Modeling Analogical Problem Solvingin a Production System ArchitectureDario D. Salvucci and John R. AndersonJuly 1, 1996CMU-CS-96-151School of Computer ScienceCarnegie Mellon UniversityPittsburgh, PA 15213This research is supported by a National Science Foundation Fellowship awarded to Dario Salvucciand Office of Naval Research grant N00014-96-1-0491 awarded to John Anderson.The views and conclusions contained in this document are those of the authors and should not beinterpreted as representing the official policies, either expressed or implied, of the National ScienceFoundation, the Office of Naval Research, or the United States government.

Keywords: Cognitive science, cognitive modeling, analogy, ACT-R.

AbstractWe propose an approach to developing models of analogical reasoning within production systemarchitectures. Though existing theories of analogy have succeeded in capturing many aspects ofanalogical behavior, they have several limitations. First, the theories use empirical support thatfocuses almost exclusively on high-level data that illustrate the results of analogy, ignoring low-leveldata that illustrate step-by-step processes during analogy. Second, the theories cannot fully account forvariability prevalent in analogical behavior, nor can they account for the adaptation of analogicalstrategies in learning. Third, some of the theories cannot be readily incorporated into a unified theoryof cognition. We show how production rule models of analogy can address and to some extent overcomethese limitations. As our exemplar, we describe empirical and modeling results for a task in whichsubjects solved simple physics problems by analogy. The empirical results, which include both high-and low-level data, give evidence that subjects use multiple analogical strategies and shift betweenstrategies. The modeling results show that an ACT-R (Anderson, 1993) production rule model of thetask can account for much of subjects� observed behavior. We also present a model for a similaranalogical task involving picture analogies (Sternberg, 1977) to illustrate how the simple physicsmodel can generalize to other tasks.

Analogical Problem Solving, 11. IntroductionRecent times have witnessed the birth and development of several unified cognitive theorieswhich use production rules as the building blocks of problem-solving knowledge (e.g., Anderson, 1993;Just & Carpenter, 1992; Kieras & Meyer, 1995a; Laird, Newell, & Rosenbloom, 1987). Production rulesystems allow for a great deal of flexibility in modeling, and can represent both high- and low-levelthought processes. The systems also predict observable events in time, so solid empirical support can begathered to test and evaluate them in a straightforward manner. As these systems have proven usefulfor modeling a wide range of tasks, we employ them on a phenomenon central to human learning——analogy. After a brief overview of analogy, we consider how a production rule framework can captureanalogical behavior. We then examine subject performance on a simple physics problem-solving task,looking at high-level data (total latency, correctness, etc.) as well as low-level data (visual scans, keypresses, etc.). We also present a model developed under the ACT-R framework (Anderson, 1993) whichsucceeds in predicting much of the experimental data collected. We conclude by discussing related workand the implications of our work for other research in analogy.Numerous theories of analogy and analogical reasoning have emerged in the past two decades(e.g., Gentner, 1983, 1989; Holyoak & Thagard, 1989a, 1989b; Keane, Ledgeway, & Duff, 1994). Thesetheories approach analogy in its most general sense, describing how some process of mapping can inferrelations between concepts. Colloquially, people often use the term �analogy� to refer to this process ofmapping, or finding correspondences between two conceptual structures; for instance, students often thinkof analogy in terms of problems likeherd : buffalo : school : ?for which the student must infer the relation between the first and second objects and apply it to thethird to obtain the solution (in this case, fish). Researchers have overwhelmingly agreed thatmapping is the core essential component of analogy, though each has taken a slightly differentapproach to the problem. Gentner�s (1983, 1989) influential research has postulated that mappingcenters on finding structural relations between concepts, with a certain systematicity that favorshigher-order relations. Holyoak and Thagard (1989a) have used similar ideas to implement ananalogy mechanism based on constraint satisfaction. Keane et al. (1994) presented an incrementalmapping engine that incorporates constraints on working memory. Regardless of their particularapproaches, these and other theories have considered mapping the centerpiece of the analogy process.Successful problem solving by analogy requires more than just mapping, however. First, it isnecessary to represent the problem in a way that allows or facilitates analogical mapping.Representation, or encoding, of the mental structures that participate in mapping is crucial to theability of any theory to construct analogical mappings. Of course, representation is important not onlyfor analogy, but for all problem solving; as just one example, Hinsley, Hayes, and Simon (1977) havediscussed the importance of representation for word problem solving. Representation is pervasive inthe analogy process, and though we sometimes label it as the first subprocess of analogy (e.g., Reeves &Weisberg, 1994), we may more appropriately think of it as a precondition for successful analogizing.Another key element of analogical reasoning is the retrieval of an appropriate source analogfor mapping. The source may constitute some mental structure stored in memory (e.g., Anderson &Thompson, 1989), or may come from the external world in another form, such as written text (e.g.,VanLehn & Jones, 1993). Successful retrieval proves to be extremely difficult for humans in certainsituations, as has been manifested in several experiments using a hint/no-hint paradigm. For instance,in Gick and Holyoak�s (1980) study based on Duncker�s (1945) tumor problem experiment, subjects hearda story of how a general attacked a well-defended fortress and were then asked to determine how adoctor might eradicate a tumor; the solution for the doctor-tumor problem was analogous to the solutionfor the general-fortress problem. Some subjects were told explicitly that the general-fortress storyprovided a useful analogous solution, while the others were given no such hint. Gick and Holyoakfound that 92% of subjects in the hint condition answered the problem correctly, while only 20% of the

Analogical Problem Solving, 2no-hint subjects gave a correct response. Such studies provide strong support that the retrieval stage iscrucial to analogical mapping, and that retrieving an appropriate source analog can at times be verydifficult.Some researchers have named a fourth essential component of analogy, that of schema induction. Anderson (1993) and Anderson and Thompson (1989) have used analogical reasoning in thecreation of new production rules that act as schemata for similar problems. Novick and Holyoak (1991)provided evidence that schema induction is a natural consequence of successful analogical transfer. Rossand Kennedy (1990) found that the cueing of memorized sample problems can facilitate generalizationof already known formulas. The literature is somewhat undecided on whether schema induction occursduring mapping, as a separate stage, or along with some other component of analogy. Nevertheless,further use of analogical mappings after the initial application seems to involve inference of someschematic knowledge.These four components (representation, retrieval, mapping, and induction) all play a role in aperson�s �strategy of analogy� for a particular task. We will use the term �strategy of analogy,� or�analogical strategy,� to refer to the step-by-step cognitive processes executed while solving a problemby analogy. For instance, consider the following verbal analogy problem discussed by Grudin (1980):Thursday : Monday :: Friday : ?Grudin reported that subjects exhibited two different strategies while solving this problem. Somesubjects noted that Friday is the day after Thursday, and thus concluded that the answer is the dayafter Monday, namely Tuesday. Other subjects computed the number of days between Thursday andMonday, then counted off the days from Friday to determine the solution. Thus, subjects can solve thisanalogy using one of at least two distinct strategies of analogy, and possibly others. Our goal inmodeling analogical reasoning in problems like this one is to account for the analogical strategiesexhibited by subjects solving the problem.Existing theories of analogy have modeled many aspects of analogical behavior. However,most theories tend not to use detailed empirical data concerning what happens during the analogyprocess, focusing instead on the results of the analogy process. For example, Keane et al. (1994)presented empirical data for subjects� performance on the attribute mapping task. They compared theirempirical data to the predictions of three analogical theories: SME (Falkenhainer, Forbus, & Gentner,1989), ACME (Holyoak & Thagard, 1989a), and their own IAM. Since none of the theories makepredictions about directly observable quantities like latency, Keane et al. compared the theories byrelating subjects� total time for completion to the number of mappings generated by the models. Forcomparison purposes, this metric works well in showing how IAM captures several aspects of analogicalproblem solving in the attribute mapping task. However, arguing for the plausibility of such metrics ingeneral could be difficult, and the metrics may not generalize when considering observables during theanalogy process. Ideally, we would like the theory to make predictions about both observable eventsduring the analogy process and observable results of the process. Some work has been done in this vein(e.g., Sternberg, 1977; Sternberg & Gardner, 1983), but there have not been detailed process models ofanalogical strategies.Another limitation of many existing theories is their inability to account fully for variabilityand adaptation of analogical strategies. Researchers have found that people use different strategieswhen analogizing (e.g., Chi, Feltovich, & Glaser, 1981; Novick, 1988; Spellman & Holyoak, 1993;Whitely & Barnes, 1979) and can adapt these strategies during learning (e.g., Zhu & Simon, 1987).Existing theories that define a single deterministic mechanism to implement analogy can account forsome variability, to the extent that the theory expresses the differences in terms of the problemrepresentation. Such theories make the implicit assumption that all humans with the same knowledgerepresentation perform analogy in the same way. However, representation is not the only variantwhen considering analogy; people with similar backgrounds, and even the same person on separateoccasions, may analogize in different ways. While these single-mechanism theories may captureaggregate subject performance, they cannot account for such variability in analogical strategies, nor can

Analogical Problem Solving, 3they predict adaptation or learning of these strategies. Thus, another goal for a theory of analogy is toaccount for what analogical strategies subjects utilize and how they shift between strategies.One further limitation of some theories of analogy is that they are not incorporated into a moregeneral processing system. Analogy in the real world arises in various forms, each of which has uniqueaspects to its solution, just as any problem-solving task may have domain-specific components. As such,analogy encompasses a broad spectrum of tasks that involve not only analogical reasoning, but a greatnumber of other skills. For example, in Grudin�s days-of-the-week analogy above, both of the proposedstrategies require domain-specific knowledge; namely, the strategies necessitate knowledge of the daysof the week, the order in which they occur, and how to count the days between them. Any approach toanalogy which does not incorporate domain-specific knowledge cannot account for such phenomena.Thus, any theory of analogy must lie within a more general processing system, as do some existingtheories (e.g., Anderson & Thompson, 1989; Holyoak & Thagard, 1989b).To summarize, the goals for a theory of analogy include incorporating the theory into a generalprocessing system, creating detailed process models of analogical behavior, and predicting variabilityand adaptation of analogical strategies. In the remaining sections, we address how production systemarchitectures can help achieve these goals.2. The Production Rule Approach to Analogy2.1. Overview of Production System ArchitecturesIn recent decades, several major cognitive architectures based on production rules have emerged;among others, ACT-R (Anderson, 1993), Soar (Laird, Newell, & Rosenbloom, 1987; Newell, 1990), CAPS(Just & Carpenter, 1992), and EPIC (Kieras & Meyer, 1995a) have enjoyed some success in the modelingworld. Though their particular implementations differ, these architectures have several commongoals. They all provide a unified approach to general problem solving, that is, they can model anyproblem-solving task. The architectures also make specific predictions about observable data,allowing direct comparison with experimental results. Given these advantages, the theories havegiven rise to modeling work in a broad range of areas, including human-computer interaction (John,Vera, & Newell, 1991; Kieras, Wood, & Meyer, 1995b), natural language comprehension (Just &Carpenter, 1992; Lehman, Lewis, & Newell, 1991), working memory and memory span (Anderson &Matessa, in press; Anderson, Reder, & Lebi�re, in press), visual attention (Anderson, Matessa, &Douglass, 1995), robotic planning and execution (Laird & Rosenbloom, 1990), reasoning (Polk & Newell,1995), strategy selection (Lovett & Anderson, 1995), and mathematical problem solving (Anderson,Corbett, Koedinger, & Pelletier, 1995).All production system architectures have production rules as the basic units of skill-relatedknowledge, represented as a condition-action pair. The condition tests whether the current situationmatches the situation in which the rule would be active; conditions may test aspects of both theexternal world, such as visual information, and internal states, such as the knowledge brought to a task.When the condition holds, the production rule may fire, causing its action side to take effect. Ruleactions can modify the internal state of the model, like adding a unit of knowledge, or they can performsome external action, like a motor response. Cognition, then, is simply the sequence of matching ruleconditions and firing rule actions.When the conditions for several productions match the current situation, the architecture mustdefine what subset of the competing productions will fire. Some architectures rely on conflict resolution, or the process by which the system chooses one production to fire. Which production thesystem selects can depend on many factors: the number of times the production has fired, the recency ofits firings, the ease of retrieving matches for the condition, the frequency with which its actions lead tosuccessful states, etc. Some architectures allow firing and execution of productions in parallel, and thusneed not decide on one particular production——all competing productions can fire simultaneously.

