Developing a PedagogicalDomain Theory ofEarly Algebra Problem SolvingKenneth R. KoedingerBenjamin A. MacLarenMarch 2002CMU-CS-02-119CMU-HCII-02-100Pittsburgh, PA 15213of processes or of theory", our used sense of of successes In for surprising word on &Nathan, Koedinger, 2000). processes errors for our process six was by S.

:

1

21.1. Constraints of a Cognitive Model of Problem Solving and LearningTable 1. Constraints on Cognitive Model Development Relevant to CreatingPedagogical Domain Theories. Solution Sufficiency. At minimum, a cognitive model of problem solving should be able to successfullysolve problems in the domain being modeled. Step Sufficiency. A cognitive model should compute steps in behavior that qualitatively match the kindsof correct and incorrect steps in the solution traces of human problem solvers (Newell and Simon,1972; Anderson, 1993). 1 Choice Matching. A model should be able to capture the statistical structure of subject choice behavior,that is, a model should account for the frequency of alternative decisions, solution strategies, or errorssubjects may make. This constraint reflects a measure of goodness of fit (Polk, VanLehn, & Kalp,1995; Ritter, 1992; Ritter and Larkin, 1994; Salvucci, 1999).C4. Computational Parsimony. Explicit representation of skills that have no computational role and noqualitative or quantitative predictive value should be eliminated. In statistical terms, we prefer modelsthat minimize the number of parameters needed. Acquirability. A model should not be considered complete if it only captures data about studentperformance. It must also reflect how students acquire knowledge in a domain,. Components in themodel should be modified if it is not possible to tell a plausible story about how those componentsmight have been learned (c.f., Newell, 1990, p. 308; Anderson & Lebiere, 1998, p. 109, 343). Transfer. The model should provide an account for how knowledge acquired in one context can applyto other contexts where it is relevant. Components of the model should be written at a small enoughgrain size so that similarities in computation across different problem-solving contexts are captured byoverlap in the use of specific knowledge components. These similarities should not be hidden withinaspects of larger encapsulated knowledge components (Singley and Anderson, 1989).

1 Verbal protocols add information beyond solution traces when students verbalize intermediate mental steps like subgoal, so extent to which this step sufficiency constraint reflects students� internal mental structures depends on the level of analysis

31.2 Modeling Complex Problem-Solving Choices in ACT-R2 In ACT-R,1.3 Review of Student Data: A Difficulty Factor Assessment of Problem-solving(e.g., Koedinger & Anderson, 1993; Koedinger, Anderson, Hadley, & Mark, 1995), we have been

2 does not propose that people explicitly analyze their problem-solving choices using decision theory explicitly, rather that their choices conform with this analysis.

4Result-Unknown ProblemsStart-Unknown Problemshours he worked and got $2.65, his hourly2.65 * 6 + 66 = X(X — 66) / 6 = 2.65Fig. 1. Example Combinations of Difficulty Factors1981) aprocess. Story using shows using solving. (25x + 10 = 1.10) it, sides, sides by 25 answer. Such on storyworse on is of storysolving. 2000). Students’ success on word using for finding answers.Fig. 2. Formal algebra on Story Start-unknown Problem

5 Fig. 3. Unwind on a Decimal Start-unknown ProblemEAPS1: MEETING THE SOLUTION SUFFICENCY (C1) AND STEPSUFFICENCY (C2) CONSTRAINTS2.1 Overview of the Early Algebra Problem Solving Modelsand units (e.g., dollars).

6Fig. 4. Quantitative networks for story and equation result-unknown problems in Fig 1.3:symbols (step #1c).problem.

3 Samples of the actual that specifies working memory elements production rules can be from

7For each quantitative relation in the problem:1. Comprehend the external representation and create the next quantitative relation (VC, SC) a. Identify the arithmetic operation (add, subtract, multiply, divide) b. Identify the inputs to and output of that operation c. Optionally, translate relation to algebraic symbols (TVS, PS) d. If only the output is unknown, go to step 3 Else if only one input is unknown go to step 2 Else try another quantitative relationship and go to step 12. Deal with unknown input quantity a. Invert the operation (UC) b. Solve algebra (depends on having done 1c) (TSS, OB) c. Guess a value for the input3. Perform arithmetic subgoal (AP)Fig. 5. Top-level description of model: 3 major choice points2.2. Developing EAPS1Fig. 6. A decimal arithmetic start-unknown story problem 4

4 In simulations of early algebra problem solving, not create complete model of the process of comprehending English language input. Instead, at the start of verbal problem, the simulation�s working memory contains the network that results from the parsing of the English language input.

