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Abstract

We consider a very wide class of models for sparse random Boolean 2CSPs;
equivalently, degree-2 optimization problems over {£1}". Specifically, we look at
models M which can be represented by matrix weighted polynomials over indeter-
minates taking the values of either matching matrices or permutation matrices.
We interpret these polynomials also as models of graphs with matrix weighted
edges. For each model M, we identify the “high probability value” s’ of the
natural SDP relaxation (equivalently, the quantum value). That is, for all € > 0
we show that the SDP optimum of a random n-variable instance is (when nor-
malized by n) in the range (s}, — €, s, + €) with high probability.

This thesis contains joint work with Ryan O’Donnell, Tselil Schramm, and Xinyu Wu.
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1 Introduction

A large number of important algorithmic tasks can be construed as constraint satisfaction problems
(CSPs): finding an assignment to Boolean variables to optimize the number of satisfied constraints.
Almost every form of constraint optimization is NP-complete; thus one is led to questions of effi-
ciently finding near-optimal solutions, or understanding the complexity of average-case rather than
worst-case instances. Indeed, understanding the complexity of random sparse CSPs is of major im-
portance not just in traditional algorithms theory, but also in, e.g., cryptography [JLS20], statistical
physics [MMO09], and learning theory [DLS14].

Suppose we fix the model M for a random sparse CSP on n variables (e.g., random k-SAT with
a certain clause density). Then it is widely believed that there should be a constant ¢}, such that
the optimal value of a random instance is ¢, & 0p—00(1) with high probability (whp). (Here we
define the optimal value to mean the maximum number of simultaneously satisfiable constraints,
divided by the number of variables.) Unfortunately, it is extremely difficult to prove this sort of
result; indeed, it was considered a major breakthrough when Bayati, Gamarnik, and Tetali [BGT13]
established it for one of the simplest possible cases: Max-Cut on random d-regular graphs (which
we will denote by MCyq). Actually “identifying” the value c’, (beyond just proving its existence)
is even more challenging. Generally there is a conjectured value coming from statistical physics,
but proving it is beyond the reach of current methods. Taking again the example of Max-Cut on
d-regular random graphs, it was only recently [DMS*17] that the value e, Was determined up
to a factor of 14 04-,00(1). The value for any particular d, e.g. cjc,, has yet to be established.

Returning to algorithmic questions, we can ask about the computational feasibility of optimally
solving sparse random CSPs. There are two complementary questions to ask: given a random
instance from model M (with presumed optimal value ¢}, & 0, 00(1)), can one efficiently find a
solution achieving value g ¢}, and can one efficiently certify that every solution achieves value
S ! The former question is seemingly a bit more tractable; for example, a very recent break-
through of Montanari [Mon21] gives an efficient algorithm for (whp) finding a cut in a random
graph G(n,p) graph of value at least (1 — e)cz(mp).On the other hand, we do not know any al-
gorithm for efficiently certifying (whp) that a random instance has value at most (1 + e)c’é(nvp).
Indeed, it reasonable to conjecture that no such algorithm exists, leading to an example of a so-
called “information-computation gap”.

To bring evidence for this we can consider semidefinite programming (SDP), which provides
efficient algorithms for certifying an upper bound on the optimal value of a CSP [FL92]. Indeed,
it is known [Rag09] that, under the Unique Games Conjecture, the basic SDP relaxation provides
essentially optimal certificates for CSPs in the worst case. In this paper we in particular consider
Boolean 2CSPs — more generally, optimizing a homogeneous degree-2 polynomial over the hy-
percube — as this is the setting where semidefinite programming is most natural. Again, for a
fixed model M of random sparse Boolean 2CSPs, one expects there should exist a constant s,
such that the optimal SDP-value of an instance from M is whp s%, £ 0,—0(1). Philosophically,
since semidefinite programming is in P, one may be more optimistic proving this and explicitly
identifying s . Indeed, some results in this direction have recently been established.

1.1 Prior work on identifying high-probability SDP values

Let us consider the most basic case: MCy, Max-Cut on random d-regular graphs. For ease of
notation, we will consider the equivalent problem of maximizing %x (—A)z over z € {£1}", where
A is the adjacency matrix of a random n-vertex d-regular graph.' Although Sj\/tcd’ the high-

!Throughout this work, boldface is used to denote random variables.



probability SDP relaxation value, was pursued as early as 1987 [Bop87| (see also [DH73]), it was
not until 2015 that Montanari and Sen [MS16] established the precise result s}, = 2v/d — 1. That
is, in a random d-regular graph, whp the basic SDP relaxation value [Bop87, RW95, DP93, PR95]
for the size of the maximum cut is (¢ + v/d — 1 & 0,—.00(1))n. Here the special number 2/d — 1 is
the maximum eigenvalue of the d-regular infinite tree.

The proof of this result has two components: showing SDP(—A) > 2v/d — 1 — ¢ whp, and
showing SDP-DUAL(—A) < 2v/d — 1 + € whp. Here SDP(A) = max{(p,A) : p > 0, p; = 1 Vi}
denotes the “primal” SDP value on matrix A (commonly associated with the Goemans—Williamson
rounding algorithm [GW95]), and SDP-DUAL(A) = min{Ayax(A + diag(u)) : avg;(u;) = 0} denotes
the (equal) “dual” SDP value on A. To show the latter bound, it is sufficient to observe that
SDP-DUAL(—A) < Apax(—A), the “eigenvalue bound”, and Apax(—A) < 2v/d — 1+ 0,(1) whp
by Friedman’s Theorem [Fri08]. As for lower-bounding SpDP(—A), Montanari and Sen used the
“Gaussian wave” method [Elo09, CGHV15, HV15] to construct primal SDP solutions achieving at
least 2v/d — 1—e (whp). The idea here is essentially to build the SDP solutions using an approximate
eigenvector (of finite support) of the infinite d-regular tree achieving eigenvalue 2v/d — 1 — €; the
fact that SDP constraint “p; = + Vi” can be satisfied relies heavily on the regularity of the graph.

T n

Remark 1.1. The Montanari-Sen result in passing establishes that the (high-probability) eigen-
value and SDP bounds coincide for random regular graphs. This is consistent with a known theme,
that the two bounds tend to be the same (or nearly so) for graphs where “every vertex looks simi-
lar” (in particular, for regular graphs). This theme dates back to Delorme and Poljak [DP93], who
showed that SDP-DUAL(—A) = A\pnax(—A) whenever A is the adjacency matrix of a vertex-transitive
graph.

Subsequently, the high-probability SDP value s’ , was established for a few other models of
random regular 2CSPs. Deshpande, Montanari, O’Donnell, Schramm, and Sen [DMO™19] showed

that for M = MAE3. — meaning random regular instances of NAE-3SAT (not-all-equals 3Sat)
with each variable participating in ¢ clauses — we have s}, = % - % . @ We remark that
NAE-3SAT is effectively a 2CSP, as the predicate NAE3 : {1} — {0,1} may be expressed as
%— %(:ry—i—yz—i—z:):), supported on the “triangle” formed by vertices x, y, z. The analysis in this paper
is somewhat similar to that in [MS16], but with the infinite graph X = K3 % K3 % ---x K3 (c times)
replacing the d-regular infinite tree. This X is the 2c¢-regular infinite “tree of triangles” depicted
(partly, in the case ¢ = 3) in Figure 1. More generally, [DMO™19] established the high-probability
SDP value for large random (edge-signed) graphs that locally resemble K, x K, x- - -x K., the (r—1)c-
regular infinite “tree of cliques K,”. (The r = 2 case essentially generalizes [MS16].) As in [MS16],
s’ coincides with the (high-probability) eigenvalue bound. The upper bound on s% is shown by
using Bordenave’s proof [Bor20] of Friedman’s Theorem for random (c,r)-biregular graphs. The
lower bound on s, is shown using the Gaussian wave technique, relying on the distance-regularity
of the graphs K, x K, x---* K, (indeed, it is known that every infinite distance-regular graph is of

this form).
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Figure 1: The 6-regular infinite graph K3 x K3 % K3, modeling random 3-regular NAE3-SAT.

