < n. Then, ||All > (g), where
t' := min([5-1, £).

We note that Proposition 5.6.2 holds regardless of the choice of the partitioning of H into the
H,’s, and also for any choice of the bc’s (and so, in particular, for random bc’s). We also note that
Proposition 5.6.2 essentially holds for a random H, provided that m <« n?, for the same reason
mentioned earlier: when m < 1?2, with high probability over H, after removing o(1m) constraints
from H, the resulting hypergraph H’ satisfies |C1 N Ca| < 1forall C; # C; € H'.

Proof. As m > 2n, there must exist some variable u € [n] that appears in at least Z* constraints.
Hence, there must exist at least [5-] constraints that include u and all have the same sign
be{-1,1}.

Let ¢’ := min([ 51, ). By the above, we have ¢’ constraints {C;};e[er] = {{u, vi, i} }iee) such
that bc; = b for all i. Furthermore, by assumption on H, we have |C; N C;| < 1foralli # j € [¢'].
As u € C; N Cj, it thus follows that {v;, w;} N {v;,w;} = 0. Let z € [n] be arbitrary. Let R denote
the set of tuples (r1,...,7¢,2,...,2) € [1]¢ such that r; € {v;, w;} for all i € [¢’]. We note that the
element z merely pads each tuple in R to have length exactly { when ¢’ < ¢.

Let M be the submatrix of A indexed by the tuples in R. Note that M is a 2 x 2! matrix, as
IR| =27, Let S= (ri,...,7¢,2,...,2z) be arow in M. We will show that each row of M has exactly
(g) nonzero entries, each of which is 1.

First, let us consider the contribution to M from A,. Fix a row S € R. For each pair of

indices i # j € [{’], we can replace the i-th and j-th elements of S with the elements of {vi,w;}
o N > {uojwit{uo,wi} -
and {vj,w;} not used in S, and this will yield some T € R with S ST Hence,

Ay (§, T) =p2=1. Any other T e R will differ from S by at least 2 elements, and thus we must
have A,(S,T) =0 forsuch T.
Next, let us consider the contribution to M from A,s for u’ # u. Fixarow S € R. It

suffices to only consider T obtained by swapping the i-th and j-th entries of S, for some i #
- - - {u’,vi,wi},{u’,v',w} -
j € [¢'], as above. If A,/(S,T) is nonzero, then we must have S & T, and thus that

{u,vi,wi},{u',v;,w;} € Hy. However, this implies that [{u, v;, w;}, {u’,v;,w;}| = 2 > 1, which
contradicts our assumption on H.

We have thus shown that the matrix M is 2! x 2, with each row having exactly (g) nonzero
entries, all of which are 1. It thus follows that ||All> > |[M||2 > (12(,)TM12W 28 = (g), which

finishes the proof. O
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Chapter 6

Short Refutation Witnesses for Smoothed
CSPs Below the Spectral Threshold

In this chapter, we use our smoothed refutation algorithm along with our proof of Feige’s
conjecture to show the existence of polynomial size refutation witnesses below the spectral
threshold for smoothed instances of Boolean CSPs. Modulo the use of our key new ingredients —
Theorem 5.3.1 and Theorem 6 — the rest of the proof plan largely follows the influential work of
Feige, Kim and Ofek [FKOO06] who proved that fully random instances of 3-SAT admit polynomial
size refutation witnesses whenever they have at least O(n'#) constraints. Our new ingredients
allow us to (1) show a similar result for not just fully random instances, but also semirandom and
smoothed ones, and (2) provide an arguably simpler refutation witness even for the fully random
instances of 3-SAT studied by [FKOO06].

Let us first formalize the idea of a refutation witness, or equivalently, a nondeterministic
refutation algorithm.

Definition 6.0.1 (Nondeterministic refutation). Fix k € N, and let P : {-1,1}* — {0,1} be a
predicate. We say that a nondeterministic algorithm V' is an nondeterministic efficient weak refutation
algorithm if V takes as input a CSP instance 1 with predicate P in n variables and m clauses and
in poly(n, m)-nondeterministic time outputs either “unsatisfiable” or “don’t know”, such that for
every 1, if V(1) outputs “unsatisfiable” then 1 is unsatisfiable. If V(1) outputs “unsatisfiable”,
then we say that V weakly refutes 1. The string 7 € {0, 1}P°¥(*™) of nondeterministic guesses of
V is called the weak refutation witness.

We will sketch a proof of the following theorem. We only provide a proof sketch, as the proof
merely combines the ideas of [FKO06] with our theorems, Theorem 5.3.1 and Theorem 6.
Theorem 6.0.2. Let k > 3, and let P: {-1,1}* — {0,1} be a non-trivial predicate. Then there is a
nondeterministic efficient weak refutation algorithm V with the following properties. Let 1 be an instance
of a CSP with predicate P with n variables and m clauses, specified by a collection of m k-tuples H and
literal patterns &. Then:

(1) Ify is a uniformly random instance with m > O(1) - n i A clauses, then V weakly refutes 1 with
probability at least 1 — 1/poly(n).

(2) If ¢ is a semirandom instance with m > O(1) - ni A clauses, then V weakly refutes { with
probability at least 1 —1/poly(n).
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(3) If  is a smoothed instance obtained using smoothing parameters p = {pc,i}cem,ic[x] With m >

O(1) - né_%/q(ﬁ) clauses, where q(P) = L Y ccy [licc pc,i, then V weakly refutes ¢ with

probability at least 1 — 1/poly(n).

Finally, if k = 3, the threshold of m for the semirandom/smoothed case can be improved to O(n'*) and
On'4)/ q(p), respectively, matching the random case.

We will first begin by focusing on the case of k-XOR. As in the case of Section 5.5, refuting
arbitrary predicates P will reduce to refuting XOR.

In [FKOO06], FKO observed that the following type of refutation witnesses, which we shall

call ideal FKO witnesses, allow for a non-trivial! weak refutation of instances of k-XOR whenever
the bc’s are chosen uniformly and independently at random. Informally speaking, ideal FKO
witnesses are simply a disjoint collection of even covers in H.
Definition 6.0.3 (Ideal FKO witnesses). Let H be k-uniform hypergraph on [n]. We say that a
collection of even covers Ey, Ey, ..., E; C H is an ideal FKO witness of length h if each E; NE; = 0
for every i # j and |E;| < h for every i, where |E;| denotes the length of the even cover E;. The
size of the witnessis s = )}!_, |E;| < hr.

Ideal FKO witnesses yield non-trivial weak refutation witnesses for semi-random instances of

k-XOR.
Lemma 6.0.4 (Ideal FKO witnesses yield refutation witnesses for XOR). Let ¢ = (H,b) be an
instance of k-XOR on n variables. Suppose E1,E,, . ..,E, C H is an ideal FKO witness in H. Suppose
further that each bc is a uniformly random and independent bit in £1. Then, with probability at least
1 —exp(Q(r)) over the draw of b = {bc}cen, val(y) <1 - 4.

Proof. For each i, consider Z; = [[¢c¢g, bc- Then, notice that Z1, Z;, ..., Z; are independent ran-
dom variables, each uniformly drawn from {—1, 1}. Thus, by a Chernoff bound, with probability
at least 1 — exp(€)(r)) there must exist at least r /3 E;’s such that Z; = —1. Consider any such E;
where this holds.

Suppose some x € {—1,1}" satisfies all the constraints in ¢ corresponding to k-tuples C € E;.
Then, [Iccg, bc = Tlcer, [1j<k Xc;- Since E; is an even cover, every variable occurs an even
number of times in the C’s in E;. Since even powers of any x; evaluate to 1, the RHS above must
evaluate to 1. Since we know that [[ccg, bc = —1, this implies that such an x cannot exist: every x
must violate at least one constraint in each E; if [[¢cf, bc = —1. Since E;’s are disjoint, this implies
that every x violates at least r /3 constraints in ¢. The bound on val(i’) now follows. O

The key question is whether Ideal FKO witnesses exist in the k-uniform hypergraph specifying
the k-XOR instance. In [FKOO06], the authors study the question of finding such refutation
witnesses in random sufficiently dense hypergraphs. They comment that, while they expect Ideal
FKO witnesses to exist in the regime they are working in, proving that they exist appears hard.
They instead show that a related form of witnesses (these are “almost disjoint” even covers
instead of perfectly disjoint) exist by means of a sophisticated second moment method argument.

Here, we show that Ideal FKO witnesses do indeed exist — not only in random dense hy-
pergraphs but in arbitrary hypergraphs with the same density. Indeed, this follows almost
immediately from Theorem 6.

INote that by running Gaussian elimination, one can decide if a k-XOR instance is unsatisfiable in polynomial time.
This is a trivial weak refutation.
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Lemma 6.0.5. Fix k € N and ¢ = {(n). Let H be any k-uniform hypergraph with m > 2mq hyperedges,

k_
where mg =T%-n (%)? ! log n is the threshold appearing in Theorem 6. Then, H contains a collection of

mq/h(n) hyperedge-disjoint even covers each of length at most h(n) = O({ log n).

Proof. The idea is simple. Let my be the number of constraints required in Theorem 6. Choose
m = 2myg. Then, by an application of Theorem 6, there is an even cover in H, say, E; of size
|E1| < h(n) = O(flogn). Let Hy = H. We now repeat the following process fori = 1,2,...,r:
apply Theorem 6 to H; := H;_1 \ E; to find an even cover E;1 C H; of size < h(n) = O(¢logn).
Notice that the conditions of Theorem 6 are met so long as |H;| > m — h(n)r > m/2, i.e., if
r < 0.5m/h(n). Further, each of the even covers E1, E», . . ., E, are pairwise disjoint by construction.
This completes the proof. |

By combining the above observation with semirandom refutation algorithms, one can show

that Ideal FKO witnesses yield weak refutation witnesses for all k-CSPs at densities polynomially
below n*/2. This is one of the key insights of FKO [FKO06] - to use the non-trivial weak refutation
offered by (their variant of) ideal FKO witnesses in order to show the existence of polynomial size
weak-refutation witnesses for random 3-SAT with m = Q(n'#) constraints: namely, in a regime of
m where known spectral algorithms, and more generally those based on the polynomial-time
canonical sum-of-squares relaxation, provably fail. Theorem 6 (and its consequence Lemma 6.0.5)
implies that the same result holds for arbitrary constraint hypergraphs, up to additional polylog()
factors in the number of constraints.
Lemma 6.0.6 (Ideal FKO witnesses yield weak refutation witnesses for 3-SAT). Let ¢ = (H, &) bean
instance of 3-SAT described by a 3-uniform hypergraph H on [n] with m > O(n'*) arbitrary constraints
and uniformly randomly generated literal patterns. Then, with probability at least 1 — 1/poly(n) over
the draw of the literal patterns in the instance, there is a polynomial-size refutation witness that certifies
val(y) < 1.

Proof Sketch. Let P : {-1,1}*> — {0, 1} be the 3-SAT predicate. Then, P(z) = % + %(zl + 27+ 23) —
% (z122 + 2223 + 2123 — 212223). We write

1
Z P(xc,éc1,xc,6c2, xc360,3)

|H| CeH

—7+ 1
-8

P(x) =

8|H| Z (Ecaxc, +Ecpxc, + Eczxcy — Ecixc écpxc, — Ecaxc,Ec,3XC,
CeH

—&caxc,écaxc, +Eciécpéczxc, Xc,Xcs) -

where the &c ;’s are the literal negation patterns in {—1,1}. Note that ¢(x) computes the fraction
of constraints satisfied by the assignment x € {-1,1}". We refute each of the 7 different XOR
instances produced by taking each of the 7 non-constant terms in the expansion of P as a
multilinear polynomial above separately.

Our refutation witness helps us efficiently refute each of the instances corresponding to the 7
terms in the expansion above. Specifically, by collecting coefficients together, each the first three
terms each produce a linear polynomial of the form }}; B;x;. The next three terms each produce
a homogenous quadratic polynomial of the form Ilﬁl > cer Bexc,xc,, and finally the last term

is a cubic polynomial of the form II}I_I 2.cer Bcxc,xc,xc,. Our refutation witness for each linear
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polynomial is simply ||B||;, where B = (By, ..., B;), noting that this is exactly the maximum of
the first kind of terms as x varies over the hypercube. For the quadratic case, our refutation
witness is the value of SDP relaxation for the co — 1-norm that gives a < 2 factor approximation
to maximum of bilinear forms over the hypercube. For the homogeneous degree 3 term, our
witness is an ideal FKO witness guaranteed by Lemma 6.0.5.

By Chernoff and union bound argument (applied to every assignment in {—1,1}"), ||B||; for
any linear term above is at most O(+/n/m).

By Chernoff and union bound argument, the co — 1-norm of the matrix defining the 2-XOR
constraints is at most O(+/n/m). By Grothendieck’s inequality (Fact 3.5.4), we can certify this
value efficiently (with an additional loss of at most a factor of < 2) using an SDP.

Thus, we can certify an upper bound of O(+/n/m) on all but homogeneous degree 3 poly—
nomial produced in the Fourier expansion above. When m > Q(n)n%%1-9 ie., ¢ = n’, by
Lemma 6.0.5, H has a collection of %= D) pairwise disjoint even covers of length at most O(n‘s)

By Chernoff bounds, at least 1 of these even covers must violated and thus, we have obtained a

certificate for an upper bound of 1— % on the value of the final term.
Putting these upper bounds together gives an upper bound of § + $O(y/Z) + 3(1 - O = b)) on
the value of the 3-SAT instance. For 6 = 0.2, we observe that /2 = O(-n%/4) « L = ( 5oy Thus,

for m > O(n'*), with probability at least 1 — 1/poly(#n), we obtain a refutation for the input 3-SAT
instance. o

Lemma 6.0.6 generalizes to all k-CSPs with predicate P, provided that P is non-trivial, i.e., P
is not identically 1. We only need the following basic fact (and the rest of the proof remains the
same as above), as well as known results for spectral refutation of random k — 1 and smaller-arity
XOR instances.

Lemma 6.0.7 (Highest Fourier Coefficient of Boolean Functions). Let P : {-1, 1}k — {0,1}. Let
2Sclk] P(S)xs be the Fourier polynomial representation of P. Then, P(9) + |P([k])| < 1.

Proof. For each b € {-1,1}, consider the distribution that is uniform on all x such that []; x; = b.
Then, the expectation of P on this distribution is exactly P(0) + bP([k]). On the other hand, since
P takes values in {0, 1}, this expectation cannot exceed 1. Thus, 1 > P(0) + bP([k]) for both values
of b and in particular, 1 > P(0) + |P([k])| as desired. O

We now sketch a proof of the generalization of Lemma 6.0.6 to all fully random CSPs. This
is captured by Item (1) in Theorem 6.0.2. We will assume that the Fourier coefficient P([k]) is
nonzero, as otherwise by Theorem 5.5.4, we have enough constraints to give a polynomial time
deterministic refutation.’

Lemma 6.0.8 (Polynomial Size Refutation Witnesses for all random k-CSPs). Let P : {-1, 1}k —
{0, 1} be an arbitrary k-ary Boolean predicate for k > 3. Let 1 be a CSP instance with predicate P specified
by H— a collection of uniformly at random and independently generated m > mg = O(1) - ni A
k-tuples and uniformly random and independently generated literal patterns {E(C,1)}cen,iex)- Then,

2This is because there cannot be a (k — 1)-uniform distribution p supported on P~1(1), as otherwise we would have
1=E,~ #[P(x)] P(0) < 1, where we have P(0) < 1 as P is nontrivial. And then we observe that the CSP instance has

k2
at least O(n LR +2)) constraints, which is at least O(n T )
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with probability at least 1 —1/poly(n) over the draw of H and &(C,i)’s, there exists a polynomial size
refutation witness for .

Proof. Observe that the instance i has m = O(1) - (%)k/ > { constraints for ¢ < O(nﬁ). We now
use Fourier analysis to decompose 1(x) := ﬁ Ycen P(xc,éca, ..., xc, &c k) into 2k polynomials,
each of degree t < k. We use the same certificate as in Lemma 6.0.6 for the linear polynomials
appearing in this decomposition. For quadratic and higher degree (< k — 1) terms, we now
use spectral refutation from prior results on refuting fully random CSPs, such as Theorem 1
in [AOW15]. Each degree t polynomial (with ¢ < k — 1) that appears requires at least O(n'/?/&?)
constraints to certify an upper bound of ¢ on its value; we can thus certify an upper bound of

€= ”(k;)/ 2 on each polynomial. Note that by choice of 1, we have ¢ < 1.

Finally, to refute the final and highest degree polynomial obtained by taking the [k]-indexed
Fourier coefficient of P, we use the Ideal FKO witness from Lemma 6.0.4. Then, as in the argument
for 3-SAT above, we arrive at a certificate that (with probability at least 1 — 1/poly(n)) certifies an

upper bound of P©)+O( W) +|P([k])]-(1- (?o(é)n) on the value of i, using Lemma 6.0.5. The

size of the witness is s(1) < mg = poly(n), as the degree < k terms used deterministic refutations.

Using Lemma 6.0.7, we thus certify an upper bound of 1 + O( #) _ oW _q_ o(1) on Y(x),

{logn
which finishes the proof. Note that this is indeed 1 —0(1) as O(1)+/ ”(k};)/z =0(1)- i3 / ni <
O(1/¢), since ¢ < O(1)nFa. O

By switching the CSP refutation algorithms in [AOW15] with the semirandom refutation
algorithm from Theorem 5.3.1 in this work, we arrive at Item (2) of Theorem 6.0.2, a version
of the above result that shows the existence of polynomial size refutation witnesses below the
nk/2_threshold for semirandom instances. As the proof is very similar, we omit the details of
the proof; the final bound is stated in Item (2). Note that the precise value of m at which
this refutation succeeds is strictly larger (though still polynomially smaller than 1%/2) than the
one in Lemma 6.0.8, i.e., Item (1). The difference comes from the fact that the dependence
on € (the strength of the refutation) in our semirandom refutation algorithms grows as 1/€°
instead of the 1/e? dependence of algorithms for fully random instances; we thus have to

1/5 1/2
take ¢ = (n(k‘l)/z/m) instead of (n(k‘l)/z/m) , which in turn makes ¢ = n'/(+8) and then

m > 6(1);1%_%, Our belief is that the 1/¢> dependence is sub-optimal in the semirandom
setting but inherent to our current proof techniques.

We note that for large k, the density required for the polynomial size refutation witnesses to
exist in both Item (1) and Item (2) is ~ n §_0'5+°’<(1), effectively giving a \/n factor “win” over the
threshold at which spectral (and sum-of-squares based methods more generally) succeed.

In the specific case of k = 3, we can improve the bound in the semirandom case to match the
O(n'*) achieved in the random case. This is because the instances appearing in the decomposition
are all semirandom 2-XOR instances, and we can refute these instances with the correct 1/¢?
dependence: see Proposition 5.2.2 and Theorem 5.2.3 in [Wit17], combined with the fact that the
value of a semirandom 2-XOR instance is at most % +&whenm > n/e’.

Finally, to handle Item (3), we observe that by Chernoff bound, if m > O(1)mg/q(p), where

~ k_ _k=
my=0(1)-n 7_2<k_+28), then with high probability there are at least mg clauses in i where all literals
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in the clause are re-randomized by the smoothing process. Call this subinstance y’. As ¢’ is
semirandom, by Item (2) there is a weak refutation for ¢’. As we can nondeterministically guess
Y/, it follows that the smoothed instance ¢ also has a weak refutation.

We note that technically speaking, the smoothed nondeterministic refutation algorithm V'
is different than the V for the random/semirandom settings, as it has the additional step of
guessing ¢’. However, we can use the V for the smoothed case also in the random/semirandom
settings, by simply guessing 1’ = 1.
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Chapter 7

Efficient Algorithms for Semirandom
Planted CSPs at the Refutation
Threshold

In this chapter, we will prove Theorem 4. First, in Section 7.1, we give intuition and an overview
for the proof. Then, in Section 7.2, we prove Theorem 4 from Theorem 5 by reducing semirandom
planted CSPs to noisy XOR. In Sections 7.3 and 7.4, we prove Theorem 5, following the blueprint
that we will explain in Section 7.1.

7.1 Technical overview

In this section, we give an overview of the proof of Theorem 5 and our algorithm for noisy
planted k-XOR. We defer discussion of the reduction from general k-CSPs to k-XOR used to
obtain Theorem 4 to Section 7.2. There, we explain the additional challenges encountered in the
semirandom case as compared to the random case [FPV15, Section 4]. Somewhat surprisingly,
the reduction is complicated and quite different from the random planted case or even the
semirandom refutation setting, where the reduction to XOR is straightforward.

We now explain Theorem 5. As is typical in algorithm design for k-XOR, the case when k

is even is considerably simpler than when k is odd. For the purpose of this overview, we will
focus mostly on the even case, and only briefly discuss the additional techniques for odd k in
Section 7.1.5.
Notation. We will use the following notation in this chapter. Given a k-XOR instance ¢ on hyper-
graph H C (['Z]) with m = |H| and right-hand sides {bc}cen, we define ¥(x) == Y e be [1iec Xi
to be a degree-k polynomial mapping {—1,1}" — [—m, m]. We note that valy(x) = 1 + 2-1(x) €
[0,1] is the fraction of constraints in ¢ satisfied by x. Moreover, we will write xc = [];cc xi.

Unless otherwise stated, we will use ¢ to denote a 2-XOR instance and 1 to denote a k-XOR
instance for any k > 2.

We note that for even arity k-XOR, we have valy(x) = valy(-x), and so it is only possible for
the optimal solution to be unique up to a global sign. We will abuse terminology and say that x* is
the unique optimal assignment if £x* are the only optimal assignments, and we will say that we
have recovered x* exactly if we obtain one of +x".
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7.1.1 Approximate recovery for 2-XOR from refutation

First, let us focus on the case of k = 2, the simplest case, and let us furthermore suppose that we
only want to achieve the weaker goal of recovering an assignment of value 1 —1 —o(1). (Note that
we do need the stronger guarantee of Theorem 5 to solve general planted CSPs in Theorem 4.)

For 2-XOR, this goal is actually quite straightforward to achieve using 2-XOR refutation as a
blackbox. Let us represent the 2-XOR instance ¢ as a graph G on n vertices, along with right-hand
sides b;; for each edge (i,j) € E. Recall that we have b;; = x;x}f with probability 1 -, and
bij = —XX; otherwise. Note that by concentration, valy(x*) = 1 -1+ o(1) with high probability.

We now make the following observation. Let us suppose that we sample the noise in two
steps: first, we add each (i, ) € E to a set E’ with probability 2n independently; then for each
(i,7) € E’ we set bj; to be uniformly random from {-1,1}. Using known results for semirandom
2-XOR refutation, it is possible to certify, via an SDP relaxation, that no assignment x can satisfy
(or violate) more than % + 0(1) fraction of the constraints in E’.

Thus, we can simply solve the SDP relaxation for ¢ and obtain a degree-2 pseudo-expectation
[E in the variables x1, ..., x, over {—1,1}" that maximizes ¢ (x). Let @’ be the subinstance con-
taining only the constraints in E’, and let ¢\ be the subinstance containing only the constraints
in E \ E’, which are uncorrupted. We have IE[Val¢ (x)] = 1-n-0(1), and the guarantee of refu-
tation implies that IE[Val(pE, (x)] < 3 +0(1). As valy(x) = (1 -2n) - valgy, ., (x) + 21 - valg,, (x), we
therefore have that ]E[Val¢E\E, (x)] > 1-0(1), i.e., [E satisfies 1 — 0(1) fraction of the constraints in

E\ E’. Then, applying the standard Gaussian rounding, we obtain an x that satisfies 1 — y/o(1)
fraction of the constraints in E \ E” and thus has value valy(x) > 1 -1 —0(1) (as any x must satisfy
at least 1 — o(1) fraction of the constraints in E’, with high probability over the noise).

One interesting observation is that in the above discussion, we can additionally allow E’ to be
an arbitrary subset of E of size 2nm. Indeed, this is because the rounding only “remembers” that

E[valg,,, (x)] has value 1 - 0(1). As we shall see shortly, this is the key reason that the reduction
breaks down for k-XOR.

7.1.2 The challenges for k-XOR and our strategy

Unfortunately, the natural blackbox reduction to refutation given in Section 7.1.1 does not
generalize to k-XOR for k > 3. Following the approach described in the previous section, given
a k-XOR instance 1, one can solve a sum-of-squares SDP and obtain a pseudo-expectation |E
where IE[VaLP (x)]>1-n-0and IE[VaLPE\E, (x)] = 1 -0 as before, where 6 ~ 1/polylog(n) when
m > n*/2, due to the guarantees of refutation algorithms [AGK21]. However, unlike 2-XOR
where we have Gaussian rounding, for k-XOR there is no known rounding algorithm that takes
a pseudo-expectation |E with IE[vaIW\E, (x)] > 1-06 and outputs an assignment x such that
valy, ,, (x) > 1 - f(0), for some f(-) such that f(6) — 0as 6 — 0. In fact, if we only “remember”
that {p\p has value 1 - 6, then it is NP-hard to find an x with value > 1/2 + 6 even when 6 = n™¢
for some constant ¢ > 0, assuming a variant of the Sliding Scale Conjecture [BGLR93]" (see
e.g. [MR10, Mos15] for more details).

As we have seen, while semirandom k-XOR refutation allows us to efficiently approximate

INote that we do need the Sliding Scale Conjecture, as the hardness shown in [MR10] is not strong enough; it only
proves hardness for 6 > (loglogn)~¢, whereas we have 6 ~ 1/polylog(n).
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Figure 7.1: An example of the 2-XOR instance ¢ from a 4-XOR instance 1.

and certify the value of the planted instance, the challenge lies in the rounding of the SDP, where
the goal is to recover an assignment x. This is a technical challenge that does not arise in the
context of CSP refutation, as there we are merely trying to bound the value of the instance. As a
result, new ideas are required to address this challenge.

Reduction from k-XOR to 2-XOR for even k. One could still consider the following natural
approach. For simplicity, let k = 4. Given a 4-XOR instance ¢, we can write down a natural and
related 2-XOR instance ¢, as follows.

Definition 7.1.1 (Reduction to 2-XOR). Let 1) be a 4-XOR instance, and let ¢ be the 2-XOR defined
as follows. The variables of ¢ are y; ;; and correspond to pairs of variables {x;, x;}, and for each
constraint x;x;x;xj = b; i iny, wesplit {i,,i’,j’} into {7, j} and {7, j'} arbitrarily and add a
constraint y(; jyy(,j;y = bij,ij to ¢. See Fig. 7.1 for an example. This reduction easily generalizes
to k-XOR for any even k.

By following the approach for 2-XOR described in Section 7.1.1, we can recover an assighment
y that satisfies 1 — n — o(1) fraction of the constraints in ¢. However, we need to recover an
assignment x to the original k-XOR 1, and it is quite possible that while y is a good assignment
to ¢, it is not close to x®2 for any x € {—1,1}". If this happens, we will be unable to recover a good
assignment to the 4-XOR instance 1.

The key reason that this simple idea fails is because, unlike for random noisy XOR, the assign-
ment y recovered is not necessarily unique, and we cannot hope for it to be in the semirandom
setting! For random noisy XOR, one can argue that with high probability, y will be equal to x*®2,
and then we can immediately decode and recover x* up to a global sign, i.e., we recover +x*. But
for semirandom instances, the situation can be far more complex.

Approximate 2-XOR recovery does not suffice for 4-XOR. When constructing the 2-XOR
instance ¢ from the 4-XOR 1 (Definition 7.1.1), it may be the case that ¢ can be partitioned into
multiple disconnected clusters (or have very few edges across different clusters), even when
the hypergraph H of 1 is connected; see Fig. 7.1 for example. By the algorithm described in
Section 7.1.1, we can get an assignment y that satisfies 1 — ) — o(1) fraction of the constraints
within each cluster.

The main challenge is to combine the information gathered from each cluster to recover an
assignment x for the original 4-XOR ¢. Unfortunately, we do not know of a way to obtain a good
assignment x based solely on the guarantee that y satisfies 1 — 1 — 0(1) fraction of constraints in
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each cluster. The issue occurs because the same variable i € [1n] can appear in different clusters,
e.g., Y12} and Yy 3y lie in different clusters in Fig. 7.1, and the recovered assignments in each
cluster may implicitly choose different values for x; because of the noise. Indeed, even if the
local optimum is consistent with x*, there can still be multiple “good” assignments that achieve
1—n—0(1) value on the subinstance restricted to a cluster. So, unless the SDP can certify unique
optimality of x*, standard rounding techniques such as Gaussian rounding will merely output a
“good” y, which may be inconsistent with x* and thus can choose inconsistent values of x; across
the different clusters.

Exact 2-XOR recovery implies exact 4-XOR recovery. This leads to our main insight: if the
subinstance of ¢ admits a unique local optimal assignment y* (restricted to the cluster) that
matches the planted assignment up to a sign, i.e., yzi,j} = £X,X7, then for each edge in the cluster
we know yzi,j}yzi',j’} = x;.‘x]*.x;,x;,, and so the local constraints that are violated must be exactly the
corrupted ones. Moreover, if the SDP can certify the uniqueness of the local optimal assignment
for a cluster, then the SDP solution will be a rank 1 matrix y*y*", and so we can precisely identify
which constraints in ¢ are corrupted. By repeating this for every cluster, we can identify all
corrupted constraints in the original 4-XOR 1) (except for the small number of “cross cluster”

edges), and thus achieve the guarantee stated in Theorem 5.

The general algorithmic strategy. The above discussion suggests that given a k-XOR instance
Y, we should first construct the 2-XOR ¢, and then decompose the constraint graph G of ¢ into
pieces in some particular way so that the induced local instances have unique solutions. Namely,
the examples suggest the following algorithmic strategy.

Strategy 1 (Algorithm Blueprint for even k). Given a noisy k-XOR instance ¢ with planted

assignment x* and m constraints, we do the following:

(1) Construct the 2-XOR instance ¢ described in Definition 7.1.1, which is a noisy 2-XOR
on 1n¥/2 variables with planted assignment y*. Moreover, there is a one-to-one mapping
between constraints in ¢ and 1.

(2) Let G be the constraint graph of ¢. Decompose G into subgraphs Gj, ..., Gt while only
discarding a o(1)-fraction of edges such that each subgraph G; satisfies “some property”.
For each subgraph G;, we define ¢; to be the subinstance of ¢ corresponding to the
constraints in G;. The goal is to identify a local property that the G;’s satisfy so that
(1) we can perform the decomposition efficiently, and (2) for each subinstance ¢;, we can
“recover y* locally”, i.e., we can find an assignment y*) to the 2-XOR instance ¢; that is
consistent with the planted assignment y*.

(3) Aseach y¥) is consistent with y*, the constraints in ¢); violated by ¥ must be precisely
the corrupted constraints in ¢;. Hence, for the constraints that appear in one of the ¢;’s,
we have determined exactly which ones are corrupted.

(4) We have thus determined, for all but o(m) constraints, precisely which ones are corrupted
in the original k-XOR instance ¢. (Note that this is the stronger guarantee that we
achieve in Theorem 5.) By discarding the corrupted constraints along with the o(m)
constraints where we “give up”, we thus obtain a system of k-sparse linear equations
with m(1 —1n —o0(1)) equations that has at least one solution (namely x*), and so by solving
it we obtain an x with valy(x) > 1-n—o(1).
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7.1.3 Information-theoretic exact recovery from relative cut approximation

Following Strategy 1, the first technical question to now ask is: given a noisy 2-XOR instance ¢
with n variables, m > n constraints, and planted assignment x*, what conditions do we need
to impose on the constraint graph G so that we can recover x* (up to a sign) exactly? As a
natural first step, we investigate what conditions are required so that we can accomplish this
information-theoretically.
Fact 7.1.2. Let G = (V,Ec) be an n-vertex graph, and let H = (V,En) be a subgraph of G where
Eny C Eg. Let Lg, Ly be the unnormalized Laplacians of G and H. Consider a noisy planted 2-XOR
instance ¢ on G with planted assignment x* € {—1,1}" (Definition 4.2.2), and suppose Eg is the set of
corrupted edges. Suppose that for every x € {—1,1}" \ {1,-1}, it holds that x Lyx < $xTLgx. Then,
x* and —x* are the only two optimal assignments to ¢.

Note that the condition x " Lyx < %xTLGx for x ¢ {I, —T} implies that G is connected, as
otherwise L has a kernel of dimension > 2, which would contradict this assumption.

Proof. Let x € {-1,1}" be any assignment. We wish to show that ¢(x) is uniquely maximized
when x = x*, —x*. We observe that

o(x) = Z xixjbij = Z xix]-x’;x;—2 Z xix]-x’lfx;.

(ij)eEg (i.,j)eEg (i,))€En

Hence, by replacing x with x © x*, without loss of generality we can assume that x* = 1. Now, let
Dg, Dy and Ag, Ag be the degree and adjacency matrices of G and H, so that Lg = Dg — Ag and
Ly = Dy — Ag. We thus have that

2¢(x) = xTAgx —2xTApgx = x"(Dg —2Dy)x — x " (Lg — 2Ly)x
= 2(|Eg| = 2|En|) = x"(Lc = 2Ln)x .

By assumption, if x € {-1,1}" and x # T, —T, then we have that x " (Lg —2Ly)x > 0, which implies
that ¢(x) < ¢(1), and finishes the proof. O

Fact 7.1.2 shows that if we can argue that x "Lyx < %xTLGx for every x € {-1,1}"\ {T, —T},
then at least information-theoretically we can uniquely determine x*. Observe that if we view x
as the signed indicator vector of a subset S C [n], then x"Lgx = Eg(S, S), the number of edges
in G crossing the cut defined by S, and similarly for x" Ly x. So, one can view the condition in
Fact7.1.2 as saying that the subgraph H needs to be a (one-sided) cut sparsifier of G, i.e., it needs
to roughly preserve the size of all cuts in G. The following relative cut approximation result of
Karger [Kar94] shows that this will hold with high probability when H is a randomly chosen
subset of G, provided that the minimum cut in G is not too small.

Lemma 7.1.3 (Relative cut approximation [Kar94]). Let n € (0, 1). Suppose an n-vertex graph G has
12logn

> , and suppose H is a subgraph of G by selecting each edge with probability 1. Then,
with probability 1 — o(1),

min-cut Cmin =

1
(1-8)xTLgx < p x"Lgx < (1+08)x"Lgx, forallx € {-1,1}"

_ [12logn
for & =4/ T
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With Lemma 7.1.3 and Fact 7.1.2 in hand, we now have at least an information-theoretic
algorithm with the same guarantees as in Theorem 5. We follow the strategy highlighted in
Strategy 1. To decompose the graph G, we recursively find a min cut and split if it is below
the threshold in Lemma 7.1.3. Notice that this discards at most O(n logn) = o(m) constraints
(for m > nlogn), and these are precisely the constraints that we “give up” on and do not
determine which ones are corrupted. Then, with high probability the local optimal assignment
is consistent with x*, and so locally we have learned exactly which constraints are corrupted.
Hence, we have produced two sets of constraints: Ej, the o(1)-fraction of edges discarded during
the decomposition, and E; = (G \ E1) N &y, which is exactly the set of corrupted constraints
after discarding E;. We note that it is a priori not obvious that this is achievable even for an
exponential-time algorithm, as even though the 2"-time brute force algorithm will find the best
assignment x to ¢, it may not necessarily be x*, and so the set of constraints violated by the
globally optimal assignment might not be &.

7.1.4 Efficient exact recovery from relative spectral approximation

Information-theoretic uniqueness implies that the planted assignment x* is the unique optimal
assignment. But can we efficiently recover x*? One natural approach is to simply solve the basic
SDP relaxation of ¢: for X € R™", maximize ¢(X) = Z(i,j)eG Xijbjj subject to X > 0, X = XT,
and diag(X) = I. If the optimal SDP solution is simply X = x*x*T, then we trivially recover x*
from the SDP solution. We thus ask: does the min cut condition of Fact 7.1.2 and Lemma 7.1.3
imply that x*x*7 is the unique optimal solution to the SDP? Namely, is the min cut condition
sufficient for the SDP to certify that x* is the unique optimal assignment?

Unfortunately, it turns out that this is not the case, and we give a counterexample in Section 7.5.

We thus require a stronger condition than the min cut one in order to obtain efficient algorithms.
Nonetheless, an analogue of Fact 7.1.2 continues to hold, although now we require a stronger
version that holds for all SDP solutions X, not just x € {—1,1}". This stronger statement shows
the SDP can certify that x* is the unique optimal assignment if and only if a certain relative spectral
approximation guarantee holds for the corrupted edges.
Lemma 7.1.4 (SDP-certified uniqueness from relative spectral approximation). Let G = (V,Eg) be
an n-vertex connected graph, and let H = (V, Egy) be a subgraph of G where Eyy C Eg. Let L, Ly be the
unnormalized Laplacians of G and H. Consider a noisy planted 2-XOR instance ¢ on G with planted
assignment x* € {—1,1}" (Definition 4.2.2), and suppose Ey is the set of corrupted edges.

The SDP relaxation of ¢ satisfies

X) = ¢(x") = |Eg| - 2|Enl,
Xzo,xz%?ﬁiag(x)zﬂ¢( ) = ¢(x") = |Eg| - 2|EH]

where X = x*x*T is the unique optimum if and only if G and H satisfy

1 .
(X,Lu) < 5(X,Lg), VX 20, X=X, diag(X) =1, X #11".

Proof. Recall that each e = {i,]} € E corresponds to a constraint x;x; = b, where b, = x:x]*. if
e € Eg\Egand b, = —x’lfx]*. if e € Ey, meaning that ¢(X) = X heq\E Xijx;x; — i j}eE Xijxlfx]f.

Without loss of generality, we can assume that x* = 1 and that P(X) = %(X, Ag —2Ay), where
Ag, Ap are the adjacency matrices of G and H.

82



Note that L = Dg — Ag and Ly = Dy — An, and tr(Dg) = 2|Eg|, tr(Dy) = 2|Eg|. For any
X > 0 with diag(X) =1,

(X,Ac —2An) =(X,(Dg — Lg) —2(Du — Ly)) = 2(|[Eg| = 2|En|) + (X, 2Ly — Lg) -

Suppose (X, Ly) < %(X, Lg) forall X # 117. Since (ﬁT,LG> = (HT,LH) = 0, we have that the
maximum of %(X,AG —2Ap)is |Eg| —2|Eg| and X = 117 is the unique maximum.

For the other direction, suppose there is an X # 117 such that (X,Ly) > %(X, Lg). Then,
¢(X) > |[Eg| = 2|EH| = qb(ﬁT), meaning that 117 is not the unique optimum. |

Relative spectral approximation from uniform subsamples. We now come to a key technical
observation. Suppose that H is a spectral sparsifier of G, so that UT(%L H)v is (1 £ 0)v " Lgo for any
v € R". Then clearly (X, Ly) < %(X, Lg)ifn <1/2and 6 = o(1), as we can write X = 3/ A;jv;0],
and

n n
1
(X,Lp) = E Aiv] Lyv; < n(1+06) E AivLgoi = n(1+06)-(X,Lg) < §<X, Lg).
i=1 i=1

Furthermore, note that above we only required that Ly < n(1 + 0)L¢, i.e., we only use the upper
part of the spectral approximation.

We are now ready to state the key relative spectral approximation lemma. We observe that

when H is a uniformly random subsample of G and G has a spectral gap and minimum degree
polylog(n), then with high probability Ly < 1(1 + 6)Lg. We note that, while we do not provide
a formal proof, the same argument using the lower tail of Matrix Chernoff can also establish a
lower bound on Ly, which proves that H is indeed a spectral sparsifier of G.
Lemma 7.1.5 (Relative spectral approximation from uniform subsamples). Let ) € (0,1). Suppose
G = (V,E) is an n-vertex graph with minimum degree dmin (self-loops allowed) and spectral gap
AQ(EG) = A such that dypinA > 11—78 log n, where I::G = Dgl/ 2L(;Dél/ 2 is the normalized Laplacian. Let
H be a subgraph of G obtained by selecting each edge with probability 1. Then, with probability at least
1-0(n7?),

LH§U(1+5)-LG

for 6 = ,/ﬁﬁ;.
Proof. First, note that 1 lies in the kernel of both L¢ and Ly, and because of the spectral gap of G,

dim(ker(Lg)) = 1. Therefore, recalling that Lg = Dé/ ZEGDU 2

o it suffices to prove that

"(EE)UZD;/ZLHDgl/z(f{;)l/zH2 <n(1+0).

Here ff; is the pseudo-inverse of Lc, and ||EE||2 < 1/A because G has spectral gap A. We will
write X = (fg)l/zDgl/zLHDél/2(EE)1/2 for convenience.

Note that Lg = )} ,cg L., where L, > 0 is the Laplacian of a single edge e and ||L.||]> = 2. Let
X, = (fg)l/zDgl/zLeDél/z(f‘é)l/z if e is chosen in H and 0 otherwise. Then, X = .z X, and
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IE[X]ll2 = 1. Moreover, each X, satisties X, > 0 and [|Xcll2 < IL%[l2 - [IDZ!l2 - ILell2 < T
Thus, by Matrix Chernoff (Fact 3.4.5),
627] . dminA

Pr{[[X|l> = n(1+6)} < 1 - exp (_T .

) <0n?

aslongas%gézsl. O
Finishing the algorithm. By Lemmas 7.1.4 and 7.1.5, we can thus recover x* exactly if the
constraint graph G of ¢ has a nontrivial spectral gap and minimum degree dmin > polylog(n). To
finish the implementation of Strategy 1, we thus need to explain how to algorithmically decom-
pose any graph G into subgraphs Gy, ..., Gr, each with reasonable min degree and nontrivial
spectral gap, while only discarding a o(1)-fraction of the edges in G. This is the well-studied task
of expander decomposition, for which we appeal to known results [KVV04, ST11, Wull7, SW19].

This completes the high-level description of the algorithm in the even k case. Below, we
summarize the steps of the final algorithm.

Algorithm 7.1.6 (Algorithm for k-XOR for even k).
Input: k-XOR instance 1 on n variables with m constraints and constraint hypergraph H.
Output: Disjoint sets of constraints A, A, C H such that |A;| < o(m) and only depends on
H,and A, = (H\ A7) N 81/,.
Operation:
1. Construct the 2-XOR instance ¢ with constraint graph G, as described in Defini-
tion 7.1.1.
2. Remove small-degree vertices and run expander decomposition on G to produce
expanders Gy, ..., Gr. Set A; to be the set of discarded constraints of size o(m).
3. For each i € [T], solve the basic SDP on the subinstance ¢; defined by the con-
straints G;. Let ﬂg) denote the set of constraints violated by the optimal local SDP
solution.
4. Output A; and A, = UiTzl ﬂgi).

7.1.5 The case of odd k

We are now ready to briefly explain the differences in the case when k is odd. For the purposes of
this overview, we will focus only on the case of k = 3. Recall that we are given a 3-XOR instance
Y, specified by a 3-uniform hypergraph H C ([g]), as well as the right-hand sides bc € {-1,1}
for C € H, where bc = x{. with probability 1 -1 and bc = —x(. otherwise and x* € {-1,1}" is the
planted assignment.

We now produce a 4-XOR instance using the well-known “Cauchy-Schwarz trick” from CSP
refutation [CGLO04]. The general idea is to, for any pair of clauses (C,C’) that intersect, add
the “derived constraint” xcxc: = bcber to the 4-XOR instance. Notice that if, e.g., C = {u,i,j}
and C" = {u,7’,j’}, then x, appears twice on the left-hand side, and thus the constraint is
xixjxiyxj = bcbcr. Given this 4-XOR, we produce a 2-XOR following a similar strategy as
in Definition 7.1.1. The above description omits many technical details, which we handle in
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Sections 7.3 and 7.4; we remark here that these are the same issues that arise in the CSP refutation
case, and we handle them using the techniques in [GKM?22].

We have thus produced a 2-XOR instance ¢ that is noisy but not in the sense of Definition 4.2.2.
Indeed, each edge e in ¢ is “labeled” by a pair (C, C’) of constraints in 1, and e is noisy if and only
if exactly one of (C,C’) is, and so the noise is not independent across constraints. Nonetheless, we
can still follow the general strategy as in Algorithm 7.1.6. The main technical challenge is to argue
that the relative spectral approximation guarantee of Lemma 7.1.5 holds even when the noise has
the aforementioned correlations, and we do this in Lemma 7.4.7. This allows us to recover, for
most intersecting pairs (C, C’), the quantity £(C)E(C’), where £(C) = -1 if C is corrupted, and
is 1 otherwise, i.e., bc = x&(C); we do not determine £(C)E(C’) if and only if the pair (C, C”)
corresponds to an edge e that was discarded during the expander decomposition.

However, we are not quite done, as we would like to recover &(C) for most C, but we only
know &(C)&(C’) for most intersecting pairs (C, C’). Let us proceed by assuming that we know
E(C)E(C) for all intersecting pairs (C, C’), and then we will explain how to do a similar decoding
process when we only know most pairs. Let us fix a vertex u, and let H,, denote the set of C € H
containing 1. Now, we know &(C)&(C’) for all C,C” € Hy,, and so by Gaussian elimination we
can determine &(C) for all C € H,, up to a global sign. Now, we know that the vector {£(C)}cen,
should have roughly 1|H, | entries that are —1. So, choosing the global sign that results in fewer
—1’s, we thus correctly determine £(C) for all C € H,,. We can then repeat this process for each
choice of u to decode &(C) for all C.

Of course, we only actually know &(C)E(C’) for most intersecting pairs (C, C’). This implies
that for most choices of u, the graph G, with vertices H, and edges (C, C’) if we know £(C)&E(C)
is obtained from the complete graph on vertices H, and deleting some o(1)-fraction of edges.
This implies that G, has a connected component of size (1 — 0(1))|H,|, and again via Gaussian
elimination and picking the proper global sign, we can determine &£(C) on this large connected
component. By repeating this process for each choice of u, we thus recover &£(C) for most u.

7.2 From planted CSPs to noisy XOR

In this section, we show how to use Theorem 5 to prove Theorem 4. Before we delve into the
formal proof, we will first explain the reduction given in [FPV15]. We begin with some definitions.

Setup. Let W be sampled from \I/(Ijl, x*,Q), where )i* e {-1,1}", HcC [n]*,and Q is a planting
distribution for the predicate P. Let Q(y) = Xsc) Q(S) [1ies yi be the Fourier decomposition
of Q, where Q(S) = Zik Zyet-1,13 QW) [ies vi € [-27%,27K]. Recall (Definition 4.2.1) that W is
specified by a collection H c [n]* of scopes, along with a vector & (C) € {~1,1}* for each C € H
of literal negations.

Definition 7.2.1. Let S C [k] be nonempty. Let > be the |S|-XOR instance obtained by, for
each constraint C in W, adding the constraint [];cs xz = [lies & (C);. Similarly, let ¢(S~) have

constraints [T;es xz = = [lies £(C).
We make use of the following simple claim.

Claim 7.2.2. For each nonempty S C [k], gb(s'” is a noisy |S|-XOR instance (Definition 4.2.2) with

planted assignment x* and noise ) = %(1 - 2%Q(9)). Similarly, gb(sf‘) is a noisy |S|-XOR instance

with planted assignment x* and noise ) = %(1 +2kQ(9)).
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Proof. For each C, the literal negation 5(5) is sampled such that Pr[é(é) =&l = Qo x*)
where © denotes the element-wise product. This is equivalent to samphng y < Qand settmg
&(C) = yo xé. It thus follows that the probability that the constraint C produces a corrupted

constraint in 5+ is

i)

ieS

1- EyHQ{]_[ })=—(l 2Q(9)) ,

i€es
and is independent for each C. A similar calculation handles the case of P, m|

With the above observations in hand, we can now easily describe the reduction in [FPV15].
First, their reduction requires the algorithm to have a description of the distribution Q. Given
Q, the algorithm then finds the smallest S such that Q(S) is nonzero. Since they know the exact
value of Q(S), they can determine its sign correctly. Suppose that Q(S) > 0 (the other case is
similar). Then, by solving the |S|-XOR instance 1/'5*), they recover the planted assignment of
*) exactly.” But this planted assignment is precisely x*, and so they have also succeeded in
recovering the planted assignment of 1.

The aforementioned reduction clearly does not generalize to the semirandom setting, as in
general the subinstances 1(>*) will not uniquely determine x*. Furthermore, their reduction
additionally requires knowing Q, and while it is not too unreasonable to assume this for random
planted CSPs (as it is perhaps natural for the algorithm to know the distribution), in the semi-
random setting this assumption is a bit strange because we want to view semirandom CSPs as
“moving towards” worst-case ones.

We now prove Theorem 4 from Theorem 5.

Proof of Theorem 4 from Theorem 5. We will present the proof in three steps. First, like [FPV15], we
will assume that the algorithm is given a description of Q and we will assume that each 10(S)| is
either 0 or at least 27¥¢ > 0.> Then, we will remove this assumption provided that Q(y) > 2¢ for
all y with Q(y) > 0, i.e., the every y in the support of Q has some minimum probability. Finally,
we will remove the last assumption.

Step 1: the proof when we are given Q. For each S where O(S) # 0, we construct the instance
1/)(5'+) Gf Q(S) > 0) or ¢(5,—) Gf Q(S) < 0). We then apply* Theorem 5 to each such instance.
Note that by Claim 7.2.2, the instance has noise 1 = %(1 -2K0Q(9)]) < %(1 — ¢) (because we
picked the correct sign when choosing between &) and (), and we assume 1O(S)] > 27%¢).

. 1
Then, since m > ckn*/2. Og z

and |S| < k, by applying Theorem 5 with noise 1 and parameter
¢’ := 27%¢, we obtain sets H (5 D (the discarded set) and HG2 (the corrupted constraints) where
|[HSD| < ¢/m and H®? = (H\ HSY)n &ys. Hence, for every constraint C € H \ HGD it

follows that we have learned [];cg x*é_, where x* is the planted assignment for W. By setting

2Here, they also treat |O(S)| as constant, as if |Q(S)| < 1/n, say, then their algorithm would not succeed in
recovering the planted assignment on the XOR instance.

3This assumption is implicit in [FPV15]; see the previous footnote.

“Note that Theorem 5 only applies when [S| > 2. When [S| = 1, there is a trivial algorithm; see Section 7.7 for
details.
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H =H \ Us;Q(S);eoﬁ(S'l)f it follows that we know [];cg x*é_ for all C € H’ and S with Q(S) #0,

where |ﬁ’| >(1-25"m =(1-¢e)m.
We now solve the system of linear equations given by [];cs x forall C € H’ and S with

Q(S) # 0 to obtain some assignment x € {-1,1}". As x*isa Vahd solutlon to these equations,
such an x exists, although it may not be x*.