8Table 2. EAPS1 unwinding a verbal problem--- Options ---1. I could try verbal unwinding. 2. I could try algebra.3. I’ll just give up on the problem. What should I do? 1>>> Step 1: SELECT-UNWIND-STRATEGY-ON-VERBAL Let’s try unwinding...>>> Step 2: VERBAL-COMPREHENSION-4 DIVIDED-BY 6 gives 2.65...--- Options ---1. The inverse of DIVIDED-BY is MULTIPLY.(Unwind Correct) 2. The inverse of DIVIDED-BY is DIVIDED-BY.(Unwind Error) What should I do? 1>>> Step 3: VERBAL-INVERT-OPERATOR I need to take 2.65 and MULTIPLY 6... --- Options ---1. 2.65 * 6 = 15.90(correct with situational support)2. 2.65 * 6 = 159 3. 2.65 * 6 = 0.16 What should I do? 1>>> Step 4: SITUATED-ARITHMETIC 2.65 * 6 = 15.90>>> Step 5: VERBAL-COMPREHENSION-4 MINUS 66 gives 15.90...--- Options ---1. The inverse of MINUS is PLUS.(Unwind Correct) 2. The inverse of MINUS is MINUS.(Unwind Error) What should I do? 1>>> Step 6: VERBAL-INVERT-OPERATOR I need to take 15.90 and PLUS 66...--- Options ---1. 15.9 + 66 = 81.90(correct with situational support)2. 15.9 + 66 = 16.563. 15.9 + 66 = 67.59 What should I do? 1>>> Step 7: SITUATED-ARITHMETIC 15.90 + 66 = 81.90>>> Step 8: VERBAL-KNOW-EVERYTHING-DONE

9specific "buggy" production (c.f., VanLehn, 1990). 3. MEETING THE CHOICE MATCHING (C3) AND COMPUTATIONALPARSIMONY (C4) CONSTRAINTS3.1 Fitting EAPS1 to Student Strategy and Error Frequencies .used ACT-R’s processes on own, 2. fire. of or errors). In data,

10Table 3. DFA Data, Model Predictions, and Differences for EAPS2. Result-unknown (arithmetic) problems. data dif1 dif2data dif1 dif2data dif1 dif2data dif1 dif27731931750384555237165711251696Decimal Story63521711194246362021058337224829833b. Start-unknown (algebra) problems.Formal Strategy Integer St64261144610102014470083190720102094935000521919002091319134Decimal St45102103324430201011542710892117306041918112109612918066010115425

5 productions in Table 2 actually from not EAPS1, but the parameter fitting strategy is just as well Details of the EAPS1 productions can be found in MacLaren and Koedinger, 1996.

11Table 4. A Skill Matrix, Showing Which EAPS Productions are Relevant toWhich Problem Categories.Skills AlgAlgAlgAlgAlgAlg

Verbal ComprehensionXX-XX-XX-XX- Symbolic Comprehension--X--XXX Symbol Production (Write Equation)--------------OOOOOO

Deal with unknown input

------ Invert operator / Invert IO------------OOOOOO

XXXXXXXXXX Situated Arithmetic --------- Arithmetic Slip OOOOOOOOOOOO Arithmetic Bug ---OOO---OOOi

p firing od e e i

g t g t

i n ( (Pr ))

/

/ = �

12623.2 Limitations of EAPS1 and the Development of EAPS2

6 In the Give-Up, Unwind-Error, Arithmetic-Slip not to be parameterized because their likelihood minus the other alternatives.

13EAPS2, the probability of giving up was 1 — P(Unwind) — P(Unwind-Error).3.3 Fitting EAPS2 to Student Strategy and Error Frequencies.used Excel’s Solver tool.1

14Table 5. Math Model Equations for Paths Leading to Correct Performance. Story 1(.92) * APe(.97)* VC1(.92) * APe(.97) Word1(.92) * APe(.97)* VC(.92) * APe(.97) Equation (.78) * APe(.97)* SC(.78) * APe(.97)Decimal Result-unknown: Story 1(.92) * (APs(.37) + AS(.52)) * VC(.92) * (APs(.37) + AS(.52)) Word1(.92) * APh(.76)* VC1(.92) * APh(.76) Equation (.78) * APh(.76)* SC(.78) * APh(.76)Integer Start-unknown (Informal Strategy): Story 2(.88) * UC(.87)* APe(.97) * VC(.92) * UC(.87) * APe(.97) Word2(.88) * UC(.87)* APe(.97) * VC1(.92) * UC(.87) * APe(.97) Equation (.61) * UC(.87)* APe(.97) * SC(.78) * UC(.87) * APe(.97)Decimal Start-unknown (Informal Strategy): Story 2(.88) * UC(.87)* (APs(.37) + AS(.52)) * VC(.92) * UC(.87) * (APs(.37) + AS(.52)) Word2(.88) * UC(.87)* APh(.76) * VC(.92) * UC(.87) * APh(.76) Equation (.61) * UC(.87)* APh(.76) * SC(.78) * UC(.87) * APh(.76)Integer Start-unknown (Formal Strategy): Story* SC(.61) * UC(.87)* APe(.97) * SC* UC(.87)* APe(.97) +* WI2(.18) * SC2* APe(.97) * WI1* SC* APe(.97)= 1.6% Word* SC(.61) * UC(.87)* APe(.97) * SC* UC(.87)* APe(.97) +* WI2(.18) * SC2* APe(.97) * WI1* SC* APe(.97)= 1.6% Equation WI* SC(.61) * APe(.97) * WI* SC* APe(.97)= 1.5%Decimal Start-unknown (Formal Strategy): Story* SC(.61) * UC(.87) * (APs(.37)+AS(.52)) * SC(.78) * UC(.87) * (APs(.37)+AS(.52)) +2(.18) * SC2(.61) * (APs(.37)+AS(.52)) *WI1(.52) * SC1(.78) * (APs(.37)+AS(.52)) = 1.3% Word* SC(.61) * UC(.87) * APh(.76) * SC(.78) * UC(.87) * APh(.76) +*(.18) * SC(.61) * APh(.76) 1* SC(.78) * APh(.76)= 0.9% Equation (.18) * SC (.61) * APh(.76) * WI1(.52) * SC(.78) * APh(.76)= 0.9%2