Mohanty, O’Donnell, and Paredes [MOP20] generalized the preceding two results to the case
of “two-eigenvalue” 2CSPs. Roughly speaking, these are 2CSPs formed by placing copies of a
small weighted “constraint graph” H — required to have just two distinct eigenvalues — in a
random regular fashion onto m vertices/variables. (This is indeed a generalization [DMO™19],
as cliques have just two distinct eigenvalues.) As two-eigenvalue examples, [MOP20] considered
CSPs with the “CHSH constraint” — and its generalizations, the “Forrelationg” constraints —
which are important in quantum information theory [CHSH69, AA18]. Here the SDP value of
an instance is particularly relevant as it is precisely the optimal “quantum entangled value” of
the 2CSP [CHTWO04]. Once again, it is shown in [MOP20] that the high-probability SDP and
eigenvalue bounds coincide for these types of CSPs. The two-eigenvalue condition is used at a
technical level in both the variant of Bordenave’s theorem proven for the eigenvalue upper bound,
and in the Gaussian wave construction in the SDP lower bound.

Most recently, O’Donnell and Wu [OW20] used the results of Bordenave and Collins [BC19] (a
substantial generalization of [Bor20]) to establish the high-probability eigenvalue relazation bound
for very wide range of random 2CSPs, encompassing all those previously mentioned: namely, any
quadratic optimization problem defined by random “matrix polynomial lifts” over literals.

1.2 Our work

In this work, we establish the high-probability SDP value 5%, for random instances of any 2CSP
model M arising from lifting matrix polynomials (as in [OW20]). This generalizes all previously
described work on SDP values, and covers many more cases, including random lifts of any base
2CSP and random graphs modeled on any free/additive/amalgamated product. See Section 2 for
more details and definitions, and see [OW20] for a thorough description of the kinds of random
graph/2CSP models that can arise from matrix polynomials.

Very briefly, a matrix polynomial p is a small, explicit “recipe” for producing random n-vertex
edge-weighted graphs, each of which “locally resembles” an associated infinite graph X,. For
example, p3(Y1,Ys,Y3) == Y] + Yy + Y3 is a recipe for random (edge-signed) 3-regular n-vertex
graphs, and here X,, is the infinite 3-regular tree. As another example, if p333(Zi1,...,2Z33)
denotes the following matrix polynomial —

0 D21 g+ ZonZyg+ 231239 Z102 3+ L2125 5+ £31235 3
1221y + ZaZsy + 239735, 0 L1227 3+ ZopZs g+ 239735 4
D321y + ZagZyy + 23325, Z13Z7 o+ Zo3Zs o+ L3325 0

— then pss3 is a recipe for random (edge-signed) 6-regular n-vertex graphs where every vertex par-
ticipates in 3 triangles. In this case, X,,, is the infinite graph (partly) depicted in Figure 1. The
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Bordenave—Collins theorem [BC19] shows that if A is the adjacency matrix of a random unsigned
n-vertex graph produced from a matrix polynomial p, then whp the “nontrivial” spectrum of A
will be within e (in Hausdorff distance) of the spectrum of X,. In the course of derandomizing this
theorem, O’Donnell and Wu [OW20] established that for random edge-signed graphs, the modifier
“nontrivial” should be dropped. As a consequence, in the signed case one gets Amax(A) = Amax(Xp)
up to an additive €, whp; i.e., the high-probability eigenvalue bound for CSPs derived from p is
precisely Amax(X,). We remark that for simple enough p there are formulas for Ayax(X,); regarding
our two example above, it is 2¢/2 for p = p3, and it is 5 for p = ps33. In particular, if p is a linear
matrix polynomial, Amax(X,) may be determined numerically with the assistance of a formula of
Lehner [Leh99] (see also [GVK21] for the case of standard random lifts of a fixed base graph).

In this paper we investigate the high-probability SDP value — denote it s), — of a large random
2CSP (Boolean quadratic optimization problem) produced by a matrix polynomial p. Critically,
our level of generality lets us consider non-regular random graph models, in contrast to all previous
work. Because of this, see we cases in contrast to Remark 1.1, where (whp) the SDP value is strictly
smaller than the eigenvalue relaxation bound. As a simple example, for random edge-signed (2, 3)-
biregular graphs, the high-probability eigenvalue bound is /2 — 1 ++v/3 — 1 = 1 + /2 ~ 2.414, but

our work establishes that the high-probability SDP value is \/1?3 +2V2 - % ~ 2.365.

An essential part of our work is establishing the appropriate notion of the “SDP value” of an
infinite graph X,,, with adjacency operator A.,. While the eigenvalue bound Apax(As) makes sense
for the infinite-dimensional operator A, the SDP relaxation does not. The definition SDP(Ay) =
max{(p, Asc) : p > 0, pi; = L Vi} does not make sense, since “n” is co. Alternatively, if one tries
the normalization p;; = 1, any such p will have infinite trace, and hence (p, As) may be co. Indeed,
since the only control we have on Ay ’s “size” will be an operator norm (“co-norm”) bound, the
expression (p, As) is only guaranteed to make sense if p is restricted to be trace-class (i.e., have
finite “l-norm?”).

On the other hand, we know that the eigenvalue bound Apax(Aso) is too weak, intuitively
because it does not properly “rebalance” graphs X, that are not regular/vertex-transitive. The key
to obtaining the correct bound is introducing a new notion, intermediate between the eigenvalue and
SDP bounds, that is appropriate for graphs X, arising from matrix polynomial recipes. Although
these graphs may be irregular, their definition also allows them to be viewed as vertex-transitive
infinite graphs with r x r matriz edge-weights. In light of their vertex-transitivity, Remark 1.1
suggests that a “maximum eigenvalue”-type quantity — suitably defined for matrix-edge-weighted
graphs — might serve as the sharp replacement for SDP value. We introduce such a quantity,
calling it (for lack of a better term) the partitioned SDP bound. Let G be an n-vertex graph with
r X r Hermitian matrices as edge weights, and let A be its adjacency matrix, thought of as an n xn
matrix whose entries are r x r matrices. We will define

PARTSDP(A) = sup{(p, Asc) : p > 0, tr(p)ii = 2}, (1)
where here tr(p) refers to the r x r matrix obtained by summing the entries on A’s main diagonal
(themselves r x r matrices), and tr(p); denotes the scalar in the (i,7)-position of tr(p). This
partitioned SDP bound may indeed be regarded as intermediate between the maximum eigenvalue
and the SDP value. On one hand, given an scalar-edge-weighted n-vertex graph with adjacency
matrix A, we may take » = 1 and then it is easily seen that PARTSDP(A) coincides with Amax(A).
On the other hand, if we regard A as a 1 x 1 matrix and take » = n (so that we a have single vertex
with a self-loop weighted by all of A), then PARTSDP(A) = SDP(A).
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As we will see in Section 3 when we make these definitions precise, PARTSDP(A) remains well-
defined even for bounded-degree infinite graphs with r x r edge-weights. Furthermore, it has the
following SDP dual:

PARTSDP-DUAL(A) = inf{Anax(A + Ly xpn ® diag(uw)) : avg(ui, ..., u,) = 0}.

