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Abstract

Sketching refers to a wide variety of techniques to compress large datasets into
much smaller forms that can be efficiently processed to answer questions about the
original dataset. Over the past few decades, sketching has emerged as a key tool to effi-
ciently handle large datasets in majorly three settings: (i) the Classic setting, in which
the dataset is given to us and we want to solve a problem as quickly as possible, (ii)
the Streaming setting, in which the underlying dataset is defined by a large stream of
updates and we want to compute interesting properties of the dataset using a small
amount of space, and (iii) the Distributed setting, in which the dataset of interest is split
among multiple servers and we want protocols that use a small amount of communica-
tion among servers to solve problems of interest on the underlying dataset.

Each of the above settings presents a different challenge with regard to the measure
of efficiency we are interested in. In this thesis, we study sketching algorithms in these
three settings for a variety of problems. While the techniques required to obtain our
algorithms differ across problems and settings, the underlying idea of data compression
to convert the original large dataset into a much smaller form is a key ingredient behind
all the results in this thesis.



vi



Acknowledgments

First and foremost, I'd like to thank David. I learnt a lot from David about how to
approach problems, reassess when stuck, and properly understand the current state
of things while doing research. David has been extremely helpful throughout, always
willing to spend hours talking about research and introduce new problems and collab-
orators to me.

I would like to thank Vahab and Peilin for hosting me at Google Research for the last
couple of years. I had a lot of fun exploring new research areas beyond the work I did at
CMU. I really appreciate Pravesh Kothari, Rasmus Pagh and Richard Peng for agreeing
to be on my thesis committee. I am very thankful to Sorav Bansal, Amit Deshpande and
Naveen Garg for setting me up on the research path during my undergrad.

I am grateful to my collaborators Ainesh Bakshi, Vincent Cohen-Addad, Kenneth
Clarkson, Nadiia Chepurko, Hossein Esfandiari, Zhili Feng, Chirag Gupta, Vahab Mir-
rokni, Rasmus Pagh, Sandeep Silwal, Mikkel Thorup, Peilin Zhong and Samson Zhou
for all the help and the things I've learnt from them.

I fondly cherish all the great moments with my friends and roommates Divyansh,
Jatin, Saket and Vishnu over the years in Pittsburgh. It was amazing to share the home
with them. I'd like to thank my friends Avaneep, Dinesh, Harshaan, Lovish and Ribhav
for keeping me sane at times and making me go insane the other times throughout the
PhD years.

I'm thankful to my amazing office mates Asher, Lucio and Suhas for always keep-
ing a fun atmosphere in 5101. I'd also like to thank all the theory group members at
CMU for all the talks and chats over the years and inspiring me to work on interesting
things. Shout out to Jeff for all the tennis we played! I'd also like to thank Deb Cavlovich,
Christina Contreras, Catherine Copetas, Matthew Stewart, Jenn Landefeld, Amanda Hor-
nick and all other CSD staff for always trying to make the life of students easy.

Finally, I'd like to thank my parents Latha and Shekhar, and my sister Meghana for
always supporting me in whatever I wanted to do.



viii



Contents

1

2

Introduction
1.1 Measures of Efficiency . . . . . . . . o . i e e e
1.2 Classificationof Techniques . . . . . . . . . . . ... . i
1.2.1 LinearSketching . . . . . ... . . .. .. . ...
122 Coresets . . . v i e e e e e e e e
1.3 OurResultsinthe ClassicSetting . . . .. ... ... ... ... ... .......
1.3.1 Fast Oblivious Subspace Embeddings . . . . ..................
1.3.2 Approximating Sum-of-Distances . . . . . ... ... ... ... ... ...,
1.3.3  Query Complexity of Low Rank Approximation . . . . . .. .. ........
1.3.4 Reduced-Rank Regression with Operator Norm Error . . . ... ... .. ..
1.3.5 RidgeRegression . . . . . . . v v v v i v i e e e e e
1.3.6 Linear-time Attention Mechanism via Sketching Polynomial Kernels . . . . .
1.4 TheStreaming Setting . . . . . . . . . . . . e e
1.4.1 TurnstileStreaming . . . . . . . ... . e e e
1.42 RowArrivalModel . . . .. ... ... ..
1.4.3 Approximating the Top Singular Vector . . . .. ... ... .. .......
1.5 TheDistributed Setting . . . . . . . . . . . . e
1.5.1 Function Sum Approximation . . . . . . . .. ... ...
1.5.2 Personalized CONGESTmodel . . . . . ... ..................
1.6 BibliographicRemarks. . . . . . ... ... ... ..
Preliminaries
21 Notation . . . . . . . . 0 e e e e
2.2 Subspace Embeddings . . . . .. ... ...
2.2.1 Oblivious Subspace Embeddings . . . . . ... ... ..............
2.2.2  Non-oblivious Subspace Embeddings . . . . ... ...............

ix

O 00 N N o b -

[ T O Y e G G SOy
O O VW WV 0 N U W N = O



I The Classic Setting 29

3 Near-Optimal Algorithms for Linear Algebra in the Current Matrix Multiplication Time 31

3.1 Introduction . . . . . .. i e e e e e e e e 31
3.2 Technical Overview . . . . .. . . . . . . . . i 33
3.3 Flatteningthevectors . . . . ... ... ... .. ... . 36
3.4 FastSubspace Embeddings . ... ......... ... . ... ... ... ... 40
3.5 Applications . . . . .. e e e e e e e e e e e 45
3.5.1 Subspace Embeddings . . . ... ... ... e 45

3.5.2 LinearRegression . . . . . . . . . . . . i i e 50

3.5.3 Rank Computation and Independent Row Selection . .. ........... 51

3.5.4 Low-Rank Approximation . . . . ... ... ... .. ... 56

3.6 Conclusions and Open Questions . . . . . . . . .o v v v i v v it 61
4 Dimensionality Reduction for the Sum-of-Distances Objective 63
4.1 Introduction . . . . . v it e e e e e e e e e e e 63
4.1.1 OurResults. . . ... ... . . e 65

4.2 Preliminaries and Technical Overview . . .. ... ... .. ... .......... 66
4.2.1 Technical Overview . . . ... . ... . ... .. 67

4.3 Sum of Distances to a k-dimensionalshape . . . . . ... ... ... ......... 68
4.4 DimensionalityReduction . . . . . ... ... ... L L 70
44,1 Constructing an (O(1), O(k))-bicriteria Subspace Approximation . . .. .. 70

442 Constructinga (1 + ¢ O(k?/¢?))-bicriteria Subspace Approximation . . . . . 72

4,5 Dimensionality Reduction . . . . . . . .. . ... . e 74
4.6 Coreset Construction using Dimensionality Reduction . . . . . ... ... ... ... 76
4,7 Conclusions and Open QUeStions . . . . . . v v v v v v vt i e e 81
5 Lower Bounds on Adaptive Sensing for Matrix Recovery 83
51 Introduction . . . . . . . . . . e e e 83
511 OurResults. . . . .. i e e e e e 87

5.1.2 Notation . . . . . . . . . i i i e e 38

513 0OurTechniques . . . . . . v v i v v it et e e e e e e 88

514 RelatedWork. . . .. ... . . . e 92

5.2 Preliminaries. . . . . . . . . .. e e e e e 94
5.2.1 BayesRiskLowerBounds . ... ... ....... ... viie.... 94

52.2 KLDIVErgence . . . . . . .. v v v v i v v v it i it et 95

5.2.3 Properties of Gaussian random matrices and vectors . . . . . ... ... ... 96

5.3 No. of Linear Measurements vs No. of AdaptiveRounds . . . . ... ......... 97
53.1 ProofofLemma5.3.1 . .. ... .ottt e e 98



5.3.2 Lower Bounds for estimating rank-r Plant . . .. ............... 104

5.4 Proofof Theorem5.1.1. . . . . . . . . . . i it it e e 107
5.5 Lower Bounds for Other Problems . . . . ... ... ................. 109
5.5.1 Spectral Low Rank Approximation . . ... ... ... ... ... ..... 109
5.5.2  Symmetric Spectral Norm Low Rank Approximation . . . . . ... ... ... 111
5.5.3 Schatten Norm Low Rank Approximation. . . . . . ... ... ........ 112
5.5.4 Ky-Fan Norm Low Rank Approximation . . . . .. ... ............ 114
5.5.5 Frobenius Norm Low Rank Approximation . . . ... ... .......... 115
5.5.6 Lower Bound for Reduced-Rank Regression in Spectral Norm . . . ... ... 116
5.5.7 Lower Bound for Approximating the i-th Singular Vectors . . . . . ... ... 117
5.5.8 Lower Bounds for Sparse Matrices . . .. ................... 119
5.6 Conclusions and Open QUeStions . . . . . . . v v v v v v it e e 119
Reduced-Rank Regression with Operator Norm Error 121
6.1 Introduction . . . . . . . . . . . .. e e 121
6.1.1 MainResult . . ... ... . ... . e 123
6.1.2 OurTechniques . . . . ... . i i i ittt i ittt 123
6.2 Notation and Preliminaries . . . ... ... ... ... ..., 126
6.3 Previouswork . . . . . ... 128
6.4 Reduced-Rank RegressioninOperator Norm . . . . . . . . . . v v v v v v v v v 129
6.5 Block Krylov Iteration with Approximate Multiplication Oracle . . . . ... ... .. 130
6.6 Approximate Oracles and Reduced Rank Regression . . . . ... ........... 132
6.6.1 MainTheorem . . . . . . . . . . . . e 133
6.6.2 Removing k(AA*B)Dependence . . .. .. .. ..., 133
6.7 Conclusionsand Open Questions . . . . . . . . . . v v i i v i i it e e e e 134
Optimal Deterministic Coresets for Ridge Regression 135
7.1 Introduction . . . . . . .t i e e e e e e e e e e e 135
7.1.1 PreviousWork . . . . . . .. e e 136
7.1.2 OurContributions . . . . . . . . . . v i i i e e e e 137
7.1.3 Notation . . . . . . o v e e 138
7.1.4 Preliminaries. . . . . . . v vt i e e e e e e e e 139
7.2 Upper Bounds for Linear Regression . . . . . .. ... v v v v v .. 140
7.2.1 Single Response Linear Regression . . . . . ... .. ... ... ...... 140
7.2.2 Multiple Response Linear Regression . . . . . . . . oo v v v v v v v v v .. 142
7.3 Upper Bounds for Ridge Regression: Statistical Dimension . . . . . . ... ... ... 143
7.4 Deterministic Communication Protocol for Ridge Regression . . . ... ... .. .. 144
7.4.1 CommunicationModel . ... ... ... ... .. ... ... ... .. ... 144
7.4.2 Ridge Regression in the Distributed Setting . . . . . ... ........... 145

Xi



7.5 Lower Bounds for Multi Response Ridge Regression . . . .. ... .......... 147

8 Sketching Algorithms and Lower Bounds for Ridge Regression 151

8.1 Introduction . . . . . . . v it e e e e e e e e e 151

8.1.1 Lower bounds for Ridge Regression . . . . . ... ... ............ 153

8.1.2 Lowerboundsfor AMM . .. ... ... .... ... .. ... ... ..., 154

8.2 Preliminaries. . . . . . . . . . e e e 155

8.3 An Iterative Algorithm for Ridge Regression . . . .. ... ... ........... 156

8.3.1 Propertiesof OSNAP . . . . . . . . . . . . e 158

8.3.2 Running times Comparison . . . . . . . . v v vt vt e e e e 159

8.4 Applications to Kernel Ridge Regression . . . . .. .. ... ... .. ........ 160

8.5 Lowerbounds . . .. ... ... ... 163

8.5.1 Lowerboundsfor AMM . .. ... ....... ... ... .i.... 167

852 LowerBoundWrapup . . v v v v v v v o e et e e e e e e 171

8.6 AnExperiment . . . . . .. ... . . . 172

8.7 Conclusionsand Open Questions . . . . .. ... ... ..., 172

9 PolySketchFormer: Fast Transformers via Sketching Polynomial Kernels 175

9.1 Introduction . . . . . . . v v i i e e e e e e e e e 175

9.1.1 OurContributions . . . . . .. .. ... . e 178

9.1.2 OtherNotation . ... .. ... ... ... .. ... ..., 180

9.2 Polynomial Attention and Approximation . . .. ... ... ... .. ... ... .. 180

9.2.1 Softmax versus Normalized Polynomial . . . . .. ... ............ 180

9.2.2 Random Sketches for Polynomial Attention with Theoretical Guarantees . . . 182

9.2.3 Learnable Sketches for Polynomial Attention . . . . .. ............ 186

9.3 HandlingCausalMasks . . ... ... ... ... .. . ... . . ... 187

9.3.1 Fast Lower Triangular Multiplication . . . . ... ... .. ... ....... 187

9.3.2 Applying Exact AttentionLocally . ... .................... 188

9.4 EXperiments . . . . . . . . ... e e e e e e e e e e e e e e 189

9.5 Conclusionsand FutureWork . . . ... ... ... ... ... ... ... ... ... 191

II The Streaming Setting 193
10 Pseudorandom Hashing for Space-bounded Computation with Applications in Stream-

ing 195

10.1 Introduction . . . . . v vt e e e e e e e e e e e 195

10.1.1 OurResults . . . . . . . . o e 197

10.1.2 Previous Work . . . . . . . ... 200

10.1.3 Technical Overview . . . ... ... ... . ... .. ... 203

xii



10.2 Preliminaries . . . . . . v v v i e e e e e e e e e e e 210

10.3 HashPRG . . . . o o e e e e e e e e e e e e e 212
10.3.1 HashPRGConstruction. . . . . . . . . v v v v i v vttt e et e e 212
10.3.2 HashPRG Analysis . . . . ... . ... .. . ittt 214

10.4 Moment Estimationforp >2 . . . ... .. ... ... .. e 218
10.4.1 Discretizing the Exponentials . . . . . ... .................. 219
10.4.2 Fj Estimation With HashPRG . . . . . ... ... .............. 222
10.4.3 Comparison with Andoni’s use of Nisan-ZuckermanPRG . . . . . ... .. .. 223
10.4.4 fpsampling . ... .. 225

10.5 Moment Estimationfor0 < p <2 . .. . . .. . . i i e 226
10.5.1 Overview of Moment Estimation Algorithm of [KNPW11] . ... ... .. .. 227
10.5.2 The HighEnd Data Structure . . . . . . ... .. ... .. ... .. ...... 227
10.5.3 The LightEstimator Data Structure . . . . .. ... ... ... ........ 229
1054 WIAP-UP . v v v v v o e e e e e e e e e e e e e e e e e e e e e e e e 237

10.6 Derandomizing CountSketch with HashPRG . . . . ... ... ... .. .. ... .. 238
10.6.1 PRGs for Space-bounded Computation and CountSketch . . . . ... ... .. 240
10.6.2 Alternative Derandomizations of CountSketch with Nisan’'sPRG . . . . . . . . 242

10.7 Private CountSketch . . . . . . . . . . ... . e 243

10.8 Estimating ||x|lco - + « « « v v v e e e e e e e e e 245
10.8.1 Space Lower Bound for estimating ||x|| in a turnstile stream . . . . . .. .. 249
10.8.2 Tighter bounds for vectors with large ||x|lcc . . . . . . . . . . . oo oL 252

10.9 Conclusions an Open QUESLIONS . . . . . . v v v v v v vt e e e 254

11 High-Dimensional Geometric Streaming for Nearly Low Rank Data 255

111 Introduction . . . . . . . oo e e e e e e e e e 255
11.1.1 Previous Work . . . . . . . o o e e 257

11.2 Preliminaries . . . . . . . . o o e e e e e e 259

11.3 £ Low Rank Approximation and OuterRadius . . . . . ... .. ... ... ... .. 259
11.3.1 Online Rank-k Ridge Leverage SCOres . . . . . v v v v v v v v v v v v v v v o 260
11.3.2 AnEfficient Algorithm . . . . . . ... ... ... .. L o oL 261
11.3.3 Fast Implementation of Algorithm11.1 . . . .. .. ... ........... 266

114 LowerBounds . . . . . . . o it it e e e e e e 266

11.5 £, Subspace Approximation . . . ... ... ... . ... L 268

11.6 Applications to Other Geometric Streaming Problems . . . . . ... ... ... ... 272

11.7 Conclusions and Open Questions . . . . . . . . . v v v v v v v it e e e 274

12 Approximating the Top Eigenvector in Random Order Streams 275

12.1 Introduction . . . . . . .. e 275

12.2 Power Method with Approximate QuadraticForms. . . . . . . ... ... ...... 279

xiii



12.2.1 Sampling forRowReduction . . .. ... ... ... ... ... .......

12.2.2 Random-Order Streams with boundsonNorms . . . ... .. ... .. ...

12.2.3 Random Order Streams without NormBounds . . . ... .. ... ... ...

12.3 Lower Bounds

--------------------------------------

12.4 Improving the Gap Requirements in Price’s Algorithm . . . . .. ... ... ... ..
12.4.1 ArbitraryOrderStreams . . . . . . . . . . . .. . . i .
12.4.2 Random Order Streams . . . . . . . v v v v v v v it e e e

12.5 Hard Instance

forOja’s Algorithm . . . . .. ... ... ... ... ... . ... ..

III The Distributed Setting

13 Optimal Communi
13.1 Introduction
13.1.1 OurRe

cation Bounds for Classic Functions in the Coordinator Model

SUltS . . L L

13.1.2 OurTechniques . . ... ... ... ... . ... . .

13.2 Preliminaries

13.2.1 Notation . . . . . . . . . o i i e e e e
13.2.2 Exponential Random Variables . .. .. ... ... ... ...........

13.3 Sampling from Additively-Defined Distributions . . . . .. ... ... ... ... ..

13.4 A Two Round Protocol for Sum Approximation . . . . . .. ... ... ... .....
13.4.1 The Coordinate i*isSampled . . .. ... ... ... ... ... .......
13.4.2 ComputingthesetPL . . ... .. ... ... ... . ... . ... ...,
13.4.3 Higher-Order Correlations . . . . .. ... ... ... ... ... .......

13.5 Lower Bounds

--------------------------------------

13.5.1 Lower Bound for Sum Approximation . . . . . . . . . ... ... ...,

13.5.2 F Estimation Lower Bound for one-round Algorithms . . . . .. . ... ...

13.6 Conclusions and Open Questions . . . . . . . . . . . v v i v v it e e

14 Linear Algebra in the Personalized CONGEST Model

14.1 Introduction
14.1.1 OurRe

SULES . v o e e

14.1.2 OurTechniques . . ... ... ... ... . . i,

14.2 Neighborhood Propagation via Composable Sketches . . . ... ... ... ... ..

14.3 Composable Sketches for Sensitivity Sampling . . . . ... ... ... .. ......

143.1 £, Sensitivity Sampling . . . . ... ... ... oL o

14.3.2 Sketch

Creation . . . . v v i e e e e e e e e e e e e e e e e e e e e

14.3.3 MergingSketches . . . .. ... ... ... . L
14.3.4 Neighborhood Propagation . . . . ... ... ... ... ... .....

Xiv

297

299
299
301
303
307
307
307
309
312
316
318
332
333
333
337
340



15

14.3.5 Applicationsto £, Regression . . . ... ... ... ... ... ... .. 353

14.3.6 Low Rank Approximation . . . .. ... .. ... ... 355
14.4 Conclusions and Open QUeStions . . . . . . v v v v v v v v v e e e e e 356
Bibliography 357
Deferred Proofs from Chapter 4 383
A.1 Lopsided Embeddings and Gaussian Matrices . . . . . .. . ... ... ... ... .. 383
A.2 Utilizing Sampling-based #; Embeddings . . . ... ... ... ............ 387
A.3 Finding Best Solution Among Candidate Solutions . . . . ... ............ 389
Deferred Proofs from Chapter 6 391
B.1 Omitted Proofs from Section 6.3 . . . . . . v v v v v v e e e e 391
B.1.1 Proofof Theorem 6.3.1. . . . . . . . . v i v v i i i it e i e e e e 391
B.2 Omitted Proofs from Section 6.4 . . . . . . . . . v v v v i i e e e 392
B.2.1 ProofofLemma6.4.1 . . . . . . . v v v it e e e e e e 392
B.2.2 ProofofLemma 6.4.2 . . . . . . . i i i e e e e e e 393
B.3 Omitted Proofs from Section 6.5 . . . . . . . v v v v v i e e e e e 393
B.3.1 Errorin Computing KrylovSubspace . . . ... ... ... .......... 393

B.3.2 Condition Number of the matrix p(M)G and existence of good rank k sub-
space inside an approximate Krylov Subspace . . .. ... .......... 395
B.3.3 Proofof Theorem 6.5.1. . . . . v v v v v i i e e e e e e e e e e e 403
B.4 Omitted ProofsinSection 6.6 . . . . . . . v v v v v i i i e 406
B.4.1 ProofofLemma6.6.1 . . . . . . . v i v it e e e e 406
B.4.2 Proof of Lemma6.6.2 . . . . . . i e e e e e 407
B.43 Proofof Lemma6.6.3 . . . . . . . i it e e e e e e e e e 411
B.4.4 Proofof Theorem 6.6.4. . . . . . . . . v v v i i it e e e e e e e e 415
B.45 Proof of Lemma6.6.5 . . . . . . i i e e e e e e 416
Deferred Details from Chapter 10 419
C.1 Nisan’s Pseudorandom Generator . . . . . . . . . v v v v v v i i e 419
C.2 FindingHeavy Entries . . . . . . . . o v v vttt et e e e e 420
Deferred Proofs from Chapter 11 423
D.1 Omitted Proofs from Section 11.3 . . . . . v v v v v v i e e e 423
D.1.1 ProofofLemmal1l.3.4 . . . . v v v v it e e e e e e e e 423
Deferred Details from Chapter 13 427
E.l1 Gapintheanalysisof [KVW14] . . . .. . .. .. .. . i 427
E.2 Huber LossFUNCEION . . . . . . o v v i it e e e e e e e e e e e e e 427

XV



E.2.1  Super-Additivity . . . . ... ...
E2.2 Boundingcels] ... ... ... ... .. . .. ...
E.3 Derandomizing Exponential Random Variables using Nisan’s PRG

xvi

...........

...........



Chapter 1

Introduction

In this era of very large datasets, extracting useful insights efficiently has become challenging. Ex-
isting algorithms, many of which assume that data can be arbitrarily accessed and that run in super-
linear time, have become untenable with growing input sizes. In addition to growing input sizes,
another key challenge is the way input to a problem is defined. For example, the input may be arbi-
trarily partitioned across multiple servers, and we may want to solve a problem on the underlying
input with algorithms that are communication efficient. As another example, the input to a problem
may be defined by a stream of items, and we may want to solve a problem under the constraint that
there is not enough space to store all the items.

Over the past several decades, sketching has emerged as an effective paradigm to obtain efficient
algorithms to process large datasets in the above described settings. At a high level, sketching refers
to the process of efficiently compressing a dataset into a smaller form, called a sketch, that contains
enough information sufficient to (approximately) solve a problem on the original dataset. Convert-
ing datasets into sketches has three major advantages:

1. Due to their small size, time-intensive algorithms such as the Singular Value Decomposition

(SVD) can be run much quicker than they can be on the original dataset.

2. If the sketches are efficiently updateable, we can obtain small-space algorithms to process data
streams by updating the sketch each time the underlying dataset receives an update.

3. Since the sketch can be represented using smaller number of bits than the original dataset,
it can be efficiently communicated to other parties who may want to learn properties of the
original dataset.

These advantages of sketching have led to efficient algorithms for handling very large datasets. A lot
of large scale data problems ask simple questions about the underlying datasets. For answering many
such questions, there is a lot of redundant information present in the underlying datasets, which
seems to be the key reason for the existence of efficient sketching algorithms.

We can broadly classify the large scale data problems into three settings: (i) Classic, (ii) Streaming,

and (iii) Distributed. In the rest of this chapter, we will briefly define these three settings and the



results obtained in this thesis for problems in each of these settings.

The Classic setting. In this setting, we are given a large n X d input matrix A, and we want algo-
rithms that run as fast as possible and solve a problem of interest. We preferably want algorithms
that run in time O(nnz(A)), where nnz(A) denotes the number of nonzero entries in A. Such algo-
rithms are usually called input-sparsity time algorithms. These algorithms let us support datasets with
very large values of n and d assuming that the inputs are sparse. Early literature in numerical linear
algebra dealt with obtaining fast and numerically stable algorithms which resulted in very good de-
terministic algorithms for a number of linear algebra routines such as QR decomposition, Singular
Value Decomposition and least-squares regression (see [TB97] and references therein). While these
algorithms are fast and numerically stable, the running times typically scale as O(nd?) when the
inputs have size n X d (n > d). With growing input sizes, these algorithms have become too slow
to be practical. Often in applications, an approximate solution to these problems suffices. Hence, a
major question is if we can trade off accuracy to obtain fast algorithms.

Frieze, Kannan and Vempala [FKV04] explored importance sampling based techniques to de-
crease the input sizes substantially so that the classical algorithms can then be run on the smaller
inputs. Their work resulted in fast randomized approximation algorithms for the low rank approx-
imation problem. Extending this work, [DMM06a, DMM06b, DRVWO06, DV07] have studied applica-
tions of row sampling for matrix approximation.

In another line of work, Sarlés [Sar06] introduced the concept of structured oblivious subspace
embeddings which can be used to decrease the input sizes so that the classical algorithms can now
be run on the smaller inputs. For the least squares regression problem, Sarlés showed that one can
obtain 1 + ¢ approximate solutions in faster than O(nd?) time that is required by the earlier algo-
rithms to compute an exact solution. This led to numerous subspace embedding constructions such
as [Tro11, CW17, NN13] leading to first input sparsity approximation algorithms for the low rank
approximation and least squares regression problem.