154. MEETING ACQUIRABILITY (C5) AND TRANSFERABILITY (C6) CONSTRAINTS4.1. An Example-Based Overview of EAPS37

7 The label �All-Donuts-Price� is for purposes in reading understanding the model. It does not imply that students labels for such intermediate quantities.

16Table 6. EAPS3 unwinding a story problem 1. 99.8% 2. 0.2%WE: X - 0.22 / 0.37 = 7 3. 0.0%NA: I’ll just give up.>>> Step 1: Focus-On-Last-Relation 1. 88.8%VC: All-Donuts-Price Divided-by 0.37 is 7..(Form an arithmetic goal) 2. 4.2%WE: X - 0.22 / 0.37 = 7 3. 7.0%NA: I’ll just give up.>>> Step 2: Form-Arithmetic-Goal-For-Verbal>>> Step 3: Set-Goals-To-Unwind 1. 86.6% 2. 13.4%UE: So DIVIDED-BY ...>>> Step 4: Invert-Operator So DIVIDED-BY becomes TIMES>>> Step 5: Invert-Input-Output Some number ... 0.37 =7 ... 7 TIMES 0.37 1. 96.6%AP: 7 TIMES 0.37 = 2.59 2. 2.0%SL: 7 TIMES 0.37 = 25.9(Arithmetic Slip) 3. 1.4%AP: I can’t do this...>>> Step 6: Perform-Arithmetic 7 TIMES 0.37 is 2.59 1. 100%FoR: Focus On (Total-Amount Minus Box-Price -> All-Donuts-Price) 2. 0.0%WE: X - 0.22 = 2.59 3. 0.0%NA: I’ll just give up.>>> Step 7: Focus-On-Last-Relation 1. 88.8%VC: TOTAL-AMOUNT MINUS 0.22 is 2.59. (Form an arithmetic goal) 2. 4.2%WE: X - 0.22 = 2.59 3. 7.0%NA: I’ll just give up.>>> Step 8: Form-Arithmetic-Goal-For-Verbal>>> Step 9: Set-Goals-To-Unwind 1. 86.6%UC: So MINUS becomes PLUS. 2. 13.4%UE: So MINUS ...>>> Step 10: Invert-Operator So MINUS becomes PLUS>>> Step 11: Invert-Input-Output Some number ... 0.22 =2.59 ... 2.59 PLUS 0.22 1. 96.6%AP: 2.59 PLUS 0.22 = 2.81 2. 2.0%SL: 2.59 PLUS 0.22 = 28.1(Arithmetic Slip) 3. 1.4%AP: I can’t do this...>>> Step 12: Perform-Arithmetic 2.59 PLUS 0.22 is 2.81 So the answer is 2.81. (Correct)

178Table 7. EAPS3 performing formal algebra on a story problem (Fig 2) Write equation: (X * 25 + 10 = 110)>>> Step 2: Focus-On-Last-Relation Focus on ALL-DONUTS-PRICE PLUS BOX-PRICE TOTAL-PRICE So write � 10 on both sides�>>> Step 4: Invert-Operator So PLUS becomes MINUS>>> Step 5: Write-Equation Write new equation: (X * 25 + 10 — 10 = 110 - 10)>>> Step 6: Comprehend-Variable >>> Step 7: Comprehend-Operator>>> Step 8: Comprehend-Number [X * 25 -> Q1 (Relation1) In (X * 25)>>> Step 10: Comprehend-Equals-Sign >>> Step 11: Comprehend-Number>>> Step 13: Comprehend-Number [110 - 10 -> Q2 (Relation2) in (X * 25 = 110 - 10) Q1 = Q2 In (X * 25 = 110 - 10)>>> Step 16: Focus-On-Last-Relation Simplify - 10 = Q1 in: (X * 25 = 110 - 10) So - ... is ... minus>>> Step 19: Perform-Arithmetic 110 minus 10 is 100>>> Step 21: Focus-On-Last-Relation So write � 25 on both sides�>>> Step 23: Invert-Operator So TIMES becomes MULTIPLY>>> Step 24: Write-Equation Write new equation: (X * 25 / 25 = 100 / 25)>>> Step 25: Comprehend-Variable � [100 / 25 -> Q3 (Relation3) In (X = 100 / 25)

8 In these traces the model is rather than walked; other options not shown, the model just selects the most production and fires it.