In the technical Section 3.1, we show that there is no SDP duality gap between PARTSDP(A)
and PARTSDP-DUAL(A), even in the case of infinite graphs. It is precisely the common value of
PARTSDP(X,) and PARTSDP-DUAL(X,) that is the high-probability SDP value of large random
2CSPs produced from p; our main theorem is the following:

Theorem 1.2. Let p be a matriz polynomial with r x r coefficients. Let A, be the adjacency
operator (with v x r entries) of the associated infinite lift X, and write s, = PARTSDP(As) =
PARTSDP-DUAL(As). Then for any € > 0, if A, is the adjacency matriz of a random edge-signed
n-lift of p, it holds that sy, — e < SDP(A,) < sj + € except with probability at most 0n—o0(1).

Note that PARTSDP(A) is a fixed value only dependent on the matrix polynomial p, a finitary
object.

The upper bound SpP(A,,) < PARTSDP-DUAL(A)+¢ in this theorem follows straightforwardly
from the results of [BC19, OW20]. Our main work is to prove the lower bound Spr(A,) >
PARTSDP(A ) — €. For this, we first show that there is a pg with only finitely many nonzero entries
that achieves the sup in Equation (1) up to e. This is effectively a finite  x r matrix-edge-weighted
graph. We then show that this pg can whp be “pasted” almost everywhere into the graph G,
defined by A, — somewhat similar to the Gaussian wave constructions — and this gives an SDP
solution of nearly the same value. The fact that X, and G, are regarded as regular tree-like graphs
with matrix edge-weights (rather than as irregular graphs with scalar edges-weights) is crucially
used to show that the “pasted solution” satisfies the finite SDP’s constraints “p;; = % Vi,

2 Preliminaries

To preface the following definitions and concepts, we note that our “real” interest is in scalar-
weighted graphs, and the following terminology with matrix weights helps us define interesting
scalar-weighted graphs via matrix polynomial lifts (our recipes for producing random CSP in-
stances), and facilitates the definition of PARTSDP(), which we use to bound the SDP value of the
CSPs of interest.

2.1 Matrix-weighted graphs

In the following definitions, we’ll be focusing on graphs with at-most-countable vertex sets and
bounded degrees. We also often use bra-ket notation, where (|v)),cv denotes the standard or-
thonormal basis for the complex vector space £2(V).

Definition 2.1 (Matrix-weighted graph). Let G = (V, E) be a directed multigraph, in which we
explicitly allow self-loops. We say that G is matriz-weighted if, for some r € NT, each directed
edge e € F is given an associated nonzero “weight” a, € C"™*". We say that G is an undirected
matrix-weighted graph if (with a minor exception) its directed edges are partitioned into pairs e
and e*, where e* is the reverse of e and where a.» = a}. We call each such pair an undirected edge.
The minor exception is that we allow any subset of the self-loops in F to be unpaired, provided

13



each unpaired self-loop e has a self-adjoint weight, a} = a.. The adjacency operator A for G, acting
on l5(V) ® €, is given by
Z [o)(u| ® ae.

e=(u,v)eE

It can be helpful to think to think of A in matrix form, as a |V| x |V| matrix whose entries are
themselves r x r edge-weight matrices. Note that if G is undirected then A will be self-adjoint,
A= A"

Definition 2.2 (Extension of a matrix-weighted graph). In addition to viewing a matrix-weighted
graph A as an n X n matrix of 7 X r edge weights, one may also think of it as a nr X nr matrix
with scalar edge weights. We call this the extension of A, and denote this nr x nr matrix as A.

2.2 Matrix polynomials

Definition 2.3 (Matrix polynomial). Let Y7,...,Y; be formal indeterminates that are their own
inverses, and let Z1,. .., Z, be formal indeterminates with formal inverses Z7, ..., Z}. For a fixed r,
we define a matriz polynomial to be a formal noncommutative polynomial over the indeterminates
Yi,..., 2}, with coefficients in C"™*". In particular, it is a finite sum of terms, each of which looks
like a X - -+ X, with a € C"™*" and each X} being one of the indeterminates Y7,...,Z;.

We also allow an ‘empty’ term, which we write as agll. We will be substituting unitary matrices
in for our indeterminates, so one can think of Z; as standing for both the adjoint and the inverse

of Zz

Definition 2.4 (Adjoint of a polynomial). Given a matrix polynomial p, we define its adjoint to
be p*, where p* is the sum of the adjoints of each term of p. Here, the adjoint of a term a X - - - X
is a* X}, --- X7, where a* is the standard adjoint operation on matrices in C"™*", and Y;* :=Y; and
zr = 7.

Definition 2.5 (Reduced matrix polynomial). We call a matrix polynomial p reduced if we are
unable to cancel out any pairs of Y;s and any Z;/Z pairs in any term. Any specific term with this
property is also called reduced term or a reduced word.

In this work, we will only be considering self-adjoint, reduced polynomials. In any such poly-
nomial, some terms will be self-adjoint and the others will come in pairs T and T™.

2.3 Lifts of matrix polynomials

Definition 2.6 (n-lift). Given some self-adjoint matrix polynomial p over the indeterminates
Yi,...,Z}, we define a n-lift as a substitution of matching matrices (adjacency matrices of perfect
matchings) M; on [n] for indeterminates Y;, and permutation matrices P; on [n] for the indetermi-
nates Z;, and P for the indeterminates Z. If p contains any instances of Y;s, we require that n is
even. We substitute the n x n identity matrix for 1. Note that the matching matrices M; and the
permutation matrices P; that we substitute are unitary and self-adjoint as desired.

For some fixed matching and permutation matrices, we’ll sometimes specify a lift of p as £ =
(My,...,Mg, Py,...,P.).

Definition 2.7 (Lift of a word). Given a polynomial p over indeterminates Y7, ... Z}, some n-lift
L= (My,...,Mg,Pr,...,P.) of p, and a (reduced) word w = X; ... X} over the indeterminates
Y1,...Z}, we denote the lift of the word w as LY = X; ... X} under the substitution L.

14



Definition 2.8 (+1-signed n-lift). A signed n-lift of a polynomial p is an n-lift that substitutes
signed matching and permutation matrices in for the indeterminates, where a signed matrix allows
entries in {41} as opposed to just 1.

Remark 2.9. Regarding edge-signs: If we were to substitute non-edge-signed matching matrix,
this would give a familiar model for generating random 3-regular graphs: superimposing three
random matchings. The random edge-signs are to model “random negated literals”, and are tech-
nically convenient to ensure that the optimization problem arising from any random graph model
is nontrivial. (E.g., in a random d-regular bipartite graph, Max-Cut is trivial, but with random
edge-signs we get random bipartite Max-2XOR,, which is not trivial.)

Definition 2.10 (Evaluating a matrix polynomial). Given a matrix polynomial p over indetermi-
nates Yi,...,Z}, where

p=agpl —|—ZaiX1‘1 .. X,Lk
i
we “evaluate” p on lift £ in the following way:

p(L) =ap @1+ LYY g

)

There are two equivalent interpretations here. One interpretation is that substituting n x n
(edge-signed) matching/permutation matrices yields us the adjacency matrix of n-vertex graph
with edge-weights that are r x r matrices. This is recovered by viewing this adjacency matrix in
block form, as an n X n matrix with r x r entries. Alternatively, the interpretation of a term like a; Z;
(where a; is an explicit constant  x r matrix, and Z; is an indeterminate) is that we should form
the tensor/Kronecker product of a; with the signed n x n permutation matrix substituted for Z;.
This yields the adjacency matrix of an nr-vertex graph with scalar edge-weights.

The following definition of the “graph of an n-lift” describes the graph we get via the first
interpretation: an m-vertex graph with r x r edge weights.