The final step is to argue that for every C € H', x satisfies the constraint C, namely that
P(é(é)lxél, 5(6)23652, ey é(C)kx ) = 1. Indeed, if this is true then we are done, as x satisfies at
least (1 — e)m constraints in W, and so we have obtained the desired assignment.

Let C € H’. We know that for every S with Q(S) # 0, we have that [];cs xz = [lies x

Hence, it follows that

Qe ox =) QS| |&Cixg = 3, Q9| & = EC)ox) >0,

Sclk] ies Sc[k] ieS

where the last inequality is because & (5 ) was sampled from the distribution Q(& (5 ) ©x*), and so
it must be sampled with nonzero probability. As Q is supported only on satisfying assignments
to the predicate P, it thus follows that 5(6 ) © x* must also satisfy P.

Step 2: removing the dependence on Q assuming a lower bound on Q(y). First, we observe
that because k is constant, we can, for each S, guess a symbol {0, +, —}, where 0 denotes, informally,
the belief that |Q(S)| < 27X ¢, + denotes that Q(S) > 2 ¢, and — denotes that O(S) < —2¥¢. For
each of the 32" choices of guesses, i.e., functions f: {S C [k]} — {0, +, -}, we run algorithm
mentioned in the previous step. Namely, for each S: (1) if f(S) = 0, then we ignore S, (2) if
f(S) = +, then we run Theorem 5 on ¢(51+) to obtain H$ and H (52 and (3) if f(S) = —, then
we run Theorem 5 on ¢+ to obtain HSD and HS?). As before, we solve the system of linear
equations to obtain some assignment x() € {~1,1}". By enumerating over all possible choices of
f, we obtain a list of at most 32 = 0(1) assignments. We then try all of them and output the best
one.

It thus remains to show that at least one of the assignments in the list has high value. As one
may expect, this will be the assignment x'/"), where f* is the correct label function. Indeed, when
f = f7, then we are precisely running the algorithm in Step 1, and as observed, after solving the
linear system of equations we obtain an assignment x := x'/") with the following property. For
every C e H and every S with |O(S)| > 27%¢, we have that [Ties xz = [lies x# , where H cH

has size > (1 — €)m.

Finally, we show that for every C e IjI’, x satisfies the constraint C. Namely, we have
P(é(C)lx é(C)sz ,.. S(é)kﬁh ) =1. Let C € H’. We know that for every S with 1O(S)| >
27k, we have that [];es xz Hle s Xz Hence, it follows that

Q(e(C =12, QO [ [£@xg ~ ) Q)| [ &y
Sc[k] i€S Sc[k] i€S
=1 > 0®|] &g - [ [e@ns || < 227
SClk]:|O(S)|<2 ke i€S i€S !
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Now, if we assume that Q(y) > 2¢ for every y € {-1, 1}¥ with Q(y) > 0, then it follows that
Q(é(é) ® x) > 0, and so x satisfies the constraint P(E(é)lxél, é(é)zxéz, .. E(C)kx ) =1.

Step 3: removing the lower bound on Q(y). In Step 2, we assumed that Q(y) > 2¢ for all
y e {-1, 1}k with Q(y) > 0. However, we only used this fact in the final step, when we argue
that Q(é(C) © x) > 0 by observing that Q(E(C) Ox) > Q(E(C) O x*) —2¢ > 0. To remove the
assumption, we will show that for at most 2¥*?¢ constraints C € H, itholds that Q(E(C )Ox¥) < 2¢.
This then implies that x satisfies at least (1 — & —25*2¢)m = (1 — O(&))m constraints, which finishes
the proof.

Let S denote the set of C € H where Q(& ((_f ) © x*) < 2¢. Observe that the probability, over
the choice of E(é), that C € S is at most 2F - 2¢ = 2k+1 ¢, and moreover this is independent for
each C € H. Thus, by a Chernoff bound, it follows that with probability > 1 —exp(-O(em)) >
1-1/poly(n), it holds that |S| < 2 -25*1¢, and so we are done. O

Remark 7.2.3 (Tolerating fewer constraints for structured Q’s). We have shown that the above
algorithm succeeds in finding an assignment x that satisfies at least (1 — O(¢))m constraints when
m > nk/2. poly(logn,1/¢). However, if the distribution Q has |O(S)| < 27%¢ for all S with |S| > 7,
then we only need n"/? - poly(log 1,1/ ¢) constraints. (If » = 0, then for small enough constant ¢,
Q will be supported on all of {—1,1}*, and so any assignment satisfies all constraints. If r = 1, we
require O(n - 10%) constraints; see Lemma 7.7.1.) Indeed, this follows because for such Q, the
true label function f* will have f*(S) = 0 for any S with |S| > r. Hence, for this choice of f*, we
only call Theorem 5 on noisy ¢-XOR instances for t < r, and so we have enough constraints. It
therefore follows that the assignment x'/") that we obtain for the label function f* will be, with
high probability an assignment that satisfies at least (1 — O(¢))m constraints.

An example where this gives an improvement is the well-studied NAE-3-SAT (not-all-equal-
3SAT) predicate [AE98, ACIMO1, DSS14]. Suppose Q is the uniform distribution over satisfying
assignments to NAE-3-SAT: Q(x1,x2,x3) = % . 31(3 — x1X2 — x2x3 — x1x3). Then, we only need
m > O(n) constraints, even though it is a 3-CSP (k = 3).

7.3 From k-XOR to spread bipartite k-XOR

In this section, we begin the proof of Theorem 5. See Definition 4.2.2 for a reminder of our
semirandom planted k-XOR model ¢(H, x*, 1) given a k-uniform hypergraph H, assignment
x* € {-1,1}", and noise parameter 1 € (0,1/2). Recall also that &, denotes the set of corrupted
hyperedges.

We think of A;(H) as the small set of edges that we discard (or give up on), and this will
only depend on the hypergraph H. For the rest of the graph, the algorithm will correctly identify
which edges are corrupted.

Our proof of Theorem 5 goes via a reduction to spread bipartite t-XOR instances for t =
2,...,k, which are t-XOR instances with some additional desired structure. Such instances were
introduced in [GKM22] to study the refutation of semirandom k-XOR instances. The reduction
here is nearly identical to the corresponding reduction in [GKM?22, Section 4].

Definition 7.3.1 (Spread bipartite k-XOR). A p-bipartite k-XOR instance ¢ on n variables with
m constraints is defined by a collection of (k — 1)-uniform hypergraphs H = {H, },¢[,) on the
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vertex set [11], as well as “right-hand sides” b, ¢ for each u € [p] and C € H,. There are two sets
of variables of i: the “normal” variables x, ..., x,, and the “special” variables y1, ..., y,. The
constraints of ¢ are y,, [];cc xi = bu,c foreachu € [p], C € H,,.

We furthermore say that 1 is t-spread if it has the following additional properties:

1) |Hy| = % > ZL#J and % is even for each u € [p],

(2) Foreach u € [p] and set Q C [n], deg,(Q) < % max(1, n3-1-1Ql.

Analogously to Definition 4.2.2, we call ¢ a semirandom planted instance with planted as-
signment (x*, y*) and noise parameter 1 if the right-hand sides b, c are generated by setting
buc = yi [liec x; with probability 1 —1n and b,,c = —y; [liec X; otherwise, independently
for each choice of u, C. For a choice of x*,y*, H = {Hu}ue[p], and n, we call this distribution
Y({Hu}uepy, X%, y*,1)- As before, if an edge (u, C) has b,,c = —y;, [1iec X}, we call (u,C) a cor-
rupted hyperedge, and we denote the set of corrupted hyperedges in ¢ by &,.

The main technical result of this chapter is the following lemma, which gives an algorithm to
find the noisy constraints in a semirandom planted 7-spread bipartite k-XOR instance.
Lemma 7.3.2 (Algorithm for t-spread bipartite k-XOR). Let k >2,n,p € N, € € (0,1),1 € [0,1/2),

1 _ cy k=1 . (klog n)3/?
andlety :=1-2n>0. Let T < Trosr and let m > Cn'2 \/p i

¢, C. There is a polynomial-time algorithm A that takes as input an t-spread p-bipartite k-XOR instance
Y with constraint hypergraph H = {H, },,c[p) and outputs two disjoint sets A1(H), A2(P) S H with the
following gquarantee: (1) for any instance 1 with m constraints, | A1(H)| < em and A1 (H) only depends
on H, and (2) for any x* € {-1,1}",y* € {-1,1}V and any H = {H, }e[p) with |H| := X, ()| Hul = m,
with probability 1 — m over Y — Y({Hy }ueppy, X*, y", 1), it holds that A () = Ey N (H \ A1(H)).

Note that as n — %, y =1-2n — 0and t© — 0, which blows up m. This is the expected
behavior since when 1 = 1, it is impossible to recover the planted assignment since the signs of
the constraints are uniformly random.

for some universal constants

7.3.1 Proof of Theorem 5 from Lemma 7.3.2

With Lemma 7.3.2, we can finish the proof of Theorem 5. The high-level idea of this proof is very
simple. First, we decompose the k-XOR instance 1 into subinstances 4)(” foreacht =2,...,k,
using a hypergraph decomposition algorithm very similar to the one used in [GKM22, HKM23].
The algorithm and its guarantees are shown in Section 7.6. Then, we run the algorithm in
Lemma 7.3.2 to identify a set of corrupted constraints and a small set of discarded constraints
within each subinstance ¢!). We then take the union of these outputs to be the final output of the
algorithm.

Proof of Theorem 5. We begin with the decomposition of ¥ into @, ..., p® along with a set of

“discarded” hyperedges H'), which is done using Algorithm 7.6.1 with spread parameter 7 :=
c(1-2n)
Vklogn
noise 1) planted 7-spread p(t)-bipartite t-XOR instance specified by (¢ — 1)-uniform hypergraphs

{Hb(tt)}ue[p(f)]'
Letm® =y e[p] |Hl(f)|. Algorithm 7.6.1 has the following guarantees:

where c is the constant in Lemma 7.3.2. Foreacht =2,...,k, gb(t) is a semirandom (with

(1) The runtime is n°®),
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(2) Foreacht €{2,...,k} andu € [p(t)], |H£,t)| = T;T(tt)) = 2[21? max(l,nt_g_l)J; in particular, |Hflt)|

is even and is at least ZL;?J,
(3) Foreacht =2,...,k, the instance lp(t) is T-spread,
(4) The number of “discarded” hyperedges is m® = |HY| < Lng,

k2
(5) Fort € {2,...,k},each C € Hff) is obtained by removing k — (t — 1) vertices from an edge
in the original hypergraph H. Thus, there is a one-to-one map Decomp: H — H® U
Ufzz{Hff)}ue[p(t)], such that an edge C € H is corrupted if and only if the edge Decomp(C) is
corrupted in the instance y*) that it lies in.

(klogn)®? 4 Klog*n

12632 T ¢ B2
are the constants in Lemma 7.3.2. The algorithm in Theorem 5 works as follows. First, it runs
Algorithm 7.6.1 to produce the instances ¢(2), een, 4)("). Then, for each t = 2,...,k, if m) >
n'7 [p® - B, we run Lemma 7.3.2 on ¢") and obtain, with probability 1 —1/poly(n), a set A(lt)
where |A§t)| < £m® and A(zt) =&y \Agt). Otherwise, if m®*) < n%\/p(t) - B, we set A(lt) =H® and
AY = 0. Finally, we output A; == HD U U, Decomp™(A\") and A, = Uk, Decomp™(A}),
where Decomp is the mapping in property (5) of Algorithm 7.6.1.

where C, ¢

For convenience, we denote y = 1-2nand = 4C -

Note that m® = p®HY| > p®. 21711“5_1, which means p® < 27213*1m®, and since
Y Vm® <k 3, m® < Vkm by Cauchy-Schwarz, we have

k
Zn%\/ﬁﬁ < omﬁ%-ﬁ <o(e)m
t=2

1k logn

k k
as long as m > n2 - kt2f%/&%. Moreover, m < Tah? = c2y2”7

< o(e)m. One can verify, by
plugging in §, that the lower bound on m in Theorem 5 suffices.
By union bound over ¢, it thus follows that

k Kk
|A; | < mD + Z %m(” + Z n'T \[p®p < em,
= =

and Ay = &y \ A1. Moreover, by Lemma 7.3.2, A; only depends on the hypergraph H. This
completes the proof. O

7.4 Identifying noisy constraints in spread bipartite k-XOR

In this section, we prove Lemma 7.3.2. The proof will be decomposed into the following steps.
First, we take the semirandom planted bipartite k-XOR instance ¢ and transform it into a 2-
XOR instance ¢. Second, we decompose the constraint graph of ¢ into expanders. For each
expander in the decomposition, we argue that the SDP solution to this subinstance is rank 1,
and moreover agrees exactly with the planted assignment. This allows us to identify, for each
expanding subinstance, exactly which edges in ¢ are errors. Finally, we use this information to
identify the set of corrupted constraints in the original instance ¢, which finishes the proof.
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7.4.1 Setup and key notation

We now introduce the key notation that shall be used throughout this section. Let ¢ be the
semirandom t-spread p-bipartite k-XOR instance (recall Definition 7.3.1) with m constraints
given as the input to the algorithm. Recall that the instance 1) is specified by a collection of
p hypergraphs {H, },c[), where each H, is a (k — 1)-uniform hypergraph on n vertices and
|H,| = m/p. Each constraint in ¢ is specified by a pair (1, C) where u € [p], C € H,, and has
a right-hand side b, c € {-1,1}, and the constraints are y, [[;cc xi = by,c, where {y, },¢[p) and
{xi}ie[n] are variables. Because the instance ¢ is semirandom with noise parameter 7 and planted
assignment (x*, y*), for each constraint (1, C) we have, with probability 1 — 1 independently,
bu,c = yy [liec x;, and otherwise b,,c = —y;, [liec ;. Our goal is to output, in nOW®)_time, a set
A1(H) of size < tm to discard, and then for the rest of the instance, identify exactly the corrupted
constraints, i.e., those for which b,,c = -y, [1;ec ¥}-

We now define the 2-XOR instance ¢ from 1. An example is shown in Fig. 7.2.
Definition 7.4.1 (2-XOR instance ¢ from bipartite k-XOR ). For every u € [p] and H,, we
partition H,, arbitrarily into two sets Hf,L) and HL(,R) of equal size.

e If k is odd, then there are ( k”%l )2 variables in ¢, one variable z(s, s,) for each pair of sets

S1,Sy C [n] where |S1] = |S2| = %
* If k is even, then there are 2( 41, ) (21 ) variables in ¢, one variable z(s, s, for each pair of
2 2

sets S1, S, C [n] where either |S1| = %‘l and |S;| = |_k2;1j or|51] = Lk—glj and |S;| = |'k2;1'|.
For each u € [p], C € H,SL) and C’ € HflR), we arbitrarily partition C into sets S; U S; and C’
into sets S| U S}, where [S1] = |S]| = [%'l and [S>| = |S)| = Lk—glj. We then add the constraint

2(51,8,)%(%,,8]) = bu,cbu,cr to ¢.

It is intuitive to think of clauses from HL(,L) and Hf,R) as having different colors, and each
variable z(s, g;) contains roughly k/2 of each color. See Fig. 7.2 for an example of a 2-XOR ¢
constructed from a bipartite k-XOR 1.

Observation 7.4.2 (Size of ¢). The number of variables in ¢ is at most n*~! (for both even and
odd k). Since each |H,| = m/p, |HL([L)| = |HL(,R)| = %, and the number of constraints in ¢ is exactly
p- (%)2 = T—:. In particular, when m > n%\/ﬁ - B for B = poly(log 1) as assumed in Lemma 7.3.2,
the average degree of ¢ is at least 1p2.

Remark 7.4.3 (Corrupted constraints in ¢). A constraint z(s, s;)2(s,,s;) = bu,cbu,c’ in ¢ is corrupted
if exactly one of b, c and b, ¢ is corrupted in . Thus, if each constraint in ¢’ is corrupted with
probability n € (0,1/2), then each constraint in ¢ is corrupted with probability 2n(1 —n) < 1/2.
Note, however, that the constraints in ¢ are not corrupted independently.

We need some more definitions about the constraint graph of ¢.

Definition 7.4.4 (Constraint graph of ¢). Let G(¢) = (V, E) be the constraint graph of ¢. Notice

that each edge e € E uniquely identifies u(e) € [p] and Cr(e) € HLL(Z), Cr(e) € Hl(fe)) For each

uelpl Ce HL(,L), define GiL)C((j)) to be the subgraph of G that C participates in, i.e., with edge set
{e € E:u(e) =u, Cr(e) = C}. We similarly define fo():,((j)) for C’ € HL(,R).
We next make the important observation that the degree of a vertex in GiL)C(gb) is upper

bounded by the number of C" € Hl(lR) sharing at least I_%J vertices. See Fig. 7.2 also for an
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Figure 7.2: An example of the 2-XOR instance ¢ from a bipartite 4-XOR ¢ (Definition 7.4.1). On
the left, HL(lL) consists of C; = {1,2,3} and C, = {4,5,6} (with green vertices), and Hf,R) consists
of C] = {1,6,7} and C; = {1, 8,9} (with blue vertices). On the right, the constraint graph G(¢)
has vertices zg, s, where either [S1| = 2, |S2| = 1 or |S1] = 1, |S2| = 2 (we can view S1, S; as
having green, blue vertices). Each edge corresponds to two clauses in 1; for example, the edge
{2{1,2},{1}, 2{3},{6,7}} comes from the clauses C; and C].

Corruptions. In the figure, we label a clause —1 if it is corrupted and +1 otherwise. An edge in G
is corrupted if exactly one of the two corresponding clauses in 1) is corrupted.

Degree of G%é(qf)). For C; € Hb(lL), the subgraph GE{L}:] (¢) corresponds to the edges colored
(L
u

red, i.e., all edges that C; participates in. The vertex z( 2} (1} has degree 2in G, )Cl((p) because

IC/NCy| =1.

illustration. Therefore, assuming that 1 is t-spread, we have a maximum degree bound on
G\ (¢) and GX),(¢) forallu € [p], C € H” and ¢’ € H®.

u,C’
L ~®
u,C’ Gu,C'

foranyu € [p], C € H,EL) and C’ € HEIR), the maximum degree of GE{L)C(QZ)), GflRé,((p) is at most 1/72.

Lemma 7.4.5 (Degree bounds for G ). Let 1 be an t-spread p-bipartite k-XOR instance. Then,

Proof. Consider any C € Hf,L) and two adjacent edges {2(51,S;)rZ(Sz,S{)} and {Z(Sl,SQ/)fZ(Sz,Sf)} in
GLL’)C(rj)) formed by joining C = 51 U S; with €’ =S| U S, and C” = ST US] € Hl(lR). As the edges
are adjacent, it must be the case that either S} = S7 or S; = 57, which means that |C’ N C”| > I_%J.
Thus, the degree of a vertex z(s, s;) in G is upper bounded by the maximum number of C’ € H,SR)
that all share the same L%J variables.

Suppose 1 is T-spread, meaning that deg, (Q) < % max(l,né‘l‘@') for Q ¢ [n]. Since
% -1- L%J < 0, we have that GLL():((]J) has maximum degree < 1/72. |

7.4.2 Proof outline

With the setup in Section 7.4.1 in hand, our proof now proceeds in three conceptual steps.

Step 1: graph pruning and expander decomposition. Suppose the instance ¢ has average
degree d. We first prune the instance using Lemma 3.1.1 such that the resulting constraint graph
has minimum degree > ed while only removing ¢ fraction of the constraints, where ¢ = 0(1). We
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further apply expander decomposition (Fact 3.1.2) to the pruned instance to obtain subinstances
@1, ..., ¢t while discarding only a ¢ fraction of the constraints of ¢ such that the constraint graph
of each ¢; has spectral gap Q(&2).
Step 2: relative spectral approximation and recovery of corrupted pairs. We show that for
each expanding subinstance ¢;, the basic SDP for the 2-XOR instance ¢; is equal to x*(x*)T,
where x* is the planted assignment for ¢. That is, the SDP solution is rank 1 and agrees with
the planted assignment for ¢. We show this by arguing that, for each ¢;, the Laplacian of the
corrupted constraints in ¢; is a spectral sparsifier of the Laplacian of the constraint graph of ¢; (see
Lemma 7.1.4). Here, we crucially use that each such constraint graph has large minimum degree
and spectral gap.

From this, it is trivial to identify the corrupted edges in each ¢;, as they are the ones violated by
the SDP solution. We are not quite done yet, however, because each constraint in ¢ corresponds
to a pair of constraints in the original instance .

Step 3: recovery of corrupted constraints from corrupted pairs. The previous step shows that
for all but a ¢ fraction of tuples (u,C, C’) where u € [p], C € Hl(f), and C’ € Hi,R), we can recover
the product &,(C)&,(C), where &,(C) = -1 if (u, C) is noisy in ¢, and is +1 otherwise. Because ¢
is small, it must be the case that for most u € [p], we know the product &,(C)&,(C’) (from Step 2)
for most pairs (C, C") with C € H,SL) and C’ € HL(IR).

Suppose we knew &,(C)E,(C’) for all (C,C’) € HL(,L) X HL(,R). Then, it is trivial to decode
&u(C) up to a global sign. Formally, we could obtain z € {-1, 1}H« where z¢ = a&,(C) for some
a € {-1,1}. From this, it is easy to obtain &, (C), as the fraction of C € H,, for which &,(C) = -1

should be roughly n < % ; so, if z has < %-fraction of —1’s, then z = &,(C), and otherwise

—z = &,(C). This, however, requires |H, | > Q(%) for a high-probability result.

Additionally, we do not quite know &, (C)&,(C’) for all (C,C’) € HY x 7P we only know
this for all but a ¢,-fraction of the pairs. By forming a graph G, where we have an edge (C, C’) if
(C,C’) is a pair where we know &,(C)&,(C’), we can thus obtain such a z for all C in the largest
connected component of G,. Because G, is obtained by taking a complete biclique and deleting
only a &,-fraction of all edges, the largest connected component has size (1 — ¢,)|H, |, and so we
can recover &,(C) for all but a ¢,-fraction of constraints in H,,. We do this for each partition u,
which finishes the proof.

7.4.3 Graph pruning and expander decomposition

This step is a simple combination of graph pruning and expander decomposition.
Lemma 7.4.6. Fix ¢ € (0,1). There is a polynomial-time algorithm such that, given a 2-XOR instance ¢
whose constraint graph has m edges and average degree d, outputs subinstances ¢1, ..., ¢t on disjoint
variables with the following guarantees: ¢1, . .., ¢ contain at least 1 — ¢ fraction of the constraints in ¢,
and for each i € [T], the constraint graph G; of ¢;, after adding some self-loops, has minimum degree at
least %ed and /\z(fci) > Q(sz/log2 m).

The self-loops in Lemma 7.4.6 are only for the analysis of fGl. and do not correspond to actual
constraints in ¢p;. Observe that adding self-loops to a graph G does not change the unnormalized
Laplacian Lg, but as D (the degree matrix) increases, the spectral gap of the normalized Laplacian,

ie. A2(Lg) = Aa(DZ*LeDZM?

c ), may decrease. The expander decomposition algorithm (Fact 3.1.2)
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guarantees that each piece, even after adding self-loops to preserve degrees, has large spectral
gap. This does not change the subinstances ¢1, ..., ¢, but in the next section, it is crucial that we
use this stronger guarantee to ensure a lower bound on the minimum degree.

Proof of Lemma 7.4.6. We first apply the graph pruning algorithm (Lemma 3.1.1) such that the
resulting instance has minimum degree > £d and at least (1 - %e)m constraints. Then, we apply
expander decomposition (Fact 3.1.2) that partitions the vertices of the pruned graph G’ into
V1,..., Vr such that the number of edges across partitions is at most £m, and for each i € [T],
the normalized Laplacian satisfies AZ(EGI{Vi}) > Q(e?/ log2 m). Here we recall that G’{V;} is the
induced subgraph of G” with self-loops such that the vertices in G’{V;} have the same degrees as
in G".

In total, we have removed at most em edges. This completes the proof. O

7.4.4 Rank-1 SDP solution from expansion and relative spectral approximation

We next show that for each subinstance ¢; obtained from Lemma 7.4.6, its constraint graph G
and the subgraph of corrupted edges H satisfy Ly < 1Lg. Recall from Lemmas 7.1.4 and 7.1.5
that this implies the basic SDP for the 2-XOR ¢; is rank 1 and agrees with the planted assignment
of ¢.

The next lemma is analogous to Lemma 7.1.5 but differs in an important way: a constraint in
¢ is corrupted if and only if exactly one of the two corresponding constraints in 1 is corrupted;
thus, the corruptions in ¢ are correlated. This is why each constraint in ¢ is obtained from one
clause in Hf,L) and one clause in HLSR) (recall Definition 7.4.1), so that in the proof below we have
independent randomness to perform a “2-step sparsification” proof. It is also worth noting that
the following lemma requires not just a lower bound on the minimum degree and spectral gap of
G but also that the original bipartite k-XOR instance 1) is well-spread, which allows us to apply
Lemma 7.4.5.

Same as Lemma 7.1.5, the following lemma is a purely graph-theoretic statement.

Lemma 7.4.7 (Relative spectral approximation with correlated subsamples). Suppose G = (V,E)
is an n-vertex graph with minimum degree dmin (self-loops and parallel edges allowed) and spectral gap

AZ(EG) =A > 0. Let m;,my € N, n € [0,1/2), and let 551), .. .,523,5?),...,5% be i.i.d. random
variables that take value —1 with probability n and +1 otherwise. Suppose there is an injective map that
maps each edge e — (c1(e), ca(e)) € [m1] X [m2], and for each i € [m1] (resp. j € [my]) define Ggl) (resp.
GJ(.Z)) be the subgraph of G with edge set {e € E : c1(e) = i} (resp. {e € E : ca(e) = j}). Moreover,
suppose Ggl) and G;z) have maximum degree < A for all i € [m1], j € [m3].

Let H be the subgraph of G with edge set {e eE: &Y )5(2) = —1}. There is a universal constant

c1(e)Zeale) —

B > 0 such that if dminA > BAlogn, then with probability 1 — O(n2),

Ly <max|[(1+6)-2n(1-n), % -Lg

for 6 = ,/Bﬁni:ﬁ".
Let y := 1-25 > 0 since 7 < 3. Notice that 2n(1 —n) = 3(1 - »?), which approaches 1 as
n— % Thus, if 6 < y?, then (1+6)-2n(1-7) < (1+y?)- %(1 -9?) < %, and Ly < %LG suffices to
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conclude via Lemma 7.1.4 that the SDP relaxation on the expanding subinstance is rank 1 and
recovers the planted assignment, which also gives us the set of corrupted constraints.

Proof of Lemma 7.4.7. First, note that by the definition of Laplacian and the spectral gap of Lg,
span(i)) is exactly the null space of L and is contained in the null space of Ly. Therefore, recalling
that Lg = Dl/ chDl/ 2 it suffices to prove that

| 2D LD (L) 2| < max ((1 +6)-2n(1 1), %) . 7.)

Here % is thei pseudo-inverse of EE, and ||EE ll2 < 1/A. For simplicity, for any graph G’, we will
write L == (L5)2D_"*Le DZVA(LE)V2. Thus,

= M @ __q).7 ~ -
Ih=y1 (Eq(e)%@) = —1) Lo, and E[L] =271 - ) Y L.

ecE ecE
Note that ), L.=Lga projection matrix, thus || DecE I:;”2 =1.
For each i € [m;], we further define Ggll and Ggl_) to be (random) edge-disjoint subgraphs of
Ggl) where G(.l) has edge set {e €E:ci(e) =1, £ = +1} and G?_) has edge set {e € E:ci(e) =

ca(e)
i, 5(2) = 1} Note that G(l) G(l) are independent of EW = (551),. .. (1)) By the maximum

cale) —
degree bound on Gg ), we have that ||LG(1) ||2 and ||LG<1) ||2 < ||LG(1)||2 < 2A. Thus,
=~ =~ ~ 2A
Bl NEcoll, = [IEanll, = 28-[2E], - IPEH < 77 (72)

Similarly, for j € [my], G(Z) and G(Z) are (random) edge-disjoint subgraphs of G;.Z) independent of

@ = (5(2), .. (2)) such that ||LG(2> ||2 and ”LG@ ”2 = df\ﬁ)\

Now, we first fix £@ e {-1,1}"2. Observe that we can write EH as

Lu= ), 1" =+1) Lo +1(&" =-1) Lo, (7.3)

i€[m]

and

E[Lulc®]=(-n) > Lw+n Y Lo

iefm] i€[m]

2 2 T
= (a-m-1®, = -0 +n-1el, =)L (7.4)
e€E
= Z Weye) L.
e€E

Here w,() € {n,1 -1}, thus ||]E[EH|£(2>]H2 > 17|| DecE I:,,”2 =1
We now split the analysis into two cases. Let g := 1/12.
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Case 1: 1 2 no. In light of Eq. (7.3), we define X; = 1(5(1) = +1)- EG(D + 1(5(.1) -1)- f

such that Ly = Yieim;] Xi- Moreover, we have that X; > 0 and || X]|2 < ZA 77 almost surely from
Equation (7.2). Thus, applymg matrix Chernoff (Fact 3.4.5), we get

AminA
(2) _252 (2 min
P {2 0o e} < n-oxp (5 e A5 -
6 ndmlnA )
Sn-exp _6—A ,

which is at most O(n72) as long as 6% > Bldili:%n for a large enough constant Bj.

Next, we similarly prove concentration for ||IE[EH|£ (2)]”2 over £@. Recalling Equation (7.4),

Lng(z) chz(e) Z wj Z L, = Z wi - G(Z)

ecE jelma] eeG(z) jelmo]

E[w;] = 2n(1 - 1), and ||E;0 E[Lu|c®]||, = 2n(1 = n)|| Zer Le||, = 2n(1 = ). Since IijfG;mll2 <

251:;%, we can apply matrix Chernoff again:

r<2> {
which is at most O(n72) as long as 6> > % for a large enough constant B,. Combining

dminA

T (7.6)

[EILa1E®)| > a+6)-200-m} <n- exp( L an—n).

both tail bounds, by the union bound, we have that with probability at least 1 — O(n
(1+6)-2n(1—n) as long as 6> > BAIOgn
proving the lemma for this case.

for a large enough B. This establishes Equatlon (7. 1)

Case 2: 1 < no. To handle this case, observe that the exact same analysis goes through for
={e€E: 5(1) =-lor 5(2) = —1} 2 H. Indeed, similar to Eqgs. (7.3) and (7.4), we have

ci(e) c2(e)
= Yicpm) Xi where X; = 1Y = +1) - Loy +1(6" = -1) - L,

A

(notice the 2nd term is Gl(.l)

G(l) G(l)

instead of GE +)), and

ElLgle®1=-n) >, Leo+n )] Lo =) Bo Lo = Z @) Leer,

i€[mi] ’ i€[mi] e€E j€lmz]

where w; = 1 if 5;2) = -1l and 7 if E;Z) = +1, hence E[w;] = n+1n(1 —n) = n(2—-n). Moreover,

B L5 1P, = 0@ = )| Zeer Lell, = n2 = ).
First, set 1 = 1o, and let Hy be the random subgraph as defined above. Similar to Eqs (7. 5)
and (7.6), we apply matrix Chernoff (Fact 3.4.5) and get that with probability 1 — O(n~

(1+0)-1n0(2-no) for 6 = Bﬁrjoan < 1. In particular, this means that L~ < 21n0(2 -no)Lg = LG

when g = 1/12.
Now, fix any 1 < 19. We can obtain a coupling between this case and the case when 1 = 1

by randomly changing & 51)

and 5;2) from +1 to —1 (while not flipping the ones with —1). Notice
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that H is monotone increasing as we change any +1 to —1 (whereas H is not!), thus we must have
Hc Ho in this coupling. Then, as H € H, we have

1
Ly < LIjI =< LHo < 3LG
with probability 1 — O(n72). This finishes the proof of Lemma 7.4.7. O

7.4.5 Recovery of corrupted constraints from corrupted pairs

We have thus shown that, with probability > 1 —1/poly(n), we can exactly recover the set of
corrupted constraints within each expanding subinstance ¢1, ..., ¢r. Recall that after pruning
and expander decomposition (Lemma 7.4.6), the expanding subinstances contain a (1 — ¢)-fraction
of all edges in the instance ¢, and the set of edges removed only depends on the constraint graph
and not the right-hand sides of ¢. As stated in Observation 7.4.2, the instance ¢ has exactly
m? [4p edges, and they correspond exactly to the set {(u,C,C’) : u € [p],C € Hf,L), C'e HLR)}, and
moreover an edge e in ¢ is corrupted if and only if exactly one of the two constraints (1, C), (u, C’)
is corrupted in the original instance ¢, where e corresponds to (1, C, C’). For each u € [p] and
CeH,=H, Dy H, (R) ,let &,(C) = —1if (u, C) is corrupted in ¢, and 1 otherwise. It thus follows
that we have learned, for 1 — ¢ fraction of all {(1,C,C’) :u € [p],C € HL(,L), C'e HL(,R)}, the product
éu(c) ' éu(c,)-

It now remains to show how to recover &,(C) for most u € [p], C € H,. For each u € [p],
let P, € {(C,C"): C ¢ H&L), C' e Hl(lR)} such that we have determined &,(C) - £,(C’), and let
P = Uyepp)Pu. We know that [P| > (1 - S)T—;. Let ¢, be chosen so that |P,| = (1 — eu)g, ie., €,1s

the fraction of pairs in Hl(,L) X HE,R) that were deleted in Lemma 7.4.6. Notice that we have
2

m
A-e)g- <IPl= )| Pul =1 Z(l—sw

) uelp] uelp] (7‘7)
- — Z ey < €.

P icm

One can think of this problem as a collection of disjoint satisfiable (noiseless) 2-XOR instances on
P,,, where each P, is a biclique (% vertices on each side) with ¢, fraction of edges are removed.

Algorithm 7.4.8 (Recover corrupted constraints from corrupted pairs).
Given: For each u € [p], aset P, C Hl(,L) X HLR) such that |P,| = (1 - (gu);”?z2 for ¢, € [0,1],
along with “right-hand sides” &,,(C) - £,(C’) for each (C, C’) € P,,.
Output: For each u € [p], disjoint subsets .?I,(}), &Zl,(f) C H,.
Operation:
1. Initialize: ﬂ,&l),ﬂf) = ( for each u € [p].
2. Foreachu € [p]:
(@) If e, > 1/3,set .?(5,1) = H, and ﬂf) = 0.
(b) Elseif ¢, < 1/3, let G, be the graph with vertex set H, = Hl(,L) U HflR) with
edges given by P,, and let S, be the size of the largest connected component
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in G.

(c) As S, is connected in G,, and we know &,(C)&,(C’) for each edge (C,C’)
in Gy, by solving a linear system of equations we obtain z € {1, 1}H« such
that either z¢c = £,(C) forall C € S, or zc = —&,(C) for all C € S,,. That is,
zc = &u(C) up to a global sign.

(d) Pick the global sign to minimize the number of C € S;, for which z¢ = —1. Set
AV =H,\S,and A® = {C €S, : zc = -1}

3. Output {ﬂil)}ue[p], {ﬂf)}ue[p].

We now analyze Algorithm 7.4.8 via the following lemma.

Lemma 7.4.9. Let n € [0,1/2), and let |H,| = % > %logn and |P,| = (1 - su)% with €, €

[0,1] for each u € [p], and %Zue[p] ey < €. The outputs of Algorithm 7.4.8 satisfy the following:
(1) 2uelp) |.?{£,1)| < 4em, and (2) with probability 1 — n=* over the noise {&u(C) Yuerp),cen,, for every
u € [p] we have that ﬂ,(,z) ={CeH,:&(C)=-1}\ ﬂ,(}).

Proof. Suppose that ¢, < 1/3. Observe that G, is a graph obtained by taking a biclique with left
vertices Hl(lL) and right vertices HL(,R), i.e., with m/2p left vertices and m /2p right vertices. The

following lemma shows that the largest connected component S, in G, has size at least %(1 —&y).

Claim 7.4.10. Let K, , be the complete bipartite graph with n left vertices L and n right vertices
R. Let G be a graph obtained by deleting ¢n? edges from K, ,. Then, the largest connected
component in G has size > 2n(1 — ¢).

We postpone the proof of Claim 7.4.10 to the end of the section, and continue with the proof
of Lemma 7.4.9.

We now argue that we can efficiently obtain the vector z in Step (2¢) of Algorithm 7.4.8.
Indeed, this is done as follows. First, pick one Cy € S, arbitrarily, and set zc, = 1. Then, we
propagate in a breadth-first search manner: for any edge (C,C’) in S,, where z¢ is determined, set
zcr = z¢ - £4(C)E4(C”). We repeat this process until we have labeled all of S,,. Notice that as S, is
a connected component, fixing zc, for any Co € S, uniquely determines the assignment of all S,,,
thus we have obtained z¢ = £,(C) up to a global sign.

Now, we observe that S, does not depend on the noise in . Indeed, this is because the pruning
and expander decomposition (and thus the graph G,) depends solely on the constraint graph G
of the instance ¢, and not on the right-hand sides of the constraints. The following lemma thus
shows that with high probability over the noise, the number of C € S, where &, (C) = —1 is strictly
less than 1/2|S,|. Hence, in Step (2d), by picking the assignment +z that minimizes the number
of C € S, with &,(C) = -1, we see that A? = {C € S, : zc = -1} = {C € S,, : £,(C) = —1}.

Claim 7.4.11. Let n € (0,1/2) be the corruption probability, and assume that p < n* and 72

(1%’; 7 log n. With probability 1 — n* over the noise in 1, it holds that for each u € [p] with

en <1/3,{C € Sy : &4(C) = =1} < LIS,1.

We postpone the proof of Claim 7.4.11, and finish the proof of Lemma 7.4.9. We next bound
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Zuelp] Iﬂi,l)l. By Eq. (7.7) we have that % 2 €u < €. Thus,

Z |Hu|Sﬂ Z 3e, < 3em.
ue,>1/3 ey, >1/3
Moreover, by Claim 7.4.10 we have |S,| > (1 - &,)|Hy,| = (1 - eu)%. Thus,

IREATAERDY gu-%

u:e,<1/3 uey<1/3

IA

Em.

Therefore, combining the two,

DAL = T IHANSul+ Y Hul < 4em,

uelp] ue, <1/3 e, 21/3
which finishes the proof of Lemma 7.4.9. O
In the following, we prove Claims 7.4.10 and 7.4.11.

Proof of Claim 7.4.10. Let Sy,...,S; be the connected components of G. Let ¢; = |S; N L| and
r; = |Si N R|. The number of edges in G is at most Zle biri.

Now, suppose that the largest connected component of G has size at most M. Then, we have
that {; + r;, < M for all i € [t]. Notice that the number of edges deleted from K, , to produce
G must be at least n% — 3.!_, £;7;, and this is at most en?. Hence, by maximizing the quantity
Zle {;ir; subjectto ¢; +r; < M forall i € [t] and 25:1 {; + r; = 2n, we can obtain a lower bound on
the number of edges deleted from K, ,, in order for the largest connected component of G to have
size at most M. We have that

t

t t 2
. €i+7’i M €i+r1~_nM
;fﬂ’zS;( > ) STZ > _TI

i=1

where the first inequality is by the AM-GM inequality. Thus,

M
87/1221’12—”7 == MZZn(l—é‘),

which finishes the proof. |

Proof of Claim 7.4.11. Let u be such that ¢, < 1/3, and let S,, be the largest connected component
in G,. Observe that S, is determined solely by the constraint graph of ¢, and in particular
does not depend on the noise in ¢ (and hence on the noise in ). As p < n* by assumption,
it thus suffices to show that for each u € [p], with probability 1 — n=2F it holds that |[{C € S, :
&(C)=-1} < %lSul. Notice that [{C € S, : £,(C) = —1}] is simply the sum of |S, | Bernoulli(,)
random variables. By Hoeffding’s inequality, with probability > 1 — exp(~262|S,|) it holds that
{C € S, : &u(C) = =1}| < (1 + 0)|Su|- We choose 6 = %(% —n)such thatn+0 < % forn e (O,%).
Then, by noting that 26%(S,,| > 26%(1— &,)|Hy| > 3(3 —n)* % . % > 2k log n since % > (1%’:])2 logn,
Claim 7.4.11 follows. m]
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7.4.6 Finishing the proof of Lemma 7.3.2

Proof of Lemma 7.3.2. We are given an 1-spread p-bipartite k-XOR instance ¢ with constraint
graph H = {H, },¢[p}, where we recall from Definition 7.3.1 that (1) m = |H| and each |H,| = % >
ZL%J and m is even, and (2) for any Q C [n], deg,(Q) < Tl—z max(1, né‘HQ'). For convenience,
312

let m > n's \/_ p where g :=C- (kl;)g;)z
First, we construct the 2-XOR instance ¢ defined in Definition 7.4.1. As stated in Observa-
tion 7.4.2, the average degree is at least d := 1%, and furthermore, by Lemma 7.4.5, the maximum

degree of fogj(qb) and fo():,(@ foranyu € [p], C € HL(lL) and C’ € H is bounded by A = 1/72.

The algorithm then follows the steps outlined in Section 7.4.2.

and y :=1-2n € (0,1] since 17 € [0, 3).

Step 1. We apply graph pruning and expander decomposition (Lemma 7.4.6) with parameter
g = %8, which decomposes ¢ into ¢1,...,¢r such that they contain 1 — ¢’ fraction of the
constraints in ¢, and their constraint graphs (after adding some self-loops due to expander
decomp051t10n) have minimum degree dmin > 3£’d =I5 £ﬁ2 and spectral gap A > Q(e”? /log m) =
Q(e2/(k2 log? n)).

Step 2. We solve the SDP relaxation for each subinstance ¢;. Let G be the constraint graph
of ¢; (with at most N < nk-1 vertices) and H be the corrupted edges of G. We apply the

relative spectral approximation result (Lemma 7.4.7) with 5(1) . S;zp (resp. 5(2) ey 52)/2]0)

being {—1, 1} random variables indicating whether each C € Hb(l ) (resp. C’ € H,g )) is corrupted.
1) @) ; : : (L)
Moreover, the subgraphs G, and G]. in Lemma 7.4.7 (which are simply subgraphs of Gu,c(¢)

and GilRé,(qb)) have maximum degree < A = 1/72. Thus, we have that with probability 1 — O(N~2),
1
Ly < max ((1 +06)-2n(1-n), 3 -Lg
where 6 = % < O( k:g?;n ) Plugging in 8 (for large enough C), we get that § < y2 =

1—4n(1 - n). Therefore, we have (1+06)-2n(1-n) < (1+y?)- %(1 -2 < %, hence Ly < %LG.
By union bound over all T < N subinstances, this holds for all subinstances ¢; with probability

— —L__ over the randomness of the noise.
poly(n)

Then, by Lemma 7.1.4, the SDP relaxation has a unique optimum which is the planted
assignment. Thus, we can identify the set of corrupted edges in each ¢;.
Step 3. So far we have identified, for > 1 — ¢’ fraction of all {(#,C,C’) : u € [p],C € H,EL), C' e
HZSR)}, the product &,(C) - £,(C’), where &,(C) = -1 if (u,C) is corrupted in 1, and +1 otherwise.
LetP, C {(C,C"):C € Hb(lL), C e HflR)} be such pairs for each u € [p], and let P = U,¢[,P,. Note
that |P| > (1 - ¢’ T—; and P depends only on H and not on the noise.

We then run Algorithm 7.4.8. By the assumption that 7 <

for a small enough ¢, we
klogn

have |[H,| = & > 2| 12J > (12‘5‘ 7 which is the condition we need in Lemma 7.4.9. Thus, with

probability 1 - n‘k, Algorithm 7.4.8 outputs (1) A; € H which only depends on H and such that
|Aq| < 4e’'m = em, and (2) A, C H, the set of corrupted constraints in H \ A;. This completes
the proof of Lemma 7.3.2. O
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7.5 Notions of relative approximation

In this chapter, we have encountered several notions of relative graph approximations. Let G
be an n-vertex graph, and let H be a random subgraph of G by selecting each edge with a fixed
probability n € (0,1). We are interested in the sufficient conditions on G for each of the following
to hold with probability 1 — o(1) (for some 6 = o(1)):

(1) Relative cut approximation: x "Lyx < (1+6)n-x"Lgx forall x € {-1,1}".

(2) Relative SDP approximation: (X, Ly) < (1+6)n- (X, Lg) for all symmetric matrices X > 0

with diag(X) = I.

(3) Relative spectral approximation: Ly < (1+06)n- L.

Here, we only state one-sided inequalities, as solving noisy XOR requires only an upper bound
on Ly. Note also that the above is in increasing order: relative spectral approximation implies
relative SDP approximation, which in turn implies relative cut approximation.

Recall from Lemma 7.1.3 that a lower bound on the min-cut of G suffices for cut approximation
to hold, while Lemma 7.1.5 shows that lower bounds on the minimum degree and spectral gap of
G suffice for spectral approximation to hold. It is natural to wonder whether a min-cut lower
bound is sufficient for SDP approximation as well, since it allows us to efficiently recover the
planted assignment in a noisy planted 2-XOR via solving an SDP relaxation (see Lemma 7.1.4).
Unfortunately, there is a counterexample.

Separation of cut and SDP approximation. The example is the same graph that separates cut
and spectral approximation described in [ST11]. Let n be even and k = k(n). Define G = (V,E)
be a graph on N = nk vertices where V = {0,1,...,n -1} x{1,...,k} and (u,i), (v,j) € V are
connected if v = u +1 mod n. Moreover, there is one additional edge e* between (0,1) and
(n/2,1). In other words, G consists of n clusters of vertices of size k, where the clusters form a
ring with a complete bipartite graph between adjacent clusters, along with a special edge e in
the middle.

Clearly, the minimum cut of G is 2k, which means that cut approximation holds. Essentially,
the special edge e* does not play a role here.

However, we will show that e* breaks SDP approximation. Define vector xo € R" such that
the (u, i) entry is

xo(u, i) = min(u, n —u),

and vectors x1, ..., x,—1 to be cyclic shifts of x: forw € {0,1,...,n -1},
Xw(u, i) = xo(u —w (mod n), i).

We note that xy is the vector shown in [ST11] that breaks spectral approximation. We now show
that X = 3\""_{ x,x] (scaled so that X has all 1s on the diagonal) breaks SDP approximation.

First, it is easy to see that the diagonal entries of X are all equal due to symmetry. Thus, for
some scaling ¢, cX > 0 and diag(cX) = I.

Observe that for w < 5 -1, x4,(0,1) = w and x4(5,1) = 5 —w. Forw >

> 5, x0(0,1) =n-w
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al’ld xZu(%, 1) =w - %. Thus, as x;rULe*xu] = (xu;(o, 1) - xW(E, 1))2,

n-1 5-1 " 2 =g 2
(X,Le) = Z XgLet Xy = Z (E —Zw) + Z (? —2w) =0(n?).

w=0 w=0 w=5%

On the other hand, x,;,Lg\e+ X0 = nk? for any w, thus (X, Lg\,+) = n2k?. This is o(n%), i.e. domi-
nated by (X, L.-), when k = o(+/n). Since e* is selected in H with probability ), we have that with
probability 7,

<X/ LH> 2 <X/ L€*> = (1 - 0(1)) : <X/ LG> s

which violates the desired SDP approximation.

7.6 Hypergraph decomposition

In this section, we describe the hypergraph decomposition algorithm used in Section 7.3 (for the
proof of Theorem 5). This algorithm is nearly identical to the hypergraph decomposition step of
Section 5.2.

Algorithm 7.6.1.

Given: A semirandom (with noise 17) k-XOR instance 1) with constraint hypergraph H over
n vertices, and a spread parameter 7 € (0, 1).

Output: Foreacht =2,...,k, a semirandom (with noise 1) planted t-spread p*)-bipartite
t-XOR instance gb(t) with constraint hypergraph {Hf,t)}ue[p(t)], along with “discarded”
hyperedges HV.

Operation:

1. Initialize: ) to the empty instance, and p) = 0 fort =2,... k.
2. Fix violations greedily:
(a) Find a maximal nonempty violating Q. That is, find Q C [n] of size 1 <
|Q| < k-1 such that deg(Q) =[{Ce€H:Q Cc C}| > Tl—zmax(l,ng‘@'), and
deg(Q’) < %max(l,né‘@") forall Q' 2 Q.
(b) Let g = |Q|. Letu =1+ p(k”‘q) be a new “label”, and define Hl(,kﬂ_q)
to be an arbitrary subset of {C\Q : C € H,Q <€ C} of size exactly 2 -
55 max(1, n379)).
() Set pk1=0 1 4+ p(k+1=0) and H « H\ H¥').
3. If no such Q exists, then put the remaining hyperedges in HV.

Lemma 7.6.2. Algorithm 7.6.1 has the following guarantees:
(1) The runtime is n°®,

(2) The number of “discarded” hyperedges is mV) = |HY| < k%zng,
(3) Foreacht € {2,...,k} and u € [p®], |HY| = ';;T(j = 2| 55 max(1,n'7371)),

(4) Foreacht =2,...,k, the instance ") is T-spread.
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Proof. The runtime of Algorithm 7.6.1 is obvious. We now argue that m () is small. By construc-
tion, HY is the set of remaining hyperedges when the inner loop terminates, and so we must
have deg({i}) < = max(l n’ 1) = 2n2 ~1 for every i € [n]; here, deg only counts hyperedges
remaining in H. We then have };c(,; deg({i}) = k|H M), as every C € H @ is counted exactly k
times in the sum. Hence, m® < ](1771%.

Next, for each t € {2,...,k}, by construction (Step (2b)) each I—Iff) has the same size, namely
2| 55 max(1, nt=5 ). It then follows that m®) : Zue[p(,)]lef)| =pt) -2| 55 max(1, nt=3=1)], and

SO |Hl(,t)| ’”((,; We also note that m*)/p(®) is clearly even.