18 X = Q3 In (X = 100 / 25)>>> Step 31: Focus-On-Last-Relation Simplify / 25 = X In: (X = 100 / 25) So / ... is ... divide>>> Step 34: Perform-Arithmetic 100 Divide 25 Is 4 So the answer is 4. (Correct)Fig. 7. An Order-of-Operations ErrorTable 8. EAPS3 making an order-of-operations error on an equation: X*4+25=68.36>>> Step 1: Comprehend-Variable>>> Step 2: Comprehend-Operator>>> Step 3: Comprehend-Number>>> Step 4: Comprehend-Operator>>> Step 5: Comprehend-Number OO: Simplify 4 + 25 In S4E-Eq: (X + Result$1695)>>> Step 7: Interpret-Operator So + ... Is ... Plus>>> Step 8: Perform-Arithmetic 4 Plus 25 Is 29>>> Step 9: Comprehend-Equals-Sign>>> Step 10: Comprehend-Number [X + 29 -> Res$1696 (Rel$1694) In (X + 29 = 68.36) 68.36 = 68.36 In (X + 29 = 68.36)>>> Step 13: Focus-On-Last-Relation>>> Step 15: Write-Equation1 New-Eq: (X "=" 68.36 - 29)>>> Step 17: Comprehend-Equals-Sign>>> Step 18: Comprehend-Number

19>>> Step 20: Comprehend-Number [68.36 - 29 -> Res$1698 (Rel$1697) In (X = 68.36 - 29) X = Res$1698 In (X = 68.36 - 29)>>> Step 22: Focus-On-Last-Relation Simplify - 29 = X In: (X = 68.36 - 29) So - ... Is ... Minus>>> Step 25: Perform-Arithmetic Minus 29 Is 39.36>>> Step 26: Sym*Have-Answer* Wrong4.2 How we developed EAPS39

9 Actually, is also a simple of shown in the last trace, which performs a normal then subtracts that result from the This bug was surprisingly common in DFA1, and may result from the high in textbooks of mx+b form

20was not possible.equation (e.g., 3x + 10 = 70). In Unwind, students are applying the inverted operation (e.g., subtractTable 9. Productions for Unwind Strategy1. FOCUS-ON-LAST-RELATIONIF the goal is to solve a problem and there is a quantitative relationship with an operation involving an unknown input, and a known input quantity that produces a known output quantity.THEN focus on that quantitative relationship.2. SET-GOALS-TO-UNWINDIF the focus is on a quantitative relation, and the first input is unknown, And the second input and the output are knownTHEN set goals to invert the operator and to invert the second input and output.3. INVERT-OPERATORIF there is a goal to invert an operator, and you know what the inverse of the operator is,THEN invert the operator and pop the goal.4. INVERT-INPUT-OUTPUTIF there is a goal to invert the second input and output of a quantitative relation, and you know what the output and second input are but not the first input,THEN combine the output and second input using the operator inverted to get the second.

21Table 10. Productions for Interpretive Equation Solving (Same as in Table 9)2. WRITE-INVERSE-ON-BOTH-SIDESIF the focus of attention is on the last operation in one side of an equation and that operation involves a known number,THEN set goals to invert the operator and to write a new equation with the inverse of the operator and the number on both sides.3. INVERT-OPERATOR(Same as in Table 9)IF there is a goal to write a new equation with an operator and number to add to each side,THEN write a new equation with that operator and number added to each side.

224.3 Predictions Resulting from EAPS3 Changes

23Table 11. Coarse-Grain �Skill Sets� for EAPS3

92%-92%-92%--78%-78%78%78%--100%100%100%100%

--94%94%----94%94%94%94%

----11%11%----4%-

e)97%97%97%97%97%97%

onTwo

80%58%58%35%work, which will be discussed next, in section 5.2.5. DISCUSSION AND CONCLUSIONS5.1 Using EAPS to Explain Prior Results

2422

255.2 Predictions: Using EAPS to Generate and Test Hypotheses about Learning

26102

10 Another possibility is that the symbolic comprehension productions fire again, but only serve to strengthen the

27new skills.value.