Analogical Problem Solving, 4In a later section, we explore the details of our exemplar production system architecture, ACT-R. For now, though, this overview of production rule systems is sufficient for describing a generalapproach to analogy within a production rule framework.2.2. Analogy in a Production System FrameworkOur production system approach to analogy centers on the belief that analogy is fundamentallya problem-solving skill. Modeling analogy within a production system framework simply meanscreating a production rule model of an analogical task. The model would incorporate all skillsnecessary for the task, including analogical and domain-specific skills. In some sense, then, we modelanalogical tasks as we would any problem-solving task. However, models for analogical tasks allshare a specific set of productions that implement analogy. In other words, the common thread thatbinds models of analogical tasks is the presence of these analogy productions. Production rule modelsalready incorporate this idea for other common processes (see Singley & Anderson, 1989); for instance,two models that require adding numbers could use the same productions to implement addition.Drawing an analogy to computer programming, we can think of the common productions as implementinga subroutine that would be called in any task requiring a specific type of analogy. The analogy�subroutine� could then call domain-specific subroutines that implement mapping, induction, etc. for aparticular task.Production system architectures can address all three goals for a theory of analogy describedearlier. First, production system models of analogy are necessarily incorporated into a generalprocessing system, since they are designed within the framework of general problem-solvingarchitectures. The productions that implement analogy can be easily combined with models of domain-specific skills. This allows for the integration of analogical reasoning and other skills necessary tosolve problems.Second, production systems allow detailed, low-level process models that can capture behaviorexhibited during the analogy process. Given that production rule models are powerful enough to modelthis behavior, it is important that comparison of model predictions to empirical data is relativelystraightforward. As productions fire, their action sides can execute both unobservable actions, such asmodifications to memory chunks, and observable actions, such as motor responses. A model trace of aparticular run includes information about what behavior occurs and when it occurs (assuming thearchitecture predicts real-time latencies). Typically the �behaviors� exhibited in a production modeltrace are closely related to real-world behaviors; for instance, the model presented herein predictstimes and locations of all mouse clicks during the task. Production rule model predictions thus alloweasy comparison to both high-and low-level empirical data which illustrate subjects� strategies ofanalogy.Third, production system models of analogy can address the issue of variability in analogicalstrategies. Production rule models have several ways of reproducing variance between and withinindividuals. Conflict resolution allows for possibly stochastic choices among productions, so that themodel can utilize different strategies on different runs (e.g., Lovett & Anderson, 1995). Differentstrategies can be used for both domain-specific and analogical skills. Thus, production systems allowfor multiple implementations of the analogy process and can decide between them probabilistically.Certain architectures also allow for erroneous firings of productions that mimic systematic errors inproblem solving, another source of subject variability (e.g., Lebi�re, Anderson, & Reder, 1994). Suchtechniques provide methods of generating different traces for each run, such that one run represents theactions of one �simulated individual.� Of course, a modeler can easily derive aggregate results for themodel by averaging traces from multiple stochastic runs.Production systems also allow learning and adaptation of analogical strategies. Mostarchitectures allow learning on both a symbolic and subsymbolic level. At the symbolic level, newknowledge units, and even new productions, can be acquired during the learning process. At thesubsymbolic level, the system can adjust continuous parameters of the model, such as the activation ofknowledge units or the firing strengths of productions. Such learning can help account for strategy

Analogical Problem Solving, 5TPS1S2TSSP

Figure 1. Simple physics experiment screen, without blocks. The labels in grayed boxes indicate thenames of the visual areas.changes in analogical (as well as domain-specific) skills. Thus, production systems can handle not onlymultiple analogical strategies, but also the shifts between multiple strategies during learning.Production systems thus provide integration of analogical and domain-specific knowledge,straightforward comparison of process model predictions to empirical data, and the ability to modelvariability and adaptation of analogical strategies. Interested readers can refer to Schunn & Klahr (inpress) for further discussion and general advantages of production system architectures. We nowproceed to analyze in detail a particular task in which subjects solved simple physics problems byanalogy. Our presentation begins with a description of the task and a discussion of the data collected inthe experimental study. We then present the specifics of the production rule model and evaluate howits predictions match the empirical data collected.3. The Simple Physics TaskOur study of the simple physics task examines the analogical strategies utilized by subjects insolving simple physics problems. We consider data that illustrate not only the results of the analogyprocess (high-level data), but also the strategies exhibited during the process (low-level data).The experimental task involved solving several sets of simple physics problems by analogy to agiven sample problem and solution. We chose this task for several reasons. First, many researchershave used physics problems in exploring the role of analogy (e.g., Chi, Bassok, Lewis, Reimann, &Glaser, 1989; Chi, Feltovich, & Glaser, 1981; VanLehn & Jones, 1993); thus the physics domain is afamiliar one in the literature, facilitating comparison of other work to our own. Second, the taskallowed relatively terse problems and solutions with a small natural language component, allowing usto ignore language comprehension to a large extent. Third, the task is representative of real-worldphysics homework from a textbook; we can imagine the student doing a test problem at the end of thechapter, referring back to a worked-out example in an earlier section.

Analogical Problem Solving, 6Table 1. Experiment topics and equations.SetTopicEquationsPCNC

1capacitancearea / spacingA/ss/A

2thermal resistancethickness / conductivityT/cc/T3contracted lengthlength / factorL/ff/L4force— constant * distance—c*d—d*c5velocityc / indexc/ic/i6slit widthn u m b e r * w a v e l e n g t h / sin anglen*w/Saw*a/Sn7volumeR * temperature / pressureR*T/pR*p/T8inductancenumber * flux / currentN*f/cc*N/f

In the task, problems were presented to subjects on computer screens similar to (but not exactlylike) Figure 1. The left half of the screen contained the worked-out sample. The sample problem firstgave a description of the problem situation, then listed the relevant quantities (in short phrases) withtheir respective values. The sample solution used variables (e.g., �P� for pressure), operators (e.g.,�+�), and constants (e.g., �c� for speed of light) in the first step; and values (e.g., �4�), operators, andconstants in the second step. The right half of the screen contained the test problem to be solved and aneditable text field in which to enter the answer. The test problem had a structure similar to the sampleproblem, except for different quantity values and a possibly different ordering of quantity-value pairs.For future reference, we define the screen�s visual areas (labeled in Figure 1 in grayed boxes) as: sampleproblem quantities and values (SP), sample solution step 1 symbols (S1), sample solution step 2 symbols(S2), test problem quantities and values (TP), and a test solution block (TS).Subjects were asked to solve sets of five problems in each of eight topics, all dealing with basicphysics and all involving instantiation of a single equation. Table 1 shows the equations used for eachtopic; the first three equations are of equal complexity, while the others range in difficulty from fairlyeasy to fairly difficult. All topics and equations were taken from a standard physics textbook(Halliday & Resnick, 1988), massaged in some cases to fit the task, but still mathematically correct.Subjects were to type their answers as instantiated equations, without simplifying; for example, theywere to type answers such as �3*6/2,� instead of simplifying this quantity and entering �9.� Insummary, the task involved learning a schematic equation such that values could be plugged in forquantities to produce the desired answer.The task certainly involves analogy, assuming we define analogy by the stages ofrepresentation, retrieval, mapping, and induction described earlier. First, subjects must visually processthe information on the screen to build up a mental representation of the problems. Second, subjects mustretrieve the sources of analogy (i.e., the sample problem and solution) from memory, reading orreviewing parts of the screen if necessary. Third, subjects must infer a mapping between the sampleproblem and solution, applying the mapping to the test problem to obtain the test solution. Finally, thesubject can perform induction by memorizing a schematic equation that facilitates the solution of laterproblems. We can also think of the task in terms of the standard A:B::C:D schema for analogyproblems, where A is the sample problem, B the sample solution, C the test problem, and D the testsolution.To shed light on subjects� behavior during the analogy process, we needed some way of recordingsubjects� scanning and typing activity during the task. We modified the program so that parts of thescreen were covered with opaque blocks, which would disappear when clicked on and reappear onrelease of the button. An actual experiment screen, namely the screen in Figure 1 with blocks included,is shown in Figure 2. The program concealed each symbol in S1 and S2, allowing us to examine which

Analogical Problem Solving, 7Figure 2. Simple physics experiment screen, as seen by subjects.equation and symbol subjects were scanning. Blocks also covered the SP quantities and the TP values, butleft the SP values and TP quantities uncovered. The reason for leaving the latter pair uncoveredcentered on the strategies expected of subjects. When a subject reads a value in S2, we expect them tosearch for that value in SP; to facilitate the search, and to obtain simpler data, we left the SP valuesuncovered so that subjects can quickly locate the desired value. Similarly, when typing the solutionequation, subjects search for a TP quantity to obtain its value; we thus uncovered the TP quantities. Onecould argue that the setup of the blocks changes the character of the task, since the blocks may alterstrategies subjects utilize during the analogy process. Though this argument may be valid, it does notchange the fact that the task is fundamentally analogical and can provide rich empirical dataconcerning strategies of analogy.The block approach for recording scanning activity is an adaptation of a common information-search paradigm where text or pictures appear on the backs of cards, such that subjects must turn thecard over to reveal the information. For example, Payne (1976) used this paradigm in studyingstrategies of gathering evidence for decision making. Our technique differs from Payne�s in that theinformation is re-concealed after being looked at, whereas the information in Payne�s experimentremained visible for the duration of the task. We used the re-concealing technique to record not onlythe order in which symbols are scanned, but also how often they need to be scanned. A third option foruncovering blocks would not require the subject to click on the block, but only move the pointer to it (e.g.,Anderson, Matessa, & Douglass, 1995). We decided against this option to avoid an inevitable flux ofunintended references in the data, when subjects incidentally uncover blocks as they move to theintended block.During an experiment, the program recorded two types of information: the time, location, andduration of each mouse click; and the time and character of each key press. Therefore, the program notonly logged subject responses after each problem, but also much of how subjects went about solving theproblem. In fact, the experiment program (in a different mode) can read in subject data files andsimulate all mouse clicks and key presses, allowing the experimenter to �watch� the subject at work.

Analogical Problem Solving, 8In order to induce subjects to learn different analogical strategies, we manipulated thepresentation of variables in S1. Subjects were randomly assigned to one of two conditions. In thepositive-correlation (PC) condition, each variable was named using the first letter of the quantity itrepresented; for instance, m would represent mass and

L length. In the negative-correlation (NC)condition, each variable was named using the first letter of a quantity it did not represent; for example,

L might represent mass and m length. Thus, while the PC variables suggested correct relations, the NCvariables deliberately misled the subject by suggesting incorrect relations. The equations used in eachcondition appear in Table 1. Note that in both conditions, the S2 values did correspond to the correctquantities, and so the solutions remained correct——the only discrepancy between conditions is themapping from variable to quantity.Because of the different variable namings in the conditions, we can predict different strategiesfor the two groups. PC subjects, encountering names they would likely expect, should utilize a �solve-by-variable� strategy. That is, they should eventually tend to focus on S1 rather than S2, usingvariables more heavily than values for inferring the correct schema.1 Indeed, the most efficientstrategy for PC subjects involves looking only at S1; the subject can infer mappings from variable toquantity by referring to the visible TP quantities. NC subjects should utilize a �solve-by-value�strategy, relying more heavily on SP and S2. Here the most efficient strategy involves finding acorresponding SP quantity for each S2 value and storing the mapping from value to quantity. Of course,since the S1 variable names are misleading, NC subjects can get no (or little) useful information from thevariables in the sample solution. In addition, since we expect NC subjects to be deceived initially bythe incorrect namings, we also expect them to make more errors in the initial sets of the experiment.3.1. Method

Subjects. A total of 38 Carnegie Mellon undergraduates, 6 women and 32 men, participated forcourse credit. The subjects were randomly assigned to either the PC or NC condition, with a total of 19subjects per condition. Three additional subjects participated but were excluded from the analysis; onesubject failed to follow instructions, the second produced inexplicable repeated clicks, and the third didnot complete the task within the allotted time.

Design. The study�s independent factor was the naming of variables in the S1 equation. The PCcondition used the expected variable namings, while the NC condition used deliberately misleadingnamings. The resulting data from the study came in the traces produced by the experiment program foreach subject. The traces gave detailed information about mouse clicks, key presses, and final answersobserved during the experiment.

Materials. We designed eight sets of five simple physics problems, where each set dealt witha different topic (as shown in Table 1). The equations were adapted from those in a standardintroductory physics textbook (Halliday & Resnick, 1988) and simplified to use only basic arithmeticoperations. For each topic, we created a sample problem and five test problems. The sample problem�ssolution comprised a step with the variables and operators, and a step where the variables werereplaced with their corresponding values. In the PC condition, the variables were named with the firstletter of the represented quantity; in the NC condition, they were named with the first letter of adifferent quantity. The numeric values used were constrained to one-digit integers, so that typing timeswould be comparable across all problems. The Appendix lists the sample problems and solutions used ineach of the eight topics.Subjects performed the task using a Macintosh application that presented each problemindividually, one per screen. The screen (see Figure 2) comprised the sample problem and solution on

1 It is feasible that PC subjects might use the S2 values exclusively when analogizing, which would infact yield correct results. However, the empirical results indicate that very few subjects follow thistrend.