We now argue that for each ¢, the instance ¢*) is 7- spread From Deﬁnition 7.3.1, we need
to prove that for each u € [p®] and Q < [n], deg,(Q) < = L max(1, ns1- Q). To see this, let
u € [p], and let Q, be the set “associated” with the label u, i.e., the set picked in Step (2a) of
Algorithm 7.6.1 when the label u is added in Step (2b). Note that we must have |Q,| =k +1—t.
Let H’ denote the set of constraints in H at the time when u and Hb(f) is added to ¢»*). Namely, we
have that for every C € Hl(,t), Q,UC € H,and Q,, C are disjoint. Now, let R C [n] be a nonempty
set of size at most ¢ — 1. First, observe that if R N Q,, is nonempty, then we must have deg, (R) = 0
(this degree is in the hypergraph Hl(f)). Indeed, this is because CNQ, = 0 forall C € Hl(f). So,
we can assume that R N Q,, = 0. Next, we see that deg, (R) < deg;;,(Q, U R) (where deg,,, is the
degree in H’), as Q, UC € H’ for every C € Hf,t). Because Q, was maximal whenever it was
processed in our decomposition algorithm and Q, ¢ Q, UR as R is nonempty and RN Q,, = 0, it
follows that

1 1
deg,,,(Q, UR) < = max(l,ng_lQ“Um) == max(1, n§_|Q“|_|R|)

1 1

== max(1, nt=3-1- IRly < — max(l nzl- IRTy

T T2

where the last inequality follows because t — % —1—|R| < % —1—|R| always holds, as t < k.
Finally, when R = 0, we trivially have

1 1 1
deg, (0) = =2 {Z_Tz max(1,n'~27)| < = max(1,7'737) < = max(1,n27"),
where we use again that t — % % as t < k. This finishes the proof. -

7.7 Theorem 5when k =1

In this section, we state and prove a variant of Theorem 5 for the degenerate case of k = 1. The
algorithm here is straightforward, and we include it only for completeness.

Lemma 7.7.1 (Algorithm for noisy 1-XOR). Let 1 € (0,1/2) be a constant. Let n € N and ¢ € (0,1),
and let m > O(nlogn/¢). There is a polynomial-time algorithm ‘A that takes as input a 1-XOR instance
Y with constraint hypergraph H and outputs two disjoint sets A1 (H), A2() € H with the following
guarantees: (1) for any instance ¢ with m constraints, | A1(H)| < em and A1(H) only depends on H,
and (2) for any x* € {=1,1}" and any k-uniform hypergraph H with at least m hyperedges, with high
probability over ¢ «— {(H, x*,1), it holds that Ax(Y) = Ey N (H \ AL(H)).
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Proof. First, observe that a 1-XOR instance is a degenerate case where H is a multiset of [r] of size
m. Let S C [n] denote the set of i € [n] where i appears in H with multiplicity < clogn, where ¢
is a constant to be determined later. Let A1(H) denote H N S, i.e., the set of elements in H that are
in S. We clearly have that |A1(H)| < cnlogn < em.

Now, leti ¢ S. Observe that for each occurrence of i in H, we have a corresponding independent
right-hand side b € {-1,1} where b = x} with probability 1 —7n and —x} with probability 7.
Thus, by taking the majority, we can with high probability decode x} and thus determine the
corrupted constraints. It thus remains to show that with probability > 1 —1/poly(n), the fraction
of corrupted right-hand sides for i is < % Indeed, by a Chernoff bound, with probability
> 1—exp(—26%clogn), it holds that the fraction of corrupted right-hand sides is at most (1 + 6).
By choosing 6 = 1(3 — 1)) and c to be a sufficiently large constant, Lemma 7.7.1 follows. |
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Part 11

Extremal Girth vs. Density Trade-Offs for
Hypergraphs
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Chapter 8

Background and Results

A very basic, well-studied problem in extremal combinatorics is to understand the length of the
shortest cycle in d-regular graph G. If d > 3, by computing the size of the ball of some radius
r around a vertex v in G, one can show that G must have a cycle of length 2log;_, n +2; this is
the well-known Moore bound for graphs. One can ask the same question more generally for
irregular graphs with average degree d, i.e., what is the extremal girth vs. density trade-off for
graphs? This question was resolved in the work of [AHL02], which extended the classical Moore
bound to the setting of irregular graphs.

Feige’s conjectured Moore bound for hypergraphs. In [Fei08], motivated by the refutation
witnesses established in [FKOO06] (which is covered in detail in Section 4.1.2 in Part I of this
thesis), Feige made an elegant conjecture on the existence of even covers (hypergraph cycles) in
sufficiently dense hypergraphs. This conjecture can be interpreted as generalizing the classical
Moore bound to hypergraphs. Let us explain this conjecture below.

Definition 8.0.1 (Even covers and girth). For a k-uniform hypergraph H on [n], an even cover
(hypergraph cycle) of length r is a collection of r distinct hyperedges C1, Co, ..., C, in H such that
every vertex in [1n] appears in an even number of C;’s. The girth of H is the length of the smallest
even cover in H.

Conjecture 8.0.2 (Feige’s conjecture, Conjecture 1.2 in [Fei08]). Every k-uniform hypergraph H on
[n] withm > my = O(n) (%)§_1 hyperedges has an even cover of length O({log n).

Conjecture 8.0.2 has implications beyond finding FKO certificates. For example, one can
identify the k-uniform hypergraph H with its incidence matrix A € F}*™ that has k-sparse
columns; the girth of H is the size of the smallest set of linearly dependent columns of A. By
viewing A as the parity check matrix of a low-density parity check (LDPC) code, Conjecture 8.0.2
conjectures an extremal rate vs. distance trade-off for LDPC codes.

In this thesis, we prove Feige’s conjecture using Kikuchi matrices. This argument is a spectral
double counting argument that relates subexponential-time smoothed refutation algorithms and
the existence of even covers in hypergraphs. As explained in Section 4.1.2, as a corollary of our
proof of Conjecture 8.0.2, we show that there are efficiently verifiable witnesses of unsatisfiability
for smoothed instances of all k-CSPs with m ~ n*¥/2-% constraints, for some constant oy, which is
polynomially smaller than the threshold at which efficient refutation algorithms exist even for
random k-CSPs.

A brief history of the conjecture. For k = 2, an even cover is a 2-regular subgraph (and thus a
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union of cycles) in a graph, and thus the conjecture above reduces to the question of determining
the maximum girth (the length of the smallest cycle) in a graph with n vertices and nd/2 edges
for parameter d. As mentioned earlier, the best-known bound is due to [AHL02], which proved
that for every graph on n vertices with nd/2 edges for d > 2, there is a cycle of length at
most clog, ; n for ¢ < 2. The best-known lower bound on the girth is clog, ; n for ¢ > 4/3
by Margulis [Mar88] and Lubotzky, Philips and Sarnak [LPS88] via explicit constructions of
Ramanujan graphs. Obtaining a tight bound on ¢ has been an outstanding open problem for the
last 3 decades.

As is typically the case for hypergraph Turan problems, much less is known for hypergraphs.
When k even and { = O(1), Naor and Verstraete [NV08] proved the conjecture. They were
motivated by the connection to the rate vs. distance trade-off for LDPC codes explained above.
In the more challenging case when k is odd, the bounds for { = O(1) case in [NV08] were
improved to essentially optimal ones in [Fei08]. For ¢ > 1, the best previous bound for 3-uniform
hypergraphs is due to a simple argument of Alon and Feige [AF09] (Lemma 3.3), who proved
that every 3-uniform hypergraph with O(n?/¢) hyperedges has an even cover of size ¢ (this
is off by ~ v/n factor in m). For 3-uniform hypergraphs with m > n'¢ (and the case when
m > n*/% in general), [[HL"12] proved that there are even covers of size O(1/¢). Finally, Feige
and Wagner [FW16] proved some variants (“generalized girth problems”) in order to build tools
to approach this conjecture.

To summarize, prior to this thesis, the conjecture was known to be true only for ¢ = O(1). For
larger ¢, the only approach was the combinatorial strategy introduced in [FW16]. In this thesis,
we prove Feige’s conjecture (up to logn slack in m) via a new spectral double counting argument.
Theorem 6 (Feige’s conjecture is true). For every k € IN and { = €(n), every k-uniform hypergraph H
withm > my=n - 20(")(%)%‘1 -log, n hyperedges has an even cover of size O({ log n).

We note that the original version of this theorem proven in [GKM22] had a larger polylog(n)
factor, which was improved in a follow-up work of [HKM?23]. In this thesis, we include the
improvements of [HKM23] to the original proof in order to show the stronger result.

Our spectral double counting argument is heavily derived from our analysis for smoothed
refutation using our Kikuchi matrices. Indeed, our proof of Theorem 6 mirrors our steps in the
analysis of our refutation algorithm. In fact, in a precise sense (as we explain in Chapter 9), our
approach gives a tight connection between even covers in hypergraphs and simple cycles (and in
turn, the spectral norm of the corresponding adjacency matrix) in the “Kikuchi graph” built from
the hypergraph.
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Chapter 9

A Proof of the Hypergraph Moore Bound

In this chapter, we prove Feige’s conjecture (Theorem 6), that every k-uniform hypergraph with a
sufficient number of hyperedges has a short even cover.
We begin by defining even (multi)covers.

Definition 9.0.1 (Even (multi)covers). Let H be a k-uniform hypergraph on [n]. A set of distinct
hyperedges C1,C,...,C, € H is said to be an even cover of length r in H if every element j € [n]
belongs to an even number of C;’s; equivalently, ®'_, C; = 0. An even multicover in H is exactly
the same except C1, Cy, ..., C, € H need not be distinct. Even (multi)covers are defined similarly
for bipartite hypergraphs, using the hyperedges (1, C).

We note that if H is not simple, i.e., H is a multi-set, then H trivially has an even cover of
length 2. Indeed, H must contain distinct elements C; and C, that are equal as sets, and so
CioCr=0.

Analogous to the proof of Theorem 4.1.6 presented in Part I, we will first give a simple proof
of Theorem 6 when k is even (Section 9.1), which will serve as a warmup to the full proof. Then,
we will prove the full theorem in Section 9.2, which has a substantially more technical proof.

9.1 Proof of Theorem 6 for even k

Let H be a k-uniform hypergraph, and suppose that H has m > T* - n (%) £ log, n hyperedges,
where I is an absolute constant. In Section 2.2, we gave an algorithm to certify that, for random
bc’s chosen in {-1,1} independently for each C, the polynomial ¢(x) = L 3.4 bexc satisfies
val(¢) < 0.5 (we can set 0.5 to be any constant < 1).

We will now observe that if we assume that H has no length O({logn) even cover, then a
near-identical proof implies that the same conclusion holds, namely that val(¢) < 0.5, regardless
of the choice of bc’s! This conclusion is absurd, as by setting bc = 1 for all C € H, we clearly
val(¢) =1 > 0.5. Hence, we conclude that H has a length O(flog 1) even cover.

We will present the argument below by choosing bc = 1 for all C, which suffices to prove
Theorem 6. We can also view this argument as spectral double counting argument: the choice of
bc =1 for all C yields a lower bound on |Al|2, where A is the matrix from Section 2.2. We then
upper bound A2 using the fact that H has no length O(flog 1) even cover.

Let us now present the full proof. We will assume familiarity with the notation and definitions
from Section 2.2. Recall that by Eq. (2.2), we have that Ay > %Val(qb) = % Hence, it suffices to
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show that when H has no even cover, ||A]|> < % To show this, we will use the trace moment method.
Let r = O(¢logn). Because A is symmetric, we have that

A" < tr(A%) = tr(W™2PAWTY2)2) = tr(WLA)).

We can view W' A as the (weighted) adjacency matrix of a graph, and so the quantity tr((W~1A)?")
counts weighted closed walks of length 2r in the graph.
The graph WA has an edge (S, T) with weight Tls if and only if S® T € H. Thus, a closed
walk of length 2r is a sequence Sy, S1, . .., Sor such that Sg = Sy, and S;-1 & S; = C; € H for all
€ [2r]. It then follows that

@ZSOGBSzr=(50@51)@(51@52)@"'@(527_1@527)=C1€B"'EBC27.

The critical observation: closed walks are even multicovers. We can thus make the following

critical observation: every closed walk in the Kikuchi graph W™'A corresponds to an even
multicover in H — an even cover where a C € H may be used multiple times. Furthermore,
because we assumed that H has no even cover of length < 2r = O({logn), it follows that
any closed walk must correspond to a trivial even multicover — an even multicover where each
hyperedge C € H appears an even number of times. Indeed, for any closed walk, we can consider
its corresponding multicover, and try to “pair up” the hyperedges used in the closed walk. The
set of “unpaired” hyperedges in the walk clearly forms an even multicover and has no repeated
edges, i.e., it is an even cover, and it clearly has length < 2r. But, the hypergraph H has no such
even cover, and so there can be no “unpaired” hyperedges.

To finish the proof, we will bound the total weight of all walks that correspond to trivial even
multicovers. We can encode the walk as follows.
(1) We choose the starting vertex Sy € ([’;]).

(2) We choose a bit z; € {0,1} where z; = 0 indicates that C; will be a “new” hyperedge that is
distinct from all Cy, ..., C;_1, and z; = 1 indicates that C; will be an “old” hyperedge, i.e., it is
one of Cy,...,C;_1. We note that, as argued above, we must have at least r “old” hyperedges.

(3) We construct the walk by choosing Cjy, ..., Cy, in order. On the i-th step, if z; = 0 then we
pick C; from one of the neighbors of S;_1. If z; = 1, then we pick C; from Cy,...,C;— and set
S;i=S;i18C;.

Note that it is possible that some choices will yield an invalid walk, i.e., we try toset S; = S;_1 @ C;

but |S;| # ¢. This is acceptable because we are overcounting the number of walks.

Let us now count the total weight of all walks. We pay N - 22" to choose Sp and z1, . . ., zo;.

For a fixed choice of Sp and z, ..., z2,, we pay ﬁ Ys, , on the i-th step if z; = 0, as S;-1 has
i-1
Y5, , neighbors (recall this is the definition of Ys), and the edge has weight ﬁ Note that
i-1

Ws,, = Ys,_,, so this is at most 1. If z; = 1, then we pay at most 7—, as there are at most r

distinct hyperedges used in the entire walk. Because Ws, , > mD/ N 1t then follows that we pay
at most N L for each step, and we have set z; = 1 for at most r choices of i. Hence, in total, we
have

(WA < N2¥ (n%) .
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Recall that by Fact 3.6.1, N/D ~ (n/ ¢)*/2, and so by our choice of m, it follows that % < &, where
¢ is a small constant to be chosen later. Taking 2r-th roots, we thus conclude that

IAll2 < O(Ve).

Setting ¢ to be a sufficiently small constant then finishes the proof.

9.2 Proof of Theorem 6 for all k

We now prove Theorem 6 for all k, and in particular when k is odd. Our proof closely mimics
the steps taken in Sections 5.2 to 5.4 on the way to obtaining an efficient refutation algorithm for
semirandom sparse multilinear polynomials. In the first step, we observe that without loss of
generality, we can assume that H is a simple, p-bipartite, (¢, {)-regular hypergraph for € = 1/4.

Lemma 9.2.1 (Reduction to Simple, p-bipartite, (1/4, £)-regular hypergraphs). Fix k, ¢ = {(n) € N
with 2(k — 1) < ¢ < n. Suppose that for every p-bipartite, (1/4, {)-reqular, simple k-uniform hypergraph
H = {Hy }yep) with m > max{c (%) k3 \pllog, n,16p} hyperedges for some absolute constant c and
|Hy,| = % for all u, there exists an even cover in H of length at most r. Then, every k-uniform hypergraph

H withm >T*-n (%) 31 log, n hyperedges has an even cover of length at most r.

Proof. Let H be an arbitrary k-uniform hypergraph. First, note that if H is not simple, we are
immediately done since any pair of parallel hyperedges yields an even cover of size 2. We
thus assume that H is simple. Apply the decomposition algorithm from Lemma 5.2.7 to H
to get bipartite hypergraphs H, ..., H®); these hypergraphs must be simple, as H was. As
Zle m® = m, there must exist some t with 1 < t < k such that m® > m/k. AsmV) < em/k
always holds, we must have t # 1. The bound on m*)/p) in Lemma 5.2.7 implies that m®) >

k-1
m/k > max{c* (%) 7 \/p"elog,n,16p"}. Thus, the p)-bipartite (1/4, {)-regular hypergraph
H® must contain an even cover, say (u1,C1),...(uy, Cp) for some r’ < r. From Lemma 5.2.7, for
each u;, there is a Q; such that each hyperedge (u;, C;) in H*) is a bipartite contraction of the
unique hyperedge (Q; U C;) in H. We then observe that (Q; U Cy),...,(Q, UCy) is trivially an
even cover of length r” < r in H, which finishes the proof. O

This brings us to the crux of the argument presented in the following lemma.

Lemma 9.2.2 (No even covers implies refutation for semirandom polynomials on regular bipartite
hypergraphs). Fixanodd k € Nand { = {(n) with2(k —1) < { < n. Let H = {Hy },c[p) be a p-bipartite

(1/4, ¢)-regular simple k-uniform hypergraph with m > my = max(c* (%) £ \/pllog, n,16p) hyper-
edges, where c is an absolute constant, and |H, | = % for all u. Let i be the polynomial X uelp] ZiCeH, bu,cyuxc
for arbitrary b, c € {-1,1}. Suppose that H has no even covers of length < O(flogn). Then,
val(y) < 0.5.

Observe that this lemma has an absurd conclusion. Clearly, if one sets b, c = 1 for all u, C,
then val(¢) is trivially 1: simply set x = 1" and y = 17. Thus, this lemma immediately gives a
contradiction, in that H must admit an even cover of length O({ log n).

The reason we state the (somewhat absurd) lemma is because as we will see, our proof mimics
our refutation argument from Section 5.4 and shows that we can essentially carry out all the
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steps for arbitrary b, c’s as long as we can assume that H has no even covers of length O(¢logn).
Lemma 9.2.2 effectively captures this argument and, in our opinion, is the most enjoyable way to
present it.

It is easy to finish the proof of Theorem 6 assuming the Lemma 9.2.2.

Proof of Theorem 6. By Lemma 9.2.1, we can assume that H = U, ¢[,)Hy, is a (1/4, £)-regular, simple,
k-uniform bipartite hypergraph with p < n* partitions and m > mg hyperedges.

Suppose for the sake of contradiction that the hypergraph H has no even cover of length
O(flogn). Wesetb, c = 1forevery u,C, and consider the polynomial ¢ = ﬁ Zue[p] 2.ceH, bu,cyuxc
in x,y. Observe that by setting x = 1",y = 17, we obtain that val(i)) = 1. On the other hand,
applying Lemma 9.2.2 to ¢ yields that val(y) < 0.5. This is a contradiction, and so H must have
an even cover of length < O({logn). O

We now focus on the proof of Lemma 9.2.2.

9.2.1 Proof of Lemma 9.2.2

Our proof follows the exact same outline as in Section 5.4 for finding an efficient refutation
algorithm for the polynomial ¢p. One important difference is that in this section, we will use the
argument to argue an upper bound on val(y); we do not care about finding an efficient certificate
for a bound on val(y’) here.

The key observation that we use in this proof is that there is exactly one step of the proof
in Section 5.4 that uses the randomness of the coefficients b, c’s — namely, Lemma 5.4.7. Our
proof in this section is exactly the same with the key innovation being an analog of Lemma 5.4.7
that works for arbitrary b, c’s as long as H has no O({ log n)-length even cover. Indeed, as the hy-
pergraph H satisfies the assumptions of Theorem 5.3.4, with this observation we immediately see
that in order to finish the proof, it suffices to show that the spectral norm bounds in Lemma 5.4.7
still hold. In what follows, we use the exact same notation and conventions as in Section 5.4.

Let f be the polynomial obtained in Lemma 5.4.1 to the polynomial ¢. Let B be the pruned
Kikuchi matrix (Definition 5.4.2 and Lemma 5.4.4) corresponding to the polynomial f. Us-
ing Lemma 5.4.3 (and the fact that it holds for B as well), we obtain that:

val(p)? < — +val(f) < %llW‘l/zBW_mllz (W),

_12

where we use that 12p < m, and W is the matrix defined in Lemma 5.4.7." Recall also that

D = (lféll) (2'; (Zk(kl)l)) if k is odd and 2(k 1)( )(Z'Z (2k(k1)1)) if k is even.

Then, following the steps in the proof of Section 5.4.4, all that remains to be shown is the
conclusion of Lemma 5.4.7 holds. In Section 5.4.4, we proved Lemma 5.4.7 by crucially exploiting
the randomness of b, c’s. Here, the b, c’s are allowed to be arbitrary. We nonetheless show that
the same conclusion holds if we additionally assume that H has no small even cover. Formally,
we prove the following lemma.

IWe note that this is the only other part where we deviate at all from the proof in Section 5.4; here, we now have
12p < m instead of 16p < m because we removed 4p edges; this is not important.
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Lemma 9.2.3 (Spectral Norm of W~1/2BW~1/2 when H has no small even cover). Suppose that the
(1/4, t)-regular p-bipartite simple k-uniform hypergraph H associated to the polynomial 1 has no even
cover of length < col log, n for some large enough constant co. Then, we have

pNtlogn +ApN€logn

W—l/ZBw—l/Z <0
l 2 < D D

Lemma 9.2.3 finishes the proof of Lemma 9.2.2. Indeed, via the identical calculation in
Section 5.4, it implies that [|[W~1/2BW=1/2||, - tr(W) < &2 = &, and thus val(¢) < 5 + £ < 1,0
we are done.

It thus remains to prove Lemma 9.2.3.

Proof of Lemma 9.2.3. We will follow the proof of Lemma 5.4.7 that uses the trace method (Sec-
tion 5.4.4). We know that |[IW=Y2BW=1/2||; < tr(WY2BW~1/2)2)1/2 = tr((W~1B)?")V/?" for every
r € N. We prove Lemma 9.2.3 by upper bounding tr((W~!B)*) for some r = O(¢ log, n).

We remind the reader that the trace moment method is classically used in analyzing the
spectral norms of random matrices. In that setting, one bounds the expectation of tr((W~'B)*")
which is analyzed by understanding the terms on the expansion on the right-hand side above
that contribute a nonzero expectation often by utilizing inherent independence in the random
variables appearing as entries of the matrix B. In contrast, there is no randomness in the matrix
B, and so we are not bounding the expectation. Instead, we will analyze the “contributing”
terms on the right-hand side by appealing to a crucial (and hitherto unobserved) property of the
contributing walks in the Kikuchi matrix. We stress that the analysis appearing below does (as in
fact any such analysis must!) strongly rely on the combinatorial structure of the support of the
nonzero entries in our Kikuchi matrix B and cannot work for arbitrary matrices.

In fact, our key observation is to show that if H has no short even covers, then our upper
bound on the expectation of tr((W~!B)?") in the semirandom setting (Proposition 5.4.14) still holds
for tr((W~1B)?), i.e., when the b, ¢’s are arbitrary. Formally, we show the following.

Proposition 9.2.4. Suppose that the (1/4, {)-reqular p-bipartite simple k-uniform hypergraph H asso-
ciated to the polynomial 1 has no even cover of length < 4col log, n for some large enough constant co.
Then, for r < col log, n, it holds that

tr(WBM) < Y > wi(S, (u1,C1, C), ..., (2, Car, Cp,)
56(2[”) even walk sequences
(u1,C1,C),.. (1t2r,Car,C3, ) for S

We note (at the cost of repetition) that Proposition 9.2.4 holds regardless of the b, c’s and is a
consequence of the combinatorial structure of the support of Kikuchi matrices.

We now finish the proof of Lemma 9.2.3 assuming Proposition 9.2.4. This is immediate given
the calculations in Section 5.4.4. By Lemma 5.4.15, we know that for each S, the total weight of

2r r
. N 2
such sequences is at most (4r)" (752 D) (2’;1—ND + rAz) . Hence,

pN )2r (ZmZD

—1/2p1A7-1/2112 —1p\2
IW-2BW2|12 < tr((W™'B) f)SN(4r)f(m2D N

.
+ rAZ) .
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Setting r = col log, n for c¢ a sufficiently large constant, the above implies that

N N
pT +rA P
N m2D m2D

assuming that H has no even cover of length < 4r = 4¢flog, n. This finishes the proof, up to
Proposition 9.2.4. O

IW2BW12|, < O

7

Proof of Proposition 9.2.4. We compute:

2r
B = Y EI[ | BuSie Sul, ©.1)
(u1,51),...(u2r,S2r)  h=1
where we use the convention that 5,1 := 11 and Sy := Sy,.

Observe that each term in (9.1), ignoring the weights from W, can contribute a value at most 1
since all b, c’s are {+1} and H is simple. Thus, the RHS of (9.1) is upper bounded by the total
weight of nonzero “walk” terms, i.e., the total weight of the terms in the sum in (9.1).

The central observation is the following lemma that observes a combinatorial property of

nonzero terms on the RHS in (9.1).
Claim 9.2.5 (nonzero terms are even multicovers). If the walk term corresponding to (11, S1, 12, S2, .

is nonzero, then for every h € [2r], there exist Cj, # C), € Hy, such that Sj41 =5, @ C;ll) ® C;l(z).
Moreover, &, _,, (un, Cp) ® (up, C)) = 0, ie., {(un, Cp), (un, C} )} n<2s is an even multicover in H.

Proof. By definition of the Kikuchi matrix, the (unweighted) walk term equals

Cl(,ll)/c;,l 2)
[ [ BuSi-t80 < [ [ 161 <= s,

h<2r h<2r

where for each i, Cj,, C ,’1 € H,,. Here, the inequality holds because B,,’s are the pruned matrices
(Lemma 5.4.4); we have equality if we used the A,’s instead and included the coefficients b, c,
and by, .

Clearly, if the term corresponding to (u1, S1,u2,S2, . . ., t2;, Sor) is nonzero then 1(Sy,—;
Si) = 1 for every h < 2r. Expanding the definition, this implies that S, = 5,1 ® C,(f) ® C;l(z).
To show the “moreover”, we observe that by adding up all the aforementioned two equations,

we obtain:
2r-1 2r

2r
@Sh - @sh@@cg)@qw.
h=1 h=0 h=1
As Sp = Sy, canceling the S;,’s on both sides yields EB <o C;ll) @ C;l(z) = (). This then trivially
implies that B, _,, Cr = @,,.,, C;, = 0, and hence &P, _,,(ur, Cp,) ® (up,, C;) = 0, as (up, Cp) ©
(uh,C;l) = ChGBCZ. O

Observe that the even multicover {(uy, Cy), (un, C} ) }n<2r in Claim 9.2.5 need not be an even
cover as the (uj, C)’s need not be distinct. Indeed, the main punch of what follows is that when
there are no small even covers in H, then the (1, Cy)’s must occur in pairs, i.e., each (uy, Cj)
appears an even number of times in the two multicovers obtained in Claim 9.2.5.
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Claim 9.2.6 (No short even cover implies short multicovers are unions of pairs). Suppose H =
{Hu}ue[p) has no even cover of length < 4r. Then, if the walk term in (9.1) corresponding to
{un, Sn, Cn, C} }n<or is nonzero, then each (u, C) € U¢[,)H, occurs an even number of times in
the multiset {(un, Cy), (un, C})}n<2r. In particular, {(un, Ci, C))}n<ar is an even walk sequence for Sy,
as defined in Definition 5.4.13.

Proof. From Claim 9.2.5, @;zle(uh, Cn) @ (un, C}) = 0. Start from the multiset {(u, Cy), (un, C))}n<or,
and remove pairs greedily until this is no longer possible. Observe that the symmetric difference
of the resulting set must also be empty since we removed sets in equal pairs. If at the end of this
process, we are left with a nonzero number of hyperedges, i.e., we assume that the conclusion
does not hold, then we have at most 4r distinct hyperedges whose symmetric difference is empty.
Thus, the remaining set must be an even cover of length < 4r in H, which is a contradiction. O

Combining Claims 9.2.5 and 9.2.6, we thus see that the RHS of (9.1) is upper bounded by

Z Z Wt(S/ (ull Cl/ Ci)/' . '/(uZV/ CZT’/ Cér))/

S even walk sequences
(41,C1,CY),. (u2r,Car,C5, ) for

which finishes the proof of Proposition 9.2.4. |
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Chapter 10

Background and Results

A locally decodable code (LDC) is an error-correcting code that admits a local decoding algorithm
that can recover any symbol of the original message by reading only a small number of randomly
chosen symbols from the received corrupted codeword. A locally correctable code (LCC) is a
closely-related notion: a code is locally correctable if it admits a local correction (or self correction)
algorithm that can recover any symbol of the original codeword by reading only a small number
of randomly chosen symbols from the received corrupted codeword. More formally, we say
that a code C: {0,1}F — {0,1}" is g-locally decodable (correctable) if for any codeword x, a
corruption y of x, and input i € [k] (u € [n]), the local decoding (correction) algorithm reads
at most g symbols (typically a small constant such as 2 or 3) of y and recovers the bit b; (x,)
with probability 1/2 + ¢ whenever A(x, y) = [{v € [n] : xy # y»}| < On, where 0, the “distance”
of the code, and ¢, the decoding accuracy, are constants. Local correction is known to be the
stronger notion: any LCC can be turned into an LDC with only a small loss in parameters.!
The central two questions in the study of LDCs/LCCs are to (1) determine the smallest possible
blocklength 7 as a function of the message length k for a fixed number of queries g, and (2)
determine the relationship between local decoding and correction, i.e., determine if LDCs and
LCCs are equivalent, or if LDCs are strictly weaker than LCCs.

Though formalized later in [KT00], local decoding/correction was first introduced for pro-
gram checking [BK95], and early applications utilized that Reed—Muller codes are locally cor-
rectable via polynomial interpolation. Since then, LDCs/LCCs have been a mainstay in com-
plexity and algorithmic coding theory with a long array of applications. An abridged list
(the surveys [Tre04, Yek12, Dvil2] provide details) of applications includes sublinear algo-
rithms and property testing [RS96, BLR93], probabilistically checkable proofs [ALM*98, AS98],
IP=PSPACE [LFKN90, Sha90], worst-case to average-case reductions [BFNWO93], constructions
of explicit rigid matrices [Dvil0], derandomization [DS05], data structures [Wol09, CGW10],
fault-tolerant computation [Rom06], secure multiparty computation [IK04], and t-private in-
formation retrieval protocols [IK99, BIW10]. The existence of LCCs turns out to have natural
connections to incidence geometry [Dvil2], additive combinatorics [BDL13], and the theory of
block designs [BIW10].

For any constant g € IN, Reed-Muller codes (i.e., evaluations of (g — 1)-degree polynomials)

1See Fact 3.3.8.

119



1

yield binary, linear” g-LCCs (and therefore also g-LDCs) with a blocklength n < 20(") Given
their extensive applications and connections, finding LDCs/LCCs of smaller blocklength has
been a major project in theoretical computer science over the past three decades with some
remarkable successes over the years. For example, multiplicity codes [KSY14] significantly beat
the blocklength of Reed—Muller codes in the super-constant query regime. In the constant-query
regime, matching vector codes [Efr09, Yek08] give a construction of linear 3-LDCs with a strictly
subexponential (i.e., n < exp(exp(O(y/log k loglog k)))) blocklength; it is not known whether
or not these codes are locally correctable. To sidestep the difficulty of finding more efficient
LDCs/LCCs, the work of [BGH"04] introduced relaxed LCCs that soften the local correction
property and has seen exciting recent developments [GRR20, AS21, CGS20, KM24c, CY23]. These
successes notwithstanding, constructing better constant-query LDCs/LCCs has remained a major
open question (see, e.g., Chapter 8 in [Yek12]), and for constant 4, Reed—Muller codes remain the
best-known construction of g-LCCs.

LDC and LCC lower bounds. The lack of progress on finding better constant-query LCCs has
motivated a long-investigated conjecture that Reed—Muller codes might be optimal constant query
LCCs. The work of [KW04, GKSTO06] essentially confirmed this conjecture for the “base case”
of g = 2 by proving that n > 29K for any two-query LDC. This matches the construction of
Hadamard codes, which are 2-LCCs (and therefore also 2-LDCs) with n = 2¥. For g > 3, however,
the best-known lower bounds for LDCs/LCCs are substantially weaker, and in particular are
only a (small) polynomial in k: the works of [KW04, Woo07] prove that g-LDCs (and therefore
also g-LCCs) must have n > Q(kl/(l_l/f%“), which is 7 > Q(k2) in the case of g =33

Limitations of prior lower bound techniques for LCCs. Beyond the weakness in the quantitative
results, all the above lower bounds, when applied to LCCs, suffer from an important inherent
limitation — they also hold even for the weaker setting of locally decodable codes (LDCs). As we
mentioned above, there are subexponential length (and thus substantially beating Reed—-Muller)
3-query binary, linear codes that are locally decodable [Yek08, Efr09]. Indeed, characterizing the
limitations of prior proof techniques and finding methods that could separate LCCs and LDCs
has itself been a major research goal. For example, Dvir, Gopi, Gu and Wigderson [DGGW19]
formalize the limitations of prior lower bound techniques for LCCs by showing that the “random
restriction” approach in [KT00] applies to a more general setting of “spanoids” where they are, in
fact, tight. On the other hand, to show a strong separation between LCCs and LDCs, Barkol, Ishai
and Weinreb [BIW10] build an approach for stronger LCC lower bounds via connections to the
well-studied Hamada conjecture ([HHam?73], see lecture notes [Ton11]) and its generalizations in
the theory of block designs, while Dvir, Saraf and Wigderson [DSW14] develop new geometric
techniques to prove a slightly superquadratic lower bound for an appropriate formulation of
3-LCCs over the reals.

Connections to the Hamada Conjecture. As mentioned above, locally correctable codes have
a deep connection — first formalized by Barkol, Ishai and Weinreb [BIW10] — to the widely
open Hamada conjecture from the 1970s in combinatorial design theory (with deep connections

2A code is linear over a field F if the encoding map C is an [F-linear map.

3These lower bounds all hold for non-linear codes over small (i.e., polylog(k)) size alphabets. A weaker polynomial
lower bound [KTO00, IS18] is known to hold for linear codes over all fields and for the specific case of g = 3, [Woo10]
shows a lower bound of Q(k?) for linear 3-LDCs over all fields.
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to coding theory, see [AK92] for a classical reference). For positive integers m, s, A, a 2-(m, s, A)-
design is a collection B C [m] of subsets (called blocks) of size s, such that every pair of elements
in [m] appears in exactly A subsets in 8. For any prime p, the p-rank of a design 8 is the rank,
over IF, of the incidence matrix of B: the 0-1 matrix with rows labeled by elements of [m], columns
labeled by elements of 8 and an entry (i, B) is 1 iff B contains i. A central question in algebraic
design theory is understanding the smallest possible p-rank of a 2-(m, s, A)-design.

In [BIW10], the authors showed that given any 2-(m, s, A)-design D of p-rank m — k, the
dual subspace to the column space of the incidence matrix of D yields a linear (s — 1)-query
locally correctable code on IFy of dimension k. In particular, applying this transformation to the
well-studied geometric designs yields the folklore construction of Reed—Muller locally correctable
codes discussed earlier. Specifically, the 3-query locally correctable binary code obtained from
Reed-Muller codes on [F4 corresponds to a 2-(11, 4, 1)-design over [F; (see Section 12.11).

In 1973, Hamada [Ham?73] made a foundational conjecture (see [Jun11] for a recent survey) in
the area that states” that affine geometric designs (i.e., duals to the Reed—-Muller LCCs) minimize
the p-rank among all algebraic designs of the same parameters. Over the past few decades, the
conjecture has been confirmed in various special cases [HO75, DHV78, Tei80, Ton99] that all
correspond to s < 3 or s = n — 1. In particular, the case of s = 4 (the setting of 3-LCCs) is widely
open. The connection between Hamada’s conjecture and LCC lower bounds was suggested
in [BIW10] as evidence for the difficulty of proving LCC lower bounds.

Summary. To summarize, for 2-LDCs/LCCs, the best-known construction is the Hadamard code,
which achieves n = 2% and is a linear code, and the matching lower bound of n > 29K shown
in [KW04, GKSTO06] proves that this is optimal. For 3-LCCs, the best-known construction is the
Reed-Muller code, which achieves n = 22V2F and additionally is a block design (and hence also
linear). For 3-LDCs, the best construction comes from the matching vector codes of [Yek08, Efr09],

which achieve n = 22V "% 41,4 are linear. For either 3-LDCs/LCCs, the best lower bound is
n > Q(k?) [KW04].

More generally, there is an exponential gap between best-known constructions and lower
bounds for g-LCCs for g > 3 and a subexponential gap for g-LDCs. Furthermore, the best known
lower bound techniques for g-LCCs apply also to g-LDCs and thus provably cannot yield an
exponential lower bound, and showing better lower bounds for q-LCCs would yield better

bounds for the Hamada conjecture for block designs.

10.1 Our results

In this thesis, we prove a near-cubic lower bound of n > k3/polylog(k) for 3-LDCs and an
exponential lower bound for 3-LCCs. Because there exist 3-LDCs of subexponential length, this
gives the first separation between 3-LCCs and 3-LDCs. No such separation was known for 4-LDCs

and g-LCCs for any constant g > 3.° For 3-LCCs, our lower bounds are (1) n > 2Q(K") for

4Hamada’s original conjecture is that affine geometric designs, or, dual codes to Reed-Muller codes, are the unique
optimal designs with the same parameters. This strong form has since then been disproved — there are non-affine
geometric designs that achieve the same (but not better!) parameters [Jun84, Kan94, LLT00, LLT01, LT02, JT09]. The
version of the problem we study here is called the weak version of Hamada conjecture.

5The work of [BGT17] shows a separation between 2-LCCs and 2-LDCs over poly(n)-sized alphabets. For 2-LCCs
on small alphabets, a strong separation cannot exist. For example, on IFp, the Hadamard code gives both an essentially
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general nonlinear 3-LCCs with “high completeness”, (2) n > 200 for linear 3-LCCs, and (3)
n > 20-0WVK for 3-1.CCs that are designs. Because Reed—Muller codes give design 3-LCCs of

length n < 2 VBk (see Section 12.11), this last result is tight up to a factor of V8 in the exponent,
and additionally proves Hamada’s conjecture for 2-(n, 4, 1)-designs up to a factor of 8 in the
codimension.

Our main tool is a new connection between the existence of locally decodable/correctable
codes and refutation of instances of Boolean CSPs with limited randomness. This connection
is similar in spirit to the connection between PCPs and hardness of approximation for CSPs, in
which one produces a g-ary CSP from a PCP with a g-query verifier by adding, for each possible
query set of the verifier, a local constraint that asserts that the verifier accepts when it queries
this particular set. To refute the resulting CSP instance, our proof builds on the spectral analysis
of Kikuchi matrices employed in the work of [GKM?22] (and the refined argument in [HKM23]),
which obtained strong refutation algorithms for semirandom and smoothed CSPs and proved
the hypergraph Moore bound conjectured by Feige [Fei08] up to a single logarithmic factor.

10.1.1 A near-cubic lower bound for 3-LDCs

In our first result, we show a near-cubic lower bound 1 > k3/polylog(k) on the blocklength of any
3-query LDC. This improves on the previous best lower bound by a O(k) factor. More precisely,
we prove:

Theorem 7. Let C: {0,1}¥ — {0,1}" be a code that is (3,5, ¢)-locally decodable. Then, it must hold that
k3 < n-O((log® n)/e325%). In particular, if , € are constants, then n > Q(k®/1og® k).

We have not attempted to optimize the dependence on ¢ and 6 in Theorem 7; for the specific
case of binary linear codes, one can obtain slightly better dependencies on logk, ¢, 6, as we
show in Theorem 11.3.2 and Corollary 11.3.3. It is straightforward to extend Theorem 7 to
nonbinary alphabets with a polynomial loss in the alphabet size, and we do so in Theorem 11.2.2
in Section 11.2. Finally, using known relationships between locally correctable codes (LCCs) and
LDCs (Fact 3.3.8), Theorem 7 implies a similar lower bound for 3-query LCCs.

Up to polylog(k) factors, the best known lower bound of n > kz_j /polylog(k) for qg-LDCs
for odd g can be obtained by simply observing that a g-LDC is also a (g + 1)-LDC, and then
invoking the lower bound for (g + 1)-query LDCs. Our improvement for g = 3 thus comes from
obtaining the same tradeoff with g as in the case of even g, but now for g = 3. Our proof does
not extend to odd q > 5; we briefly mention at the end of the proof overview in Chapter 11 the
place in the proof where the natural generalization fails. We leave proving a lower bound of

n> ki /polylog(k) for all odd g > 5 as an intriguing open problem, which we discuss in more
detail in Section 15.1.

10.1.2 Exponential lower bounds for 3-LCCs

In our second set of results, we prove an exponential lower bound for 3-LCCs. Our lower bounds
vary slightly depending on whether one is willing to assume that the LCC is linear, or a block
design. We note that the best-known constructions of LCCs and LDCs, namely Reed-Muller

optimal 2-LCC and 2-LDC.
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codes and matching vector codes, are IF>-linear, and the best-known construction of 3-LCCs from
Reed-Muller codes is a block design (see Section 12.11).

Linear 3-LCCs. In our first result, we prove a lower bound of n > 200 for linear 3-LCCs.
Theorem 8. Let L: F* — F" be a linear (3,5, ¢)-LCC. Then, n > DQ(O%k/(FI-1))) 1y particular, if
L:Fs - Flisa (3,0, e)-LCC where 6 is constant, then n > 20(k! ),

Theorem 8 first appeared in [KM24a] with an exponent of 1/8. This was subsequently
improved by [Yan24] to 1/4 by optimizing the technical “row pruning” step of the proof. In this
thesis, we incorporate the improvements of [Yan24] into our original proof to give the stronger
theorem and the simpler proof.

As stated earlier, Theorem 8 also yields the first separation between (linear) 3-LCCs and 3-LDCs.
In particular, Theorem 8 implies that matching vector codes that yield linear 3-LDCs over IF, of
subexponential blocklength, such as the codes in [Yek08, Efr09], cannot admit a local correction
algorithm, answering a question of Yekhanin (see Chapter 8 in [Yek12]).

Design 3-LCCs. In our second result, we prove a lower bound that is sharp up to a V8 factor in
the exponent on the blocklength of any binary linear 3-LCC where the local correction query sets
form a 2-(n, 4, 1)-design. This is equivalent to asking for the hypergraph of local correction sets
H, for correcting any bit x, of the codeword to be a perfect 3-uniform hypergraph matching and
that every pair of codewords bits appears in exactly 2 triples across all matchings.® Specifically,
for such design 3-LCCs, we prove:

Theorem 9. Let £: {0,1}¥ — {0,1}" be a design 3-LCC. Then, n > 20-0WVK, Here, the o(1)-factor is
O(log k/Vk).

Reed-Muller codes, in particular, are design LCCs. In Section 12.11 we observe that the
folklore best-known construction of binary 3-query LCCs — obtained by projecting Reed—-Muller
codes of degree-2 polynomials over IF4 to IF, via the trace map — is a design 3-LCC with n < 2V8k
or equivalently, a 2-(1,4, 1) design of rank n — k. Thus, the bound in Theorem 9 is tight up to
a factor of V)8 in the exponent. As a direct corollary, we also confirm the Hamada conjecture for
2-(n,4,1)-designs up to a factor of 8 in the co-dimension.

Nonlinear 3-LCCs. In final second result, we obtain improved lower bounds for smooth 3-LCCs
with high completeness. These codes may be non-linear and may have adaptive correction
algorithms.

A 3-LCC is said to be 6-smooth if no codeword bit is queried with probability more than % on
any particular invocation of the decoder. Introduced by Katz and Trevisan [KT00], smooth codes
provide a clean formalization of general locally correctable/decodable codes. We say that such
a code has completeness 1 — ¢, if, when running the 6-smooth local correction algorithm on an
uncorrupted codeword, the algorithm succeeds with probability at least 1 — €. Recall that the usual
notion of completeness (e.g., in [KT00]) for LCCs is for an input with a d-fraction of corruptions.

®The reason that this is 2 instead of A = 1 is because a 4-tuple (1, v, s, t) yields 2 decoding triples, (1,s, t) for v and
(v,s, t) for u, that contain the pair (s, t).
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Our result shows that for any (1 — €)-complete 6-smooth code where 6 is a constant, n > kOQ/e),
In particular, when € < 1/polylog(rn), we obtain a exponential lower bound on the block length,
and as ¢ approaches 0 the bound becomes n > 2Q(KF),
Theorem 10. There is an absolute constant y > 0 such that the following holds. Let C: {0,1}* — {0,1}"
be a 6-smooth (possibly non-linear and adaptive) 3-LCC with completeness 1 — ¢. Then for any n € (0, 1),
it holds that k < lo?&éé) . O(n% log5 n), where r = le;gnj.

In particular, if 6 is a constant and € = 0, then k < O(log5 n),ie,n > 29("1/5), and if ¢ > 01s a small
constant and 1/(2¢) is not an integer, then taking n = 1/log n implies that k < O(n%),i.e., k > Q(k%).

As we shall discuss towards at the end of this section, Theorem 10 implies a lower bound for
general (3, 6, £)-LCCs that beats the best-known 1 > Q(k?) lower bound (Theorem 7, [AGKM?23])
by a polynomial factor when ¢ is a small constant. Moreover, in the case of near-perfect com-
pleteness, our result above obtains the first exponential lower bound for (possibly adaptive and
non-linear) smooth 3-LCCs.

Smooth vs. general LCCs. Smooth LCCs (Definition 3.3.6) were defined in the work of [KT00],
motivated by their connection to general LCCs (Definition 3.3.5). A simple reduction in [KT00]
shows thatany (3, 6,1 — ¢)-LCC, i.e., an LCC with distance 6 and completeness 1 — ¢, can be turned
intoa (3,0/3,1 - €)-smooth LCC, i.e., a 6/3-smooth 3-LCC with completeness 1 — ¢. Conversely,
any (3,6,1 — ¢)-smooth LCCis a (3,76,1 — ¢ = n)-LCC for any 1 > 0 (see Remark 3.3.7).

Thus, when ¢ is a small constant, Theorem 10 implies a lower bound for general (3,6, 1 — ¢)-
LCCs that beats the prior best n > Q(k3) lower bound (Theorem 7, [AGKM23]) by a polynomial
factor.

However, in the setting of perfect completeness (and ¢ = 0(1) more generally), the comparison
between smooth LCCs and general LCCs begins to break down. This is because, for a general
LCC, ¢ is the fraction of errors one can tolerate while still decoding correctly with probability
1 - ¢; the parameters 6 and ¢ are coupled! In particular, it is likely not possible to simultaneously
have ¢ = 0(1), 6 = O(1) and g = O(1). On the other hand, for a smooth LCC, ¢ is the smoothness
parameter, and 1 — ¢ is the probability that the decoder succeeds on an uncorrupted codeword. Thus,
for smooth codes, it is perfectly sensible to set 6 = O(1), ¢ =0, and g = O(1).

In retrospect, the definition of LCCs inherently couples 6 and the completeness ¢, whereas
for smooth codes these parameters become independent. In particular, a smooth code allows us
to seamlessly trade off between the fraction of errors 76 tolerated and the success probability
1— & —n of the decoder in the presence of this fraction of errors. For this reason, a smooth code is
a stronger object, but also perhaps a more natural one.

Indeed, in some important applications of LDCs/LCCs, smooth LDCs/LCCs are the right
notion to consider. For example, a perfectly smooth (q,1,1 — ¢)-smooth LDC gives a g-server
information-theoretically secure private information retrieval scheme with completeness 1 — ¢.

The subtle definitional issues above did not affect prior lower bound (or upper bound)
techniques. Indeed, known constructions of -LDCs and LCCs are perfectly smooth and satisfy
perfect completeness, i.e., (9,1, 1)-smooth LDCs/LCCs, and the lower bound techniques of [KT00,
KW04, AGKM23] succeed for smooth LDCs/LCCs even with low completeness.

Concurrent work. In concurrent work, [AG24] builds on [KM?24a, Yan24] and proves an n >

20Q(Vk/10gk) 15 wer bound for all linear 3-LCCs over IF», improving on the 20" shown in [Yan24],
and their result can be extended to linear 3-LCCs over any small field IF of characteristic 2. This is
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incomparable to Theorem 8, as the lower bound is stronger but it requires that the field IF has
characteristic 2. It is also incomparable to Theorem 9, as it proves a weaker (and possibly not
tight) lower bound, as compared to the sharp statement in Theorem 9, but it applies for all linear
3-LCCs over [F, not just design 3-LCCs. The work of [AG24] does not prove any lower bound
for nonlinear codes.
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Chapter 11

A Near-Cubic Lower Bound for 3-Query
Locally Decodable Codes

In this chapter, we will prove Theorem 7, our improved lower bound for 3-LDCs.

Setup. We follow the proof strategy and setup that we introduced in Section 2.3. Namely, we
define a 3-XOR instance corresponding to the normal LDC decoder. By Definition 3.3.2, the
3-XOR instance we define has a high value, i.e., there is an assignment to the variables satisfying a
nontrivial fraction of the constraints. To finish the proof, we show that if n < k3, then the 3-XOR
instance must have small value, which is a contradiction.

By Fact 3.3.3, in order to show that KB <n- Og‘;—*‘gjf), it suffices for us to show that for any

code C: {~1,1}¥ — {-1,1}" that s (3,6, ¢)-normally decodable, it holds that k> < 1 - Oilfiil"). As

C is (3,0, ¢)-normally decodable, this implies that there are 3-uniform hypergraph matchings
Hj, ..., Hy satisfying the property in Definition 3.3.2. Let m := Zi'{:l |H;| be the total number of
hyperedges in the hypergraph H := Ui.‘:lH,-.

We define the relevant family of 3-XOR instances below.

The Key 3-XOR Instances

For each b € {-1,1}¥, we define the 3-XOR instance W}, where:
(1) The variables are x1,...,x, € {-1,1},

(2) The constraints are, for each i € [k] and C € H;, [[,ecc X0 = bi.

We associate an instance W}, with the polynomial Wj(x) := % Zﬁ;l bi Ycen; [1pec X0, and
define val(Wp) = max,c(—1,13» Wp(x). We note that the maximum fraction of constraints in
the 3-XOR instance WV}, satisfied by any assignment x is § + 3 val(\W}).

We first observe that Definition 3.3.2 immediately implies that every 3-XOR instance W in the
above family (indexed by b € {-1,1}¥) must have a non-trivially large value. Formally, we have
that

Ey—1pr[val(We)] = By 11y [WPe(C(D))] = 2¢ (11.1)

where the first inequality is by definition of val(-), and the second inequality uses Definition 3.3.2,
as for each constraint C € H; for some i, the encoding C(b) of b satisfies this constraint with
probability 1 + ¢ for a random b.
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Overview: refuting the XOR instances. To finish the proof, it thus suffices to argue that
Ej(1,13¢[val(Wp)] is small. We would like to do this using Kikuchi matrices, similar to those
defined in Definition 2.3.2. However, when g = 3, or more generally when g is odd, the matrices
A; defined in Definition 2.3.2 are no longer meaningful, as the condition S® T = C is never
satisfied. A naive attempt to salvage the above approach is to simply allow the columns of A;
to be indexed by sets of size ¢ + 1, rather than ¢. However, this asymmetry in the matrix causes
the spectral certificate to obtain a worse dependence in terms of g, leading to a final bound of
k < nl=2/ *DO(log 1), the same as the current state-of-the-art lower bound for odd g. This is
precisely the issue that in general makes refuting g-XOR instances for odd g technically more
challenging than even 4. The asymmetric matrix effectively pretends that g is g + 1, and thus
obtains the “wrong” dependence on 4.