These two lines of works have established sketching, in the form of sampling and randomized
projection, as a key technique for obtaining fast approximate algorithms for classical linear alge-
bra problems. In this thesis, we obtain new sketching algorithms that improve upon previous best
algorithms for a number of problems in the classic setting.

The Streaming setting. In the classic setting described above, we assume that (i) the entire input
is available to us and that (ii) the input fits in memory but that the classical algorithms are too slow
when run directly run. In many settings, such as in internet traffic logs, financial transactions, the
dataset is not given to us upfront but is defined by a series of updates to the underlying dataset.
Representing the underlying dataset as an n X d matrix A, these updates typically take two forms:
(i) row arrival model, in which the rows of the matrix A are revealed one after the other and (ii)
turnstile streaming model, in which the individual entries (or entire rows) of the matrix A receive



additive updates. When the parameters n and d are so large that the underlying matrix A cannot be
maintained in memory as the updates arrive, we cannot use the algorithms from the classic setting
to process such datasets.

The row-arrival setting is helpful to model time-series datasets wherein we receive new infor-
mation at every time step and our underlying matrix is defined as the data that arrives in the next n
time steps, where n is very large. It is also helpful to model the situations where the data is already
available but does not fit in the memory. Suppose that there is a large dataset stored in the disk and
the algorithms can only bring in rows of the dataset one after the other into the memory to operate
on.

In such settings, we desire algorithms that use a small amount of memory and process the up-
dates as they arrive to update their internal state and at the end of processing the stream, output
an approximate solution to a problem on the underlying dataset. Such an algorithm, that uses much
smaller than n-d space necessary to store the entire matrix A, can process long data streams defining
a large underlying data matrix.

The first non-trivial streaming algorithm was proposed by Morris [Mor78] for (approximately)
counting the number of items in a stream. In this problem, we see a stream of items and our objective
is to simply count the number of items. We can trivially count the number of items using ©(log n)
bits by simply incrementing a counter by 1, when the number of items in the stream is n. Perhaps
surprisingly, Morris gave a randomized algorithm that uses only ®(loglog n) bits to approximate
the number of items in the stream.

In 1996, Alon, Matias and Szegedy [AMS99] initiated the study of moment estimation in turnstile
streams. In this problem, there is an underlying n dimensional vector x that receives updates of
the form (i, A) in the stream. On receiving an update (i, A), the i-th coordinate x; is updated as
xi < x; + A. Our objective in this setting is to approximate F,(x) = Y, |x;|*. The so-called
AMS sketch can approximate F,(x) up to a multiplicative 1 + ¢ factor using O(¢™2) words of space.
This work motivated a flurry of work [CCFC02, Cor05, IW05, Ind06, BJKS04, Li08, KNW10] studying
algorithms and lower bounds for approximating Fj, (x) = 3i_; |x;|? for p € [0, 00). The frequency
moment estimation problem has been a source of significant amount of techniques in the streaming
and communication complexity literature.

In this thesis, we obtain improved streaming algorithms for problems such moment estimation,
subspace approximation, top eigenvector approximation, etc., using the sketching techniques which
convert the large underlying data matrix into a smaller form that can be efficiently updated on-the-
fly as the updates to the underlying matrix arrive in the stream.

The Distributed setting. In many settings, the data we want to operate on is split across multiple
servers. For example, some features of a user maybe stored on Google Search servers and the other set
of features maybe stored on YouTube servers. Google may want to solve a regression problem or the
low rank approximation problem on the matrix obtained by joining the data across multiple servers.



Hence, a question is if such problems can be solved without communicating all the large matrices to
a coordinator server. This is sometimes referred to as the column partition model.

In the row partition model, there are multiple servers each holding the data of a disjoint set of
users. Again, one may want to solve problem such as linear regression or low rank approximation
on the matrix obtained by combining the data of all the users. The question again is, if one can solve
such problems without needing to send all the data to a coordinator servers.

The arbitrary partition model generalizes both of these models and allows for even more gen-
eral data splits. In this model, there are s servers along with a coordinator and the j-th server holds
an nxd matrix A; and the coordinator wants to solve some problem on the matrix A == Ay +- - -+A;.
In this model, [KVW14] studied communication efficient algorithms for the Principal Component
Analysis (PCA) problem.

Apart from the coordinator model of distributed computation where the communication graph
of the nodes is a star-graph, communication-efficient distributed algorithms have also been studied
in more general graph topologies. One such model is the CONGEST model [Pel00] in which the data
(such as a graph or rows of a matrix) is split across nodes and each node in the graph can send a
limited amount of data to its neighbors in each round of communication. One then wants to solve a
problem on the combined data using as few rounds of communication as possible.

In this thesis, we use sketching techniques to obtain communication efficient algorithms for
solving the moment estimation problem, and more generally function sum estimation problem in
the coordinator model, and we introduce the personalized CONGEST model which generalizes the
CONGEST model and obtain communication efficient algorithms for regression and low rank approx-

imation problems.

1.1 Measures of Efficiency

Each of the above settings presents different challenges with regard to the types of efficiency we
care about. In this thesis, we consider five complexity measures with one or more of them being
relevant to each of the above settings.

Time Complexity. In the classic setting, the time complexity simply refers to the total amount of
time required by an algorithm to compute a solution to a problem on the given dataset.

In the streaming setting, we are concerned with the amount of time required by an algorithm
to process an update to the underlying matrix. We call this the update time of a streaming algorithm.
Having a small update time is crucial to be able to process a stream of updates at a high throughput.
Another complexity measure related to time in the streaming setting is the amount of time required
for a streaming algorithm to output a solution at the end of processing the stream.



Space Complexity. Inthe streaming setting, we assume that we do not have enough space to store
the entire underlying matrix A and hence the algorithms operate in a memory-constrained setting.
The space complexity of a streaming algorithm is the amount of space (in bits) it needs to process
the stream of updates to the underlying matrix and output a solution at the end of the stream. We
want algorithms that have as low a space complexity as possible.

Randomness Complexity. Many space and time efficient algorithms are often randomized and
use a large number of random bits which raises the question how these bits are obtained. Thus it
is important for an algorithm to use as few random bits as possible while meeting other efficiency
measures.

More importantly though, in the streaming setting, an important question is how the large num-
ber of random bits needed by an algorithm are stored since the algorithms operate in a memory-
constrained setting. The usual techniques here include replacing the use of full randomness with
k-wise independent hash functions for some small value of k or use pseudorandom generators that
fool small space algorithms, such as Nisan’s PRG [Nis92].

Query Complexity. In many settings, specific ways of interacting with the underlying matrix can
be much faster and simpler than materializing the entire matrix. Some ways of interacting with a
matrix are (i) querying specific entries, or (ii) querying for the result of multiplying the matrix with
a specific vector or more generally (iii) applying a function, chosen from a restricted class such as
the set of all linear functions, to the matrix and obtaining the result.

In this setting, an algorithm needs to minimize the amount of queries it makes since it is directly
related to the amount of time required to run such an algorithm. Thus given a class of queries that
one is allowed, the query complexity of an algorithm is the number of such queries it performs to
obtain a solution to the given problem. Again, we want algorithms that perform as few queries as
possible.

Communication Complexity. In the distributed setting, the input to a problem can be arbitrarily
partitioned among s servers. Assuming there is a coordinator that can communicate with all the
servers, the communication complexity of a protocol is the number of bits exchanged between the
coordinator and the s servers to solve the problem. We want protocols that use as few bits of com-
munication as possible to solve a problem up to desired accuracy.

1.2 Classification of Techniques

In the randomized linear algebra literature, there have majorly been two different sketching tech-
niques to obtain efficient algorithms: (i) linear sketching and (ii) coresets. We will briefly describe
these two methods at a high level.



1.2.1 Linear Sketching

Linear sketching refers to the technique of applying an oblivious randomized linear transformation to
decrease the dimensionality of the data or decrease the number of data points or both. At a high level,
a sketching-based algorithm has the following structure: First the algorithm computes a sketch of
the entire dataset using an appropriate transformation so that the sketch captures enough structure
of the dataset sufficient to solve a problem and then using the sketch, the algorithm computes an
(approximate) solution to the given problem on the original dataset.

To obtain fast sketch-based algorithms, it is necessary, as a first step that we can compute a
sketch of the dataset quickly. After obtaining the sketch, we need an algorithm that runs quickly on
the sketch to obtain a solution for the original problem. A proxy for how fast we can run an algorithm
on the sketch is the so-called size of the sketch i.e., the output dimension of the randomized trans-
formation. Thus, we need to carefully balance both the time-to-sketch and the size-of-the-sketch to
obtain fast algorithms using this paradigm.

Sarlds [Sar06] observed that the Fast Johnson Lindenstrauss Transformation (FJLT) of Ailon and
Chazelle [AC09] can be used to compute a sketch of an nxd matrix A in O(nd log n) time and showed
that this sketch can be used to approximately solve problems such as the Frobenius norm Low Rank
Approximation of A and the ¢, linear regression problem with A as the coefficient matrix. Later,
Clarkson and Woodruff [CW17] gave a construction of a sketch that can be computed in nnz(A) time
and obtained input-sparsity time algorithms for these problems. Thereafter, numerous works have
obtained fast algorithms for a variety of problems using the sketch-and-solve paradigm.

Apart from solving problems in the classic setting, linear sketching is a major technique to obtain
efficient algorithms in the streaming and distributed settings as well. We note that a linear sketch
can be efficiently' updated when a coordinate of the underlying matrix A gets updated. This obser-
vation has lead to turnstile streaming algorithms for a variety of problems such as moment estima-
tion [And17, KNPW11], heavy hitters [CCFC02], sampling coordinates from a variety of distributions
[JST11,JW21] and many more.

In the arbitrary partition model of the distributed setting, linear sketches can be used to obtain
communication efficient algorithms. Recall that each server in this setting holds amatrix A(1), . . ., A(s)
respectively and if the server j sends a linear sketch of the matrix A(j) to the coordinator, then the
coordinator can obtain a sketch for the matrix A = A(1) + --- + A(s) by simply adding up the
sketches. When the sketches are small, this leads to communication-efficient algorithms in the coor-
dinator model. This technique was used to solve the low rank approximation problem [KVW14].

!In time independent of the size of the dataset.



1.2.2 Coresets

Coresets usually denote a weighted subset of the original data points such that solving an appro-
priately modified version of the original problem on this weighted subset leads to an approximate
solution for the original problem. Again, to obtain fast algorithms using coresets, it is important
that we are (i) able to compute the coreset quickly and (ii) the size of the coreset is small so that the
problem can be solved quickly on the coreset.

In general, coresets are constructed using importance sampling of the data points where the
importance of a point depends on the problem being solved and on how the data point interacts with
rest of the points in the dataset. Sensitivity [FL11] is one way of assigning importance to each point
in the dataset and sensitivities have been used to compute small coresets for a number of problems
such as clustering [VX12], regression [DMMO06b], etc.

We remark that while the sensitivities have been used to obtain coreset constructions for many
problems, it is not always the case that they are the best measure of importance. For example, in
the case of £, subspace embeddings, Cohen and Peng [CP15] show that importance sampling of rows
using £, Lewis weights lead to coresets of smaller size as compared to coresets computed using the

t sensitivities.

Coresets have been used to obtain efficient algorithms for many problems in all the classic,
streaming and distributed settings. In the classic setting, coresets are often used to reduce the size
of the dataset to make searching for brute force solutions faster for problems such as clustering (see
[CASS21] and references therein).

In the row-arrival model of streaming, coresets for many problems can be obtained using the
“merge-and-reduce” framework [BS80]. Using this framework, any offline coreset construction algo-
rithm can be converted into a streaming coreset construction in the row arrival model with only a
space blow up of logarithmic factors in the length of the stream under certain conditions.

In the row-partition model of distributed computation, each server can independently compute
a coreset for their data points and send it to the coordinator. In many constructions of coresets,
simply the union of all the coresets is a coreset for the entire dataset.

1.3  Our Results in the Classic Setting

In this section, we will briefly describe the results obtained in this thesis for solving various problems
in the classic setting.



1.3.1 Fast Oblivious Subspace Embeddings

Definition 1.3.1. A random matrix S with n columns is called an («, §) Oblivious Subspace Embed-
ding (OSE) for d-dimensional subspaces of R" if

Prg[forallx € W, ||x]||2 < ||Sx]||2 < al|x||2] = 1-6

for all d-dimensional subspaces W C R".

When § is a small constant, we refer to S as an a-OSE for simplicity. We call « to be the distortion
of the subspace embedding S. Instantiating W to be the column space of a given n X d matrix A, we
obtain that with probability > 1 — § over the random matrix S, for all x € RY,

[Ax[lz < |ISAx|2 < al|Ax|l2.

The concept of subspace embeddings was introduced by Sarlds [Sar06] who showed that it can be
used to obtain fast algorithms for linear regression and low rank approximation, when n > d.

We can show, using a net argument, that if the entries of S are independent Gaussian random
variables and if S has m = O(d) rows, then S is an @-OSE for a constant a. But many applications
of OSEs to linear algebra require that we are able to quickly compute the matrix S - A. If S is a dense
Gaussian matrix, then unfortunately, it requires min(nd®~!, nnz(A) - d) time to compute the matrix
S - A, where w is the matrix multiplication constant, which is quite slow.

To remedy this problem, many structured OSEs [AC09, Tro11, CW17, NN13, Coh16] have been
proposed in the literature that let us apply the subspace embedding S to a matrix A quickly. Using
a combination of these structured OSEs, for a constant distortion &, and any y > 0, we can obtain a
random matrix S with m = O(d polylog d) rows and the matrix S - A can be computed in time

O(y ' nnz(A) + d**" polylog(d)).

Before the work in this thesis, there was no construction of a subspace embedding that can be ap-
plied in O(y ! nnz(A) + d** polylog(d)) time and with m = o(dlogd) rows. In this thesis, we
obtain the first construction of an OSE with m = O(d - poly(loglogd)) rows and a distortion
a = exp(poly(loglog d)) such that the matrix S - A can be computed in

O(y ™' nnz(A) + d**" polylog(d))

time. This leads to the first algorithms for many problems, such as basis finding, that run in time
O(nnz(A) + d“(poly(loglog d))) making steps towards completely removing the polylog(d) mul-
tiplicative factor to the d term plaguing many results before our work. We will briefly summarize
our main result in the following theorem.

Theorem 1.3.2. Given a parameter y > 0, there is an exp(poly(loglogd))-0SE S with m = O(d -



poly(log log d)) rows such that given an n X d matrix A, we can compute the matrix S - A in time
O(y ' nnz(A) + d** polylog d).

Our crucial observation which led to this result is that when all the unit vectors in a subspace
have large #; norms, then a sparse sign matrix satisfies the OSE property. We use a deterministic em-
bedding construction of Indyk [Ind07] and show that any d-dimensional subspace of RO(¢pelylog(d))
can be linearly mapped to such a flat subspace without blowing up the dimension by a lot.

We note that [CDDR23] have recently proposed a new sparse OSE construction which improves
upon the results in this thesis.

1.3.2 Approximating Sum-of-Distances

Consider the following simple problem: given n points x1, . . ., x, € R? and a shape S C R?, we want

to approximate

D d(x,9)

i€[n]

where d(x, S) is defined as infycs [|x — yl|o. When S is a set of k points, the above quantity is just the
k-median cost with S as the centers and when S is a k-dimensional subspace, then the quantity is the
?; subspace approximation cost. For this problem, Sohler and Woodruff [SW18] gave a dimensionality
reduction by producing a subspace P of dimension poly(k /) such that for any subset S € R? with
dim(span(S)) <k,

D NG, P+ d(Ppxi, ) = (1£2) ) d(x:,5),

ie[n] i€[n]

where Pp denotes the orthogonal projection matrix on to subspace P. The above relation shows that
one only needs the projections of x;s onto this special subspace P and the distance from x; to P to be
able to approximate the sum-of-distances to an arbitrary k-dimensional shape. Thus, we only need
to store n - poly(k/e) parameters instead of the n - d parameters required to store the exact values
of x;s, to be able to approximate the sum-of-distances. Unfortunately, the construction in [SW18]
takes time exponential in k/e. In this thesis, we give an improved algorithm that computes such a
subspace P in time O(nnz(A)/e* + (n + d) poly(k/¢)) and the reduced dimension points can be
used to approximate the sum of distances of the original n points to any k-dimensional shape. Our
algorithm is iterative and in each iteration solves a subspace approximation problem using linear
sketching techniques to reduce the size of the problem.

The dimensionality reduction procedure also lets us compute small coresets for many sum-of-
distances problems. We summarize our main result in the following theorem.



Theorem 1.3.3. Given an n X d matrix A, a rank parameter k and an accuracy parameter &, there is an
iterative algorithm that runs in time O(nnz(A)/e* + (n + d) - poly(k/¢)) and outputs a subspace P of
dimension at most poly (k/¢) such that with probability > 9/10, for any shape S with dim(span(S)) < k,

D V(AL P +d(Pp- A, ) = (126) ) d(4;,9),

i€[n] i€[n]

where A;. € R? denotes the i-th row of the matrix A and Pp is the orthogonal projection matrix onto the
subspace P.

1.3.3 Query Complexity of Low Rank Approximation

Very often it is much more efficient to interact with the underlying matrix in specific ways than it
is to assume arbitrary access to the entries of the matrix. For example, suppose we are given access
to an n X n matrix A, when the actual matrix we want to operate on is A7 where q is an integer > 1.
Given a vector x, we can compute A%x using q adaptive matrix-vector products whereas computing
the entire matrix A7 is inefficient. Thus given the matrix A, we have efficient matrix-vector product
query access to A?. Matrix-vector products model a specific set of linear functions on matrices. We
can indeed allow for more general linear measurements of matrices and study the query complexity
in those models.

Candés and Plan [CP11] study the number of noisy linear measurements required to extract an
underlying n X n low rank matrix A. Here a linear measurement is defined as a linear transformation
mapping n X n matrices to real numbers. Note that an n X n rank-k matrix A can be described using
only O(nk) parameters. They give algorithms with query complexity that increases with the noise
level in the measurements. At a certain large enough noise level, they show that their algorithm
requires Q(n?) linear measurements which amounts to essentially reading all the entries of the ma-
trix A and hence could be inefficient to implement. The algorithms they study are non-adaptive, as
in, they specify all the linear measurements up front and reconstruct the matrix using the received
responses. Hence, a natural question is if adaptivity helps us reconstruct the matrix with fewer num-
ber of linear measurements.

Indeed, we can show that using the power method, for the noise level for which the algorithm
of [CP11] requires Q(n?) linear measurements, we can reconstruct the matrix using a total of O(n)
linear measurements and O(log n) rounds of adaptivity. But are Q(log n) rounds of measurements
required to avoid essentially reading the whole matrix? Unfortunately, this turns out to be (almost)
true. In this thesis, we show that any algorithm that runs for fewer than o(log n/log log n) adaptive
rounds, must use a total of Q(n?) linear measurements and therefore essentially has to read all the
entries of the matrix [KW23].

Our lower bound is proved using Bayes risk framework [CGZ16]. We define a distribution over
nxn matrices such that any deterministic algorithm that uses n># linear measurements in each round
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does not learn enough information in o(log n/log log n) rounds to output a good rank-k approxima-
tion. By Yao’s lemma, it then follows that there is no randomized algorithm that outputs a low rank
approximation for every input. Our input distribution is simply G + (a/+/n) Z{;l u,-vl.T where G is
an n X n matrix with independent Gaussian entries, u;, v; fori = 1,.. ., k are n-dimensional vectors
with independent Gaussian entries as well, and « is a large enough constant. We summarize the main
result in the following theorem:

Theorem 1.3.4 (Informal). There exists a constant ¢ such that any randomized algorithm which makes
m > nk noisy linear measurements of an arbitrary rank-r matrix A with ||A||r = ©(nk) in each of t rounds,
and outputs an estimate A satisfying || A — All% < c||A||% with probability > 9/10 over the randomness of
the algorithm and the Gaussian noise, requires t = Q(log(n?/m)/(loglogn)).

Using this result we also show that general linear measurements are not more powerful than
matrix-vector products for problems such as low rank approximation, eigenvalue approximation
etc.

1.3.4 Reduced-Rank Regression with Operator Norm Error

In the same vein as above sketch-based algorithms, we obtain a fast algorithm for approximately
solving

min  ||AX — B||,.
X :rank(X)<k
Note that the usual multi-response regression problem measures the error in terms of the Frobenius
norm and has no restriction on the rank of the coefficient matrix. In the version of the problem we
study, we put a rank restriction to increase interpretability of the coefficient matrix and to decrease
the number of free parameters, and also use operator norm of the residual matrix to measure the
error which prefers solutions X for which the residual error is more spread out compared to the

Frobenius norm solution.

The rank restriction combined with a lack of Pythagorean Theorem equivalent for operator norm
makes the problem harder to solve. We do not know of a closed form solution to this problem. We use
a criterion of Sou and Rantzer [SR12] for there to exist a solution to the problem with ||AX —B||, < f
for a given 5. We then show that a rank-k approximation for a specific matrix in operator norm gives
a solution to the reduced-rank regression problem.

To obtain a fast algorithm, we also show that the Block Krylov iteration algorithm of [MM15]
works even when the matrix-vector products have a certain amount of error. We summarize our
result in the following theorem:

Theorem 1.3.5. GivenannXxd matrix A, an n X d’ matrix B, an accuracy parameter ¢ and a rank parameter
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k, there is an algorithm that runs in time

+ — | - polylog(k(B),n,d, 1/¢) + d®

£3/2 ¢ £3/2

((nnz(A) -k . nnz(B) -k d’k

where k(B) = 01(B)/0k+1(B) is the rank-k condition number of the matrix B.

1.3.5 Ridge Regression

Given a matrix A € R™ and a vector b € R, the ridge regression problem is defined as:
mxin |Ax — bl|5 + Al|x]|3

where A > 0 is a regularization parameter. When n > d, then we say we are in the over-determined case
and when n < d, we say we are in the under-determined case. We study fast algorithms for computing
avector x € R? that satisfies

JAF = bI3 + AIFIZ < (1+¢) min ([l Ax - bl + 2l1xI13). (1.1)

In the ridge regression objective above, as we increase the value of A, the importance of the so-called
design matrix A decreases, as in, when A is large enough, setting x = 0 without considering A and
b would be a good solution. Thus, the effective dimension of the problem decreases with increasing
values of A. To capture this phenomenon, we define statistical dimension sd, as

min(n,d) o?
i

sd; =

2 b
= o+

where o is the i-th singular value of the matrix A. In general, we would like algorithms for solving
ridge regression to have small running times when sd is small since we already know that x = 0 is

a good solution.

Fast Algorithms in the Under-determined Case

In this thesis, we study algorithms for Ridge Regression in the underdetermined case [KW22]. Ear-
lier algorithms [CYD18] used Oblivious Subspace Embeddings with distortion 1 + ¢ to obtain a solu-
tion with the guarantee in (1.1). We show that a sketch with only the weaker e-Approximate Matrix
Multiplication (AMM) guarantee and an Oblivious Subspace Embedding guarantee with a constant
distortion is sufficient to solve the ridge regression problem to a 1 + ¢ factor.

Definition 1.3.6 (AMM). A sketch S with n columns has the (&, §)-AMM property if given any two
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matrices A and B each with n rows,

Prs[[|(SA)" (SB) - A"B|lr < ¢l Allr|Bllr] = 1.

Our observation that only constant distortion OSEs which additionally satisfy AMM guarantees
is sufficient to solve ridge regression leads to faster algorithms in some parameter regimes compared
to [CYD18]. We also give a tight lower bound on sizes of the sketches that have AMM guarantee.
Theorem 1.3.7 (AMM lowerbound). Given an accuracy parameter € and an integer n, any randomized

sketching matrix S with n columns that satisfies
Prs[[|(SA)'SB ~ A'Blr < ellAllpBllr] > 9/10.

for all matrices A, B with n rows, must have m = Q(min(n, 1/€%)) rows.

We note that the above lower bound is tight up to constant factors since the CountSketch matrix
with m = O(1/€?) rows satisfies the e~AMM guarantee.

Optimal Deterministic Coresets

We study the problem of constructing coresets for the ridge regression problem [KW]. Specifically,
given an instance of the ridge regression problem (A, b, 1), we want to compute aset S C [n] and
weights w; for i € S such that the solution to the problem

min )" wi((Ay., x) = b)? + Allx]3 (1.2)

ieS

is a 1 + ¢ approximation to the ridge regression problem. We prove the following theorem:
Theorem 1.3.8 (Informal). Given any ridge regression instance (A, b, 1) and an accuracy parameter , there
is a deterministic algorithm to find a subset S C [n], |S| = O(sd,/¢) with corresponding weights (w;);es
such that the optimal solution for (1.2) is a 1 + & approximation for the ridge regression problem (A, b, A).

We additionally show that this bound cannot be improved in terms of statistical dimension by ex-
hibiting an instance for every e and A < O(1/¢) which requires that any such coreset have Q(sd; /¢)
rOWsS.

Using our deterministic coreset, we also give communication efficient algorithms for ridge re-

gression in the row-partition model of distributed computation.

1.3.6 Linear-time Attention Mechanism via Sketching Polynomial Kernels

The softmax attention mechanism with causal masking [VSP*17] is the key ingredient behind the
success of large language models. Let Q, K and V be arbitrary n x h matrices. Let gy, ..., g, € R",
ki,... kn € R"and oy, ..., 0, € R"be the rows of the matrices Q, K and V respectively. The output
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of the softmax attention mechanism with causal masking is defined to be the n X h matrix O with
the i-th row o; defined as

— exp({qi. k;)/Vh)
0; = .
jeli] 2 jreri] exp({gis kj’)/\/z)

Uj. (1-3)

A naive implementation of the attention mechanism involves computing the n X n matrix exp(Q -
KT /Vh), where exp(-) denotes entrywise exponentiation. Such an implementation takes O(n2h)
time limiting the value of n that can be used. Thus, it is very important to decrease the time com-
plexity of the attention mechanism. Unfortunately, Alman and Song [AS23a] show that obtaining
accurate entrywise approximation to the matrix O requires Q(n?) time, assuming the Strong Ex-
ponential Time Hypothesis (SETH). Thus, reasonable approximations to the matrix O in o(n?) time
seem hard to obtain.