286. CONCLUSIONAleven, V., Koedinger, K. R., & Cross, K. (1999). Tutoring answer-explanation fosters learning with understanding. InLajoie, S. P. & Vivet, M. (Eds.) Artificial Intelligence in Education, Open Learning Environments: New ComputationalTechnologies to Support Learning, Exploration, and Collaboration, Proceedings of AIED-99, (pp. 199-206). Amsterdam:IOS Press.Alibali, M. W. & Koedinger, K. R. (1999). The developmental progression from implicit to explicit knowledge: Acomputational approach. (Commentary on Z. Dienes & J. Perner, A theory of implicit and explicit knowledge.) BehavioralAnderson, J. R. (1993). Rules of the Mind. Hillsdale, NJ: Erlbaum.Anderson, J. R. (1990). The Adaptive Character of Thought. Hillsdale, NJ: Erlbaum.Anderson, J.R., & Lebiere, C. (1998). The Atomic Components of Thought. Laurence Erlbaum Associates.Baranes, R., Perry, M., & Stigler, J. W. (1989). Activation of real-world knowledge in the solution of word problems.Cognition and Instruction, 6, 287-318.Card, S.K., Moran, T.P., & Newell, A (1983). The Psychology of Human-Computer Interaction. Hillsdale, NJ: LawrenceCarpenter, T. P., & Fennema, E. (1992). Cognitively Guided Instruction: Building on the knowledge of students andCarraher, T. N., Carraher, D. W., & Schlieman, A. D. (1987). Written and oral mathematics. Journal for Research inCarraher, T. N., & Schliemann, A. D. (1987). Culture, arithmetic and mathematical models. Unpublished manuscript,Cummins, D. D., Kintsch, W., Reusser, K., & Weimer, R. (1988). The role of understanding in solving word problems.In Cognitive Psychology, 20, 405-438.Dienes, Z. & Perner, J. (1999). A theory of implicit and explicit knowledge. Behavioral and Brain Sciences, 10, Gagne, R. M. (1985). The Conditions of Learning and Theory of Instruction (fourth edition). New York: Holt, Rinehart, andH a l l , R . , K i b l e r , D . , W e n g e r , E . , & T r u x a w , C . ( 1 9 8 9 ) . E x p l o r i n g t h e e p i s o d i c s t r u c t u r e o f a l g e b r a s t o r y p r o b l e m - s o l v i n g . Cognition and Instruction, 6, 223-283.Holland, J. H., Holyoak, K. J., Nisbett, R. E., & Thagard, P. R. (1986). Induction: Processes of Inference, Learning, and. Cambridge, MA: The MIT Press.Kaput, J. J. (1999). Teaching and learning a new algebra. In E. Fennema and T. A. Romberg (Eds.) Mathematics classroomsthat promote understanding. (pp. 133-155). Mahwah, N. J.: Erlbaum.Kirshner, D. (1989). The visual syntax of algebra. Journal for Research in Mathematics Education, 20, 274-287.Koedinger, K. R., & Anderson, J. R. (1993). Effective use of intelligent software in high school math classrooms.

29Koedinger, K. R., Anderson, J.R., Hadley, W.H., & Mark, M. A. (1997). Intelligent tutoring goes to school in the big city., Koedinger, K.R., & Tabachneck, H.J.M. (1994). Two strategies are better than one: multiple strategy use in word problem-solving.Koedinger, K. R. & Nathan, M. J. (submitted). The real story behind story problems: Effects of representations onquantitative reasoning. Manuscript submitted for publication.Lewis, C. H. (1981). Skill in algebra. In J. R. Anderson (Ed.), Cognitive Skills and Their Acquisition (pp. 85-110).Lovett, M. C., & Anderson, J. R. (1996). History of success and current context in problem-solving: Combined influenceson operator selection. Cognitive Psychology, 31, 168-217.the European Conference on AI in Education: Lisbon, Portugal.Nathan, M. J., Koedinger, K.R., Tabachneck, H. T., Difficulty Factors in Arithmetic and Algebra: The Disparity of TeachersMeeting, New York.Nathan, M. J., & Koedinger, K. R. (2000). An investigation of teachers’ beliefs of students’ algebra development. Cognitionand Instruction, 18, 207-235.Newell, A., (1990). Unified Theories of Cognition. Cambridge MA: Harvard University Press.Newell, A., & Simon, H. A. (1972). Human problem-solving. Englewood Cliffs, NJ: Prentice-Hall.O’Reilly, R. C. & Munakata, Y. (2000). Computational Explorations in Cognitive Neuroscience: Understanding the Mindby Simulating the Brain. Cambridge, MA: MIT Press.Paige, J. M., & Simon, H. A. (1966). Cognitive processes in solving algebra word problems. In B. Kleinmuntz (Ed.), (pp. 51-119): John Wiley & Sons.Polk, T. A., VanLehn, K. & Kalp, D. (1995). ASPM2: Progress toward the analysis of symbolic parameter models.In P. Nichols, S. Chipman & R. L. Brennan (Eds.) Cognitively Diagnostic Assessment. Hillsdale, NJ: Erlbaum. pp. 127-Ritter, F. E. (1992). A methodology and software environment for testing process models’ sequential predictions withprotocols. Doctoral Dissertation, Department of Psychology, Carnegie Mellon University.Ritter, F. E., & Larkin, J. H. (1994). Developing process models as summaries of HCI action sequences. Human-ComputerInteraction, 9, 345-383.Rumelhart, D. E., & McCllelland, J. L. (1986). Salvucci, D. D. (1999). Mapping eye movements to cognitive processes (Tech. Rep. No. CMU-CS-99-131). DoctoralDissertation, Department of Computer Science, Carnegie Mellon University. (A thesis summary and the full thesis areShalin, V., & Bee, N. V. (1985). Analysis of the semantic structure of a domain of word problems. (Tech. Rep. No. APS-20). Pittsburgh: University of Pittsburgh, Learning Research and Development Center.Singley, M. K., & Anderson, J. R. (1989). The Transfer of Cognitive Skill. Cambridge, MA: Harvard University Press.Tabachneck, H. J. M., Koedinger, K. R., & Nathan, M. J. (1994). Toward a theoretical account of strategy use and sense-making in mathematics problem-solving. In Proceedings of the Sixteenth Annual Conference of the Cognitive Science Hillsdale, NJ: Erlbaum.Tabachneck, H. J. M., Koedinger, K. R., & Nathan, M. J. (1995). A cognitive analysis of the task demands of early algebra.In Proceedings of the Seventeenth Annual Conference of the Cognitive Science Society. (pp. 397-402). Hillsdale, NJ:Vygotsky, L. S. (1978). Mind in Society. Cambridge, MA: Harvard University Press.VanLehn, K. (1990). MindBugs: The origins of procedural misconceptions. Cambridge, MA: MIT Press.