Definition 2.11 (Graph of an n-lift). Let £ = (M,..., My, Py,...,P.) be a (signed) n-lift of a
matrix polynomial p. £ naturally defines a graph G,, on [n] in the following way: for every vertex
i € [n] and for every term T' = aX; ... Xy, let j € [n] be the vertex such that [j) = £X1%x |7).
Then, there is a directed edge of weight a € C™*" from 4 to j in G.

Because p is self adjoint, for any directed edge (7,j) in G,, associated to weight a, there is also
a directed edge (j,7) associated with weight a*.

More formally, every edge is labeled by a self-adjoint (Hermitian) edge weight, and these edges
come in directed pairs.

This graph exactly corresponds to the evaluation of p(£). That is, if A,, is the adjacency matrix
of this Gy, then we have that A, = p(L).

In this way, a “matrix polynomial” p may be identified with a random graph model, or as a
“recipe” for creating large random (symmetric, edge-weighted) graphs (equivalently, homogeneous
degree-2 polynomials).

Example 2.12. A simple example is the matrix polynomial
p(Y1,Y2,Y3) =Y1 + Y2 + V5.

Given this p, one obtains (the adjacency matrix of) an n-vertex random graph by substituting
independent, uniformly randomly chosen n x n (edge-signed) matching matrices for each Y;. If the
terms have scalar coefficients, the resulting graph will have scalar edge-weights.

15



Figure 2: A possible edge distribution from a vertex in a graph of some n-lift. Edge weights a
and d correspond to self-adjoint terms and are self adjoint themselves, whereas b and ¢ are not self
adjoint and appear with their adjoint pair.

By allowing matrix coefficients, one can get the random (signed) graph model given by randomly
n-lifting any base r-vertex graph H.

Example 2.13. As a simple example,

01 00\, (01 00\, (01 0 0\ ..
p(Z1, 2y, Z3) = <0 0) Z1 + <1 0> Z7 + <O 0> Zy + (1 O> Zy + (0 O> Zs + (1 0> Z3
is the recipe for random 3-regular (edge-signed) (n + n)-vertex bipartite graphs. The reader may

like to view this as a 2 x 2 matrix of polynomials,

0 21+ Zo+ Z.

However we remark that we actually Kronecker-product the coefficients “on the other side”. So
rather than as a 2 x 2 block-matrix with n x n blocks, we think of the resulting adjacency matrix
as an n X n block-matrix with 2 x 2 blocks; equivalently, an n-vertex graph with 2 x 2 matrix
edge-weights.

Finally, as suggested by their names, a matrix polynomial p may also have degree higher than 1
in its indeterminates Y;, Z;, and Z} (which, naturally, should be treated as noncommauting indeter-
minates). When combined with matrix coefficients, this allows one to create a very wide range of
random graphs.

Example 2.14. As just one example, the matrix polynomial mentioned previously in Section 1,

0 NN Zi g+ Zon 250+ Z3125 9 Z11Z7 5+ 221255+ 23125
p = ZL?Zil + 22722571 + 23722;;1 0 Z17QZ{73 + Z272Z;73 + Z3,2Z§73
213211 + 223251 + 23323, 13219+ Zo3Z59+ 23325, 0

can be shown to produce random graphs that locally resemble (indeed, are “covered by”) the graph
depicted in Figure 1; i.e., 6-regular n-vertex graphs in which each vertex participates in 3 triangles.
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Definition 2.15 (oco-lift). Formally, we extend the definition of an n-lift to the case of n = oo, as
follows. Let V. denote the group ng*Z*e, with its components generated by ¢1, ..., gg+e. Each of

these generators acts as a permutation on V, by left-multiplication; we write o1, ..., 044, for these
permutations. Writing also o for the identity permutation on Vi, and o+ = O‘;l ford < j <d+e,
we define £ = (00, ...,0412:) to be “the” oco-lift associated to p.

Less formally, we can think of the oo-lift as the following graph X,:

e The vertices of G are every possible reduced word over Yi,..., Z.

e From any vertex W, the term aXj ... X}y corresponds with an out-edge of weight a from W
to a vertex whose name is the reduced form of X ... XiW. This exactly corresponds to each
vertex having one out-edge per term of p.

Example 2.16. For the polynomial p = Y7 4 --- 4+ Y}, the graph X, corresponding to the infinite
lift is the infinite d-regular tree.

Throughout this paper, we will be substituting random signed matchings and permutations into
our matrix polynomials as a way to generate finite graphs that should locally look like the infinite
lift.

In this setting, we have the following theorem. This is essentially the main result (“Theo-
rem 2”) of [BC19]. The small difference is that substituting signed rather than unsigned match-
ings/permutations gets rid of the “trivial” eigenvalues, as verified in [OW20, Thm. 1.9,10.10].

Theorem 2.17. Let p be a self-adjoint matriz polynomial with coefficients from C™*" on indeter-
minates 1,Y1,...,Z%. Then for all €, 8 > 0 and sufficiently large n, the following holds:

Let A, be the operator on C" ® C" obtained by a random +1-signed n-lift of p, and let A be
the operator acting on l2(Vy) @ C" obtained from the oco-lift on p.

Then except with probability at most 3, the spectra o(Ay) and 0(As) are at Hausdor(f distance
at most €

2.4 Maximizing the value of a matrix polynomial

We recall some standard notation, which will be used in this section. First, we write p > 0 to
denote that p € C™*" is positive semidefinite (and Hermitian). Similarly, we write that (p, A)
to denote tr(pA), and note that when p and A are Hermitian this number is real and is equal to
> ; pijAij, where - denotes complex conjugate. One can restrict their attention to real matrices A,
in which case the objects we will optimize over in this section may also be assumed to be real.

Throughout this paper, we will be discussing the problem of maximizing %{L‘TAZL‘ over x € {£1}",
where A is an n x n Hermitian matrix. Since A is Hermitian, 27 Az = (x| A|z) will always be real,
and so it makes sense to maximize its value.

Definition 2.18 (Optimal Value). Given an Hermitian matrix A € C™*", we will be trying to
compute the following value.

OprT(A) = max iz"Az= max z'Az
ze{£1}n " xe{:l:ﬁ}n

Note that OPT(A) = max,ccut, = (p, A), where Cut, is the “cut polytope”, the convex hull
of all matrices of the form xzT for 2 € {#1}". Since (p, A) is linear in p, maximizing over the
convex hull is the same as maximizing over the extreme points, which are just those matrices of

the form zaT.
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Remark 2.19. The above problem is the same as maximizing a homogenous degree-2 polynomial
defined by P = Z” A;; X;X; over the Boolean cube, and it is also the same as solving Max-Cut
on an edge-weighted graph defined by —A.

The above problem has a natural relaxation to trying to maximize ' Az over unit vectors z,
which leads to the following efficiently computable upper bound on OpT(A).

Definition 2.20 (Eigenvalue Bound). Given an Hermitian matrix A € C"*", we define the eigen-
value bound in the following way:

E1c(A) =sup{(p,A) : p >0, trp=1}.

This bound is maximizing the inner product between A and a “density matrix” p. Note that if
0 € Cuty, then p = 1 is a density matrix. Thus, E1G(A) is a relaxation of OPT(A), or in other
words, OPT(A) < E1G(A).

The set of density matrices is convex, and it’s well known that its extreme points are all the
rank-1 density matrices; i.e., those p of the form zzT for x € C" with ||z||3 = 1. E1G(A) as defined
above is therefore equivalent to maximizing over these p, and so we have the following equivalent
definition of E1G(A):

EIG(A) = sup (zz", A) = sup z'Az.
zeC™ z€C™
llzl3=1 [lz]3=1
This formula is clearly equivalent to Ayax(A), which is why we refer to this bound as the “eigenvalue
bound”. One may also think of E1G(A) and Amax(A) as SDP duals of one another.
We now mention another well known, tighter, upper bound on OpT(A).