In this thesis, we explore the use of even degree polynomials instead of exp(-) in the attention
mechanism. Concretely, we propose polynomial attention mechanism, where the output is the n x h
matrix O’, with i-th row o] defined as

’ . <qi’ k]-)P

.= +0j.
b A Tpen(an k)

Via extensive experiments, we argue that polynomial attention with even degree p > 4 is an ef-
fective replacement for the softmax attention (1.3). The advantage of replacing exponentials with a
degree p polynomial is that the matrix O’ can now be computed exactly in time O(n - h**!) using
the fact that for any vectors g and k, we have (q®?, k®F) = (q, k)?, where g® denotes the h? dimen-
sional vector obtained by tensoring g with itself p times. To implement the mechanism in O(nh?*!)
time, we first compute the n X h? matrices Q®? and K®? obtained by tensoring each of the rows of
Q and K for p times, and we then use a simple prefix sum based algorithm to compute the matrix
0.

While the time complexity of polynomial attention is linear in n, for typical values of h such as
64, 128 and 256, even for p = 4, the hP*! factor is quite large and hence the number of columns in
the matrices Q® and K®? are quite large. To mitigate this issue, we use sketches for the polynomial
kernel from [AKK*20] to compute n X b’ matrices Q' = Q®F - Sand K’ = K® - S for i’ < hP such
that

Q - (KNT ~ Q% . (k®)T.

We can then use the matrices Q" and K’ instead of Q®f and K®? and compute an approximation for
the polynomial attention output O’. A key advantage of the sketch S of [AKK*20] is that the matrices
Q%P - S and K®? - S can be computed without computing the matrices Q¥? and K®?. Therefore, the
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sketches Q" and K’ can be computed much faster than O(n-h? - h”) time. Using additional techniques
such as self-tensoring to ensure non-negativity of dot products, and a new block-based algorithm
for causal masking, we show that the approximate polynomial attention mechanism is much faster
than the vanilla softmax attention mechanism on ML accelerators such as GPUs and TPUs, and that
the approximate polynomial attention fares well against softmax attention.

1.4 The Streaming Setting

1.4.1 Turnstile Streaming

As we mentioned before, in the turnstile streaming model, the entries of the underlying matrix re-
ceive additive updates in the stream. Concretely, the underlying matrix A receives updates of the
form ((i, j), A) and on receiving such an update, we update the (i, j)-th entry as A;; « A;; + A.
Here A is allowed to take on negative values as well. The goal of a streaming algorithm is to process
the stream of updates in as small space as possible and at the end of the stream output a solution to
a problem on the underlying matrix.

There has been a lot of work studying optimal space bounds for various problems when the
underlying object is an n-dimensional vector x receiving updates of the form (i, A). For the problem
of approximating Fy(x) = X, |x;|¥, up to constant factors, an Q(n'=%/¥) bits lower bound was
shown by [BYJKS04] for k > 2 and a matching upper bound (up to polylogarithmic factors) was
given by [IW05]. Much later, Andoni [And17] also gave a simple linear sketch based algorithm to
approximate Fy (x) using O(n'~%/¥) bits of space.

When k < 2, a series of works ending with [KNW10] give a turnstile streaming algorithm that
uses O(e~2log n) bits to approximate Fi(x) up to 1 + ¢ factors. They also show that Q(¢72log n)
bits are necessary thus completely resolving the space complexity of estimating Fy (x) for k < 2.

While the space complexity of estimating Fi(x) in a turnstile stream has been resolved, un-
fortunately the update time of these space efficient algorithms is quite large. Andoni’s algorithm
for estimating Fy(x) for k > 2 uses a pseudorandom generator of Nisan and Zuckerman [NZ96]

1=2/k poly(log n)) bits and therefore has an update time of

to achieve a space complexity of O(n
poly(n), which makes the algorithm impractical. For k < 2, the algorithm of [KNW10] has an up-
date time of poly(1/¢) in the WordRAM model. A later work [KNPW11] gave a new algorithm that
still uses the optimal O(¢~%log n) bits but has an improved update time of O(log® 1/¢loglog 1/¢)
in the WordRAM model with a word size Q(log n).

As we noted before, algorithms that have a small update time are necessary to be able to handle
high-throughput streams. Thus, the main question is to obtain space-optimal algorithms that also
have a small update time.

To explain why the update time of these algorithms is large, we will first give the simple recipe

many streaming algorithms follow. First the streaming algorithms define a randomized sketching
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matrix S with d columns. Each of the columns of S is sampled independently from an appropriate
distribution. The streaming algorithm essentially maintains the value of y = Sx when the vector
x is being updated in the stream as follows: when the vector x gets an update (i, A), the streaming
algorithm retrieves S, ;, the i-th column of § and updates y « y+8S..; - A. Note that this will ensure
that at the end of processing the stream y = Sx where x is the final value of the underlying vector.
Then the algorithm uses the vector y to output a solution to the problem it is trying to solve.

In the above recipe, the streaming algorithm needs to be able to retrieve any column of the
matrix S. As the columns are all independently sampled, the algorithms thus require Q(n) bits of
space to store the randomness used to sample the columns of S. There have majorly been two ways
to address this problem: (i) Instead of sampling the columns of S independently, use a t-wise inde-
pendent hash function, for an appropriate value of ¢, to define the matrix S or (ii) Use a pseudo-
random generator (PRG) that fools small-space algorithms to define the matrix S and only store
the seed for the pseudorandom generator so that the any column of S can be generated on demand.
[KNW10, KNPW11] use the first route whereas [And17] uses the second route, which was first sug-
gested by Indyk [Ind06]. When the amount of independence, ¢, required is large, the hash functions
drawn from t-wise independent hash families are slow to evaluate. Similarly, when we are trying to
fool algorithms using pseudorandom generators, either the hash functions have to be evaluated on
large inputs or many hash functions have to be evaluated sequentially.

In this thesis [KPTW23], we generalize the construction of Nisan’s PRG [Nis92] and give a new
pseudorandom generator, which we call HashPRG, that has a space-vs-time trade-off, using which
we can obtain fast update times by using more space. Our construction additionally has a symmetry
property that lets us derandomize the guarantees Minton and Price [MP14] give for a fully random
CountSketch data structure. Using HashPRG and opening up the analysis of the algorithms of Andoni
[And17], we obtain a constant factor Fj approximation algorithm for k > 2 that uses O(n'~%/¥) bits
of space and has an O(1) update time in the Word RAM model.

Similarly, for k < 2 and ¢ < 1/n¢, we obtain an algorithm based on [KNPW11] to approximate
Fr(x) uptoa 1+ e factor using the optimal O (&2 log n) bits of space and an update time of O(log n)
in the Word RAM model. We also obtain algorithms with fast update times for other problems such
as for estimating || x||. We summarize some of our results in the following theorem:

Theorem 1.4.1. Suppose that a vector x € R" initialized to 0 receives the updates (i1, A1), ..., (i, At)
and suppose that the number of updates t < poly(n) and |A;| < poly(n) for all j. On a WordRAM machine
with a word size of Q(log n), the following results hold:
1. Fork > 2, there is a turnstile streaming algorithm to approximate Fy(x) up to a factor dependent on
k, using O(n'~%/¥) bits of space. The algorithm has an update time of O(1).

2. Fork < 2and e < 1/n€ for a small enough constant c, there is a turnstile streaming algorithm that
uses the optimal O (&~2 log n) bits of space and approximates Fy (x) up to a multiplicative 1 +  factor.
The algorithm has an update time of O(log n).

3. There is a turnstile streaming algorithm that uses the optimal O(e~? log 1/¢log n) bits of space and
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outputs an additive e||x||, approximation to ||x||e = max; |x|;. The algorithm has an O(log 1/¢)
update time.

4. There is a turnstile data structure that uses O(tr logn + log® n) bits of space and a deterministic
algorithm that given any i € [n] at the end of the stream, uses the state of the data structure, to obtain

an estimate x; such that for all i,
Pr[|x; — %| > allx|l2/Vt] < 2exp(—a®r) + 1/poly(n).

The algorithm has an update time of O(r log n).

1.4.2 Row Arrival Model

Recall that in the row-arrival model of streaming, we obtain rows of the matrix A one after the
other. Using a small amount of space, we want to solve some problem on the underlying matrix A.
In [EKM*24b], we give fast streaming algorithms to compute coresets for the £, subspace approxi-
mation problem defined as

min max d(A;j. V),
dim-k subspaces V. i
which essentially asks us to find the k-dimensional subspace V' that minimizes the maximum dis-
tance from the points in the matrix A. Our key coreset construction result is summarized below:
Theorem 1.4.2 (Informal). Given rows of an n X d matrix A in a stream, there is a deterministic coreset
construction algorithm that uses at most the space required to store O(k - log®(nx)) rows and computes a

subset of rows S C [n] such that for any k-dimensional subspace V,

maX;ern d(Ais V
el d(Ain V) max d(A;., V) < maxd(A;s, V).
\/Elog(mc) ies i€[n]

In the above theorem, k is a suitably defined online rank-k condition number. Given that the entries
of the matrix A are integers bounded in absolute value by poly(n), we can show that x < n°®),
The above theorem then implies that an approximate solution to the £, subspace approximation
problem on the rows (A, .);es is also an approximate solution to the £, subspace approximation
problem on the entire matrix A.

We also provide an almost matching lower bound instance showing that it is impossible to obtain
a coreset with distortion < m using o(n) bits of space.

We show applications of our coreset construction for many problems such as ¢, subspace approx-
imation, width estimation, volume estimation, etc. Our work is the first to construct such coresets for
general values of k, whereas the previous works studied streaming algorithms only for the specific

values such as k = 0 and k = 1 [AS15].

17



1.4.3 Approximating the Top Singular Vector

In the row-arrival model, we study the problem of approximating the top singular vector of the
matrix A. Suppose that we receive the rows ay,...,a, € R? one after the other. To compute the
top right singular vector of A, we can simply maintain the d X d matrix }; aia;r in the stream using
O(d?) bits of space and then the top eigenvector of the PSD matrix Y, aialT is then the top right
singular vector of the matrix A.

Thus, the main question is if we can approximate the top eigenvector using o(d?) bits of space.
In particular, what can we do using O(d) bits of space i.e., the space enough to store only O(1) rows
of the matrix A. Price [Pri23] showed that when the spectral gap o1(A)/02(A) < O(1), then any
streaming algorithm must use Q(d?) bits of space to approximate the top singular vector whereas
when 01(A)/02(A) > C+/lognlogd, then there is a streaming algorithm that uses O(d) bits of
space. The gap requirement for Price’s algorithm to work is quite large but an advantage of Price’s
algorithm is that it works for arbitrary order streams. We relax the arbitrary order assumption and
assume that the rows of the matrix A are revealed to us in a uniformly random order and show that
we can obtain an approximation to the top singular vector using O(d) bits of space when the gap
01(A)/o2(A) > C if the stream does not have any heavy rows.

We also obtain an algorithm that uses O(t - d - polylog(d)) bits of space when ¢ is the number of
heavy rows defined as the rows with a euclidean norm larger than ||A||x/(Vd - polylog(d)). In the
vein of Price’s analysis, we show that using Q(td) bits of space is necessary to obtain an accurate
top singular vector approximation when the gap is a constant, even in random order streams, thus
showing parameterizing in terms of the heavy rows is necessary to obtain accurate approximations
of the top singular vector. We summarize our main result in the following theorem:

Theorem 1.4.3. Let A be an arbitrary n x d matrix with a gap R = 01(A)?/05(A)? and let t be the number
of heavy rows in A i.., the rows with a Euclidean norm larger than ||Al|x/ (Vd - polylog(d)). There is a
randomized streaming algorithm such that when the rows of matrix A are given to the algorithm in a uniform
random order, the algorithm uses O(max(1,t) - d - polylog(n)) bits of space and outputs a unit vector 0
that satisfies

1
(6,01)) >1 - ——

CVR

with probability > 9/10. Here v; € R is the top right singular vector of the matrix A.
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1.5 The Distributed Setting

1.5.1 Function Sum Approximation

Consider the arbitrary partition model. In this setting, there are s servers all connected to a coordi-
nator via bidirectional communication links. The j-th server holds a matrix A(j) € R™¢ and the
coordinator wants to solve a problem on the matrix A = A(1) +- - - + A(s). In each round of commu-
nication, each of the servers can send a message to the coordinator and based on all the messages
received the coordinator can send a possibly distinct message to each of the servers. A protocol can
use multiple such rounds of communication to solve a problem. The amount of communication of a
protocol is the total number of bits of communication sent/received by the coordinator.

In this thesis [EKM*24a], we study the problem of moment estimation and more generally arbi-
trary function sum approximation problem. In this problem, the j-th server holds a non-negative
vector x(j) € R" and the coordinator wants to approximate ;; f(x;), where x; is the i-th coordi-
nate of the vector x = x(1) + - - - + x(s) and f is an arbitrary nonnegative function. If f(y) = y*,
then the coordinator simply wants to approximate the Fr moment” of vector x. We give a two round
protocol for this problem when the function f is super-additive and satisfies a few other properties.
To capture the communication complexity of the problem, we define a parameter c¢[s] which is the

smallest value that satisfies

Frte vy < I TG 4+ VT forall ...y, > 0.

N

We define a certain “approximate invertibility” property and our protocol approximates }; f(x;)
that satisfies the approximate invertibility property. At a high level, approximate invertibility re-
quires that given a multiplicative approximation to x, we can obtain a multiplicative approximation
to f(x) and vice-versa. Our result is summarized in the following theorem.
Theorem 1.5.1 (Informal). Let f be an arbitrary super-additive nonnegative function that satisfies approx-
imate invertibility. Let each of the s servers hold a nonnegative vector x(1), . . ., x(s) respectively. In the coor-
dinator model, there is a two round protocol that uses O(cs[s] - polylog(n)/ €2) bits of total communication
and approximates Y’; f(x;) up to (1 % €) factor with probability > 9/10, where x = x(1) + - - - + x(s).

Specifically, for estimating }; xl(‘ for k > 2, we can show that c¢[s] = s*~1 and therefore our
algorithm uses a total of O(s¥~! polylog(n)/e?) bits of communication. This matches the Q(s*~1/¢?)
lower bound of [WZ12]. We additionally show a lower bound of Q(s*~!/¢¥) bits on the amount of
communication that any one-round protocol must use therefore showing that our protocol achieves
the best communication bounds using minimum possible rounds.

For general functions f satisfying certain properties, we also show an Q(c¢[s]/¢?) lower bound

on the amount of communication thus showing that our protocol achieves near-optimal communi-

2Recall F(x) = 3, |xi|*.
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cation bounds.

1.5.2 Personalized CONGEST model

As discussed earlier, in the coordinator model, a server can only talk with the coordinator and hence
the communication graph is a star graph. We define the personalized CONGEST model which sup-
ports arbitrary graph topologies. Let the topology of the servers be defined by a G = (V, E), where
V is the set of servers and E denotes the set of pairs of servers that can communicate with each
other. Let A denote a distance parameter. Suppose that each server v holds a matrix A,, define a
matrix A™?) formed by the union of the rows of all the matrices present at servers at a distance at
most A in the graph G. Each server now simultaneously wants to solve a regression problem or low
rank approximation problem on the matrix A(*?),

We obtain communication efficient algorithms for solving these problems using only A rounds

of communication. Our result is summarized in the following theorem:
Theorem 1.5.2 (Informal). Let G = (V, E) be the graph with servers as nodes and communication links as
edges. Let A be a distance parameter. Let A, € R™*¢ be a matrix held by server v and A™?) be the matrix
formed by the union of rows in a distance A neighborhood of v in the graph G. There is a A round protocol,
wherein each server sends O(A - d™2*(22/2+1) . polylog(|V|)) rows to its neighbors in each round and at the
end of the protocol, with probability > 9/10, each server v computes an £, subspace embedding for the matrix
AR,

In each of the rounds, the information sent by a server to all its neighbors is the same thus
minimizing the amount of computation to be performed and also allows for efficient communication
over multicast networks.

We use the above result to solve £, linear regression and Frobenius norm low rank approximation
problems in the personalized CONGEST model.

1.6 Bibliographic Remarks

Most of the work in this thesis has already been published or has been accepted for publication.
* PartI: The Classic Setting

* Chapter 3 is based on [CCKW22]
= Chapter 4 is based on [FKW21]

Chapter 5 is based on [KW23]

Chapter 6 is based on [KW21]

Chapter 7 is based on [KW]

Chapter 8 is based on [KW22]

20



= Chapter 9 is based on [KMZ23]
* PartII : The Streaming Setting
* Chapter 10 is based on [KPTW23]
= Chapter 11 is based on [EKM*24b]
* Part III : The Distributed Setting
* Chapters 13 and 14 are based on [EKM*24a]

21



22



Chapter 2

Preliminaries

2.1 Notation

Given an integer n > 1, we use [n] to denote the set {1,...,n}. We use small letters such as
a, b, x, v, z to denote vectors and capital letters such as A, B, X, Y, Z to denote matrices. We use bold
symbols such as a, b, x,y, z and A, B, X, Y, Z to denote random variables.

Given x,y, a, b > 0, we use the notation x = (a, b)y to denote ay < x < by. Whena =1 —¢and
b = 1+ ¢, we abbreviate the notation to x = (1 + ¢)y.

Dimensions and Indexing.  All the matrices in this thesis have size nxd unless specified otherwise
and all the vectors are n-dimensional unless specified otherwise. Given an n X d matrix A and index
i, we use A;, to denote the d-dimensional vector represented by the i-th row of matrix A and A.;
to denote the n-dimensional vector represented by the i-th column of matrix A. Given two indices i
and j, we use A; j to denote the entry in the i-th row and j-th column of the matrix A. For a vector
x and an index i, we use x; to denote the i-th coordinate of the vector x.

Asymptotics. We use standard notations O(-), Q(-), ©(-) to denote the asymptotic behavior of the
functions. We use O( f(n)) to denote the set of functions O(f(n) - polylog n), and more generally
to suppress the multiplicative terms that are polynomial in the logarithms of parameters of interest.
Similarly we use Q( f(n)) todenote the set of functions Q( f(n)/polylog(n)) and o( f(n)) todenote
the functions in 5(f(n)) N ﬁ(f(n))

Norms and SVD. For an arbitrary vector x and p > 1, we use ||x]|, to denote the £, norm of x
defined as (21, |x;|? )Y/P. For an arbitrary A, we use ||A||r to denote the Frobenius norm defined as
(Xi; Al.z)j)l/2 and ||A||, to denote the operator norm defined as max,« ||Ax||2/||x||2.

Given an arbitrary matrix A, we typically use the matrices U, 3, V! with appropriate dimensions

so that A = UXVT is the singular value decomposition (SVD). We use a1 (A) > --- > Omin(nd) (A)
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to denote the singular values of A. Given p > 1, we use the notation ||Al|s, to denote the Schatten-p
norm of A defined as (3; o;(A)?)/?. Note that ||A]|s,, = ||All2 and [|Al|s, = [|A]|F.

Given an n X d matrix A and p € [1,o0], we define ||Al|(,2) as the £, norm of the vector
(I[A1llz, - - -, [lAnsll2). Note that || - [[(,,) satisfies the triangle inequality and is a norm.

Pseudoinverse and Orthogonal Projections. Given an n X d matrix A, we define A* to be the
Moore-Penrose pseudoinverse of A. The matrix A* has a dimension d X n and is the unique matrix
that satisfies: (i) AA*A = A, (ii) ATAA* = A*, (i) (AA")T = AA* and (iv) (ATA)T = A*A. If
A = UXVT is the singular value decomposition of the matrix A, then A* = vy*UT, where 3*
has shape d X nand (2%);; = 1/3;;if Z;; # 0 else Zifi = 0. If rank(A) = d, then we also have
At = (ATA)1AT,

Given a subspace V, we use Py to denote the orthogonal projection matrix onto the subspace V.
For all x, the vector y = Py x denotes the nearest point, measured in Euclidean distance, to x in the
subspace V. For a matrix A, we use P4 to denote Pcyjspan(a)- Given any matrix A, we have P4 = AA™.

Lowner Ordering.  Given two symmetric matrices A and B, we define A < B if the matrix B — A is
positive semidefinite i.e., for all vectors x, xT(B—-A)x > 0.

2.2 Subspace Embeddings

Let V C R" be a d-dimensional subspace. Let S be an m X n matrix. We say that S is an ¢, subspace
embedding for V with distortion > 1ifforallx € V,

ISxllp < [lxllp < ellSxllp.

The parameter m is called the sketch dimension. The subspace V is usually defined as the column space
of a matrix A. In that case, we abuse the notation and call the matrix S as the subspace embedding
of matrix A.

For ¢ < 1, we say that S is an ¢ £, subspace embedding for V' if for all x € V,

(1= o)lISxll, < llxll, < (1 +&)ISx][p.

2.2.1 Oblivious Subspace Embeddings

A random m X n matrix S is called an oblivious (e, §) £, subspace embedding (OSE) if for any n X d
matrix A, with probability > 1 — §, the matrix § is an £, subspace embedding for A with distortion
a. An important property of a subspace embedding S is the time it takes to compute S - A given a
matrix A. In the literature, there are many known oblivious constructions of subspace embeddings
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with various trade-offs between m, @, § and the time to compute S - A for an arbitrary matrix A. We
will discuss a few constructions used in this thesis below for the case of p = 2.

Dense Gaussian Ensemble. If each entry of S is an appropriately scaled independent standard

Gaussian random variable and m = Ce™2

- (d +log 1/9) for a large enough constant C, then § is an
oblivious (1 + ¢, §) £, subspace embedding. Nelson and Nguyén [NN14] show that m = Q(e¢72 - (d +
log 1/8)) for any oblivious (1 + ¢, §) £, subspace embedding and therefore dense Gaussian subspace
embeddings have the optimal sketch dimension up to constant factors.

The main issue with dense Gaussian ensemble is that given the random matrix S and an arbitrary
n - d matrix A, it takes O(min(m - nnz(A), mnd)) time to compute S - A without using fast matrix
multiplication algorithms. This time complexity is prohibitive, and is usually the amount of time
required to solve a problem directly without using any subspace embeddings at all. Hence, we need

subspace embedding constructions that can be applied quickly.

Subsampled Randomized Hadamard Transform (SRHT). SRHT is defined as the following ran-
dom matrix § = P - H - D, where D is an n X n diagonal matrix with each diagonal entry being +1
with probability 1/2 each, H is the n X n Hadamard matrix and each row of P is an m X n matrix
with each row being a uniform random vector drawn from the set { ey, ..., e, } where e; denotes
the n-dimensional coordinate with 1 in the j-th coordinate and 0 everywhere else. For an appro-
priate scaling factor y, the random matrix y - S is an oblivious (1 + ¢, §) £, subspace embedding if
m = Ce™? - dlog®(n/5) for a large enough constant C. While SRHT has a worse sketching dimen-
sion compared to the dense Gaussian matrix, the advantage is that given any n X d matrix A, we
can compute the matrix S - A in time O(nd log n) using the fast divide-and-conquer algorithm for
multiplying a matrix with a Hadamard matrix.

This significantly improves upon the time required for multiplying a matrix A with a Gaussian
subspace embedding. A drawback of SRHT is that it does not utilize the sparsity of the matrix A, as
in, even when nnz(A) = O(n), it takes O(nd log n) time to compute the matrix S - A.

CountSketch. The m X n CountSketch matrix S is defined as follows: each column of the matrix S
has exactly one nonzero entry at a uniform random location and the nonzero entry is equal to +1
with 1/2 probability each. Note that given a matrix A, we can compute S - A in time O(nnz(A)) and
therefore we can very quickly apply the CountSketch matrix to an arbitrary matrix A. Clarkson and
Woodruff [CW15] showed that if m = poly(d/ed), then S is an oblivious (1 + ¢, §) £, subspace em-
bedding. Nelson and Nguyén showed that m = Cd?/&%§ suffices. Compared to dense Gaussians and
SRHT, the CountSketch OSE requires a much larger sketch dimension and has a worse dependence
on the failure probability §.
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Oblivious Subspace Norm-Approximating Projections (OSNAP).  Generalizing the CountSketch
construction, Nelson and Nguyén [NN13] construct a random matrix S. Given y > 0, they construct a
(1+¢, &) oblivious £, subspace embedding matrix S with the number of rows m > Cd'*Y /£25Y. Given
a matrix A, their construction can be applied in time 5y(nnz(A) /€)*. Cohen [Coh16] improved the
analysis and gave a construction with m = O(d'*Y/£?6Y) that can be applied to a matrix A in time
O(nnz(A)/ye).

2.2.2 Non-oblivious Subspace Embeddings

We will now describe sampling based constructions to obtain subspace embeddings. We first define
¢, leverage scores.

Leverage Scores. Given an n X d matrix A with rows a;, ..., a, € R4 and p > 1, the £, leverage
score of the i-th row is defined as

a;, x)|P
Tfp(A = max M
x:Ax#0 ||Ax||p

Lemma 2.2.1 ((MMWY22, Lemma 2.6]). Forany n X d matrixand p > 1, 2,1, Tf" (A) < gmax(Lp/2),
Using standard concentration inequalities and a net argument, we can show that leverage scores

can be used to sample a matrix that is an £, subspace embedding for the column space of A with a

large probability. We obtain the following theorem.