Analogical Problem Solving, 9

set percent correct0 . 0 00 . 1 00 . 2 00 . 3 00 . 4 00 . 5 00 . 6 00 . 7 00 . 8 00 . 9 01 . 0 012345678

PC Data

NC Data

PC Model

NC Model

Figure 3. Average correctness for all sets. Correctness denotesthe percentage of the five set problems answered correctly.Solid lines show subject data, dashed lines show learningmodel predictions.the left and the test problem on theright. The program presented theeight sets in the same order, and thefive problems within each set in thesame order. The same sample problemand solution were used for all problemswithin a particular set. Also, theorder of the quantities in each testproblem varied from screen to screen.The program covered certain areaswith black blocks, which could beuncovered by clicking and wouldreappear upon release. The areascovered by blocks were the SPquantities, the S1 and S2 symbols (oneblock per symbol), and the TP values.During an experiment the programrecorded the time and position of allclicks, plus the time and key of all keypresses. No feedback was given foreither correct or incorrect answers.

Procedure. The experimentwas performed within a 45 minuteperiod. Initially, subjects were given abrief introduction to the task, allowedto practice uncovering blocks, and instructed to enter answers as unsimplified instantiated equations.When ready, they began solving the 40 problems in the task. First, a screen appeared noting that theywere beginning a new set of problems. The subjects then solved the five problems in the first set, clickingthe lower-right button to indicate completion for each screen. Then subjects were warned of another newtopic, and went on to solve the next five problems. They continued solving problems in this manner untilall eight sets were completed. Subjects were given a similar but more complex task for the remainingtime; we will not address this task in our discussion. Finally, subjects were debriefed and thanked fortheir participation. During the task subjects received no assistance from the experimenter and wereforbidden from using external materials such as pencil and paper.3.2. ResultsWe discuss the results in two stages. First, we consider high-level data for the entire task,examining total latency and correctness per set of problems. Second, we look at low-level data for thefinal set, since we expect fairly stable behavior by the end of the experiment. Since the sets werepresented in the same order, the final set always corresponded to the final topic in Table 1. Onaverage, subjects required approximately 20 minutes to complete all 40 problems.We begin by analyzing the correctness summary in Figure 3, where solid lines represent subjectdata in each condition. PC subjects worked essentially at ceiling, hovering around 95% correct for allsets. NC subjects exhibited more numerous errors in the initial sets, but eventually approached ceilingas well. A two-factor analysis of variance (ANOVA) shows that the effects of set,

F(7,288) = 2.59,

MSE= 5.63, condition,

F(1,288) = 20.0,

MSE = 43.50, and their interaction,

F(7,288) = 2.50,

MSE = 5.44, are allsignificant, p < .02. Particularly, PC and NC errors differ significantly in earlier sets, namely in the

Analogical Problem Solving, 10

set seconds0 . 0 05 0 . 0 01 0 0 . 0 01 5 0 . 0 02 0 0 . 0 02 5 0 . 0 012345678

PC Data

NC Data

PC Model

NC Model

Figure 4. Average set latency for all sets. Set latency denotesthe time needed to complete all five problems in the set. Solidlines show subject data, dashed lines show learning modelpredictions.first, second, and fourth sets, 2 t(36) =3.63, t (36) = 3.52, t (36) = 2.75,respectively, p < .01; the differencesbetween PC and NC errors on other setsare not significant, p > .1.We explain the correctnessresults as follows. Both PC and NCsubjects initially rely on the S1variables to induce the meaning of theequations and to solve the testproblems. For PC subjects, this methodworks well, since the variablescorrespond directly to the first lettersof the quantities they represent. ForNC subjects, however, this strategyleads to incorrect solutions, given thatthe variables are mismatched.Eventually, NC subjects experience anepiphany; they notice the discrepancyin the S1 variable namings, and beginto use the S2 values and SP quantitiesfor mapping. The aggregatecorrectness graph reflects how subjectsone by one arrive at this epiphany,and eventually NC subjects too performat ceiling. It is important to note that when subjects made errors, they typically made them across allfive problems in a particular set, so singleton errors appear infrequently. Also, every subject answeredat least a few problems correctly, so we cannot attribute all errors in later sets to only a small handful ofsubjects.We can also examine the total latency per set of five problems. The solid lines in Figure 4 showthe average time (in seconds) taken by subjects to complete sets one through eight. The first three pointsmanifest the beginnings of the familiar power learning curve (Newell & Rosenbloom, 1981); recall thatthe problems in these sets have the same complexity, each having an equation with two variables andone operator. Subjects here were both familiarizing themselves with the system and honing theiranalogy skills as they pertain to these problems. For the other sets, the total latency correspondsroughly to the complexity of the problems in the set. The sixth and most complex set has the highestlatency; in fact, the latency is unexpectedly high given that the complexity difference between thesixth and eighth sets is only one operator. The fifth and least complex set shows the lowest overalllatency. A two-factor ANOVA shows a very significant effect of set,

F(7,288) = 48.85,

MSE = 56193.80, p< .001. The ANOVA also shows a significant effect of condition,

F(1,288) = 8.36,

MSE = 9615.60, p < .01.This effect arises primarily because NC subjects required additional time to reach their epiphanies andadditional mouse clicks to analogize. There is no set-condition interaction,

F(7,288) = .72,

MSE = 828.12, p > .6.We now focus on their performance in the eighth and final set, which, roughly speaking,reflects asymptotic performance in the task. We first examine the average latency per problem in thefinal set, shown as solid lines in Figure 5. Not surprisingly, the subjects took more time in the firstproblem, as they needed to study the sample and understand the meaning of the equation before solvingthe test problem. The latency curves flatten out quickly in later problems, most notably in the PC

2 All t-tests conducted are two-tailed.

Analogical Problem Solving, 11

problem seconds0 . 0 01 0 . 0 02 0 . 0 03 0 . 0 04 0 . 0 05 0 . 0 06 0 . 0 07 0 . 0 012345

PC Data

NC Data

PC Model

NC Model

Figure 5. Average problem latency for final set. Problemlatency denotes the time needed to complete a single problem.Solid lines show subject data, dashed lines show terminalmodel predictions.condition; subjects were essentially justchecking the TP values and enter thesolution equation. The problem effectsare very significant,

F(4,180) = 1.72,

MSE = 10876.01, p < .001, while theeffects of condition,

F(1,180) = 2.64,

MSE = 231.18, and the interaction ofproblem and condition,

MSE = 150.92, are not, p > .1.Subject latency data illustrateapproximately when and how oftensubjects analogized. Visual scanningdata, on the other hand, giveimportant clues to h o w subjectsanalogized. We first consider ouroriginal hypothesis that PC subjectswould rely more heavily on the S1variables, whereas NC subjects wouldfavor the S2 values. Table 2 containsthe number of references3 per area itemin the final set, across all subjects.From the table we see that PC subjectsdid indeed scan S1 more often than NCsubjects, who exhibited more referencesto SP and S2. The effects of area,

F(3,144) = 29.31,

MSE = 761.38, and the area-condition interaction,

F(3,144) = 8.21,

MSE = 213.25, arevery significant, p < .001, while the effect of condition is not,

F(1,144) = 1.42,

MSE = 37.01, p > .2. Eachpair of values across conditions for SP, S1, and S2 differ significantly, t(36) = 2.23, t(36) = 3.18, and t(36)= 3.31, p < .05.Though subjects� area references correspond with our predictions, it is interesting to note thatoverall subjects do not utilize the most efficient strategy. On the one hand, PC subjects could havesafely ignored the S2 values if desired and looked only at the S1 variables, yet they still scanned theS2 values. On the other hand, NC subjects needed not look at the S1 variables, since the variables werealways misleading; nevertheless, they clicked on the S1 variables approximately half as often as theydid on the S2 values. Of course, subjects were not aware that the experimental condition would notchange during the task, so these extra clicks can be viewed as checking that mapping conventionsremained the same.We can also analyze the time taken to look at objects in each area, as shown in Table 3. The reference time corresponds to elapsed time between the click on some item and a subsequent click or keypress; note that duration of a click may not be an accurate measure, since some subjects may hold thebutton down while processing information, while others may release the button. The reference timesshown in the graph reveal no significant effect of condition,

F(1,189) = .78,

MSE = 0.27, p > .3, or of theinteraction between condition and area,

F(5,189) = .35,

MSE = 0.12, p > .8. The effect of area, however,is very significant,

F(5,189) = 47.80,

MSE = 16.67, p < .001. This effect arises partly because of the highlatency for the SP area; the SP times reflect the fact that the SP quantity blocks covered not onlyletters or words but partial sentences. Other significant differences occur in the times between S1

3 In these and all other reference data reported, multiple references to a single block with nointervening actions were collapsed into one reference. This adjustment was made because of subjects whotended to click several times on the same block.

Analogical Problem Solving, 12Table 2. Subject References per Area Item.SPS1S2TP

PC1.74(1.75)2.11(2.30)1.13(1.00)1.11(1.00)

NC2.96(3.10)1.05(1.05)2.22(2.35)1.11(1.00)

Note: Values represent average number of references per item in each area. Unparenthesized valuesrepresent subject data, parenthesized values represent terminal model predictions.Table 3. Subject Reference Times per Area Item.SPS1S2TP variablesoperatorsvaluesoperators

PC2.74(2.60)1.77(2.32)0.94(0.91)1.57(1.77)0.79(0.85)1.38(1.25)

NC2.76(2.85)1.76(1.78)0.97(0.87)1.59(1.77)1.12(0.76)1.45(1.25)

Note: Values represent average reference times, in seconds, per reference in each area.Unparenthesized values represent subject data, parenthesized values represent terminal modelpredictions.variables and S1 operators and between S2 values and S2 operators, t(34) = 4.46 and t(28) = 3.98 for PC, t(21) = 3.11 and t(35) = 3.90 for NC, p < .01. Ostensibly, subjects took only half as much time to processan operator in comparison with a variable or value.These data give us a general sense of subjects� strategies of analogical behavior during the task,but we can characterize their behavior in more detail. We define a reference path as the sequence ofarea scans or area groupings that a subject accesses during a problem. An area scan, denoted by a singlearea such as �S1,� represents a scan of all objects within the area, hitting each at least once. An areagrouping enclosed in parentheses, such as �(S2 SP),� indicates a �bouncing� scan between two or moregroups. A bouncing scan does not necessarily hit every object within the groups. Area groupings with asingle area, such as �(S2),� indicate an incomplete scan of a single area bracketed by (complete) areascans; such groupings that represent only one item access are considered spurious and are omitted fromour analyses. For example, assume we observe the following subject behavior: scan all S1 symbols,bounce between the S2 symbols and the SP quantities, and bounce between the TP values and the testsolution block TS. We can characterize this behavior in the reference path S1 (S2 SP) (TP TS).Table 4a shows the reference paths for each PC subject in the five final-set problems. Thevariability between subjects is quite striking; even with this rough characterization of analogicalstrategies, very few used identical strategies. Only one subject (PC1) used the most efficient strategy,scanning only S1 before proceeding to enter the solution. Approximately half the subjects began with ascan of SP, and generally continued by scanning S1. It seems that these subjects read top-down from thesample problem until they reached the relevant equation for mapping (the S1 equation for PC subjects).Also, most subjects exhibited some bouncing scans between SP and S2 after scanning S1, apparentlychecking the quantity equation derived from S1 by mapping S2 values to their respective SP quantities.Only one subject (PC15) utilized an obvious solve-by-value strategy, scanning SP and S2 exclusively;this fact provides evidence that subjects tend toward the more efficient (solve-by-variable) strategy inthe PC condition. Finally, PC subjects showed very little dependence on the sample problem and

Analogical Problem Solving, 13solution after the first problem. They seem to have abstracted out the solution during the firstpresentation.Table 4b lists the reference paths for NC subjects. We see a fair number of scans of the S1equation, even though the S1 variables are misleading. Again the subjects seem to manifest the top-down reading behavior, frequently reading SP and S1 before using the variable equation S2. NC subjectsalso exhibited the (S2 SP) bouncing, but for the purpose of inferring the correct equation rather than forchecking the variable equation. Several subjects inferred a mapping by scanning SP and S2 separatelyrather than bouncing between them. As in the PC condition, only one NC subject (NC16) exhibited themost efficient strategy, scanning SP and S2 once. Use of the test problem and entering of the solution arefairly similar across conditions. Subjects prefer to bounce between the test problem TP and the solutionTS, as the behavior (TP TS) lightens working memory load. However, a minority of subjects showed thebehavior TP TS, scanning all the test values first, then entering the entire equation into the solutionblock.Table 4a. PC subject reference paths.Problem 1Problem 2Problem 3Problem 4Problem 5