Definition 2.21 (Basic SDP Bound). Given a Hermitian matrix A € C"*", we refer to the basic
SDP bound as
SpP(A) = sup (p,A) subject to p; = +,Vi
p=>0
In this SDP, we are essentially optimizing over “correlation matrices”. Formally, a “correlation
matrix” [Sty73] is a PSD matrix whose diagonal entries are 1, so we're equivalently maximizing
L{p, A) over correlation matrices.

We also note that any cut matrix is a correlation matrix, and any correlation matrix is a density
matrix, and so OpT(A) < Spp(A) < E1G(A4).
The above bound has the following dual SDP [DP93]:

SDP-DUAL(A) = ian Amax (A + diag(u)).
u€R™
avg(ut,...,un)=0

It is clear that SDP-DUAL(A) < Apax(A).

Despite the fact that the usual “Slater condition” for strong SDP duality fails because the set of
correlation matrices isn’t full-dimensional, one can still show that SDP(A) = SDP-DUAL(A) holds
for finite A. [PR95]

In the above definitions and discussions, we assume that the matrices we are operating on are
scalar valued. It is still of interest to us to define an analogous definition for matrices with matrix
valued entries.
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Definition 2.22. For any A with r X r matrix entries and A its extension, we define the above
bounds OPT, E1G, and SDP in the following way:

OpT(A) = OpT(A4)

and similarly

E1G(A) = E1g(A)

For finite A, we can have that

SDP(A) = SpDP(A)

As mentioned in Section 1, we see that our definition of E1G(A) makes sense for infinite graphs of
finite degree, and more generally for operators A with finite operator norm || A||. However, SDP(A)
does not extend as well, as the number “n” appearing in its definition is not finite.

The infinite graphs/operators we consider in this paper have the special property that they are
r X r edge-weighted. For such graphs, we introduce a new quantity that goes part of the way in
the cut—-correlation, Eig—SDP improvement, which still makes sense for infinite graphs.

We define the following value as an infinite version of the basic SDP bound:

Definition 2.23 (Partitioned SDP Bound). Let us write M, (C"*") for the n x n matrices with
entries from C™*". (In Section 3 we will suitably generalize to the “n = c0” case.) The trace of
such a matrix is the sum of the diagonal r x r matrices. For Hermitian A € M, (C"*"), we define

PARTSDP(A) =  sup (p,A) subject to tr(p) =1/r- crxr
p=0
peMn(@rXr)

where ¢, x, denotes some correlation matrix of dimension r x r. This is equivalent to requiring that
tr(p) has 1/r as its diagonal entries.
This has the following SDP dual:

PARTSDP-DUAL(A) = inﬂ{r Amax(4 + 1 ® diag(u))
vt i) =0
The goal of Section 3 is to show that strong duality holds for this program as well. This section
also treats the case of infinite A more formally.

Remark 2.24. Given some n X n matrix A, we can think of A as an r X r matrix A,, r = n, with
1 x 1 entries; or, we can think of it as a 1 x 1 matrix A; with a single n x n entry. Then, we have
that PARTSDP(A,) = E1G(A,) and PARTSDP(A;) = SDP(A4;).

We recall our main theorem.

Theorem 1.2. Let p be a matriz polynomial with r X r coefficients. Let A, be the adjacency
operator (with v x r entries) of the associated infinite lift X, and write s, = PARTSDP(As) =
PARTSDP-DUAL(As). Then for any € > 0, if A, is the adjacency matriz of a random edge-signed
n-lift of p, it holds that

s, —€ < SDP(A,) < s, +¢

except with probability at most 0p—s00(1).

We prove our statement in two parts, by first proving the upper bound SpP(A,,) < PARTSDP(As )+
€ in Section 4 followed by the lower bound SpP(A,,) > PARTSDP(A) — € in Section 4.2.
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3 The infinite SDPs

This technical section has two goals. First, in Section 3.1 we show that strong duality PARTSDP(A) =
PARTSDP-DUAL(A) holds, even for infinite matrices A (with r x r entries). Even in the finite case
this is not trivial, as the feasible region for the SDP PARTSDP(A) is not full-dimensional, and
hence the Slater condition ensuring strong duality does not apply. (This difficulty even appears
for the Basic SDP.) The infinite case involves some additional technical considerations, needed so
that we may eventually apply the strong duality theorem for conic linear programming of Bonnans
and Shapiro [BS00, Thm. 2.187]. Second, in Section 3.2, we show that in the optimization prob-
lem PARTSDP(A), values arbitrarily close to the optimum can be achieved by matrices p of finite
support (i.e., only finitely many nonzero entries). Indeed (though we don’t need this fact), these
finite-rank p need only have rank at most r. Finally, in Section 3.3 we consolidate all these results
into a theorem statement suitable for use with infinite lifts of matrix polynomial graphs.

3.1 SDP duality

Let V be a countable set and write H = ¢5(V') for the associated (complex, separable) Hilbert
space of square-summable functions f : V — C. We write Boo(#H), Bi(H), B(H) for the spaces of
finite-rank, trace-class, and bounded operators on H, respectively. Focusing on By (H) (with the
weak topology) and B(H) (with the o-weak topology), these are locally convex topological vector
spaces forming a dual pair with bilinear map (-,-) : B1(H) x B(H) — C defined by (p, a) = tr(pa)
(see [RS80, Thm. VI.26], [Lan17, Thm. B.146], or [BR02, Prop. 2.4.3]). Recall [Lanl7, Lem. B.142]
that (p,a) < ||p|l1]lall, where ||p|; = tr/pip is the trace-norm.

Write Bi(H)sa (respectively, B(H)sa) for the (closed) real subspace of self-adjoint operators
in By(H) (respectively, B(#)sa); note that By (H)sa and B(H )sa continue to form a dual pair (see,
e.g., [Mey06, p. 212]). Recall that a € B(H )s, is positive semidefinite if and only if (¢|a|p) > 0 for
all |p) € H (for such a we have Vala = a); as usual we write b > a to mean that b — a is positive
semidefinite. Letting Bi(H)+ (respectively, B(#)+) denote the positive semidefinite operators
in Bi(H)sa (respectively, B(H)sa), we have that these are both (nonempty) closed, convex cones
(for B(H)+, see [Con90, Prop. 3.7], [Lanl7, Prop. C.51]; for Bi(H)4 see [Fril9, Sec. 4], [vDE20,
App. A.2], [SHO8, Sec. 2]); further, they are topologically dual cones [vDE20, App. A.2].

Our SDP. Fix any a € B(H)sa. Let V.= V3 U Vo U--- UV, be a partition of V into r € N
nonempty parts, and for 1 < j < r let I; € B(H)sa be the operator Euevj |[v)Xv|. Consider the
following semidefinite program:

sup (p,a) subject to (p,I;) = %, j=1...r. (SDP-P)
pEB1(H)+

For our application, suppose A is a self-adjoint matrix, indexed by countable vertex Vi and with
r X r entries (finitely many nonzero ones per row/column). Let a = A, with rows/columns indexed
by V =V x [r], and let V; = Vo x {j}. Then (SDP-P) is precisely how we define PARTSDP(A).

We remark that (SDP-P) is always feasible. By summing the constraints on p we get trp = 1;
i.e., p is required to be a density operator. In particular, (p,a) < tr(p)||a|| always so the optimum
value of (SDP-P) is finite.