Theorem 2.2.2. Givenann X d matrix Aand p > 1,let q € [0, 1]" be such that for all i € [n],

i > Ce% - " (A)(dlog(d/e) +log1/5).

Let S be an n X n random diagonal matrix defined as follows: with probability p; = min(1, q;), set S;; =
1/ pl.1 p , else set S;; = 0. With probability > 1 - 6, 1_'5? is an £, subspace embedding for A with distortion
1+e

With a large probability, the matrix S has O(}}; min(1, g;)) nonzero entries. Thus, with accu-
rate £, sensitivity estimates, we can construct subspace embeddings with a sketching dimension
of m = O(d™@(2p/2¥1)) For p = 2, using the matrix Chernoff bounds, we can show that setting
qi = Cs_zrfz (A)(log(d/ed)) suffices. Hence, accurate £, sensitivities can be used to compute a sub-
space embedding with O(d) rows.

While for p = 2, sensitivities let us obtain subspace embeddings of near-optimal sketch sizes, it
turns out sensitivities are sub-optimal for other values of p. We will now define the so-called Lewis
weights and show that they can be used to obtain better subspace embeddings for p # 2 than those
obtained by using sensitivities.

The notation hides multiplicative factors in poly(1/y).
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P ) N

p=1  1/poly(d) dlog(d/e)/e’

p=1 Q(1) dlogd/e?

pe(1,2) Q(1) dlog(d/e)log*(logd/e) /e
p>2 1/poly(d) dP/?log(d)log(1/e)/e’

Table 2.1: Valid values for N

v
o

Lewis Weights. Given an n X d matrix A, Lewis weights are the unique weights wy, ..., wy,
that satisfy the property

w; = Tifz(wl/Z—l/pA)

where W = diag(wy, ..., w,). At the outset, it is not clear if such weights must even exist due to the
circular definition. Lewis [Lew78] showed the existence and uniqueness of such weights. Now, since
the ¢, leverage scores of any n X d matrix sum to at most d, we note that the Lewis weights sum up
to at most d as well.

Theorem 2.2.3 ([CP15, Theorem 7.1]). Given an n X d matrix A with Lewis weights w1, . .., w, > 0, let
q; be any set of sampling weights satisfying }’; q; = N,

qi > f(d,N,p,¢95) - w;.

Let S be a sketching matrix N rows where each row is independently chosen as the i-th standard basis vector
times 1/ ql.1 P yith probability q;/ N, then with probability > 1 — 6, & is an £, subspace embedding for A
with a distortion at most 1 + €. Valid values for N for various parameter settings is given in Table 2.1.

Woodruff and Yasuda [WY22b] have recently improved the above sample complexity bounds and
studied Lewis weight sampling in the online setting.

27



28



Part |

The Classic Setting

29






Chapter 3

Near-Optimal Algorithms for Linear Algebra
in the Current Matrix Multiplication Time

3.1 Introduction

We obtain several new results for fundamental problems in numerical linear algebra, in many cases
removing, in particular, the last log factor to obtain a running time that is truly linear in the input
sparsity, and with lower-order terms that are close to optimal. We note that the bottleneck in improv-
ing prior work, including such removal of last logarithmic factors, involved well-known conjectures
to construct Sparse Johnson-Lindenstrauss transforms (see Conjecture 14 in [NN13]).

To sidestep this conjecture, our key idea is to show that composing a sparse random sign matrix
with an appropriate flattening transform based on explicit embeddings of ¢, into ¢; [Ind07] gives an
OSE. Together with OSNAP embeddings [NN13, Coh16], we obtain the first oblivious subspace em-
bedding for k-dimensional subspaces that has o(k log(k)) rows and that can be applied to a matrix
A in time asymptotically less than both nnz(A) log k and k“ log k, where nnz(A) is the number
of nonzero entries in the matrix A, and w =~ 2.37 is the exponent of fast matrix multiplication
[WXXZ24]. This scheme removes a log factor that has thus far remained both a nuisance and an
impediment to optimal algorithms. Our main embedding result is as follows:

Theorem 3.1.1 (Fast Subspace Embedding, informal Theorem 3.4.3). Given an n X k matrix, there is a
distribution 8 over matrices with k poly(log log k) rows such that, for S ~ 8, with probability > 99/100,
for all vectors x € RF

[ Ax[l2 < [ISAx||z < exp(poly(loglog k)) [|Ax||..

For S ~ 8, with probability > 95/100, the matrix SA can be computed in time O(y ™" nnz(A) + kZr+o())
for any constant y > 0.

Using our subspace embedding, together with additional ideas, we obtain nearly optimal (up to
log log factors in the sub-linear terms) running times for fundamental problems in classical linear
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algebra including computing matrix rank, finding a set of linearly independent rows, and linear re-
gression. Further, for regression and low-rank approximation, we obtain the first optimal algorithms
for the current matrix multiplication exponent. We begin with least-squares regression:

Theorem 3.1.2 (Least-Squares Regression, informal Theorem 3.5.5). Given a full rank n X k matrix A,
k < n,andvector b, there exists an algorithm that computes x such that || AX—b||, < (14¢) min, ||Ax—b||,

in time
nnz(A)

1
+k“ poly(log log(k)) + ———kz+oW) pr+o()
poly{loglog poly(2)

for any constant y > 0 small enough.

For constant ¢ and k = n*()), the running time obtained is within a poly(loglog(n)) factor of
optimal, for the current matrix multiplication constant. Further, it improves on prior work [CW17,
MM13, NN13, BDN15, CLM*15, CNW15] describing algorithms with an additional log(n) factor mul-
tiplying either the leading nnz(A) term, or that is nnz(A) time but has a k log k additive term or
worse. We note that our additive term is only k poly(log log k), for the current matrix multiplica-
tion exponent w, when k = n®(), Importantly, up to a poly(log log k) factor, our bound is best pos-
sible, and thus we remove the last logarithmic factor even in the additive term. As we explain more
below, the issue with previous work is that to obtain a sketching dimension of O(k), for constant
¢, one needs either nnz(A)k time to directly perform a multiplication with a dense Sub-Gaussian
matrix, or at least k” log k time to compose a dense Sub-Gaussian sketch with a sparse sketch. We
avoid this using our new subspace embedding, given by Theorem 3.4.3.

We note that simply sketching on the left with a CountSketch matrix and solving the sketched
problem attains an optimal O(nnz(A)) running time for k = O(n°) for a sufficiently small constant
¢ > 0, and so our theorems are most interesting when k = Q(n°).

Next, we show a similar result holds for low-rank approximation (LRA):

Theorem 3.1.3 (LRA in Current Matrix Multiplication Time, informal Theorem 3.5.13). Given & > 0,
an n X d matrix A and k < min(n, d), k = max(n, d)Q(l), there exists an algorithm that runs in

O [nnz(A) + + poly(¢7'k)

(n+d)k®! N (n+d)k'
€ €

time and outputs two matrices V € R™k and X € R with VIV = I, such that
A=V -X|r < (1+e)l|A - [Altllp.

For the current matrix multiplication exponent, the running time is O(nnz(A) + (n + d)k®™!)
for constant ¢. In contrast, existing low rank approximation algorithms [CW17, MM13, NN13, BDN15,
CEM*15,CLM*15, CNW15, CMM17] take time at least nnz(A) log n or dk®~! log k or worse. Thus, as
with least squares regression, we remove the last logarithmic factor in both the nnz(A) term and
the leading additive term.
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We also give construction of a non-oblivious 1 + ¢ subspace embeddings with O(k log(k)/e?)
rows that have better running times than earlier subspace embeddings with O(k log(k)/e*) rows,
such as approximate leverage score sampling and OSNAP embeddings.

Theorem 3.1.4 (Subspace Embeddings, informal Theorem 3.5.4). Given a matrix A € R"™k there is
a non-oblivious subspace embedding S with O (k log(k)/&?) rows that can be computed and applied to the
matrix A in time O(nnz(A) + k® poly(loglog k) + poly (e 1)k*1+°(W) for k = n®),

Finally, we obtain faster algorithms for computing the rank of a matrix and finding a full-rank

set of rows.
Theorem 3.1.5 (Matrix Rank and Finding a Basis, informal Theorem 3.5.9 and 3.5.12). Givenann X d
matrix A, there exists a randomized algorithm to compute k = rank(A) in O(nnz(A) + k®) time, where
is the matrix multiplication constant. Further, the algorithm can find a set of k linearly independent rows in
O(nnz(A) + k“ loglog(n)) time.

We note that this result improves prior work by Cheung, Kwok and Lau [CKL13], in the case
of matrices with real numbers, who obtain an O(nnz(A) log(k) + k®) time algorithm to compute
matrix rank and an O(log(n)(nnz(A) + k®)) time algorithm to find a full-rank set of rows.

The following table lists our running times for k < nand k = n®®, assuming w > 2, and
putting some terms to constant values (such as 2.1 instead of 2 + y). See theorem statements for
exact running times.

Application Running time (up to constant factors)

¢ Subspace Embeddings nnz(A) + e 3k214°W 4 £ poly(loglog(k))
¢ approximate linear regression nnz(A) + ¢ 3k 4 k@ poly(log log(k))
Linearly Independent Rows nnz(A) + k® poly(loglog(k)) + k%™

0.01 Low-Rank Approximation — nnz(A) + (n + d)k“™!

3.2 Technical Overview

Before this work, the only known oblivious subspace embedding for a k dimensional subspace with
o(klog(k)) rows is a dense matrix of O(k) rows with independent sub-Gaussian random variables.
This embedding can be applied to a matrix A in time Q(nnz(A) - k). All other subspace embedding
constructions that are faster to apply have at least Q(k log(k)) rows. Obtaining a subspace embed-
ding with few rows is important to speed up the further downstream tasks such as finding a maximal
set of linearly independent rows of a matrix, computing approximate leverage scores, low rank ap-
proximation, etc.

We analyze the properties required of a k-dimensional subspace V.C R", n = O(k), such that a
sparse random sign matrix with o(k log(k)) rows can be a subspace embedding for V. The advantage
of the sparsity is that the embedding can be applied to a vector quickly. Suppose every unit vector
in the subspace V has at least a constant c fraction of coordinates that have a magnitude of at least
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Q(1/Vk). Let x be an arbitrary unit vector in the subspace V. Now consider a random matrix G
where each entry is either 0 with probability 1—p and +1 with probability p/2 each. For p = ©(1/n),
as at least a constant ¢ fraction of the coordinates of the vector x have a magnitude Q(1/Vk), each
row of the matrix G has Q(1) probability of hitting one of the large coordinates of the vector x.
Conditioned on a row G;, hitting one of the large coordinates of x, we have |G;.x| > Q(1/Vk) with
probability > 1/2 by using the random signs. Thus, with at least a constant probability, for a row G,
|Gisx|? = Q(1/k). If the matrix G has Q(k) rows, using the Chernoff bound, we have that with very
high probability, [|Gx||% > Q(1), which suffices to union bound over a suitable net of unit vectors
in a k-dimensional subspace. On the other hand, showing that ||G||, is small and that it does not
increase the norm of any unit vector by a lot is much easier. For the probability p that we consider,
each row and column of the matrix G only has O(1) nonzero entries with high probability. As all the
nonzero entries are at either +1, we can bound the operator norm ||G||, by O(1). This implies that
for any unit vector x, [|Gx||3 < 0(1).

The above argument shows that if a subspace has the property that every unit vector in the
subspace has a large number of large coordinates, then a random sparse sign matrix is a subspace
embedding with small distortion for that subspace. We call subspaces having this property flat. But
of course, the column space of the matrix to which we want to apply the embedding may not have
this property. Let V; € R" be the column space of the given matrix A. If we can find a linear map F
that maps vectors in the subspace V; to a flat subspace V, and if F preserves the Euclidean norms of
the vectors, then we have that |GFx||, = ||Fx||2 =~ ||x]||; for all vectors x € V. As we show later,
by paying some cost in running time, we can assume that n = O(k log(k)) by first applying a series
of suitable OSNAP embeddings. To obtain such a mapping &, we use the £, — #; embedding F of
[Indo7]. We show that recursively applying the linear map F gives a linear map % : n — n!*(
with the property that for all unit vectors x, || Fx|l ~ 1and ||Fx|; > Q(+/n). This property
immediately shows that the vector x must have a large number of large coordinates and therefore
that the subspace range(%) is flat. We only obtain that a 1/n°(") fraction of the coordinates are large
but it is sufficient for our purposes. We also show that the sequence of OSNAP, the mapping of
[Ind07] which we call Indyk, and the sparse random sign embeddings can be applied to a matrix
A € R™ in time O(y ! nnz(A) + k*7+°() for any constant y > 0.

1 + ¢ Subspace Embeddings. We use our exp(poly(loglogk)) distortion subspace embedding
construction to obtain 1 + € non-oblivious subspace embeddings using approximate leverage scores
obtained by using a preconditioner. Let A € R™*, Earlier algorithms to compute approximate lever-
age scores can be described as follows : (i) Compute SA where S is a subspace embedding for the
column space of A, (ii) Compute an orthonormal matrix Q and matrix R~! such that SA = QR !,
and (iii) Compute the approximate leverage scores f? = ||AiR||Z.

Thus, to make computing approximate leverage scores faster, we need a subspace embedding S
that can be quickly applied to matrix A to make step (i) faster while also having a fewer number of
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rows to make the computation of the QR-decomposition in step (ii) faster. As discussed, our subspace
embedding construction S has both of these desired properties. In step (iii), instead of computing
|| Ai+R||3 exactly, a Gaussian matrix G with O(log(n)) columns is used so that for all the rows i € [n],
|AisRG|2 ~ ||AiR||5, which is a standard idea [DMMW12]. However, computing the matrix ARG
takes Q(nnz(A) log(n)) time. We consider using a Gaussian matrix with only O(1/y) columns for
an absolute constant y > 0, which is also a standard idea in this area. Consider an arbitrary vector v
and let g be a vector of i.i.d. normal random variables. Then we have the probability that |(v, g)| <
|lo]l2/n" is at most 1/n". If g,, ..., g, are independent Gaussian vectors for t = O(1/y), then at
least one of the values |(v, g,)| is at least ||v||/n" with probability > 1 — 1/n?. If G is a matrix
with g; asits columns, we therefore have that ||A1*RG||§ > ||Al-*R||§/n2Y for all i. We also argue
that ||A;.RG|| = O(||AixR||3 log(n)) for all i € [n]. Now the matrix ARG and the approximations
|Ai+RG|% can be computed in time O(y ™" (nnz(A) + k?)). Therefore, we can obtain over-estimates
to the leverage scores. Using over-estimates to the leverage score sampling probabilities, we first
sample rows and then compute accurate leverage scores only for the rows that are sampled. Then
we employ a rejection step, in which we reject rows randomly based on the probabilities computed
using accurate leverage scores, and finally we show that we obtain a sample from the leverage score
sampling distribution. As we compute accurate leverage scores only for the rows that are sampled
in the first stage, we do not incur the O(nnz(A) log(n)) factor. We then compose our leverage score
embedding with an OSNAP embedding to obtain a 1+¢ embedding with O(k log(k) /&%) rows, which

is faster than previous constructions.

Computing Linearly Independent Rows. We give an algorithm to compute a maximal set of lin-
early independent rows of a matrix A € R™ of rank k in time O(nnz(A) + k poly(loglog(n))).
Using the rank-preserving sketches of [CKL13], we can assume without loss of generality that d = ck
for a constant c. The crucial idea here is that a leverage score sample of the matrix A, with high
probability, must contain a set of k linearly independent rows. Therefore, directly applying the
above leverage score sampling algorithm for constant ¢ gives, in time O(y ™! nnz(A) + n'k*°() 4+
k® poly(loglog(n))), for any constant y, a set of O(k exp(poly(loglogk))) rows of the matrix A
that must contain a set of k linearly independent rows. To obtain a running time that does not de-
pend on nY, we show that instead of running leverage score sampling on the matrix A, we can apply
reductions as in [CKL13] to reduce the problem to computing linearly independent rows of a sub-
matrix A’ with nnz(A’) < min(nnz(A)/poly(log(n)), O(k?)) and with n/poly(log(n)) rows. This
reduction can be performed in time O(nnz(A) + k“ loglog(n)). After this reduction, we perform
leverage score sampling for the matrix A” as described above with constant e and y = O(1/log(n))
to obtain a matrix Sy, that selects and scales O(k exp(poly(loglogk))) rows randomly according
to the leverage score distribution such that for all x, ||Sje,A’x]|2 = (1 £ 1/2)||A’x||2. In particu-
lar, the guarantee implies that rowspace(Sj.yA’) = rowspace(A’). Therefore there are k linearly
independent rows among the O(k exp(poly(loglogk))) rows sampled by S.,. Now we can again
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apply the row reduction procedure mentioned above to the matrix Sj.,A’, to finally obtain, in time
O(k*°W + k@ poly(loglogk)), a set of O(k) rows that, with high probability, contain a set of k
linearly independent rows. These rows can now be identified in time O(k“). Thus, we obtain that
in time O(nnz(A) + k® poly(loglog n) + k**°(), we can compute a set of k linearly independent
rows of a rank k matrix A. The leverage score subspace embedding having k poly(loglog k) rows
turns out to be crucial to obtain a running time that depends on k® poly(loglog n) instead of the
k® log(n) dependence of earlier algorithms.

Low Rank Approximation. Finally, we give an algorithm to compute a (1 +¢)-approximate rank-k
approximation to an arbitrary matrix A. We do not need to utilize our subspace embedding construc-
tion in this algorithm, though we include it as it is also a fundamental problem in linear algebra for
which we remove the last logarithmic factor. We compute a low rank approximation in two stages: (i)
we first find a rank k orthonormal matrix V whose columns span a 1 + ¢ approximation. (ii) we then
find a right factor X such that V - X is a (1 + ¢) rank-k approximation. We obtain the left factor V
by using projection-cost preserving sketches and subspace embeddings along with the CUR decom-
position algorithm from [BW17], to first obtain an O(k)-dimensional subspace that spans an O(1)-
approximate rank-k low rank approximation. We then perform the residual sampling algorithm of
[DRVWO6] to obtain a set of O(k/¢) columns of the matrix A, which along with the O(k) dimen-
sional subspace we already found, span a (1 + ¢)-approximation. We then use affine embeddings to
compute a left factor V that spans a (1 + ¢)-approximation.

After finding a left factor V, the matrix VT A is the optimal right factor but it takes Q(nnz(A)-k)
time to compute this matrix. To avoid this, we run the CUR decomposition algorithm of Boutsidis and
Woodruff [BW17] using the matrix V we found to obtain a right factor Xsuchthat ||V -X - Allp <
(1+e)|A - [Alkllr.

3.3 Flattening the vectors

1+0(1)

In this section, we argue that there is a linear mapping & : R" — R" such that for any unit

vector x € R", the set

1
Vn - exp(poly(log log n)) }

Large(Fx) = {i € [n"*°W] | |(Fx);| >

has size |Large(Fx)| = Q(n). In the following it will be helpful to have an abbreviation.
Definition 3.3.1. Let epll(n) denote the class of functions in O(exp(poly(loglog(n)))).

We show that an explicit £, — #; linear embedding construction of Indyk [Ind07] can be used to
obtain such a mapping . First we define (¢, [) extractors as follows.
Definition 3.3.2 ((¢,[) extractors). A bipartite graph G = (A,B,E), A = [a] and B = [b], with
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each left node having degree d is an (¢, 1) extractor if it has the following property. Let 2 be any
distribution over the set A such that for all i € [a], Prg[i] < 1/1. Consider the distribution over B
generated by the following process:

1. Sample i € A from distribution %

2. Sample t € [d] uniformly at random and set j = I (i);. Here I (i) is the ordered set of

neighbors of i in the graph G and I'; (i), is the t-th neighbor in the ordered set.
Let G(9P) be the distribution of the element j sampled by the above process. The graph G is an
(&, 1) extractor if (1/2) ¥ jep | Pro(9) [j] — 1/b| < . We stress that this property must hold for every
distribution & with Prg [i] < 1/ for all i.

See [Ind07] and references therein for several examples of explicit constructions of extractors.
Indyk uses an extractor from [Zuc97] with the following parameters: Fixa § = Q(1/+4/n) and let
L =0(1/8% and s = v/n. Let G be an (¢, 1) extractor with A = [Ln], B = [b] for b = n'/*™* k > 0,
I = (1-0)%s/L, left degree d = (log a)°V = (log Ln)°V) and max right degree A = O(nLd/b).
Theorem 3.3.3 (Theorem 1.1 of [Ind07]). For any constants {, x > 0, there is an explicit linear mapping
F:R" - R™ m = O(nLd) = nlogo(l)(n) /7P and a partitioning of the coordinate set [m) into
sets By, ..., By, for b = n'/?7%, each of size at most A = n'/*** epll(n) /{°W), such that for any x € R",
x|l =1,

b
(1-0())VLdb < > ||(Fx)s,l2 < VLdb.
=1
Without loss of generality, we can assume that all the partitions B; have the same size A by appending 0-valued
coordinates, and so we have m = n - epll(n) /O,

We now prove the following lemma which essentially shows that an application of Indyk’s em-
bedding to a unit vector shrinks the Euclidean norm by a lot, while keeping the #; norm Q(1).

Lemma 3.3.4. Let n be an arbitrary integer and 0 < {,x < c for a small enough constant c. There is an
explicit linear mapping F : R™ — R™ form = n - epll(n) /%Y and a partitioning of [m) into equal sized
sets By, ..., By where b = n'/%7* and each set Bj satisfies |Bj| = A = n'/2 epll(n)/{°W), such that for

any x € R", we have

b
(1= 0@)lIxllz < D N(Fx)g,ll2 < llxll2
j=1

and

b
1
1Exll; = > I(Ex)s, 15 = 5 Il
j=1

Proof. In the proof of the above theorem, Indyk uses the (¢, 1) construction specified above with
8 = { and ¢ = ¢2. Indyk also defines (Fx)p, = (Dx)rs(;) for j € [b], where D is a concatenation
of certain L orthonormal matrices and I'5(j) C A is the set of neighbors of j € B in the graph
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G. For any vector x, we have ||Dx||3 = L||x||5 and as the left degree of G is exactly equal to d, we
have ||Fx|l3 = 2; |(Fx),1I5 = X; [(Dx)rs(j)I5 = dlIDx||5 = Ld||x||5. Hence, the matrix F/VLdb
satisfies that for any vector x,

b
F 1
I(—==x)5,1I5 = ~ IIxII3.
; Va7t b

From the above theorem, we already have

b
F
(1-0)lxllz < ) I(—==x)sll2 < llx]l2-
2 ; T B;ll2 2

Therefore, scaling the matrix F gives the proof. O
We apply the above lemma recursively to each of the partitions B; for ©(loglog(n)) levels to

obtain the following theorem.

Theorem 3.3.5. Given any n, there is an explicit map F : R* — R™ with m = n - epll(n) such that for

|Fx||; > +/n/logn

all unit vectors x € R", we have

and
1Fx]l5 = 1.

Further, given any vector x, the vector Fx can be computed in n**+°V time.

Proof. Let N = ©(loglog(n)) and { = c be a small enough constant so that (1-0())N > 1/\/@.
Let By, ..., By, be the partitions of the coordinates of the range of F from the Lemma 3.3.4. We re-
cursively apply the lemma for each of the partitions for N levels to obtain & : R* — R™ for
m = n - epll(n). Define ny = n and let n; be the number of entries in each of the i-th level partitions.
Also, let by = 1 and b; be the number of partitions an (i — 1)-th level partition is mapped into. From
Lemma 3.3.4, we have

1/2—k

bi = nl_l

and

n; = n;frk epll(n;-1).

since { is a small constant. The following lemma lower bounds the number of partitions in the N-th
level.

Lemma 3.3.6. The total number of partitions in the N-th level is given by B = by - by - - - by and
B > n/2.
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Proof. We have B = by---by = (ng--- nN_l)l/Z_". Asn; > n(1/2+’<)i, we have that ng---ny_; >
nZio (/24" Now, SNY /2 +K6) = (1- (1/2+1)N)/(1/2 - k) which implies B > n!~(1/2+0)7,
For N = ©(loglog(n)), (1/2 +x)N < 1/poly(log(n)) and B > n/2. |

This lemma implies that the N-th level has the partitions %y, . . ., Bp of [m] with B > n/2 and
|| = epll(n) such that for any unit vector x,

1 B
—O(O))N Fx)on
\/@quz < (1= 0V |xllz < ;”(J‘x)%”z < lxllz

and

CS N < ) 1@ < Gl

1 2
[lxllz <
2B .
j=1

Finally, for a unit vector x,

B B
1 1
5 = 5llle < 31T 1l < ) 1(F0m, I = [1Fx],
=1 =1
and
a 1
2 _ 2 _ 2
1Fx|l3 = ; I(Fx)e; Iz = g lxll2.
By scaling the map % by VB, we complete the proof. O

We now have the following corollary.

Corollary 3.3.7. Given any unit vector x, at least ©(n) coordinates of the vector Fx € R™ have an absolute
value of at least 1 = 1/(+/n - epll(n)).

Proof. Let m’ be the number of coordinates of Fx with an absolute value of at least . Let T C [m]
be the set of indices of those coordinates. Then

Vnflogn < [|Fxlly = ) 1(Fxul + ) 1(Fx)il

i¢T i€T

m [ PRV
= Y -epln) | ;(‘”)"‘/m

n - epll(n) -

Here we use the Cauchy-Schwarz inequality and the fact that ||%x||3 = 1. For appropriate 1 chosen
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based on m, the above inequality implies that

Vm' > \/n/2logn = m’ > n/2logn.

which shows that an Q(n) fraction of the coordinates of Fx have an absolute value of at least 7. O

Thus, applying Lemma 3.3.4 for N = O(loglog(n)) levels gives an n dimensional subspace of
R™ for m = n - epll(n) such that for every unit vector x, the vector Fx has a large number of large
coordinates.