PC1S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

PC2SP S1 (S2 SP S1) (TP TS)(SP S1 TP TS)(TP TS)(TP TS)(TP TS)

PC3SP (S2 SP S1) S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

PC4SP S1 (S2 SP S1 TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

PC5S1 SP S1 TP TSTP (TP TS)TP TSTP TSTP TS

PC6(SP) S1 SP (S2 SP S1 TP TS)(S1 TP TS)(S1 TP TS)(TP TS) TS(TP TS)

PC7SP S1 (S2 SP S1) (TP TS)(TP TS)S2 (TP TS)(TP TS)(TP TS)

PC8SP S1 SP S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

PC9SP S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

PC10SP S1 S2 (S2 SP) (TP TS)SP S2 (TP TS)(TP TS)(TP TS)(TP TS)

PC11S1 SP S2 TP TSTP TSTP (TP TS)TP TS (S1)TP TS

PC12SP (S2 SP S1) TP (TP TS) S1TSTP TS TP TSTP TS (TP)TP TSTP TS

PC13SP S1 (TP TS)(TP TS) (S2)S1TP TSTP TS(TP TS)

PC14(S2 SP S1) (TP TS)TP TSTP TSTP TSTP TS

PC15S2 SP S2 TP TSTP TSTP TSTP TSTP TS

PC16S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

PC17SP S1 (S2 S1) S1 (S1 TP TS)S1 (TP TS)(TP TS)S1 (TP TS)(TP TS)

PC18SP (S2 S1) SP S2 S1 (TP TS)(TP TS)(TP TS)S1 (TP TS)(TP TS)

PC19SP S1 S2 (S2 SP) (TP TS)(TP TS)TP (TP TS)(TP TS)(TP TS)

Analogical Problem Solving, 14Table 4b. NC subject reference paths.Problem 1Problem 2Problem 3Problem 4Problem 5

NC1SP S2 (SP TP) TP TSTP TSTP TSTP TSTP TS

NC2(S2 S1) SP (S2 SP TP TS)SP (S2 SP TPTS)(S2 SP TP TS)(TP TS)(TP TS)

NC3S1 (TP TS)(TP TS) (S2SP)TP (S1) S2 (S2SP TP TS)(TP TS)(TP TS)

NC4SP S1 (S2 S1 TP TS)S1 (TP TS)(TP TS)(TP TS)(TP TS)

NC5SP (S2 SP) SP (S2 SP TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

NC6SP (S2 SP S1 TP TS)(S1) (TP TS)(TP TS)(TP TS)(TP TS)

NC7SP (S2 SP TP TS)(S2 SP TP TS)(TP TS)(S2 SP TP TS)(TP TS)

NC8SP (S1) S2 (SP TP TS)(S2 TP TS)(SP TP TS)(TP TS)(TP TS)

NC9S2 SP S2 SP (TP TS)(TP TS)(TP TS)(TP TS) TS(TP TS)(TP TS)

NC10S2 (S2 SP TP TS)S2 (S2 SP TPTS)(S2 SP TP TS)S2 (S2 SP TPTS)(S2 SP TP TS)

NC11SP S2 (SP TP TS)(SP TP TS)(S2 SP TP TS)TP TSTP TS

NC12SP (S2 SP TP TS) TP(TP TS) S1 TP(TP TS)(TP TS)(TP TS)

NC13SP S1 (S1) S2 (S1) TP TSTP TSTP TSTP TSTP TS

NC14S1 (S2 SP) TP TSTP TSTP (TP TS)TP TSTP TS

NC15(S1) S2 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

NC16SP S2 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

NC17SP (S2 SP S1) SP (S2 S1) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

NC18SP S1 (S2 SP TP TS)(S2 SP TP TS)(TP TS)(S2 SP TP TS)(TP TS)

NC19SP S1 (S2 SP S1) S2 SP (TPTS)(S2) SP (S2)(SP TP TS) S2SP TP(TP TS)(TP TS)(TP TS)

Analogical Problem Solving, 15In summary, PC subjects generally followed the solve-by-variable strategy, while NC subjectsfollowed the solve-by-value strategy. We have also seen that subjects exhibited a great deal ofvariability in analogizing, and adapted their strategy of analogy to either solve-by-variable or solve-by-value according to experimental condition. In the discussion of the model for these empirical data,we will characterize subjects� behavior more formally and show how a production rule model canprovide good fits to the data. Before doing so, however, we need to explain further the production ruleframework in which we design our model——ACT-R.4. The ACT-R ArchitectureACT-R is a unified theory of cognition based on production rules. The theory postulates twomajor components of knowledge, declarative and procedural. Declarative knowledge comprisesindividual units of information that can be recalled and explicitly reported. Procedural knowledgecomprises production rules, that is, the system�s knowledge of how to carry out various tasks. In thissection we describe the specifics of how ACT-R represents and manipulates these two bodies ofknowledge. Refer to Anderson (1993) for an extensive treatment of the theory.In ACT-R, declarative knowledge contains individual chunks that encode single facts; forinstance, one chunk might state that Harrisburg is the capital of Pennsylvania. To represent such facts,each chunk is associated with a chunk type that defines its structure. A chunk type defines several slots which, for each instance of the type, are filled in with the names of other chunks. Returning to ourexample, we might create a �state-capital-fact� chunk type with two slots, �state� and �capital�, andcreate a new chunk:Pennsylvania-capital isa state-capital-factstate PennsylvaniacapitalHarrisburgHere, �Pennsylvania-capital� is the name of the chunk, the �isa� description defines its type, and thenames �Pennsylvania� and �Harrisburg� represent other chunks. Each chunk has a real-valuedactivation that indicates its ease of retrieval. Chunks also spread activation to other chunks, namely,the chunks specified in their slots (see Anderson, Reder, & Lebi�re, in press). A chunk�s total activationis the sum of its base-level activation, representing how often the chunk is accessed, and the spreadingactivation that comes from chunks in the current context.ACT-R�s production rules, like those of similar architectures, represent condition-action pairs.The condition contains one or more patterns that match chunks, where the first pattern always matchesthe current goal. Thus for the condition to hold, it must match both the current goal and any chunkretrievals specified. Also, the chunks matched from declarative memory must be readily retrievable,so chunks with very low activations will not match. Production actions can create new chunks andmodify existing ones; the system never loses chunks, although chunks that go unretrieved for longperiods of time are so difficult to retrieve that they are effectively lost. Actions can also push and popgoals from the goal stack, which is essentially a LIFO (last in, first out) queue of chunks that representthe goal currently being worked on and other goals waiting to be executed.There are several continuous parameters that influence the performance of a production rule.The strength of the production determines how easily the production can be used; production strength isin some ways analogous to chunk activation, as strength depends on the frequency and recency of theproduction�s firings. Productions also have two �cost� parameters, measured in seconds, that representthe immediate cost a of firing the production and the estimated eventual cost b of later productionfirings. Similarly, productions have two �success� parameters that state the probability q that theproduction will succeed immediately (i.e., have its intended effect), and the estimated probability rthat firing the production will eventually lead to success.During a simulation, ACT-R must choose which productions to fire, and must define how muchtime each firing takes. Conflict resolution, or the selection of an appropriate production to fire, is

Analogical Problem Solving, 16guided by the expected gain of firing each production. Assume that achieving the current goal has somevalue

G. The probability

P of achieving the goal with a particular production is qr, and the expectedvalue of the goal is

PG. To calculate expected gain, we need to subtract from the expected value of thegoal the expected cost of achieving the goal; for a given production, the total cost

C is a +b. Insummary, we can calculate the expected gain for each production as

PG —

C. Thus when two or moreproductions may fire in a given situation, we simply choose the production that maximizes our expectedgain.Once we have chosen the production, we can compute its total latency. Let

Ai represent theactivation of each chunk i that matches the rule condition, and let

S be the strength of the rule. Thelatency

T of the production can then be computed as:

T = F e

i

∑

− f(A

i +S)(1)The scaling parameters

F and f default to 1. The actual details of rule latencies and conflict resolutionare slightly more complicated, but this treatment will suffice for our description of the simple physicsmodel.Having discussed some of the low-level details of ACT-R, let us take a step back and considerwhat goes into a typical simulation. The simulation begins by pushing an initial goal onto the goalstack. The system then evaluates all productions that operate for that goal, and using conflictresolution selects one to fire. The production�s actions may change the slot values of chunks, add newchunks, push new goals onto the stack, or pop the current goal from the stack. Execution continues withthe current (top-most) goal on the goal stack, and terminates when the stack is empty or no productioncan fire.Thus far we have neglected one of the central components of the architecture——learning. ACT-Rcan learn on several levels, but we will limit our discussion to the two learning mechanisms relevant toour task: base-level learning and strength learning. Base-level learning adjusts chunk base-levelactivations based on the frequency and recency of uses of the chunk. As mentioned earlier, the base-level activation is added into the total activation

Ai o f a c h u n k . S p e c i f i c a l l y , t h e s y s t e m c o m p u t e s b a s e - l e v e l a c t i v a t i o n a s

B= log t

j

− d

j

∑

(2)where the tj �s represent the time since each use of the chunk, andd represents a decay constant. Thise q u a t i o n c a p t u r e s t h e f a c t t h a t r e p e a t e d u s e s o f t h e c h u n k i n c r e a s e i t s a c t i v a t i o n , t h u s f a c i l i t a t i n g future retrievals. It also gives a higher priority to recently used chunks. In the next section, we will seehow base-level learning plays a central role in determining how many times the model needs to reviewthe mapping formed during analogy.T h e o t h e r l e a r n i n g m e c h a n i s m r e l e v a n t t o t h i s d i s c u s s i o n i s t h e l e a r n i n g o f p r o d u c t i o n r u l e strengths. There are many parallels between strength learning and base-level learning; in fact, theirdefining equations are almost identical:

S = log t_j − d

j ∑

(3)Here the tj �s represent the time since each firing of the production, andd represents a constant decayparameter. Frequency and recency again play a key role, as more frequent and recent firings help to

Analogical Problem Solving, 17increase a production�s strength. Both strength learning and base-level learning influence the timingsof production firings as described by Equation 1; strength learning estimates the

S value, while base-level learning influences the

Ai values.4Many of ACT-R�s computations are noisy in order to help model individual performancedifferences. Our model adds noise to the computation of the expected gains of productions and theactivations of chunks. The expected gain noise is added to the

PG —C c a l c u l a t i o n d u r i n g c o n f l i c t resolution, allowing the model to make different choices of which production to fire. The activationnoise affects both the latency and selection of productions. Since the latency of a production depends ont h e a c t i v a t i o n o f t h e r e t r i e v e d c h u n k s , a c t i v a t i o n n o i s e r a i s e s o r l o w e r s t h e t i m i n g s o f r u l e f i r i n g s . Also, since matched chunks must be readily retrievable, activation noise affects whether chunks matchat all. The combination of these effects allows ACT-R to produce varying traces on different runs, suchthat each trace can be interpreted as a distinct simulated subject.5. The Simple Physics ACT-R ModelWe now know enough about the workings of ACT-R to describe the production rule model of thesimple physics task. The major test for this model is its ability to predict the high- and low-leveldata presented earlier. Recall that these data reflect much variability in both the results of theanalogy process and the actions of subjects during the process. We intend to capture as many aspects ofthe data as possible. Since the final model is quite large (over 120 production rules), we cannot simplypresent the rules as they are.5 We will, however, give a sense of how we designed and implementedt h e m o d e l a t a h i g h l e v e l , a n d i l l u m i n a t e i t s m o s t c r u c i a l e l e m e n t s . F o r e a s e o f e x p l a n a t i o n , w e introduce the model as two �terminal� models that represent the asymptotic behavior of subjects. Thatis, the terminal models capture the behavior of subjects after the subjects have optimized their strategyf o r a p a r t i c u l a r c o n d i t i o n . T h u s w e p r e s e n t o n e t e r m i n a l m o d e l t h a t e x e c u t e s t h e s o l v e - b y - v a r i a b l e s t r a t e g y ( f o r t h e P C c o n d i t i o n ) , a n d a n o t h e r t h a t e x e c u t e s t h e s o l v e - b y - v a l u e s t r a t e g y ( f o r t h e N C condition). After describing the terminal models and their predictions, we will merge the two terminalm o d e l s i n t o a s i n g l e � l e a r n i n g� m o d e l . T h e l e a r n i n g m o d e l c a n a c c o u n t f o r t h e e v o l u t i o n t o t h e appropriate terminal model based on the condition (PC vs. NC) of the simulation.5.1. Terminal ModelsAs the first step in creating the terminal models, we need to perform a task analysis todetermine the overall strategy that subjects undertake in analogizing. The data support our originalpredictions that PC subjects focus on S1 whereas NC subjects focus on S2 and SP. The correctness datasuggests that subjects begin using the solve-by-variable strategy, and eventually adjust to theappropriate strategy for their condition. The reference paths manifest, for some subjects, a tendency toread the sample problem from the top down to the area relevant for analogy. Finally, the data showthat PC subjects seem to look at the S2 equation to check that the equation derived from the variables iscorrect. Taking all these facts into account, we can propose a general strategy for subjects upon firstseeing the problem. The general strategy applies to both the PC and NC terminal models, but as wewill see, is implemented slightly differently for each model.The overall strategy is illustrated in Figure 6; the control flow for the initial problem in a setappears on the left, while the graph for subsequent problems appears on the right. First, subjects eitherread top-down to the relevant area, or skip directly to the area. For PC subjects, the relevant area isthe S1 equation; for NC subjects, it is the S2 equation. Second, subjects use the equation to build a mental

4 In addition to base-level learning, ACT-R can learn inter-associative strengths between chunks whichcan influence the values ofAi. We do not discuss inter-associative learning here.5 The full model and the program needed to run the model can be found on the World Wide Web at:http://www.cs.cmu.edu/afs/cs.cmu.edu/user/dario/www/analogy/analogy.html.