We would like to show that the optimum value of (SDP-P) is equal to that of the following dual
semidefinite program which, in our application mentioned above, is PARTSDP-DUAL(A):

in}}{ Amax(@ +uily + -+ - +u,l;) subject to avg(ui,...,u,) = 0. (SDP-D)
ueR”
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Showing this will take a couple of steps. The first is to mechanically write down the Lagrangian
dual of (SDP-P), which is:

yienﬂgr % Zyj subject to a <y I1 + -+ y- 1. (D1)
J

We first show that (D1) is equivalent to (SDP-D). We may reparameterize all y € R" by defining
Y= %ZJ y; and writing y; =y — %; in this way, every y € R" corresponds to a pair § € R and

u € R" satisfying avg(uy, ..., u,) = 0, and vice versa. Under this reparameterization, (D1) becomes
glg}l}“{ y subject to avg(uy,...,u,) =0 and a <yl — zj:ujfj. (D2)
ueR"

The second constraint here is equivalent to Amax(a +>_;u;I;) < ¥, and hence the optimal choice
of § given u is achieved by Amax(a + >_;u;l;). Thus (D1) is equivalent to (D2) is equivalent to
(SDP-D), as claimed.

We would next like to claim that strong duality holds for the dual pair (SDP-P) and (D1);
however, there is a difficulty because the feasible region of (SDP-P) only has nonempty relative
interior, not interior. Alternatively, one might say the difficulty is that the feasible region for (D1)
is not bounded. However we can fix this by introducing the following equivalent bounded variant:

innIPf;T % Zyj subject to a <y L1+ -4y I, and |y;| <C, j=1...r, (D3)
J

where C' = 2r||al|.
Claim 3.1. (D3) is equivalent to (D1).

Proof. Suppose we have any feasible solution y for (D1). First observe that for any 1 < j < r, if
we take an arbitrary v; € V; we have

nl +-+yly, >a = y; > (vjlalv;) > —|lal|. (2)

Next observe that the optimum value of (D1) is at most |la|| (since we could take y; = ||la| for
all j); thus we may restrict attention to y’s that achieve objective value at most ||a||. But now
we claim any such feasible y will have y, < 2r||a|| for any 1 < k < r. To see this, observe (using
Inequality (2)) that
> "y =tk =D llal) = ye/r = lla].
J J#k

Thus if yi > 2r|la||, it is strictly not optimal. We conclude that we may add the constraints
—|la|| < y; < 2r|all for j =1...7 to (D1) without changing it. Clearly it doesn’t hurt to widen
this interval to —C' < y; < C (for the sake of symmetry), and so we conclude that (D3) is indeed
equivalent to (D1). O

We can now write the Lagrangian dual of (D3), which is

sup  (p,a) = C Y _|{p, I;) — 1| (P3)
pEB1(H)+ j=1

Claim 3.2. (P3) is equivalent to (SDP-P).
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Proof. Clearly the objective value of (SDP-P) is at most that of (P3), so it suffices to show the
converse inequality. To that end, let p be any feasible solution for (P3), and write the objective
value as o(p) — p(p), where o(p) = (p,a) (“objective”) and p(p) = C 3_;|(p, I;) — 1| (“penalty”).

Let € = (max;{r(p,I;)} — 1)1, so that (p,I;) < ( —|— €) for all j, and write p = p/(1 +
€) € Bi(H)+. Note that p(p) = C3_;0;, where J; — (p,I;) > 0. Finally, define p/ =
p+>_;65lviXvj| € Bi(H)+, where each v; is an arb1trary element of V. By construction, p(p’) = 0.
We now want to show

o(p') > o(p) = plp) = plp) > o(p) —o(p). (3)

We will then have that p’ is feasible for (SDP-P), with an objective value at least that of p’s in (P3);
this will complete the proof.
First, we have

(ﬂ):CZKpJ 1\—02\ +e){p I 1\—27’HQHZ!6/T— (14 €)d;].

On the other hand, we have

o(p) —o(p') = (p,a) — i (p,a) — §; Z (vjlalvs) < T (p,a) + llal D> &; < llall(v% trp+z5
J

Summing the inequality (p, I;) < 1(1+e€) yields tr p < 1+, so to establish Inequality (3) it remains
to show

2 fre— (145 > e+ > 0 = > (2rre— 1+ —3;) > e (4)

J J J
This is certainly true if € = 0, so it remains to assume € > 0. Then writing jo for the j achieving
max;{r(p, I;)}, we have d;, = 0 by construction. This gives us a contribution of 2e to the sum on
the right in Inequality (4). On the other hand, for j # jo, the worst possible value for d; is e +E)
; summing this over all j # jo yields at worst

> €, as needed. O

in which case the contribution to the sum is —
r(l—l—e)

Thus we have shown the sum in Inequality (4) is at least 2e —

1+e 1+

By inspecting the above proof we may extract the following lemma, which will be useful later:

Lemma 3.3. Suppose p € By(H)4 has |(p,I;) — 1| < n for each 1 < j < r. Then there is
p € Bi(H)y satisfying (p',I;) = L for each j and with |(p,a) — {(¢',a)| < Crn. Furthermore, if p
has finite rank (respectively, support) then so too does p'.

Returning to (P3), formally speaking we are regarding it as the conic linear program

,
sup (p,a) — C’Z(Aj +A;) subject to (p,I;) — 1= )\+ Aj,i=1...rm
(P,>\+ AT )eBl(H)+@R O@R j=1
(P3)
Not only is this feasible, meaning the vector (%, ey %) is in the region

D= {(<J> LY== A0 (o L) = (A = A7) o€ Bi(H) 1, At eRL,, A~ € Réo} C R,

but it is even in the interior of the region, since D is in fact all of R". We are therefore finally in
a position to apply a strong duality theorem for conic linear programming [BS00, Thm. 2.187] to
the pair (P3), (D3). We conclude:

Theorem 3.4. (SDP-P) and (SDP-D) have a common value s*, and s* is achieved in (SDP-D)
by some 4 € R". We may therefore write s* = Amax(a), where @ = a + Z Ul
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3.2 Nearly optimal finite, rank-r solutions

Although the optimal value s* is achieved in (SDP-D) (that is, its “inf” may be written “min”),
the value s* might not be achieved in (SDP-P). However for any ¢ > 0, we can find p € Bi(H)+
satisfying (p, I;) = % for all j and with (p,a) > s* — 6. Let us further simplify this p.

Finite rank. First, recall that Boo(H)+ (the finite-rank positive semidefinite operators on #) is
dense in By (H)4+ with respect to the trace-norm (see [Con85, Thm. 1.11(d)], with the proof clearly
holding under the positive semidefinite restriction). Thus we can find a finite-rank pg € Boo(H)+
satisfying |(po, I;) — 2| < 6 for all j and with (pg,a) > s* — § — [|a]|§. Next, using Lemma 3.3
we can convert this to another finite-rank p1 € Boo(H)4 satisfying (p1,1;) = 2 for all j and with
(p1,a) > s* — 01, where 1 = § + ||a]|d + C§ — 0 as 6 — 0.

Finite support. Since p; € Byo(H), has trace 1 we can write py = S5 \; |@;Xi| for some
A=A, 0, \y) € ]Rl_i1 forming a probability distribution on [k;] and some orthonormal vectors
lpi) € £2(V). We can approximate each |p;) by a unit vector |¢}) of finite support satisfying
|(pil@i)|? > 1 — &1, from which it follows (an easy calculation [NC10, (9.60), (9.99)]) that [e;|j; <
2V/81, where e; = |pi)ei| — |2}l Now let pp =S¥ X @) h], a positive semidefinite matrix
of finite support. Then

<P2> pla Z)‘ €i, @ > s* _51 ZA 2\/>HaH =s" _51_2\/>HGH

and one can similarly check that |(p2, ;) — %] < 24/0; for all j. Again applying Lemma 3.3, we
can convert this to another finite-support p € Boo(H)+ satisfying (p, [;) = % for all j and with
(p1,a) > s* — 02, where 6o = 81 +2+/51||a|| +2C+/d; — 0 as § — 0. Since §; can be made arbitrarily
small by taking 6 — 0, we finally conclude:

Proposition 3.5. For any e > 0, there is a feasible finite-support solution p to (SDP-P) achieving

objective value at least s* — € = Apax(a) — €.