Instead, our main idea is to transform a 3-LDC into a 4-XOR instance and then use an appro-
priate Kikuchi matrix to find a refutation for the resulting 4-XOR instance. The transformation
works as follows. We randomly partition [k] into two sets, L, R, and fix b; = 1 for all j € R. Then,
for each intersecting pair of constraints C;, C; that intersect with C; € H;,i € L, C; € Hj,j € R, we
add the derived constraint C; @ C; to our new 4-XOR instance, with right-hand side b;.! Because
the 3-XOR instance has high value, by the Cauchy-Schwarz inequality the 4-XOR instance also has
high value. Moreover, the 4-XOR instance has ~ k%1 constraints, as a typical v € [n] participates
in ~ k hyperedges in Ui.‘:le-, and hence can be “canceled” to form k? derived constraints.

We can then apply the Kikuchi matrix method and CSP refutation machinery to try to refute
this 4-XOR instance. However, because each H’ is no longer a matching, the resulting Kikuchi
matrices (which, recall, are “zeroed out” versions of the original matrices in Definition 2.1.1)
may have very few nonzero entries. Namely, the analogue of Lemma 2.3.3 does not necessarily
hold. However, it does hold if we assume that any pair p = (1, v) of vertices appears in at most
polylog(n) hyperedges in the original 3-uniform hypergraph UleHi. If we make this assumption,
then we can prove that n > k3/polylog(k). We note that a recent work [BCG20] managed to
reprove that n > k?/polylog(k) under a similar assumption about pairs of vertices.

Thus, the final step of the proof is to remove the assumption by showing that no pair of
vertices can appear in too many hyperedges. Suppose that we do have many “heavy” pairs
p = (u,v) that appear in > logn clauses in the original 3-uniform hypergraph H = U¥_ H;.
Now, we transform the 3-XOR instance into a bipartite 2-XOR instance ([AGK21, GKM22]) by
replacing each heavy pair p with a new variable y,,. That is, the 3-XOR clause C = (u,v, w) in H;
now becomes the 2-XOR clause (p, w), where p is a new variable. In other words, the constraint
XuXyXy = bj is replaced by y,x, = b;. Each clause in the bipartite 2-XOR instance now uses one
variable from the set of heavy pairs, and one from the original set of variables [1]. We then show
that if there are too many heavy pairs, then this instance has a sufficient number of constraints in
order to be refuted, and is thus not satisfiable, which is again a contradiction.

Finally, we note that for larger odd g > 5, the proof showing that there not too many heavy
pairs breaks down, and this is what prevents us from generalizing Theorem 7 to all odd 4.

Formally, the argument to bound E;,_(_; 1)«[val(W})] proceeds in two steps:

(1) Decomposition: First, we take any pair Q = {u, v} of vertices that appears in > logn of
the hyperedges in H = Ui.‘le i, and we replace this pair with a new variable yg in all the

Hf|1c;ncC jI =2, then the derived constraint is a 2-XOR constraint, not 4-XOR. This is a minor technical issue that
can be circumvented easily, so we will ignore it for the proof overview.

128



constraints containing this pair. This process decomposes the 3-XOR instance into a bipartite
2-XOR instance ([AGK21, GKM?22]), and a residual 3-XOR instance where every pair of
variables appears in at most O(log ) constraints.

(2) Refutation: We then produce a “strong refutation” for each of the bipartite 2-XOR and the
residual 3-XOR instances that shows that the average value of the instance over the draw
of b « {~1,1}* is small. This implies that each of the two instances produced and thus the
original 3-XOR instance has a small expected value and finishes the proof.

The decomposition and refuting the XOR instances. We now formally define the decomposition
process. We recall a notion of degree in hypergraphs that turns out to be useful in our argument
(similar to the analysis in Section 5.2).

Definition 11.0.1 (Degree). Let H be a g-uniform hypergraph on n vertices, and let Q C [n]. The
degree of Q, deg;;(Q), is the number of C € H with Q C C.

Lemma 11.0.2 (Hypergraph Decomposition). Let Hj, ..., Hy be 3-uniform hypergraphs on n vertices,
and let H == Ui.‘lei. Let d € N be a threshold. Let P := {{u,v} : deg,({u,v}) > d}. Then, there are
3-uniform hypergraphs Hj, ..., H; and bipartite graphs G, . . ., Gg, with the following properties.
(1) Each G; is a bipartite graph with left vertices [n] and right vertices P.
(2) Each H: is a subset of H;.
(3) For each i € [k], there is a one-to-one correspondence between hyperedges C € H; \ H! and edges e in
G, given by e = (w,{u,v}) — C = {u,v, w}.
(4) Let H' = Ui.‘lelf. Then, for any u # v € [n], it holds that degy,({u,v}) < d.
(5) If H; is a matching, then H] and G; are also matchings.
The proof of Lemma 11.0.2 is simple, and is given in Section 11.0.1.
Given the decomposition, the two main steps in our refutation are captured in the following
two lemmas, which handle the 2-XOR and 3-XOR instances, respectively.
Lemma 11.0.3 (2-XOR refutation). Fix n € IN and k < n. Let Gy, ..., Gk be bipartite matchings with
left vertices [n] and a right vertex set P of size |P| < nk/d for some d € N. For b € {-1,1}%, let gy (x, )
be a homogeneous quadratic polynomial defined by

k
gb(x, y) = Z bi Z XolYp,
i=1  e={v,p}eG;ve[n],peP

and let val(gp) = max,e(_11yn ye(-1,1» 96(x, y). Then, By 1ye[val(gp)] < O(nk+/(logn)/d).
Lemma 11.0.4 (3-XOR refutation). Let Hj, ..., Hy be 3-uniform hypergraph matchings on n ver-

tices, and let H := Uf.‘lei. Suppose that for any {u,v} C [n], deg,({u,v}) < d. Let fp(x) =
K1 bi Ycen, Toec Xo. Then, it holds that

Ep (1 c[val(fp)] < nVkd-O ((nk)l/s 10g1/4n) _

We prove Lemma 11.0.3 in Section 11.0.2, and we prove Lemma 11.0.4 in Section 11.1.
With the above ingredients, we can now finish the proof of Theorem 7.

Proof of Theorem 7. Applying Lemma 11.0.2 with d = O((logn)/&%6?) for a sufficiently large
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constant, we decompose the instance W, into 2-XOR and 3-XOR subinstances.? Note that as
m < nk, we will have |P| < m/d < nk/d. We have that m val(W}) < val(f;) + val(gy) because
of the one-to-one correspondence property in Lemma 11.0.2. We also note that m > 6nk, as
|H;| > 6n for each i. By Lemma 11.0.3 and by taking the constant in the choice of d sufficiently
large, we can ensure that B, (_; 1y¢[val(gy)] < €6nk/3. Hence, by Eq. (11.1) and Lemma 11.0.4,
we have

2e6mk < 2em < mBy (g gy [val(Wp)] < Ep (g 1ye[val(fp) + val(gs)]
eonk +nvVk- O(ylogn)/(e0d) - (nk)"/® logl/4 n

= 25%Vk < O(ylogn) - (nk)'/8 10g1/4n
= k> < n-0(log® n)/(%6'°) .

<

6
We thus conclude that k3 < n - O (lolcf—éfé), which finishes the proof. O

11.0.1 Hypergraph decomposition: proof of Lemma 11.0.2
We prove Lemma 11.0.2 by analyzing the following greedy algorithm.

Algorithm 11.0.5.
Given: 3-uniform hypergraphs Hj, ..., H.
Output: 3-uniform hypergraphs H7,..., H ]’( and bipartite graphs Gy, ..., Gi.
Operation:
1. Initialize: H; = H; for all i € [k], P = {{u,v} : degy,({u,v}) > d}, where
H = Uie[k]H;-
2. While P is nonempty:
(1) Choose p = {u,v} € P arbitrarily.
(2) Foreach i € [k], C € H] with p € C, remove C from H}, and add the edge
(C\p,p)to G;.
(3) Recompute P = {{u, v} : deg,,({u,v}) > d}.
3. Output H/, ... ,Hl’{, Gi,...,Gg.

Indeed, properties (1), (2) and (5) in Lemma 11.0.2 trivially hold. Property (4) holds because
otherwise the algorithm would not have terminated, as the set P would still be nonempty.
Property (3) holds because each hyperedge C € H; starts in H;, and is either removed exactly
once and added to G; as (C \ p, p), or remains in H’ for the entire operation of the algorithm. This
finishes the proof.

11.0.2 Refuting the 2-XOR instance: proof of Lemma 11.0.3

We now prove Lemma 11.0.3. We do this as follows. For each e = {v,p}, withv € [n], p € P,
define the matrix A € R™", where A®)(v/,p’) = 1if v/ = v and p’ = p, and 0 otherwise. Let

2We remark that it is possible that one (but not both!) of the 2-XOR or 3-XOR subinstances has very few constraints,
or even no constraints at all. This is not a problem, however, as then the upper bound on the value of the instance
shown in corresponding lemma (either Lemma 11.0.3 or Lemma 11.0.4) becomes trivial.
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Ai = Yeea, A, the bipartite adjacency matrix of G;. Finally, let A := Zle biA;.

First, we observe that val(gy) < W [|A]l2. Indeed, this is because for any x € {-1,1}",y €
{-1,1}?, we have g,(x,y) = xTAy < ||x|l2llyll2llAll2 = Vn|P|||All2. Thus, in order to bound
Ey(-11y+[val(gp)], it suffices to bound Ep[||A]|2].

We use Fact 3.4.2 to bound E[||A||2]. Indeed, we observe that ||A;||> < 1 for each i, as each
row /column of A; has at most one nonzero entry of magnitude 1 because each G; is a matching.
Thus, max(| 25, AiATI, IZ5, ATAill) < k. As the b;’s are iid. from {-1,1}, by Fact 3.4.2
we have that E[||All2] < O(yklogn). It thus follows that E[val(gy)] < \/n|P|O(\/k logn) <

O(nk+/(logn)/d).

11.1 Refuting the 3-XOR instance: proof of Lemma 11.0.4

In this section, we will omit the subscript and write f instead of f,. We will also let m := |H| =
i | Hil.

For a vertex u € [n] and a subset C € ([g]), we will use the notation (#, C) to denote the set
{u} U C. We will assume that k < n/c for some sufficiently large absolute constant c. This is
without loss of generality, as otherwise we can partition k into at most ¢ disjoint blocks of size
< n/c, and refute each of these subinstances separately.

The main idea is inspired by the “Cauchy-Schwarz” trick in the context of refuting odd-arity
XOR instances. Specifically, we will construct a 4-XOR instance by “canceling” out every x,, that
appears in two different clauses. Concretely, include every element in [k] into one of two sets
L, R uniformly at random. Then, for any (u,C) € H; with i € L and (1, C’) € H; with j € R, we
construct the “derived clause” C ® C’ by XOR-ing both sides of the two constraints. We then
relate the value of the instance with such derived constraints to the original 3-XOR instance and
produce a spectral refutation for the derived instance via an appropriate subexponential-sized
matrix. This will show that the expected value of the derived instance, over the randomness of
the b;’s, is small, and complete the proof.

Relating the derived 4-XOR to the original 3-XOR. First, let (L, R) be a partition of [k] into two
sets of equal size k/2. Let f1 r(x) be the following polynomial:

for(x) = Z Z Z bibjxcxcr ,

i€l ueln] (u,C)eH;
JER (u,C")eH;

where xc is defined as [],¢c xo. We note that because the H;’s are matchings, after fixing i, j, and
u, there is at most one pair (C, C’) in the inner sum. Informally speaking, only working with
clauses derived across the partition allows us to “preserve” ~ k independent bits of randomness
in the right-hand sides of the 4-XOR instance while eliminating nontrivial correlations. This is
crucial in eventually applying the Matrix Khintchine inequality to produce a spectral refutation.
The following lemma relates val(f7, r) to val(f).

Lemma 11.1.1 (Cauchy-Schwarz Trick). Let f be as in Lemma 11.0.4 and let L, R C [k] be constructed
by including every element in [k] to be in L with probability 1/2 independently and defining R = [k] \ L.
Then, it holds that 9 - val(f)* < 3nm +4nE gyval(fi,r). In particular, Eper1,134[9 - val(f)?] <
3nm + 4n]E(L,R)]Ebe{—1,1}k [Val(fL,R)].
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Proof. Fix any assignment to x € {-1,1}". We have that

2 2

GFP=[ > x> > bixc| | D x > bixc

ue(n] ie[k] (u,C)eH; ue(n] ueln] \ie[k] (u,C)eH;

=N

ZHZ Z Z bbexC/—Tl 3Z|H|+Z Z Z bibjxcxcf

ueln]ijelk] (u,C)eH; ie(k] ueln]ijelkl,i#j (u,C)eH;
(u,C")eH; (u,C")eH;

=3nm+4n-Eq g fLr(x) ,

where the first equality is because there are 3 ways to decompose a set C; € H; with |C;| = 3
into a pair (u, C), the inequality follows by the Cauchy-Schwarz inequality, and the last equality
follows because for a pair of hypergraphs H; and H;, we have i € L and j € R with probability
1/4. Finally, maXye{-1,1}» IE(L,R)fL,R(x) < IE(L,R) maXye{-1,1}» fL,R(x) = IE(L/R) Val(fL,R). Thus, we
have that 9 - val(f)* < 3nm + 4n - E¢ g val(fir). m|

11.1.1 Bounding val(f; r) using CSP refutation

It remains to bound [Ej¢(_; 1y« val(fLr) for each choice of partition (L, R). We will do this by
introducing a matrix B for each b € {-1,1}* and partition (L, R), and then we will relate valy, , to
|| B]|2. Note that B will depend on the choice of b and the partition (L, R). Then, we will bound
Epeq—1,1y<LIBll2]-

To define the matrix B, we introduce the following definitions.
Definition 11.1.2. Let u € [n] be a vertex. We let V) and u® denote the elements (1, 1) and (1, 2)
of [n] x [2], i.e., if we think of [n] X [2] as two copies of [n], then u is the first copy and u®?
is the second one. We use similar notation for sets, so if C C [n], then C M and C@ denote the
subsets of [1] x [2] defined as C?) = {(i,b) : i € C} for b € [2].
Definition 11.1.3 (Half clauses). Fori € L, j € R, we define the set P; ; of “half clauses” to consist
of all pairs (oM, w?@) such that there exist clauses (1,C) € H;, (u,C’) € H; where v € C and
w e C.

We let P; = UjeRPz',j-

Our matrix is easiest to define in two steps. We first define a matrix A. Then, we will specify
some modifications to A that yield the final matrix B.
Definition 11.1.4 (Our initial Kikuchi matrix). Let ¢ = (\/n_/k) /c for some sufficiently large

constant ¢,° and let N := (2(,”) For any two sets S, T C [n] x [2] and sets C,C’ € ([Z]), we say that

sE rif

1. SeT=CcVeoC®,
2.1SNCO = 1sSNnC@|=|TnCO| = |TnC'?| =1.
Note that CV @ C'@ = CD u C"®?), as CV and C’@ are disjoint by construction.

3We note that the matrix is only well-defined if £ > 2, but this holds because we assumed that k < n/c” for some
sufficiently large absolute constant ¢’. This is the only place where we will use this assumption.

132



Foreachi € Land C,C’ € ([Z]), define the N x N matrix A®C<"), indexed by sets S C [n] x [2]

of size ¢, by setting AGCCN(S TY=1if (1) S pal T, and (2) each of S and T contains at most one
half clause from P;. Otherwise, we set A“C.C)(S, T) = 0.
Finally, we let

Ai,]‘ = Z Z A(i’c’cl), A= ijAi'j’ and A = ZbiAi .
u€ln] (u,C)eH;,(u,C’')eH; jeR ieL

Remark 11.1.5. For a fixed choice of (u,C) € H;, (u,C’) € H; with j € R, the matrix AULCL) has

exactly 4(2(?__24) nonzero entries, if we ignore the additional condition that S and T each contain at

most one half clause from P;. Indeed, this is because S C(—C> T if and only if S and T each contain
one entry of C and C’ (2 choices per clause), and the remaining part of S and T is the same set
Q C [n]x[2]\ (CY @ C"?) of size £ — 2 (which has (2;1__24) choices).

We note that this fact is the reason for using subsets of [1] X [2] rather than just [n]. If we used
subsets of [1] only, the number of nonzero entries in A%< would depend on |C & C’|, whereas
with subsets of [1] x [2] we always have |C() @ C"?)| = 4.

Observe that if S C('—C> T, then S and T each contain at least one half clause from P;, namely
coming from (C, C’). Thus, the additional condition on S and T is that they contain no other half
clauses. As we shall show below, this additional condition implies that A; has at most 2d nonzero
entries per row and thus ||A;||2 < 2d, where d is the parameter in the statement of Lemma 11.0.4,
without meaningfully affecting the number of nonzero entries in each of the A"C.C)’s. We note
that without this condition, one can show that ||A;|]> > Q(¢), which is large.

Lemma 11.1.6 (Nonzero entry bound). For i € L, let A; be defined as in Definition 11.1.4. Then, A;
has at most 2d nonzero entries per row/column.

We postpone the proof of Lemma 11.1.6 to Section 11.1.3, and now continue with the proof.

The following lemma shows that the number of nonzero entries in AULCL) is at least 2(2;1__24),
i.e., half of 4(2;__24); thus, the additional condition only decreases the number of nonzero entries by
a factor of 2 per derived constraint. The factor of 2 is not important and is chosen for convenience,

and determines the constant c in the parameter ¢.

Lemma 11.1.7 (Counting nonzero entries). For some (u,C) € H; and (u,C’) € Hj with j € R, let

ACCC) pe gs in Definition 11.1.4. Then, the number of nonzero entries in AWCC) is ot least 2(2;1__24).
We postpone the proof of Lemma 11.1.7 to Section 11.1.2, and now continue with the proof.
We obtain the final matrix B by, for each BC.C), zero-ing out entries of AULCL) yntil it has

exactly 2(2;__24) nonzero entries. This is identical to the “equalizing step” of the edge deletion

process in [HKM23].
Definition 11.1.8 (Our final Kikuchi matrix). For each i € L and each pair of clauses (1, C) € H;
and (u,C’) € Hj with j € R, let BUC.C) be the matrix obtained from A" by arbitrarily zero-ing
out entries of A’CC) until the resulting matrix has exactly D := 2(2;‘__24) nonzero entries.

We let

Bi,j = Z Z B(i,C,C’), B; = ijBi’j' and A = ZbiBi .
u€ln] (u,C)eH; (u,C’)eH; jER i€l
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We are now ready to finish the proof. First, we relate ||B||» to val(f; r). Fix an assignment x €
{-1,1}", and let z € {-1,1}N be defined as zg := [Ties, Xu [1ves, X0 for S = Sgl) U Sf) C [n] x[2]
satisfying |S| = ¢.

We observe that D - f; r(x) = z" Bz. This is because:

(1) For S, T C [n]x[2]withS& T = CV @ C'®, we have

Zsar = Hue51 Xu Hvesz Xv Hu'eTl Xu Hv’eTz Xy = HuesleeTl Xu HveSZ@Tz Xy = [Tuec Xu [Toecr *o,
(2) For a pair of clauses (u#,C) € H; and (u,C’) € Hj withi € L and j € R, there are exactly

D = 2(2;7__24) nonzero entries (S, T) of B&#CC") and these entries have S& T = CV g C'®),
which implies that zTBUCC), = Dxcxc:. Hence,

z'Bz = Z Z Z bibj .z TBCC) ; = Z Z Z bibj - Dxcxc: =D - fir(x) .
[
]E

i€L ueln] (u,C)eH; i€L ueln] (u,C)eH;

JEeR (u,C")eH,; (1,C")eH,;

In particular, this implies
N
val(fir) < - 1Bl - (11.2)

It thus remains to bound Ej¢(_y 1y«[[|B|l2], which we do in the following lemma.

Lemma 11.1.9 (Spectral norm bound). Eyc(_11y¢[l|Bll2] < d- O(y/k€logn).
We postpone the proof of Lemma 11.1.9 to Section 11.1.3, and now finish the proof of
Lemma 11.0.4.

Proof of Lemma 11.0.4. By Eq. (11.2) and Lemma 11.1.9, we have that

N
Epero1yclval(fLr)] < BIEbe{—l,l}k[”BHZ]

< % (d - O(kE logn)) < ’(f—zzd . O(/kllog n)
= nkd - O((nk)"*yflogn) ,

where we use that ¢ = (/n/k)/c for some constant ¢, and we use Fact 3.6.1 to bound N/D. Finally,
combining with Lemma 11.1.1 and using that m < nk, we have that

E[val(f)]* < E[val(f)?] < % - (3n%k + 4nE ;g Epe (1 1y [val(fLr)])
< n’kd - O((nk)1/4\/10g n) .

Hence,
E[val(f)] < nVkd-O ((nk)l/8 10g1/4n) ,

which finishes the proof of Lemma 11.0.4. O
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11.1.2 Counting nonzero entries: proof of Lemma 11.1.7

Proof of Lemma 11.1.7. Let j € R and clauses (u,C) € H; and (u,C’) € H;. Recall that in Re-

mark 11.1.5, we observed that there are exactly 4(2;__24) pairs (S, T) with S S Indeed, this is
because S <5 T if and only if S and T each contain one entry of C and C’ (2 choices per clause),
and the remaining part of S and T is the same set Q C [n] X [2] \ (C ) @ C"@) of size £ — 2 (which
has (%'} choices).

From the above, we observe that for each Q C [n] % [2] \ (C? & C’®) of size ¢ — 2, we can
identify Q with 4 different pairs (S, T) with S C<'—>C T; namely, each pair (S, T) corresponds to a
subset of size 2 of (C, C’) containing exactly one entry from each of C,C’. We note that these 4
choices of (S, T) correspond exactly to the 4 half clauses in P; contributed by the derived clause
(C,C’). We will show that for at least %(Zf__;) choices of Q, all 4 corresponding choices of (S, T)
will contain exactly one derived clause from P;: namely, the half clause of (C, C’) that we add to
Q to obtain S or T. This clearly suffices to finish the proof.

Call such a set Q bad if it does not have the above property, i.e., there is some pair (S, T)
identified with Q such that one of S or T contains more than one half clause from P;. Since

sET already implies that each of S and T has exactly one half clause from CV) & C"?, there
are three ways that Q can be bad:

(1) Q contains a half clause from P;,
(2) thereis v e CW and w® e Q such that (vV, w®) € P;,
(3) thereis v € Q and w® e C’@ such that (v, w®?) € P;.

We thus have that the number of bad Q’s is at most
2n—6 N 2n->5 N 2n -5
POVo—a TP =3 | TP 4-3 ]~
where pg = [Pi|, p1 = [{(",w®@) € P; : oV € CW}|, po = {0V, w?) € P; : w@ € C'@}|.

We now upper bound py, p1, p2. Recall that a half clause in P; is a pair (oY, w®) such that
there are clauses (u,C1) € H;, (u,C;) € Hy with j € R,and v € Cy, w € Cy.

(1) We have pg < 4nk, as for each u € [n], because the H;’s are matchings, there is at most one
Cy such that (u, C1) € H;, and at most k choices of (#, C2) € H; with j € R, as |R| < k. Finally,
each choice of (Cy, Cy) yields 4 half clauses.

(2) We have p; < 8k. First, there are at most 2 choices for v, each coming from C. For each such v,
there is at most one C; € H; with v € C;. (Note that |C;| = 3.) Once C; is fixed, we have at
most 2 choices for u, given by C; \ {v}, and there are at most k hyperedges (1, C2) € H; for
Jj € R (as each H; is a matching and |R| < k). Finally, for each such C; there are 2 possible
choices for w.

(3) We have p, < 8k. First, there are at most 2 choices for w, each coming from C’. For each
such w, there are at most k choices of C; € UjerH; with w € C;, as each H; is a matching and
IR| < k. (Note that |C;| = 3.) For each such C;, there are at most 2 choices for u, given by
C;j \ {w}, and for each u, there is at most one choice of C; such that (u, C1) € H;. Finally, such
a Cy, if it exists, gives 2 choices for v.
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Combining, we thus have that the number of bad Q’s is at most

2n —6 2n -5
) (2

We have that

_ _ (21-6)! (2n-5)!
ank(377) +16k(33) Ak + 10k

(2n—4) (2n-4)!
-2 (€-2)!(2n-2-1)!
~ ank £-2)(¢-3) +16k€_2 <1

(2n —4)(2n - 5) 2n—4-2"'

as we have { < (yn/k)/c, for some sufficiently large constant ¢, { > 2, and k < Vnk since
k <n. O

11.1.3 Spectral norm bound: proof of Lemmas 11.1.6 and 11.1.9

Proof of Lemma 11.1.6. Fix i € L. We show that each row /column of A; has at most 2d nonzero
entries. Indeed, this is because if S is a nonzero row (or column) in A;, then S contains at most

one half clause from P;. If (C,C’) is a derived clause where S C<'—C> T for some T, then S must
contain a half clause in P; that is contained in CV @ C’®@), i.e., a half clause coming from (C,C’).
As S contains at most one half clause, it follows that the number of nonzero entries in the S-th
row is upper bounded by the maximum, over all half clauses, of the number of derived clauses
(C, C’) that contain this half clause. One can observe that this is 2d. Indeed, if we fix v and w®,
there is at most one clause C € H; containing v. Once v is fixed, there are two choices for u in
C\ {v}. Once we have chosen u, the second clause must be (1, C’) € H; for some j € R, where C’
contains w. By assumption, the number of hyperedges in Ui.‘lei containing the pair {u,w} is at
most d, so there are at most d choices for C’. O

Proof of Lemma 11.1.9. We have that B = };; b;B;, where the b;’s are ii.d. from {-1,1}. By
Lemma 11.1.6, we know that the number of nonzero entries in a row /column of A; is at most
2d. As B; is obtained by zero-ing out entries of A;, it follows that this also holds for B;. It thus
follows that the f;-norm of any row/column of B; is at most 2d, and thus ||B;||, < 2d. This
additionally implies that || 3;; BiB/ ||2 < IL|(2d)? < k(2d)?, and that ||Y,¢; B!Bil2 < IL|(2d)? <
k(2d)>. Applying Matrix Khintchine (Fact 3.4.2), we conclude that E[||B||2] < d - O(y/klog N). As
log N = O(flogn), Lemma 11.1.9 follows. |

11.2 Improved lower bounds for 3-LDCs over larger alphabets

In this appendix, we will extend Theorem 7 to 3-query LDCs over larger alphabets, which will
follow from combining Theorem 7 with standard results from [KT00, KW04]. We first define
LDCs over general alphabets.

Definition 11.2.1 (LDCs over general alphabets). Given a positive integer g, constants 5, ¢ > 0,
and an alphabet X, we say a code C: {0, 1}k — £ is (q,0, €)-locally decodable code (abbreviated
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(q,0, €)-LDC) if there exists a randomized decoding algorithm Dec(-) with the following proper-
ties. The algorithm Dec() is given oracle access to some y € L, takes an i € [k] as input, and
satisfies the following: (1) the algorithm Dec makes at most g queries to the string v, and (2) for
allb € {0,1}*, i € [k], and all y € £" such that A(y, C(b)) < 6n, Pr[Dec(i) = b;] > 1 +&.

Our extension of Theorem 7 to larger alphabets is the following theorem.

Theorem 11.2.2. Let C: {0,1}¥ — X" be a (3,6, ¢)-LDC. Then, it must hold that k® < |X|*n -
O(log®(|1Z|n)/e326). In particular, if 5, ¢ are constants and |Z| < n, then n > Q(k®/(|Z|*! log® k)).

Note that the conclusion of Theorem 11.2.2 is trivial if |Z| = Q(k%/41). To prove Theorem 11.2.2,

it suffices to show the following lemma.
Lemma 11.2.3. Let C: {0,1}* — " bea (3,0, €)-LDC. Then, there exists a binary code C': {0,1}F —
{0,1}" with n’ < 4n|X| and 3-uniform matchings H., . . ., Hy over n” vertices such that for all i € [k],
we have |H!| > eon’/(36|Z|). Furthermore, for any query set C € H!, we have that Pry_ (o 13[bi =
@oecClb)o] 2 } + i

Indeed, once we have Lemma 11.2.3, then by applying Theorem 7 on the resulting normal

LDC,* we obtain Theorem 11.2.2. Now, to prove Lemma 11.2.3, we first need the following result
from [KTOO].
Lemma 11.2.4 (Theorem 1 + Lemma 4 in [KT00]). Let C: {0,1}¥ — Z" be a (g, 6, ¢)-LDC. Then,
there exists g-uniform matchings Hy, . .., Hy over [n] such that for all i € [k], we have |H;| > ¢6n/q>.
Furthermore, for any query set C € H;, there exists a function fc: X9 — {0,1} such that Pry_ g 1y¢[bi =
feC®)le)] = 1 +5.

Note that formally the statement in [KT00] only guarantees that each query set in H; has size
at most g rather than exactly q. However, we can trivially make each set be of size exactly g by
padding each codeword of C with n zeros.

Next, we need the following lemma, which is a generalized and improved version of a similar
lemma appearing in [KW04].

Lemma 11.2.5 (Lemma 2 of [KWO04]). Let g > 2 be an integer and let C: {0,1}¥ — " be a code.
Let Hy,...,Hy be g-uniform matchings over [n] such that for each i € [k], we have |H;| > eén/q?,

and suppose that for each C € H;, there exists a function fc: L9 — {0,1} such that Pry,(q1)c[bi =
feC®)lo)] = 5 +45.

Then, there exists a binary code C": {0,1}* — {0,1}" with n’ < 4n|X| and g-uniform matchings
Hj,..., H; over n" vertices such that for all i € [k], we have |H]| > edn’/(4q®|Z|). Furthermore, for any
query set C € H!, we have that Pry,_ (g 1k[bi = ®vecC’(b)o] 2 % + W

Combining Lemma 11.2.4 and Lemma 11.2.5, we immediately obtain Lemma 11.2.3; Theo-
rem 11.2.2 then follows by applying Theorem 7. Thus, it remains to prove Lemma 11.2.5. In what

follows, we use conventional notations of Boolean analysis from [O’D14].

Proof of Lemma 11.2.5. Consider a natural number £ € N such that |Z| < 2¢ < 2|X|, and let
n’ := n2%1. Without loss of generality, say that £ C {0, 1}. Consider the first-order Reed-Muller
encoding RM; : {0,1}f — {0, 1}2H1 defined as RM;(0) = ({a)o + t)ae{o,l}f,te{o,l}-5 We define our
new code C’: {0,1}¥ — {0,1}" as C’(b) := (RM1(C(b)1), ..., RM1(C(b),)).

4Note that we obtain a better dependence on ¢ in Theorem 7 when our initial LDC is in normal form, as shown at
the beginning of Chapter 11.
SHere, {-)- denotes the pointwise inner product over IF%
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Consider any message index i € [k] and query set C € H;. We are going to find a correspond-
ing query set for C in C’. Write C = {v1,...,v,}. Arbitrarily extend our function fc to a function
over ({0,1}%)7 by setting fc(c) = 0 for o € {0,1}*\ X. For any message b € {0,1}*, set x := C(b).
Switching from {0, 1} to {—1, 1} in the natural way, we find that

1 ¢
;= >=-+= E [b Sy >c.
b<—1;01:1}k[b1 fe(C®)lc)] = > + > — b<—{—1,1}k[ ifc(xo, xvq)] €
Consider the Fourier expansion of fc, written as fc(y1,...,v4) = ZS]Mng[@] ]?&(Sl,. -, Sq) H?:l Hjest (yt);-
Using the Fourier expansion of fc, the Cauchy-Schwarz inequality, and Parseval’s identity, we

have

2 2
€ <b E [Difc(xoy, - .., Xo,)]
2
. q
= Z fC(S],..., { 11}]( r[l_[(xyt)j
S1,-,84CLe] =1 jesS;
g 2
r 2 ) )
<l D) fGuLs| D E L bﬂl‘[(xm)]
51,54l S1,.,5,<1f] t=1 jes,
g 2
- [fe, - ,yq)ﬂ) > E b ] [
1, yq*{ L1} S1 ..,ng[t’]b(_{_l’l}k t=1 jes,

2 L, E ﬂﬂ(xw)]

S1,.,5,<1l] t=1 jeS,

<278 max X
S1,-,54Sle] | be—{~ 11}k 1—[ n( U')]

t=1 ]GSf

Thus we can find sets Rf,. .. ,ch C [€] and bit tc € {0, 1} such that

tc €
=1 b<—{11}k Hl_[(xv[)] - qé’/2_ 29-1|g9/2

t=1 ]eSt

Reverting back from {-1,1} to {0, 1} in the natural way, the last expression is equivalent to

1 £

P .
’ 2 29|x|a/2

b—{0,1}*

q
te+ ) (Tge)xo, = b
i=1

Thus, we can form a new query set C’ := {(vy, (1R1C’ tc)), (v, (lec,O)), o (vg, (quc,O))} for C’

that recovers b; with probability 1/2 + ¢/(21 |2]9/2). Indeed, this is how we construct our new
hypergraphs Hj, ..., H,. Since we are mapping each query set to a new one, then we see that
|Hi| = |H]| > e6n/q* > edn’[(49*|Z|) for all i € [k]. Furthermore, the query mapping preserves
disjointness and size, implying that the new hypergraph is a collection of k g-uniform matchings.
This finishes the proof. m]
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11.3 Our proof as a black-box reduction to 2-LDC lower bounds

In this appendix, we reinterpret our proof of Theorem 7 in the specific case of linear 3-LDCs by
formulating it as a black-box reduction to existing linear 2-LDC lower bounds. Because we are
reinterpreting the proof, we will assume familiarity with the proof in Chapter 11 and Section 11.1.
Formally, we show that our proof of Theorem 7 in fact provides the following transformation:
given a linear 3-LDC L, we produce 2 different linear codes £, and L3 corresponding to the
2-XOR instance g5 and 3-XOR instance f, from Chapter 11, with the guarantee that at least one of
these codes is a linear 2-LDC. We note that unlike Theorem 7, this reduction-based proof will only
apply to linear 3-LDCs. However, in this case we will obtain slightly better dependencies on log ,
¢, and 0 than that in Theorem 7; this comes entirely from the fact that 2-LDC lower bounds for
linear codes have slightly better dependencies on ¢ and 6 than 2-LDC lower bounds for general,
nonlinear codes.

Our transformation naturally produces objects that are formally not quite linear 2-LDCs,

which we call “weak LDCs”, defined below.
Definition 11.3.1 (Linear weak LDC). Givena code £: {0,1}f — {0,1}", we say that £ is a linear
(g, 6)-weakly locally decodable code (or, (q,0)-wLDC) if L is a linear code and there are g-uniform
hypergraph matchings Hy, ..., Hy over [n] such that (1) Zle |H;| > 6nk for any i € [k], and
(2) C € H;, we have that B, L(b), = b; for all messages b € {0, 1}k,

We note that we work with weak LDCs solely for notational convenience, as it is straightfor-
ward to observe that they are equivalent to LDCs, up to constant factors in parameters. Indeed,
the difference between a weak LDC and a true LDC is that the weak LDC only requires that
Z;‘zl |H;| > o6nk, rather than the stronger condition that |H;| > on for all i € [k]. So, by removing
all hypergraphs H; with |H;| < 6n/2 and setting the corresponding b;’s to 0, we obtain a new
code £’: {0,1} — {0,1}" where k’ > 6k and |H;| > 6n/2 forall i € [K'].

Regardless, we note that the linear 2-LDC lower bound of [GKST06] (Fact 3.3.4), which here
we will use as a black-box, holds for linear weak 2-LDCs as well.

As the main theorem in this section, we will prove the following theorem.

Theorem 11.3.2. Let £: {0,1}* — {0,1}" be a linear (3, 5)-wLDC, and let d € IN. Then, there are codes
Lr: {0,112 — {0,1}" and L3: {0,1}* — {0, 1}V such that either Ly is a linear (2, Q(6 - 7%2))-wLDC
or L3 is a linear (2,Q(6%/d))-wLDC, where ko, k3 > k/2, N = (2;7) and £ = \[n/k/c, where c is an
absolute constant.

We note that by applying Fact 3.3.4 twice, we immediately obtain the following corollary.

Corollary 11.3.3. Let £: {0,1}* — {0,1}" be a (3, 6)-linear LDC. Then, n > Q (12;—’;3]().

Proof. Apply Theorem 11.3.2 with d = clog, n/6 for a sufficiently large constant c. If k < d,
then we are done, so suppose that k > d. If £ is a linear weak (2,€(6 - ddq))—LDC, then by
Fact 3.3.4 we conclude that log, n > Q(6dk/(k +d)) > €(6d), as k +d < 2k. As d = clog, n/0 for
a sufficiently large constant c, this is a contradiction.

It thus cannot be the case that £, is a linear weak (2, Q(6 - ﬁ))-LDC, and therefore it must be
the case that £ is a linear weak (2, Q(6%/d))-LDC. By Fact 3.3.4, this implies that O(\/n_/k logn) >
{log,n > Q(6%/d - k), and therefore we conclude that n > Q(8%k3/ log4 n). Finally, we have
log, n = ©(log k) or else Corollary 11.3.3 trivially holds, and so this finishes the proof. O
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We now prove Theorem 11.3.2.

Proof of Theorem 11.3.2. Let £: {0,1}* — {0,1}" be a linear (3, 5)-wLDC, so that there exist 3-
uniform hypergraph matchings Hj, ..., Hi such that Zf-‘zl |H;| > onk, and for every i € [k] and
C € H;, it holds that (P, L(b), = b; forall b € {0,1}*.

We now define the codes £, and L3. Let Gy,...,Gg, Hy, .. .,Hl’( denote the output of the
hypergraph decomposition algorithm Lemma 11.0.2 applied with the parameter d chosen in the
statement of Theorem 11.3.2.

Constructing L,. Let L, C [k] be a subset of size |L;| > k/2 to be specified later. We let
L5:{0,1}2 — {0,1}" be the code that encodes a message b’ € {0,1}2 as L(b), where b is
obtained by padding b’ with 0’s to obtain b € {0,1}*. Formally, £»(b") := £L(b), where b € {0, 1}
satisfies b; = b; foralli € Ly and b; = 0 otherwise.

We will now show that if szzl |G| = dnk/2, then there exists a set L, C [k] of size |L,| > k/2
such that £, is a linear (2, Q(6 - ﬁ))-WLDC. Recall that each G; is a bipartite matching on [n] X P,
where P = {p = (u,v) : deg(p) > d}, where H = UleHi. First, we can furthermore assume that
each p € P appears not just in at least d edges across all G;’s, but also in at most 2d edges. Indeed,
if some p violates this condition and has ¢ > d edges, then we split p into t’ = [t/d ] new elements
p1, ..., pr, each of which is adjacent to exactly d of the original edges, and then we connect the
“residual” t —t'd < d edges to p1. Each new p; obtained by splitting p now appears in exactly d
edges across all G;’s except for p1, which appears in at least 4 edges and at most 2d edges.

Next, partition [k] into L, U Ry, and without loss of generality assume |L| > k/2. Fori € L, let
G; denote the graph on n vertices with edges E; = {(u,v) : 3p € P,j € Ry, (u,p) € G;,(v,p) € Gj}.
Observe that } ;¢ |G’| > (6nkd) in expectation over a random partition L, U Ry, and hence
there exists such a partition Ly U Ry with },¢;, |G| > Q(6nkd).

Next, we observe that for any vertex u € [n] and i € Ly, u has degree at most 2d + k in G; .
Indeed, since the G;’s are matchings and each p appears in at most 2d edges, it follows that for
each u, there are at most 2d edges (u,v) in G/ formed from the edge (u, p) in G;. Second, for each
v, there are at most k edges (u,v) in G/, as these can only be formed from the edges (v,p)inGj,
for j € Ry, and each G; is a matching so there is at most one edge per choice of j € R,. Hence,
each G/ has a matching M of size at least Q(|G’|/(d + k)), and so ZlelMl'.I > Q(onk - ﬁ).

Finally, for each i € L, and each edge (u,v) € M/, it holds that L5(b"), ® La(b’), = b!. Indeed,

this is because .L(b) satisfies L(b), ® L(b), = b; and L(b), ® L(b), = bj = 0, where p € P is the
shared pair used to add (1, v) to G/ in the definition, j € R, and (1, p) € G;, (v,p) € G;. We have
thus shown that if Zle |Gi| > onk/2, then L, is a linear (2, Q(6 - ﬁ))-WLDC.
Constructing £L3. Let L3 C [k] be a subset of size |L3| > k/2 to be specified later. Let { = W /c
for a sufficiently large constant ¢, and identify N = (%') with the collection of sets ("12)). we
let £3: {0,1}% — {0,1}" be the code that encodes a message b’ € {0, 1}13 with the string L3(b’),
where the S-th entry, for S € ([”]?[Z]), is

L3(V)s = (6P L)) @ (ED L)),
ues v@es

where b € {0,1}* satisfies b; = b} for alli € L3 and b; = 0 otherwise.
We now argue that if Zle |H!| > 6nk/2, then there exists a set L3 C [k] of size [L3| > k/2 such
that L3 is a linear (2, Q(6%/d))-wLDC. Recall that each H ! is a 3-uniform hypergraph matching
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on n vertices, where deg,,({u,v}) < d for all u,v € [n], where H" = UleHlf. Partition [k]
into L3 U R3, and without loss of generality assume |L3| > k/2. Following Section 11.1, we set
(= m /c for a sufficiently large constant c and let B; € RN*N for i € L3 be the matrices defined
in Definition 5.4.2.

Let G;’ denote the graph with adjacency matrix B;, i.e., for S,T € [N], we have (5,T) as an
edge in G7 if B;(S,T) # 0. By Lemma 11.1.6, the max degree of any vertex in G is at most 2d.
Hence, G} contains a matching M} where [M”| > Q(|G}|/d). Now, since |H’| > 6nk/2, then by
double counting, the number of clauses C1,C2 € H” with |C1 N Cy| > 11is at least Q(6°nk?). Thus,
by picking a random partition and using Lemma 12.6.4, we find that Zle |GY| > Q(D&%*nk?) in
expectation, where D = 2(2;1__4[), and hence there is a partition L3 U R3 achieving this. By applying
Fact 3.6.1, we see that D/N > Q(¢%/n?), and so we have ZfﬂIM;’l > Q(6°Nk/d), using that
0 =~njk/c.

It is now straightforward to observe that, for each i € Lz and (S5,T) € le’, it holds that
b = L3(b")s ® L3(b")r; indeed, this is because L3(b")s ® L3(b")r = L(b)s ® L(b)r = b; ®b; = b},
as b} = b; and b; = 0 because j € Ry. We have thus shown that if Z;(:ﬂHﬂ > O0nk/2,then L3isa
linear (2, Q(6%/d))-wLDC.

By Lemma 11.0.2, we thus have that either Z§:1|Gi| > onk/2 or Zf‘:ﬂHl’l > onk/2. Hence, at
least one of £, and L3 must have the desired property, which finishes the proof. |

Remark 11.3.4 (A note on the linearity of £). In Theorem 11.3.2, we assumed that the code £ was
linear. The reason that this assumption is necessary is because of the following. The constraints
used to locally decode £, and L3 are obtained by XORing two clauses C; and C; in the original
set of local constraints defining L. We then observe that by using C; @ C, we can decode, e.g.,
b; ® bj, and so by setting ~ k/2 of the b;’s to be hardcoded to 0, we have many constraints to
recover b;. The issue for nonlinear codes is that this “hardcoding” procedure does not work, as
even though we can set b j to be 0, the individual constraints C; and C; are only guaranteed to
decode b; and bj, respectively, in expectation over a random choice of b € {0, 1}*. Thus, when we
hardcode some bits, we are no longer guaranteed that the derived constraint C; & C, decodes b;
in expectation over the remaining “free” bits b; for i € L.
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Chapter 12

Exponential Lower Bounds for 3-Query
Locally Correctable Codes

In this chapter, we prove Theorems 8 to 10. We first give an overview of the strategy that leads
to the proofs of Theorems 8 to 10. We will then give a standalone proof of Theorem 9, which
is substantially simpler than the more general cases handled by Theorems 8 and 10. Then, as a
warmup to the proof of Theorem 8, we give a proof sketch of a n > Q(k*) lower bound for linear
3-LCCs. Finally, we prove Theorems 8 and 10.

12.1 The proof strategy

We will start by giving a high-level overview of the proof strategy that we will use to prove
Theorems 8 to 10. We will focus on the case of linear 3-LCCs, i.e., the case of Theorem 8, as well as
on the case of IF = [F,. Without loss of generality, we can assume that £ is a systematic linear map
L:{-1,1}F — {~1,1}", so that the first k bits in any codeword are the message bits themselves,
i.e., forany b € {-1,1}*, x = L(b) satisfies x; = b; for all i € [k]. We will use the notation > and <
to suppress a multiplicative polylog(n) factor.

The Kikuchi matrix method. Our proof uses the Kikuchi matrix method developed in this
thesis. This method works in two steps: (1) formulate a hypergraph possessing some relevant
structure as a family of satisfiable XOR formulas, and, (2) construct a spectral refutation (i.e., a
certificate of unsatisfiability) of a randomly chosen member of this family. The spectral refutations
in the second step rely on appropriate Kikuchi matrices — a term that we have been loosely using
to describe induced subgraphs of an appropriately chosen Cayley graph associated with the
hypergraph. The success of the spectral refutation naturally relies on the structure of the XOR
instances. The power of the method comes from the ease (at least in hindsight, given Parts I and II
and Chapter 11, i.e., [GKM22, HKM23, AGKM23]) in identifying the relevant combinatorial
structure that is sufficient for the success of the spectral refutations.

Our proof can be seen as an upgrade on the methods we developed in Chapters 2 and 11,
which we used to show a lower bound of n > Q(k®) on the block length 1 of a 3-query LDC (and
therefore also a 3-query LCC) of dimension k and constant distance. The key conceptual idea that
helps us move beyond the cubic to an exponential lower bound for 3-LCCs (a bound that provably
cannot hold for 3-LDCs [Efr09, Yek08]) is a new family of XOR instances that crucially exploits
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the additional structure in LCCs. Our new family of XOR instances is produced by performing a
certain structured variant of low-width resolution (well-studied in proof complexity [Gri01, Sch08])
on the “basic” family. We call this process long chain derivations.

In the following, we will first recall the conceptual crux of the lower bound for g-LDCs in
Section 2.3 and Chapter 11 and then use it to motivate our approach for 3-LCCs.

12.1.1 The naive XOR instance and LDC lower bounds

To begin, we will summarize the approach of Section 2.3 and Chapter 11 for the case of g-LDCs.
Let us start by recalling the combinatorial characterization (formalized as the normal form in
Definition 3.3.9). A code £: {-1,1}f — {~1,1}" isa (g, 6)-LDC if for every 1 < i < k, there exists
a g-uniform hypergraph matching H; over [n] of size 6n such that for every b € {-1,1}f and
codeword x = L(b), for every i € [k] and every C € H;, it holds that xc = b;. The combinatorial
characterization above can be easily seen to be equivalent to the satisfiability of a family of -XOR
instances.

Observation 12.1.1 (LDCs and a Family of XOR Instances). Let Hy, H», ..., Hy be g-uniform hyper-
graph matchings on [n] of size 6n. For every b € {-1, 1}*, define the following g-XOR instance
W, in n variables x1, x2, ..., X;.

Vi € [k], VC e H; ,xc = bi . (12.1)

Then, there exists a (normal form) linear LDC £ : {-1,1}f — {-1,1}" described by the collection
of g-uniform matchings Hi, Hy, . .., Hr on [n] if and only if WV}, is satisfiable for every b € {-1, 1}k,

If £ is a (g,06)-LDC described by matchings Hy, H», ..., Hk, then x = L(b) satisfies all the
constraints in W;,. Conversely, if W}, is satisfiable for every b, then one can easily construct a linear
map L (easily seen to be a linear (g, 6)-LDC) where L(b) is some satisfying assignment to V.

The main idea of Section 2.3 and Chapter 11 is to show that for any collection of dn-size
g-matchings Hy, Ha, . . ., Hi, if k is large enough as a function of 7, then for a randomly chosen
b, Wy is unsatisfiable with high probability. This implies an upper bound on k. Now, when b
is random, W, is XOR formula generated via k < n bits, i.e., much smaller than the number
of variables. Thus, a naive union bound argument cannot establish unsatisfiability of W;. In
Section 2.3 and Chapter 11, we established unsatisfiability of W} for a random b via a spectral
refutation using Kikuchi matrices.

Spectral refutations for W;,. Let us now recall how the spectral refutation in Section 2.3 and Chap-
ter 11 works. For our purpose of illustrating the conceptual idea, we will focus on the simpler
setting of even g and sketch the proof that k < O(n'~%/7) for g-LDCs, which we saw in Section 2.3.
First, we observe that for the XOR instance W, there is an associated “instance polyno-
mial” Wy(x) := Zle Y.cen; bixc. We note that Wy (x) is the number of constraints satisfied
by x minus the number of constraints violated, and thus W, is unsatisfiable if and only if
val(Wp) = max,e(_1,1y» Wp(x) is less than Zle |H;| = k - dn. Thus, to show that W, is unsatisfiable,
we will bound val(Wy).
To do this, we define a Kikuchi matrix whose quadratic form is equal to Wj(x) using the
strategy we developed in Chapter 2.
Definition 12.1.2 (Kikuchi matrix and graphs, Definition 2.1.1 restated). Let C € ([Z]), let { be a

parameter, and let N := (7). Let Ac € {0, 1}N*N be the matrix indexed by sets S € ([’;]) where
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Ac(S,T) =1if S®T = C, and 0 otherwise. Let A; = Y.y Ac, and let A = Zle b;A;. We
naturally interpret (and by abuse of notation, also call) Ac, A; and A as adjacency matrices of
“Kikuchi graphs” on the vertex set ([’Z]).

Observe that Ac is a matching on vertex set ([r;]) of size D = ( /_’;72) (qt}z) (see Proposition 2.1.2).

For any x € {-1,1}", let x©¢ denote the ¢-wise monomial vector indexed by S € ([';]) with
corresponding entry equal to xs. Then, x0T Acx®f = Dxc. Consequently, X7 Ax® = DY, (x).
Thus, if x € {-1,1}" satisfies W}, then we have the following inequality that upper bounds k in
terms of [|A|,:

1 2 ?
kon =Wy (x) < & [«*|[; 14]l, = %) 1All, < O((n /)1 |l . (12.2)
We now choose b € {-1,1}* uniformly at random and consider A = }}; b;A;, which is a ma-

trix Rademacher series of the A;’s. By the Matrix Khintchine inequality (Fact 3.4.2), ||A|l, <
O(+/logN) ||Zl A%”;/z with high probability.
A combinatorial proxy for [|A]l,. Let A; be the maximum degree of any node in the Kikuchi
graph A;, and let A = maxj<;<x A;. Then, we can naively bound ||Zl- A%”2 < ||Ai||% < kA2
Thus, the maximum degree of the A;’s naturally controls the spectral norm of A as ||[A|, <
A-O(+/ktlogn).