Analogical Problem Solving, 18read top-downstudy mappingcheck mappingsolve problemreview mapping

??re-read (.10)move on (.90)re-studymove oncheck (.87)

read (.72)

skip read (.28)

skip check (.13)

re-check

(.20)

solve problem

move on (.80)?

re-reviewmove on

?reviewmove onFigure 6. Main control flow graph for the simple physics model. Thegraph on the left illustrates the control flow for the initial problem,and the graph on the right represents the flow for subsequent problems.Percentages in parentheses indicate statically-computable frequenciesfor their respective paths.representation of the mapping or �true� equation. This true equation, which we call the quantityequation, contains quantity names in place of the variables or values, such that the representation couldbe used to solve the test problem. For instance, for the induction problem shown in Figure 1, the equation�N*f/c� would map to the quantity equation �number*flux/current.� Third, subjects either check thequantity equation or skip the check. PC subjects would check the quantity equation against the equationrepresented by the S2 equation, while NC subjects cannot perform any check, since the variable namesare known to be misleading. Fourth, subjects solve the test problem using the quantity equation and theTP values. For subsequent problems, the quantity equation may need to be reviewed before solving theproblem, and this review would constitute re-studying the equation.The terminal models implement this general strategy in their highest level production rules,summarized in Table 5. The first stage allows two options, reading top-down to the study equation orskipping ahead. Reading top-down means reviewing material in the problem that appears before thecritical material, that is, the S1 equation for PC subjects and the S2 equation for NC subjects. To decidebetween reading top-down and skipping ahead, the model has two productions that compete throughconflict resolution. If the model opts to read top-down, this subgoal is pushed onto the goal stack. For

Analogical Problem Solving, 19Table 5. Simple physics general strategy productions.read-top-downIFcurrent stage is read-top-downTHENset subgoal to read top-downand move to stage study-mapping

skip-aheadIFcurrent stage is read-top-downTHENmove to stage study-mappingstudy-mappingIFcurrent stage is study-mappingTHENset subgoal to study mappingretrieve-mappingIFcurrent stage is study-mappingand mapping can be retrievedTHENmove to stage check-mappingcheck-mappingIFcurrent stage is check-mappingTHENset subgoal to check mappingand move to stage solve-problemskip-checkIFcurrent stage is check-mappingTHENmove to stage solve-problemsolve-problemIFcurrent stage is solve-problemTHENset subgoal to solve-problemand move to stage review-mappingreview-mappingIFcurrent stage is review-mappingTHENset subgoal to study mappingstop-reviewIFcurrent stage is review-mappingand mapping can be retrievedTHENmove to stage solve-problem

PC subjects, reading top-down involves simply reading the SP quantities and values in order. For NCsubjects, reading top-down involves reading SP and S1.The second stage requires studying the mapping, namely the quantity equation. The PCterminal model uses S1 to infer the quantity equation. The model performs a different action for each S1symbol type (variable, constant, or operator). For each S1 variable, the model scans TP for the quantitythat begins with the variable letter.6 It then creates a knowledge chunk that stores the quantity namealong with its position within the equation. For each S1 constant, the model similarly scans TP, but

6 W e c o u l d a s k w h y s u b j e c t s w o u l d s c a n T P f o r t h e q u a n t i t y n a m e s , r a t h e r t h a n S P . S i n c e t h e S P quantity names are covered by blocks, searching them would take make more time, thus searching TP ismore efficient. The reference paths for PC subjects exhibit little bouncing between S1 and SP, confirmingthese conclusions.

Analogical Problem Solving, 20finds no quantity with the same first letter. Thus it assumes that the letter is a constant and stores theconstant along with its position. For each S1 operator, the model simply stores the operator with itsposition. In contrast to the PC terminal model, the NC terminal model focuses on S2 and SP to infer thequantity equation. For each S2 value, the model finds the value in SP and clicks on its covered block,exposing the corresponding SP quantity. Constants and operators are immediately recognized, and allthree types are again stored with their position.In summary, the study-mapping stage uses either S1 or S2 and SP to build a representation ofthe quantity equation, of which each element (quantity, constant, or operator) is associated with itsposition in the equation. After the model studies the equation, it must decide whether to stop studyingor to review. If the equation can be readily retrieved, the model advances to the checking stage andstudying terminates. Otherwise, the model reviews (or re-studies) the equation. Base-level learning(see Equation 2) controls how easily the equation can be retrieved; as the equation is reviewed, itsactivation increases steadily, facilitating retrieval on the next attempt. Thus more reviews make itmore likely that the model can recall the equation and move on.The third stage allows the models to check the quantity equation created in the study stage.Since NC subjects can use only the S2 equation to solve the problem correctly, only PC subjects canactually check their equations. As before, the model contains two competing productions, one forchecking and one for skipping the check. To check, the PC model goes through the same steps as the NCmodel does for studying, bouncing between S2 and SP. By definition in the PC case, the check will neverfail, so after the check the model simply continues to the next stage. We will modify this check stagelater when we merge the terminal models into a single learning model.The fourth stage, where the terminal models solve the current test problem, is relativelystraightforward. The model traverses the mental representation of the quantity equation, beginningwith the first symbol. If the symbol is a quantity, the model searches TP for that quantity, clicks on itscorresponding value, and types the value. If the symbol is an operator, the model simply types it in.Finally, when the model has traversed the entire equation, it clicks on the lower-right button toindicate that it has finished with the problem. For subsequent problems, the model enters a reviewstage in which the quantity equation is reviewed until it can be readily retrieved (just as in the studystage). When this review finishes, the model shifts back to the solve stage to enter the solution.The stage descriptions above refer to many subprocesses, such as scanning the sample problemfor a particular value or searching the test problem for a quantity. Each of these processes isimplemented by a separate subgoal and a set of production rules. In this sense, the models are ratherlow-level, since they describe what the model is �looking at� during all stages of the analogy process.The leaf subprocesses are primarily visual- or motor-related, such as clicking on a block or typing in anumber. The models do not actually perform these actions, but rather output a trace item indicating thetime and location of each action. The trace created by the interface productions can be compared withexperimental results, or even run through the experiment program in simulation mode.At this point we have provided a broad overview of the models at the symbolic level.However, we still need to define the subsymbolic, real-valued parameters associated with chunks andproductions. For chunks, base-level learning handles the setting of all base-level activations, so weneed not concern ourselves with them. For productions, we used the default settings7 for strength,

b, and q f o r a l l p r o d u c t i o n s . W e u s e d f i x e d s t r e n g t h s i n t h e t e r m i n a l m o d e l s b e c a u s e w e a s s u m e d t h a t productions were already at peak strength; these strengths will be learned in the learning model. Thisleaves only the settings for the a and r parameters.The a parameter controls the latency for each production. We set all productions to have thes t a n d a r d A C T - R d e f a u l t l a t e n c y o f 5 0 m s , e x c e p t t h e r u l e s w h i c h i m p l e m e n t t h e v i s u a l a n d m o t o r actions. In setting the latencies for the visual and motor rules, we followed the general guideline that

7 The default settings for these parameters are strength=0,b =1, andq = 1 .

Analogical Problem Solving, 21�short� actions take approximately 100 ms while �long� actions take approximately 1 s. Reading asingle digit or symbol, or noticing an empty space, has a latency of 100 ms. For partial sentences (i.e.,the SP and TP quantities) reading takes 1 s. Long-distance mouse movements (e.g., from SP to S1 or S2)have a latency of 1 s. Typing after moving the mouse, or vice-versa, takes an additional 1 s, modelingthe latency for shifting the hand between mouse and keyboard. Clicking on the �Done� button alsotakes 1 s. To fit our data more accurately, we stretched our guidelines in two specific cases. Short-distance mouse movements have a latency of 300 ms, and typing a character has a latency of 650 ms.8The

r parameter allows for adjustment of the conflict resolution between productions in caseswhere we design the model to have competing productions. For most productions, setting the rparameter is straightforward, merely reflecting which rule we prefer over others. However, the rparameters for certain crucial decision points need to be estimated using empirical data. We would likethe parameters to be estimated such that the model makes each decision with approximately the sameprobability as our subjects. Given the above parameter settings, we proceeded to estimate the rparameters for the decision points shown in Figure 6. Fitting the model to the data was essentially ahill-climbing search manipulating these crucial r parameters. We performed this search manually;that is, we ran several simulations, examined the output, and adjusted the parameters accordingly. Werepeated this process until the parameters produced satisfactory results.Stating the actual values of the estimated r parameters would not be highly illustrative, sinceit is not obvious how they correspond to the probabilities of firing the respective productions.However, we can actually derive the expected probabilities using the r parameters and the amount of

PG —C noise. LetEi be the evaluation, orP G —C value, of productioni . The probability of choosingproductioniamongallcompetingproductionsjis

Pr(i) = e

E

i

/ s

e

E

j

/ s

j

∑

(4)The parameter s relates to the standard deviation

σ

of the

PG —Cnoiseass=

σ 6 / π

. This formulaallows us to compute the probability of choosing each path in the general control flow graph. There isone caveat, however: The likelihood of firing a production that retrieves the studied (quantity)equation depends on the current activation of the equation, thus we cannot statically compute theprobabilities for these paths. The control flow graph in Figure 6 includes probabilities for allstatically computable paths.From our presentation, one might get the impression that so many parameters could easily fitalmost any data set. This is far from true. Although the two terminal models are indeed distinctmodels, they actually differ in only a few productions. Specifically, we vary only the specific subgoalspushed for the �read-top-down,� �study-mapping,� �check-mapping,� and �review-mapping�productions in Table 5; all other productions, and all continuous parameters, are kept the same acrossmodels. This high degree of overlap allows us to combine the models into one learning model, as weshall see later. More importantly, though, the overlap manifests the real predictive power behindthese models. It highly constrains the predictions of one terminal model given the parameters of theother. Thus, if both models provide good fits to their respective data sets, we have strong evidence tosupport our underlying theory.5.2. Terminal Model ResultsLet us now examine the predictions and behavior of the terminal models in comparison with thefinal set data. Given the two models, we can run repeated simulations that model individual subjects

8 This typing speed is slower than continuous typing speed, but justifiably, since subjects are enteringnumbers and operators rather than words in text.