3.4 Fast Subspace Embeddings

Algorithm 3.1: FASTEMBEDDING

Input: A € R™* y > 0
Output: A subspace embedding SA with O(k - epll(k)) rows
1 §; <« OSNAP(4, y) with O(k*r+ (M) rows
2 Sy « OSNAP(S;A, O(1/log(n))) with O(k log(k)) rows
3 F « Indyk Embedding for RO*1°g(0)) for @(loglog(k)) levels with r = k - epll(k) rows
s m « k- poly(loglogk), p < epll(k)/r
5 G < m X r random matrix where each entry is independently 0 with probability 1 — p, and
+1 with probability p/2 each
6 SA— k-G -F-S,-S1Awhere k is an appropriate scaling factor
7 return SA

Let A be an arbitrary n X k matrix with nnz(A) nonzero entries. We design a random matrix S
with k - poly(log log(k)) rows such that with probability > 9/10, for all vectors x,

lxllz < [[SAx|[z < epll(k)||x]|2-

The matrix SA can be computed in time nnz(A) + k>+°(), The matrix S is constructed as a compo-
sition of various oblivious subspace embeddings.

We first apply OSNAP matrix S; with g = 0.1 to obtain an O(k!!log(k)) X k matrix S;A in
time O(nnz(A)). Now, nnz(S;4) = O(k*!log(k)). Therefore, we can apply OSNAP S, with y =
1/log(k), to obtain an O(k log k) X k matrix $,51A in time O(nnz(S,4) - 1/p) = O(k*! log?(k)).
We also have with probability > 98/100 that

[1S251Ax][2 € (1 +3/10)||Ax|l2

for all vectors x € R¥. We then use the flattening transform & to obtain a constant subspace em-
bedding for the matrix S5 - S - A which also has the property that every unit vector in the column
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space of the matrix F - S - 7 - A has a large number of large entries.

Theorem 3.4.1 (Indyk Embedding, Theorem 3.3.5 and Corollary 3.3.7). Given any n, there is an explicit
linear map/matrix F € R™ " with m = n - epll(n) such that for any vector x € R",

1Fxll2 = [lx]l2

and for any unit vector x, at least ©(n) coordinates of the vector Fx have an absolute value of at least 1/ (\/n -

epll(n)). Given a vector x € R”", the explicit map Fx can be computed in time n'*°(1),

Combining &, S,, S1, we obtain that with probability > 98/100, for all vectors x,
7 13
—||Ax||l2 < ||F - S2 - 81 - Ax||2 < —||Ax]|.
laxll, < 1F S, - 51 - Axlz < —llAxll,

The matrix F - S, - S1 - A can be computed in time nnz(A) + k%140 A the matrix S, - S; - A has
O(k -log(k)) rows, the matrix & has O(k log(k) -epll(k)) = k-epll(k) rows and we also obtain that
for any unit vector x in the column space of & - S, - S; - A, at least ©(k) coordinates have an absolute
value of at least 1/ (W epll(k)) =1/ (Vk epll(k)). The following theorem shows that a sparse
sign matrix is a subspace embedding for a subspace with every unit vector in the subspace having a
large number of large entries.

Theorem 3.4.2. Let A € R™FK withm = k - epll(k), be a matrix such that for all unit vectors x €
colspan(A), the set

Large(x) = {i €[m] | x| >n= m}

satisfies |Large(x)| > k/poly(log k). There is adistribution G over matrices with M = k-poly(loglog(k))
rows such that for G ~ €, with probability > 9/10, for all vectors x € R,

lAx[2 < |GAx]|; < epli(k)[|Ax][2.

With probability > 9/10, the matrix GA can be computed in time k* - epll(k).

Proof. Define the M X m random matrix G as follows:

+1 with probability p/2
Gij = {—1 with probability p/2
0  with probability 1 — p

for some values of M < m and p to be chosen later. The random variables G;; are mutually inde-
pendent. Let X; be the number of nonzero entries in the i-th row of G and let Y ; be the number of
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nonzero entries in the i-th column of G. By the Chernoff bound, for § > 1,
Pr[X; > (1+6)-mp] < exp(-Omp/4) and Pr[Y; > (1+3)-Mp] < exp(=SMp/4).

Let p be such that p|Large(x)| > 10 for all x. As |Large(x)| > k/poly(logk), there is a value
of p for which pm < epll(k) and p|Large(x)| > 10 for all x. By a union bound, we obtain that

with probability > 99/100, for all i and j, X; < epll(k) and Y; < epll(k). Thus, with probability
> 99/100

m?X; |Gij| = mlaXXi < epll(k) and mjaxzi: |Gij| = mjz_ix Y; < epll(k).

We now have that [|G|l; < +/(max; X ; |G;|) (max; 3, [Gj;|) < epll(k), which implies that for any
vector y,
IG - Ayll2 < epll(k)[| Ayl

Let the event that ||G||2 < epll(k) be €.

We now show a contraction lower bound. Let x be an arbitrary unit vector in the column space
of the matrix A. We say a row G, is good if G;; is nonzero for some j € Large(x). We say G, is bad
if it is not good. We have

Pr[Gi, is bad] = (1 — p)¥8e®I < exp(—p|Large(x)]) < exp(—10) < 1/100.

Thus, Pr[G;. is good] > 99/100.

We say arow G, is large if | G;.x| > 1. Condition on the event that G is good. Let j € Large(x) N
nnz(Gi.) # 0.Now, GixX = X jrenny(G,.)-j GiyXj + Gijxj. As entries of the matrix G are mutually
independent, with probability 1/2, G;jx; has the same sign as ¥’ ycpn,(G
that with probability > 1/2, |G;.x| > |x;| > 5. Thus,

)—-j Gijxj, which implies

Pr|[G;. is large | Gy, is good] > 1/2
which implies that
Pr[|Gi.x| > n] = Pr[Gy. is large] > (1/2) - (99/100) > 1/4.

Let [ denote the number of large rows. As rows of the matrix G;. are independent, largeness of rows
is mutually independent. Thus, by the Chernoff bound,

Pr[l < (1/2) - M - (1/4)] < exp(—M/32).
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We now condition on the event €. We have

Pr[l < M/8]

Prll < M/8| €] < —

< 2exp(—M/32).
Therefore, conditioned on the event 6, with probability > 1 — 2 exp(—M/32), we have | > M/8
which implies that

S M
k epll(k) — 8k epll(k)

1Gxll; > ) [Giuxl* 2 Iy >

large i

In what follows, we condition on the event ‘€. For M = k - poly(loglog(k)), we obtain that for a
unit vector x, with probability > 1 — exp(—k poly(loglog(k))),

poly(loglog(k)) -

Gx||3 >
|| x“Z = epu(k)

By suitably scaling G, we obtain that for all vectors x,
1Gx|lz < epli(k)[lx]|2
and for any unit vector x, with probability > 1 — exp(—k - poly(loglog(k))),
1Gx]l2 > 2.

The column space of the matrix A has dimension at most k. Let N be a net of the unit vectors in the
column space of A such that for any y € colspace(A), ||yl|2 = 1, thereis an x, € WV, [|xy||2 = 1 such
that

I, — yll < —
xy =Yl £ ——.
y IGIl2

As |G|z < epll(k), there exists a net W of size exp(k - poly(loglog(k))). We union bound over all
the net vectors to obtain that with probability > 99/100, for all net vectors x € N,

|Gx||2 > 2.

Now conditioning on this event, for an arbitrary y € colspan(A), ||y||2 = 1, we have

I1Gyllz = 1G(xy + (y — xy)) [l2
2 [|Gxyllz = [1G(y = xy) [l
> 2~ [|Gll2lly — xyll2

>1
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as the net is chosen so that ||y — x||2 - |Gl|; < 1.

Conditioned on the event €, we have that each row of G has at most epll(k) nonzero entries.
Thus, each row of the matrix GA can be computed in k - epll(k) time and hence the matrix GA can
be computed in time k? epll(k). As Pr[€] > 99/100, the claim follows. O

Theorem 3.4.3 (Subspace Embedding). Given an n X k matrix A, we can compute an m X k matrix SA
with m = k - poly(log log(k)) such that with probability > 9/10, for all vectors x € R¥,

[ Ax[z < [ISAx||; < epll(k)[|Ax][2.

The matrix S - A can be computed in time O(nnz(A) + k*°(1)) or more generally in time O(y ™! nnz(A) +

k2+v+o() for any constant y > 0. Further, for any matrix M with n rows,

E[[ISMI[5] < epll(k)[IM]E.

Proof. The matrix S is defined as follows
$§=2-G-F-5,-8

where S1 is OSNAP for k dimensional subspaces with y = 0.1, S, is OSNAP for k dimensional sub-
spaces with y = 1/log(k), & is Indyk’s embedding for O (k log(k)) dimensional subspaces as in The-
orem 3.4.1 and G is the sparse embedding matrix with k - poly(log log(k)) rows as in Theorem 3.4.2.
We have with probability > 9/10, for any vector x € Rk,

1 3
Az < 118,81 - Axly < Sl Axll
Condition on the above event. From Theorem 3.4.1, we have

1 o 3
SlAxllz < 1Sz - S1 - Axll = |F - Sz - Sy - Axllz = ISz - S1 - Axllz < Z[|Ax]l2.

By Theorem 3.4.1, every unit vector in the span of F has at least k/polylog(k) coordinates with an
absolute value of at least 1/(Vk - epll(k)). Thus, the matrix F - S, - S; - A satisfies the conditions of
Theorem 3.4.2. Therefore with probability > 9/10, we have for all vectors x € Rk,

IG-F - Sy S - Ax|ly < epll(k)[|F - S5 - S - Ax|l, < epll(k) || Ax|l;

and

1
IG-F-So-81-Axllo 2 [|F - S2- 81 - Ax||z 2 5||Ax||2.
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Thus with probability > 8/10, for all vectors x,
lAx|]2 < [IS - Ax||2 < epll(k)||Ax]l2.
The matrix S - A can be computed as 2G(F(S2(S14)))) in time
O(nnz(A) + k1 log? (k) + k*°W 4+ k2 . epll(k))

where the last term follows from the fact that each of the k poly(loglog(k)) rows of the matrix G
has at most epll(k) nonzero entries.

There is nothing special about y = 0.1. We can choose any constant 1 > y > 0 and use OSNAP
with the parameter y which gives an overall running time of O(y ! nnz(A) + k**1+°()),

We now bound Eg[ ||SM ||2F] for an arbitrary matrix M. We have

Es[|ISM||z] = 4Egs,s, [IIG - F - Sy - S2M|E]
< 4-Es,[Es, [EG[IG - F - Sz - SiM|Ig | 1, S2] | $1]].

First, Eg[||G - F - Sz - SIM|[% | S1,S2] < Mp - (scale) - ||F - Sz - S{M|%,, where M is the number
of rows of G, p is the probability of an entry of G being nonzero and scale = epll(k) is the scaling
factor for the random sign matrix. As M = k - poly(loglog(k)) and p = epll(k)/k, we have Eg[||G -
F - Sy - SIMI|% | S1, S2] < epll(k) - |F - Sy - SM|I% < epll(k)|IS2 - S M||% as the matrix F does not
change the euclidean norm of any vector. Thus,

Es[|ISMII%] < epll(k) Es, [Es, [|IS2 - S1MIIE | 111 < epli(k) Mg,

where the last inequality follows from the fact that ||S; M ||% is an unbiased estimator to | M ||% if S;
is an OSNAP. O

3.5 Applications

3.5.1 Subspace Embeddings

We use the fast subspace embedding construction from the previous section to compute approxi-
mate leverage scores and then sample rows using the approximate leverage scores to compute 1+ ¢
subspace embeddings in time O(y~! nnz(A) + ¢ 3nk**°() + k© poly(log log(k))) for any constant
y. We then compose with an OSNAP to obtain a subspace embedding with O(e~2k log(k)) rows.

Theorem 3.5.1 (Leverage Score Sampling). Given a full column rank matrix A € R™* let 7;(A) for
i € [n] be the leverage score of the i-th row. Let p € [0, 1]" be a vector of probabilities such that for all
i € [n],min(1,7r-(7;(A)/k)) > p; > min(1,7- - (7;(A)/k)) for some B < 1, and let the n X n diagonal
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Algorithm 3.2: LEVERAGESCORESAMPLING

Input: A € R™<k ¢ y>0
Output: An ¢ subspace embedding Sj., A

1 SA < SPARSEEMBEDDING(A)
2 [Q,R7!] < QR-DECOMPOSITION(SA) // QR™'=SA
3 s « kexp(poly(loglog k) /&
4 S; C [n], fifori € [S;] « SAMPLEFROMPRODUCT(A, R, s, y) // Lemma 3.5.3

For i € Sy, set (Sjey)ii to be equal to 1/\/]_0,-
6 return Si.,A after removing 0-value rows

(8]

random matrix Sie, be defined as follows: for each i € [n], the entry (Siey); is set to be equal to 1/+/p; with
probability p;, and is set to be 0 with probability 1 — p;. If r > Cklog(k)/Be? for an absolute constant C,
then with probability > 99/100, for all vectors x € R¢

IS1evAx|l5 € (1 £ &) || Ax]]5.

With probability > 1 — exp(—0(k)), the matrix Sje, has at most ©(Ck log (k) / B?) nonzero entries.

The following lemma shows that a subspace embedding S for the column space of a matrix A
can be used to compute approximate leverage scores which can be used to perform leverage score
sampling as described above to obtain a 1 + ¢ subspace embedding.

Lemma 3.5.2. If S is a f§ subspace embedding for the column space of a full rank matrix A € R™ ie., for
any vector x,
[Ax|l2 < [|SAx]l2 < BllAx]l2

and if SA = QR™! for an orthonormal matrix Q, then for all i € [n],
ni(A)/f? < [lAuR; < 1:(A),
where 7;(A) is the leverage score of the i-th row of A.

Proof. Let AR = UT where U is an orthonormal matrix. As colspan(AR) = colspan(A), we have that
€2 = ||Uj||5. We first have for any vector x,

ITx|l2 = [[UTx||2 = |ARx]|2 < [|SARx||2 = [[Qx][2 = ||x]|2
and
ITx[lz = |UTx|l2 = |ARx]|2 > (1/B)IISARx|]z = (1/p)I|Oxll2 = (1/B)llxl>.
Here we repeatedly used the facts that Q and U are orthonormal matrices. Thus, we obtain || T||, < 1
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and omin (T) > 1/p. As A;xR = U;, T, we obtain that
lAiRll2 = [UiTll2 < [[Uill2lITl2 < Uil

and
|AiRll2 = |UisTll2 2 |Uisll20min(T) = (1/B)||Uisll2-

Thus, fiz/ﬁz < ||A,*R||2 < fiz. O

Using our fast subspace embedding with k poly(loglog(k)) rows and f = epll(k), the above
lemma shows that if we can compute the values ||A;R||5, then we can obtain a 1 + ¢ subspace em-
bedding with k - epll(k)/&? rows.

Often, the row norms ||A;,R||% are approximated with [|A;.RG]|3, where G is a Gaussian matrix
with O(log n) columns using the fact that for an arbitrary vector x, ||xTG||§ € (1/2,2)]x||3 with
probability 1 — 1/poly(n). However, computing the matrix ARG takes O((nnz(A) + k?) log(n))
time.

The following simple lemma shows that instead of obtaining constant approximations to [|A;.R||3

for all the rows by using a Gaussian matrix G with O(log(n)) columns, we can use a Gaussian matrix
G’ with only O(1/y) columns to obtain O(n¥ log(n)) factor approximations to ||A;R||5. We sample
the rows using these coarse approximations and then compute constant-factor approximations to
[|Ai«R||3 only for the rows that are sampled in the first stage and then reject each of the sampled
rows with appropriate probabilities to obtain a leverage score sample.
Lemma 3.5.3. Let A € R™ gnd R € R be such that for any vector x € R, the matrix-vector
products ARx, Rx can be computed in time at most Ty and T, respectively. Given parameters y and s, there is
an algorithm conditioned on an event €, Pr[€] > 95/100, that samples indices i € [n] to obtain a random
subset S C [n], such that each i € [n] is in the set S independently with probability f;, where

4RIl : lAiRIl
>-) = fi > min(1, (s/16) >
IARI|% IAR||5

).

min(1,s

The algorithm returns the random subset S along with the probabilities f; for i € S. The algorithm runs in time
O(y™'Ty + Ty log(n) + sdnY log?(n)).

Proof. Let p; = ||A,-*R||§/||AR||% for i € [n]. Let G; be a Gaussian matrix with O(1) rows and n
columns and G, be a Gaussian matrix with d rows and O(1) columns. We have

1
SIARIE < IGIARG: | < 2]l ARl (Event &)
with probability > 99/100. The matrix G;ARG; can be computed in O(T; + n) time. Let G; be a
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Gaussian matrix with O(log(n)) columns. With probability > 99/100,
1
foralli € [n], 5||A,-*R||§ < ||AiRGs]|5 < 2||AiR||5  (Event &y).

We note that we do not compute the matrix ARG3 but we only compute the matrix RG3 which can
be done in time O(T; log(n)).

Let G4 be a Gaussian matrix with ¢t = O(1/y) columns. Let g,, g, . . ., g, be the columns of the
matrix Gy. For each i € [n], with probability > 1 — 1/100n?, max;c[;] [(AiR, g ;)| = |AiR||2/n"/?
using the fact that (Ai.R, g;)je[s] are independent Gaussians with standard deviation ||A;.R||2. By a
union bound, with probability > 1 — 1/100n, for all i € [n], we have

||A,'*RG4||§ > I}’éé{l%((Ai*R, gj>2 > ||Ai*R||§/nY.
J

By Lemma 1 of [LM00], we also obtain that with probability > 1-1/100n,foralli € [n], ||A;RG4||% <
O(log(n))||Ai«R||3. Thus, with probability > 1 — 2/100n, for all i € [n]:

| AiRI13 2 2
< [[AixRGy4||5 < Clog(n)||AiR||5 (Event &s).

We compute ARG, and all squared row norms ||A;.RG,||5 in time O(T;y™"). Condition on the event
€ =6, N E, N 3. We have Pr[€] > 95/100.

Define z; = 2n"||Ai.RG4||5/||G1ARG,||%.. We have 4CnY log(n)p; > z; > p; and define ¢; =
min(1, sz;). Sample i € [n] independently, each with probability g; to obtain a random subset §; C
[n].1f i € Si, compute the value ||A;(RG3)||5 in time O(dlog(n)) and reject i with probability
1 —min(1, (s/4)||AiRGs]l5/|G1ARG,[I}.) /q:.

We need to show that this procedure is well-defined. We have (s/4)||AiRGs]|3/|G1ARG,||5 <
(s/4)(4p;) = spi < sz; which implies that min(1, (s/4)||AiRGs|l5/|lG1ARG,||%) < g; and there-
fore the rejection probability as defined is valid. Let S, be the subset obtained after performing the
rejection step on Sy. The probability that a row i € S5 is

min(1, (s/4)||AiRGsl[5/|G1 ARG, I}

fi=a
i gi

> min(1, (s/4) (pi/4)) = min(1, (s/16)p)).

We also have that f; < min(1, sp;). Thus, with probability exp(—s) only O(s) rows survive the rejec-
tion.

Now, with probability > 1 — exp(-s), |S1| = O(3};¢i) = O(sn'log(n)) and therefore the
squared row norm ||A;RGs|3 has to be computed only for O(sn* log(n)) rows. Thus, the time com-
plexity of sampling is O(y ' Ty + T; log(n) + O(sdn" log®(n))). Therefore, conditioned on the event
€, the algorithm returns a subset S C [n] sampled from the desired probability distribution in time
O(y™'Ty + Ty log(n) + sdn’ log®(n)). m
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Using these lemmas, the following theorem shows that Algorithm 3.2 gives a 1 + ¢ subspace
embedding by sampling using approximate leverage scores.
Theorem 3.5.4. Given a full rank matrix A € R™¥, a constant y and a parameter ¢ > 0, we have the
following:
1. Algorithm 3.2 computes a matrix Si., A with © (e 2k -epll(k)) rows such that with probability > 9/10,
for all vectors x,
ISievAx[5 € (1 % )| Ax][5.

This matrix SieyA can be computed in time
O(y ' nnz(A) + e 2n'k?°W 4+ k poly(log log(k))).

2. Composing S, with the matrix Sosnap, an OSNAP with O (e %k log(k)) and at most O(e™* log(k))
nonzero entries in each column, we obtain that with probability > 9/10, for all vectors x,

1Sosnap - Stey - Ax||5 € (1 + O(e))||Ax||3.

The matrix Sosnap - (SievA) can be computed in time O(£_3k2+"(1)) and hence, overall, the matrix
Sosnap - Siey + A can be computed in time

O(y ' nnz(A) + k poly(loglog(k)) + g3 Fo) 4 gm2prro(D g 2ro(l)y
for any constant y.

Proof. From Theorem 3.4.2, we have a subspace embedding Sg,s with O(k poly(loglog k)) rows and
distortion epll(k) that can be applied to matrix A in time O(y ™! nnz(A)+k*"*°() for any constant
y > 0.Compute the matrices Q, R~* such that Q has orthonormal columns and S¢,i;A = QR™! which
can be done in time O (k® poly(loglog(k))). By Lemma 3.5.2, we have

Ti (A) 2
epll(k) < |IA; ”2 Tz( )

which implies, using the fact }}; 7;(A) = k, that

n(A) | AiR||2
k-epll(k) ~ [IAR|Z "

Using Lemma 3.5.3, conditioned on the event €, we can sample a random subset S along with prob-
abilities f; for i € S such that each i € [n] is independently in the subset S with probability f;,

- RIIZ _
IAGRIE oy )

fi > min(1, (s/4) - JARIZ k - epll(k)

).
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For s = ©(klog(k)epll(k)/e?), we have f; > min(1,Cr;(A) log(k)/e?) which implies that the
matrix Sj., constructed by Algorithm 3.2 is a 1+ € subspace embedding, with probability > 9/10, for
the column space of A by Theorem 3.5.1. In the notation of Lemma 3.5.3, for the matrices A and R,
T; = nnz(A) + k% and T, = k2. Thus, the sampling process runs in time

O(y ™ nnz(A) + klog(n) + e 2n"k? exp(poly(loglog k))) = O(y ' nnz(A) + e 2n/*oW o))

Thus, overall, in time O(y ! nnz(A) + ¢ 2nr+°(Wg2+o() 4 k@ poly(loglog k)), we can compute a
leverage score sampling matrix Sjo, with O(e2k exp(log log k)) rows such that for all x € R¥,

ISievAxl3 € (1 £ &)l Ax][3.

As nnz(Si.,A) < (e71k)? epll(k), the OSNAP embedding Sosnap can be applied to Sie A in
O(e73k? epll(k)) time and the fact that Sosnap * Siev is @ subspace embedding follows from the com-
posability. Thus, we can compute Sosnap - Siey + A which has O(e%k log k) rows in O(y~! nnz(A) +
k® poly(loglog k) + ¢ 3k#+0() 4 g=2prro(Df2+o(1)) time, O

3.5.2 Linear Regression

Let A € R™k and b € R". By the linear regression problem (A, b), we mean min, ||Ax — b]|, and
OPT(A, b) denotes the optimum value of this problem. We prove the following theorem.

Theorem 3.5.5. Given a full-rank matrix A € R™k and b € R", we obtain a solution x* such that
[|[Ax* — b||2 < (1 + £)OPT(A, b)

intime O(y ™! nnz(A) + e 3nr*oW2+e() 4 k@ poly(loglog k)) for any constant y.

Proof. We first find a 1+ ¢ subspace embedding S for the column space of [ A, b]. From Theorem 3.5.4,
SA and Sb can be computed in at most O(y ! nnz(A) + ¢ 3+ 2+ 4k noly(log log k)) time.
We can also compute a preconditioner R using the fast subspace embedding from Theorem 3.4.2 such
that

k(AR) = epll(k)

by first computing S, A = QR™! and then inverting R™! to obtain R. The matrix R can be computed
in time O(y ! nnz(A) + k#7+°( 4k poly(loglog(k))) for any constant y. We also have that

k(SAR) = epll(k).
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Let x* be a solution such that ||SARx™ — Sb||, < (1 + ¢) min, ||[SARx — Sb||,. Then, we have

1+¢ (1+¢)?
ISAxopt — Sb|2 <
1—c¢ 1—¢

% 1 %k
|ARx™ = bl|; < :HSARX —5bz < | Axopt — bl[2.

Thus, Rx* is a 1+ O(¢) approximate solution for the linear regression problem (A, b). Now, we focus
on obtaining a 1 + ¢ approximate solution for the regression problem (SAR, Sb).

We first compute an approximate solution for the regression problem as follows: let Sg, be
the subspace embedding with k poly(loglog(k)) rows for the column space of [A, b]. Let x(© =
(StastA)* (Skasth). This solution can be computed in time O (nnz(A)+k***+°(M) +k© poly(log log(k))).
Let Xgtart = R™1x(?) which can also be computed in time O(k?). Now, we have

”SARxstart - Sb”Z < (1 + g)llARxstart - b||2 = (1 + g)lle(O) - b”Z < (1 + g)llsfastAx(O) - Sfastb||2~

Let xs be the optimal solution for the regression problem (SA, $b). By optimality of x(*) for the

regression problem (Sg,t A, Stastb), we have

ISARxstare = Sbllz < (1+&)lISraseAx'” = St
< (1+)[StastAxs — Stastbll2
< (1+¢) -epll(k) - ||[Axs — b||2
< epll(k) - OPT((SA, Sb)).