30APPENDIX 1. COMPLETE MATH MODELAP * SC * UC * AP.1for VC, APe, SL and GU are, respectively, 6.6% and 3, 96.9% and 3, 86.8% and 3, and 25% and 0.11values for VC, AP, SL, and GU of 6.3, 16.4, 14.4 and 5 respectively. Next, we determine choice-point errors, conceptual errors), and 1 more for no answer on start-unknowns.A. Integer Story and Word Problems (separate rows in Tables 1 & 2 but they have the same equations) * APe * VC * APeCorrect Result-Unknown * (SLe * VC * (APe + SLe) + Arithmetic ErrorsAPe * VC* SLe +(APe + SLe) * VC * (1 - APe - SLe))3. VC * (APe + SLe) * (1 - VC)Conceptual Errors4. (1 - VC) + VC1 * (1 - APe - SLe)No Answer5. VC* UC * APe * VC* UC * APeCorrect Start-Unknown (Informal Strategy)6. VC* UC * (APe * VC * UC * SLe + Arithmetic ErrorsSLe * VC * UC * (APe + SLe) +(APe + SLe) * VC * UC * (1 - APe - SLe) )

11 For the production costs we used 3 for most productions, 4 for the formal algebra, and 0 for the give-up production. are determined by fitting the DFA data and the math model.

31* UE +Conceptual Errors * UC * (APe + SLe) * ((1 - VC) + VC * (1 - UC ))WE * SC * UC * APe * SC * UC * APe + Correct Start-Unknown (Formal Strategy)WE * WI * SC2 * APe * WI * SC * APeWE * SC* UC * (APe * WE * UC * SLe + Arithmetic Errors SLe * SC * UC * (APe + SLe) +(1 - APe - SLe) +(APe + SLe) * SC * UC * (1 - APe - SLe)) + WE * WI * SC* ((1 - APe - SLe) + (APe + SLe) * WI * SC * (1 - APe - SLe))WE * (1 - SC- OA - WI) + Conceptual Errors WE * SC2 * (1 - UC -UE) + WE * SC* UE + WE * SC2 * UC * (APe + SLe) * (1 - SC) + WE * SC2 * UC * (APe + SLe) * SC * (1 - UC - UE) +WE * WI * (1 - SC) +WE * WI * SC2 * (APe + SLe) * (1 - WI) +WE * WI * SC2 * (APe + SLe) * WI1 * (1 - SC) + WE * OA (1 - VC- WE) + No Answer * (1 - UC - UE) +2 * UC * (1 - APe - SLe)B. Integer Equation * APe * SC * APeCorrect Result-Unknown2. * ( SLe * SC * (APe + SLe) + Arithmetic ErrorsAPe * SC * SLe +(APe + SLe) * SC * (1 - APe - SLe) )3. * (APe + SLe) * (1 - SC)Conceptual Errors4. (1 - SC ) +No Answer *(1 - APe - SLe))5. * UC * APe * SC * UC * APeCorrect Start-Unknown (Informal)6. 2 * UC * ( APe * SC * UC * SLe +Arithmetic Errors SLe * SC * UC * (APe + SLe))7. 2 * UE +Conceptual Errors 2 * UC * (APe + SLe) * ((1 - SC) + SC * (1 - UC))8. * SC2 * APe * WI * SC * APeCorrect Start-Unknown (Formal) * SC2 * (APe * WI * SC * SLe + Arithmetic Errors SLe * WI * SC * (APe + SLe) + (1 - APe - SLe) + * (APe + SLe) * WI * SC * (1 - APe - SLe) ) * (1 - SC) + Conceptual Errors * (APe + SLe) * ((1 - WI) + WI* (1 - SC)) + OA