Rank r. In general, any solution p to (SDP-P) need not have rank more than r. Although we
don’t strictly need this fact, it is particularly easy to show for p of finite support, and we do so
now.

Proposition 3.6. Let p be a feasible solution to (SDP-P), with nonzero entries only in rows/columns
indezed by a finite set F C V. Then there is another p feasible for (SDP-P), supported on F' and
with rank at most r such that (p,a) > (p,a).

Proof. We think of p as a matrix indexed just by F, and write agp for the submatrix of a on
rows/columns indexed by F'. Suppose p has eigenvalues p1, . . ., 1) > 0 (nonnegative, since p > 0),
with corresponding orthonormal eigenvectors |¢1) ..., |¢‘ F\>' Then p achieves objective value

= 0 = Gpg) =) = (S o ) = X gl
i
Also, writing I; for the identity matrix restricted to V; N F, feasibility of p implies

F= ) =D i (il G =1
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Now if we imagine [¢1),..., |¢|ﬁ|> are fixed, and A, ..., /\\F\ are real variables, the above tells us
that the following linear program —

max {Z N (ilaglwi) 2 N (Wil = &, j=1.. -7"} (LP)
AeR=, : -

‘F‘ 1 (2
— has optimal value at least ¢, since we may take A\ = u. By standard theory of finite linear
programs, the optimal value occurs at a vertex where |F| linearly independent constraints are
tight. Since there are only r equality constraints in (LP), there is an optimal solution \* with at
least |F'| — r zero entries. Thus p = )", A¥ |¢;)(¢);] has rank at most r, achieves objective value at
least ¢, and is feasible for (SDP-P). O

3.3 Conclusion for matrix edge-weighted graphs

Let V, be a countable set of nodes and let G be a bounded-degree graph on V., with matrix
edge-weights from C"™*". Let Ay be the adjacency operator for G, acting on ¢3(Vs) ® C" and
assumed self-adjoint; we may think of it as an infinite matrix with rows and columns indexed
by Vs, and with entries from C"*". As in Definition 2.2, we write Ao for its “extension”; this is a
self-adjoint bounded operator on ¢2(Vs X [r]). Conversely, given any solution p for (SDP-P) from
Section 3, we may “unextend” it and think of it as an infinite matrix p with rows and columns
indexed by V., and entries from C"*".

We apply the the SDP duality theory from Sections 3 and 3.2, with “V” being Voo x [r], “a”
being Ao, and “V;” being Voo x {j} for all 1 < j <. The conclusion is that for any € > 0, there
exists:

e 4 € R" with avg;(a;) = 0;
e 2 finite subset F' C V;

e a PSD matrix p (the “unextension” of p of rank at most r from Proposition 3.6) with
rows/columns indexed by V, and entries from C"*", supported on the rows/columns F,
with

such that for ) N
A=Ay + 1y, @ diag(d),

we have

§" = Amax(A4) = PARTSDP-DUAL(Aw) = PARTSDP(Aw) > (p, Aso) = (pr, Ar) > s* —¢€, (5)

where pr, Ar denote p, As (respectively) restricted to the rows/columns F.

4 The SDP value of random matrix polynomial lifts

In this section we prove our main Theorem 1.2. To that end, let p be any self-adjoint matrix
polynomial over indeterminates Yi,...,Yq, Z1,..., 2} with r x r coefficients. Let A denote the
adjacency operator of the infinite lift X,, and write s* = PARTSDP(As) = PARTSDP-DUAL(A)

24



as in Equation (5). Fix any € > 0, and let A,, denote the adjacency matrix of a random edge-
signed n-lift of p, with A,, = p(Mj, ..., P1,...) for random edge-signed matchings M; and random
edge-signed permutations P;. Our goal is to show that except with probability 0,00 (1),

s* —e < SppP(A,) = SDP-DUAL(A,) < s* +e.

Given our setup, the upper bound follows easily from prior work, namely Theorem 2.17. Let @
and A be as in Section 3.3, and consider the matrix polynomial p’ defined by

p = p+ diag(a)1.
Then on one hand, the oco-lift of p’ has adjacency operator precisely A; on the other hand,
Al =9 (My,...,Py,...) = Ay + Lx, @ diag(d).

Thus Theorem 2.17 tells us that except with probability 0, e (1), the spectra o(A’,) and o(A) are
at Hausdorff distance at most ¢, from which it follows that

Amax(AL) < )\max(fl) +e=5"+e

But this indeed proves SDP-DUAL(A,,) < s*+ ¢, because 4 has avg(a) = 0 and hence is feasible for
SpP-DUAL(A,,).
It therefore remains to prove SDP(A,,) > s* — .

4.1 Adapting the partitioned SDP solution

Recalling the discussion in Section 3.3, we have that given any solution p for (SDP-P), we can
“unextend” it and think of it as an infinite matrix p with rows and columns indexed by V., and
entries from C"*". Then, we have some finite subset F' C V4 such that p is supported on the
rows/columns of F', and for any € > 0,

pisPSD, > pyu=11, 5" :=PARTSDP(Ax) > (p, Acc) = (p, Ap) > 5" — ¢, (6)
veF

where A denotes Ay restricted to the rows/columns F', and (p, Ar) continues to denote tr(pArp).
Because I is finite, we are able to assume that without loss of generality, G is a ball of radius /¢
for some finite /.

Let us now suppose we have a finite graph G, on vertex set [n], again with matrix edge-weights
from C"™*". (One should think of n as growing “large”, with |F| being “constant”.) We use the
notation A,, for G,’s adjacency matrix (an operator on C" ® C"), and A, for A,’s “extension” (an
operator on C""). We write (|s, j))se[n],jer] for the standard orthonormal basis on C"". The basic

“Goemans—Williamson” SDP for A,,, normalized by factor ﬁ, is

~max (X,A,) subject to (s,j|X]s,j) = L vseln],jelr. (SDP)
CTLTXTLT
Bl 4
We recall that every vertex in Ao, (and therefore Ap) can be referred to as a reduced word over
the indeterminates of p. For every t € [n] we define II; = Y~ 5 LV [t) (v|® 1, where 1 is the identity
operator on C". L |t) ends up being equivalent to s, |u) for some u € [n], where s, € {£1}
based off of the signings of the substitutions in L.
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We may then define the operator X; on C" @ C" by
X = () p(TL) "

In other words, (X¢)ap = Y {pow :v,w € F, £]a) = LV|t), £|b) = LY |t)}. This operator is PSD
(since p is), and it satisfies the following:

Lemma 4.1. Let t € [n] and suppose there is no reduced, nonempty word w of length at most 2|F|
with L% |t) evaluating to £ |t). Then

(1) TAn(11;) = Ap
and (X, An) = (p, Ar).

Proof. Consider some ¢ € [n] which satisfies the condition in the lemma statement. For any a,b € F,
we can express the corresponding entry of (II;) T A,,(II;) in the following way:

((Ht)TAn(Ht))mb = Z{sv,tsw,t(An)v,w cv,w € [n], Sy |v) =LYNE), Sy |w) = cb [t)}

There’s exactly one pair v, w € [n] which satisfies the condition we are summing over. In addition,
because there’s no nonempty word w of length at most 2|F| with =+ [t) = £ |t), we know that for
any vertex v € [n], there’s exactly one a € F such that + |[v) = L%|t).