Analogical Problem Solving, 22performing the final set of five problems. To compare the models� results with the experimental data,we ran 20 simulations for each model and examined the resulting traces.9 Overall, the models producedgood fits to many aspects of the data.We first compare the total latencies to complete each problem, for both the models and subjects.F i g u r e 5 i n c l u d e s t h e m o d e l s� p r e d i c t i o n s ( d a s h e d l i n e s ) w i t h t h e e x p e r i m e n t a l d a t a ( s o l i d l i n e s ) f o r the PC and NC conditions. Both models� latency curves fit their respective data nicely. Most of thea n a l o g i z i n g i s c o m p l e t e d i n t h e f i r s t p r o b l e m , w i t h t h e l a t e n c i e s f l a t t e n i n g o u t q u i c k l y i n l a t e r problems. The fit is especially good considering our rigid demand that every production�s latency be setat 50 ms (with the exception of the visual and motor productions).R e g a r d i n g t h e v i s u a l d a t a , T a b l e 2 s h o w s t h e p r e d i c t e d ( p a r e n t h e s i z e d ) a n d o b s e r v e d (unparenthesized) number of references per item. Again, the models capture many of the nuances of thedata. For example, recall that NC subjects scanned S1 almost half as much as S2, even though the S1variables were misleading. The NC model reproduces this phenomenon in the read top-down stage,p r e d i c t i n g t h a t m a n y s u b j e c t s r e a d S 1 o n t h e s c a n f r o m t h e t o p o f t h e s c r e e n d o w n t o t h e r e l e v a n t e q u a t i o n f o r a n a l o g i z i n g ( S 2 f o r t h e N C c o n d i t i o n ) . A l s o , t h e P C m o d e l e x p l a i n s w h y P C s u b j e c t s referred to the S2 equation, namely, to check that their inferences from the S1 equation are correct.T a b l e 3 s h o w s t h e e m p i r i c a l d a t a a n d m o d e l p r e d i c t i o n s f o r r e f e r e n c e t i m e s a c r o s s t h e t w o experimental conditions. The high latency for reading SP quantities stems from a higher productionl a t e n c y f o r r e a d i n g s e n t e n c e s r a t h e r t h a n s i n g l e w o r d s o r s y m b o l s . T h e m o d e l s a l s o p r e d i c t t h a t r e f e r e n c e l a t e n c i e s f o r S 1 v a r i a b l e s a n d S 2 v a l u e s a r e s i g n i f i c a n t l y l o n g e r t h a n t h o s e f o r S 1 o r S 2 o p e r a t o r s . T h e e x t r a t i m e s p e n t a r i s e s f r o m t h e v i s u a l s c a n s n e c e s s a r y f o r v a r i a b l e s a n d v a l u e s ; f o r i n s t a n c e , a f t e r r e a d i n g a v a l u e , t h e m o d e l m u s t s c a n S P f o r t h a t v a l u e . T h e o n l y r e a l d i s c r e p a n c y b e t w e e n t h e m o d e l p r e d i c t i o n s a n d t h e e x p e r i m e n t a l d a t a o c c u r s i n t h e r e f e r e n c e l a t e n c y f o r S 1 v a r i a b l e s i n t h e P C c o n d i t i o n . T h e d a t a s h o w e d n o s i g n i f i c a n t d i f f e r e n c e b e t w e e n l a t e n c i e s f o r S 1 variables and S2 values in either condition; however, the PC model predicts some additional processingf o r S 1 v a r i a b l e s , n a m e l y , s t o r i n g o r s t r e n g t h e n i n g t h e m e n t a l r e p r e s e n t a t i o n o f i t s c o r r e s p o n d i n g quantity. In the NC condition, the extra latency needed for the quantity representation appears in thehigher SP latency. The effect arises for SP, rather than for S2, because subjects must click on SP to findthe correct quantity to store. On the whole, the models do account for much of the time spent looking atand processing the items in the various visual fields.T h e r e f e r e n c e p a t h s f o r t h e e x p e r i m e n t a l d a t a r e v e a l e d a g r e a t d e a l o f v a r i a b i l i t y i n t h e s t r a t e g i e s o f a n a l o g y d u r i n g t h e t a s k . T h o u g h t h e m o d e l s d o n o t e x h i b i t a s m u c h v a r i a b i l i t y a s t h e subjects, they are able to produce some of the important facets of these differences. Tables 6a and 6billustrate the reference paths for the 20 simulation runs for each model. In both cases, we see varyingamounts of studying and reviewing across simulations. Also, many of the simulations begin by readingSP, just as many subjects did. We can observe several reviews of the equation in later problems, thoughthe reviews are less frequent than in the empirical data. Interestingly, only two simulations (MNC6and MNC10) executed the most efficient strategy; recall that of our 38 subjects, exactly two (PC1 andNC16) did the same. Thus the models not only reproduce the latency and visual data present in theexperiment, but also some of the crucial differences exhibited by subjects.

9 Terminal model simulations were run with base-level learning enabled (decay rate of 0.3), strengthlearning disabled, an expected gain (PG -C) noise of 0.2, and an activation noise of 0.1.

Analogical Problem Solving, 23Table 6a. PC terminal model reference paths.Problem 1Problem 2Problem 3Problem 4Problem 5

MPC1SP S1 S1 (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC2S1 (S2 SP) (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC3S1 S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC4SP S1 S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC5SP S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC6SP S1 S1 S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC7S1 S1 (S2 SP) (TP TS)S1 (TP TS)(TP TS)(TP TS)(TP TS)

MPC8SP S1 S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC9SP S1 S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC10SP S1 S1 (S2 SP) (S2 SP) (S2SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC11SP S1 S1 S1 S1 (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC12SP S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC13SP S1 S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC14SP S1 S1 S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)S1 (TP TS)

MPC15SP S1 S1 S1 S1 (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC16SP S1 S1 S1 S1 (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC17S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC18SP S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC19S1 S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MPC20SP S1 S1 S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

Analogical Problem Solving, 24Table 6b. NC terminal model reference paths.Problem 1Problem 2Problem 3Problem 4Problem 5

MNC1SP S1 (S2 SP) (S2 SP) (S2SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC2SP SP S1 (S2 SP) (S2 SP) (S2SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC3SP S1 S1 (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC4SP S1 (S2 SP) (S2 SP) (S2SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC5(S2 SP) (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC6(S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC7SP S1 S1 (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC8SP S1 (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC9SP S1 (S2 SP) (S2 SP) (TPTS)(TP TS)(S2 SP) (TPTS)(TP TS)(S2 SP) (TPTS)

MNC10(S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC11SP S1 (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC12SP S1 (S2 SP) (S2 SP) (S2SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC13(S2 SP) (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC14SP S1 (S2 SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC15SP S1 S1 S1 (S2 SP) (S2 SP)(TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC16SP S1 S1 S1 (S2 SP) (S2 SP)(TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC17SP S1 (S2 SP) (S2 SP) (S2SP) (TP TS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC18SP S1 S1 (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

MNC19(S2 SP) (S2 SP) (TP TS)(S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)

MNC20(S2 SP) (S2 SP) (S2 SP) (TPTS)(TP TS)(TP TS)(TP TS)(TP TS)

Analogical Problem Solving, 255.3. Learning ModelWe have seen how the PC and NC terminal models operate to fit the final set data. However,there is still the question of how these terminal models might evolve. We would like for the models toarise from a single initial model which would itself evolve into one of the terminal models. That is, wedesire a learning model that runs on the entire task (i.e., all eight sets), and depending on the problemspresented to the model, would shift to either the solve-by-variable strategy (the PC terminal model)or the solve-by-value strategy (the NC terminal model).Since the terminal models were designed with the learning model in mind, merging them isfairly straightforward. The learning model retains a single chunk that describes the current strategy toutilize, either to solve by variable or to solve by value. The few productions which differ between theterminal models are modified to retrieve this chunk and determine the current strategy. If the strategydictates to solve by variable, the production pushes the subgoal(s) corresponding to the PC terminalmodel; otherwise, it pushes the subgoal(s) corresponding to the NC terminal model. Initially, thestrategy chunk is set to solve by variable. As the model simulates the task, it eventually checks the S2values to ensure that they correspond to the S1 variables. In the PC condition, the variables and valuesalways correspond, so the learning model continues to use the solve-by-variable strategy. In the NCcondition, the check fails, and the model decides whether or not to consider the check; this choicemodels how some subjects perform the sequence of clicks for a check but do not notice the discrepancy invariable namings. When the check is both performed and considered, the model switches to the solve-by-value strategy. The learning model thus adjusts to the condition in which the simulation is run,shifting to either the solve-by-variable or solve-by-value strategy as appropriate.Because the terminal models assume that the relevant task skills are already present andhighly tuned, they ignore the strengthening of productions during simulation. The learning model, onthe other hand, should account for the tuning of appropriate productions. We thus activate strengthlearning in the learning model simulations, as defined by Equation 3. This learning increases theproduction strength for frequently-fired productions, resulting in lower firing latencies. The model alsoincorporates the assumption that all subjects read top-down for the first problem in the first set of thetask.5.4. Learning Model ResultsWe now present the results of 20 learning model simulations of the entire task in eachcondition.10 The learning model correctness results are included in Figure 3. Comparing the model�sp r e d i c t i o n s ( d a s h e d l i n e s ) w i t h t h e e m p i r i c a l d a t a ( s o l i d l i n e s ) , w e s e e t h a t t h e m o d e l c a p t u r e s several aspects of subjects� behavior. The PC model, like PC subjects, performs at ceiling. This behaviora r i s e s f r o m t h e f a c t t h a t t h e l e a r n i n g m o d e l a l w a y s t r i e s i n i t i a l l y t o s o l v e b y v a r i a b l e , w h i c h i s t h e correct approach in the PC condition. In the NC condition, the model requires some number of trialsbefore it notices the discrepancy between the sample solution variables and values; recall that subjectse x h i b i t e d s i m i l a r e p i p h a n i e s . T h e N C e r r o r c u r v e t h e n e s s e n t i a l l y m a p s o u t w h e n t h e m o d e l s i m u l a t i o n s r e a c h e d t h e i r e p i p h a n i e s . Figure 4 shows the average set latencies for the model (dashed lines) and the experiment (solidlines). We see that the learning model nicely reproduces the shape of our empirical data; namely, thesets involving more complex problems require more time to complete. In the three initial sets (whichh a v e i d e n t i c a l c o m p l e x i t i e s ) , w e o b s e r v e a s t e a d y d e c r e a s e i n l a t e n c y , d u e p r i m a r i l y t o t h e strengthening of relevant productions. Also, the model requires slightly more time in the NC condition

10 Learning model simulations were run with base-level learning enabled (decay rate of 0.3), strengthlearning enabled (decay rate of 0.5), an expected gain (

PG -

C) noise of 0.2, and an activation noise of 0.1.

Analogical Problem Solving, 26than in the PC condition, since the NC times include an overhead for epiphanies that occur during thesets.Generally the learning model captures the important aspects of the data. Nonetheless, we canpoint to two incompletenesses of the model. First, the model does not account for the acquisition ofproductions specific to the task. Presumably, many of the rules (for scanning, typing, etc.) are in placeat the onset of the task. However, we could argue that the task invokes the creation of certainspecialized productions that act as schemata for problem solving (see Anderson & Thompson, 1989).This crucial issue is beyond the scope of this model; much further analysis of the task would be requiredto determine how and when such rules are created. Second, there may be other strategies which subjectsutilize when first attempting the task. Our model assumes that subjects begin with the solve-by-variable strategy, and sometimes (i.e., in the NC condition) shift to the solve-by-value strategy. It ispossible, however, that subjects initially use a different strategy, perhaps a hybrid of solve-by-variable and solve-by-value, perhaps an altogether different approach. Again, further work is neededto look for systematic strategies in the early stages of the task that evolve to the terminal strategies.6. Generalizing the Simple Physics Model: The People-Piece ModelWe have seen how a production rule model can capture many aspects of the simple physics task.Nevertheless, we might reasonably question how useful the model is when considering the broaderpicture of problem solving by analogy. Can we generalize the simple physics model to make predictionsabout other analogical tasks? More generally, can production rule models for specific analogical tasksassist in modeling similar tasks? The answer is yes, and centers on our earlier claim that models forsimilar analogical tasks share common production rules that implement analogy. We now provideevidence for this claim by presenting a rule model for a similar analogical task, where the model usesspecific productions taken from the simple physics model.Our comparison task is the Sternberg (1977) �people-piece� analogy task. Sternberg presentedsubjects with picture analogies of the form A:B::C:D. The elements of the analogy were drawings ofpeople varying four binary attributes: sex (male-female), color (blue-red), height (short-tall), andgirth (fat-thin). Sternberg asked subjects to respond whether the analogy was true or false. His data11show that subject response latencies increased as elements A and B differ by more attributes; the datashow a similar effect for differences between A and C. The solid lines in Figure 7 graph Sternberg�sresults for differences of one and two attributes for both the A-B and A-C pairs. The data thus suggestthat subjects consider both A-B and A-C mappings, and take more time as these mappings become morecomplex.We can further characterize subject behavior in the people-piece task by considering theprocess models of Sternberg (1977) and Grudin (1980). Sternberg provided four distinct process models forsolving people-piece analogies. Though the models differ in specifics, each requires encoding of theelements, mapping between source and target elements, and application of the mapping to derive asolution. Sternberg proposed that subjects map both A to B and A to C during the process. Grudinsuggested a change to Sternberg�s model: Subjects map

either A to B or A to C, but do not infer bothmappings. We combine the ideas of both researchers into our process model for the people-piece task.Our process model first decides to execute one of two strategies, one using the A-B mapping, the otherusing the A-C mapping. If the model chooses to use the A-B strategy, it runs through the followingsequence of steps: encode A and B, infer the A-B mapping, encode C and D, apply the mapping to C tocreate D�, compare D and D� for equality, and respond. If the model chooses the A-C strategy, it followsthe same steps with B and C switched.