Let us now investigate bounds on A. Since for each C € H;, Ac contributes D edges to A;,
the average degree of A; is clearly 6nD/N ~ n(¢/n)7/2. Thus, A > O(1) max{1, n(¢/n)?/2}. If A
happens to be equal to this minimum possible value, then substituting it in Eq. (12.2) yields:

kon < O(1) (%)Q/z Vkllogn -max{1,n(¢/n)"?},

which implies that k < O(flogn) - max{n7-2/¢7,1}. This is minimized at { = n'=%/7 to give the
lower bound of k < O(n'=2/7),i.e., n > Q(k9/(1-2)),

Handling irregularities: row pruning via polynomial concentration. We will now (for the first
time in the argument) use that the H;’s are matchings to argue that while the A;’s are certainly
not approximately regular (i.e., max degree A; at most a polylog(n) factor larger than the average-
degree), there is only a small fraction of nodes in any A; that have a large degree. Of course, a
small fraction of rows can still cause ||A||, to be too large. In order to circumvent this issue, we
observe that the argument in Eq. (12.2) works even if we were to replace N ||Al|, (maximum over
arbitrary quadratic forms) by ||A||_,; (maximum over quadratic forms on +1-coordinate vectors).
The latter quantity is insensitive to dropping a small fraction of rows since +1-coordinate vectors
when restricted to a small number of rows must have correspondingly small f,-norm.

To prove that only a small fraction of nodes can have a large degree in any A;, we view the
degree of any node S as a polynomial in the corresponding indicator variables z € {0,1}" with
2. zi = { and use tail inequalities for low-degree polynomials (that generalize concentration of
Lipschitz functions) of Kim and Vu and extensions [KV00, S512] to bound the chance that it takes
a value polylog(n) times the average. This relies on establishing strong bounds on the expected
partial derivatives of the degree polynomial by using that the H;’s are matchings.

The key heuristic: high density for Kikuchi graphs at low levels. Let’s summarize the crucial
steps of the above argument as follows: (1) g-LDCs naturally yield XOR instances of arity g, (2)
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to obtain our lower bound, we need that the Kikuchi matrices A; corresponding to a matching H;
are approximately regular (after dropping a negligible fraction of rows), and (3) the argument
can only yield a bound of the form k < £ where { is the smallest level of the Kikuchi graphs A;
with an average degree > 1. More precisely, if there are m; constraints of arity g in H;, then
the threshold ¢ is the smallest integer satisfying m;(¢/n)7/? > 1 for all i € [k]. Note that this
threshold ¢ increases as g increases.

We assert that even though the argument Chapter 11 for the case when g = 3 requires
more work (in both the design of the Kikuchi matrix itself and its analysis), the heuristic above
continues to hold. Let us also note that ensuring approximate regularity is usually the trickiest
aspect of the proof. In particular, while the heuristic above makes sense for all odd 4 (and not just
g = 3), and in Chapter 11 we failed to obtain an improved lower bound for odd g > 3 because we
were unable to find an appropriate “decomposition” that ensures approximate regularity of the
resulting Kikuchi matrices.

Thus, in order to obtain an exponential lower bound, as in Theorem 8, via the schema above,
we must construct Kikuchi graphs that have constant density (i.e., average degree) at much a
lower level ¢. Specifically, we will need to be able to take ¢ = polylog(n).!

12.1.2 Long chain derivations: stronger spectral refutations by increased density

Given the key heuristic above, we now show how to build XOR instances from 3-LCCs that
yield constant density Kikuchi matrices at level £ = polylog(r). Our instances will balance two
opposing concerns. On the one hand, the constraints will be of large arity (in fact, O(log n) arity)
which, given the discussion above, hurts the density at lower levels. Nonetheless, we will show
that the number of higher arity constraints that we produce grows fast enough to compensate for
this and gives us an overall increase in density at lower {. We note (with the hope of pointing
the reader to the trickiest part of the proof that motivates all our setup) that the analysis of “row
pruning” i.e., arguing approximate regularity after removing a negligible fraction of rows, will
get significantly more involved and motivates all our design choices. This includes the specific
type of Kikuchi matrices that we will choose and a new decomposition for the constraints that,
while a bit unnatural at the outset, helps guarantee approximate regularity. Let us see these ideas
in more detail next.

Like 3-LDCs, 3-LCCs can, without loss of generality, be assumed to be (3, 0)-normal. Thus,
for any 3-LCC £: {-1,1}f — {-1,1}", there are 3-uniform hypergraph matchings Hy, ..., H, on
[1], each of size 61, such that for every b € {1, 1}%, u € [n], and C € H,,, the encoding x = L(b)
satisfies xc = x,. Note that the key difference between LCCs and LDCs is that here we have a
“local correcting” hypergraph H,, for each u € [n], instead of only a hypergraph for each i € [k] in
the case of LDCs.

The naive XOR instances. Similar to Observation 12.1.1, the combinatorial characterization

IWe note that while our lower bounds appear to get weaker as ¢ grows, generic convergence results about the
Kikuchi matrices imply that taking ¢ ~ n and bounding W}, in terms of ||A||, yields the optimal bound on k, whatever
it may be! The reason the current argument (which is likely suboptimal) does not extend beyond ¢ = n1=2/7 ig
the potentially superfluous /log N multiplicative loss in the matrix Khintchine inequality. Investigating when
this +/log N factor (which is tight in the worst case) can be removed is the topic of an ongoing research effort in
random matrix theory [BBH23] and is naturally related to other problems such as resolving the matrix Spencer
conjecture [Zoul2, Mek14].
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C C’

Y U R

Figure 12.1: A 2-chain with head u. Note that CU{w} € H, and C' U {w’} € Hy,, and that
x = L(b) satisfies xcxy = x,, and xc Xy = Xy, and therefore xcxcrxy = xy.

yields that the XOR instance with constraints x¢c = x,, for every C € H, and u € [n] (where on
the right-hand side, we set x,, = b, whenever u € [k]) is satisfiable for every b € {-1, 1}k. If we
focus only on the constraints corresponding to H, for u € [k] (i.e., the “systematic” bits in the
codeword), then we recover the same XOR instance as in the case of 3-LDCs and our method
from above yields k < O(1n'/3). To improve on this significantly lossy formulation, we must make
use of the additional constraints H, for u ¢ [k]. More specifically, if we were to only use the
hypergraphs H,, for u € [k], then any lower bound we could prove would hold for LDCs as well,
and in particular one could not hope to prove Theorem 8, which is false for LDCs.

Long chain derivations. We now show how to use the additional constraints in order to build a
higher arity XOR instance that is (1) approximately regular (after an appropriate decomposition),
and (2) results in high-density Kikuchi graphs at polylog(n) levels. We will construct higher arity
XOR instances that use the additional constraints above using a structured variant of low-width
XOR resolution [Gri01, Sch08] that we call long chain derivations.

Let us start by forming extra constraints via 2-chains. Observe that for any u € [n] and
C € H,, we have that for any b € {-1, 1}k, x = L(b) € {-1,1}" satisfies the equation x,xc = 1.
Now, let us choose w € C and C” € H,,. We also have that x;,xc = 1. As xc = x¢\{w} Xw, it follows
that the “derivation” x,xc\ (w1 Xc’ = 1 also holds, since x%,} = 1. We shall call such a constraint
a “2-chain” — it connects two constraints intersecting in one variable. We can think of such a
2-chain as a tuple (1, C,w, C’,w’), where C U {w} € H, and C"' U {w’} € Hy,, and this yields the
constraint xcxc x, = x,, (see Fig. 12.1).

Consider now the 2-chains Uie[kﬂ{l.(z), i.e., 2-chains of the form (i, C,w, C’,w’) where i € [k].
Then, the constraints have the form xcxc/xy = b;, so they decode the i-th independent bit b;. We
have thus formed a new set of constraints with “right-hand side” b;.

A heuristic calculation. Let us now do a heuristic calculation (that ignores the key issue of
approximate regularity) to see if we improve the density at lower Kikuchi levels by taking
the XOR instances corresponding to 2-chains. For any fixed “head” i € [k], there are (36n)?
2-chains. This is because we have 67 choices for C U {w} € H;, followed by 3 ways to choose
w from C U {w}, and then similarly 36n choices in total for (C’,w’). Let 7-{i(2) denote the set of
2-chains with head i. We have thus produced ~ n? constraints and each constraint has arity 5,> as
ICl =[C| =2.

The Kikuchi matrix in Definition 12.1.2 only makes sense for even g, but let us still do a
“pretend” calculation of the relative density for the arity 5 constraints we have produced. This

2Some constraints may have additional variable cancellations and thus have arity < 5. However, as the density gets
worse as the arity increases, this is only “better” for us.
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can be made precise with a slightly more sophisticated Kikuchi matrix (which we have seen in
Chapter 11), so this is still a meaningful heuristic.

The density (i.e., average degree) for the Kikuchi matrix A; is now n?(¢/ n)1/2 ~ n2(0/n)%/? ~
025 /n%5. This density is > 1 whenever ¢ > n'/5, so one might expect to obtain a bound of
k < n'/® (beating the n'/? bound for the naive XOR instance) when working with 2-chains — a
construction that crucially relies on additional structure in 3-LCC! While there are lot of details
that we have simply ignored in doing this calculation, it does suggest that we are able to achieve
a constant-density Kikuchi matrix A; at a lower level ¢. A similar calculation (that we will omit
here) for chains of larger length, say r, shows that the smallest level ¢ at which we can obtain
constant density Kikuchi matrices is £ ~ n'/%", and this suggests that we might be able to obtain
constant density at level ¢ = polylog(n) if we work with r ~ log n length chains.

In Section 12.3, as a warmup to our somewhat technical proof of the main theorem, we present
a complete analysis of the 2-chains (with extended commentary) to obtain a k < O(n'/*) bound
(giving a polynomial improvement on the ~ n1/3 lower bound on 3-LDCs already!) in order to
illustrate (a simplified version of) the set of new tools that go into the analysis.

12.1.3 From the heuristic to a proof

In the remaining part of this overview, we briefly discuss the technical tools we develop to turn
the above heuristic calculation into a full proof. We note that the actual parameters become rather
delicate. For readers familiar with the literature on random CSP refutation (our setting resembles
semirandom XOR refutation with complicated correlations in the right-hand sides), this is similar
to the analysis getting rather delicate when dealing with XOR instances with super-constant arity.

Setting up the Kikuchi matrix. The instances produced by forming r-chains yield XOR instances
of (odd) arity 2r + 1. We build a different Kikuchi matrix by first applying the “Cauchy-Schwarz”
trick — a standard idea in CSP refutation also utilized in Section 5.1 and Chapter 11. In our case,
the XOR instance produced after this trick corresponds to constraints formed by joining two
r-chains at their “tails” whenever the tails match. We choose a variant of the Kikuchi matrix for
the “Cauchy-Schwarzed instance” except for the key difference that it is indexed by 2r-tuples of
sets of size ¢ (instead of a single set of size {) in the sketch above.

Regularity decomposition. If Hy, H>,...H, are such that no pair of variables appears in more
than one hyperedge (“no heavy pairs”) across all the H;’s, then it turns out that the resulting
Kikuchi matrices satisfy approximate regularity after pruning a negligible fraction of rows. This
“no heavy pair” property holds, e.g., if H;’s are uniformly random and independent hypergraph
matchings of size 6. It also holds in the design case (Theorem 9) by assumption.

However, when the H;’s are arbitrary, and in particular when there are “heavy pairs” (i.e. pairs
of variables that appear in > log n hyperedges across the H;’s), the resulting Kikuchi matrices
are far from being approximately regular. Our key technical idea is a new decomposition procedure
that operates directly on the chains. Such a decomposition procedure partitions the chains into
~ r different groups such that each group admits a (different, appropriately defined) Kikuchi
matrix that satisfies approximate regularity. Regularity decompositions have been used many
times already in this thesis (see Sections 5.2, 7.3 and 11.0.1). However, our notion of regularity is
(necessarily) significantly weaker (we call it “smoothed partitioning”) that, unlike the method in,
say, Section 5.2, does not “by design” ensure approximate regularity of the Kikuchi matrices after
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removing only a negligible fraction of rows. Instead, our argument for approximate regularity
relies on combining the guarantees of the decomposition with (1) an appropriate choice of Kikuchi
matrix for each piece in the partition, and (2) the structure in the chains arising by virtue of H;’s
being matchings.

Polynomial concentration: bounding expected derivatives. Our main technical step (the subject
of Section 12.7) is proving that our weak notion of regularity combined with the fact that H;’s
are matchings is enough to control expected partial derivatives of the “degree-polynomial” that
computes the degrees of nodes in the Kikuchi graph.

Our original proof of approximate regularity of the Kikuchi graph from the smoothed par-
titioning of the chains (which appeared in [KM24a]) used a “partite” version of the Kim-Vu
inequality [KV00, S512]. This original proof results in a final bound of k < O(log8 n), or a lower
bound of n > 22" In the proof presented in this thesis, we shall incorporate the second
moment method row pruning argument of [Yan24], which saves a few polylog(r) factors and
results in a 22" bound.

We note that the analysis of the expected partial derivatives of the “degree polynomial”
(which we use to prove approximate regularity) and the interplay of these bounds with our
decomposition of chains is the key technical part (and the focus of Section 12.7) of our proof. In
order to illustrate this technical part in a “base” case that still captures some of the complications,
we present the case of 2-chains as a warmup in the next section.

12.2 Proof of Theorem 9

In this section, we prove Theorem 9. The proof is substantially simpler than the proofs of
Theorems 8 and 10. The proof here will be self-contained, and will also serve as a partial warmup
to Theorems 8 and 10.

The proof presented follows the overall blueprint described in Sections 12.1 and 12.3, although
we will present it via a slightly different lens. Namely, we will use the design 3-LCC L to construct
a 2-query linear locally decodable code, and then we will apply the lower bound of [GKST06].> We
will incorporate the clever second moment method proof of the row pruning step due to [Yan24],
which is very similar to the edge deletion method of [HKM23] done in the context of semirandom
and smoothed CSP refutation (Part I). The key reason that we save the final log n factors is by
using a more carefully chosen Kikuchi graph, a sharp accounting of binomial coefficients, and
the crucial use of the fact that in the design case, the hypergraph matchings are perfect.

Let us now proceed with the proof. Let £: {0,1}* — {0,1}" be a design 3-LCC. Namely,
there exists a 4-uniform hypergraph design H C (1)) such that for all C € H, 3,cc %, = 0 for all
x € L. Without loss of generality, we may assume that L is systematic, i.e., for each b € {0, 1}k,
L(b); = b;. Tobound k, we will give another linear map £L’: {0,1}" — {0,1}*"N, where N = (})
for some parameter { = (1 +0(1))log, 7, and we will show that £ o L: {0, 1} — {0,1}V is

3The proof overview in Sections 12.1 and 12.3 is presented using the perspective of spectral refutation and matrix
concentration bounds, even though the final proof in the case of linear LCCs (Theorem 8) can be phrased as a reduction
to a 2-LDC. Here, we present the proof as a reduction as it is a more accessible and combinatorial analysis, although
we note that one could prove the same result using matrix concentration as well. The proof of the nonlinear case
(Theorem 10) requires the spectral refutation perspective.

149



a 2-query linear locally decodable code with 6 = %(1 —0(1)). We can then apply Fact 3.3.4 to
conclude that (1 - 0(1))k < 20k <log, N < (£ +1)log, n where £ = (1 +0(1)) log, n.

For each u € [n], we let H,, denote the 3-uniform hypergraph defined from H as specified in
Remark 3.3.12,1e., H, = {C : CU{u} € H}. As shown in Remark 3.3.12, H, is a matching of size
on="1ie,6:=1-4+.

Step 1: forming long chain derivations. In the first step of the proof, we use the initial system
of constraints H to define a larger system of constraints, called long chain derivations.
Definition 12.2.1. Let Hj, ..., H, be the 3-uniform hypergraph matchings defined from the 4-
design H. An r-chain with head u is an ordered sequence of vertices of length 3r + 1, given by
C = (uo,v1,02,U1,03,04, U2, - .., Va(r—1)+1, UV2(r-1)+2, Ur), such that all the v;,’s are distinct* and for
eachh =0,...,r —1,itholds that {van+1, Van+2, Un+1} € Hy,. We let Wb(,r) denote the set of r-chains
with head u.

Welet Cp = (v1,03,0s, . .., Ur—1)+1) denote the “left half” of the chain, and Cr = (v2,v4, Vs, . . ., V2(r-1)+2)
denote the “right half”. We call u, the “tail”.

We observe that 7—(1(,” has size at most (60n)" and size at least (661 — 4r)". Indeed, the upper
bound follows because, given a partial chain (19, v1, v, . .., uy), there are exactly 66n choices of
(U2n41, V2na2, Un+1) (Which we note are ordered), and the lower bound follows because there are
always at least 66n —4h > 66n — 4r choices, as each vertex v can appear in either the first or
second spot in at most 2 ordered hyperedges in H, for any u’ € [n].

The following observation asserts that the system of linear equations given by the chains are
satisfied by every x € L.

Observation 12.2.2. Let C = (ug, v1,02, 41,03, V4, U2, - . ., Vo(r-1)4+1, V2(r-1)+2, Ur) € 7—(5,” be an r-chain,
with left half C; and right half Cg. Then, for any x € £, it holds that x;, + }.,cc, X0 + Xpec, X0 =

Xug-

Proof. For any chain C, we have thatforall h =0, ...,r —1, it holds that {v24+1, V2n+2, Un+1} € Huy,,
which implies that x,,,,, + Xo,,., + Xu,,, = xu, for all x € L. By taking the product over all these
equations, Observation 12.2.2 follows. O

Step 2: defining the Kikuchi graphs. In this step, we will define two linear maps £;: {0,1}" —
{0,1}F and £5: {0,1}"* — {0,1}R, where L = ([?]) x[n],R = ([’;]), and { is a parameter, as follows.
Let Li(x)s0) = Xo + Dores Xor, and let Lo(x)r = Y, cr Xor. Note that |[L| = nN and |R| = N,
where N = (}).

Now, for each u € [n], we will use the set of r-chains 7{150 to define a bipartite graph G,

with left vertices L and right vertices R such that, for each edge ((S,v),T) in G,, it holds that
L1(x)(s,0) + L2(x)1 = xy. This graph G, will be the following Kikuchi graph.
Definition 12.2.3 (Kikuchi graph). Let { be a parameter, to be determined later, and let G,
be the graph with left vertex set L = ([:f]) X [n] and right vertex set R = ([?]). For a chain
C = (ug,v1,02,U1,03,04, U2, . .., V2(r-1)+1, U2(r—1)+2, Ur) € 7—(5) with left half C; and right half Cg,
we add an edge ((S,w), T) to G, “labeled” by Cif S = CLUU, T = Cgr U U where |U| = ¢ —r° and
w = u,. Two distinct chains may produce the same edge — we add edges with multiplicity.

41n this section only, we will enforce that all the v},s are distinct, as this will be slightly more convenient.
5Note that here we will use that all the v},’s are distinct, so that |Cy | = |Cr| = r and |C| + |Cr| = 2.
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We now make the following simple observations about the graph G,,.

Observation 12.2.4. For any chain C = (ug, 01,02, U1, 03,04, U2, . . -, V2(r—1)+1, V2(r—1)+2, Ur) € 7—(5), the
number of edges in G, “labeled” by C is exactly (" ").
In particular, the average left degree of G,, denoted by d, 1, is (”[_2:) /nN, and the average

right degree, denoted by d,, g is (”[_ZJ) /N.

Proof. Let Cr, be the left half of C and let Cr be the right half. Because all the v,’s are distinct, we
have |C| = |Cr| = r and |Cr U Cg| = 2r. It follows that the number of pairs ((S, w), T) such that
((S,w), T) is an edge in G, labeled by C is simply the number of choices for the set U, which is a

subset of [1] \ (Cp U Cr) of size ¢ — r. Thus, there are exactly (”[_er) choices. O

Observation 12.2.5. For every edge ((S,w), T) in G, and x € £, it holds that £1(x)(s ) + L2(x)7 =
Xy

Proof. Suppose that ((S,w), T) in G, is an edge labeled by the chain C, which has left half C; and
right half Cr. We then have that w = u,, u = up,and S = CL UU, T = Cg U U. Therefore,

L1(xX)(s,w) + L2(X)T = x4, + Z Xz + Z Xz

z€S zeT
=Xy, + Z xZ+sz+Z(xz+xz)=xu,+ ZxZ+sz=xu,
zeCp, zeC, zel zeCrp zeC,
where the last equality uses Observation 12.2.2. m]

The plan for the remainder of the proof. Let us now take a brief moment to outline the steps for
the remainder of the proof. To construct a 2-LCC, it suffices to show that G, admits a matching
M, of size QQ(N). Indeed, if this were the case, then the matching M, would be the matching that
we require to invoke Fact 3.3.4 and thus finish the proof.

To show that G, has a large matching, it suffices bound the maximum degree of the graph
by d, as then G, must admit a matching of size at least |E(G,)|/d. However to do this, there
are two issues to resolve. The most obvious issue is that the bipartite graph is unbalanced, i.e.,
|L| = n|R|, and so this prevents us from obtaining a matching of size }(|L|). This issue can be
easily fixed by the following trick:® for each right vertex T € R, we can create n copies of T,
denoted by TV, ..., T, and split the edges adjacent to T evenly across the copies. This decreases
the average (and maximum) right degree by a factor of (1 — o(1))n, and fixes the issue.

The second, and much more challenging problem, is that the graph G, need not be approxi-
mately biregular. Indeed, if the graph G, was exactly biregular, then apply the above “splitting
trick” would imply that the resulting graph has a perfect matching of size nN /2.

This irregularity issue is a common problem for Kikuchi matrices and has arisen many
times in this thesis. The way to handle this issue is to show that G, admits a subgraph Gj
that is approximately biregular and still contains a significant fraction of the edges of G, i.e.,
|E(G))| = Q(|E(Gy)]). This is the “row pruning” step (Section 2.3), which is so named because it
involves pruning rows (and columns) of the adjacency matrix of G,. This row pruning step is the
crucial, and by far the most technical, component of the proof.

6This is a nice trick of [Yan24] that, while it does not affect the final bounds, saves a use of the Cauchy-Schwarz
inequality and thus makes the graph G, a bit simpler to describe.
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Step 3: Finding a near-perfect matching in G,. We now argue that G,, admits a degree-bounded
subgraph G;, containing (1 — 0(1))|E(G,)| edges. The strategy in Sections 12.1 and 12.3 is to use
the moment method to argue that with high probability, a random left (or right) vertex of the
graph has degree at most O(d,, ) (or O(d,,r)) with high probability. Here, we will follow the
approach of [HKM23, Yan24], which is to observe that it suffices to compute first and second
moments only. Indeed, it is computing higher moments that causes the loss of several extra log n
factors in the original proof of [KM24a], as compared to [Yan24].

The key reason we shall save the final log n factor is because the matchings H, are nearly
perfect, i.e., they have size 6n where 6 = % — % This, combined with the careful choice of the
matrix, allows us to take ¢ = O(r) instead of £ = O(r?), which saves a log n factor. We note that
in order to get the sharp constant achieved in Theorem 9, we need to show that G, contains a
near-perfect matching.

Let degu,L(S,w) denote the left degree of (S, w) in G, and let degu’R(T) denote the right
degree of T in G,. In the following lemma, we compute the first’ and second moments of the
degree functions. This lemma is the key technical lemma of the proof, and immediately implies
the existence of a degree-bounded subgraph of G, of comparable density, as we shall shortly see.
Lemma 12.2.6 (Second moment bounds for the left and right degree). Let ¢ be a parameter with
€ > r such that v, € = o(n'/*). Let G, be the graph defined in Definition 12.2.3. Then, it holds that

E(s,)[deg; (S, w)*] < (1+0(1) + n)Es 1 [deg; (S, w)],
Erldegy(T)?] < (1 +0(1)Er[degg(T)]

Here, the o(1) is O(£?)/n and n = n/(").

We note that when we apply Lemma 12.2.6, we will take r = 1log, n + O(loglogn) and
¢ = 2r — 1, which will end up satisfying the conditions with n = 1/polylog(#n).

We postpone the proof of Lemma 12.2.6 to Section 12.2.1. Let us now use Lemma 12.2.6
to extract a near-perfect matching from G,. We will assume that ¢,r are chosen so that <
1/0(log? n) = 0(1), which will be the case when we choose parameters.

Using Lemma 12.2.6, we apply Chebyshev’s inequality to observe that for the graph G,:

1. There are at least (1 — o(1))|L| left vertices with degree d,, 1(1 + 0(1)). Let L;, denote these

left vertices.

2. There are at least (1 — 0(1))|R| right vertices with degree d,, r(1 + 0(1)). Let R}, denote these
right vertices.

Let G;, = Gy4[L;, R; ] be the induced subgraph. First, we observe that |E(G},)| > (1 —0(1))|E(G,)|.
This is because there are at least (1 — 0o(1))d, .|L;,| = (1 —0o(1))(1 —o(1))dy,L|L] = (1 —0(1))|E(G)]
edges in G[L’,R] and at least (1 — o(1))d, r|R}| = (1 —0(1))(1 —o(1))dyr|R| = (1 —0(1))|E(G)]
edges in G[L, R’], and therefore G[L’, R’] must have at least (1 — 0(1))|E(G)| edges. Furthermore,
each left vertex in G’ has degree at most (1 + 0(1))d,, 1, and similarly each right vertex has degree
at most (1 + o(1))d,, r.

Recall that n - d, 1 = dyr and |L| = |R| - n. Therefore, by making n copies TO .. TM of
each vertex T in R and splitting the edges equally across all copies (and doing the same induced
transformation on G;,), we can create a new bipartite graph G;, with left vertex set L and right
vertex set R X [1n] where G/, has max left (or right!) degree (1 + 0(1))d,, 1. and at least (1 —0(1))|E(G)|

7Note that Observation 12.2.4 computes the first moments already.

152



edges. Therefore, G;, contains a matching M,, of size at least (1 — 0(1))|E(G)|d,,r > (1 —0(1))|L].
Note that this matching is nearly perfect, as the graph G/, has 2|L| vertices, |L| left vertices and |L|
right vertices.

Step 4: proving the final bound. Recall that we began with a linear map £: {0, 1}k — {0,1}"
that is a design 3-LCC. We then built the maps £L;: {0,1}" — {0,1}F and £,: {0,1}" — {0, 1},
where L = ([’;]) x [n]and R = ([’Z]), and the matchings M, for each u € [1n] on the left vertex set L
and the right vertex set R X [n]. To do this, we needed to apply Lemma 12.2.6, which requires
that ¢, = o(n'/*). We thus set r = [4 log, n + I'log, log, n] for a sufficiently large constant I and
{ = 2r — 1, which satisfies the conditions. We additionally have n =1/ logg n, as

(3) (21, _ 1) 22r-1 n - 2T log, log, n
— > >
r

- . r-1-0(1) - 2
. 2r 2 " Ollogn) > n - (log, n) > n(logsn),

where we use that (Zrt—l) is maximized att = rand t =7 — 1.

Let £7: {0,1}" — {0,1}R X [n] be the map where L}(x)rm = La(x)r, where T™M is the
h-th copy of T in R X [n]. A simple corollary of Observation 12.2.5 is that, for any x € L,
u € [n], and edge ((S,w), T™) in M,, it holds that L1(x)s,w) + Ly(X)70 = xy. In particular,
since £ is systematic, for any i € [k], edge ((S,w), T™) in M,,, and b € {0,1}%, it holds that
L1(x)(s,w) + L5 ()7 = xi = b;.

Let £’: {0,1}" — {0, 1};VRx[) ~ {0 ,1}2"N be the map where £L'(x)isw) = Li(x) and
L'(x)rm = Ly(x)rm. We have that L o L’ is linear map from {0,1}F — {0,1}?"N and that
M; is a matching of size > (1 —o(1))nN = %(1 —0(1)) - 2nN that decodes b;. Therefore, by
Fact 3.3.4, we conclude that (1 —0(1))k < log, N < (¢ +1)(log, n) = 2rlog, n = (1 +0(1))(log, n)?,
which proves Theorem 9.

12.2.1 Bounding the second moment of the degrees: proof of Lemma 12.2.6

In this subsection, we compute upper bounds on the second moments of degree functions. This
constitutes the main technical component of the proof.

As one can imagine, computing second moments requires counting the number of chains

Ce 7‘(,5” where the left half C;, (or right half Cgr) contains a particular set Z. Because of this, we
first prove the following claim.
Claim 12.2.7 (Ideal smoothness of chains from designs). Let H be a design 3-LCC and let
Hy, ..., Hy be the 3-uniform hypergraphs defined in Remark 3.3.12. Let r > 1 be an integer,
and let Z C [n] be a subset of size ¢, for some 0 < t < r. Then, the number of chains C € 7—(3)
with Z € Cg is at most (})¢!(36n)"~" - 2". And, for any w € [1], the number of chains C € 7‘(5”
with tail w and Z C Cy is at most (})#!(36n) "1 -2"ift <r—Tland r!-2"if |Z| = .

Proof. First, let us count the number of chains C € 7{},” with Z € Cr. We compute this in a
similar way to our upper bound on |7{L(f)|. First, we pick the (}) locations in Cg (recall that Cg is
implicitly ordered by the order that the vertices appear in the chain) that will contain Z, and then
we pick one of the ¢! ways of ordering the entries of Z in these locations. Formally, we view this
as fixing an ordered tuple Q € {[n] U %}, where the set of non-* elements of Q is equal to Z. The
notation Q; = * means that the element v;(;,_1)42 in the chain C is “free”, and Qj, = v means that
we must have vy,_1)42 = ©.
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Next, we count the number of chains as follows. We start with 1y = 1, and then we choose an
ordered constraint (v1, vy, u1) € Hy, as follows. If Q1 # *, then we clearly have at most 2 choices,
as we have forced v, = v for where v = Q1, which leaves at most one (unordered) C € H,, that
contains v, and then we have 2 ways to order C. If this is not one of the locations where we have
placed an entry of Z, i.e., Q1 = %, then we have at most 661 choices. In total, we pay at most
(1) t(6om) 1212121 = (1) ¢1(3om) 12127

Now, we fix w € [n] and count the number of chains C € Wb(,r) with tail w and Z C Cy. We
first observe that if |Z| = r, then we have at most 2" - r! choices. Indeed, this means that Z = Cy,
so we first pick an ordering on Z (to determine the ordering of the vertices in Cr), and then we
pay a factor of 2 per step in the chain (as in the analysis in the previous paragraph). In total, there
are 2" - r! choices.

Next, suppose that |Z| < r — 1. As before, we pay (}) - t! to determine Q, i.e., the locations and
ordering of Z within the (ordered) set C;. Let us now consider a fixed choice of the locations and
ordering. We have two cases.

In the first case, suppose that Q, = *, i.e., the vertex of C in the “last link” (namely, vy(,_1)4+1),
is not one of the locations chosen. Then, we can proceed as in the case of Cg, where we pay a
factor of 2 to choose a link where v;,41 is determined by Q, and a factor of 667 on the other steps.
There is one exception, which is the last step of the chain. Now, because we have also fixed the
tail w, there are again only 2 choices for this step, even though Q, = . Thus, in total, we have
paid at most 2121+ (65m)r-121-1 = (3om)r-12l1 . 2,

In the second case, suppose that Q, # %, so that the vertex v;,_1)41 is one of the locations
chosen. Let I denote the index of the last x in Q,s0 Qp- = xand Qj, # x forall i* < h < r. We
now start at the tail of the chain and work our way backwards until we reach the /-th link in the
chain. In the first step, we have already fixed the tail w and the vertex v,(,_1)4+1, and so because H
is a design, there are at most 2 ordered tuples (v, v’, vy(;_1)41, w) Where {v,0’, vy(,_1)11, w} € H, as
there is one such unordered tuple and then we can swap the locations of v and v’. We continue
backwards along the chain in this way until we reach the location 4%, so that vy-_1)41 is not
determined by Q since Qj- = *. In particular, we have completely determined u;-, along with
the all elements after uy- in the chain, namely (vap4+1, Vape42, - - ., Ur).

Next, we proceed from the start of the chain, again paying 2 for each non-x entry and 667
for each x entry, until we reach the h*-th link. We have thus determined the chain up until (and
including) uy-_1, i.e., (1o, v1,v2,. .., up—1). For the final 2 vertices (va(s+-1)+1, V2(~1)+2), We have
at most 2 choices, because there is at most one hyperedge in H,,._, that contains u;-, and then we
have 2 ways to order the vertices. In total, we have paid (66m)"~121=1. 212141 = (35p)~121-1 . 27 the
same as in the other case.

In total, when |Z| = t < r — 1, we have at most (})¢!(36n)"~14I=1 . 2" choices. O

With Claim 12.2.7 in hand, we are almost ready to compute the second moments. To begin, we
will first compute good upper bounds on the first moments Es ) [deg,, ; (S, w)] and Er[deg, (T)].
For the remainder of the proof, we may omit the subscript # in some places for convenience.
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We have

1 (n-2r , 1 (n-2r ,
@( 0 )(6671 4r)" < dr = Er[degg(T)] < (f) ( 0 )(66 ),

1 (n-2r , 1 (n-=2r ,
" () ( 0 ) (66n —4r)" < dp =E(sy)[deg, (S,v)] < " () ( (—r ) (66n)".

This is because each chain C contributes (”e__zrr) edges to the graph G, and we have already

computed (60n —4r)" < |7-{l(f)| < (66n)". We also clearly have (661 —4r)" > (66n)" (1 — O(r?/n)),
and so we have:

O(?)\ 1 (n-2r r 1 (n-2r .

(1 - T) @( (—r )(6611) < dr = Er[degg(T)] < ) ( 0 )(6611) (12.3)
O(r?) 1 (n-=2r . 1 (n—2r )

(1_ n )n-(’;) ( 0- ) (66n)" < dp =Esqldeg; (S,0)] < n_(f)(f_r ) -(66m)". (12.4)

Computing second moment of the right degree. We now compute the second moments. We
will begin with Er[deg, (T)?], as this case is simpler. We have

Er[degg(T)?]

IA

Pr[Cg, Cx € T] (T adjacent to edge labeled by C implies Cr C T)

C=(Cr,Crw)
C’=(C}, Chpw’)

r

Pr[Cg, CI,Q CT]

C=(Cr,Cr,w) #=0 C'=(C] Cp")
|CRNC) |=t

r

((’—(2nr—t))

(asCRUCR €T and [CRUCL| =2r —t)

n
C=(CL,Craw) t=0 C'=(C] Clw’) (¢)
|CRNC) |=t

IA

,
Z Z (:) - (I)t!(?)én)r_t 20 (((Z—rt)) (by Claim 12.2.7 and ( ) to pick Z € Cr where Cr N Cj, = Z)
C=(C,Crow) t=0 (¢)

Y T r— r (f—(znr— ))
< St ) Joonr - o

!

0(r2 d (0) (e=2r-))
22 S B w0
t=0 (’ r l’—r

Now, we apply Fact 3.6.3 to conclude that

r {—r
Er[degg(T)*] < (1 + OSZ)) i > (r)(e,én)‘fnf(ﬁ)
t r

:(1 O(l’))dz Z@@V )(()i;)
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(O

Now, we observe that };_, i )

= 1, as this is the probability mass function of a hypergeometric

distribution, and that 36 =1 - -+ (as H is a design), and so (36)™" < (36)™" < (1 + O(r)) Thus,

2
Er[degy(T)?] < (1 + Og )) dz,
which gives the desired bound on the second moment.

Computing second moment of left degree. We now compute E s ,)[deg; (S, v)?]. We have
E(s,0)[deg; (S, 0)2] < Pr[C;,C; € S Av =w] (both chains have same fixed tail w)
C:(CL/CR/w)/Clz(CIL,C;Q,w)

.

Z Z Z Pr[Cr,C; CSAD =w]

C=(CL,Crw) t=0 C'=(C] ,Cy,w)

ICLnC) =t
r—1 (n—Zr)
= Pr[C.,C] CSAv =w] +Lrn-(6(5n)r~r!2r,
C=(Cp,Cr,w) t=0 C'=(C},Cl ) n-(y)
|CLﬂC£|=t
where the last equality is because when t = 7, then Cp = C}, and so Pr[CL C SAv =w] = (& (;))
{

and by Claim 12.2.7, there are r!2" choices for C’.
Let us quickly handle this second term. We have by Eq. (12.4),

() esmy oo 0(r?) :
() -(606n) - r!2 ( . ) -r12".

We now compare d;, and r!2". By Eq. (12.4), we have

O(r?)\ € (n-2rt . o(r?) 0O(ro) .1 ¢!
dLZ(l‘ " )nm' I 2(1—7 )( RS

Therefore,

2 2 '
£>(1_M o(re))(%)r %:(1—02)—020)(1‘%) %((fr)

2rpl n

o 1)

As (,) = nn is the definition of 1 in Lemma 12.2.6, we conclude that

{—r
di n(l— O(rl’)) ,

2rrl = n
and so the second term is r;dz (1 + O(”’))
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We now return to the main calculation. We have

r—1

Eioldeg (S0 > > > PrC,ClcSAv=w]|+nd (1 +

C=(CL,Crw) t=0 C'=(C} ,Cp,w)
|CLNC |=t

O(r?)
n

r—1 n
< nd> (1 + O(”))) Y > (i) (asCLUC, C Sand |CLUC)| =2r )

n n
= 10 o=ty 0)
lCLnC) |=t

Snd% 1+M + Z Z( )( )t|2r(35 Yt 1(511(2(—Y;)) (by Claim 1227and( )topiCkZ:CLﬂC'L)
C=(Cr,Cr,w) t=0 14

r—1 n
< a2 (14 209 4 Z(66n)r(:)(:)t!Zr(Bén)"t‘l—(:(2(%_)”)

2r 1-1
22 52 o5

”(f)
r—1
1+ O(rz)) -(35)—12(7)( )t'(36 n)” edroy) (by Eq. (12.4))

(=)

{—r
-(30)7! Z (;)(36n)_tnt% (by Fact 3.6.3)

t=0 r

+

1

A
_q
=N
[
+
+
+

0(52))

2 r=1 r\ (-7
< 2 (1+ oo\ , (,, O )) (35)1 Z(%)‘* (t)(;_t)‘
. =0 ()
() D) _ = 1 as this is the probability mass function of a hypergeometric
distribution. As 36 = 1 —1/n, it follows that (36)~*~! < (36)™" < 1+ O(r/n), and therefore we

conclude that Es ,y[deg; (S, v)?] < (1 + %ﬁz) + 17) di.

Now, we have };_,

12.3 Warmup: an 1 > Q(k*) lower bound via 2-chains

In this section, we give a detailed sketch of the proof of the following theorem, which is a weaker
version of Theorem 8. Notice that this theorem already improves the prior best known 3-LCC
lower bound, established in Chapter 11, by a polynomial factor in k.
Theorem 12.3.1 (Weak version of Theorem 8). Let £ : {-1,1}¥ — {=1,1}" be a linear (3, 5)-LCC in
normal form with 6 = O(1). Then, n > Q(k*).

The theorem above obtains a lower bound of n > k* — worse than the bound of n > k°
predicted by the heuristic but still beating 7 > k® from Theorem 7; we discuss the reason that we
do not match the heuristic in Remark 12.3.2.

Proof. Asbefore, we have 3-uniform hypergraph matchings Hy, . .., H,, where for any u € [n] and
C € H,, we have that for any b € {-1, 1}k, x = L(b) satisfies x¢ = x,. Following Section 12.1.2,
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we shall let 7-(1.(2) denote the set of 2-chains with head i. We define the 5-XOR instance Wj(x) as

k
Wy (x) = Zbi Z XCoXCy Xw, -

i=1 6=(i,C0,wo,C1,w1)€7ﬂ(2)

We note that val(W};) = k(36n)? for any b € {1, 1}*, as the instance is satisfiable and has k(351)?
constraints in total. Following the strategy in Section 12.1.1, we shall use spectral refutation via
Kikuchi matrices to bound val(W}) with high probability for a random b € {-1,1}F.

12.3.1 Step 1: the Cauchy-Schwarz trick

As we have observed, the basic Kikuchi matrices in Definition 12.1.2 are only defined for con-
straints of even arity, but the constraints in %(2) have arity 5, i.e., odd arity. The standard way to
handle odd arity XOR instances is to use the “Cauchy-Schwarz trick”, which produces even arity
instances as follows. Let C € 7{1.(2) and C’ € 7{] @ fori # j € [k] be two constraints in our initial

5-XOR instance, where C= (i, Co, wp, C1,w1) and Cr = (j, Cy wy, Cp, wy) where wy = w, i.e., the
last element of both chains is the same. From this pair, we can “cancel” w; = wj, producing
the derived constraint xc,xc, XcyXer = bib;, which has arity 8. We do this for all pairs of chains
with the same “tail” vertex w. We note that this process produces at least (k(361)%)?/n ~ k?n®
constraints.

We now define the following “Cauchy-Schwarzed instance” polynomial:

fo(x) = Z bib; Z Z XcyXe XepXer -

i#je[k] weln] 667‘{1.(2),6’67-{],(2)%1:101:10

The phrase “Cauchy-Schwarz trick” refers to the fact that one can show k*n* ~ Wy(x)? <
1 - fy(x) + o(k*n*) via a simple application of the Cauchy-Schwarz inequality and a bound on the
“diagonal terms” where i = j. This reduces the task to bounding the cross-term polynomial f;.
We now observe that the “right-hand sides” of the constraints in f;, are no longer independent,
as they are of the form b;b; for i # j € [k], and this will cause an issue “downstream” when
we apply matrix concentration bounds, as the matrices will not be independent. To recover
independence, we consider the polynomial fy(x) defined for a (directed) matching M on [k]:

fmp(x) = Z bib; Z Z XcoXce Xep Xy -
(i,j)eM weln] eeﬂi(z),é/tz(f{],(z):zulzwﬁzw

Because we now sum over a matching, we have that b;b; and byb; are independent for
different directed edges (7, j) and (i’,j) in M. And, we can easily relate f, and fyp, as fp(x) =
2(k = 1)Ep famp(x) when k is even, and f,(x) = 2kEp fp,5(x) when k is odd, where the expectation
is over a maximum matching M. This is because the chance that M contains a directed edge (i, j)
is ﬁ if k is even and 5 if k is odd. In particular, there exists a maximum matching M such

that val(fu,p) 2 £ val(fy) ~ kn®.

Remark 12.3.2. Restricting to a matching M loses a factor of k in the number of constraints. This
leads to a factor k “loss” in the density of the corresponding Kikuchi matrix and is the main reason
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why we obtain weaker bound of n > O(k*) instead of k® suggested by our heuristic calculation
in Section 12.1.2. A better bound could be obtained by instead following the setup in Chapter 11,
where we split [k] randomly into a left and right set L and R and only consider constraints where
i € Land j € R (thereby losing only ~ 1/2 of the constraints instead of a factor k). This careful
setup is necessary in Chapter 11 to achieve our goal of obtaining a cubic (as opposed to the known
quadratic) bound, but this makes the “row pruning” step (i.e., arguing approximate regularity of
Kikuchi graphs after removing a negligible fraction of constraints) significantly more challenging.
In our case, the effect of this loss on the final lower bound diminishes as the length of the chain r
grows and when r ~ log 11, disappears asymptotically, and so we pick a matching M to make the
row pruning easier.

12.3.2 Step 2: spectral refutation via Kikuchi matrices

Let us now bound val(fy ;) (with high probability over b € {-1,1}¥) for any maximum matching
M. We introduce our Kikuchi matrices:

Definition 12.3.3. For i # j € [k] and C = (i, Co, wo, C1,w1) and C’ = (j, C}, w}, C,,w’) with

)

w1 = w], we define the matrix AES’C as follows. The rows/columns of the matrix AE.(;.’C ) are

indexed by a 4-tuple of sets (S, S1, 5], S}), each in ([Z,’]), and the ((So, S1,S), ), (To, T1, Ty, T} ))-th

entryis 1if So®Tp = Co, S1@Th = C1, Sy @ Ty = C, S; ® T} = C{, and is 0 otherwise.

- (€. _ DA
We let Al,] = Zéeﬂi(z),cﬂ,eq_{i(z):wlzwi Az’,j and A = Z(i,j)eM bzb]AZ,].

We now observe that each matrix AECJ?’C/) has exactly D* nonzero entries, where D =2 - (’;:12 ),

and the matrix has N* rows/columns, where N = (’Z) We note that D/N ~ {¢/n, and so the
average number of nonzero entries per row (or column), i.e., the density, is (D/N)* ~ (¢/n)* =
(£/n)7/2, as the arity of the constraints is 8.
We also observe that for any x € {-1,1}", D*fy; 5(x) = x' " Ax’, where x’ is the vector with
(So, S1, Sy Si)-th entry equal to [],es, o [Toes, X0 HveSé Xy HveSi x,. We thus have that
kn®-D* < D*-val(fmp) < |Alloy < N¥|IA]l2

For any i # j, the matrix A;; has density ~ m; j(D/N)* ~ (¢/n)*, where m; ; is the number of the
constraints in f, with right-hand side b;b;. Let us now argue that each m; ; is at most O(n®). Indeed,
m; ; is the number of pairs of 2-chains (i, Co, wo, C1, w1) € 7{1‘(2) and (j, Cj, w(, C},w}) € 7{].(2) where
w1 = wi. To show that m;; < O(n?), we pick wo, w1 and w(’), for a total of n° choices, and observe
that this completely determines both chains. Indeed, because H; is a matching, there is at most
one constraint C in H; that contains wy, and then Co must be C \ {w}. This similarly shows that
we have at most one choice of C; and also C(’). Finally, because wi = w1, and we know w1, we
thus know w) as well, which by similar reasoning gives us at most one choice for C}, and we
have determined the entire chain. We note that we have a lower bound of ~ kn> on the total
number of constraints Y}; /er 1,7, so this calculation also shows that no m;,; can be much larger
than the average.

Returning to the density calculation, we have shown that A; ; has density at most n3(¢/n)* =
¢*/n. Again, following the blueprint in Section 12.1.1, we will set £ = nl/4. polylog(n), and we
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want to show that the matrices Ajj satisfy the approximate regularity condition, i.e., the number
of rows/columns with more than A = ¢* - polylog(n)/n nonzero entries is at most N*/poly(n).
Let us finish the proof, assuming that this holds.

Proof assuming approximate regularity. Let 8 denote the set of rows/columns that are “bad”
for some pair (i, j), i.e., the matrix A; ; has more than A nonzero entries in that row. Let B; ; be
the matrix where the rows and columns in 8 have been all set to 0. Let B = 3} ; /)er bibjBi ;. We
have that B is the sum of mean 0 independent matrices, each with spectral norm |[|B; j|l> < A.
Therefore, by matrix Khintchine (Fact 3.4.2), we have that with high probability over b, ||B||; <
O(Avklog(N#)) = O(Av/kllogn).

Now, we observe that ||A — B||_,; < 0o(N). This is because the number of nonzero entries that
we have removed from A to produce B is at most k - n® - N4/ poly(n) = o(N 4) (there are k edges
(i, j) in the matching M, each has m;; < n? constraints, and each row of Ajj has at most m; ; < nd
nonzero entries) provided that the poly(n) factor is large enough. We thus conclude that

kn®-D* < D* -val(fpp) < I|A = Bllewy + N*|IBl2 < o(N*) + N*O(Avkllogn) .

Substituting the value for A and rearranging, we conclude that k < ¢ - polylog(n) < O(n'/%).

We remark that Sections 12.3.1 and 12.3.2 are fairly mechanical, and they justify the use of
the heuristic calculation. The place where we had “freedom” is in the choice of constraints to
use in the initial XOR instance, which we chose to be the 2-chains 7-(1.(2). It thus remains to bound
the number of bad rows 8. This “row pruning” step is key to converting the heuristic into a full
proof.

12.3.3 Step 3: row pruning, the key technical step

We want to understand if, after dropping a 1/poly(n) fraction of the rows, every Kikuchi graph
A, ; satisfies approximate regularity. This is equivalent to showing that for every matrix A; j, with
probability at least 1 — 1/poly(n) a uniformly random row (S, S1, S(’), Si), has at most A nonzero
entries in A; j for A = I polylog(n)/n = Azyy polylog(n).

The heavy pair degree. We now make a key observation. Whether the above approximate
regularity property holds for a given collection of matchings Hj, H», ..., H, is governed by
a single parameter that we call the heavy pair degree d. This is the maximum, over all pairs
{v,v"} C [n], of the number of hyperedges across the H;’s that contain {v,v"}. We will prove that
if d is small enough then approximate regularity holds for every A; ; after dropping a 1/poly(n)-
fraction of rows. When d is large, this property will not hold for the A; ;’s from Definition 12.3.3.
Instead, we will define a different collection of Kikuchi matrices that have high density and for
which row pruning succeeds.

Lemma 12.3.4 (Row pruning for 2-chains with no heavy pairs). Let Hy, ..., H, be 3-uniform
hypergraph matchings of size on, and let d be the maximum, over all pairs {v, v} of vertices, of the number
of pairs (u, C) with u € [n] and C € H, where {v,v"} C C. Fixi # j € [k], and let A;  be the matrix
defined in Definition 12.3.3 at level ¢ € IN.

Suppose that d < (2. Then, the number of rows (So, 51,5, S7) of Aij with more than A = 4.
polylog(n)/n nonzero entries is at most N*/poly(n).
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We note that if the matchings Hj, ..., H, are random, then we have d < polylog(n) with high
probability, and so random matchings satisfy the “small heavy-pair degree” assumption with
high probability. We can thus think of d < polylog(#) as a pseudorandom property of a collection
Hj, ..., H, of matchings. We now sketch a proof of Lemma 12.3.4.

The degree polynomial and its partial derivatives. As the first step in the proof of Lemma 12.3.4,
we define a degree 4 polynomial Deg; ;: {0, 1}*" — N, where we think of the 47 variables as
split into 4 groups of n variables s s ¢/0) /1) which are indicator variables of the 4 sets
So, S1, S(’), Si, respectively. This polynomial Degi,j(s(o), s ¢0) s’(l)) upper bounds the number of
nonzero entries in the (S, 51, S, Si)-th row in the matrix A;; in Definition 12.3.3.