32 (1 - SC2 - WI — OA) + No Answer 2 * (1 - UC - UE) +2 * (UC + UE) * (1 - APe - SLe)C. Decimal Story 1. * (AS + APs) * VC * (AS + APs)Correct Result-Unknown 2. * ( (SLs + BGs)*VC* ((AS + APs)+SLs + BGs) + Arithmetic Errors(AS + APs) * VC * (SLs + BGs) + ((AS + APs)+SLs + BGs)*VC* (1 - (AS + APs)-SLs-BGs)) 3. * ((AS + APs) + SLs + BGs) * (1 - VC)Conceptual Errors 4.(1 - VC) +No Answer * (1 - (AS + APs) - SLs - BGs) 5.* UC * (AS + APs) * VC * UC * (AS + APs)Correct Start-Unknown (Informal) 6.* UC * ( (AS + APs)* VC1 * UC*(SLs + BGs) +Arithmetic Errors (SLs +BGs)*VC* UC * ((AS + APs) + SLs + BGs) +((AS + APs) + SLs + BGs) * VC1 * UC * (1 - (AS + APs) — SLs - BGs) ) 7. * (1 - UC - UE) + * UE +Conceptual Errors * UC * ((AS + APs) + SLs + BGs) * ((1 - VC)+VC1*(1 - UC) )*UC*(AS + APs) * SC* UC * (AS + APs) Correct Start-Unknown (Formal)WE * WI * SC2 * (AS + APs) * WI * SC1 * (AS + APs)Arithmetic ErrorsWE * SC2 * UC * ((AS + APs) * SC1 * UC * (SLs + BGs) + Conceptual Errors(SLs + BGs)* SC *UC* ((AS + APs) + SLs + BGs) +(1 - (AS + APs) - SLs - BGs) +((AS + APs) + SLs + BGs) * SC * UC * (1 - (AS + APs) - SLs - BGs)) +WE * SC2 * (1 - UC -UE) +WE * SC2 * UE +WE * SC2 * UC * ((AS + APs) + SLs + BGs) * (1 - SC) +WE * SC2 * UC * ((AS + APs) + SLs + BGs) * SC * (1 - UC - UE) +WE * WI * ( (1 - (AS + APs) - SLs - BGs) +((AS + APs) + SLs + BGs) * WI * SC * (1 - (AS + APs) - SLs - BGs) )WE * WI * ( 1 - SC) + WE * WI * ((AS + APs) + SLs + BGs) * (1 - WI) +WE * WI * ((AS + APs) + SLs + BGs) * WI * (1 - SC) +WE * OA +WE * (1 - SC2 - OA - WI) (1 - VC - WE ) + VC* (1 — UC) +No Answer * UC * (1 - (AS + APs) - SLs - BGs)D. Decimal Word 1. * APh * VC * APhCorrect Result-Unknown 2. * ( (SLh + BGh) * VC * (APh + SLh + BGh) + Arithmetic ErrorsAPh * VC * (SLh + BGh) +

33 (APh + SLh + BGh) * VC * (1 - APh - SLh - BGh)) 3. * (APh + SLh + BGh) * (1 - VC) Conceptual Errors 4.(1 - VC) +No Answer * (1 - APh - SLh - BGh)2 * UC * APh * VC1 * UC * APhCorrect Start-Unknown (Informal Strategy) 6.2 * UC * ( APh * VC1 * UC * (SLh + BGh) + Arithmetic Errors(SLh + BGh) * VC * UC * (APh + SLh + BGh) +(APh + SLh + BGh) * VC * UC * (1 - APh - SLh - BGh) ) 7.2 * UE + Conceptual Errors 2 * UC * (APh + SLh + BGh) * ((1 - VC) + VC * (1 - UC) ) WE * SC2 * UC * APh * SC * UC * APh +Correct Start-Unknown (Formal Strategy)WE * WI * SC2 * APh * WI * SC * APh 9.WE * SC2 * UC * (APh * SC * UC * (SLh + BGh) + Arithmetic Errors(SLh + BGh) * SC * UC * (APh + SLh + BGh) +(1 - APh - SLh - BGh) +(APh + SLh + BGh) * SC * UC * (1 - APh - SLh - BGh)) + WE * WI * SC * ( (1 - APh - SLh - BGh) +(APh + SLh + BGh) * WI * SC * (1 - APh - SLh - BGh) ) WE * (1 - SC2 - OA - WI) +Conceptual ErrorsWE * SC2 * (UE +(1 — UC - UE) + UC * (APh + SLh + BGh) * (1 - SC) + UC * (APh + SLh + BGh) * SC * (1 - UC - UE)) +WE * WI * (1 - SC) +WE * WI * (APh + SLh + BGh) * ( (1 - WI) + WI * (1 - SC) ) +WE * OA(1 - VC2 - WE) + No Answer 2 * (1 — UC - UE) +2 * UC * (1 - APh - SLh - BGh)