11 Sternberg (1977) also presented data for verbal and geometric analogies, including effects of cueingand degenerate analogies. We do not address these data here.

Analogical Problem Solving, 27Changes, A-B

seconds0.000.501.001.502.002.5012

Data 1

Data 2

Model 1

Model 2Changes, A-C

Figure 7. People-piece data and model predictions.The solid lines show the empirical data fromSternberg (1977) for one and two attribute changes fromA to B and A to C. The dashed lines show the people-piece model predictions.We can frame this process modelwithin the general strategy for the simplephysics task (Figure 6). The study-mappingstage of the simple physics model handles theencoding of the sample and the formation ofthe mapping. Similarly for the people-piecemodel, we bundle the encoding and mapping ofA and B (or C) into a study-mapping stage.The solve-problem stage of the simple physicsmodel corresponds to the application of themapping. For the people-piece model, thesolve-problem stage similarly involves theapplication of the A-B or A-C mapping. Theread-top-down and check-equation stages inthe simple physics model have no analog inthe people-piece model, so they are omitted.Thus, the two models share the study-mapping and solve-problem stages.The production rule specification forthe people-piece process model utilizes thisoverlap between models. The common stagesallow us to borrow productions from the simplephysics model and insert them directly intothe people-piece model. Specifically, thepeople-piece model uses the productions in thesimple physics model that implement the study-mapping and solve-problem stages; these productionsare the �study-mapping,� �retrieve-mapping,� and �solve-problem� rules in Table 5. We also insertproductions that skip over the read-top-down and check-equation stages, since they are not applicablehere. Other productions are then added to implement subprocesses specific to the people-piece task.Before analogizing, the rule model decides using competing productions whether to use the A-B or A-Cstrategy. It encodes people-piece drawings as chunks with four slots for each of the binary attributes.The model handles mapping by examining the four attributes sequentially and creating a linked-list ofattribute mapping chunks. Each mapping chunk indicates a single attribute which changes from sourceto target. To apply the mapping, the model first copies the source person chunk into a target personchunk. It then runs through the list of mapping chunks and changes each mapped attribute. The modelfinally compares the target chunk to the solution chunk and responds true or false.We set production parameters for the people-piece model by following the basic assumptions ofthe simple physics model. Productions which were copied from the simple physics model maintainedthe same parameter settings. For other productions, latencies ( a parameters) were set to 50 ms. Theonly crucial r parameters are those for the competing productions that choose the A-B or A-C strategy;in that case, the r parameters were given identical values so that the model would choose each withequal likelihood. We also increased the productions� strength parameters to model repeated trials,since subjects solved over 1000 people-piece analogies in the original Sternberg task; we estimated thesestrengths to have a value of 1.5.Figure 7 includes the predictions of the model (dashed lines) along with Sternberg�s empiricaldata (solid lines). The model provides an excellent fit to the data. The model predicts increasinglatencies as the number of differing attributes between A and B (or C) increases. This behavior arisesfrom both the mapping and application stages. In the mapping stage, different attributes call forseveral extra productions that handle the creation of a new mapping chunk. In the application stage,each attribute that must be mapped requires several additional production firings to change values inthe target person chunk. Because the model chooses the A-B and A-C strategies with equal likelihood,the effects are the same for attribute changes in the A-B and A-C pairs.

Analogical Problem Solving, 28We have thus shown that it is possible to transfer the implementations of analogical skillsbetween models for similar analogical tasks. The simple physics and people-piece models shareseveral analogy productions, and also incorporate domain-specific knowledge relevant to theparticular task. Both models also illustrate how production rule models can account for multiplestrategies of analogy: The simple physics model can use either a solve-by-variable or solve-by-valuestrategy, and the people-piece model can choose between the A-B and A-C strategies. Presumably, ifeither the A-B or A-C strategy proved more effective (which is not the case in Sternberg�s experiment),the people-piece model could incorporate learning of the appropriate strategy similar to the learningin the simple physics model.7. General Discussion7.1. Related Theories of AnalogyOur approach to analogy relates to a number of theories in the literature. The work of Holyoakand Thagard (1989b) perhaps most resembles ours, in that they consider analogy within the broadercontext of general problem solving. In fact, their PI (processes of induction) system and ACT-R shareseveral important traits. PI uses condition-action rules to act upon a store of memory elements, called�concepts.� Like ACT-R, the system incorporates spreading activation from the current context, but italso spreads activation to rules related to the context. The rule activation reduces the number ofpossible productions that can fire, since the system only considers active rules in the matching stage.Also, in contrast to ACT-R�s sequential operation, PI rules can fire in parallel.PI models analogical mapping and schema formation in seven distinct stages. First, the systemmodifies the sample problem and sample solution concepts to include a relation between them. Second,the system attempts to solve the test problem using rules. Third, given that the current rule set cannotsolve the test problem, the relevant concepts in the current context must provide sufficient activation totrigger analogical mapping. Fourth, the system determines a partial mapping which relates conceptsto other concepts to which they have spread activation. Fifth, the system completes the mappingusing the constraints imposed by the relations in the partial mapping. Sixth, PI uses this mapping toperform analogous actions on the test problem. Finally, assuming the analogy has led to a successfulsolution, the system builds and stores a schema in which appropriate values are variabilized.In these stages PI makes a clear distinction between rule matching and analogical mapping.When solving a problem, the system first attempts to use existing rules. If the current rule set cannotsolve the test problem, the system begins the process of analogical mapping. Regarding thisdistinction, Holyoak and Thagard (1989b) claimed that �analogical mapping is more cognitivelydemanding than rule matching.� In the models we have presented, analogical mapping involves thematching and firing of many production rules to execute the mapping. Thus mapping actually comprisesa number of rule firings. This illustrates one way in which analogy may be �more cognitivelydemanding� than rule matching.Gentner�s (1983) original structure-mapping theory seems very amenable to a production systemframework. In fact, it seems likely that one could actually implement the theory using only basicproduction rules. The theory represents facts in a simple predicate language comprising relations andobjects. Gentner proposed three principles for inferring mappings between a source and target analog:discard attributes of objects, preserve relations between objects, and prefer systems of relations (i.e.,systematicity; see also Gentner & Toupin, 1986). To build a production rule model of the theory, wewould need to represent the relevant concepts as hierarchical structures of declarative knowledge units.The model would contain production rules that can traverse such a structure and build up arepresentation of a mapping. These rules would implement Gentner�s three principles and wouldproduce a structure mapping from source to target. Such a production rule model would decomposeanalogy into a number of discrete steps rather than treating it as a single act. As such it would bepossible to predict observables like the sequence of visual scanning actions that subjects would make inperforming the analogy. Decomposing the overall process into a number of rules would also enable us to

Analogical Problem Solving, 29make predictions about how the analogy process would improve with practice. Such predictions couldbe made by ACT-R�s strength learning mechanism, as we have seen with respect to the simple physicslearning model in Figure 4.Another analogy mechanism, the Incremental Analogy Machine (IAM), centers on anincremental mapping strategy from source to target (Keane et al., 1994). IAM addresses workingmemory constraints by incrementally mapping parts of the source to parts of the target. The algorithmoperates in six steps. First, a seed group, or group of predicates with the most higher-orderconnectivity, is selected from the base domain. Second, IAM chooses a seed match for an element of thisgroup, based on various theoretical constraints. Third, the mechanism finds a one-to-one set of matchesbetween the source and target of the seed match. Fourth, IAM uses these matches to infer transferrelations between unmapped relations, forming a complete mapping. Fifth, if the mapping issuboptimal (by some predefined metric), the system attempts to map an alternative seed match. Sixth,IAM moves on to map other groups.Keane et al. (1994) discussed several experiments that provide convincing empirical support fortheir theory. We believe that such support could be strengthened in two ways. The addition of adedicated limited-capacity working memory would help in solidifying the argument that IAMaddresses working memory constraints; Keane et al. mentioned this idea as a viable option. Also, theybased their empirical support on comparisons between subject latencies and the number of alternativemappings computed by the theory. Though the comparison works well in this context, this metric maynot generalize well to other theories; in fact, even within the paper, the authors noted a �caveat�when applying the metric to the Structure Mapping Engine (Falkenhainer et al., 1989). Productionsystem architectures can help address such problems. Since most architectures have a limited-capacitymemory built into the system, any analogy model developed in the architecture must necessarily dealwith working memory constraints. Also, rule models produce traces that can be directly compared withempirical evidence, avoiding the problem of determining suitable metrics for comparison.Like the above mechanisms, Holyoak and Thagard�s (1989a) Analogical Constraint MappingEngine (ACME) considers analogy as the creation of mappings between structures, but takes a slightlydifferent approach. ACME builds up a network of mapping propositions with excitatory and inhibitoryconnections, and uses constraint-satisfaction methods to arrive at a solution. Although some work haslinked network-based systems to rule-based systems (e.g., Cho, Rosenbloom, & Dolan, 1991; Lebi�re &Anderson, 1993), fitting ACME into a production rule framework seems awkward and certainly non-trivial. We can discuss, however, how our framework addresses some of the same issues as ACME.Holyoak and Thagard emphasized three constraints that affect analogical behavior: structural,semantic, and pragmatic. Structural constraints state that the system can form correspondences betweenthe objects and relations of the source and target analogs; the mappings are usually one-to-one.Semantic constraints add a similarity metric between objects and predicates that allow the system toprefer certain mappings over others. Finally, pragmatic constraints guarantee that analogy is relevantto the current context, that is, that the current goal directs the mapping process.Production rule models of analogy can implement each of these constraints. Structuralconstraints arise from the particular rules that implement the mapping process. Modelers can designthese productions so that relations map to relations and objects to objects; for instance, the simplephysics model contains rules that find one-to-one correspondences between the symbols in the solutionequation and the schematic quantity equation. Semantic constraints fall out of the spreading activationprocess for facts in declarative memory. During rule matching, the source facts being considered help toactivate similar target facts, thus facilitating retrieval of similar target objects and relations.Pragmatic constraints arise from the fact that we handle analogy within a general problem-solvingframework. Within such a framework, all actions are purpose-directed, taking into account the currentgoal and context. Thus production rule systems are well-suited to address all three constraints.It is important to note that all of the above theories use a single, deterministic mechanism toimplement analogy. Therefore, as discussed earlier, these theories cannot predict variability inanalogical strategies that does not arise from representational differences, nor can they predict

Analogical Problem Solving, 30adaptation of these strategies during learning. In addition, the theories as presented (with theexception of PI) are not incorporated into a more general processing system, though the current trendseems to indicate a move toward this incorporation (e.g., Gentner, 1989). Production system models ofanalogy do not have these limitations, as evidenced in the simple physics and people-piece models.7.2. Other Related WorkRoss�s work (1989) discusses the effects of superficial similarities when analogizing. Rossshowed that superficial similarities between the sample and test problems can affect the quality ofsolution by analogy. In several studies, he manipulated the similarity between corresponding objects inprobability problems presented to subjects. To summarize his results, performance on the problemsincreased with high similarity between corresponding objects, and decreased with high similaritybetween non-corresponding objects. Our simple physics task reflects similar subject behavior. Thevariable namings used in each condition hint at superficial similarities between variables andquantities; for instance, subjects are more likely to associate the variable

m with the quantity massrather than area, though there is no structural justification for such reasoning. In the PC condition, wesee high initial performance, since the similarity between corresponding objects is high. In the NCcondition, we see poor initial performance because of superficial similarities between non-correspondingobjects.The results of the simple physics study, then, corroborate the results of Ross (1989). If we lookmore closely at the cause of high versus poor performance, though, we can see subtle differences in theorigin of subjects� behavior. In the simple physics task, the misleading variable names almostcertainly lead to a mistaken schematic structure, in the form of an erroneous quantity equation. Subjectsseem to map variables to quantities incorrectly, thus remembering the schematic equation with thequantities in the wrong places. Errors in Ross�s probability problems arose from superficial similaritiesbetween the sample and test problems, rather than between the sample problem and sample solution.Thus superficial similarities can affect both the mapping process that produces a schema (our research)and the use of the schema (Ross�s research).Anderson (1993) has discussed the creation of schematic ACT-R productions as a result ofanalogy (see also Anderson & Thompson, 1989). ACT-R�s so-called �analogy mechanism� builds newproductions that map a subgoal to another subgoal using an example from declarative memory. Theanalogy mechanism and our analogical framework both involve what might be called analogy, butthey operate on very different levels. The analogy mechanism in ACT-R acts at a lower level ofcognition, creating single rules based on individual facts stored in declarative memory. Our frameworkdescribes how production systems can account for high-level analogical reasoning, mapping betweenarbitrarily complex cognitive structures and possibly involving many other skills (e.g., visualprocessing). In fact, the framework says nothing about the specific mechanisms for productioncompilation, so the ACT-R analogy mechanism may very well fit into many models of high-levelanalogy. We avoid using the analogy mechanism in the simple physics and people-piece modelsprimarily so that the models can more easily generalize to other production systems. However, it maybe the case that the analogy mechanism could be incorporated into these and other models.7.3. ConclusionsWe believe our results have shown that production system architectures are well-suited formodeling analogical behavior. Production systems can account for the variability and adaptation ofanalogical strategies. The systems also allow direct comparison of model predictions to both high- andlow-level empirical data. Furthermore, production systems offer a unified approach to cognition andcan thus incorporate analogy within the broader scope of problem solving. We have also demonstratedthat comparison of model predictions to high- and low-level observable data is an effective method ofevaluating theories of analogy. Past empirical support for many theories of analogy has concentratedon relating high-level data to some aspect of the analogy mechanism using a predefined metric. Wehave shown that it is also possible to make predictions about the time and identity of observable low-level events (visual scans, key presses, etc.).