Formally, let 7;; denote the (multi)-set of 4-tuples (uo, u1, vo, v1) such that there exists C =
(i, Co,wo, C1,w1) € HP and €' = (j, C), wp, Cp,wp) € H* with wy = wj such that ug € Co, 11 €

C1,v0 € Cj, v1 € Cy; if there are multiple such pairs (6, 5’) that produce the same (u, 11, vo, v1),
then we add this tuple multiple times. Then, we set
0) (1) (0) A1
Deg; (s, sV, 5", ) = Z silsWsi sl
(uo,u1,00,01)€7i

Note that Deg; ; is a polynomial with non-negative coefficients. We are interested in the prob-
ability that Degl-,]-, on uniform draws of 4-tuples of ¢-size sets, takes a value that deviates from
its expectation u by some multiplicative factor. It is not too difficult to show that we can pass
on to independent p-biased product distribution on {0, 1}*" for p ~ ¢/n without much loss. This
is helpful because the tail behavior of low-degree polynomials with non-negative coefficients
on product distributions is determined by a bound on its expected partial derivatives. Namely,
variants of the Kim-Vu inequality (see Fact 3.4.3) show the following: if the expectation of every
partial derivative of Deg; ; is at most u, then Deg; ;(So, 51, 5(, S7) < O(ulogn) with probability at least
1-1/poly(n).

Let us now examine the expected partial derivatives of Degi,j(s). We start by introducing
notation to refer to them. Let Z = (zo, z1, 2, 2}) € ([n] U {x})* be an ordered tuple of length 4,
with entries either in n or set to x, which we think of as an “unfixed” value. Then, Z encodes
partial derivatives with respect to any subset of variables that use at most one variable in each
of the groups s, s, s"®, s’ All other partial derivatives of Deg; ; are 0 since Deg; ; has
degree 1 in each of the 4 groups of variables (i.e., Degi,j is 4-partite). We know that ]E[Degi,j(s)] =
Uik < 24(/n)*-n3 = O(1) - £*/n; the factor of 2* comes from the fact that each pair (5 , 6’)
adds 2* different tuples to 7; ;. Now, Fact 3.4.3 implies that the chance that Deg; ; takes a value
larger than p - polylog(n) is at most 1/poly(n) if uz < u for all Z.

Computing expected partial derivatives. To help bound the expected partial derivatives 11z, let
us relate these parameters to combinatorial quantities of the hypergraphs Hy, Hy, . .., H,. Notice
that when we take partial derivatives with respect to some Z, the only monomials that “survive”
are ones that “contain” Z, and furthermore the expectation of the partial derivative is simply
(£/n)t of xentriesin Z timeg the number of such monomials. Formally, let degi/]-(Z) be the number

of pairs (é, 6’) € 7{1.(2) X 7{].(2) where w1 = w] and zg € Co, z1 € Cy, 2], € Cj, 27 € C, where for the

symbol %, we say that x € C always holds — we say that such a pair (C,C") contains Z. Then,
the expected partial derivative at Z is uz = 2412l(¢/n)*1Z| degi’j(Z), where |Z] is the number
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of non-x entries in Z.® For example, Z = (x, %, %, %) is contained in all such pairs of 2-chains,
and so degi,]-(*, *, %k, %) = mj; < O(n®) and Uz = @ = 16(£’/n)4mi,j. Let us use the shorthand
Yt = maxz. z|=t hz.

Let Z be an arbitrary 4-tuple with at least one non-x entry. As explained above, estimating
Hz is, up to scaling, equivalent to counting deg; ;(Z), the number of pairs (C, C’) that contain Z.

We next observe that if Z has no % entries, then the number of 2-chains (é , C ’) containing Z is an
absolute constant. This is because there is at most one constraint Co U {wg} that contains zg in H;.
Given this constraint, there are 2 choices for wy, as wg € Co U {wp} \ {z0}. Given w, there is at
most one constraint C; U {w1} in H; that contains z1, and then at most 2 choices for w1. We can
similarly use the knowledge of (26, zi) to bound the number of choices for C/, C{. All in all, we

have at most 16 = O(1) choices for the pair (é, C ’) given Z with no x entries. This immediately
shows that for Z such that |Z]| =4, uz < O(1) < u.

Let us now deal with Z’s with at least one * entry by breaking up into cases depending on |Z|.
We will view the counting of deg; /(Z) as a procedure that makes a bounded number of choices

to decode the pair (6 ,C ".

Let us deal with the case when |Z| = 1. By swapping the roles of i and j if needed, without
loss of generality we can assume that one of zy or z; is non-*, and all other entries in Z are *.
There are at most 7 choices for zg (if z1 # *) or z1 (if zg # *). We now have n choices for z(, which
again determines C| and w( up to 2 choices. We now observe that (C], w}) is uniquely determined.
Indeed, this is because we know w7, as it equals w1 (the two 2-chains must have matching tails),
and therefore this determines the hyperedge C] U {w]} € Hyy uniquely. We have thus shown that
for Z with |Z| = 1, we have deg, .(Z) < O(n?),and so uz < (£/n)*- O(n?) < O(€3/n) < O(¢*/n).

Let us now handle the case when |Z| = 2. Similar arguments as above show that Degl-,]-(Z) <
O(n) holds for all Z except when the non-* entries of Z look like Z = (%, z1, %, z]) where z1, 2] # *,
and thus pz < (¢/n)?- O(n) < O(¢*/n) for these Z’s. To count degi,]-(Z) for Z = (,z1,%,z7) where
21,21 # *, we pay a factor of n to determine zp, and then this determines (up to an O(1) factor)
Cp and C; as well. Now, we know wi (because it is equal to w) and zi which is in Ci. Thus,
the hyperedge C| U {w]} must contain the pair {z], w/}. Using the heavy pair degree, there are
at most d choices for the pair (w(, C{ U {w]}), and after learning w; we also know C;. Hence,
we have paid a total of O(nd) choices, which implies that y, < (¢/n)? - O(nd) = O(¢?d/n). For
|Z| = 3, a similar issue arises and gives a bound of uz < O(¢d/n).

We can now finish the proof of Lemma 12.3.4.

Proof of Lemma 12.3.4. Notice that if d < ¢ then y; < u for every t. Applying Fact 3.4.3 now
yields that the probability that Deg; ; > u - polylog(n) is at most 1/poly(). Taking a union bound
on k < n yields that the fraction of bad rows |B|/N is at most 1/poly(n), as desired. O

12.3.4 Step 4: hypergraph decomposition to handle large heavy pair degree

We will handle the case when the heavy pair degree is high by designing a different Kikuchi
matrix. To do this, we will construct the cross term polynomial (obtained by applying the
Cauchy-Schwarz inequality) slightly differently. Our current Kikuchi matrix is built from the

8The extra factor of 24712l comes from the fact that for every Z and pair (5, ¢ ) containing Z, the pair (6, ¢’ )
produces 24-12| tuples (ug, u1,v0,v1) in Tij that contain Z. In this case, this is just a constant factor, so we can ignore it.
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XOR instance obtained by pairing up chains that agree on their tails and thus “cancel” (i.e., square
out) one variable. When the heavy pair degree is large, we will build chains by cancelling a pair
of variables instead. The number of pairs of chains that agree in a pair of variables instead of just
their tails, i.e., the new number of “Cauchy-Schwarzed” constraints, will of course be smaller
than before. On the other hand, since we cancel a pair of variables instead of just the tail, the arity
of the resulting XOR instance will be smaller: 6 instead of 8. The punchline is that the density vs.
arity trade-off (i.e., our key heuristic discussed in Section 12.1.2) breaks in our favor, provided that
there are many “heavy pairs”.

To formally implement this argument, we decompose the set of chains by “labeling” each chain
by the heavy pair contained within, if one exists. Intuitively, this is the pair of variables in the
chain that we intend to cancel in the Cauchy-Schwarz trick. If the chain does not contain any
heavy pair, then we label it by its tail variable w, which we will cancel in the Cauchy-Schwarz
trick as done before in Section 12.3.1. We let H(Q) denote the set of chains labeled by the heavy
pair Q, and H®) denote the set of chains labeled by the tail variable w.

Formally, our hypergraph decomposition is as follows. Given the collection H) = {(u, C,w) :
u € [n],CU{w} € H,} of 1-chains, we perform the following greedy algorithm: if there exists
an ordered pair Q = (Q1,Q2) such that there are more than d := ¢? 1-chains (u,C,w) in H @
with Q1 € C and Q2 = w, i.e., Q is a heavy pair contained in the chain (1, C, w), then we choose
an arbitrary set of exactly d such 1-chains, remove them from H®, and place them in a new
“partition” HLQ) 2 Finally, if there is no such heavy pair Q, then we create partitions H1®) for
each w € [n], and add all remaining 1-chains with “tail w”, i.e., 1-chains of the form (u, C, w), to
7.{(1,10)'

This decomposition has the following properties:

(1) HD = (Upy HE) J(UgHTQ) is a disjoint partition of HD;

(2) Foreach Q = (Q1,Q2), H"Q is a set of 1-chains that “contain” the tuple Q, i.e., each (u, C,w)
in HOQ) hasw = Q, and C 3 Qy;

(3) Foreach Q, |[H1Q)| = 4;

(4) For each w € [n], there is only one partition H L),

(5) The total number of partitions HQ) is at most O(n2/d), as there are at most O(n?) 1-chains,
and each HQ) has exactly d 1-chains.

We stress that the decomposition is only on 1-chains, not the set of 2-chains Uie[kﬂ{l@ that are the
constraints in the XOR instance! At a high level, this is because, e.g., the 2-chains in (Hl.(z) (or 7’{] .(2))
are formed by taking a 1-chain and prepending it with a hyperedge in H; (or H;), and so “first link”
in each 2-chain is specific to the choice of i € [k], but the “second link” is an arbitrary 1-chain,
and so it is “shared” across the 7-(1.(2) ’s in some informal sense.'” This property turns out to be
important when it comes time to bound the expected partial derivatives.

9There may be more than d such chains, in which case we may produce multiple different partitions that have the
same pair Q. Thus, the Q’s form a multiset, and we will use Q to refer to a particular partition H (LQ). In Section 12.5,
we handle this issue by reweighting the chains instead.
10For this reason, in Section 12.5, the length of the chains defining the XOR constraints is 7 + 1, but we only
decompose length r chains.
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Now, we define H 2Q) {5 be the set of 2-chains (i, Co, wg, C1,w1) where the “second link”
(wo, C1,w1) is in HIQ), Using the decomposition, we now define the following polynomials:

k
Wy(x) = Z b; Z XCoXCi Xw, »

=1 C=(i,Cowo,Crw1)eH”

Wi w(x) = Z Z XCoXCy

Co,wo:CoU{wo}eH; (wp,Cq,wy)eH L)

Yiol) = 2 XCoXC)\Q:
(i,Co,wo,Cl,wl)eWi(z’Q)

k
\Pg))(x/y) = Z Z biyw\yi,w(x) ’

i=1 we[n]
k
W y) =30 biyoWio(x)

i=1 Q
where above yg and y,, are new variables. By definition, if we set y,, = x, and ygo = xg,x0,,
then we have that W,(x) = WO(x,y) + ¥W(x, y). Indeed, all we have done is partitioned the
constraints into these two polynomials and removed the “xg, xo, term” from each monomial,
replacing it with the new variable yq.

We now refute the two polynomials WO (x,y) and WD(x, y) separately using the machinery
in Sections 12.3.1 to 12.3.3. In fact, Sections 12.3.1 to 12.3.3 immediately show that we can
successfully refute the polynomial W(*)(x, y). Indeed, the only issue that we encountered was in
Section 12.3.3, where the row pruning failed if there was a pair {v, v’} that appeared in more than
2 1-chains in HY. However, this cannot happen, as otherwise our decomposition algorithm
would not have terminated.

It thus remains to handle the second polynomial, W(x, y). Applying the “Cauchy-Schwarz
trick” of Section 12.3.1, we can reduce this to the case of bounding the polynomial:

fmp(x) = Z bibjz\yi,Q(x)‘yj,Q(x) ,
(i,j)eM Q

where M is a maximum matching, as before. Notice that the constraints in fj;, have arity 6 (see
Fig. 12.2). Following the blueprint of Section 12.3.2, we define the following Kikuchi matrices.

Definition 12.3.5. For i # j € [k], Q,and C = (i, Co, wy, C1,w1) € H*?, €' = (j, Cp, w), Cj, w)) €
7{] 2Q) we define the matrix AE?’C"Q) as follows. The matrix AE?’C/’Q) is indexed by a 3-tuple of

sets (So, R, S)), each in (1)), and the (So, R, S), (To, W, Ty -th entry is 1if So @ Ty = Co, S, @ T} = C;,
and R = {u}ulU, W = {v} UV, where C; = {u,Q1}, C] = {v,Q1}, and U C [n] is a set of size
¢ —1whereu,v ¢ U.

We let Al,] = ZQ Z CLQ) and A= Z(i,j)EM blb]Al,]

e ho) A o AC
Ce(Hi( /Q),C’eﬂ].( Qi

Notice that for C = (i, Co, wp, C1,w1) € 7{% . and C’ = (j, Cy wy, C1,w)) € 7{].(2) 7 the split of
the elements in the constraint across the row (S, R, S;)) and the column (Tp, W, Tj]) is asymmetric:
see Fig. 12.2.
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S, T, R WS, T

W W
ENOCEROOOT
Figure 12.2: A pair of 2-chains C = (i, Co, wo, C1,w1) € 7—((2’@ C'= (j, Cy wp, Cp,wy) € 7{(2’@.

The blue vertices appear in the sets (So, R, S)) for the rows of the matrix A(C ¢ Q) , and the green
vertices appear in the columns. The orange vertices are the elements of Q that are canceled via
the Cauchy-Schwarz operation. The purple vertices are the independent random bits that we
“disconnect” from the chain and use for the right-hand sides.

Applying the same machinery in Section 12.3.2 to the matrices in Definition 12.3.5 will yield
the correct lower bound provided that the row pruning step succeeds. It thus remains to bound
the number of rows in A; ; for a fixed pair (7, j) with a number of nonzero entries exceeding the
average by a polylog(n) factor.

We now apply Fact 3.4.3. As before, we define a similar degree polynomial Deg; ;, and the tail
bound boils down to computing the expected partial derivatives uz, where Z = (zo, r, z}) € ([n] U
{x})? is now a tuple of length 3, and uz = (¢/ n)3-14l degi’j (2), as the constraints have arity 3. We

observe that deg; ;(, %, %) < O(n?d), as we have O(n?) choices for C = (i, Cy, wo, C1,w1) € 7—(1.(2)
(which then determines Q), followed by O(d) choices for (wj, C}, w]) (because this must be in
H1Q), which has size d), and then a unique choice for Cy. Therefore, o < (£/n) - O(n%d) =
O(3d/n).

Bounding u; is straightforward, and we omit the calculations. We obtain a bound of iy <
(¢/n)?- O(nd) = O(f?d/n). Bounding u, can be done with a trivial bound of degi,j(Z) < O(n),
yielding u» < (¢/n) - O(n) = O({¢). Finally, it is simple to bound degi,j(Z) < O(1) when |Z| = 3,
and so we obtain uz < O(1).

We notice that po > pq and po > pz always hold. So, either pg or u, must be the maximum.
Because d = 2, we have po = O(3d/n) ~ /n > € ~ 2 because ¢ > n, by choice of ¢.
Thus, po > pp, and so the row pruning argument, etc., will all succeed. This, combined with
the refutation argument for \I/éo)(x), implies that our heuristic calculation succeeds and we get
a bound of k < O(f), where ¢ is chosen to be O(n'/4). Thus, we obtain a lower bound of
k < O(nl*). O

12.3.5 Preview: extending the warmup to a proof of Theorem 8

We now give a brief overview of how we shall extend the ideas used in this warmup to prove
Theorem 8. First, we observe that in the argument we presented in Sections 12.3.1 to 12.3.4, there
were only two crucial moments in the proof where we had a lot of freedom: (1) the choice of
the constraints in the initial XOR instance (in this warmup, we chose the set of 2-chains with
head i € [k]), and (2) the choice of the hypergraph decomposition in Section 12.3.4 — the rest of
the proof was fairly mechanical, and boiled down to computing the expected partial derivatives
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uz. Namely, if we can choose the constraints and the decomposition so that the row pruning
succeeds for all the resulting Kikuchi matrices, i.e., the expected partial derivatives of the degree
polynomials are appropriately bounded, then the general machinery in Sections 12.3.1 to 12.3.3
succeeds in proving the lower bound predicted by the heuristic calculation in Section 12.1.2 (up
to a small loss, see Remark 12.3.2).

As discussed in Section 12.1.2, we shall define the XOR instance using (r + 1)-chains for a
parameter r = O(log n), and the heuristic calculation predicts that this will yield an exponential
lower bound. Thus, the key technical component of the proof is to choose the decomposition of
the (r + 1)-chains so that the degree polynomials of the resulting Kikuchi matrices all satisfy the
bounded expected partial derivatives condition. In Section 12.3.4, we showed how to do this for
the case when r = 1.

We now wish to point out the following crucial observation: the decomposition in Sec-
tion 12.3.4 is “informed” by the row pruning calculation for the undecomposed chains done in
Section 12.3.3. Specifically, in Section 12.3.3, we argued that if there is a violating partial derivative
for the undecomposed chains, then there is some combinatorial structure in the chains (namely, a
heavy pair) that is the “cause” of the large expected partial derivative, and this combinatorial
structure is exactly the criteria that we use to decompose the hypergraph. In some sense, the
hypergraph decomposition (along with the modified Cauchy-Schwarz trick and Kikuchi matri-
ces) can be thought of as a precise way to “fix” this high expected partial derivative. For longer
chains, there is once again an intimate relationship between the existence of a violating expected
partial derivative and a certain “denser-than-anticipated” combinatorial structure (analogous to
heavy pairs) being present in the chains we construct. For larger chains, this structure is a more
complicated to describe, but an analogous chain decomposition for this structure accomplishes
the same job.

More precisely, we generalize the decomposition of Section 12.3.4 as follows. As done in
Section 12.3.4, we shall think of an (7 + 1)-chain in Wi(rﬂ) as being split into two subchains, the
“first link” in H; and then the rest of the chain, which is an r-chain. As before, our decomposition
shall decompose the r-chain part only, and this induces a decomposition of the (r + 1)-chains in
7-(1.(”1). Recall that in Section 12.3.4, we decomposed a 1-chain (u, C, w) by picking a Q where
Q1 € C and Q2 = w. Notice that Q only contains one element of the hyperedge C; there was
no need to do a further decomposition to handle, e.g., heavy triples Q = (Q1,Q7, Q2) where

{Q1,Q1} =Cand Q; = w.

Now, we have r-chains (1, Cy,wy,...,C,, w,), and we shall decompose if there is a Q =
(Q1,-..,Qr+1) € ([n]U {x})" x [n] such that (1) Q is heavy, i.e., is contained in many r-chains,
meaning that (a) Qn+1 = w,, and so in particular Q41 # %, and (b) Q, € Cp, forh =1,...,r;and
(2) Q is contiguous, meaning that if 1 € [r + 1] is the minimal / such that Qj, # %, then Qs # * for
all i’ > h,i.e., Q has x’s followed by only non-« entries.

Condition (1) above is a somewhat natural extension of the decomposition method in Sec-
tion 12.3.4, but condition (2) is trickier. It turns out (in a somewhat subtle way) that because
the H;’s are matchings, if there is a violating expected partial derivative, then not only is there
a heavy Q, but there must be a heavy contiguous Q. In a sense (that can be made precise), the
contiguous Q’s are irreducible violations and thus it is enough to only handle them.
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12.4 Proof of Theorem 8: from LCCs to XOR formulas

We now present the proof of Theorem 8 for the case of IF = F,. The proof is spread over
Sections 12.4 to 12.7 and follows the steps in the warmup. In the current section, we define
r-chains and the family of XOR instances associated to the LCC that we wish to refute. Then,
in Section 12.5, we decompose the r-chains, and thereby decompose the (7 + 1)-chains forming
the constraints in the XOR instance. Then, in Section 12.6, we define the Kikuchi matrices and
finish the argument up to the proof of the row pruning lemma, Lemma 12.6.4, an analogue of
Lemma 12.3.4 that is the key technical lemma. Finally, in Section 12.7, we prove Lemma 12.6.4.

Let L: 113’2< — IF} be (3, 6, ¢)-locally correctable. Without loss of generality, by Fact 3.3.10 we
can assume that £ is (3, 6’)-normally decodable, where 6’ > 6/6 and n” = 2n. For the remainder of
the proof, we will redefine 6 to be &’, and n to be 2n. We shall also think of the code £L: IF'2c — IF}
asamap L: {-1,1}f — {-1,1}".

We will now define satisfiable XOR formulas @ associated with the linear code £. Let
L :{-1,1}¥ = {~1,1}" be a linear (3, §)-normally correctable code. Recall that without loss of
generality, L is systematic, meaning that the first k bits of £ are the message bits. In particular,
for every b € {~1,1}, there is a unique x € £ such that x|jx] = b. We can thus generate x — £
uniformly at random by first choosing b « {-1,1}* uniformly at random, and then setting x to
be the unique extension of b.

Since L is a linear (3, 0)-normally correctable code, there exist 3-uniform hypergraph match-
ings Hy, ..., H,, each of size exactly on, such that every x € L satisfies the following system of
4-XOR constraints, i.e., each constraint has arity 4:

Yu e [n],CeH,, xcx, =1. (12.5)

In the proof, we will think of each H,, as being a directed and weighted 3-uniform hypergraph
(Definition 3.2.2). Namely, for each hyperedge {v1,v2,v3} € H,, we define the weight of the
ordered tuple (v1,v2,v3) to be wty, (v1,v2,v3) = 6%”. For (v1,v3,v3) with {v1,v,,v3) ¢ Hy,, we
additionally define wty, (v1,v2,v3) = 0, and so 2 (01,09,0) WEH, (v1,v2,v3) = 1. Directed and
weighted hypergraphs will become important when proving Theorem 10, and so we will state
our definitions and intermediate lemmas in terms of directed and weighted hypergraphs so that
we may reuse them when we prove Theorem 10.

We will construct an XOR formula by long chain derivations. Intuitively, a long chain derivation
starts from the natural XOR constraints (12.5) and derives new ones by chaining together ¢
constraints with an appropriate combinatorial structure. Below, we formalize the set of constraints

in this formula as a family of hypergraphs built from the H,,’s.

Definition 12.4.1 (t-chain hypergraph W,Et)). Let t > 1 be an integer. For any u € [n], let W,Et)
denote the weight function Wtwf,” s [mPH = Ry, ie., from length 3t + 1 tuples of the form
C = (uo, 01,02, UL, -« o, U1, 02(t-1)+1, U2(t-1)+2/ th) to Ro, where Wt(HlE:)(C) = 0if up # u, and

otherwise:
-1

wt,0(C) = | |WtHL,h (V2n+1, V2n+2, Uns1) -
u
h=0

For a t-chain C, we call g the head, the u,’s the pivots for 1 < h <t —1, and u; the tail of the chain
C. The monomial associated to C, which we denote by gc¢, is defined to be x,, ]—[2;10 X0g01 X 0252
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vi,vo,u} € H,

o Lo [ o e o 6w

X, X X, X, =1

Figure 12.3: A 3-chain. The pairs of blue vertices are the “uncanceled vertices”, and the red
vertices are the “pivots”. Note that for any x € £, we have xy, xy,, ., Xvy, 2 Xupy = 1.

We note that for any u € [n], Wb(ll) is equivalent to H,, i.e., 7—(51) ={u} xH,.

The following simple observation helps us understand the combinatorial structure in the
chains.
Observation 12.4.2. Let x = L(b) for a linear LCC over [F, with {H, },,¢[,] being the associated
matchings. Then, for any t-chain C with head u, x satisfies x,,gc = 1.

Proof. We know that x satisfies x,, Xv,, ., X0,,,.,Xu,,, = 1 for every 0 < h <t — 1. Taking products
of the left-hand sides of each of these t equations, we observe that forevery1 < h <t -1, x,,, is
“squared out” (since x2 =1 for every v € [n]), and this finishes the proof. O

Building chains iteratively. It is useful to think of f-chains as being built by extending smaller
chains by iteratively adding hyperedges to the head (i.e., to the left). The following notation and
observation formalizes this.

Definition 12.4.3 (Extending Chains). For the t-chain hypergraph H" built from 3-uniform
matchings Hy, Ha, . .., H, on [1], we define H,, o H**1 as:

H, 07‘{(0 = Uwoe[n] {(u,vl,vz, C) | Ce 7‘{5?, {01,02, ul} € Hu} .

We extend this definition to weighted hypergraphs in the analogous way.
Observation 12.4.4. For t > 1, let H™® be the t-chain hypergraph built from 3-matchings Hy, Hp, ..., Hy
on [n]. Then, H*+D = UnepnHu © H) = Uue[n]?(b(,t’) oH* ) forany 0 < t/ < t.
Chains that fix some positions. We will often refer to the set of chains where some of the
links, i.e., pairs (v25+1, V2n+2) are forced to contain some v € [n]. Towards this, we introduce the
following terminology.
Definition 12.4.5 (Chains containing Q). Let t, r be integers with t < r. Forany Q = (Q1,...,Q¢, Qt+1) €
{[Vl] U *}H'l, we say thata length 3r+1 tuple C = (ug, v1,02,U1,03,04,Up, ..., U1, V2(r-1)+1, V2(r=1)+2/ Uy)
contains Q, denoted by Q € C, if Qi1 € {x,u,} and for 1 < h < t, if Q) # *, then either
Qn = V2(—1-t+h)+1 OF Qn = Vo(r-1-t+h)+2-

We say that a Q is contiguous if there exists s < t such that Q;, # % for every h > s +1 and
Qn =xforevery1 < h < s, i.e, the first s entries are %, and the remaining entries are non-x. We
note that by definition, Q;+1 # * always.

We say that Q is complete if Q does not contain any x. We say that Q” 2 Q if whenever Qj, # x,
Q}, = Qu- We define the size |Q| to be the number of coordinates in Q that do not equal *.
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We also prove a simple bound on the total weight of the hyperedges in 7-{L(,t).
Observation 12.4.6. For any t > 1 and u € [n], it holds that } ¢, Wt(]_{(t)(c) =1

Proof. The proof is by induction. The base case of t = 1 is simple, as by definition we have

Z Wtq_{'51)(C) = Z Wt(Hz(ll)(u'C) = Z wty, (C)=1.

Ce[n]4 (u,C)e[n]4 Ce[n]?

We now show the induction step. Let C € [n]**! have tail u;. Let S denote the set of tuples
in [n]?** that extend C, i.e., the first 3t + 1 coordinates are C. We observe that S = C x [n]3.
Moreover, we have

Z wty o (C') = Z w0 (C)wip,, (C') < wtym(C).
Cres Cre[n]

Summing over C and applying the induction hypothesis proves the claim. |

XOR Formulas from r-chains. Next, we define XOR formulas associated with H*1) that are
guaranteed to be satisfiable. The length of the chain depends on a parameter r, which we shall
set later.

We are now ready to define the chain XOR instances.
Definition 12.4.7 (The chain XOR instance W;). Let Hy, ..., H, be weighted 3-uniform hyper-
graphs. Let k < n and r > 0 be an integer. For each 1 < t < r + 1, we define the polynomial

Wy(x) = Z Z Wt(Hi(ru)(C) -bigc .

i=1 CE[n]3(’+1)+1

Note that in the above sum, if the first entry of the tuple C is not i, then wtﬂ;r+1)(C) =0. We
will omit the subscript b from W;, when it is clear from context. Above, each gc is the monomial
associated with the chain C, as defined in Definition 12.4.1.

We now observe that W (x) is satisfiable and thus has a high value.
Lemma 12.4.8. For every b € {-1,1}, W, is satisfied by x = L(b) and thus val(®,) = k.

Proof. Observe that each monomial in W is corresponds to an (r + 1)-chain, each of which is
satisfied by x = L(b) by Observation 12.4.2. Thus, val(W;) equals the total weight of chains of
length r + 1 with head in [k]. By Observation 12.4.6, we have that for every i € [k], the total

weight of chains in ?{l.(Hl) is 1. As there are k choices of i, the total weight is k. |

To finish the proof of Theorem 8, we need to argue that [E,[val(\W})] is low when k > O(log4 n).
We will argue this using the following lemma, which gives a spectral certificate to bound
Ep[val(W))].

Lemma 12.4.9 (Refuting the chain XOR instances). Let Hy, . . ., Hy, be 3-uniform hypergraph matchings
of size 5n,and let k < n. Let {,d,r > 1 be parameters such that A" > n, £ > 6d(r +1)/6, and {r = o(n).
Furthermore, suppose that k > 1/6. Then, it holds that

1/2

Ep(1,1yx [val(Wp)] < @O(Vkﬁrlog n)
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We observe that Lemma 12.4.9 immediately proves that k < O(s(log‘r’ n), which is a single
log n factor off of the bound we wish to show to prove Theorem 8 Indeed, we set r = O(log n),
d=2,and { = O(dr/5) = 671O(logn) and apply Lemmas 12.4.8 and 12.4.9. The conditions of
Lemma 12.4.9 are all satisfied, and so we have

1/2
k =1y (113x [val(Wp)] < kr+ 1)O(\/kl.’rlog n)) <O

o 53/4

K3/4 10g5/4 n )

— k< O(log5 n/6%).

We will prove the stronger bound of k < Os(log* 1) claimed in Theorem 8 using a simple
trick. We will show this in Section 12.6.5 by using the technical lemmas that we need to prove
Lemma 12.4.9. Even though Lemma 12.4.9 is not strictly needed to prove Theorem 8, we state it
on its own because we will need it in the proof of Theorem 10 later.

12.5 Smooth partitions of chains

In this section, we begin the proof of Lemma 12.4.9.
For notation, we let H) be the union, over u, of Wl(lt), and Wty (1) = Zyepn) Wty ().

Lemma 12.5.1. Let t > 1and d > 1 be integers. There is a subset Py C [n]'*! and disjoint sets TQ) C
(1] for Q € Py such that (1) Q € C for each C € T, and (2) wt(Q) = Y ceqo Wtyn(C) >
ndt - (6n)~t1,
We say Q is heavy if Q € P;. Note that if Q is heavy then Q is contiguous and complete by definition.
Finally, as a trivial case, we let Py = [n] and for Q = (v) € Py, we let 7Q = (v). Here, we let

wt(Q) = 1.

Proof. The proof follows by a simple greedy algorithm. Let S = [n]**1. If there exists Q such that
Yces:occ Wty (C) = nd' - (6n)™71, then we remove all such C from S and add them to 7(9). We
repeat until there is no such Q remaining. We note that Q cannot be used twice in this sequence,
as when we pick a Q we remove all C € S containing Q. m]

Definition 12.5.2 (Partitions of the chains). Let r > 1 be an integer. For each 1 <t < r and heavy
Q € P;, we let H"Q) denote the set of tuples C € [n]*"*! where:

1. C is extends a tuple in 7 Q) “backwards”, i.e., (Ca(r—t)+1,- - - Car11) € 7Q);

2. Qis maximal: for any ¢’ > t and Q" € Py, (Ca(r—p)41,- - -, Car41) € 7)),
Observation 12.5.3. We have that for each t = 0,...,r, it holds that }\5.p, Wwt(Q) < 7, and so
2i=0 Zoep, WHQ) < (r + Dn.

Proof. We observe that for any t =0,...,r, it holds that

Z wt(Q) = Z Z Wt(]_{(t)(C) < Z Wtq_{(t)(C) =n. O

QeP; QeP; CeT(Q Celnpt+

We note that Definition 12.5.2 gives a partition of the r-chains, but the polynomial W(x) uses a
restricted set of (v + 1)-chains, namely those that have their head in [k]. In the following definition,
we use the partition of the r-chains to induce a partition of the special (r + 1)-chains.
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Definition 12.5.4 (Induced partition of 7-(;”1)). Let r > 1 be an integer. Foreach 0 <t < r and
each Q € Py, we let Wi(r+l’Q) denote the set of length 37 + 4 tuples of the form (i, w1, wy, C) where
CeHIQ.

Definition 12.5.5 (Bipartite XOR formulas from a smoothed partition). Fix integers r,d > 1.
Foreach1 <t < r and Q € P;, we define W, o as the following XOR formula with terms
corresponding to (r + 1)-chains in H*1Q) with xg “modded out” from the corresponding
monomial.

r

Wig(x) = Z Wt?-{i(7+l)(c) " Xo1 Xvy l_l X{oans1,02421\ Qi -

C=(i,U1,v2,u1,~~,ur+1)€7‘(i(r+1'Q) h=1

Here, we use the convention that if Qj = %, then {v,v'} \ Qj, := {v,v’}.

For each 0 < t < 7, let ¥¥(x,y) = Zle 2oep, biyoWi(x). Finally, we let W(x,y) =
So<t<r PO (x,y); here, for every heavy Q € P; for some 0 < t < r used in the smoothed
partition, we introduce a new variable yg.

We next observe that W(x, y) is a relaxation of the polynomial W(x). Indeed, we have abused
notation and labeled them both as “W” for this reason. This follows from the observation is that
W(x,y) is produced by simply replacing the monomial xg in W(x) with a new variable yq for
each heavy Q. More formally, the following holds.

Lemma 12.5.6. Fix x € {-1,1}". Then, thereisa y € {-1, 1} 2e=0lPtl sych that W(x,y) =W(x).

Proof. Foreach 0 <t <r,setyq = xg forevery Q € Py, where xg = []}.0, £+ XQ)- O

We finish this section by proving the following statement, which intuitively shows that the
partitions of the chains are smooth.
Lemma 12.5.7 (Smoothness of partitioned chains). Fixi € [k]and t € {0,...,r}. Let Z € ([n] U
{*})* x {x} be a Z that has a x in the last entry. Then, 2ceqr.zec Wiy (C) < (6n)~14l,

Let Q € Py and 7—(i(r+1’Q) be as defined in Definition 12.5.4. Let Z € ([n] U {x})"*! x [n] be such
that Z extends Q, i.e., Zy_y+n = Qp forall 1 < h < t +1. Then, Zceq_{i(r+1,Q):ZgC Wtq_{i(r+1)(C) is at most

wt(Q)dI IR (5n)121-1+IR1 if | Z| < r +1, and at most (6n) 7"~V if | Z| = r +2. Furthermore, if *' > n,
then (6n)™"1 < wt(Q)dZI1-1R1 (5m)~121-1+Ql,
Remark 12.5.8. We remark that this is place where we need the assumption that d’"*! > n.

Proof. The first statement follows immediately by 6-smoothness of the original hypergraphs.
Indeed, for any u € [n] and v € [1n], we have that } ¢, p.0ec Wtn, (C) < 1/6n. We now have that

Z Wt‘Hl.(M) (©)

ceH"M.zcc

< Z WtHi(U1,02,M1)'( Z WtHl,l(U3,U4,u2)("'( Z WtHl,,(UZr+1/UZr+2/ur+1))"'

(v1,02,11) (v3,04,12) (02r41,02r42,Ur4+1)
Z1€{v1,02} Zre{v3,04} Z,€{v2r41,02r42}

We notice that the h-th term is at most 1/6n if Z;, # %, and otherwise it is at most 1. So, in total,
we get a bound of (6n)~ 12l
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We now prove the second part of the statement. Let |Q| = t + 1. We have two cases.
Case 1: Z does not contain a * entry. This means that |Z| = r +2. Let Z’ € [n]"*! X {*x} be Z

with the last entry replaced by a %, i.e., Z;l =Zpforalll<h<r+1,and Z/ , = x. We observe
that

Z Wt(]_{i(Hl)(C) < Z Wt(H]_(Hl)(C) < Z Wt(H]_(Hl)(C) < ((S}’l)_lzll _ (6n)_r_1 ,

CeH!™)zcC CeH!™:zcC CeH!™:z'cC

where we use the first statement that we have already shown. To finish the argument in this case,
we need to argue that wt(Q)d!?I-1Ql(6n)~121-1+1Q1 > (61)7"~1. Indeed, we have by definition that
wt(Q) > ndQ-1(6m)71Ql, and so

1

_dr+1 )
6%n

wit(Q)d!“ 1Rl (§)17-1+1Q1 > %d'ZH(an)—'Z' = (6n)" "

Thus, the desired inequality holds if d"*! > n.

Case 2: Z contains a x entry. This means that|Z| < r + 1. Then, we have that Z = (Z), %, Z®, Q),
where Z@ contains no * entries.

We observe that each C € ?{i(Hl’Q) with Z C C can be split into 3 parts: C = (i, c,c@, ch),
where C® € 7@ js a length t chain, (i, CMyis a length |ZMW| chain with head i, and C? is a
length r — t — |ZW| chain whose head is the tail of C®Y) and whose tail is the head of C®). By
d-smoothness, 3 -1).z0)ccm wtﬂ(lz(l)l)(i, ch) < (571)"2(1)'.

We either have that (Z?,Q) is Q, i.e., Z?) is empty, or that (Z?), Q) is not Q. In the first
case, ), ceeq@ Wiy (C ®)) = wt(Q) by definition (note that if ¢t = 0, then CO is just the single
vertex v where Q = (v), and we have defined wt(Q) = 1). In the second case, we observe
that by Definitions 12.5.2 and 12.5.4, (Z(z), Q) cannot be heavy. Indeed, if it was, then either
C® e 7Z%Q) andso C € (Hl.(Hl’(Z(Z)’Q)), or else there is some other Q’ with |Q’| = |[Z@| +t +1
with C® e 7(Q) in which case we would have C € ’7—(1.(“1’@). We note that here we must use that
Z contains at least one *, so that |Z?)| +|Q| < 7 + 1. This is because all heavy Q” have |Q’| < r +1,
as they are defined for the length r-chains.

Thus, (Z®, Q) cannot be heavy. It then follows that }-¢).ceer©) VQ'EP, o Wtq_{(t)(c(3)) <
nd'Z(Z)Ht(6n)_|z(2)|_t_1 < wt(Q)d'ZQ”(én)"Z(Z)'. We note that any C € 7-{i(r+1’Q) must have C©® ¢
TRIVQ € P, 1|z, as otherwise we would violate Item (2) in Definition 12.5.2 since |Z @] > 1.

To finish the proof, we observe that once C @) and C® are chosen, the total weight of all “valid”

C@, ie., C?’s that could complete the chain to form C € (HZ.(TH’Q), is at most 1/6n. Indeed,
this is because the head of C? is the tail of CV) and its tail is the head of C®, and the total
weight of all length & chains, for any /, with a fixed head u and fixed tail v is at most 1/6n by

—1z@ —
ceqr1@ Wiy (C) < (6n) 1251 (6m)7T -

wt(Q)dZ?l(5n) 12?1 = wt(Q) - d1ZI-1Q1(5n)~1Z1-1+1Ql, -

0-smoothness. Thus, in total, we have shown that )

12.6 Spectral refutation via Kikuchi matrices

In Section 12.5, we defined polynomials wt)(x, y) and a map from x +— y such that W(x) =
Yo wb)(x, y) when y is the image of x under this map. Thus, to prove Lemma 12.4.9, we need
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to upper bound Ey[val(}};_, wit)(x, y))]. In this section, we will use the Kikuchi matrix method
to bound this quantity, thus proving Lemma 12.4.9.

12.6.1 Step 1: the Cauchy-Schwarz trick

First, we show that we can relate };_, W) (x, y) to a certain “cross-term” polynomial obtained
via applying the Cauchy-Schwarz inequality.

Lemma 12.6.1 (Cauchy-Schwarz trick). Let M be a maximum directed matching'''? of [k] and let fy
be the cross-term polynomial defined as

15/?: Z bib; Z t(Q) Wio(x)Wjo(x),

{i,j}eM Qep;
t
= Z t)

Then for every x,y with +1 values, it holds that

(Z Wby, y)) <n(r+1) (k(r 1) 2kIEJ\/I[fM]) ,

where the expectation IE; is over a uniformly random maximum directed matching M.

Proof. We will first apply the Cauchy-Schwarz inequality to eliminate the y variables:

o5 g )

t=0 t=0 QeP;
r r k 2
(3 % 0|37 3 [ n-mee |
=0 OcP; =0 QeP; \i=1 Vwt(Q)

By Observation 12.5.3, this is at most

7 k V7] 2
< nlr+1) ZZ(Zb, .0 )

=0 QeP; \i=1 VWtQ)
< n(r+1) ZZ (Q)be\yzQ\y]Q
t=0 QeP; i,j=1
<n(r+1) ;QZP Wt(Q)Z 2, Z Z = (Q) Zi;k bibjVioWj0

1A directed matching is a matching, only the edges are additionally directed
12This is a perfect matching if k is even, and will leave one element of [k] unmatched if k is odd.
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By Lemma 12.5.7, we have that

Wil < > Wy en(C) < whQ)- (5m)7?,
CE?_{i(HLQ) !

k(r+1
Hence, 2/ Yoer, migy Ziet Vio < 557 Xicg Loen, WHQ) < “5.
To finish the proof, we observe that the probability that a pa1r (z j) is contained in a directed
matching M is at least 21—k |

12.6.2 Step 2: defining the Kikuchi matrices

It thus remains to bound Ejp[val(fa)] for an arbitrary directed maximum matching M.
We define the Kikuchi matrices that we consider below.
Definition 12.6.2. Leti,j € [k]and t € {0,...,r}. Let Q € P;.
Let C = (i, V1,02, U1,03,04,...,Urs1) € 7_(i(r+1,Q) and C’ = (], vi,vé, ul,vé, ’0:1, ce ,ur+1) €

7{]»(”1'@- We let AES'C"Q) € {0, 1}([71)2r+2 be the matrix with rows and columns by indexed by
(2r + 2)-tuples of sets (S, ...,S,, S|, - .., S;) of size exactly ¢ defined as follows.

We set Agfj'C"Q)((so,. crS,S, -, S0, (To, ..., T, T, ... T})) equal to 1 if the following holds,
and otherwise we set this entry to be 0. In what follows, we let C;, = {v241, V2n+2}, and we note
that |Cj,| = 2 for any chain with nonzero weight, by Definition 3.2.1.

1. Forh=0,...,r—t,wehave S, ® T, = C, and vyj,1 € Sy, Uop42 € Tj,.
2. Forh=0,...,r—t,wehave S;l EBT’ C’ ande]1+1 € S;,v;hﬂ € T’
3. Forh =1,...,t, the following holds Letwy, = Co_iqp \Qh, and w) =

Sr—t4n = RU {wh} Ty—t+n = RU {wh} and S,, t+h T/ t+h
c,C’
We let Agt Zert wt(Q) ZCEW(Hl Q) C,E(]_((Prl Q) WtH(wl)(C)Wt(H(m)(C') A( Q) and Ajj = Zt -0 DfA(t)

, \ Q. We have

rt+

where D; = (’Z_lz)ZHZ . (é,) . For any matching M on [k], let Ay = Z(i,j)eM bibjA; ;. We will abuse
notation and let A = Aj,.

The following lemma shows that we can express fy(x) as a (scaling of a) quadratic form on
the matrix A®).

Lemma 12.6.3. Let x € {-1,1}", and let x’ € {-1,1}N, where N = (} )2r+2 denote the vector where the
(S0,S1,---,51,50,57, ..., S))-thentry of x"is [T}, _, X5, X . Leti,j e [k]landt € {0,...,r}. Let Q € Py,
and let let C = (i,v1,02,U1,03,04,...,Urs1) € 7{1.(“1’@ and C' = (j,vi,vé,m,vé,v:l,...,uTH) €
HD Then

] ’ ’

r r

as (C/C,/Q) ’r
x Ai,j = DXy, X0, X{vans1,02n423\Qn * X0} X0 X{0), 102\ Qi 7
hzl h:l

Bt is possible that one could have wj, = w;l here. In that case, we pick a canonical extra vertex v, and require that

v ¢ R as well. This is to ensure that the number of choices here for S,_;,j, and S/ is exactly (|~ 2)( ); otherwise it

—t+h
would be (- 11) (7)- The difference in the two cases is immaterial but it is convenient to have an exact count.
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i.e., the product of the monomials associated to C and C’, modded out by Qy,, where Dy = (,;:12)2”24 . (?)t
Moreover, for any matrix BE(;.’C/'Q) obtained by “zeroing out” exactly aDy entries of Ag?'C,’Q), the equality
holds with a factor of 1 — v on the right.

In particular, x' T Ax" = fpy(x).

Proof. LetS = (So,S1,.-.,5:,5,,5,,...,8)and T = (To, ..., T;, T/, ... T/) be such thatAgf;'C"@G, T) =
1. Then, we have that

r r—t t

r o _
xé’xi: - 1—[ xS;,xTth;leh' - l_l xShGBTthLGBTﬁ 1—[ xsr—Hh@Tr—HhxS:_Hhe;Tr/_Hh
h=0 h=0 h=1
r—t

I
=
o
=
Q

t
I 1_[ XCropen\QuXC/_, ,\Qp ~

which is equal to the product of monomials on the right-hand side of the equation we wish to
show. L

It thus remains to argue that AES’C”Q) has exactly D; nonzero entries. We observe that, for
each h =0,...,r —t, there are exactly (’;:f) pairs (Sp,, T,) such that S;, @ T, = Cj, with va;41 € Sy,
and vop42 € Tj. Indeed, this is because we must simply choose a set of size { — 1 that does not
contain either of vy;,411 and vyj,45, and then this determines S;, and Tj,.

For h = 1,...,t, there are exactly (;f:lz) choices of (S;_¢1, T,—t+1). Indeed, this is because
S,_t+p must contain wy, and T,_;,;, must contain w;l Note that if wy, = w;l, then there are actually
(;f:ll) choices! However, using the slightly modified definition of the matrix in the footnote in

Definition 12.6.2, we can again force there to be exactly (’;:12) choices. Finally, there are () choices
for(S'_,,,, T, ), aswemusthaveS =T .

Combining, we see that D; = (:f:f)w_tﬂ) . (('Z:lz) ()= ('Z:f)zrﬂ_t (:f)t, as required. O

12.6.3 Step 3: finding a regular submatrix of the Kikuchi matrix

By Lemma 12.6.3, in order to upper bound Ej[val(fy)], it suffices to bound Ep[||A|l_1] <
NE,[[|All2], where N = (*)**?; here, we use that ||A]|._,; < N||A|l2 always holds.

To bound [|All2, we will write A = 3; ier bibjA;; and apply Fact 3.4.2. To do this, we need to
bound [|A; j||2, which we shall do by upper bounding the maximum ¢;-norm of any row/column
of the matrix. In turns out there are some rows that indeed have a large {;-norm. To handle this
issue, we shall zero out the “bad rows”, as follows. To do this, we will need to use the following
technical lemma, proven in Section 12.7, that bounds the expected f;-norm of a row and the

conditional expectation given that the row has a nonzero entry in a specific matrix AE?’C A,

Lemma 12.6.4 (First and conditional moment bounds). Fix r > 1, i,j € [k], and let 7-{i(r+1) and

7—{] 1) denote the (r + 1)-chain hypergraph with heads in i and j respectively. Let Uj_, Ugep, 7—(i(r+1’Q) be

a smooth partition of %(r+1), as defined in Definitions 12.5.2 and 12.5.4. Let A; ; be the Kikuchi matrix
defined in Definition 12.6.2, which depends on r, i, j, and the pieces Ugep, H'" V) of the refinement, and
the matching M.
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LetS = (So,...,Sr, Shr---+S1) € (['Z])zr+2 be a row of the matrix, and let degi/j(g) denote the ¢1-norm

of the S-th row of Ajj. Then,
1

N-én’

Eg[degi,j(g)] <
where N = () )ZHZ.
(7‘+1,Q) ’ (T’+1,Q)
Furthermore, let t € {0,...,r}, Q € Py, and C € H, and C’ € 7-{]. . Let D¢ 1, denote

the uniform distribution over rows of AE?’CI’Q) that contain a nonzero entry. Then, if A" > n and
{ >2d(r+1)/0, it holds that

d O(fr) 4
E;_p,,,ldeg; (5] < (1 - 2 ) |

Noén®

Let us now use Lemma 12.6.4 to argue the following. For a sufficiently large constant I', there
exist submatrices B(C’C/’Q) ie. a {0, 1}-matrix where B(.(;’C/’Q)(g T") = 1 implies A(.C"C ’Q)(§ f) =1,
such that (1) each B( ) contains exactly D;/2 nonzero entnes, and (2) the fl-norm of any

row/column of B; (deflned analogously to A; ) is at most W'
We do this as follows. First, we observe that AES’CI’Q)(g, f”) = Aﬁ,’C’Q)(fQ, 17\/), where R =

(S5, ...,S.,S0,...,5/) and W = (T7,..., T, T, ..., T;). In particular, this symmetry implies that
the bounds on the moments for rows in Lemma 12.6.4 hold for columns as well.

Let 81 = {§ : degi,]»(g) B bn} denote the set of bad rows with {;-norm at least & M,
and similarly let 8, be the same but for the columns. Applying Markov’s inequality and the
conditional degree bound, we see that 8; contains at most O(1/T’)-fraction of the rows where
AGEQ

A(c Q)

is nonzero, and similarly B, contains at most O(1/I')-fraction of the columns where
is nonzero. Thus, after removing these rows, we still have at least (1 — O(1/T'))D; nonzero
entrles in AE?’C”Q). When I is a sufficiently large constant, this is at least 1/2, and so we can

choose an arbitrary subset of exactly D;/2 nonzero entries. We let BES’CI’Q) be the matrix with
those nonzero entries.

The first property is clearly satisfied by construction. The second property is satisfied because
the ¢;-norm of any row/column of B ; is clearly at most -, again by construction.

12.6.4 Step 4: finishing the proof

Let BE?’CI’Q) be the matrix produced in Section 12.6.3.
t (ol t
We let Bg,]? = 20ep m Zceq_{l.(r+1,Q)’C,€(]__{]‘(r+l,Q) Wtﬂi(rﬂ)(C)Wt(}_[j(Hl)(C ) B( 9 and Bij= Yo 1t BS.,].).
For any matching M on [k], let By = 3;, eM bib;B; ;. We will abuse notatlon and let B := B M-
By Lemma 12.6.3 and the fact that B(C ©Q has exactly D; /2 nonzero entries of A( Q5

we see that for every x € {-1,1}", there ex1sts x" € {-1,1}N such that x’"Bx’ = 1fM(x). We also
have that ||B; jl|> < - 6 —, by construction in Section 12.6.3.
By Fact 3.4.2, it therefore follows that

Ep[val(fm(x))] < 2E,[N||B|l2] < N - ﬁ -O(yklogN) = O(+y/klrlogn) - %

in it,
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Hence,

Ey[val(W(x, y))]* < Ep[val(¥(x, y)*)] < n(r+1) (% + 2kIEy, p[val( fM)])

<n(r+1) k(rz-:ll) +2kO(+/klrlogn) - %) = k(r(;— D) (r :5_ ! +20(yklrlog n))

o

< k(r(;— 1)0(\/k€r logn),

as { > O(r/6) and we can assume that k > 1/0 (as otherwise we are already done).