Thus, xstart is an epll(k) approximate solution for the linear regression problem (SAR, Sb). Using
the solution xg,rt, we can obtain a 1 + ¢ approximate solution in O(epll(k)/¢) iterations of gradient
descent where each iteration can be performed in time O(k? log(k) /). Thus, overall, in time

O(y ' nnz(A) + e 3n°W g2 4 k@ poly(loglog k),

we can compute a 1 + O(¢) approximate solution for the linear regression problem (A, b). O

3.5.3 Rank Computation and Independent Row Selection

We give an algorithm to compute a maximal set of independent rows of an n X n matrix A of rank
k = n®W intime O(y ! nnz(A)+k**°() +k® poly(loglog(k))) for any constant y > 0, improving
upon the earlier running time of O((nnz(A) + k®) log(k)) from [CKL13] for any constant v > 2.
Definition 3.5.6 (Rank Preserving Sketches). A distribution § over zg X n matrices is a rank pre-
serving sketch if there exists a constant ¢ such that for § ~ 8, with high probability, for a given
matrix A € R™“, min (rank(SA), zs/c) = min (rank(A), zs/c) i.e., multiplying A with the matrix
S preserves the rank if rank(A) < zg/c.

Theorem 3.5.7 ([CKL13]). There are rank-preserving sketching distributions as above with ¢ = 11 such that
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* SA can be computed in O(nnz(A)) time
* S has at most 2 nonzero entries in a column
* S has at most 2n/zs nonzero entries in a row

They use rank preserving sketches to give an algorithm to compute the rank of an arbitrary

matrix and an algorithm to compute a maximal set of linearly independent rows of the matrix.

Theorem 3.5.8 (Theorem 2.6 of [CKL13]). Let A € R"™ be an arbitrary matrix with n > d. There is a
randomized algorithm to compute k = rank(A) in time O(nnz(A) log(k) + min(k®, k - nnz(A))) with
failure probability at most O(1/n'/3). There is also an algorithm to find k linearly independent rows of the
matrix A in time O((nnz(A) + k) log(n)) with failure probability at most O(log(n)/n'/3).

We show that the log(k) factor can be removed from the time required to compute the rank of

the matrix.

Theorem 3.5.9 (Rank computation). Given A € R™ let k = rank(A). Let w be the matrix multiplica-
tion constant and assume w > 2. Consider two cases:

1. Ifk < log(n)¥“=2) k can be computed in time O(nnz(A) + log(n)%(®=?) = O(nnz(A)).

2. Ifk > log(n)%/“=2), k can be computed using Algorithm 3.3 (RANK) in time O (nnz(A) +min(k®, k-
nnz(A))).

Proof. If k < log(n)z/ (©=2) then we have rank preserving sketches S, R such that SAR can be com-
puted in time nnz(A), SAR is an O(log(n)?(©~?) x O(log(n)?(®~?) matrix and rank(SAR) =
rank(A). Now the rank of SAR can be computed in time O(log(n)%(“~?). Thus, rank(A) can be
computed in time O(nnz(A) + log(n)®/(@~%),

In the case of k > log(n)?/(“~?, consider Algorithm 3.3. As z > ©(4/n/log(n)), with failure
probability at most ©(4/log(n)/n), the sketch SAR is rank preserving. As SAR is a z X z matrix,
we have nnz(SAR) < z? < O(nnz(A)/log(n)). So, the rank k; of SAR can be computed in time
O(nnz(SAR) log(k;) + min(k®, k1 - nnz(SAR)) by Theorem 3.5.8. As k; < k, we have that the rank
ki can be computed in time O(nnz(A) + min(k®, k - nnz(A))).

We now have two cases. In the case that k; < (nnz(A)/log(n))'/?, as we have
min(rank(A), (nnz(A) /log(n))l/z) = min(rank(S;AR;), (nnz(A)/log(n))l/z),

we obtain that rank(A) = rank(SAR) = k;.

If (nnz(A)/log(n))"/? < ki, we have k = rank(A) > k; > (nnz(A)/logn)'/? which shows
that nnz(A) log(n) < k?log®(n) < k® forany > 2 and k > log(n)?(“~?), We can now compute
rank(A) in time O(nnz(A) log(k) + min(k®, k - nnz(A))) by Theorem 3.5.8. As nnz(A) log(k) =
O(min(nnz(A) - k, k)), we obtain that the running time is O(nnz(A) + min(k®, k - nnz(A))). O
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Algorithm 3.3: RANK(A)
Input: A € R™ rank(A) > (log(n))®/ (@~
Output: k == rank(A)
// CKL-RE, the algorithm of Theorem 2.6 of [CKL13]
1 z « c - (nnz(A)/logn)'/? // ¢>1 is a constant

2 Generate rank-preserving sketches S € R™" and RT € R#*¢

3 Compute SAR // using Theorem 3.5.7
4 k; < rank(SAR) // using CKL-RE
5 if k; < z/c then

6 ‘ return k;

7 end

8 ko « rank(A) // using CKL-RE
9 return k;

We now describe an algorithm to compute k linearly independent rows of a matrix A € R™ of
rank k in time O(nnz(A) + k“ poly(loglog(n))), replacing the log(n) factor in the running time
of [CKL13] with poly(loglog(n)). Thus for matrices A with k“~! < nnz(A) < k®/log(n), we can
now compute the rank k and a set of k linearly independent rows in time O(k® poly(loglog(k)))
instead of O(k® log(k)) time.

Without loss of generality, using the rank-preserving sketch, we can assume that d = ck for a
constant c. The following lemma describes a reduction to a sparse sub-matrix of A which also has
rank equal to rank(A).

Algorithm 3.4: ROWREDUCTION(A, k)
Input: A € R™ rank(A) = k
Output: A € R™k m < (3n/11)k, nnz(Ag) < max((2/5) nnz(A), ©(k?)), rank(Ap) =
k
1 § < R%*" be 3 rank-preserving sketch
2 Compute SA
3 Compute P C [ck], |P| = k such that (SA)p has k linearly independent rows
4
5

LetQ « {i€[m] | Sj; # Oforsome j € P}
return Ag

Lemma 3.5.10. Let A € R™ be an arbitrary matrix of rank k. There is a submatrix Ag € R™k that
can be computed in time O(nnz(A) + k®) such that

* m=|Q| < max(3n/11,0(k)),
* nnz(Ap) < max((2/5) - nnz(A), ©(k?)), and
* rank(Ap) = k.
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Algorithm 3.5: INDEPENDENTROWS(A, k)
Input: A € R™ rank(A) = k
Output: Ap € Rkxd rank(Ap) = k
1 § « R be arank preserving sketch
2 B« AST
3 Compute B’ by applying ROWREDUCTION ©(log log(n)) times
4 Compute Sy, a leverage score subspace embedding for B’ using Theorem 3.5.4 with
y = 1/log(n) and ¢ = 0.1
5 Compute B” with O(k) rows by applying ROWREDUCTION to the matrix Sj, A,
©(loglog(k)) times
¢ Compute k linearly independent rows of B” and return Ag corresponding to these k rows

Proof. Let § € R¥" be a rank-preserving sketch for ¢ = 11. We have rank(SA) = rank(A) = k
with probability > 1 — O(1/k). Consider a set L of k linearly independent rows of the matrix SA
which can be determined in O (k) time'. Let O C [n] be the set of rows of A that contribute to the
construction of the submatrix (SA); which implies that k > rank(Ag) > rank((SA);) = k and
hence rank(Ag) = k. We therefore have that the sub-matrix Ay consists of k linearly independent
rows. The reduction A — A canbe performed in O(nnz(A) +k®) time. As each row of the matrix S

has at most 2n/11k nonzero entries, we have |Q| < (2n/11k) - k < 2n/11. We now bound nnz(Ayp).

Let P C [ck] be an arbitrary subset of size k. We show that if Op C [n] is the subset of rows of A
that contribute to the construction of the sub-matrix (SA)p, then nnz(Agp,) < (2/5) - nnz(A) with
high probability.

Let X; be the random variable that indicates if A;. contributes to the construction of (SA)p i.e.,
if i € Qp. By inspecting the proof of Theorem 3.5.7, we obtain that Pr[X; = 0] = (1 — 1/c)%. Thus,
for ¢ = 11, we obtain that Pr[X; = 1] = 1 — (1 — 1/11)? = 21/121. We also note that the random
variables X1, ..., X, are negatively associated [Waj17]. Let a; denote the number of nonzero entries
of the row A;, which implies that }; a; = nnz(A). Now, we have nnz(Ag,) = 2; a;X;. Using the
Chernoff-Hoeffding bound for negatively associated random variables [DR96],

L

1

21
Pr[nnz(Ap,) = Z a;X; > nnz(A) - 21/121+t] < 2exp (— ) .

By a union bound over all (1,1Ck) < (lle)k subsets P, we obtain that for a constant C,

2t?
Pr[There is a subset P C [11k], |P| = k with nnz(Ap,) > nnz(A)/5+t] < 2exp (Ck - 5 2) i
iai

1Using a recursive algorithm that first finds the set of linearly independent rows in the top half of the matrix and
projecting away the bottom half rows away from the top half.
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Now, we have }; a® < max; a; - 3; a; < 11k - (nnz(A)) since the matrix A is assumed to have only
ck = 11k columns. For t > O(ky/nnz(A)), we obtain that with probability > 1 — exp(-©(k)),

forall P C [11k],|P| = k, we have that nnz(Ap,) < nnz(A)/5 + t. For nnz(A) > O(k?), we
have nnz(A)/5 > ©(k+/nnz(A)) which implies that for all P, nnz(Ag,) < (2/5) nnz(A). This, in
particular, implies that for M = Qy, that corresponds to the set of rows contributing to a linearly

independent set of rows of (SA), we have nnz(Ay;) < (2/5) - nnz(A) if nnz(A) > 0(k?). m|

Recursively applying the above lemma, we obtain the following.
Corollary 3.5.11. Let A € R™ be an arbitrary matrix of rank k. There is a matrix A’ € R™ K with either
nnz(A’) < nnz(A)/log(n) ornnz(A’) < ©(k?) such that

* rank(A”) = rank(A) = k, and

* m < max(n/poly(log(n)), k)

* linearly independent rows of A" correspond to linearly independent rows of A.

The reduction A — A’ can be performed in O(nnz(A) + k® loglog(n)) time.

Proof. Let N = ©O(loglog(n)) and A©®) = A. Starting with i = 0, we apply the above reduction
AD — A+ t6 obtain a matrix with nnz(A®)) < (2/5) - nnz(A?). Then

nnz(A™Y) < max((2/5)N nnz(A), 0(k?)) < max(nnz(A)/log(n), ©(k?)).
The time complexity is O(Zﬁl(nnz(A(i)) +k?)) = O(nnz(A) + k” loglog(n)). O

We have now reduced the general problem of computing k linearly independent rows of a rank-k
n X d matrix A to computing k linearly independent rows of a rank-k m X ck matrix A” with m <
O(max(k, n/poly(log(n))) and nnz(A’) < O(max(k? nnz(A)/log(n))). Using these reductions,
we have the following theorem.
Theorem 3.5.12. Given an arbitrary matrix A € R™ of rank k, Algorithm 3.5 computes a set of k linearly
independent rows of the matrix A in time O(nnz(A) + k® poly(loglog(n)) + k¥+°W),

Proof. Let S € R4 be a rank preserving sketch which implies rank(AST) = rank(A) = k with
probability 1 — O(1/k). Condition on this event. Let M C [n], M| = k be such that rows of the
sub-matrix (AST)y; = AyST are linearly independent. Then, k > rank(Ay) > rank(ApST) = k
which implies rank(Aj) = k. Thus, we only have to find k linearly independent rows of the n X ck
matrix B = AST. We also have nnz(B) = O(nnz(A)). Using the above corollary, we can find an
m X ck sub-matrix B’ such that rank(B’) = k, nnz(B’) < O(max(nnz(B)/poly(log(n)), ®(k?))
and m = n/poly(log(n)).

From Theorem 3.5.4, using y = 1/log(n), in time O(nnz(B’) log(n) + k poly(loglog(n)) +
k2o 4 my=1) = O(nnz(A) + k poly(loglog(n)) + k**°()), we can compute a row sampling
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matrix Sy, that samples O(k - epll(k)) rows such that
IS1evB'xl5 € (1 +1/10)[|B'x||3

for all vectors x. This, implies that the matrix S, B” has rank k and hence has k linearly independent
rOWS.

As Sy is a leverage score sampling matrix, the rows of S, B” are multiples of rows of the matrix
B'. Thus, a set of k linearly independent rows of the matrix Sj.,B” directly corresponds to a set of
k linearly independent rows of B which corresponds to a set of k linearly independent rows of the
matrix A.

Applying the row reduction poly(loglog(k)) times to the matrix Sj.,B’, we obtain a matrix B”
of dimension O(k) X k from which we can determine a set of k linearly independent rows in time
O(k®). This concludes the proof. O

3.5.4 Low-Rank Approximation

Let A € R™ be an arbitrary matrix. We want to compute a matrix B of rank at most k such that
2
IA = BIlE < (1+e)llA - [Alllg-

Let OPT4 denote ||A — [A]x ||2F. Our main theorem for Low-Rank Approximation (LRA) is as follows.
Theorem 3.5.13. Let A € R™ k < min(n, d) be a rank parameter and & > 0 be an accuracy parameter.
There is an algorithm that outputs matrices V € R™k gnd X € R4 vy = [ such that with Q(1)
probability,
IA = VX[ < (1+e)llA~ [AlkllE.

The algorithm runs in time O(y "' nnz(A) + e (n + )k~ + £ Tk (nd"*°W + dn'*°W) + poly (¢~ 'k))
for any constant y > 0.

In the following sections, we will describe how to compute the left factor V and the right factor
X. We are not very careful with probabilities, as we only have to condition over the success of O(1)
events, and all these events can be chosen to have a success probability 1—c for any absolute constant
¢ > 0 without affecting the time complexity.

We start with a residual sampling algorithm that lets us obtain a subspace containing a 1 + ¢
approximation given a subspace that is only O(1) approximate.

Residual Sampling
Suppose we have a subspace V € R such that
IA = AP i < KIIA = [Alllg-
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The following theorem of [DRVWO06] shows that sampling O(K - k/¢) rows of the matrix A with
probabilities proportional to the squared distances of the rows to the subspace V gives a subspace
that along with V contains a 1 + ¢ rank-k approximation to the matrix A.

Theorem 3.5.14 (Theorem 2.1 of [DRVWO06)). Let A € R™? and V. C R? be a subspace. Let E =
A — APy, the matrix formed by projecting each row of A away from the subspace V. Let S be a random sample
of s rows of A from a distribution & such that row i is chosen with probability p; > a||E;.|15/||E ||%. Then for
any non-negative integer k,

k

E min A-B|E] < 1A - Aclls + —|EII%.

sl _min_ | Izl <l kll + NNl
rowspan(B) CV +rowspan(As)

Instead of sampling s rows independently from the distribution p, we can also sample each i €
[n] with probability ¢; = min(1, sp;) and obtain the same result for the resulting random subset of
rows. Sampling each i € [n] independently with probability g; lets us use the sampling framework
from Lemma 3.5.3.

Lemma 3.5.15 (Sampling each row independently). Let A € R™ and V be a subspace in R¢ and
let E = A — APy. Sample each i € [n] independently with a probability q; = min(1, sp;), with p; >
al|E;.ll%/ ||E||127 to obtain a random subset S C [n]. For any nonnegative integer k,

Es[ min A= BlI§] < 1A - Al + IIEIIF
rank -k B
rowspan(B) CV +rowspan(As)

Proof. Let u®, . u@ be the left singular vectors and oD .. 0@ be the right singular vectors of
the matrix A.For j = 1,...,k,let

()

xU) = Z Y

itqi<1

(Ei) T Ii is sampled]

i
andw!) = XU + 3, ul.(j) (Ei) T +PyATuY), we have E[wV)] = ATul) = ;0 and

E[Iw? = o0 3] = B[IXY = > u? (E) 18] = ELIXDIE = ) > uf (E) "1
iig;i<1 i:qi<1

Now,

(J)
1115]

E[IXVI] =E[] > 2

i:q;i<1

I%
l
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( (J))Z

= Z ”El*”zqz Z ul(J)ul(/J) (Eis, Eirs)

i:g;<1 i i#1":q;,qy <1

As the values p; used to define probabilities g; are such that p; > a||E;.|I5/||E ||2 then we have

E[IX)3] < ”E“F+“Z w ED)"N5 - >l (E) 11

i:q;<1 i:q;i<1

Thus, E[[w") — o;0]12] < (1/s)IElIZ = Xigi<a ||ul.(j) (E:x)T||2. From here, using the same proof
as [DRVWO6, Theorem 2.1], we obtain that the subspace V + span(As) spans rows of a rank k matrix
B such that P

A~ BIlf < ||A_Ak||2F+§||E||%- O

Computing the left factor of an approximation

Let T be a CountSketch matrix with ©(k?) columns. In [CEM*15], the authors show that T is a projec-
tion cost preserving sketch, i.e., with probability 9/10, for all projection matrices P of rank at most
O(k),

I(I = P)AT||f = (1 + 1/10)||(I = P)All3..

Let S be a CountSketch matrix with ®(k*) rows. Then, with probability > 99/100, S is a subspace
embedding for the matrix AT and therefore for any matrix X,

ISATX — SAT||% = (1 £ 1/10)||ATX — AT||%.
We can relate OPT4 and OPTgur as follows:
OPTgar = ||SAT — [SAT]i||% = min ||SAT — SATX||% < I in |AT — ATX|| = Hopr
SAT = kllF = rank-k X F= 10 rank-k X F 10 AT

where the inequality follows from the subspace embedding property of S for the column space of
AT. Now,

10 10
OPTur = min I-P)AT||} < — min I-P)A|% = —OPT4.
AT rank-k projections P ”( ) ”F 9 rank-k projections P ”( ) ”F 9 A
Here, the inequality follows as T is a projection cost preserving sketch for k dimensional projections.
Thus, OPTsar < (11/9)OPT4.
Boutsidis and Woodruff [BW17] show that for any matrix M, there exists a sub-matrix M” of
M, with O(k/¢) columns such that there is a rank k matrix B, colspan(B) C colspan(M’), and
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IM =Bl < (1+¢)[|M — [M]i|[%. They also give an algorithm to find such a subset of columns. As
SAT is an O(k*) x O(k?) matrix, using their algorithm, we can compute in time poly(k), a column
selection matrix Q that selects O(k) columns of SAT such that

3

min_||SAT — SATQX||% < ~OPTsar < 20PTy.
rank-k X 2

We now have || (SATQ)(SATQ)*SAT — SATll% < ming i x ||SAT — SATQXH% < 20PTy4. Using

the property that S is a subspace embedding for the column space of AT, we have

20
|ATQ(SAT)*SAT — AT||% < 7OPTa-
Let U be a matrix with orthonormal columns such that colspan(ATQ) = colspan(U). Therefore,
20
IUUTAT — AT || < ||[(ATQ)(SATQ)*SAT — AT||% < T1OPTA

which finally implies, as T is a projection cost preserving sketch for O(k) dimensional projections,
that |[UUTA — All% < (10/9)(20/11)OPT4 < 30PT4. Thus, colspan(U) is an O(k) dimensional
subspace with || (I — UUT)AH[ZT < 30PTa. As, T and S are CountSketch matrices, the matrices AT
and SAT can be computed in time nnz(A). The matrix Q can be computed in time poly(k) and
the matrix ATQ is obtained by selecting the appropriate columns of matrix AT. The orthonormal
matrix U can be computed in time O(nk®~1). Using U, we now obtain a larger subspace of dimension
O(k/¢) that spans a 1 + ¢ approximation.

Using Lemma 3.5.15, we have that if columns of the matrix A are sampled independently to obtain

asubset Syes € [d] such that Pr[j € Syes] > min(1, sp;) for
s=0(k/e)andp; = (I - UUD)A,I13/II(I - UUD)A|E,

then with probability > 99/100, the subspace colspan(U) + colspan(A%<) spans columns of a k
dimensional matrix that is a (1 + ¢) rank-k approximation for A.

Lemma 3.5.3 shows how to sample S5 from such a distribution. In the notation of Lemma 3.5.3,
we have Ty = O(nnz(A) + nk) and T, = nk. Therefore, with probability > 95/100, we can ob-
tain a sample S5 from a distribution over subsets of [d] such that independently, Pr[j € Sies] >
min(1,0(k/¢)p;) intime O(y~!(nnz(A) + nk) + nk log(d) + e 'd"nk log*(d)) = O(y ! nnz(A) +
¢ 1nkd"*°W) for any small constant y. Let M = [U AS]. We have with probability > 9/10, that

min ||[MX —A||% < (1+¢)OPTy.
rank-k X

To obtain a good k-dimensional subspace within the column space of M, we can sketch and solve
the above problem. Let T be a CountSketch matrix with O((k/¢)?/e?) rows. Then with probability
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> 99/100, T is an affine embedding for (M, A) and therefore for any matrix X, | T MX — T1A||% €
(1+e¢)||MX - A||% Let Xr, be the optimal solution for min ik x [|[TIMX — T1A||p. As X7, is
optimal, the rows of the matrix X, must be spanned by the rows of the matrix T1A, which implies
that ming, . k x [|[MXT{A — Alllz7 < (1+ O(e))OPT4. This problem can now be solved by sketching
on the left and the right with T; and T, where T is a CountSketch matrix with poly(k/e) rows,
and then solving the sketched problem optimally. The time complexity of sketching is O(nnz(M) +
nnz(A)) = O(nnz(A) + nk/¢), and the sketched problem can be solved in time poly(k/¢). Thus in
time O(nnz(A) + nk/e + poly(k/¢)), we can compute a rank k matrix X such that

IMXT1A - Al < (1+0(e))OPTa.

We can also compute a decomposition of X = Xj - X, where Xj has k columns in time poly(k/¢),
which implies that the k dimensional column span of MXj is a 1+ O(¢) approximate rank k singular
subspace i.e., || (MX;)(MX;)*A—A|2, < (1+0(¢e))OPT4. The matrix MX; can be computed in time
O(nk®~!/¢) and a matrix V which is an orthonormal basis for the column space of the n x k matrix
MX; can be computed in time O(nk®~'). Thus, in time O(y ™' nnz(A) + ¢ 'nkd" W + ¢ 1nk~1 +
poly(e71k)), we can compute a left factor for a 1 + £ rank-k approximation of A. Thus, we have the
following lemma.

Lemma 3.5.16. Given amatrix A € R™, a rank parameter k and accuracy parameter €, we can compute a
matrix V with k orthonormal columns in time O(y ™' nnz(A)+¢  nkd" W 4+~ (©=Dpko=1 4poly(e7k))
such that

lA-VVTAIE < (1+ o)A - [Al.

Computing a right factor given a left factor

Given a matrix V with k orthonormal columns such that

min [[VX — Al < (1+0()IA ~ [AlellE,

we want to compute a rank k matrix X that satisfies ||[VX — A||2F < (1+0(e)|A - [A]klle.
Fori € [n],let p; = ||Vaill5/k. Suppose Sy is a sampling matrix with s = O(k log(k)) rows such
that each row of Sy, is independently equal to el.T /A/sp; with a probability p;. Then we have

for all vectors x, ||Sie, Vx||5 € (1 1/2)||Vx]|l3.

Let My = VTSEV and let Vy;, be a matrix with k orthonormal columns such that colspan(Vy,) =
rowspan(My). Let S, be the BSS-Sampling matrix returned by the dual set spectral sparsification
algorithm of [BW17] on the inputs Vjy,, Siey (I — VVT)AT with a parameter 4k, where T is a Counts-
ketch matrix with O(k?) columns. The matrix S, selects 4k rows of the matrix Sj,A. Let R = S3S}eA.
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Lemma 6.7 of [BW17] shows that
IA — AR R, [|5 < O(1)[|A — [Alkll%.

As the matrix Ry has 4k rows, an orthonormal basis U for the rowspace of Ry, with 4k orthonormal
columns, can be computed in time dk“~!. We can then perform residual sampling of rows of A with
respect to the subspace U using the Lemma 3.5.3. Here T; = nnz(A) + dk and T, = dk. Thus, we can
sample rows from a distribution defined by the probabilities

min(1, (s/16)||Ax(I - UU ) |5/|[AI - UUT)|12),

for s = O(k/e) in time O(y ' nnz(A) + ¢ 'dkn*°(), Let §’.. C [n] be the rows sampled. Let
T

R= . The matrix R has O(k/¢) rows.

Sl

res

Now, as in proof of the Theorem 5.1 of [BW17], we have with probability > 9/10,
|A-VVTARR}, < (1+0()) 1A - [Alellf

which implies miny ||A — VXR||%J < (14+0(e)]|A - [Alx ||% By sketching the problem on the left
and the right with CountSketch matrices T and T, with poly(k/¢) rows and columns respectively,
the optimal solution Xr for the sketched problem satisfies

IA = VXrRIE < (1+0(e)[|A - [Alell%.
Finally, the product X7 - R can be computed in time O(dk“~!/¢) to obtain a matrix X such that
1A= VX|[% < (1+0(e)||A - [Alll3

Thus, we can compute two matrices V,)Af with k columns and k rows respectively, such that the
product V - X is a 1 + ¢ approximate rank-k Frobenius norm approximation to the matrix A, in time

O(y ' nnz(A) + e ' (n+ )k + e k(nd"™°W + dn*° W) 4 poly(¢7'k)).

3.6 Conclusions and Open Questions

In this work, we construct the first oblivious subspace embedding with o(d log d) rows and a distor-
tion & = exp(poly(log log d)) that can be applied to an arbitrary matrix A in time O(y~! nnz(A) +
d**Y) for any universal constant y > 0. This construction leads to first algorithms for problems such
as linear regression, independent row computation, etc.