Analogical Problem Solving, 31ReferencesAnderson, J. R. (1993).

Rules of the mind. Hillsdale, NJ: Lawrence Erlbaum Associates.Anderson, J. R., Corbett, A. T., Koedinger, K., & Pelletier, R. (1995). Cognitive tutors: Lessons learned.

The Journal of the Learning Sciences,

4, 167-207.Anderson, J. R., & Matessa, M. P. (in press). A production system theory of serial memory.

Psychological Review.Anderson, J. R., Matessa, M., & Douglass, S. (1995). The ACT-R theory and visual attention. In

Proceedings of the Seventeenth Annual Conference of the Cognitive Science Society. Hillsdale, NJ:Lawrence Erlbaum Associates.Anderson, J. R., Reder, L. M., & Lebi�re, C. (in press). Working memory: Activation limitations onretrieval.

Cognitive Psychology.Anderson, J. R., & Thompson, R. (1989). Use of analogy in a production system architecture. In S.Vosniadou & A. Ortony (Eds.),

Similarity and analogical reasoning. Cambridge, England: CambridgeUniversity Press.Chi, M. T. H., Bassok, M., Lewis, M. W., Reimann, P., & Glaser, R. (1989). Self-explanations: Howstudents study and use examples in learning to solve problems.

Cognitive Science,

13, 145-182.Chi, M. T. H., Feltovich, P. J., & Glaser, R. (1981). Categorization and representation of physicsproblems by experts and novices.

5, 121-152.Cho, B., Rosenbloom, P. S., & Dolan, C. P. (1991). Neuro-Soar: A neural-network architecture for goal-oriented behavior. In

Proceedings of the Thirteenth Annual Conference of the Cognitive Science

Society. Hillsdale, NJ: Lawrence Erlbaum Associates.Duncker, K. (1945). On problem solving.

Psychological Monographs,

58, 270.Falkenhainer, B., Forbus, K. D., & Gentner, D. (1989). Structure-mapping engine.

Artificial

Intelligence,

41, 1-63.Gentner, D. (1983). Structure-mapping: A theoretical framework for analogy.

7, 155-170.Gentner, D. (1989). The Mechanisms of Analogical Learning. In S. Vosniadou & A. Ortony (Eds.),

Similarity and analogical reasoning. Cambridge, England: Cambridge University Press.Gentner, D., & Toupin, C. (1986). Systematicity and surface similarity in the development of analogy.

10, 277-300.Gick, M. L., & Holyoak, K. J. (1980). Analogical problem solving.

Cognitive Psychology,

12, 306-355.Grudin, J. (1980). Processes of verbal analogy solution.

Journal of Experimental Psychology: Human

Perception and Performance,

6, 67-74.Halliday, D., & Resnick, R. (1988).

Fundamentals of physics. New York, NY: John Wiley & Sons.Hinsley, D. A., Hayes, J. R., & Simon, H. A. (1977) From words to equations: Meaning andrepresentation in algebra word problems. In M. A. Just & P. A. Carpenter (Eds.),

Cognitive processes in comprehension. Hillsdale, NJ: Erlbaum.Holyoak, K. J., & Thagard, P. R. (1989a). Analogical mapping by constraint satisfaction.

Cognitive

Science,

13, 295-355.Holyoak, K. J., & Thagard, P. R. (1989b). A computational model of analogical problem solving. In S.Vosniadou & A. Ortony (Eds.),

Similarity and analogical reasoning. Cambridge, England: CambridgeUniversity Press.

Analogical Problem Solving, 32John, B. E., Vera, A. H., & Newell, A. (1991). Toward real-time GOMS (Tech. Rep. No. CMU-CS-90-195). Pittsburgh, PA: Carnegie Mellon University, Department of Computer Science.Just, M. A., & Carpenter, P. A. (1992). A capacity theory of comprehension: Individual differences inworking memory.

Psychological Review,

99, 122-149.Keane, M. T., Ledgeway, T., & Duff, S. (1994). Constraints on analogical mapping: A comparison ofthree models.

Cognitive Science,

18, 387-438.Kieras, D. E., & Meyer, D. E. (1995a). An overview of the EPIC architecture for cognition andperformance with application to human-computer interaction (EPIC Tech. Rep. No. 5, TR-95/ONR-EPIC-5). Ann Arbor: University of Michigan, Department of Electrical Engineering and ComputerScience.Kieras, D. E., & Wood, S. D., & Meyer, D. E. (1995b). Predictive engineering models based on the EPICarchitecture for a multimodal high-performance human-computer interaction task (EPIC Tech. Rep.No. 4, TR-95/ONR-EPIC-4). Ann Arbor: University of Michigan, Department of Electrical Engineeringand Computer Science.Laird, J. E., Newell, A., & Rosenbloom, P. S. (1987). Soar: An architecture for general intelligence.

Artificial Intelligence,

33, 1-64.Laird, J. E., & Rosenbloom, P. S. (1990). Integrating execution, planning, and learning in Soar forexternal environments. In

Proceedings of the Eighth National Conference on Artificial Intelligence.Menlo Park, CA: AAAI Press.Lebi�re, C., & Anderson, J. R. (1993). A connectionist implementation of the ACT-R production system.In

Proceedings of the Fifteenth Annual Conference of the Cognitive Science Society. Hillsdale, NJ:Erlbaum.Lebi�re, C., Anderson, J. R., & Reder, L. M. (1994). Error modeling in the ACT-R production system. In

Proceedings of the Sixteenth Annual Conference of the Cognitive Science Society. Hillsdale, NJ:Erlbaum.Lehman, J. F., Lewis, R. L., & Newell, A. (1991). Integrating knowledge sources in languagecomprehension. In

Proceedings of the Thirteenth Annual Conference of the Cognitive Science Society.Hillsdale, NJ: Erlbaum.Lovett, M. C., & Anderson, J. R. (1995). Making heads or tails out of selecting problem-solvingstrategies. In

Proceedings of the Seventeenth Annual Conference of the Cognitive Science Society.Hillsdale, NJ: Lawrence Erlbaum Associates.Newell, A. (1990).

Unified theories of Cognition. Cambridge, MA: Harvard University Press.Newell, A., & Rosenbloom, P. S. (1981). Mechanisms of skill acquisition and the law of practice. In J. R.Anderson (Ed.),

Cognitive skills and their acquisition. Hillsdale, NJ: Lawrence Erlbaum Associates.Novick, L. R. (1988). Analogical transfer, problem similarity, and expertise.

Journal of Experimental

Psychology: Learning, Memory, and Cognition,

14, 510-520.Novick, L. R., & Holyoak, K.J. (1991). Mathematical problem solving by analogy.

Journal of

Experimental Psychology: Learning, Memory, and Cognition,

17, 398-415.Payne, J. W. (1976). Task complexity and contingent processing in decision making: An informationsearch and protocol analysis.

Organizational Behavior and Human Performance,

16, 366-387.Polk, T. A., & Newell, A. (1995). Deduction as verbal reasoning.

102, 533-566.Reeves, L. M., & Weisberg, R. W. (1994). The role of content and abstract information in analogicaltransfer.

Psychological Bulletin,

115, 381-400.

Analogical Problem Solving, 33Ross, B. H. (1989). Distinguishing types of superficial similarities: Different effects on the access anduse of earlier problems.

Journal of Experimental Psychology: Learning, Memory, and Cognition,

15, 456-468.Ross, B. H., & Kennedy, P. T. (1990). Generalizing from the use of earlier examples in problem solving.

16, 42-55.Schunn, C. D., & Klahr, D. (in press). Stances: Production systems. In W. Bechtel & G. Graham (Eds.),

A companion to cognitive science. Oxford: Basil Blackwell.Singley, M. K., & Anderson, J. R. (1989).

The transfer of cognitive skill. Cambridge, MA: HarvardUniversity Press.Spellman, B. A., & Holyoak, K. J. (1993). An inhibitory mechanism for goal-directed analogicalmapping. In

Proceedings of the Fifteenth Annual Conference of the Cognitive Science Society.Hillsdale, NJ: Lawrence Erlbaum Associates.Sternberg, R. J. (1977). Component processes in analogical reasoning.

Psychological Review,

84, 353-378.Sternberg, R. J., & Gardner, M. K. (1983). Unities in inductive reasoning.

Journal of Experimental

Psychology: General,

112, 80-116.VanLehn, K., & Jones, R. M. (1993) Better learners use analogical problem solving sparingly. In

Machine Learning: Proceedings of the Tenth International Conference. San Mateo, CA: MorganKaufman.Whitely, S. E., & Barnes, G. M. (1979). The implications of processing event sequences for theories ofanalogical reasoning.

Memory & Cognition,

7, 323-331.Zhu, X., & Simon, H. A. (1987). Learning mathematics from examples and by doing.

Cognition and

Instruction,

4, 137-166.

Analogical Problem Solving, 34Appendix: Simple Physics Sample ProblemsThis appendix lists the sample problems and solutions for each of the eight topics presented inthe simple physics PC condition. The solutions in the NC condition were identical except for thevariable names in the first equation; refer to Table 1 for the NC equations used. The test problems usedwere similar to these sample problems, but the values were changed and the ordering of the quantitylines varied.Set 1Sample Problem:Two spaced metal plates form a capacitor.The area of each plate is 9.The spacing between the plates is 7.What is the capacitance C?Solution:C= A / s= 9 / 7Set 2Sample Problem:A sheet of glass is put between a hot stone and a cooler one.The thickness of the glass is 8.The conductivity of the glass is 3.What is the thermal resistance R of the glass?Solution:R= T / c= 8 / 3Set 3Sample Problem:A rod traveling near the speed of light contracts.The rod’s proper length is 5.The Lorentz factor is 9.What is the rod’s length L’ at that speed?Solution:L�= L / f= 5 / 9Set 4Sample Problem:A block is fastened to a spring attached to a wall.The spring constant is 4.The distance from equilibrium is 7.What is the force F exerted by the spring on the block?Solution:F= — c * d= — 4 * 7Set 5

Analogical Problem Solving, 35Sample Problem:A beam of light is traveling through some medium.The index of refraction is 5.What is the velocity of light v in the medium?Solution:v= c / i= c / 5Set 6Sample Problem:Light shines through a narrow slit.Consider minimum number 2,which falls at angle 5.The wavelength of the light is 7.What is width s of the slit?Solution:s= n * w / S a= 2 * 7 / S 5Set 7Sample Problem:A cylinder contains 1 mole of oxygen under pressure.The pressure of the gas is 4.The temperature of the gas is 7.What is the volume V of the cylinder?Solution:V= R * T / p= R * 7 / 4Set 8Sample Problem:A coiled wire forms an inductor.The flux through the inductor is 4.The number of windings is 9.The current through the wire is 2.What is the inductance L of the inductor?Solution:L= N * f / c= 9 * 4 / 2