12.6.5 Step 5: optimizing the log n factor and proving Theorem 8

We will now prove Theorem 8 using the tools that we have developed in Sections 12.4 to 12.6. Let
L be a (3, 6)-linear LCC in normal form (Definition 3.3.9), with 3-uniform hypergraph matchings
Hji,...,H, each of size 6n. Similar to the analysis in Section 12.2, we will use the 3-LCC L to
construct a 2-LDC, and then we apply the lower bound of [GKSTO06] (Fact 3.3.4).

The reason this approach saves a single log n factor is that, in the case of 2-query linear codes,
Fact 3.3.4 shows a lower bound of 6k < 2log, 1, which saves a factor of 6 over the lower bound
from spectral refutation of 6>k < O(logn) for nonlinear 2-LDCs. In our reduction, we shall
produce a 2-LDC with 6’ ~ 6/logn, so this optimization saves us a O(log n) factor. As a result,
we get a final lower bound of k < O(10g4 1), as opposed to the lower bound of k < O(log5 n) that
we obtained earlier.

We set ¥ = O(logn), d = 2, and ¢ = O(dr/8) = 6-'O(logn) and follow the steps above.
We construct the polynomial W (Definition 12.4.7) and then decompose W into W, ..., @)
(Definition 12.5.5). By Lemmas 12.4.8 and 12.6.1, we have

k(r+1)

k? = Ey[val(W)]* < Ey[val(W(x, y))]* < Ep[val(¥(x, y)*)] < n(r +1) 52

+ 2kEp pm[val(fm)]

Hence, either k < (r +1)?/6% = O(log? 11/6%) and we are done, or else Ep yi[val(fur)] = ﬁ, and
hence there exists a directed matching M such that val(fy) > m Let us proceed assuming
that we are in the second case.

Let us now construct the new code and argue that it is a 2-LDC. We define a map L’: {0,1}" —
{0, 1}2N , where N = (’Z)Zr+2, in an analogous way to Section 12.2. Namely, there are 2N entries
of L'(x), corresponding to the rows and columns of the Kikuchi matrices in Definition 12.6.2.
For each row S = (So,..., Sy, Sore- s S7), we let L’(x)g be Xz = | X3, Xs;, and similarly for the
columns T.

Let L = {i : (i, j) € M} denote the “left halves” of the edges in the matching M. Without loss
of generality, we can assume that k¥’ := |L| > k—gl, as otherwise we can swap the left and right
halves of M. Let £L”: {-1,1}} — {-1,1}?N be the linear code defined from . as follows. For
each b € {~1,1}L, we first extend b to be in {-1,1}* by setting b; = 1forall j ¢ L (for b € {-1, 1},
we shall abuse notation and think of b as in {-1,1}¥ using this trivial extension). Then, we let
x = L(b), and finally we let x" := L'(x).

We now argue that £L” is a (2, §’)-linear LDC with ¢’ = Q(6/logn). Let Bfi’C”Q) be the matrix
produced in Section 12.6.3. Similar to the proof of Lemma 12.4.8, we observe that for any nonzero
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entry (S T) of B; ] and any x = £L(b), it holds that xzxz = b;b;. Hence, for any codeword x’ € L”,
it holds that x§ T = b;,as bj = 1 since j ¢ L. We can thus use the Bf(]: ©Q) matrices to decode the

message bits.
Hence, it remains to argue that each i € L admits a large matching on [2N]. As before, let

c,C’
B(t) Zert wt(Q) Zceq_{(ﬁ—l Q) C,e(]_{(l+1 o wt (r+1)(C)Wt (r+1)(C/) B( Q) and Bij= Zt 0D L B(t) We

also let B = X jjem biBij. We w111 view each Bjjasa welghted graph where m; denotes the total
weight of the edges in B; ;. By the observation in the previous paragraph, if we let x” be a codeword
of L”, we have that x""Bx" = m, where m = }(; yc)s mi,j. Moreover, m = %Val(fM) > 4n(f+1)

By construction, the ¢;-norm of any row/column of B; j is at most A = 5'=. We can thus find
an unweighted matching G; ; of size m; j/2A where G; ; is a subgraph of B; ;. Indeed, this follows
by a simple greedy algorithm, where we pick an arbitrary edge in B;; to add to G, ; and then
remove all the neighboring edges. At each step, the total weight of all the edges we remove is at
most 2A, and therefore we construct a matching of size at least mi /2A.

We are now ready to apply Fact 3.3.4. We have

1 m k kN -6 O0kN
Z 1Gijl 2 5% Z M7 OA T Bulr+ DA T BTG+ T) (logn)’
(i,j)eM (i,j)eM

where we use that I' = O(1) is a constant and r = O(log ). Hence, by Fact 3.3.4, we have that
log* n
o2 |-

Hence, k < O(log4 n/6%), which finishes the proof of Theorem 8 for the case of IF = [F, up to the
proof of Lemma 12.6.4.

k- n logn
TS|L|<O ‘logN| <O -rllogn]| =0

12.7 Row pruning: proof of Lemma 12.6.4

In this section, we prove Lemma 12.6.4, restated below.

Lemma 12.7.1 (First and conditional moment bounds). Fix v > 1, i,j € [k], and let Wf”l) and
‘H 1) denote the (r + 1)-chain hypergraph with heads in i and j respectively. Let Uj_, Ugep, 7-{1.(”1’@ be
a smooth partition of7-{i( D s defined in Definitions 12.5.2 and 12.5.4. Let A;j be the Kikuchi matrix

defined in Definition 12.6.2, which depends on r, i, j, and the pieces Ugep, H"*1Q) of the refinement, and
the matching M.

LetS = (So, ..., S, Sgr--,51) € ([’Z])zr+2 be a row of the matrix, and let degi,j(§) denote the ty-norm

of the S-th row of Ajj. Then,
1
N-on’

Eg[degi,j(g)] <

where N = () )ZHZ.

Furthermore, let t € {0,...,r},Q € Py, and C € Wl.(Hl’Q) and C’ € 7{](r+1’Q). Let D¢ 1 g denote

AGER

the uniform distribution over rows of that contain a nonzero entry. Then, if d™' > n and
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{ >2d(r+1)/0, it holds that

O(fr) 4
)

]Eg’“DC/C//Q [degl,](s)] S (1 + * W .

Proof. We begin by estimating the first moment, i.e., Ez[deg; j(§)]. By definition, we have that

- 1w 1 1
]E" d .- S = — —_ t r+ C t r+ C, . D
sldeg; (S)] N;Dt(;; vl M)Z oy H(Cowtyean(C) - D
t CeH; "~ ,CeH ™
! ]

— %2 Z @ Z Wtﬂl_(r+1)(C)Wt,}1,]§r+l)(C,) .

t=0 QeP; CeH 19 Creq Q)
¢ ]

We note that the latter quantity is simply equal to % > Cen™D wt(Hi(M) <o) C/eﬂj(m,g): CeH1Q) m .

wt_ +1)(C’"), where the second sum is over C’ € H) where Q is determined by the choice of
i j Y

C. We note that for any Q, >, C/ij(m,g) wtﬂ;m) (C) < —Wg(r?), and hence we conclude that

1
N-6n’

= 1 1
E;ldeg, (5)] < Z Wt i (C) 5 <
CeHr D

Next, we estimate the conditional first moment. Fix a Q € P; for some 0 < t < r, and let
Ce 7{1'(”1'@/ C e 7_{j(1’+LQ>. We now bound ]E§~Z)C C,Q[degi,j(S)], where D¢ ¢ o is the uniform

distribution over all rows S such that AES’C/’Q) has a nonzero entry. We note that there are exactly
D; such rows.

We shall proceed in two steps. First, we consider a fixed (D, D’, Q") with D € “Hi(Hl’Q/), D’ e
?{] (+1Q)  Let |Q’| = t"+1. We will upper bound the number of rows S where AES’CI’Q) and
AE?'D”Q/), normalized by the factor of 1/Dy .. This will depend on the number of shared vertices z
between these two pairs of chains, for an appropriate definition of shared vertices. Then, we will,
for each choice of z, bound the total weight of the number of chains (D, D’, Q") have “intersection
z” with (C, C’, Q), which will conclude the argument.
Step 1: bounding the normalized number of entries for a fixed (D, D’, Q’). To begin, we will
define the number of “shared vertices” between two pairs of chains (C, C’, Q) and (D, D’, Q").

Definition 12.7.2 (Left vertices). Let (C,C’, Q) be such that Q € P; and C € ?{i(rJrl’Q),C’ €
71;”1’@. Let C = (i,v1,vp,u1,...,ur41) and C’ = (j,Ui,vé, ug, ..
of (C,C’, Q) is the sequence (v1,v3,0s5, ..., V(r—)11, W1, - - -, Wi, V], 05, - -
{van+1,v2n4+2} = {wn, Qn}. We denote this sequence by L(C,C’, Q).

-, u; ). The tuple of left vertices

"U;(r—t)+l)’ where Cj, =

Remark 12.7.3. The reason for the above definition is the following. If S is a row where the matrix
c.c
A
1

9 has a nonzero entry, then the entries of L(C, C’, Q) (in order) are contained in the sets
(SO, ceey Sr—t/ Sr—t+1/ ceey Sl’/ 56/ cee S;_t)/ e.g., v1 € SO/ U3 € Sl/ w1 € Sr—t+1/ etc.
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Definition 12.7.4 (Intersection patterns). Let (C,C’, Q) and (D, D’, Q") be such that C € 7-(i(r+1’Q), C e
H"'? and D e H"*Y), D’ e HITHY)
j i ’ j ’
The intersection pattern of (C,C’,Q) and (D, D’,Q’), given by Z € {0,1}**27, is defined as
Z, =1if L(C,C’,Q)r = L(D, D’,Q’)s, and it is 0 otherwise. Note that the sequences L(C,C’, Q)

and L(D, D’, Q") may not have the same length; if & is “out of bounds” for L(D, D’, Q’), then we
set Z = 0.

We now fix (D, D’, Q’) and count the number of rows as a function of the intersection pattern
Z. Lett’ = |Q’| = 1. We have two cases. In the first case, t > t’, which implies that |L(C, C’, Q)| <
|IL(D,D’,Q)|. We observe that in order for a row S to have a nonzero entry for both pairs of
chains, the following must hold:

1. forh =1,...,r +2 (the first r + 1 sets), we have {L(C,C’,Q);, L(D,D’,Q)x} € Sy,

2. forh=r+2,...,2r+3—t (thenext r + 1 —t sets), we have {L(C,C’,Q),,L(D,D’,Q)x} C
S/

h—(r+2)’
3. forh=2r+3—t,...,2r+2—t' (the next t —t’ sets), we have L(D,D’,Q);, € S;z—(r+2)’
4, forh =2r+2—-t"+1,...,2r + 2 (the final ¢’ sets), we have S’ is arbitrary.

h—(r+2)

We observe that for each intersection point, i.e., an / such that L(C,C’, Q); = L(D,D’, Q)j, there
are (,",) choices for the corresponding set, as it needs to only contain one vertex. For each
nonintersection point, i.e.,an h € {1,...,2r +2 —t} where L(C,C’,Q), # L(D,D’, Q), we have
( {,fz) choices, because the set needs to contain both vertices. Finally, we have ( (,fl) choices for

each of the t — t’ sets in the third case, and (';) choices for the last t sets in the final case. In total,
z 2r+2—t—z t—t’ t
we have (,",)"(,",) (%) (%)
In the second case, t < t’. We observe that by swapping the roles of t and t’ above, we get a
z 2r+2—t'—z t'—t t
bound of (,";)"(,",) (5) ()

Now, although the above counts are different, we observe that they are within constant factors
no—t o\t it
(%) () ()

of each other. Indeed, we have
-1 2, -1\t
(o) e )
(t’fz)_t (efl)t_t (?)t ( £=2) \e-1) \¢

: {(n—10+2) t,_t_ 1 n—1 vt
‘((5—1)(n—e+1)) _(+(€—1)(n—€+1)) /

. L 1 - / n-1
and this ratio is between 5 and 2 since [’ —¢| < r and T

constant I'.

Next, we observe that while we have an upper bound of 2 - (éfl)Z (€f2)2r+2—t (efl)t_t, (';)t, on

the number of rows, which depends on t’, each entry has a scaling factor of D%/. We now give an

2 1 .« .
> 7 2, for a sufficiently large
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upper bound on the normalized number of entries that does not depend on t’. We have

(") () ()0

2 =2 - - m —
Dr PR (") (i=0)
_, /-1 2r+2—t—z ‘ Tl(l’l _ 1) 2r+2—t’
S T\n-t0+2 n—C0+D(n-10)
2r+2—t-z
sz(f) -(1+ O(”)) .
n n

Step 2: bounding the weight of (D, D’, Q) with a fixed intersection pattern Z. Let us fix the in-
tersection pattern Z and then determine the total weight of all (D, D’, Q") with D € Wf”l’Q ), D’ e
7{] (+1Q) with these intersection points. To do this, we will apply Lemma 12.5.7.

First, we observe that fixing an intersection pattern induces a ZW e {[n]u {x}}*1 x {x},
simply by filling in Z(1)’s non-x entries with the appropriate vertices of L(C,C’, Q). We note
that such a Z( never has the tail filled in, as the tail is not a potential intersection point. By
Lemma 12.5.7, this implies that the total weight of D that contain Z(!) is at most (5n)712",

Next, we bound the total weight of all D’ that are valid for a fixed D. We observe that
D e 7-(1.(“1’@) for some i, and hence D’ must be in 7-(].(“1’@). We note that Z induces an intersection

pattern Z? on D’, and moreover Z® does not intersect with the “Q’-part” of the chain D’, namely
the links that contain vertices from Q’. So, it follows that D’ contains (Z®, Q").
By Lemma 12.5.7, we have that the total weight of all D’ is at most wt(Q)d'Z(z)|(6n)‘|z(2)|‘1. As

each entry in AET})’D”Q,) is scaled down by a factor of wt(Q’), the normalized weight is therefore at

most d'Z(2)|(6n)‘,|Z(2)|‘1.
In total, we get a bound of (611)"2(1)' . d'Z(2)|(6n)‘|Z(2)|‘1, which is at most dl%l(6n)~141-1. Here,

we use that |Z| = [ZD] +|Z®@)].

Putting it all together. By combining steps (1) and (2) (and paying an additional (zrf_t) factor
to choose the nonzero entries of Z), we thus obtain the final bound of
2r+2—t 2r42—t-z
> 1 2r+2—t O(¢r) ! N
= - < — . S N s .
Es pe ., ldeg;;(S)] < D, Zz:(; ( . ) (1+ " ) 2(71) d*(on)
o(tr)\ 2 (¢ 22—t 2r+2-t A o
< | = . - A= .
<(1+— )Dt(n) ;(2“2 e =] (on)
(.0 _2 (¢ rea-t ”i‘f Qr+2—1)-d\°
B n D;-on\n port ol
O(f?’) 4 ¢ 2r+2—t
<1+ =) —|(= )
n D;-6n \n

where we use that £ > 24(2r +2)/0.
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To finish the proof, we need to compute %. We have that

D 37T ((2:%))””‘f - [t )

N (,Z)zr+2 (JZ) nn—1)

N (£)21’+2—t . (1_ €_1)2r+2—t N (£)21’+2—t (1_ (5—1)(27’4'2)) _ (£)2r+2—t (1_ O(fr))
“\n n—1 ~\n n-1 n n ’

Thus,

2r+2—
O(er)) 4 (2) tg(1+O(€r)) 4

- L. c < —_
]ESNDCC’,Q [degI,](S)] - (1 * n D;-6n\n n | N-o6n’

which finishes the proof. O

12.8 From adaptive decoders to chain XOR polynomials

In this section, we begin the proof of Theorem 10. We start with a (possibly nonlinear) smooth
3-LCC with a (possibly adaptive) decoder. First, we define an abstract notion of a (smooth)
3-LCC hypergraph collection, which captures the fact that, unlike the linear case (Theorem 8),
our hyperedges might now have size 2 in addition to being of size 3. Then, we will use the
hypergraph collection to define a family of chain XOR instances similar to Definition 12.4.7.
Finally, we will use Kikuchi matrices to argue (Lemma 12.8.6) that any “chain XOR instance”
from a 3-LCC hypergraph collection must have small value. Finally, we will show that, given a
3-LCC, we can extract a 3-LCC hypergraph collection such that the resulting chain XOR instance
has high value, which finishes the proof.

We begin by defining a (6-smooth) 3-LCC hypergraph collection. One should view this as a

generalization of the standard “combinatorial” definition of (linear) 3-LCCs (Definition 3.3.9).
In the below definition, the hypergraph H, is 3-uniform and intuitively captures decoding
constraints that make 3 queries; the hypergraph G, is 2-uniform, i.e., it is a graph, and it
intuitively captures decoding constraints that only make at most 2 queries.
Definition 12.8.1 (3-LCC hypergraph collection). A 3-LCC hypergraph collection on [#] vertices
is a collection of pairs (H,, G,), one for each u € [n], where G, is a (weighted and directed)
2-uniform hypergraph and H,, is a (weighted and directed) 3-uniform hypergraph!* such that for
every u € [n], ¥ cepnp Wtc, (C) + Xeepup Wtn, (C) < 4and ¥ ey Wia, (C) < 1.

For each u € [n], we define the polynomial f,,(x) = ¢y (x) + ¢ (x), where ¢y (x) = X cepnp Wi, (C)xc
is the homogeneous degree-2 component of f, and ¥, (x) = ¥ cepup W, (C)xc is the homoge-
neous degree-3 component of f,,.

We furthermore say that the hypergraph collection is 6-smooth if for every u,v € [n],
ZCE[H]ZIUEC wtg, (C) + ZCE[nP:UEC wit, (C) < %

We now use the above collection of polynomials to construct chain XOR polynomials. To

define these polynomials, we first define the t-chain hypergraphs 7-(5,” and Ql(f).

M Note that Definition 3.2.1 requires that each tuple with nonzero weight has distinct vertices.
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Definition 12.8.2 (t-chain hypergraph ’7—(15”, Definition 12.4.1). Let t > 1 be an integer, and
let (Gy, Hy)ye[n) denote a 3-LCC hypergraph collection. For any u € [n], let 7-(1(1” denote
the weight function wt, . : [n]**! — Ry, i.e., from length 3t + 1 tuples of the form C =
(1o, v1,02,U1,03, V4, U, .., Up—1, V2(t-1)+1, V2(t—1)+2, Ut) t0 R0, where wtﬂgt)(C) =0if ug # u, and

otherwise:
-1

wi,0(C) = l_[ wtp,, (2141, V2n+2, Up1) -
h=0
For a t-chain C, we call 1 the head, the uj,’s the pivots for 1 < h <t —1, and u; the tail of the chain
C. The monomial associated to C, which we denote by gc, is defined to be x,, H;l;lo Xogps1 Xvapsa-
We call the t-chain hypergraph Wl(lt) “hypergraph-tailed”, as the last link uses one of the hyper-
graphs H,.
We note that for any u € [n], 7-{51) is equivalent to H,, i.e., 7—(5,1) ={u} xH,.

Definition 12.8.3 (t-chain hypergraph gff)). Lett > 1be an integer, and let (G,,, H) e[ denote a
3-LCC hypergraph collection. For any u € [n], let Q,(f) denote the weight function wt ) : [n]¥ —
Ry, i.e., from length 3t tuples of the form C = (ug, v1, v2, U1, 03,04, Uy, . .., Us—1, vz(t_l):l, V(t-1)+2)
to R5(, where wt ff)(c) = 0if ug # u, and otherwise:

t-2

Wiy (C) = Wi, (Va(-1)+1, Vag-1)42) l_l W, (V2n+1, V2n+2, Un+1) -
1i=0

Note that the chains in G have no tail vertex ;. The monomial associated to C, which we denote
by xc, is defined to be gc = ]_[2_:10 X0y01 X024+ We call the t-chain hypergraph Q,(f) “graph-tailed”,
as the last link uses one of the graphs G,.

We note that for any u € [n], L(,l) is equivalent to G, i.e., Qf,l) ={u} xGy.

We are now ready to define the chain XOR instances.
Definition 12.8.4 (Chain XOR instance). Let (G, Hy) e[ denote a 3-LCC hypergraph collection.

Let k < nandr > 0 be aninteger. For each 1 < t < r +1, we define the “graph-tailed” polynomial

k
()=, >, wgn(C)-bige,

i=1 Cefn]t

and we also define the “hypergraph-tailed” polynomial

k
Wy(x) = Z Z Wtq_{i(rJrl)(C) -bigc .

i=1 Ce[n]3(r+1)+1

We will omit the subscript b when it is clear from context. We note that in the above definitions,
each gc is the monomial associated with the chain C, as defined in Definitions 12.8.2 and 12.8.3.
Remark 12.8.5 (Iterative view of the chain construction). We can view the chains as being con-
structed iteratively in the following way. We start with a fixed 1o, and have 2 choices. We either
pick a hyperedge (v, a2,v2,a2,u1) € H,,, and then recurse onto uj, or else we pick an edge
(v1,a2,v2,a2) € Gy,, in which case the chain is in Q,(}) and we stop.
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With the above setup in hand, we can now state the main technical lemma.

Lemma 12.8.6 (Refuting the chain XOR instances). Let (G, Hy)ye[n) denote a 6-smooth 3-LCC
hypergraph collection and let k < n. Let {,d,r > 1 be parameters such that A" > n, { > 6d(r +1)/0,
and {r = o(n). Furthermore, suppose that k > 1/6. Then, for each 1 < t < r +1, it holds that

Ep (-1} [Val((l),(f))] < O(yktrlogn),

Ep (-1, [val(Wy)] < k(r(;— 1)O(\/kfrlogn)

1/2

We observe that we have already proven Lemma 12.4.9, which is the second inequality above.
Thus, we only need to show the first inequality, i.e., we need to refute the graph-tailed instances,
which we will do in Section 12.9.

Finally, to finish the proof of Theorem 10, it remains to argue that, given any (3, 9, ¢)-smooth
LCC, one can extract a 3-LCC hypergraph collection such that the resulting chain XOR polynomi-
als (Definition 12.8.4) have large value. This is captured by the following lemma.

Lemma 12.8.7. Let C: {-1,1}* — {=1,1}" be a 3-LCC. Let C": {-1,1}F — {=1,1}*" be defined as
C'(b) = (C(b),—C(b),1",(-1)"), i.e., C" is a “padded” version of C, and let Dec(-) denote its (possibly
adaptive) decoder.

Then, there exists a 3-LCC hypergraph collection (H,, G, ), e[an] with the following properties.

1. Forevery 1 < u < 4n and every codeword x € C’, we have f,(x)x, = E[Dec™ (u)x, ], where the
expectation is taken over the randomness of the decoder. In particular, if C has completeness 1 — ¢,
then f(x)x, > 1—2¢forallx € C'.

2. If C is systematic and has completeness 1 — ¢, then for any r such that 1 —2(r + 1)e > 0, it holds
that for every b € {—1,1}* and x = C’(b), Wp(x) + Zfi} CDg)(x) > k(1-2(r+1)e).

3. If C is 0-smooth, then C’ is 6 [4-smooth, and (Hy, Gy )ye[n) is a (0/ c)-smooth hypergraph collection
for some constant ¢ > 4.

We prove Lemma 12.8.7 in Section 12.8.1.

Let us now finish the proof of Theorem 10.

Proof of Theorem 10. Let C be a 3-LCC that is 6-smooth and has completeness 1 — ¢. By Fact 3.3.8,
by adjusting k by a factor of log(1/6), we can assume that C is additionally systematic. By
Lemma 12.8.7, the padded code C’ is (6/4)-smooth with completeness 1 — ¢ and has a (0/4)-
smooth uniform hypergraph collection (Hy, Gy )ye[an]- Let r be such that 1 —2(r + 1)e > 0. We
have that for every b € {-1,1}F and x = C’(b), Wj(x) + Zfﬁ q)(bt)(x) > k(1-2(r+1e).

On the other hand, by Lemma 12.8.6, it holds that

Ep (1,1} [Val((l),(f))] < O(yktrlogn),
1/2

Ep (-1, [val(Wy)] < k(r(;— 1)O(\/kfrlogn) ,

where d and ¢ are parameters chosen so that d” > n, { > 6dr/0, and ¢r = o(n).
First, let us handle the case in Theorem 10 when ¢ = 0. Here, we set ¥ = O(logn), d = 2, and
{ = O(dr/6) = 6 1O(log n). We clearly have that all the conditions of Lemma 12.8.6 are satisfied.
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Hence, we have that

r+1
k=k(1-2(r +1)e) < Ey[W,(C'(D)) + ) & (C'(b)]
t=1

k374 log5/4 n )

172 klog®
< (r+1).0(\/k€rlogn)+(@O(\/urlogm) < o(\/ O(;g "L =
— k < O(log’n/6%),

which proves the statement when ¢ = 0.

Now, let us consider the case when ¢ > 0. When we apply Lemma 12.8.6, we now set
parameters as follows. Let > 0, and set rg be such that 7o + 1 = |_12;;7J and r1 = log, n. We then
let ¥ = min(ro, 71). Note that by choice of r, 12__;7 >r+1,and so1-2(r+1)e > 2n, and we also
have r < O(log n).

Now, we set d to be such that d"*! > 1, so we have to set d = n/(+1), Finally, we set ¢ = dr/6.
We thus have that

r+1
20k = k(1= 2(r +1)¢) < Ey[Py(C'(b) + ) @\ (C(b))]
=1
k(r +1) 12
<(r+1)-O(yklrlogn)+ ( 5 O(«ktrlog n))
1/2
<(r+1)- O(\/knl/(“fl)r2 logn/o) + (k(r(;— 1)O(\/knl/(’”);’z logn/6)

This implies that either

n’k < % -0V V1og® n),
or
4 1 1/(r+1) 1.5
n*k < §O(n log” n).

The second equation is always the dominant term, which finishes the proof. Note that the final
log(1/0) loss comes from Fact 3.3.8. O

The remainder of this section is dedicated to proving Lemma 12.8.7, which we do in Sec-
tion 12.8.1. We will prove Lemma 12.8.6 in Section 12.9, which will complete the proof of
Theorem 10.

We also make the following observation, which bounds the total weight of the hyperedges in
7{3) and gff).

Observation 12.8.8. Let (Gy, Hy),e[n) denote a 3-LCC hypergraph collection. Then, for any ¢t > 1
and u € [n], it holds that ¥ ccp,pn wtﬂén(C) < land ¥cepp thl(f)(C) <4
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Proof. Let us first prove the statement for 7—(5”. This follows by induction. The base case of t =1
is simple, as by definition we have

Z W’fﬂgn(C) = Z Wt(HL(ll)(u,C) = Z wty, (C) < 1.

Ce[n]* (u,C)e[n]* Ce[n]?

We now show the induction step. Let C € [n]**! have tail u;. Let S denote the set of tuples
in [n]3** that extend C, i.e., the first 3t + 1 coordinates are C. We observe that S = C x [n]3.
Moreover, we have

Z Wtﬂsm)(c/) = Z Wtq.(liﬁ(C)WtHut(C,) < Wtﬂsr)(C).
C’eS C’e[n]?

Summing over C and applying the induction hypothesis proves the claim.

Now, we prove the statement for Qf,t). Let C € [n]**! have tail u;. Let S denote the set of
tuples in [1]3+3 that extend C, i.e., the first 3t + 1 coordinates are C. We observe that S = C x [1n].
We have

Z wi e (C) = Z wty,0(C)wic, (C') < 4wty 0 (C).
C’eS C’e[n]?

Summing over C and applying the claim for 7{,?) then proves the claim for Ql(,t). |

12.8.1 Constructing polynomials from adaptive smoothed decoders

In this subsection, we prove Lemma 12.8.7. Let C: {-1,1}¥ — {-1,1}" be a 3-LCC with an
adaptive decoder Dec(-). The vast majority of the proof will be for proving Item (1), which will

be done in two steps. First, we will prove the following lemma, which is an analogue of Item (1)

in Lemma 12.8.7 but for the AND polynomial, which is defined below.

Definition 12.8.9 (AND polynomial). Let AND: {-1,1}?> — {0, 1} be the function where AND(7, ¢’) =
1if 0 = ¢’ =1, and 0 otherwise. We note that AND(¢, ¢’) = %(1 +0)- %(1 +0’).

Lemma 12.8.10. Let C: {-1,1}F — {~1,1}" be a 3-LCC with an adaptive decoder Dec(-) that uses at
most r bits of randomness. Then, for every u € [n], there are weight functions wty, : [n] X {-1,1} X
[n]x{-1,1} x [n] x{0,1}" — Rypand wtg, : [n] x{-1,1} x [n] x {-1,1} x{0,1}* — R0 and bits
O(u,01,a1,00,82,058) € 1=, 1}, O(u01,a1,00,a00) € {=1, 1} such that for every x € C,

wig, (C)+ > wip, (C,05) | =4, (12.6)
C=(v1,a1,v2,a2,1) v3€[n]

wtg, (C) + Z wtp, (C,v3) |- AND(a1x0,, a2X0,) = 1, (12.7)
C=(v1,a1,v2,a2,1) v3€[n]

wtg, (C)ow,c) + Z wtp, (C, 03)0(u,C,0) X0; | - AND(a120,, a2x0,) = E[Dec* (u)],

C=(v1,a1,v2,a2,%) v3€[n]

(12.8)
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where the expectation IE[Dec” (u)] is over the internal randomness of the decoder.
Furthermore, if Dec(-) is 6-smooth, then for any v € [n], we have

4
wty, (C,v3) + Z wtg, (C) < 30
(Cv3)=(v1,a1,02,a2,03) C=(v1,a1,02,2)
01=0V0=0VU3=0 v1=0V0U=0

We postpone the proof of Lemma 12.8.10 to Section 12.8.2, and now finish the rest of the proof
of Lemma 12.8.7.

Let C': {-1,1}* — {~1,1}*" be the “padded” version of C, i.e., for each b € {-1,1}¥, C’'(b) =
(C(b),—C(b),1",(-1)"). Note that if C is systematic, then so is C’.

Let us extend Dec(-) to be a decoder Dec’(-) for C’ by defining its behavior on u € {2n +
1,...,4n} tobe: (1) if uisa “1bit”,i.e, u € {2n +1,...,3n}, then Dec’ (1) queries a random pair
of the “padded” bits of the same sign (namely, it queries either two bits that are supposed to be 1
or two bits that are —1), and (2) if u is a “~1 bit”,i.e,, u € {3n +1,...,4n}, then Dec('u) queries a
random pair of the “padded” bits that have opposite signs. We note that if the original decoder
Dec(+) has completeness 1 — ¢, then so does the padded decoder Dec'(-), and if the original decoder
is 6-smooth, then the padded decoder Dec'(:) is (6/3)-smooth.

Proof of Item (1). We are now ready to prove Item (1) in Lemma 12.8.7. Fix u € [3n]. We will
now construct the desired hypergraph pair (H;,, G;,) as follows.

First, if u € [4n] \ [2n] is one of the “constant” padded vertices, then this is simple. We let H;,
be empty, i.e., all weights are 0, and if u € {n +1,...,2n} is one of the “1 bit” padded vertices,
then we let G, denote the graph with weight 1/2n(n — 1) on all ordered pairs of vertices (v, v2)
where v, € {2n+1,...,3n}orvy, v, € {3n+1,...,4n}. If u € {2n+1,...,3n} is one of the
“—1 bit” padded vertices, then we let G/, denote the graph with weight 1/2n% on all ordered
pairs of vertices (v1,v2) where v1 € {2n+1,...,3n}, v2 € {3n+1,...,4n} or vice-versa. It is
straightforward to observe that this satisfies the desired condition, as for every x € C’, x4, x5, = 1
ifvy,vpe{n+1,...,2n}orvy, v € {2n+1,...,3n}, and in the other case x,, x,, = —1 holds for
all codewords.

It remains to handle the case when u € [2n]. We will do this for the case when u € [n], and
then observe that we can handle the case of u € [2n] \ [n] by flipping the “sign” of the first query.

Let u € [n]. We construct (H;, G;) from the pair (H,, G,) given to us in Lemma 12.8.10,
as follows. Recall that each term C = (v1,a1,vz, a2, 1) with wtg, (C) > 0 contributes the term
wtg,(C)ocAND(a1x,,, 42xy,) in Eq. (12.8). We have that for any x € C’,

1
0cAND(a1xy,, a2xy,) = Zoc (1 + a1xy, + a2Xy, +a102Xy, X0, )

_1

X 01X T Xay01 X _(0) T X 0 Xagvo T Xocayoy Xasvs | &
4 UC GC O'C

where (1) for any o € {-1,1}, x ) refers to the v1-th copy of 0, i.e., if 0 = 1 then x ) = X24110,
and if 0 = —1 then x ;) = X3n+0;, and (2) X4, s Xy, if a1 = 1 and x44,, i.e., the copy of —x,,, if
a1 = =1, and similar notation is used for x,.

Now, we add 4 edges to G}, for each such edge in G,,. Namely, for any C = (v1, a1, v2, a2, ¥) with
wtg, (C) > 0 and term wtg, (C)oc AND(a1xy,, 42X,), we add the 4 edges (og“), 1@2)) (aq04, GS’Z)),

(agjl), ay03), (0cajvy, apv2) to Gy, each with weight }Lwtcu (C). We note that it is possible to add
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the same edge to G;, multiple times: in this case, we “merge” the edges by adding their weights
together.

We now process the edges in H,, to form H;, in a similar way. The difference here is that we will
add the “degree 3 term” to H,,, and all other terms will again be added to G;,. More formally, each
term C = (v1,a1,vz, a2, v3, r) withwtg, (C) > 0 contributes the term wtg, (C)oc AND(a1x5,, 42X0,) X0,
in Eq. (12.8). From this term, we add the edge (0ca1v1, 4202, v3) to H;, with weight }lthu (C),and
we add the 3 edges (ogl), v3), (0ca1v1,v3), (0caxvy, v3) to G, with weight %th“(C).

This defines the pair (H},,G},) for all u € [4n]\ {n +1,...,2n}. To define the pair for u €
{n+1,...,2n}, we simply observe that —u € [n], and so we flip the “sign” of the first vertex in
each edge in H” , or G’ ,, and this defines (H;,,G}) foru e {n +1,...,2n}.

We now need to show that the pair (H;,, G;,) satisfies the normalization conditions of Defi-
nition 12.8.1, namely that }ccp,2 Wi, (C) + Xeepup Wtn, (C) < 4 and Yeep,p Wi, (C) < 1. We
note that for u € [4n] \ [2n], this clearly holds, so it suffices to argue this for u € [n] (which then
implies the statement for u € [2n]). The first inequality follows from Eq. (12.6), as the total weight

7

of all edges is preserved. The second inequality follows because the total weight in Hj, is at most
1/4 of the total weight in H,,, which is at most 4.

Finally, to finish the proof of Item (1), let f, be the polynomial defined in Definition 12.8.1
from (H},, G,,). We clearly have that for any x € C’, f,(x) = E[Dec’(u)], as by construction f,(x) is
equal to the left hand side of Eq. (12.8).

Proof of Item (2). We are now ready to prove Item (2). For simplicity, we will replace 4n
with n. Let p@(f)(x) = Yce[np thﬁ”(c) - Xygc and Py = 2 Celnpr wtﬂgt)(C) - xugc denote the
“graph-tailed” and “hypergraph-tailed” polynomials with head u, defined in a similar manner to
the polynomials in Definition 12.8.4. We will show by induction on r thatif 1 —2(r + 1)e > 0, then

Pagiren () + ity g (¥) 2 1-2(r +1e.

For the base case, we observe that when r = 0, pq_{l(‘l)(x) = xu ¢y (x) and pgfll)(x) = X, Pu(x)
(see Definition 12.8.1). Therefore, for any x € C’, P (x)+ pgl({l)(X) = x, fu(x) = E[x,Dec™(u)] >
1-2¢, as C (and therefore C’) has completeness 1 — ¢. Note that we also have |1 — x,, f,(x)| =
|xy — fu(x)] < 2¢forallx € C".

For the induction step, we have by definition (see Remark 12.8.5) that for any x € C’,

P(Hy+1) (x) + pgl(lr+l)(x) - pﬂl(lr)(x) = Z Z Wt(Hl(lr)(C) *Xugc - (foy(x) — 1)

ve[n] Ce[n]Pr+l:tail(C)=v

< Z Z Wt(HLEr)(C) : |xu9C| 1= (xva(x))|

ve[n] Ce[n]Pr+l:tail(C)=v

< Z Z Wt(H(r)(C) -1-2¢
ve[n] Ce[n]Pr+l:tail(C)=v '

< 2e¢.

The final inequality uses the fact that ¢, 13+1 Wt 0 (C) < 1, which follows by induction using
that ZCE[H]S WtH; (C) <1
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Hence, we conclude that

r+1

p
pﬂéﬂ—l) (x)+ Z pgl(lrﬂ)(x) = (p(ngwl)(x) + pggrm (x)— pﬂsr) (x)) + (pﬂér) (x)+ Z pgl(lwl)(X) > 2e+1-2re¢,
=1 t=1

which finishes the proof of Item (2).

Proof of Item (3). The proof of smoothness is straightforward. First, if u € [4n]\ [2n], then the
condition immediately holds by construction. Let us now consider the interesting case of u € [n].
By Lemma 12.8.10, the pair (H,, G,) satisfies the smoothness condition. Thus, it remains to verify
that the pair (H;, GJ,) is 6/c)-smooth for some constant c. This follows immediately because, for
each edge in H;, or G;, that contains some v’ € [4n], we can uniquely identify v € [n] such that the
“original edge” in (H,, G,) that the new edge “comes from” contains v. Hence, if we consider the
total weight of all hyperedges in (H;,, G},) containing some vertex v’ € [4n], thereisa v € [n] such
that the weight is upper bounded by the total weight of all hyperedges in (H,, G,) containing
v. The extra constant factor ¢ comes from the fact that the number of vertices is now 4n and the
constant factor loss in Lemma 12.8.10.

12.8.2 Proof of Lemma 12.8.10

In this subsection, we prove Lemma 12.8.10. Let C: {-1, 1}¥ — {=1,1}" be a 3-LCC with an
adaptive decoder. For each u € [n], we use the decoding algorithm Dec(u) to define weight
functions wty, and wtg,. In what follows, we consider a fixed u € [n].

First, without loss of generality, we may assume that the decoder Dec(u) makes exactly 3
queries. We can view the decoder as a decision tree: first, Dec(u) generates the first query v;
from some distribution. Then, Dec(u) receives a bit a; € {-1,1}, the answer to the query v;.
This answer selects the branch of the decision tree, which determines the distribution of the
next query v. Then, the decoder receives another answer a, € {-1,1}, which selects the branch
of the decision tree, and gives the distribution of the final query v3. Finally, the decoder first
selects some randomness r € {0, 1}", receives an answer a3, and then it computes a (deterministic)
function f(v, a,,0y,a2,05,) Of a3 to produce its output. This function is deterministic because the
randomness is handled in r. We note that there are exactly 4 valid deterministic functions: 1, -1,
a3, and —as, SO f(v, a,,02,a2,05,x) MUst be one of these.

For each choice of C = (v1,a1,v2,a2,03,1) € ([n] x {~=1,1})?> x [n] x {0,1}", we let wt,(C) be
the probability that the decoder makes the set of queries C (with the appropriate answers) when
given oracle access to any x that is consistent with C, meaning that x,, = a1 and x,, = 4. Indeed,
this does not depend on the choice of x, as there is some probability p,, that the decoder queries
v1 (which does not depend on x), and then given x,, = a1, there is a probability p,, that the
decoder queries v,, etc.

We now partition the query sets into two types. If C is such that f(,, 4,,0,45,05,r) iS @ constant
function o € {-1,1} (so it does not depend on a3), then we set wtg, (v1, a1, v2, a2, 1) = wt,(C) and
O(vy,a1,0,22,r) = 0. Otherwise, we have that C is such that f(, 4,,0,,,,05,r) = 043, and then we set
wtp, (Ulr ai,v2,4a2,03, 1‘) = Wtu(c) and O(vq,a1,02,a2,03,¥) — O-

We now show that this weight function has the desired properties. Indeed, we have essentially
encoded the behavior of the arbitrary decoder as this system of polynomials.
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First, let us show that

Z WtGu(C)+ Z WtHu(C,Z)3) =4.

C=(v1,a1,v2,a2,%) v3€[n]

Consider the decoder Dec’(u) that simulates Dec,, by generating random bits as the answers to
the queries of Dec(u). It follows that the probability that Dec’(11) queries a particular C is wt(C)/4,
and hence Eq. (12.6) holds.

Next, let us show that for any x € C

Z wtg, (C) + Z wty, (C,v3) |- AND(a1xy,, a2x5,) = 1.

C=(v1,a1,v2,a2,1) v3€[n]

Indeed, we observe that for any x € C and any C, wty, (C,v3) - AND(a1xy,, 42Xy,) is 0 if C is
inconsistent with x, and otherwise it is the probability that Dec*(u) queries C, and the same
statement holds for wtg, (C)AND(a;xy,, a2xy,). Hence, the sum must be 1.

Finally, we have

Xy Z wtg, (C)oc + Z Wi, (C, 03)0(C 0005 | - AND(a1%0,, a2%0,) = E[Dec* (1)x,]

C=(v1,a1,02,a2,1) v3€[n]

Indeed, this is because for any C = (v1,a1,v2,42,v3,1) and any x € C, then the execution
of Dec(x)(u) queries C with probability wty, (C, v3)AND(a;1xy,, 42X4,), and then the output of
the decoder is the decoding function, which is 6(c 4,)Xv;. A similar statement holds for C =
(v1,a1,v2,az,1) as well, which finishes the proof.

12.9 Refuting the graph-tail instances

In this section, we prove the first equation of Lemma 12.8.6. Letr > 1 andlet1 <t < r+1be
fixed. We begin by defining the Kikuchi matrices.
Definition 12.9.1. Letr > 1and1 <t < r+1. Leti € [k]. Foratuple C = (i,v1, 02,11, ..., Ua(t-1)+1, V2(t-1)+2) €
[1]%, we define the matrix AEC) € {0,1}N where N = (’Z)t, to be the matrix indexed by tuples
of sets S = (So, ..., St-1), where A'7((So,...,S-1),(To, ..., Ti1)) = Lif forall h = 0,...,t 1,
Sn® T = {van+1, Van+2} with vap41 € Sy, van42 € T If this does not hold, then the entry of the
matrix is 0.
Welet A; = le e thlf[)(c)AEC) and A = Zle b;A;. Here, D; = (';:f)t
Next, we relate ®*)(x) to a quadratic form on the matrix A.
Lemma 12.9.2. Let x € {-1,1}", and let x’ € {-1,1}N, where N = (';)t, denote the vector where

the (So, S1,. .., Si-1)-th entry of x" is H;l_:lo xs,. Leti € [k]and t € {0,...,r}. Then, for any C =
(i,01,02,11,03,04, . .., Va(t-1)+1, V2(t-1)+2) € [n]*, it holds that

t—1

an (C) ’ _
X Ai x" =Dy X1 Xvgn42 7
h=0
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. . . o\t .
i.e., the product of the monomials associated to C, where Dy = (’;_12) . Moreover, for any matrix BSC)

obtained by “zeroing out” exactly aD; entries of AEC), the equality holds with a factor of 1 — a on the right.
In particular, x'T Ax’ = ®1)(x).

Proof. Let S = (So,S1,...,5¢-1) and T = (To, . .., Ti—1) be such that AEC)(g, T) = 1. Then, we have
that

H.
|
—_

f—

—_
-
|
—_

= X5, XT, = XseT, = Xvop1 Xvgpan 7
0 0 0

(T
S

=

Il

=

Il

=

I

which is equal to the product of monomials on the right-hand side of the equation we wish to
show.

It thus remains to argue that AEC) has exactly D; nonzero entries. We observe that, for each
h=0,...,t -1, there are exactly (';:12) pairs (Sy, Ty) such that S, ® T, = Cj, with vy € Sy, and
42 € Ty, Indeed, this is because by Definition 3.2.1, these vertices must be distinct, and then
we must simply choose a set of size ¢ — 1 that does not contain either of vp+1 and vap42 and this

determines S;, and Tj,. Thus, D; = ('Z:lz)t, as required. O

We would like to now apply matrix Khintchine (Fact 3.4.2) to bound E;[||A]l2] and thus
bound IE, [Val(q)gf)(x))]. However, to do this, we need good bounds on the ||A;||> of the individual
matrices A;. It turns out that the bounds we require for this approach to work are false, but one
can find a submatrix B; of A; such that the bounds hold. To argue this, we will need the following
first moment bounds.

Lemma 12.9.3 (First and conditional moment bounds). Fixr > 1,1 <t <r+1,and i € [k]. Let A;
be the Kikuchi matrix defined in Definition 12.9.1.

LetS = (So,...,Si-1) € ([';])t be a row of the matrix, and let degi(§) denote the ¢1-norm of the S-th
row of A;. Then,

= 4
Ez[deg;(S)] < N
where N = (';)t
Furthermore, let C € [n]* be a chain with head i. Let Dc denote the uniform distribution over rows
of AEC) that contain a nonzero entry. Then, it holds that

]ngz)c[degi(g)] < (1 + ngr)) . %

Finally, the same bounds hold for the columns of the matrix.

With Lemma 12.9.3, we can now do the following. Let I" be a sufficiently large constant, let
B = {§ : degi(g) > I'/N} be the set of rows with {;-norm at least I'/N, and similarly let 8, be
defined for the columns. We observe that by the conditional moment bounds in Lemma 12.9.3
and Markov’s inequality, each AEC) has at least 1 — O(1/I')-fraction of its nonzero rows not in
81, and similarly for columns and $,. It thus follows that after setting all the rows in $; and
columns in B; to 0, the resulting matrix still has at least 1 — O(1/I')-fraction of its original nonzero

entries. By taking I large enough, we can ensure that this fraction is at least 1/2. Now, we let B §C)
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be the matrix where we have deleted all rows in 8; and columns in 8, from AEC), and we have

additionally set more entries to 0 so that BEC) has exactly D; /2 nonzero entries, where t is such
that C € [n]*.

Let us define: B; = D% 2CenP wtgl@(C)BEC) and B = Zle b;B;. By Lemma 12.9.2 (and the
“moreover” part), we have that for every x € {~1,1}", there exists x’ € {-1,1}" such that
x'"Bx’ = %CD(t)(x). By construction, we have that ||B;||» < I'/N, as this is an upper bound on the
f1-norm of any row/column in B;.

Thus, applying matrix Khintchine (Fact 3.4.2), we obtain

E,[val(®")] < Ey[N|Bll2] < N - %O(\/k Tog N) = O(y/krTog ),

where we use that I' is constant. This finishes the proof of the first equation in Lemma 12.8.6, up
to the proof of Lemma 12.9.3.

Proof of Lemma 12.9.3. We will only prove the statement for the rows. One can observe from the
proof that it will immediately hold for the columns also.

We begin by estimating the first moment, i.e., E §[degi(§ )]. By definition, we have that

a0 11 4
Egldeg,(5)] = 55 ), Wign(C)-Di < —,

b eelmp

as the sum of the weights of all chains is at most 4 by Observation 12.8.8.

We now fix t € {1,...,r+1}, C € [n]* with head i. Let D¢ denote the uniform distribution
over rows of AE.C) that contain a nonzero entry. We compute the conditional expectation as follows.
First, we shall bound, for C’ € [n]* with head i, the number of rows S such that Agc) and Agcl)
both have a nonzero entry in the S-th row, normalized by the scaling factor 1/D;. This quantity
will depend on some parameter z, which is the number of “shared vertices” between C and
C’. Then, we will bound, for each z, the total weight of all C" € [n]* that has at least z “shared
vertices” with C.

Step 1: bounding the normalized number of entries for a fixed C’. To begin, we define the
number of “shared vertices” between two pairs of chains C and C’.

Definition 12.9.4 (Left vertices). Let C € [n]*. The tuple of left vertices of C is the sequence
L(C) = (v1,03,0s, . ..,U¢-1)+1)- We note that if S is a row such that AEC) has nonzero entry in the
S-th row, then vyj,41 € S, forh =0,...,t—1.

Definition 12.9.5 (Intersection patterns). Let C € [n]* and C’ € [n]*.
The intersection pattern of C with C’, givenby Z € {0,1}, is defined as Z;, = 1if L(C);, = L(C')y,
and it is 0 otherwise.

We now fix C’ € [n]*! and count the number of rows as a function of the intersection pattern
Z. We observe that in order for a row S to have a nonzero entry for both pairs of chains, we must
have {L(C);, L(C')y} € Sp,_1forallh =1,...,¢t.

We observe that for each intersection point, i.e., an & such that L(C);, = L(C’);, there are ( [fl)
choices for the corresponding set, as it needs to only contain one vertex. For each nonintersection
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point, i.e., an h € {1,...,t} where L(C); # L(C’);, we have (,",) choices, because the set needs to
contain both vertices. In total, we have ( (,fl)z ( é,fz)t_z.

Now, this implies an upper bound of ( (,fl)z ( ‘,Z)t_z /Dy on the normalized number of entries,

which we can compute as

() e S ) )

-1 ¢-1 -1

S( -1 )t‘z‘( n(n—-1) )ts(g)f‘z_(uowr)).
n—~{+2 m—l+1)(n-10) n n

Step 2: bounding the weight of C’ with a fixed intersection pattern Z. Let us fix the intersection
pattern Z. We observe that this determines a set of |Z| vertices that must be contained in C’.
We will abuse notation and let Z € [n] U {x}' denote this sequence of vertices (with x’s for the
unfixed entries). Let t”” denote the largest 1 € {1,...,t} for which Z;» # x. We then have

thgf)(C)
CrelnPt:zec |

= Z thgt)(C", C
C”e[n]3t" ZCC C/G[ﬂ]?’(t_t”) !

= Z Wt(]_{i(t”) (c”, M)thl(‘t—t”) (u,C")
Cre[n]3t”:zcC” \(u,C")e[n]30-")

= Z Wtﬂ}“') (C”,u) Z wtgyw)(u, C)

Cre[n]3t”:zccr \ueln] Cre[n]3t-t")-1

<4 Z Z Wt(Hi(y')(C”,u) .

Cre[n]3t”:zcc” \ueln]

Above, we use that Zc/e[n]B(t—t”)—l wt g(t—t”)(u, C’) < 4, which follows by Observation 12.8.8.

We now clearly have that 3¢ p7.2ccr (Zue[m] wtﬂi(w)(C ", u)) < 4(6n)~%l. This follows by
d-smoothness, as when we sum over a link with no fixed vertex, it has weight 1 (unless it is the
last link, where it has weight 4), and when we sum over a link where Zj # %, by §-smoothness it
must have weight at most 1/67. We thus have a bound of 4(6n)~1%l.