The results in this chapter have been improved by [CSWZ23, CDDR23]. Chenakkod, Dereziniski,
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Dong, and Rudelson [CDDR23] showed that a random matrix S with O(d) rows and polylog(d) nonzero
entries per column is an oblivious subspace embedding with a distortion O(1) thus significantly im-
proving upon our construction. Combining this construction with OSNAP, we obtain an oblivious
subspace embedding with O(d) rows and a distortion « = O(1) that can be applied to any matrix A
in time O(y ™! nnz(A) + d**) for any universal constant y > 0.

The main open question is to obtain oblivious subspace embedding constructions with O(d/&?)
and a distortion 1 + ¢ that can be applied to an arbitrary matrix in time O(y ™! nnz(A) + d**") for
any constant y > 0.
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Chapter 4

Dimensionality Reduction for the
Sum-of-Distances Objective

4.1 Introduction

Machine learning models often require millions of high-dimensional data samples in order to train.
For example, an image with moderate resolution can easily have more than a million pixels. It is
crucial that we can decrease the size of the data to save on computational power. One way to de-
crease the size of the data is dimensionality reduction, where we project our data samples onto a
low-dimensional subspace and perform the task on the low-dimensional points. Given a set of n
points A = {ay,...,a,} in R? the projections of A onto a subspace P of k dimensions needs only
k parameters for each point in the dataset. Thus, the size of the data is proportional to (n + d)k,
which can be much smaller than nd. Therefore, if there exists a subspace P of dimension k, where
k is much smaller than n and d, and for which the projections of A onto the subspace P alone are
sufficient to perform a certain a task on the dataset A, then we can achieve a significant reduction
in the size of the data.

One very common task that requires dimensionality reduction is the shape-fitting problem. A
problem instance is defined by a quadruple (A, 8, dist, f), where A = {ay,...,a,} C R? is a set
of points, dist : R? x RY — R is a metric which we will also refer to as the distance function, §
is a collection of subsets in RY which we call shapes, and a function f : Rsg — Rs. The task is to
find a shape S € § that minimizes };; f(dist(a;, S)), where dist(a;, S) = infeg dist(a;, s). The most
common function f used is f(x) = x? as it has a natural Frobenius norm interpretation for many
tasks and has closed-form solutions for natural sets § of shapes. Recently, the function f(x) = x has
been considered as it is more robust to outliers than the function f(x) = x?, meaning that it does
not square the distance to an erroneous point, allowing the objective to fit more of the remaining
(non-outlier) data points.

The most common dimensionality reduction techniques include Principal Component Analysis
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(PCA) and the Johnson-Lindenstrauss transform (JL). PCA projects the original dataset onto the space
spanned by the top singular vectors. On the other hand, the JL transform provides a data-oblivious
dimensionality reduction that preserves pairwise distances between points in the dataset.

Feldman, Schmidt and Sohler [FSS13] show that if P is the subspace spanned by the top O (k/¢?)
singular vectors of the data matrix A, which is given by PCA, then for any shape S that lies in a k-
dimensional space, the quantity ; min,es [|a;—s||5 can be approximated by }; minses ||Ppa; —s||5+
> llai — Ppa;||%, where Ppa; denotes the Euclidean projection of a; onto the subspace P, thereby
giving a dimensionality reduction technique for the shape-fitting problem instantiated with f(x) =
x?, Euclidean norm distance function dist(x, y) = ||x — yl|,, and with S being the collection of any
k-dimensional shapes.

In this work, we concentrate on shape fitting problems with dist(x, y) = ||[x —y||; and f(x) = x.
Unfortunately, both PCA and the JL transform are not known to work in this case. We give fast algo-
rithms to find a subspace P of O(k3/¢®) dimensions that allows us to compute a (1+¢)-approximation
to ) ; dist(x;, S) for any shape S that lies in a k-dimensional subspace. Examples of such shapes in-
clude all k-dimensional subspaces themselves, which corresponds to the subspace approximation
problem, as well as all sets of k points, which corresponds to the k-median problem. Our results also
apply to the (j, I)-projective clustering problem, with j - I < k, where we seek to find j subspaces,
each of dimension at most [, to minimize the sum of distances of each input point to its nearest
subspace among the j that we have chosen.

As discussed in Chapter 1, a coreset is another type of data structure to reduce the size of a data
set A. Namely, a coreset P is a data structure consuming a much smaller amount of memory than A,
which can be used as a substitute for A for any query Y on A. For example, in the k-median problem,
the query Y = {yi,...,yx} can be a set of k points, and we want to find a coreset P to obtain a
(1+¢)-approximation to Y1, ||a; — yq, |2, where y,, is the closest point to g; in Y. Often, we want to
construct a strong coreset, meaning with high probability, P can be used in place of A simultaneously
for all possible query sets Y. If this is the case, then we can throw away the original dataset A, which
saves us not only on computational power, but also on storage.

There is a long line of work which focuses on constructing coresets for subspace approximation
with sum of squared distances loss function, as well as for the k-means problem (see, e.g., [DRVWO06,
DV07, FL11, FMSW10, FSS13, VX12, SV07, BHPI02, Che09, FS12, FS05, FS08, HPK07, HPM04, LS10]).
Feldman, Schmidt and Sohler [FSS13] give the first coresets of size independent of d. For subspace
approximation, they give strong coresets of size O(k/¢), and for the k-means problem, they obtain
a coreset of size O(k?/¢*). [CEM*15] improves the result and give an input sparsity time algorithm
to construct the coreset.

Later, Sohler and Woodruff [SW18] give a strong coreset of size poly(k/¢) for the k-median
problem, as well as the subspace approximation problem with the sum of distances loss function,
obtaining the first strong coresets independent of n and d for this problem. Their algorithm runs
in O(nnz(A) + (n+d) - poly(k/e) + exp(poly(k/¢))) time. Makarychev, Makarychev and Razen-
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shteyn [MMR19] provide an oblivious dimensionality reduction for k-median to an O(¢~2 log(k/¢))-
dimensional space while preserving the cost of every clustering. This dimension reduction result can
also be used to construct a strong coreset of size poly(k/¢).

Sohler and Woodruff [SW18] gave an algorithm to compute first polynomial size coresets for k-
median using their dimensionality reduction, albeit, with a running time exponential in k, 1/¢ as dis-
cussed. We improve upon their dimensionality reduction algorithm by obtaining an algorithm that
does not have the exp(poly(k/¢)) term in the running time. We use our dimensionality reduction
procedure to obtain an O (k*/®) size coreset for k-median in polynomial time using our dimension-
ality reduction algorithm. In concurrent and independent work, Huang and Vishnoi [HV20] gave a
polynomial time algorithm to compute a coreset of size O(k/e*). We stress that we can run the sec-
ond stage in the coreset construction algorithm of [HV20] on a coreset of size O(k*/®) to obtain
a coreset of size O(k/e*) just as in [HV20]. Also, their techniques cannot be extended to give an
efficient dimensionality reduction algorithm to approximate the sum-of-distances to an arbitrary

k-dimensional shape.

411 Our Results

Our main contribution is that we obtain the first polynomial time, in fact near-linear time, dimen-
sion reduction algorithm that given a matrix A returns a poly(k/¢)-dimensional subspace such that
the projections of the input points to this subspace, as well as the distances of the points to this sub-
space, can be used to compute a (1 + ¢)-approximation to the sum of distances of the set A to any
k-dimensional shape S.

Theorem 4.1.1 (Dimensionality Reduction). Given A € R™4 and 0 < & < 1, there exists an algorithm
that runs in time O(nnz (A)/e? + (n + d) poly(k/e)) and outputs a subspace P of dimension O(k3/¢%)
such that, with probability > 2/3, for any shape S € R that lies in a k-dimensional subspace,

Z Vdist(Ppa;, S)2 + dist(a;, P)2 = (1 + ¢) Z dist(a;, S).

Given a subspace P as in the above theorem, it is still expensive to compute the projections of the
rows of A onto the subspace P as well as the distances to the subspace P. We also give an algorithm
to compute approximate projections and approximate distances that still satisfy the guarantees of
the above theorems, obtaining the following theorem.

Theorem 4.1.2 (Size Reduction). Givenamatrix A € R™ and asubspace P of r = O(k3 /&%) dimensions
that satisfies the guarantees of Theorems 4.1.1, there is an algorithm that runs in time O(nnz(A) + (n +
d) poly(k/e)) and outputs vectors af € R" and values v; € Ry for all i such that for any shape S that lies
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in a k dimensional subspace,

> dist(Bal,$)2 + 0} = (1% ¢) )" dist(as,5),

where B is an orthonormal basis for the subspace P. Thus, the storage requirement drops from nnz(A) to

(n+d)k>/e.

4.2 Preliminaries and Technical Overview

Welet A € R™ denote our input matrix. The rows of A are interpreted as a set of n points in R, We
use A;, and a; to denote the it row of A, and A.; to denote the i column. Similarly, for J C [n], AJ.
denotes the matrix with rows of A only indexed by J.For n € Z*, [n] denotes the set {1,2,3,...,n}.
For a matrix A, we use A" to denote its Moore-Penrose pseudoinverse.

Given a subspace B, we use Pp to denote the projection matrix onto B, i.e., for any vector u, we
have Pgu = argmin, g ||u — 0||2. Let B+ denote the orthogonal complement of the subspace B.
We use bold capital letters such as S, L to stress that these are random matrices that are explicitly
sampled.

Definition 4.2.1 ((p, 2)-norm). Foramatrix A € R™ its (p, 2)-norm is IAllp2 = (X ||A,-*||g)l/p.
We define ||Al|; to be ||AT |12 which is the sum of £ norms of columns of A.

Definition 4.2.2 ((k, p)-clustering). Given input matrix A € R™, let X be the collection of all sets
containing k points. The (k, p)-clustering problem denotes the optimization problem

min >’ d(A. X)P.
Aj.€A
If p = 2, we have the k-means problem, while if p = 1, we have the k-median problem.

Definition 4.2.3 ((k, p)-subspace approximation). Given input matrix A € R™¢, let P be the set
of all subspaces with dimension at most k. The (k, p)-subspace approximation problem denotes the
optimization problem minpeg X ;c[n) d(Aix, P)P. We let SubApx; ,(A) denote the optimum value of
the (k, p) subspace approximation to A.

Definition 4.2.4 (e-strong coreset). For the (k, p)-clustering problem with input matrix A € R™¢,
a weighted e-strong coreset is a tuple (C, w) where C € R™ and w : rows(C) — R* is such that
simultaneously for all X € R? with |X| = k,

D, WCA(Cn X = (12 6) ) (A X)P.

ie[m] i€[n]

The definition can be generalized to any data structure that lets us compute a (1 + €) approximation
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t0 X 4,.ca d(Ais, X)? for all sets X of size k. A similar notion of strong coreset can be defined for the
(k, p)-subspace approximation problem as well.

Definition 4.2.5 ((a, )-bicriteria approximation). Given an input matrix A € R™ for the (k, 1)-
subspace approximation problem, we say that a subspace Q is an («, )-bicriteria approximation if
dim(Q) < fand i, d(Ai, Q) < @ - SubApx; ; (A).

Definition 4.2.6 (¢, subspace embedding). Let A € R™¢ II € R*", We call [T an (a, f8) #; subspace
embedding if for all x € RY, a||Ax||; < |IIAx|l; < B||Ax]|;. If QR = TIA is the QR decompo-
sition, then we let ||A;xR™!||; be the ¢, leverage score of the ith row, See [CP15, WW19] for several
constructions of ¢ subspace embeddings.

4.21 Technical Overview

Let A € R™ be the input matrix. Sohler and Woodruff [SW18] show that if a subspace S satisfies
IA(I = Ps)[l12 = IA(I = Psyw)ll12 < € - SubApx; ; (A) (4.1)

for all k-dimensional subspaces W, then we can reduce the dimension of the input points by pro-
jecting the points onto S, while being able to compute a (1 + ¢)-approximation to the sum of dis-
tances to any k-dimensional shape. They construct such a subspace S by directly computing a (1 +
&, poly(k/¢)) bicriteria approximation for the (i*k, 1) subspace approximation problem on A, where
i* is a randomly chosen index in [1/£%]. This introduces the exp(poly(k/e¢)) term in their running
time. We show that we can compute (1 + ¢, poly(k/¢))-bicriteria solutions for the (k, 1)-subspace
approximation problem on A(I — P), for adaptively chosen projection matrices P, and that with con-
stant probability, the union of the bicriteria solutions we compute has the desired property (4.1).

We solve the problem of finding a (1 + ¢, poly(k/¢))-bicriteria solution for the (k, 1)-subspace
approximation problem on the input A(I — P), where P is an arbitrary projection matrix onto a
subspace of dimension at most poly(k/¢), based on techniques from [CW15]. We simplify their argu-
ments and obtain tighter parameters for their algorithms. We solve the problem in two stages. First
we compute an (O(1), O(k))-approximation, i.e., we find a subspace X of dimension at most O(k)
such that ||A(I — P)(I — Pg)ll12 < O(1) - SubApx, ; (A(I - P)).

To achieve this guarantee, we make use of so-called lopsided embeddings. Clarkson and Woodruff
[CW15] show that if a matrix S is an ¢ lopsided embedding for (V, (A(I — P))T), where V; is an
orthonormal basis for the k-dimensional subspace that attains the cost SubApx, ; (A(I — P)), then
min, ek x |AI = P)STX — A(I = P)|l12 < (1 + £)SubApx; ; (A(I — P)). We first show that a
Gaussian matrix S with O(k) rows is an O(1) lopsided embedding with probability > 9/10. Then
we show that if a random matrix L is an O(1) £, subspace embedding for the matrix A(I — P)S'
and satisfies Ep[||LM||12] = ||M]|12 for any fixed matrix M, then the row space of (LA(I — P))
is an O(1) approximation. We use the Lewis weight sampling algorithm of Cohen and Peng [CP15]
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to sample a matrix L that satisfies these properties. As the matrix ST, which is a Gaussian matrix,
has only O(k) columns, the matrix L has only O(k) rows. We can also instead use the ¢, subspace
embeddings of Wang and Woodruff [WW19] to construct an O(k*%)-sized £; embedding by leverage
score sampling [Woo14].

Next, based on the (O(1), O(k)) bicriteria solution, we perform non-adaptive residual sampling.
This was shown to give a (1 + ¢, O(k3/¢%)) bicriteria solution in [CW15] when an O(1) approximate
solution is used. Thus, we obtain a subspace S for which

JA(I = P)(I = Pg)ll12 < (1 +¢)SubApx; , (A(I - P)).

Starting with P = 0, we obtaina (1+¢, k®/&?) bicriteria subspace S. However, the dimensionality
reduction requires a subspace that satisfies (4.1). To obtain such a guarantee, we crucially run this
algorithm adaptively ©(1/¢) times. Let $; be the subspace obtained in the it" iteration. In the it!
iteration, we find a bicriteria solution for the (k, 1) subspace approximation problem on the matrix
A(I-Ps . s ,)- We then show that the final subspace S=u JS j, with probability > 9/10, satisfies
JA(I = Po)ll12 = JAUT = Pg,y)lliz < € - SubApx, ; (A) for all k-dimensional subspaces W. Thus,
running the above procedure with parameter £? gives a subspace that satisfies (4.1). We show that
eachiteration of the algorithm takes O(nnz(A)+(n+d) poly(k/¢)) time and as we run the algorithm
adaptively for 1/¢? iterations, the total time complexity of the algorithm is O(nnz (A) /e + (n +
d) poly(k/e)).

In addition to providing a tool for data size reduction, our dimensionality reduction also leads
to small coreset constructions for various problems with sizes that depend only on the problem
parameter k instead of n or d. As shown by [SW18], the points projected onto the subspace given
by a dimensionality reduction algorithm can be used to construct coresets of sizes poly(k/¢) for
k-median and (k, 1)-subspace approximation problems. We note that the same constructions work
with our dimensionality reduction algorithm.

4.3 Sum of Distances to a k-dimensional shape

LetA = {ay, ..., a,} beagivenset of points and P be a poly(k/¢) dimensional subspace that satisfies
(4.1).Let S € R?be an arbitrary shape such that span(S) has dimension at most k. We want to obtain
an ¢ approximation to }}; dist(a;, S).

[SW18] show that for any such shape S,

Z Vdist(a;, Ppa;)? + dist(Ppa;, S)2 = (1  ¢) Z dist(a;, S).

ieS

The following lemma is a more general version that works with approximate projections onto the
subspace P and approximate distances to the subspace P. A similar lemma is stated as Lemma 14 in
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[SW18]. We correct an error in Equation 2 of their proof.

Theorem 4.3.1. Let P be an r dimensional subspace of R? such that
Z dist(a;, P) — Z dist(a;, P+ W) < iSubApxkl(A)
i i 80 ’

for all k-dimensional subspaces W. Let B € R®™" be an orthonormal basis for the subspace P. For each a;,
let a? € R" be such that dist(a,-,BalB) < (1 + ¢g)dist(a;, P) and let (1 — &.)dist(a;, P) < apx; <
(1 + &.)dist(a;, P) for e, = £%/6. Then for any k dimensional shape S, 3", \/dist(BalB, S)% +apx? = (1 +
5¢) ),; dist(a;, S).

Proof. We have by the Pythagorean theorem that dist(Ba?, a;)? = dist(Ba?, Ppa;)? + dist(a;, P)? <
(1 + 3¢ )dist(a;, P)? which implies that dist(Ba®, Ppa;)* < (3¢)dist(a;, P)?.

Given a shape S, we partition [n] into two sets small and large. We say an index i € [n] is small if
dist(Ppa;, S) < dist(Ppa;, Ba®). In that case, dist(Ba?, S)? < 4dist(Ppa;, Ba’)? < 12¢.dist(a;, P)*
by the triangle inequality and

\/dist(Baf, S)? + apx? < V1 +15¢.dist(a;, P) < V1+ 15e.Vdist(a;, P)? + dist(Ppay, S)2.

Similarly,

\/dist(Ba?, S)% +apx? > apx; > (1 — ¢)dist(a;, P) > (1 - 4e,)dist(Ppas, S)? + dist(a;, P)?

by using the fact that dist(Ppa;, $)* < dist(Ppa;, Ba®)? < 3e.dist(a;, P)*.
We say that any i € [n] that is not small, is large. By the triangle inequality, we obtain that

dist(Ppa;, S) — dist([P’pa,-,Baf) < dist(Baf, S) < dist(Ppay, S) + dist(Ba?, Ppa;).  (4.2)

As i is large, dist(Ppa;, S) — dist(Ppa;, Ba?) > 0 and therefore by the AM-GM inequality, we obtain
that
1
dist(Ba?, $)? = (1 + e)dist(Ppa;, S)* + (1 + E) dist(Ba?, Ppa;)?.

Thus,

dist(Ba?, $)? < (1 + ¢)dist(Ppas, S)% + (2/¢) (3¢.)dist(a;, P)* and
dist(Ba?, $)% > (1 — e)dist(Ppay, S) — (1/¢)(3¢.)dist(a;, P)*.

Letting e, = £2/6, we finally have
dist(Ba?, S)? +apx? < (1 + e)dist(Ppa;, S)? + (1 + 2¢)dist(a;, P)*
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and
dist(BalB,S)2 +apx? > (1 - e)dist(Ppa;, S)* + (1 — 3¢)dist(a;, P)*.

Therefore, by combining both small and large indices,

> Jdist(Bal, $)? + apx < 1+ 0(e) Y. Vlist(Ppay, )2 + dist(ay, P)?

and

> dist(Bab, $)? + apx? = 1 - 0(e) Y. Vdist(Ppay, 5)? + dist(ay, P2

The theorem now follows from Theorem 8 of [SW18]. O

The above theorem shows that we have to only compute approximate projections onto the sub-
space, which can be done in input sparsity time by using high probability subspace embeddings
obtained from CountSketch matrices (see Section 2.3 of [Woo14] and [LBKW14]).

4.4 Dimensionality Reduction

4.41 Constructingan (O(1), O(k))-bicriteria Subspace Approximation

We first show how to obtain an (O(1), O(k))-bicriteria solution for (k, 1)-subspace approximation.
A key tool we use is a lopsided embedding defined as follows:

Definition 4.4.1 (Lopsided embedding). A matrix S is a lopsided e-embedding for matrices A and B
with respect to a matrix norm || - || and constraint set @, if (i) for all matrices X of the appropriate
dimensions, ||[S(AX—B)|| > (1—¢)||AX—B]||, and (ii) for B* = AX*—B,we have ||SB*|| < (1+¢)||B*|],
where X* = arg miny . ||AX — B]|.

Let Uy € R™* and VkT € R be rank k matrices such that ||U1<VkT — All12 = SubApx,(A).
Clarkson and Woodruff [CW15] show that if S is a lopsided e-embedding for matrices (Vi, AT) with
respect to the norm || - ||, then min i x |ASTX — Al < (1 + O(¢))SubApx; ; (A). We show
that a suitably scaled Gaussian random matrix § with O(k) rows is a lopsided (1/4)-embedding for
matrices (Vi, AT) with probability > 9/10. Thus, we have that with probability > 9/10,

min ||ASTX — Al|1, < (3/2)SubApx; (A).
rank-k X ’
We next prove that a row-sampling based #; subspace embedding for the column space of the
matrix AS" can be used to obtain a bicriteria solution to the subspace approximation problem.
The following lemma summarizes the results discussed above. The results of the lemma are a
significant improvement over Lemma 44 of [CW15] and have simpler proofs that do not involve ¢-
nets.
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Lemma 4.4.2. (i) IfS" is a random Gaussian matrix with O (k) columns, then S is a 1/ 4-lopsided embedding
for (Vi, AT) with respect to the || - ||, norm with probability > 9/10. Therefore, with probability > 9/10

mi

n [|ASTX — All1z < (3/2)SubApx, 1 (A).
rank-k X |

(ii) If L is a random matrix drawn from a distribution such that with probability > 9/10, a||ASTy||; <
ILASTy||; < BIIAST y||, for all vectors y and if E [||LM|| 2] = ||M]|1.2 for any matrix M, then with prob-
ability > 3/5, all matrices X of appropriate dimensions such that || LASTX — LA||1, < 10- SubApx; ; (A)
satisfy [|ASTX — A2 < O(2 +40/a) - SubApx; ; (A).

We defer the proof of this lemma to the appendix as it mostly uses existing proof ideas. Using
the above lemma, we now have the following theorem which shows that Algorithm 4.1 returns an
(0(1),0(k)) approximation.

Algorithm 4.1: POLYAPPROX
Input: A € R4 Be R™ ke Z 6
Output: X € R9xe
1 cols « O(k +1/8%)
, ST N (0, 1)d><cols
s L « LEWISWEIGHT(A(I — BBT)ST,1/2) [cP15]
14 X « Orthonormal Basis for rowspace(LA(I — BBT))
s Repeat the above O(log(1/8)) times and return the best X i.e., X minimizing
||A(T — )A()A(T)GHLZ where G is a Gaussian matrix with O(log(n)) columns

Theorem 4.4.3. Given any matrix A € R™ and a matrix B € Rt with ¢; = poly(k/¢) orthonormal
columns, Algorithm 4.1 returns a matrix X with O (k) orthonormal columns that with probability 1—§ satisfies

IA(T = BBY)(I = XX")|l12 < O(1) - SubApx; ; (A(I — BB")),

in time O((nnz(A) + d poly(k/¢)) log(1/6)).

Proof. From Lemma 4.4.2, It is shown in Lemma A.1.3, since ST is a Gaussian matrix with O(k)
columns, we obtain that

_min_ IA(I - BBY)STX — A(I - BBY) |12 < (3/2)SubApx, (A(I — BB1))
with probability > 9/10. [CP15] show that a sampling matrix L obtained using Lewis weights has
O(k) rows and is a (1/2,3/2) & subspace embedding for the matrix A(I — BBT)ST. Thus, the ma-
trices ST and L constructed in Algorithm 4.1 satisfy the conditions of Lemma 4.4.2. Therefore, with
probability > 3/5,if a matrix X satisfies || LA(I-BBT)STX—LA(I-BB1)||;, < 10-SubApx; , (A(I-
BB™)), then ||A(I - BBT)S'X — A(I - BBY)||;, < 82 - SubApx, ; (A(I — BBT)).
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Let X = argmin_, ;. v [|1A(I - BB™)STX — A(I = BBY)||1.3. We have

IA(I - BBY)STX — A(I - BBY)||1» < (3/2)SubApx;, (A(I - BBT)).
By Markov’s bound, with probability > 3/4,
ILA(I - BBY)S™X — LA(I - BB)||1, < 10 - SubApx,, (A(I — BB)).
We now have the following:
ILA(I - BBY)STX(LA(I-BB"))*LA(I- BB) = LA(I- BB") |12 < 10- SubApx; , (A(I - BB)).

Thus, ||A(I-BBY)STX(LA(I-BB"))*LA(I-BB)~A(I-BB") |1, < 82-SubApx, ,(A(I-BB™)).
Finally,

|A(I = BBY)(LA(I — BBY))"(LA(I - BBY)) = A(I = BBY)||1
< ||A(I - BBY)STX(LA(I - BBY))*LA(I — BBY) — A(I - BBY)||1
< 82 - SubApx, , (A(I — BBY)).

Here we use the fact that for all x and y, [|x T (LA)*(LA) — xT|l2 < |lyT(LA)*(LA) — xT||;.
By a union bound, with probability > 1/2, the matrix X computed by Algorithm 4.1, which is an
orthonormal basis for the rowspace of LA(I — BBT), satisfies

IA(I — BBY) (I = XXT)||; 2 < 82 - SubApx,, (A(I — BBT)).