This means that the value of (A;,), . exactly corresponds to the weight of the edge (a,b) € Ap.
While this edge in A,, would be signed depending on the signs of substitutions in £, we note that
the factor of s, s, cancels these signs out.

Therefore, we have that for any a,b € F,

((Ht)TAn(Ht))a,b = (AF)a,b

and so (Ht)TAn(Ht) = AF
From this, it follows that

(p, AF) = tr(pArp) = tr(p(Il;) T An(I;)) = tr((T) p(I1;) T An) = tr(XeA,) = (Xy, An)

As a consequence, if this condition holds true for all ¢ € [n], then

X = avg Xy
te[n]
is PSD and has (X, A,) = (p, Ar). N
Ideally, we would like if X had X, = L1 for each s € [n], as then its extension X would be

a solution to (SDP) of value (p, Ar) > ||A|| — e. We see that we can achieve this for s € [n] where
the same condition in Lemma 4.1 is held:

Lemma 4.2. Let s € [n] and suppose there is no reduced, nonempty word w € F of length at most
2|F| with £* |s) evaluating to +|s). Then X, = 11.
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Proof. We expand the definition of X to get the value of X, ,.

Xoo = avg (Y Apuw i vw e F, £]s) = L71t), £s) = £”[1)})
te(n]

= % ZZ{pww cv,w € Fy, £ |s) = LY|t), £s) =LY |t)}

te(n]

If there is no reduced, nonempty word w of length 2|F| such that £ |s) evaluates to + |s), then
we know that for any vertex ¢ € [n], there cannot be two words v, w € F such that £ |s) = LV |t) =
L% [t), as this would imply that +|s) = £ |s). Therefore,

1
X =~ D {pvw:veF, £]s)=LV[t)}
t

For every v € F, there is exactly one ¢ € [n] satisfying & |t) = LV |s), or equivalently, + |s) =
LY |t). We can swap the sums and by Equation (6), we have

1 1
Xs,s = E Z{pv,v} = E]l
veEF

O]

Lemma 4.3. Let p be a matriz polynomial of degree a = d + 2e and A,, a randomly signed n-lift
of p formed by substitution L. Then for any ¢, except with probability 1/logn, there are at most
O(logn) wvertices v € [n] for which there is a reduced, nonempty word w with LY |v) evaluating to
+ |v), where |w| < L.

Proof. We consider the matrix polynomial p’ = Zle Y; +> i, Zi + Z}, and note that for A,
formed from p’ under the same substitution £, there is a reduced word w with =+ |v) = L |v) if and
only if v participates in a cycle in A],. By [BC19, Lemma 23], the expected number of cycles in A},
of length at most £ is O(a’). Markov’s inequality implies that except with probability 1/log(n),
the number of cycles in A, of length at most ¢ is at most a‘logn. There are £ vertices in such
cycles, and af is a constant, so the lemma holds. ]

4.2 A lower bound on the basic SDP value

In this section we complete the proof of our main theorem by showing that SDP(A,,) > s* — e whp.

Lemma 4.4. For all e > 0, as n — oo,

PARTSDP(As) — € < SDP(A,,)
except with probability o(1).

Proof. Let p be a finite rank PSD matrix achieving PARTSDP(Ax) = (p, Aoo) with finite support
F', which we know exists from Section 3.
Consider how we defined X; for every ¢ € [n] in Section 4.1. Say

X = avg X
ten)
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and note that )

(X, An) = = > (X, An)

te(n]

By Lemma 4.1 and Lemma 4.2, we have that if ¢ € [n] satisfies the condition that there are no
reduced, nonempty words w of length at most 2|F'| such that £ |t) = L |t), then (X, A,) = (p, Ar)
and X;; = 1. Lemma 4.3 tells us that except with probability 1/logn, there are at most O(logn)
vertices t € [n] for which this condition doesn’t hold.

Note that for any ¢ € [n] for which this condition doesn’t hold, we have that X; has only
constantly many nonzero entries, which are each bounded by constants. Thus, (X, A,) differs
from (p, Ar) by at most some constant amount.

Then with high probability,

(A = 3 (X0 A 2 Y (o) = 0 (5™ ) = (o) — of1)

ten] te[n]

and so we have that X is a PSD matrix such that (X, A,) loses at most an e factor from
PARTSDP(As). However, because not all of the diagonal entries have value %IL, technically X
is not a matrix we would maximize over in SDP(A,,).

We'll now fix this matrix X to have all % on the diagonals while only changing the value
achieved by an € factor.

Say V = [n] denotes the set of vertices of A,, and let S be the set of s € [n] such that
X5 =211

We define a matrix X’ such that

Xa,b a,be s
C/L,b: %]l a,beV\Sa=5b
0 otherwise

X is PSD, so for all w € R™ (where the entries of w are vectors of length r), w' Xw > 0. In
particular, if we consider any w € R™ such that w; = 0 when ¢ € S, it is clear that X restricted to
S is PSD as well. For any w € R™,

1
T
w' X'w = Z X{’jwiwj = Z wa + Z X jwiw; >0
1,J€[n] iZS i,j€S
X' is PSD, and it remains to show that (X', A,) > (X, A,) —e. We do this by showing that
(X — X', A,) <e. We use the below fact to upper bound (X — X', A,,).
(X =X, Ap) < X = X[l Anll

where || Ayl is the spectral norm of A,,, or the maximum absolute value of an eigenvalue of A,
and || X — X'||; is the sum of the absolute values of the eigenvalues.

Note that [|A,|/« is at most the maximum absolute value of any entry, and so by repeated
applications of the triangle property and the fact that |P|| < 1 for P a permutation matrix:

Y Tiwa| <Y IToal <) llal T IP1< " llal

HAn” - ‘
PjGTi 7
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with T; denoting the ith term of p. For a fixed p, this value is a constant, and it suffices to bound
IX - X'

Let II be the projection matrix preserving the rows and columns in S, and let 1 be the nr x nr
matrix with ones only on the diagonal entries corresponding with V'\ S. We have

1
X' =X+ —1g
nr

where || 15|| = [V \ S|/nr = o(1) by Lemma 4.3.
Then,

1
IX - X'|| = HX—HXH—#—WILS = || X — IIXTI|| + o(1)

1
NP Ao
nr

We can apply the Gentle Measurement Lemma [Win99, Lem. 9], which says that for PSD matrices
¥ with trace 1 and symmetric projection matrices P, |X — PX.P||; < ¢\/€, where € := 1 — tr(PXP)
In our case,

X — IIXTI|); < ey/1— tr(ILX 1)
We observe that IIXTI looks like X’ restricted to the rows and columns of S, and so tr(IIXII) =
> ses Xos = % by definition. Again by Lemma 4.3, as n approaches infinity, |S| > 1 — logn with

high probability, and so
S /1
— —‘ =c o8n _ o(1)
nr nr

This completes the proof that with high probability as n approaches infinity,

(X — X', Ap) = o(1)

The matrix X’ therefore achieves an SDP value only o(1) smaller than the original X, which we
recall is only o(1) than the value achieved by PARTSDP(A). Since X’ will be maximized over in
the basic SDP, this clearly shows that the value (X', A,) is achievable by the basic SDP on A,,.
So, for every € > 0,

PARTSDP(Ay) — € < (X', A,) < SDP(A,)
except with probability at most 1/logn = 0p—00(1). O

Our main theorem, Theorem 1.2, now follows as a corollary from our discussion in the beginning
of this section, which proves the upper bound on SDP(A,,), and Lemma 4.4 proving the lower bound
on SDP(A,).
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