Putting it all together. By combining steps (1) and (2) (and paying an additional (') factor to
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choose the nonzero entries of Z), we thus obtain the final bound of

t t—z
oo ldeg @1 = o 3 (1) 2(1+ 952) () -om

z=0
owr)\ 8 [\ & (t)
<1225 ) 2 ()
owr) 8 (t\' & [r\z
S(1 o ;) 'ZZO'(a)

< (1+ O(fr)\ 16

where we use that £ > 2r/0.
Finally, we need to compute D;/N. We have

D _ () () ((@:%))f
A Uk (©

((’(n—(f))t N (g)t(l_ O(er)) |
n(n-1) n n

t
E: p. [deg;(S)] < (1 + O(jr)) Ig—i (g)

Thus, we have

O(fr)\ 16
s(1+ - )N’

which finishes the proof. |

12.10 Linear 3-LCC lower bounds over larger fields

In this section, we prove Theorem 8 in the case where the finite field IF is not IF,. The proof will
be nearly identical to the proof in Sections 12.4 to 12.7 for the case of IF = IF», and so we shall only
give a proof sketch and mainly focus on the parts of the proof where modifications are required.

To begin, we recall that by Definition 3.3.9, there exist 3-uniform hypergraph matchings
Hi,...,H,, each of size at least 61, such that for each u € [n] and C = {vy,v,v3} € H,, there
exists ay, az, a3 € F\ {0} such that for every x € L, it holds that ajx,, + a2xy, + a3xy, = xy.
Furthermore, without loss of generality we can assume that the code is systematic, i.e., for any
b € FX, x = L(b) satisfies x; = b; for all i € [k].

Next, let us definea code £’: {-1,1}F — {-1,1}"(FI=D) where, for each u € [n] and & € F\ {0},
we set L'(b)y,q) = aL(b),. Let n’ = n(|F| - 1), and associate [n’] with the set [n] X (IF \ {0}). We
now observe that £’ is a 3-LCC in normal form with the additional property that the coefficients
of all constraints can be taken to be 1 without loss of generality. Formally, there exist 3-uniform
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hypergraph matchings Hj, . .., H, such that (1) each H, has |H,| > 6n’/(|F| — 1), and (2) for each
u € [n’] and each C = {v1,v2,v3} € H, 4), every x € L satisfies x;, = xy, + Xy, + Xo;.

Moreover, there is now a group action of (IF \ {0}, X) on the elements of [n’], namely for
any a € FF\ {0}, this action maps u + au. We note that this action respects the constraints.
Namely, for C = {v1,vy,v3} € ([’g]), if we define aC = {avy, avy, avs}, then we have that
Huouw = aH, = {aC : C € H,}. For the proof, we will be using the fact that there is a negation
action for & = —1; this is because this transformation has made all coefficients in the constraints
be equal to 1, so to cancel a variable x,, we shall only need x_,.

We shall now abuse notation and redefine n’ to be n, and we now simply assume that we
have this group action on [n]. We have thus added this additional property to the code, and in
doing so we have only decreased ¢ by a factor of |F| - 1.

We now turn to the main part of the proof. Following Section 12.4, we define t-chains. The
definition of ¢-chains now requires a small modification because in the original definition we
formed longer chains by canceling a variable x,, via the operation x;, + x4, = 0, which was specific
to the field IF,. Now, we use the negation action on [#n] to cancel a variable.

Definition 12.10.1 (t-chain hypergraph 7{,5”). Let t > 1 be an integer. For any u € [n], let

?{Lﬁ” denote the weight function wt, «: [n]**!1 — Ry, i.e., from length 3t + 1 tuples of the

form C = (ug, v1,v2,u1, ..., Ut—1, Vo(4-1)+1, V2(t-1)+2, Ut) t0 R0, where Wtﬂ,ﬁ”(c) =0if uy # u, and

otherwise:
t—1

Wiy (C) = I_IWtH_uh (V2n+1, V242, Un+1) -
h=0
For a t-chain C, we call u( the head, the uj,’s the pivots for 1 < h <t —1, and u; the tail of the chain
C. The monomial associated to C, which we denote by gc, is defined to be x,, H;;lo Xogps1 Xvgpia-

Given any t-chain C = (ug, v1,v2,U1,. .., Ui-1, V2(t=1)+1, V2(t-1)+2/ u;), we let the negation of the
chain, denoted by —C, be the chain (~ug, —v1, —v2, —u1, ..., —Ut_1, =Vo(4-1)+1, —V2(t-1)+2, —Ut)-

As before, we note that the linear equation defined by a t-chain or its negation is satisfied by
any x € L.

In Section 12.4, we defined an instance polynomial @, related to the system of linear con-
straints. This was natural over [F; as there is a group isomorphism between (IF», +) and {-1,1} €
(R, x). Here, we can make a similar definition by using a nontrivial group homomorphism 7 from
(FF, +) to (C, X) where the image of  is contained in the unit circle {z € C : |z| = 1}. However,
the instance polynomial @, (and the “decomposed polynomials” W; o defined later) were only
formally needed to discuss sets of linear constraints that are satisfied by the subspace L. Thus, to
avoid using the group homomorphism 7, here we shall simply use these polynomials to refer to
the underlying sets of constraints.

We now perform the hypergraph decomposition step as in Section 12.5, which is unchanged
(once we use the updated definition of chain).!® This produces the subinstances W) (x, y), as
before.

To finish the proof, we follow Section 12.6.5 in Section 12.6. A near-identical calculation

15We note that the naive application of the decomposition step will produce partitions H Q) where H"=Q) is
not necessarily equal to —H Q). This turns out to not matter in the proof; as it turns out, we merely need that both
decompositions Ug — H Q) and UQ?’{(V Q) are both smooth partitions of H () which obviously holds. Nonetheless,
we note that one could also easily modify the decomposition step to respect this negation action.
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as before shows that £” is a (2,6)-LDC for &’ = Q(6/r) provided that 6%k < O(log2 n). We
then apply Fact 3.3.4, and conclude that k < O(log* 7/6?). In either case, we thus have that
k < O(log* n/6?).

Now, we recall that we had redefined # to be n(|IF| — 1) and 0 to be 6/(|IF| — 1). Thus, we have
that for the original code, ﬁ < O(log4 n) provided that |F| < n. Note that if |F| > k, then
Theorem 8 becomes trivial, and so we can assume that |F| < k < n (as we always have k < n).
This finishes the proof of Theorem 8 for larger fields.

12.11 Design 3-LCCs over [F; from Reed-Muller codes

In this section, we give a simple folklore construction of a design 3-LCCs (Definition 3.3.11) using
Reed-Muller codes.

Lemma 12.11.1 (Design 3-LCCs over [F, from Reed-Muller Codes). Let t be an integer, and let
k=1+t+ (5) Then, there is a design 3-LCC with blocklength n = 4' of dimension k. In particular,
n < 22V2k,

To prove this lemma, we will need the following fact about polynomials over [Fy.
Fact 12.11.2. Let f(x) = ag + a1x + azx? be a degree-2 polynomial over Fy. Then, 2per, f(B) = 0.

Proof. Recall that the field [F4 is equivalent to the polynomial ring IF»[f] modulo the equation
p*+p+1=0. We have

f(0) = ao
f(l) =apt+a;t+ap
f(B) =ap+aif +a2,82
f(1+B) = ag+ar(1+p)+ax(l+p)>
= fO)+fW)+fB)+fA+p)=ap-4+ar-21+p)+ar(1+p>+(1+2+p%)
-0,

as 2 = 0in Fy. O

Proof of Lemma 12.11.1. We will define the code in two stages. First, we will define, via an encod-
ing map, a code over F4 with the desired dimension argue that it is a design 3-LCC. Then, we
will use this code to construct a code over .

Let V denote the vector space of degree < 2 polynomials over [F4 in ¢ variables x1, ..., x;. We
note that V has dimension k.

For each b € ]FZ, we encode b by (1) letting f5(x1, ..., x;) be the degree-2 polynomial with

coefficients given by b, and (2) evaluating f, over all x € F}; this yields an output Z € F¥ = F},
which is the encoding Enc(b). We note that Enc is clearly an [F4 linear map.

We now argue that this encoding map is a design 3-LCC. Indeed, we need to define a system of
constraints such that for every pair x©@ xM ¢ IFZ, there is a unique constraint containing x©@ XD,
Let x# = x@ + g(xM — x@) and xMF) = x© 4+ (1 + g)(xV — x@). We note that x@,xD, x®)
and x1*F) is the line L(t) = @ + A(x® — x©)) containing x(@, xM). Fix b € FX, and let f; be the
corresponding polynomial. We know that g(A) = f,(L(A)) is a degree-2 univariate polynomial
in A. Hence, by Fact 12.11.2, it follows that f,(x©) + f,(xM) + f,(x®) + £,(x(1*F)) = 0. Hence, for
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each pair x©@ xM ¢ IFZ, there exists a constraint containing this pair, and moreover, because two
points determine a line, any constraint containing this pair must be exactly this line. Thus, the
code given by Enc is a design 3-LCC.

We now use the above code to construct a binary code. Let Tr: [F4 — [F, be the trace map.
We let V’ be the image of V under Tr (applied element-wise to each vector in V). We note that
because V has dimension k over F4 is a linear code, it is systematic, meaning that there is a
subset S C ]Ffl such that V|s = IFZ. Therefore, because the trace map is identity on IF, it follows
that V’|s = IF’Z‘, i.e., that V’ has dimension k also.

To finish the proof, we need to argue that V’ is a design 3-LCC. Let g € V’. We will show that
for each line x©@, xM xB) x(1+6) jn IF!, as defined earlier, it holds that g(xO) + g(xD) + g(x®) +
g(x1*P)) = 0. Indeed, we have that g = Tr(f) for some f € V, and that f(x@) + f(xM) + f(x®) +
f (x(“ﬁ)) = 0. Because all the coefficients in the linear constraint are 1, i.e., they are in [F,, the
constraint still holds after applying Tr(-), as this is an IF>-linear map. Thus, the constraint holds,
which finishes the proof. O
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Future Directions
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Chapter 13

Kikuchi Matrices over Larger Alphabets

In the majority of this thesis, we have considered problems over IF; or binary alphabets. In this
section, we will sketch how to extend our methods (specifically, the basic approach outlined in
Section 2.1) to the case of arbitrary prime finite fields IF,; we remark that this likely extends to
arbitrary finite fields IF;, rings Z; where ¢ is composite, and more generally any Abelian group
G. It is likely not too difficult to prove generalizations of the main results of this thesis to larger
alphabets/fields using the ideas in this chapter, though we will not formally do so in this thesis.

As an example, let us consider task of refuting a random k-XOR instance W in n variables
over the finite field IF,, where p is prime and k is even. We represent WV, the random system of
k-sparse linear equations over IF,,, asa set H C IFZ where each z € H is k-sparse, i.e., has exactly
k nonzero entries, along with “right-hand sides” b, € IF, for each z € H. The equations are then
given by Y\, x;z; = b, for all z € H, where we note that the left-hand side of the equation is
k-sparse because z contains k nonzero coordinates.

In this section, we will sketch the proof of the following theorem.
Theorem 13.0.1 (Theorem 2.0.2 for random k-XOR over larger fields). Let k be even. For every integer
{ > k/2, there is an algorithm A that takes as input a k-XOR instance V in n variables x1, . . ., x, over
the field ¥, specified by a set of k-sparse vectors H C Iy, of m = |H| vectors, along with “right-hand sides”
b, € F, for each z € H. The algorithm A outputs in ((p — 1)n)°O-time a value alg-val(W) € [0, m]
with the following two properties:

(1) val(W) < alg-val(\W) for all k-XOR instances ¥ over [F;

L
(2) Ifm >0 (81—2 ("(p[l)) o log n | and the input WV is a random k-XOR instance, i.e., H is a random
collection of m k-sparse vectors z and each b is chosen from I, uniformly at random, then with high

probability over the draw of H and the b,’s, it holds that alg-val(W) < m( }17 +é).

Above, val(W¥) denotes the maximum number of constraints that one can simultaneously
satisfy with a single assignment x € ]F’;.

Proof sketch of Theorem 13.0.1. We follow the basic approach outlined in Section 2.1. As a first step,
we need to encode the instance W as a polynomial. We do this by embedding IF, into C via the
map a € Fy = v where v = e?™/P € C is a primitive p-th root of unity.

Namely, let Q = {w® : @ € F,} be the set of p-th roots of unity, and let Q" denote the “IF,,
hypercube” in C". For an assignment x € [F};, let y € C" be given by y; = w”. We can then embed
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a k-XOR constraint ), ; x;z; = b, into C via the polynomial 2 acE,\(0) (0= TTE, yff)a; here, we
think of z; € [F, and b, € [, as integers in {0,...,p — 1}, and we note that this is well-defined
since w” = 1. Notice that this polynomial is p — 1 if Z?:l xiz; = by, i.e., the constraint is satisfied,
and otherwise it is —1. Indeed, we have that y;" = "%, so that w b= 1L, y;' = w b+ Zin xizi,
Therefore, if the constraint is unsatisfied, then the polynomial is Y. ©*f for some g # 0, and so
itis —1 (as for any  # 0, X scF, w* = 0), and if the constraint is satisfied, then this sum is simply
p—-1

Thus, we let £(y) = Sey Saso (@ Ty ¥7)" = Seen Sz @ [T, ¥, and we have
argued that max,cqn f(y) = g val(W) — m. Hence, we define val(f) := max,ecq f(y), and we have
that val(W) = %(Val( f)+ m). It thus remains to give an algorithm to upper bound val(f), which
we do by defining Kikuchi matrices over larger fields.

Definition 13.0.2 (Definition 2.1.1 for larger fields). Let p be a prime. Let z € IF}, be a k-sparse
vector where k is even, and let ¢ > k/2 be an integer. We define the matrix A, € CNXN 55 follows.
Let N = (7)(p — 1)’ and identify N with ¢-sparse vectors u € IF}. Welet A;(u,0) = 1if (1) v-u = z,
and (2) supp(u) Nsupp(z) = k/2, supp(v) Nsupp(z) = k/2, and supp(u) Nsupp(z) Nsupp(v) = 0.
Otherwise, we set A; (1, v) = 0. Here, supp(u) is the support of u, i.e., the set supp(u) = {i € [n] :
u; # 0}.

Proposition 13.0.3 (Proposition 2.1.2 for larger fields). Let z € IF), be a k-sparse vector where k is
even. Let ¢ > k/2 be an integer, and let A, be defined as in Definition 13.0.2. Then, the following hold:

1. A, has at most one nonzero entry per row or column, and has exactly D nonzero entries, where
_ (ky(n-k —k/2.
D = (1) (52) (P = D' 2;
2. Forany y € Q" let y®' € QN be the vector where the u-th entry is y$' = [/, y;". Then,
(yof)JrAzy@(’ =D H?:l ]/iZi-
Remark 13.0.4. We remark that one could define A; in Definition 13.0.2 without condition (2), i.e.,
the restrictions on the support. This makes the quantity D in Proposition 13.0.3 more complicated

(but only affects lower order terms) and also introduces some additional technical difficulties in
the analysis.

Proof. The fact that A, has at most one nonzero entry per row or column follows because for
a fixed z and a fixed choice of the row u, there is at most one v such that v —u = z. One can
compute the number of nonzero entries by counting the number of pairs (1, v) satisfying the two
conditions. Indeed, the two conditions imply A (u,v) = 1 if and only if we can write z = z1 + 2,
where z1, z; are k/2-sparse vectors with disjoint support and u = z; + w, v = z, + w, where w is a

(¢ — k/2)-sparse vector with supp(w) Nsupp(z) = 0. There are (k1;2) ways to split z into z1, zp, and

after that there are (e’;]/})(p —1)~%/2 ways to choose w. So, D = (kljz) (/1;’/‘2) (p —1)*%/2. Notice

that here we crucially need that k is even so that we can divide z into two halves of equal sparsity.
To prove Item (2), we observe that for any y € )",

n n n
A= > | vtw= ), [ vi=D] v
(u,0):Az(u,0)=1 i=1 (u,0):Az(u,0)=1 i=1 i=1

Note that in the above, we raise y; to an element of IF,, and such operations are well-defined
since y; € Q for each i € [n]. O
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We thus define A = } .y Zaen:p\{o} @™%= A,,. By Proposition 13.0.3, it remains to bound
max,con y'Ay, which we do using, e.g., the Matrix Bernstein inequality (Fact 3.4.1). To do
this, we observe that for a fixed hypergraph H, A = ), B,, where B, = }’ .. w A, is a
mean 0 random matrix. Because each A, has at most one nonzero entry per row/column and
|bz| = 1, we have that ||A;]|2 < 1 holds, and so ||B;|]2 < p — 1 holds. In fact, we can show that
||Bz|| <1, crucially saving a factor of p — 1, as follows. We observe that for any row u (column
v) and any fixed z, there is at most one column v (row u) such that v —u = az for some a # 0.
That is, if the row u is such that v — u = az, then there cannot exist a column v’ such that
v’ —u = a’z where o’ # a. This follows from the observation that supp(u) contains exactly half
of supp(az) = supp(z) for some a # 0, and so supp(u) N supp(az) = supp(u) Nsupp(a’z) for all
a’ # 0. Hence, given u and z, we can determine the unique choice of « (if one exists) by reading
the coefficients of u on the variables in supp(u) N supp(z). We note that this is the main reason
we have the condition on the support in Definition 13.0.2 (see Remark 13.0.4).

By a similar calculation as done in Section 2.1, we observe that E[AA"] = 3, .y 3 4z0 Aaz AL,
and that E[ATA] = ¥, cy Y 420 ALz Agz. These matrices are equal, as A', = A_,., and both these
matrices are diagonal. Let Y = E[AA'] = E[ATA]. The u-th diagonal entry Y, is the total
number of 1’s occurring in the u-th row of ),y >\ ,.0 Aaz, Which is also is the total number of 1’s
occurring in the u-th column of ),y >’ 420 Aaz-

To apply Matrix Bernstein, it remains to bound Y, for all k-sparse u. This now requires using
that the set of k-sparse vectors H is random, and by a simple Chernoff bound' we conclude
that the maximum is O(mD(p — 1)/N). Hence, we can apply Matrix Bernstein to conclude that

lAllz < O (log N + 4/ w) with high probability over the draw of H and the b,’s, where

|H| = m. By Fact 3.6.1, we have that D/N ~ ( L_)k/2 and so we can rephrase our assumption
(p—1)n
NlogN
D(p-1)e? ) :
Thus, the second term above dominates, and so we have shown that

\/mD(p -1)logN
N

— val(f)sou)-m-\/WSm-ep.

onmastO(

Dval(f) < N||All, <N -0

As val(W) = %(Val( f) +m), we have thus certified a bound of m(% + ¢), which finishes the
proof. O

1See [WAM19, Section F.1.4] for a similar calculation in the IF, case.
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Chapter 14

Improved Algorithms for Planted CSPs

14.1 Subexponential-time algorithms for planted CSPs

In Part I, we defined two different average-case problems for CSPs: refutation and search,
and we discussed our results for each in Sections 4.1 and 4.2, respectively. For the task of
semirandom/smoothed CSP refutation, we gave a family of algorithms that achieve a runtime vs.
clause threshold trade-off. Namely, one can refute a semirandom k-ary CSP in 1#9()-time when
the instance has m > O((n/ €)§ - {) constraints (Theorem 1). However, for the task of solving
semirandom planted CSPs, we only gave a poly(n)-time algorithm to find an assignment that
satisfies 1 — 0(1) fraction of constraints when the instance has m > O(n*/?) constraints, where k
is the arity of the CSP (Theorem 3). That is, we only gave an algorithm for the “¢ = O(1) case”,
and in particular we do not show any runtime vs. clause threshold trade-off. Thus, a lingering
question is:

Question 14.1.1. Can we give algorithms for solving semirandom planted CSPs that achieve the same
runtime vs. clause threshold trade-off as in the case of refutation?

In fact, this question is open also for the simpler case of random CSPs!

Below, we explain the key technical barrier that we need to overcome to extend the proof
techniques of Theorem 3 to give such an algorithm. At a high level, the reason the algorithm in
Theorem 3 does not generalize to the subexponential-time case is because some of the additional
polylog(n) factors in m that are hidden in the O(:) notation are actually polylog(N), where N
is the size of the matrix used in the spectral algorithm. In the polynomial-time case, N = ( k’}z)'
so log N is simply O(logn), and we can afford to lose these extra factors. However, in the
subexponential-time case, N = (), and so log N = O({log n), and losing factors of ¢ will not
yield the “correct” threshold of m = O((n/ €)§ 0.

The proof of Theorem 3 relies on two key ingredients: (1) expander decomposition, and (2) a
spectral sparsification lemma. In order to extend this approach to achieve the subexponential-time
trade-off, we expect that we need to prove a generalized spectral sparsification lemma, which we
describe below. For simplicity, we will describe the lemma for the even k case only.

Definition 14.1.2 (Kikuchi Graph and Laplacian). Let k be even. Given a parameter ¢ and a set
Ce ([Z]), we let Gc be the graph with adjacency matrix Ac that is defined in Definition 2.1.1.
Namely, Gc has vertex set N = (), where we have an edge (S,T) € E(G¢)if S®T = C. For
a k-uniform hypergraph H, we let Gy denote the union of the graphs G¢ for C € H. We let
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K = ([z]) denote the complete hypergraph, and Gx denote the corresponding Kikuchi graph.
We let Lc denote the Laplacian of G¢, and Ly = )<y Lc denote the Laplacian of H. We also let
Ly = 2. () Lc denote the Laplacian of the complete graph.

k

The main spectral sparsification statement that we would like to show is the following: if H
is a random k-uniform hypergraph with |[H| = m > O((n/¢ )% -{) hyperedges, then Ly is a good
spectral approximation of Ly.

Conjecture 14.1.3. Let H be a random k-uniform hypergraph with |H| = m > O((n/ 0z -0) hyperedges.
Then, with probability > 1 —1/poly(n), it holds that n(1 — o(1))Lx < Ly =< 1n(1+ o(1))Lx, where
n = m/(}) is the appropriate normalization factor.

We now explain the difficulty in proving Conjecture 14.1.3 for the subexponential-time case,
i.e.,, when ¢ is super-constant. To see this, let us first consider the case of ¢ = k/2, which is the case
that suffices to argue Theorem 3 for random CSPs. Here, the graph Gy is almost' the normalized
adjacency matrix of a random graph on N vertices with m = O(N polylog(N)) edges, and the
graph Gy is the complete graph on N = (k’/lz) vertices. One can easily show that Gg is a good

expander graph with spectral gap 1/Vd, where d = O(1) is the average degree in H, and thus it
follows that the smallest nonzero eigenvalue of Lg;is1 -1/ Vd =1-0(1),and so Conjecture 14.1.3
holds.

However, the issue is that for larger ¢, the graph G is not a good expander, even for random
H or in the “complete” case K. These non-expanding sets are easy to construct. For example, let
R C [n] be any set of size, say, (1 — O(1/¢))n. Then, the set of all S of size ¢ with S C R is a set
of at least Q)(N) vertices in the Kikuchi graph that is typically non-expanding. This is because a
hyperedge C can only cross this cut if |C N R| < k -1, and a random hyperedge C will satisfy
C C R with probability 1 — O(k/f) = 1 — 0(1) when ¢ is superconstant.

But, we can observe that such a non-expanding set is not just non-expanding for a typical
hypergraph H, it is also non-expanding even for the complete hypergraph K. In particular, this
suggests that such vectors will have a correspondingly low quadratic form in Ly also, and so
this example does not disprove Conjecture 14.1.3. However, it does give solid evidence that in
order to prove Conjecture 14.1.3, one will need to do a more fined-grained analysis that uses
that spectrum of Ly has eigenvalues of very different scales. This unlike the case of ¢ = k/2,
where Ly is an expander and so all its eigenvalues (except for the trivial 0 eigenvalue) are have
approximately the same magnitude.

14.2 Smoothed models of planted CSPs

In Part I, we gave algorithms to refute semirandom and smoothed CSPs, whereas for the task
of solving planted CSPs, we only gave an algorithm in the semirandom case. This is because in
the case of planted CSPs, there is a natural way to define a semirandom planted model that is
analogous to the semirandom refutation model, whereas defining a planted model analogous
to the smoothed refutation model appears to be tricky. In this section, we propose a candidate
smoothed model for planted CSPs. Unlike the semirandom planted model studied in Theorem 3,

1The gap is that a constraint C has ( kljz) = O(1) ways of being partitioned into two sets of size k/2. However, as
this is constant, this is not a substantial difference.
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where the instances generated are satisfiable, i.e., have value 1, in our proposed smoothed planted
model, the CSPs generated will have low but nontrivial value.

A candidate smoothed model for planted CSPs. To generate the smoothed planted instance W,
we start from an arbitrary CSP instance @ with predicate P, along with an initial assignment x*
that satisfies a pp-fraction of constraints in @. Here, up is the fraction of constraints satisfied by a
random assignment. For example, pp = 7/8 for 3-SAT, or 1/2 for 3-XOR. As a result, there always
exists such an x* regardless of the choice of W.

We now produce a p-smoothed instance W from @ by doing the following. For each con-
straint in @, with probability p independently we rerandomize the literal negation pattern for
that constraint according to the planting distribution Q and the assignment x*. That is, for
each constraint, with probability p we replace its literal negation pattern with one sampled as
done in Definition 4.2.1. As a result, the assignment x* satisfies each constraint that has been
“rerandomized”, and so x* will, with high probability, satisfy at least up(1 — p) + p — o(1)-fraction
of the constraints in W, which is larger than up. The computational task is to now recover an
assignment x that satisfies up + e-fraction of constraints in W, for some constant ¢ := ¢(p) that is
a function of p.

Question 14.2.1. Consider the smoothed planted CSP model defined above. Can we give an algorithm for
this task, or can we prove hardness?

To understand the above question, it is perhaps best to start with the case of k-XOR, as
this case forms the backbone of the existing algorithms in the semirandom case. In the case of
k-XOR, our proposed smoothed model is equivalent to the following process. First, we start
with an arbitrary k-XOR instance ® = (H, {bc}cen), where H is a k-uniform hypergraph and
bc € {-1,1} for each C € H. We also let x* denote an arbitrary assignment such that vale(x*) > %
To construct the smoothed instance W, we do the following. For each C € H, with probability
p independently, we set bc to be [];cc x7, i.e., we change it to agree with x*. Thus, with high
probability, valy(x*) > (1 —p) +p = 3(1 + p). The computational task is to then find an x such
that valy/(x) > % + ¢, where ¢ is a function of p.

Our proposed model is potentially hard. Indeed, one fundamental barrier is that the SDP
value of the initial instance ® may be very close to 1 (even if the true value is up + 0(1)), and it is
quite believable that this will remain the case after the smoothing process. If this happens, then
intuitively it seems that the SDP is unable to “detect” that any smoothing has occurred, and from
this it seems difficult to round the SDP to find an assignment x.

To sidestep this barrier, one could instead consider a similar model in which the initial instance
® is furthermore guaranteed to (1) have value at most up + 0(1), and (2) be sampled from the
smoothed model for refutation (Definition 4.1.2). Thus, by applying Theorem 1, we know that the
SDP value of the initial instance ® will be up + 0(1) with high probability over the initial instance
®, whereas after the smoothing it must be at least up(1 — p) + p — 0(1) with high probability. This
means that the SDP is able to “detect” that some change has occurred to the instance @, which
gives us more hope to find a rounding algorithm. Nonetheless, recovering an assignment x with
value > up + ¢ is still a nontrivial, intriguing rounding task, even in this potentially easier setting.
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Chapter 15

Improved Lower Bounds for LDCs/LCCs

In Part III, we discussed in detail the problem of understanding the optimal blocklength n of
a g-query locally decodable (or correctable) code with k message bits. After this thesis, the
best-known upper and lower bounds on the blocklength #n can be summarized as follows.

(1) When g = 2, the best 2-LCC (also LDC) is the Hadamard code with n = 2k, and there is a
matching lower bound of n > 29k) due to [KW04, GKST06].

(2) For 3-LCCs, the best-known contruction is the degree 2 Reed-Muller code, which achieves

n = 22V2k (Section 12.11). The best-known lower bound is 20(k!) (Theorem 10), with better
lower bounds possible if one assumes that the code is linear (Theorem 8 and the follow-up
works of [Yan24, AG24]) or a design LCC (Theorem 9).

(3) For 3-LDCs, the best-known construction is the matching vector code of [Yek08, Efr09], which
achieves n = 227V Tha best-known lower bound is 1 > Q(k3) (Theorem 7).

(4) For g > 4, the best-known g-LCC is the degree g — 1 Reed—Muller code, which achieves
n =20k .%1)‘ The best-known g-LDC comes from matching vector codes [Yek08, Efr09], and

- - +1
achieves n < 28", The best-known lower bound is 1 > Q(k#) foreven g, and n > Q(kgj)
for odd g ([KW04] and Theorem 2.0.4).

As mentioned in Section 10.1, the contributions of this thesis are to (1) improve the lower bound

for 3-LDCs from Q(k?) to Q(k3), achieving the bound of Q(k#) (that we know for even g) for the
odd value g = 3, and (2) improve the lower bound for 3-LCCs from Q(k?) to 29("1/5), with better
lower bounds possible for linear and design LCCs. The obvious open question is to improve any
of the above bounds (either constructions or lower bounds). In the following sections, we discuss
certain concrete plausible improvements and discuss the technical barriers to proving them.

15.1 Better LDC lower bounds: barriers and a path forward
In this section, we discuss the barriers towards improving the current lower bounds for LDCs.

15.1.1 Improving odd g4 LDC lower bounds

The first open question, and possibly the easiest one to tackle, is to extend Theorem 7 to all odd 4.
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Question 15.1.1. Theorem 7 achieves a lower bound of Q(k#) (which we can prove for even q) for the

odd value of g = 3. Can we prove a lower bound of Q(k'iqu) forall odd q > 5 as well?

As we briefly mentioned at the end of the proof overvew in Chapter 11, the techniques used
to prove Theorem 7 fail for g > 5 because of an issue with the hypergraph decomposition step
that comes from the potential existence of “heavy pairs” in the hypergraphs Hj, ..., Hy. We can

thus prove a lower bound of Q(k‘i%) for odd g > 5 under the assumption that the hypergraphs
Hj, ..., Hy have no heavy pairs, which is an analogous assumption to the design case for LCCs.

The main technical barrier to proving Question 15.1.1 is the following. When we have heavy
pairs, the natural way to handle them is via a hypergraph decomposition step, as done in several
other instances in this thesis, e.g., Sections 5.2 and 12.5. In the decomposition step, we set “cut-off
thresholds” that determine when a set Q is “heavy”; these thresholds are determined by the
regularity property that we need to enforce on the initial hypergraphs to make the row pruning
step succeed for the “top level” 3-XOR instance. Once we have set these thresholds, the decom-
position step produces a family of “bipartite” instances, analogous to Section 5.4, and for each of
these instances, we need the underlying hypergraph to satisfy a (possibly different) regularity
condition so that the row pruning for each bipartite instance will also succeed. The hypergraph
for each bipartite instance does inherit some regularity properties via the decomposition. In,
e.g., Sections 5.2 and 5.4, the inherited regularity of each bipartite instance matches the required
regularity that we need to refute the instance, and so the analysis works out. The technical issue
to proving Question 15.1.1 is that if one uses the natural generalization of the decomposition
in Section 5.2, the inherited regularity is weaker than required, and we are unable to refute the
bipartite instances. The primary reason we are able to succeed for g = 3 is that the resulting
bipartite instance is arity 3 — 1 = 2, and refuting 2-XOR instances is substantially easier than
larger arity XOR.

15.1.2 Improving even g LDC lower bounds

A perhaps more intriguing question is whether one can prove a q-LDC lower bound beyond

Q(k%) for any choice of g (in particular, g = 4, say). An affirmative answer to this question
would be interesting even if one assumes that the code is a linear 4-LDC, or even a design q-LDC
(which has no heavy pairs).

Question 15.1.2. Can we prove a q-LDC lower bound (even for linear or design LDCs) beyond n >

Q(k#)for some q > 3?

To explain the technical barriers to answering Question 15.1.2, let us first recall how the Q(quj)
threshold arises. This bounds arises from the degree heuristic calculation done in Section 12.1.1,
where we observe that the Kikuchi graph A; := } .. Ac has average degree ~ 6n({/ n)1/2. By
applying Matrix Khintchine (Fact 3.4.2) and rearranging terms, we found that our lower bound
has the form k < O(¢), and we need to choose ¢ to make the average degree of A; be > 1, i.e., we

need ¢ > n'~%/1. Thus, going beyond the Q(kﬂ%) requires a new method to proving LDC lower
bounds that goes beyond the “degree heuristic”.

The trace moment method behaves poorly for large £. Ideally, one would like to take £ = Q(n),
as we expect the Kikuchi matrices to yield tighter bounds on the value of the g-LDC XOR instance
W), as ¢ increases. However, a strange feature of the current analysis is that the bounds get weaker
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as { increases beyond 1n'2/9, which is counter to the expected behavior.
The reason this behavior appears' is that we bound E,[val(W;)] by Ep[||Al|2], which we then

bound (implicitly via the trace moment method) by (IEb[tr(Azr)])l/ " where r = O(logN). The
issue is that with probability 275 over the draw of b « {-1,1}¥, we have b; = 1 for all i € [k],
and when this happens we have val(¥;) = 1, and so ||A]|, is truly large. However, to bound
Ey[||All2], we compute Ep[tr(A%")] and then take 2r-th roots. Thus, the contribution of this “bad
event” to (Ey[tr(A%)])V/? is quite large when k < 7, as then 27k/2r =1 — (1), and this prevents
us from obtaining a good lower bound when r = O(flog 1) is much larger than k. A natural way
to circumvent this issue is to separate out the “rank 1 component” by considering the matrix

(Zle bi(A; - ]N)) + (Zle bi]N), where [y is the N X N all 1’s matrix, but so far we have not been
able to use this approach to prove a better lower bound.

The necessity of larger £: rainbow even covers. On the other hand, we can argue formally that
one cannot improve Theorem 2.0.4 or tighten the analysis in Section 2.3 without taking ¢ > n1=%/9.
This argument goes by connecting the problem of LDC lower bounds to the problem of finding
certain colored even covers in hypergraphs, as we now explain.
Definition 15.1.3 (Odd-colored and rainbow even covers). Let Hj, ..., Hx be g-uniform hyper-
graph matchings on n vertices, each of size 6n. Let H = Uf.‘lei be a collection of hyperedges
colored by k different colors, where we view a hyperedge C € H; as appearing in H with color i.
An even cover (Definition 9.0.1) in H = UleHi is a collection of hyperedges Cy, ..., C; in H such
that C1 @ --- ® C; = 0. We say that the even cover is odd-colored if some color i € [k] appears an
odd number of times, and we say that the even cover is rainbow if every color appears at most
once in the even cover.

The odd-colored even cover problem is to determine the extremal value of k (as a function of ,
0) such that any k g-uniform matchings Hj, ..., Hr must contain an odd-colored even cover. The
rainbow even cover problem is defined similarly, just for rainbow even covers.

The connection between Definition 15.1.3 and LDC lower bounds is the following. One can
observe that a set of g-uniform matchings Hj, ..., Hy form a valid linear q-LDC if and only if,
for any choice of by, ..., b, there is a solution to the -XOR instance corresponding to these
matchings. One can also observe, via a simple linear-algebraic argument, that there is a solution
forany b € {-1, 1}* if and only if Hy, ... Hy do not contain an odd-colored even cover. Thus, the
odd-colored even cover threshold k is exactly the maximum dimension of a (g, §)-linear LDC in
normal form!

Reinterpreting our proof in Section 2.3 through this lens, we see that it shows that for g even, if
k> O(n'-2/ log 1), then there must exist an odd-colored even cover of length < O(n'-2/1 log n)
In fact, if we use the connection between the trace moments for Kikuchi matrices and even
covers that we discussed in Part II, we can observe that our proof shows the following stronger
statement: not only is there an odd-colored even cover of length < O(n'~2/7 log 1), the even cover
uses each color i € [k] at most once. Namely, it is a rainbow even cover.

We can now explain why analysis in Section 2.3 is tight for £ = n'=%/7. The crux of the issue
is that, if one chooses Hj, ... Hy at random, then the above result for rainbow even covers is
in fact tight: if k < n'=?/9, then with high probability over Hj, ..., Hy chosen randomly, there
is no rainbow even cover. This can be shown via some simple concentration bounds. To get

IThe following observations were made in joint discussions with Jun-Ting Hsieh and Pravesh K. Kothari.
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some intuition for why this is the right threshold, we note that the hypergraph H = Ui.‘:lH iisa
g-uniform hypergraph with m = 6nk hyperedges, so following Conjecture 8.0.2, we expect the

length of the shortest even cover to be ~ {, where m ~ (n/ 8)%6, and so here ¢ ~ nk_ﬁ. Thus,
if k < n172/7 then we expect the shortest even cover to have length > k. In particular, there
is no rainbow even cover, as any rainbow even cover has length < k. The key point is that, by
using the connection between the trace moments for Kikuchi matrices and even covers that we
discussed in Part II, the spectral norm ||A[|> only “contains information” about even covers of
length at most O(flog n). When k < n'~2/9, there are no violated” rainbow even covers (or any
rainbow even covers at all!), and so the spectral norm ||Al|; cannot “see” any contradictions and
therefore “thinks” that the instance is satisfiable.

The above shows that when k < 7172/9, we cannot prove better LDC lower bounds using only
rainbow even covers. We must therefore make use of odd-colored even covers. The challenge
with generalizing to odd-colored even covers comes from the bound on the spectral norm of
A= 25;1 b;A; that we obtain via the trace method. Currently, our techniques are not very good
at bounding the number of walk terms that correspond to using each b; at least 4 times (rather
than the typical “at least 2 times”), and this is the dominant term when k < n1~2/9,

As a final remark, we note that the recent work of [HKM*24] proves a linear 3-LDC lower
bound of k < O(n'/3log n), which has a better polylog(n) factor than Theorem 7, which achieves
k < O(n'log®n), or Corollary 11.3.3, which achieves k < O(n'/3log*3 n). They obtain this
small improvement by working with an intermediate notion of odd-colored even covers, where
they show the existence of an even cover that uses some color exactly once.

15.2 The “LDC barrier” for LCC lower bounds

In this thesis, we have proven exponential lower bounds for 3-LCCs. In the design 3-LCC case,
we proved a tight lower bound, proving that Reed—Muller codes give optimal design 3-LCCs,
and in the case of linear and nonlinear (smooth) LCCs, we proved that Reed-Muller codes are
near-optimal. The major open question is now: can we extend these results to 4-query LCCs?
Question 15.2.1. Can we prove better lower bounds for 4-LCCs? Namely, can we show:
(1) A superpolynomial lower bound?
(2) An exponential lower bound?

Let us now discuss the main technical barriers that we will encounter when trying to answer
Question 15.2.1 by using the methods in this thesis.

The “degree heuristic calculation” for g > 4. First, we observe that a naive application of the
long chain derivation can likely improve the lower bounds for g-LCCs beyond those known for
LDCs, even for g > 4, although this naive application of our approach will likely to only yield a
polynomial factor improvement. Our explanation is rooted in the “degree heuristic” calculation
based on the density of the Kikuchi matrices explained earlier in Section 12.1.1. For larger g,
the number of length (r + 1)-chains with head i € [k] is still k(36n)"*!. The arity of the derived
constraints, however, is now (g — 1)(7 + 1) + 1. This means that the density (i.e., average degree

“D(r+1)+ 1\ r+1
of the natural Kikuchi matrix) at level ¢ is (36n)"*1(¢/ n)w - (n(t’ / n)qz_l) for large .

2Even covers whose “right-hand sides” multiply to —1.
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Thus, the optimal ¢ turns out to be n'"71, and so we can only hope to achieve a lower bound of
~ 1oL . . :

k < O(n1 4-T). This nevertheless would yield an improvement on the current best-known lower

bound® of k < @(nl_% ), inherited from ¢-LDCs, by a polynomial factor via long chains. In fact,
for odd g, our methods generalize to this case in a fairly straightforward manner, and one can
indeed prove this bound, though we will not do so in this thesis.*

A reduction from g-LCCs to (g — 1)-LDCs via long chains. We observe that one obtains the

threshold of n' 7T by substituting in g — 1 for g in the existing” g-LDC lower bounds of nl_%,
which potentially suggests a connection between ¢g-LCCs and (g — 1)-LDCs. In fact, as we showed
in Sections 12.2 and 12.6.5, we can use our long chain derivation strategy to give a reduction
from a 3-L.CC of length 1 to a 2-LDC of length nP°Y1°8() More generally, one might hope to use
long chain derivations to give a reduction from a g-LCC of length # to a (g — 1)-LDC of length
nPoylog() and this does appear to be fairly straightforward to show using the techniques in this
thesis.° However, because the reduction blows up the length of the code by a polylog(n) factor in
the exponent, current (g — 1)-LDC lower bounds are not strong enough to yield any improved
g-LCC lower bounds via this route except for g = 3, which succeeded because for 2-LDCs we can
prove exponential lower bounds.

The subexponential “LDC barrier” for long chains. The above discussion thus implies that if
we could obtain (a large enough) superpolynomial 3-LDC lower bound, then we could prove
a superpolynomial 4-LCC lower bound and thus answer Item (1) of Question 15.2.1 in the
affirmative. On the other hand, one cannot use a reduction from 4-LCCs to 3-LDCs to prove an
exponential lower bound for 4-LCCs (and thus answer Item (2) of Question 15.2.1), as there are
constructions of 3-LDCs of subexponential length! Thus, even if we could obtain substantially
better 3-LDC lower bounds, or even prove that the existing constructions of [Yek08, Efr09] are
optimal, the reduction from 4-LCCs to 3-LDCs will at best only yield a subexponential lower
bound for 4-LCCs.” On the other hand, one could wonder if this barrier is appearing not because
of a defect of our techniques, but rather because it is the “truth”. That is, perhaps the connection
between 4-LCCs and 3-LDCs also goes in the reverse direction, and so we can ask:
Question 15.2.2. Do there exist 4-LCCs of subexponential length?

The above discussion could be viewed as suggesting that such a construction is plausible.

Finally, we remark that a very recent work of [AG24] proves, for LCCs over small fields of
characteristic 2: (1) a lower bound of k < O(log2 nloglogn) for linear 3-LCCs, and (2) a lower
bound of k < O(n'~%1~1) for linear g-LCCs where g is odd (this matches, up to polylog()

3At least, for even g. For odd g, the best-known lower bound is weaker.

4When g is even, there are additional technical challenges to overcome because each “link” in the chain has g — 1
vertices, which is odd.

5At least for even g and g = 3, although the degree heuristic calculation predicts this threshold for all g.

®Let us spell out the reduction in a bit more detail in this footnote. Rather than construct a Kikuchi matrix with
rows (1) and columns $@ (which corresponds to 2 queries), we now construct a (§ — 1)-tensor with modes indexed by
S (1), ...,S (@-1) For each “link” in the chain, we split the g — 1 uncanceled entries across the g — 1 sets S(l), s, S(q_l),
which form the g — 1 queries.

There is still some hope that, if one were to prove such an LDC lower bound, combining the new proof strategy
with the long chains might yield better LCC lower bounds than the ones predicted by the g-LCC to (g — 1)-LDC
reduction. This is not that inconceivable, as one can use long chains to prove a 4-LCC lower bound, for odd g > 5, of
k < O(n'=2/@=1)), whereas one cannot obtain any improvement using the q-LCC to (g — 1)-LDC reduction because it
increases the length from n to nPoy1g(),
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factors, the threshold predicted by our earlier heuristic calculation). Their proof goes via a
reduction from g-LCCs to the rainbow even cover problem for (g — 1)-uniform hypergraph
matchings (Definition 15.1.3), and then applies (in Case (1)) the recent breakthrough of [ABS*23]
on the rainbow cycle bound for graphs, and (in Case (2)) the rainbow cycle bound shown
implicitly (via the analysis in Section 2.3) by existing (g — 1)-LDC lower bounds where g — 1 is
even (as g is odd). Their approach is reminiscent of the 4-LCC to (g — 1)-LDC reduction discussed
above, although their reduction is to the (stronger) problem of rainbow cycles. Although we
can reduce LDC lower bounds to the rainbow cycle problem, the difference between LDCs and
rainbow cycles turns out to be a major difference because, as we discussed in Section 15.1.2, we
have a lower bound of k > 712/7 on the rainbow cycle threshold for g-uniform matchings. Thus,
we know that one cannot obtain g-LCC lower bounds better than k < O(n'~2/=1 polylog(n))
(except for small polylog(n) factor improvements) for g > 4 via this reduction.

Nonetheless, the work of [AG24] does not obtain any improved lower bounds for 4-LCCs,
and so the simplest open problem for q = 4 remains:

Question 15.2.3. Can we prove a lower bound of k < nie for binary 4-LCCs, for some constant ¢ > 07
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Chapter 16

Improved Nondeterministic and
Interactive Refutations

In this chapter, we give some open problems related to the work of [FKO06] and our extensions
to semirandom/smoothed instances done in Chapter 6. Recall that in Chapter 6, we showed
that there is a nondeterministic polynomial-time refutation algorithm to (weakly) refute semiran-
dom/smoothed instances of 3-SAT with m > O(n'#) constraints, which is below the O(n'5)
constraint threshold required for polynomial-time algorithms (Chapter 5). This extends the results
of [FKOO06], which was for fully random instances, to the case of semirandom/smoothed instances.
Equivalently, this shows the existence of short, efficiently verifiable witnesses of unsatisfiability
for semirandom /smoothed instances with O(n!#) constraints, whereas we can only find such
witnesses efficiently when instances have O(n'%) constraints. We also showed analogous results
for k-ary CSPs more generally, extending results of [FW15, Wit17] to the semirandom /smoothed
setting.

The first immediate open question is the following.

Question 16.0.1. Is there a nondeterministic polynomial-time algorithm to refute random 3-SAT instances
with m < n'4=¢ constraints, for some constant ¢ > 0?

We note that the FKO-style strategy used in Chapter 6 cannot go beyond the n'* threshold.
This is because Theorem 6 achieves the optimal girth vs. density trade-off for hypergraphs (up to
polylog(n) factors), and so the weak refutation of the “top level” 3-XOR instance using the even
covers cannot be improved. In fact, it cannot be improved even for random hypergraphs, as the
proof of near-optimality for the trade-off in Theorem 6 argues near-optimality by showing that a
random k-uniform hypergraph H with m < (1n/€)¥/?{ hyperedges has no even cover of length
O(tlogn).

On the other hand, it is possible that n!* is the optimal threshold for nondeterministic
refutation. However, so far the only (rather weak) evidence we have to suggest that this is the
case is the argument in the above paragraph. Of course, proving any lower bound requires
making some complexity assumption (at the very least, e.g., NP # coNP), and so we can ask:
Question 16.0.2. Can we prove, under plausible assumptions, that there is no nondeterministic polynomial-
time algorithm to refute random 3-SAT instances with m < n'4~¢ constraints, for some constant ¢ > 0?

One way to approach the above question is to try to prove lower bounds in restricted proof
systems, such as sum-of-squares. As we have mentioned in Part I, there is a known lower bound,
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due to [KMOW17], of m < (1n/£)*/2¢ for SoS proofs of degree O(¢), i.e.,if m < (n/€)k/2¢, then with
high probability over the draw of the random k-SAT instance, there is no degree O(¢) SoS proof
of unsatisfiability. In the lower bound of [KMOW17], the “measure of complexity” of the proof is
the SoS degree, which is analogous to the runtime of the corresponding deterministic SoS-based
algorithm. To capture the notion of nondeterministic algorithms, the correct measure of complexity
is the size of the SoS proof.

Question 16.0.3. Can we prove, for some constant ¢ > 0, that with high probability over the draw
of a random 3-SAT instance with m < n*~¢ constraints, there is no polynomial-sized SoS proof of
unsatisfiability?

This question of proving polynomial-size lower bounds for SoS, as well as in other proof
systems, was also posed in Section 5.3.2 in [Wit17].

We note that there is known relationship between size and degree of SoS proofs due to [AH19]:
if there is an SoS proof of size s, then there is a proof of degree O(4/n log s). Combining this with
the SoS lower bound of [KMOW17] (and setting ¢ = O(+/n polylog(n))), we can show that, e.g.,
for k-SAT, there is no poly(n)-sized SoS proof of unsatisfiability when m < n*/4*1/2, For 3-SAT,
this narrows the range of possible m to between 1'% and n'+.

Subexponential-time nondeterministic refutations. We can also ask what we can achieve if we
allow our nondeterministic refutation algorithm to run in subexponential time.

Question 16.0.4. For what m, as a function of n, k, and {, is there a nondeterministic nO9O_time algorithm
to refute random k-SAT instances with m constraints?

We note than one can trivially improve the thresholds shown in Chapter 6 by using the n©()-
time deterministic algorithm of Chapter 5 (instead of the poly(n)-time algorithm) to better refute
the t-XOR instances for t < k — 1, and then, as before, using violated even covers to construct
the polynomial-time verifiable certificate for the “top level” k-XOR instance. Thus, to obtain an
interesting answer to the above question, one would need to use the extra allotted runtime in the
“nondeterministic part” of the algorithm.

Nondeterministic interactive refutations. Another interesting question, posed by [Wit17], is to
ask what we can achieve if we allow the refutation procedure to be interactive. That is, we can
consider AM protocols instead of NP algorithms.

Question 16.0.5. Is there an AM protocol (or constant round interactive proof) to refute random 3-SAT
instances with m < nY*~¢ constraints, for some constant ¢ > 0?

FKO for other refutation problems. Another final interesting question is to find other problems
with “FKO-like” behavior. Namely, can we find other refutation problems where there is a
nondeterministic refutation algorithm that outperforms the best-known deterministic algorithms?
As a concrete example, we pose the following question for the well-studied planted clique
problem for G(n,1/2).
Question 16.0.6. Is there a nondeterministic polynomial-time algorithm to refute the existence of a clique
of size n2~¢ in a random graph G ~ G(n,1/2), for some constant ¢ > 0?

We note that for planted clique, the classic spectral algorithm certifies that there is no clique
of size larger than v/, and moreover there is an SoS lower bound ([BHK"16]) that gives evidence

216



that the v threshold is optimal for polynomial-time deterministic algorithms.

Finally, we remark that the recent work of [BR23] gives a nondeterministic interactive refutation
protocol for the “nearest boolean vector” problem that beats known SoS lower bounds, which is a
result in the spirit of Questions 16.0.5 and 16.0.6.
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