34E. Decimal Equation1. * APh * SC * APhCorrect Result-Unknown2. * ( (SLh + BGh) * SC * (APh + SLh + BGh) + Arithmetic Errors APh * SC * (SLh + BGh) + (APh + SLh + BGh) * SC * (1 - APh - SLh - BGh))3. * (APh + SLh + BGh) * (1 - SC) Conceptual Errors4. (1 - SC) +No Answer * (1 - APh - SLh - BGh)5. * UC * APh * SC * UC * APhCorrect Start-Unknown (Informal Strategy)6. 2 * UC * ( APh * SC * UC * (SLh + BGh) + Arithmetic Errors(SLh + BGh) * SC * UC * (APh + SLh + BGh) + (APh + SLh + BGh) * SC * UC * (1 - APh - SLh - BGh) ) * UE +Conceptual Errors * UC * (APh + SLh + BGh) * ((1 - SC) + SC * (1 - UC) ) 8. * SC * APh * WI * SC * APh Correct Start-Unknown (Formal Strategy) * SC * (APh * WI * SC * (SLh + BGh) +Arithmetic Errors (SLh + BGh) * WI * SC * (APh + SLh + BGh) + (1 - APh - SLh - BGh)) + * (APh + SLh + BGh) * WI * SC * (1 - APh - SLh - BGh) * (1 - SC) + Conceptual Errors * (APh + SLh + BGh) * ((1 - WI) + WI * (1 - SC)) + OA 11.(1 - SC - WI — OA) + No Answer * (1 - UC - UE) +2 * UC * (1 - APh - SLh - BGh)

35APPENDIX 2. SAMPLE OF ACT-R PRODUCTIONS AND WORKING MEMORYELEMENTS FOR EAPS3those productions.Comprehension of External Representation12Working Memory 1: Equation working memory representationA. Equation prior to comprehensioncontents (X * 25 + 10 = 110))B. Equation and internal representations after partial comprehension13contents ( = 110) interpretation (Variable1 Op1 Number1 Op2 Number2) )X status Unknown )isa *Relation op Times )isa *Quantity value 25status Known )isa *Relation op Plus )isa *Quantity value 10status Known )

12 For example, Comprehend-Number, Comprehend-Variable, Comprehend-Operator. These productions shown firing in 4 in Appendix 1.13 This representation corresponds to the boxes in Figure 4, but the arrows connecting the quantities haven�t been created yet.

36Dealing with Unknown Input QuantitiesProduction 1: Focus-on-Last-Relation Production focus NIL context =Equation=REL> isa *Relation equation =Equation arg2 result =Arg2> isa *Quantity status Known=Res3> isa *Quantity status KnownWorking Memory 2: Arithmetic Goalop arg2 66arg2-units result Gross-Salaryresult-unitsProduction 2: Set-Goals-To-Unwind ProductionIF you have an arithmetic goal, and you know what the second input and result are but not the first,THEN create goals to invert the operator and invert the inputs and output and push them on the stack.object-status op

37object2 result op =Opop =New-OpWorking Memory 3: Goals that trigger Invert-Arguments and Invert-Operatorisa Invert-Argumentsobject object2 66result parent isa Invert-Operatorop plusin Production 3, 14Production 3: Productions that implement Unwind strategy IF you have an arithmetic goal, and you know what the output and second input are but not the first input,THEN combine the output and second input using the operator inverted to get the first input.(p =Goal> isa Invert-Arguments object =Term1 object2 =Term2 result =Term3 parent =Arithmetic-Goal=Term1> isa *Quantity status Unknown=Term2> isa *Quantity status Known=Term3> isa *Quantity status Known

14 When a goal is created to invert an operator there are two slots, one for the old operator and one for the new. The slot for theinverted operator is initialized as the old one so if the goal is popped the operator remains the same, resulting in an unwind error.

38 object =Term3 object2 =Term2 result =Term1 IF you have a goal to invert an operator, and you know what the inverse of the operator is, (p op new-op =Plus> isa Op inverse =Minus natural =Plus !output! ("So ~S becomes ~S" =Plus =Minus) =Goal> new-op =Minus !pop!)Working Memory 4: Arithmetic Goal after Unwindobject op object2 66result Production 4: The Arithmetic Procedure(p Arithmetic =Goal> isa Arithmetic-Goal object op =Nat object2 result =Obj> isa *Quantity valuestatus Known=Obj2> isa *Quantity valuestatus Known=Res> isa *Quantity value- status Known=Opr> isa Op

39 result-value =ResultProduction 5: Write-Inverse-On-Both-SidesIF you are focusing on the last operation in a side of an equation and that operation involves a known number,THEN set goals to invert that operation And to write a new equation, with the inverse of that operation on both sides. =PG> isa Problem-Goal =Operation> isa *Relation sem =Equation> isa Equation =Equal-Sign> isa *Object sem Equalsisa *Quantity status Known old op

40Production 6: Operate-on-Adjacent-NumbersIF there is a problem goal with an equation,THEN create an arithmetic goal to perform that operation and push it on the stack. context =Equation interpretation isa *Quantity status Knownisa *Quantity status Knownisa *Relation op =Op-op=RESULT> isa *Quantity status Unknown interpretationobject op object2 result