Thus, the matrix X which has the minimum value over O (log(1/6)) trials satisfies with probability
> 1— 0 that
IA(I = BBY)(I - XX")|l;2 < O(1) - SubApx;. , (A(I — BB")).

The running time of Lewis weight sampling can be seen to be O((nnz(A)+k*d(c;+k)) log(log(n)))
from [CP15]. Thus, the total running time is O((nnz(A) + k%d(c; + k)) log(1/9)). |

4.42 Constructinga (1 + ¢ O(k®/¢?))-bicriteria Subspace Approximation

Using the (O(1), O(k))-bicriteria subspace approximation solution found, we design a finer sam-
pling process based on Theorem 45 of [CW15] to further pick a subspace of dimension O(k?/¢2) that
contains a (1 + ¢)-approximate solution for subspace approximation of the matrix A(I — BBT).

The following lemma states that given a subspace of cost at most K - SubApx; ; (A), that a sample
of O(K-k? /%) rows with probabilities chosen proportional to the distances of the rows of the matrix
A to the subspace, can be used to construct a subspace that is a 1 + € approximation.
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Algorithm 4.2: EPSAPPROX

Input: A, B, X,k,K,e,8 > 0.

Output: U € R such that UTB = 0

t «— O(log(n/5)),G « N (0,1/t)>*

2 M — A(I - BBH)(I - XXT)G

pi — |IMicll2/|IM]l12 for all i € [n]

1 s — O(K-k3/e* - log(1/6))

5 S « Multiset of s independent samples drawn from distribution p

6 U « Orthonormal basis for column space of the matrix ((I — BBT)[X (As)T]) return U

=

w

Lemma 4.4.4. Given a matrix A € R™ and a matrix X € R%€ that satisfies
JA(I = XXT)|l12 < K - SubApx; ; (A),

suppose we generate a matrix S of s = O((K/a) - k3 /&2 - log(1/6)) rows, each chosen independently to be
the it standard basis vector with probability p;. Here, 3 ie[n] Pi = landforalli € [n] p; > aﬁ, where
i = |Ai(I=XX")||5. Let U be an orthonormal basis for the rowspace of [ X ™ ; SA]. Then with probability
>1-9,

IA(I = UUT)l15 < (1 +€)SubApx;.; (A).

The proof of the above lemma is the same as that of the proof of Theorem 45 of [CW15] with
a minor change to account for the approximation error . Now the following theorem shows that
Algorithm 4.2 satisfies conditions of the previous lemma.

Theorem 4.4.5 (Residual Sampling). Given matrix A € R™4 matrices B € Rt and X € R¥ with
orthonormal columns such that ||A(I — BBT) (I-XXT)|| 12 < K- SubApx ; (A(I - BBY)), Algorithm 4.2
returns a matrix U having ¢ = O(cs+K-k3/é?- log(1/98)) orthonormal columns such that with probability
>1-,

IA(I = BBY) (I - UU")||12
< (1 + ¢)SubApxy , (A(I - BB)).

The algorithm runs in time O(nnz(A)+d poly(k/¢)). Moreover, we also have that U T B = 0 i.e., the column
spaces of U and B are orthogonal to each other.

Proof. As the matrix G is a Gaussian matrix with t = O(log(n/d)) columns, we have that with prob-
ability > 1 — (§/2), for all i € [n],

IMill2 = 1As(I = BBY)(I = XXT)Gllz = (1 £ 1/10)[|Asu(I = BBY)(I = XX )G
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Therefore, the probabilities p; computed by Algorithm 4.2 are such that

Ml (9/10)[1Ai (1 - BB (T = XXl 9 [lAi(I - BBD)(I - XX )|,
" IMllz T (11/10)|A(I - BBT)(I = XXT)|l12 11 ]JA(I = BBT)(I - XXT)|l12

Hence, by applying Lemma 4.4.4 to the matrix A(I — BB), we obtain that with probability > 1 - §,
the matrix U returned by Algorithm 4.2 satisfies

IA(I - BBY)(I - UUT)||1, < (1 +¢)SubApx, ; (A(I - BBT)).

The matrix M can be computed in time O(nnz(A) log(n/d) + (¢1 + ¢2)dlog(n/d)). And s = O(K -
k®/e?-log(1/68)) independent samples can be drawn from the distribution p in time O(n+s). Finally,
the orthonormal basis U can be computed in time O(d(c + ¢1)?) = O(d poly(k/e)). O

Therefore, using the (O(1), O(k)) bicriteria solution obtained using Algorithm 4.1, we can ob-
taina (1 + & O(k3/?)) bicriteria solution.

4.5 Dimensionality Reduction

With an algorithm to construct a (1 + &, k*/¢?) bicriteria solution from the previous section, we
are now ready to construct a subspace that satisfies (4.1). Recall the crucial property for the sub-
space S we need is that for all k-dimensional subspaces W, ||A(I — Ps)|l12 — |A(I = Pssw)|l12 <
£2SubApx;. ; (A). To get such a subspace, we run Algorithms 4.1 and 4.2 adaptively and then show
that the union of all 1 + ¢ approximate bicriteria solutions satisfy the above property with parame-
ter O(e).

Lemma 4.5.1. With probability > 2/3, Algorithm 4.3 finds an O(k3/€®)-dimensional subspace S such that
for all k-dimensional subspaces W,

AU = Ps)l12 = JA( = Pssw)ll12 < 4e - SubApx; ; (A).

Proof. Suppose that the loop in Algorithm 4.3 is run for all t = 10/¢+ 1 iterations instead of stopping
after i* iterations. Let X;, Uy, B; be the values of the matrices in the algorithm at the end of i iterations.
Let By = [] be the empty matrix. Condition on the event that all the calls to Algorithm 4.1 in the
algorithm succeed. By a union bound over the failure event of each call to Algorithm 4.1, this event
holds with probability > 9/10. Therefore, by Theorem 4.4.3, we obtain that

IA(I = Pp,_)(I = Pg)lli2 < O(Vk) - SubApx, , (A(I - Ps,_,))
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foralli € [10/¢+ 1] and also that X; has O(k) columns. Now we condition on the event that all the
calls to Algorithm 4.2 succeed. By a union bound, this holds with probability > 9/10. Thus, we have

AT =Pz = |AT = Pp_) (I = Py)lli2 < (1+¢) - SubApxy  (A(I - P3,_,))

for all iterations i € [10/e + 1] and also that U; has O(k®/¢?) columns which implies that B; has
O(ik?/€?) columns. In particular, we have that ||A(I — Pp,) |12 < (1 +¢) SubApx; ; (A). Therefore,

(1+¢&)SubApx 1 (A) = [[A(I = Pp,)l12 2 [[AT = Pp)|l12 = AU = Pg,) |12

T
= > AT = Ps,_ )2 = AU = Pg)ll12 2 0.
i=2

The last inequality follows from the fact that colspace(B;) 2 colspace(B;-1). The summation in
the above equation has 10/e non-negative summands that all sum to at most (1 + £)SubApx, ; (A).
Therefore, at least 9/e summands have value < ¢(1+¢)SubApx; ; (A). In particular, with probability
> 9/10,

JAU - Ps, )z = IAU - sl < e(1+ )SubApx, (A).

But we also have that

1A = Pg,., )2 = JAUT = Pp. ) (I - Py, )12
<(1+ £)SubApXk’1(A(I - Ps.))
< (1+9l|AU - Pp.) (I = Pw)lliz
= (1+9)[IAU = Ppsw) 12

where W is any rank k matrix. The second inequality follows from the fact that SubApx; ; (A(I -
Pg,.)) = mingrw [[A(I = Pg..) (I = Pw)|l1,2. Therefore, for any rank-k matrix W, we obtain that

JA(I = P )12 = IAU = Pp.ow) |12
1
< JJA(I =P )z — —— AU = P, )12
1+¢
< AU = Pg )2 — (1 = AU = Pg., )12

< (1A =P ) Iz = IAUT = Pg., )ll12) + €llAT = P, )12
< 4¢ - SubApx; { (A). O

From the above lemma we have that running the algorithm with parameter ©(?) gives a sub-
space with the desired property and lets us obtain our main theorem.

Theorem 4.5.2. Given a matrix A € [R”Xd, k € Z and an accuracy parameter € > 0, Algorithm 4.4 returns
a matrix Bwith O(k® /%) orthonormal columns and a matrix Apx = [X v] such that for any k dimensional
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shape S, \/dist(BXE, S)2 + vl.z = (1 +¢) X, dist(A;, S). The algorithm runs in time O(nnz (A) /e +
(n+d) poly(k/e)).

Proof. From the above lemma, we have that the subspace B satisfies with probability > 9/10, that
for any k dimensional subspace W,

2
€
AU = PB)ll12 = AU = Ppuw) |12 < %SUbAPXk,l(A)- (4.3)

From Theorem 2.10 of [Woo14], we obtain that with probability > 9/10, for all i € [n], the matrix
S; found for i € [n] is such that §; is a ©(e?) subspace embedding for the matrix [B AiT*] . Therefore,
x; is such that

1Bx; = ALll2 < (1+©(e))I(I - BB)AL,

andov; = (1 £ O(£%))||(I - BBT)AiT* ||2. Now the proof follows from Theorem 4.3.1. O

Algorithm 4.3: DIMENSIONREDUCTION

Input: A € R™4 k. ¢ >0,
Output: B € R with orthonormal columns
1 i* « uniform random integer from [10/¢ + 1].
2 Initialize B « []
3 for i* iterations do
s | X < PoLYAPPROX(A, B, k, £/100).
5 U « EPSAPPROX(A, B, X, k, 5(\/%), £,€/100)
6 B « [B|U].
7 end
s return B

4.6 Coreset Construction using Dimensionality Reduction

Algorithm 4.5 gives the general algorithm to construct a coreset for any objective involving the sum-
of-distances metric. In this section, we discuss the coreset construction for two such problems: the
k-median and k-subspace approximation problems.

For (B, Apx = [X v]) returned by Algorithm 4.4, we have the guarantee that, with probability
> 9/10, for any k-dimensional shape S,

O dist(BXL. )2 40 = (12.) ) dist(Ay ).
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Algorithm 4.4: COMPLETEDIMREDUCE

Input: A € R™ ke Ze>0.
Output: Apx € R™(c+1)

1 Let B = DIMENSIONREDUCTION(A, k, ©(£?)).

t = O(log(n))

Compute (S;B, S jAT) for j € [t] where S; is an independent CountSketch matrix with
poly(k/e) rows

4 fori=1,...,ndo

5 | LetU;D;Vi" « svD(S,;[BAL]) forall j € [¢]

6 for j € [t] do

N

w

7 Check if for at least half j* # j, all singular values of D jVjTer (DJ.T/)_l are in
[1-0(e?),1+0(e?)]
8 If the above check holds, set

X & (S]B)T(SJA;E
v; — (I = (S;B)($;B)")(S;AD)l:

and go to next i
9 end

10 end
11 return Band n X (¢ + 1) matrix Apx with Apx;, = [x; ;]

Algorithm 4.5: CORESETCONSTRUCTION

Input: A € R™4 | ¢
Output: Coreset
1 (B, Apx) < COMPLETEDIMREDUCE(A, k, ¢)

T

2 Construct a coreset for the instance Apx and return

1
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T

B~ 0
Given a set S, let S, denote the set {(s,0) | s € S}. Let diag(B™, 1) = A Using this notation,

we have that
Z dist(Apx;, - diag(BT, 1), 5,1) = (1 ¢) Z dist(Ajs, S).

Using the above relation, we give a coreset construction for the k-subspace approximation and k-
median problems. These constructions are as in [SW18]. For any matrix M, let M, denote the matrix
M with a new column of 0s appended at the end and let M_; denote the matrix M with the last
column deleted.

Theorem 4.6.1 (Coreset for Subspace Approximation). There exists a sampling-and-scaling matrix T
that samples and scales O (k* / €®) rows of the matrix Apx such that, with probability > 3 /5, for any projection

matrix P of rank k that projects onto a subspace S of dimension at most k, we have

I((T - Apx - diag(BT,1))_1P)ss = T - Apx - diag(BT, )|,
= (1= 0(e)) | (Apx - diag(B", 1))-1P)s1 — Apx - diag(BT, 1)1,
= (12 0(e)) ) dist(A;9).

This sampling matrix can be computed in time O(n - poly(k/¢)).

Proof. We first have

Il ((Apx - diag(BT, 1))_1P)+1 — Apx - diag(BT, 1)||1.2
= > ((Apx,, - diag(B", 1))-1P).1 — Apx,, - diag(B", 1)l

= > I - PBXTE + 02
- Z \/dist(BX,E, S)? + 07
=(1=x¢) Z dist(A;., S).

Let G be a Gaussian matrix with O(d/e?) columns. Then with probability > 9/10, for all x € R4,
Ix Gl = (1 % &)|lx]l2.
See [SW18] for references. Thus, we have that with probability > 9/10, for all projection matrices P
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of rank at most k, we have

II((Apx - diag(B",1))-1P),1G — Apx - diag(B", 1)Gl|11
= (1% ¢)||((Apx - diag(B", 1))-1P)s1 — Apx - diag(B", 1)1,

Note that for any P, the columns of the matrix ((Apx - diag(BT, 1))_1P);1G — Apx - diag(BT, 1)G
lie in the column space of the matrix Apx. Let T be a (1 + ¢) #;-subspace embedding constructed for
the matrix Apx constructed using [CP15]. Therefore,

IT - ((Apx - diag(BT,1))_1P)41G — T - Apx - diag(B", 1)G||14
= (1+¢)||((Apx - diag(BT,1))_1P);1G — Apx - diag(B*, 1)G]1.1.

Again, using the fact that ||xTG||; = (1 + €)||x]|; for all d + 1 dimensional vectors x, we obtain that

IT - ((Apx - diag(B", 1))-1P)41 — T - Apx - diag(B", 1)||1

= (1+¢)||T - ((Apx - diag(B*,1))-1P)11G — T - Apx - diag(B*, 1)Gl|1,
= (1+ 0(e))l((Apx - diag(B", 1))-1P)+1G — Apx - diag(BT, 1)G|l11

= (1£0(2))||((Apx - diag(B", 1))_1P);1 — Apx - diag(B", 1)1,

= (1 0(¢)) Z dist(A,, S).

The matrix T is computed by Lewis Weight Sampling. As the matrix Apx has dimensions nxO(k? /&%),
we see from [CP15] that the matrix T can be computed in time n - poly(k/¢). O

Theorem 4.6.2 (Coreset for k-median). There exists asubset T C [n] with |T| = O(k*/€®) and weights
w; for i € T such that, with probability > 3/5, for any set C of size k,

Z w; - dist(Apx,, - diag(BT, 1), Cp1) = (1 ¢) Z dist(A, C).

ieT i€[n]

Recall that C1y = {(¢,0) | c€ C}.

Proof. Let S denote the rowspan of the matrix diag(B™, 1). We have dim(S) = O(k3/¢%). Let S be
the subspace S along with an orthogonal dimension. Thus, S is an O(k?/¢%) dimensional subspace
of R™!, Let C = {cy,...,ck } be an arbitrary set of k centers of R%!, Now it is easy to see that we
can find a set of k points C= {¢,...,¢} C S such that Pgc; = Pgé; i.e., the projections of ¢; and
¢; onto the subspace S are the same, and also that dist(c;, Ps(c;)) = dist(¢;, Ps(¢é;)) and therefore,
for any point a € S, dist(a, C) = dist(a, C).
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Now if T C [n] and the weights w; for i € T are such that
—~ n —~
Z w; - dist(Apx,, - diag(B",1),C) = (1 + ¢) Z dist(Apx;, - diag(B", 1), C)
ieT i=1
for all k-center sets C C S, then for any k center set C C R we have
Z w; - dist(Apx;, - diag(B*,1),0C) = Z w; - dist(Apx;, - diag(B", 1), C)
i€T i€T

=(1zxe¢) Z dist(Apx;, - diag(BT, 1),0)
i=1

=(1x¢) Z dist(Apx;, - diag(B", 1), C).
i=1

Thus, preserving the k-median distances with respect to the k center sets that lie in S, preserves the
k-median distances to all the center sets in R%*1, Using the coreset construction of [FL11] on the
matrix Apx, we can obtain a subset T C [n] of size 9 (k*/€%) along with weights w; such that for
any k-center set C C R we have

Z w; - dist(Apx;, - diag(B*,1),C) = (1 + ¢) Z dist(Apx;, - diag(B", 1), C).

ieT i=1

As Apx is an n X poly(k/¢)-sized matrix, the algorithm of [FL11] can be run in time n - poly(k/¢).
Thus, the above subset T and weights w; for i € T can be found in time n poly(k/¢). Now, for any
k-center set C C R?, we have that

) dist(45 C) = (12 6) Y (dist(BXL,C) + o7
i=1 i=1

=(1xe¢) Z dist(Apx;, - diag(BT, 1),Cy1)
i=1
=(1+e) Z w; - dist(Apx,, - diag(B", 1), Cy1).

ieT

Therefore, we obtain a coreset of size O(k*/&®) in overall time O (nnz(A) / 2+ (n+d) poly(k/e)). O

Theorem 4.6.3. Givenann X d matrix A, k € Z, and an accuracy parameter € > 0, Algorithm 4.4 returns a
matrix Bwith O(k? /%) orthonormal columns and a matrix Apx = [X v] such that, with probability > 9/10,
for any k dimensional shape S, }; \/ dist(BXlE ,$)2 +0? = (1+¢) Y, dist(A;, S). The algorithm runs in
time O(nnz (A)/e? + (n + d) poly(k/e)).
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Let B; be the value of the matrix B after i iterations in Algorithm 4.3. The proof of the above theo-
rem first shows that Algorithm 4.3 outputs a subspace B satisfying (4.1). This is done by showing that
for at least a constant fraction of j € [10/e+1], the terms ||A(I—BjB].T) Il1.2 and ||A(I—Bj+1BjT+1) Il1.2
are close. This further means that the rows of the matrix A(I — B ijT) cannot be projected onto
any k dimensional subspace W to make ||[A(I — B jB;.r) (I — WWT)]||,, substantially smaller than
I|IA(I — B jB;.F) |l1,2- Thus, we can show that with constant probability, for i* chosen randomly by
Algorithm 4.3, the subspace colspan(B;-) satisfies (4.1).

Then, the proof uses the fact that for every i € [n], the algorithm finds a matrix S; that is a
0(£?) subspace embedding for [B Al.T*] . This is shown to be true in [LBKW14]. Now, if S ; is a subspace
embedding, it can be shown that the vector x; and value v; satisfy the conditions of Theorem 4.3.1,

thus proving the above theorem.

4.7 Conclusions and Open Questions

In this work, we improve the construction of [SW18] to obtain dimensionality reduction procedure
for the sum-of-distances objective that can be applied to an arbitrary matrix A in time O(nnz(A) +
(n+d) poly(k/e)).

The dimensionality reduction procedure of [SW18] and consequently ours appends an additional
dimension to the points that turns out to be important to be able to approximate the sum-of-distances
to a k-dimensional object. For clustering problems, Huang and Vishnoi [HV20] obtain coresets with-
out the need to append an additional coordinate. An interesting question is if we can obtain a di-
mensionality reduction result for approximating the sum-of-distances objective to an arbitrary k-
dimensional object.
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Chapter 5

Lower Bounds on Adaptive Sensing for Matrix
Recovery

5.1 Introduction

Sparse recovery, also known as compressed sensing, is the study of under-determined systems of
equations subject to a sparsity constraint. Suppose we know that an unknown vector x € R" has
at most r << n non-zero entries. We would like to use a measurement matrix M € R**" to recover
the vector x given measurements y = Mx. The number k of measurements is an important param-
eter we would like to optimize as it models the equipment cost in physical settings and running
times in computational settings. Ideally one would like for the number of measurements k to scale
proportionally with the sparsity of the unknown vector x.

A more robust way of modeling sparse recovery is as “stable sparse recovery”. Here we want a
distribution J over k X n matrices such that for any x € R", with probability > 1 — 8§ over M ~ [,
we can construct a vector X from Mx such that

lx =%l < (1+&) min |[lx—x'[|,.
r-sparse x
This formulation does not require the underlying vector x to be exactly r-sparse and instead asks to
recover the top r coordinates of x.

For p = 2,itisknown that k = ©(¢~1r log(n/r)) measurements re both necessary and sufficient
[CRT06, GLPS12, PW11, CD13]. See [PW12] for upper and lower bounds for other values of p.

In the same vein, the problem of low rank matrix recovery has been studied. See [CP11, ZJD15]
and references therein for earlier work and numerous applications. In this problem, the aim is to
recover a low rank matrix A using linear measurements. Here we want a distribution Jl over linear
operators M : R™" — R, such that for any n x n low rank matrix A, with probability > 1 — §
over M ~ Jll, we can construct a matrix A from M (A) such that the reconstruction error ||A — AHIZT
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is small with a large probability. Note that a linear operator M : R™" — R can be equivalently
represented as a matrix M € R**n* such that M - vec(A) = M(A) where vec(A) denotes the appro-
priate flattening of the matrix A into a vector. We call the rows of M linear measurements. Without
loss of generality, we can assume that the rows of the matrix M are orthonormal, as the responses
for non-orthonormal queries can be obtained via a simple change of basis.

In addition, to model the measurement error that occurs in practice, it is a standard assumption
that when querying with M, we receive M - vec(A) + g, where g is a k-dimensional vector with
independent Gaussian random variables of mean 0 and variance ¢, and we hope to reconstruct A
with small error from M - vec(A) + g. Clearly, when A has rank r, we need to perform Q(nr) linear
measurements, as the matrix A has ®(nr) independent parameters. Hence, the aim is to perform
not many more linear measurements than nr while being able to obtain an estimate A for A with
low estimation error.

Given a rank-r matrix A, [CP11] show that if the k X n? matrix M is constructed with independent
standard Gaussian entries, then with probability > 1 — exp(—cn), an estimate A can be constructed
from M - vec(A) + g such that ||A — All% < O(nro?/k). They use the restricted isometry property
(RIP) of the Gaussian matrix M to obtain algorithms that give an estimate A. The error bound is in-
tuitive since the reconstruction error increases with increasing noise and proportionally goes down
when the number of measurements k increases.

While we formulated the sparse recovery and matrix recovery problems in a non-adaptive way,
there have been works which study adaptive algorithms for sparse recovery. Here we can produce
matrices M) adaptively based on the responses received MM x, M@y, ..., MU=V x and the hope is
that allowing for adaptive algorithms with a small number of adaptive rounds, we obtain algorithms
that overall perform fewer linear measurements than non-adaptive algorithms with the same recon-
struction error. It is additionally assumed that the noise across different rounds is independent. For
sparse recovery, in the case of p = 2, it is known that over O(loglog n) rounds adaptivity, a total
of O(¢7'rloglog(nlog(n/r))) linear measurements suffices [[PW11, NSWZ18], improving over the
requirement of @(¢~'r log(n/r)) linear measurements for non-adaptive algorithms.

While there has been a lot of interest in adaptive sparse recovery, both from the algorithms
and the lower bounds perspective (such as [PW12, KP19]), the adaptive matrix recovery problem
surprisingly does not seem to have any known lower bounds. In adaptive matrix recovery, similar to
adaptive sparse recovery, one is allowed to query a measurement matrix M”) in round i based on the
responses received in the previous rounds, and again the hope is that with more rounds of adaptivity,
the total number of linear measurements that is to be performed decreases. There is some work that
studies adaptive matrix recovery with 2 rounds of adaptivity (see [ZKXL19] and references therein)
but the full landscape of adaptive algorithms for matrix recovery seems unexplored.

We address this from the lower bounds side in this work. We show lower bounds on adaptive
algorithms that recover a rank-r matrix of the form (a/vn) X|_, uiv:.r, where the coordinates of
u; and v; are sampled independently from the standard Gaussian distribution. Without loss of gen-
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erality’, we assume that the measurement matrix M in each round i has orthonormal rows. We
also assume that for i # j, the measurement matrices M (MW)T = 0, i.e., measurements across
adaptive rounds are orthonormal, since non-orthonormal measurements can be reconstructed from
orthonormal measurement matrices by a change of basis.

We now give an alternate way of looking at the adaptive sparse recovery problem: Fix a set of vec-
T

torsuy, ..., u, and oy, . .., 0, and let the underlying matrix to be reconstructed is (a/v/n) X, Uu;v;
for a large enough constant «. In the first round, we query a matrix M(!) ¢ R drawn from an

appropriate distribution and receive the response vector
r

r) = MO vee((a/vn) ) uw}) + g%
i=1

where g is a vector of independent Gaussian random variables with mean 0 and variance ¢, In
round 2, as a function of M") and r) and our randomness, we query a random matrix M? [r(V] e
R and receive a response vector r? = (M@ [rM]) vec((a/vn) Y1, wol) + g where g
is again a vector with independent Gaussian entries and independent of g, and so on. Crucially,
using the rotational invariance of Gaussian random vectors, if G is an n X n matrix with independent
Gaussian random variables with mean 0 and variance o2, the response r(D has the same distribution
as (MW) - vec((a/vn) X, uol + G) and as MP [r(V] is chosen to be orthonormal to MY, the
distribution of r? conditioned on r?) is the same as that of (M® [r(V]) - (vec((et/+/n) X, wio +
G)).

Thus, any adaptive matrix recovery algorithm can be seen as performing non-noisy adaptive mea-
surements on the matrix (a/vn) X, uiviT + G where the Gaussian matrix G is sampled indepen-
dently of the measurement algorithm. From the responses the algorithm receives, it then tries to
reconstruct the matrix (a/y/n) Yi_; ujv} . This way of looking at adaptive sparse recovery immedi-
ately yields an adaptive algorithm: when the smallest singular value of (a/+/n) X.I_; u,-z)l.T is a con-
stant times larger than || G||,, then the power method with a block size of r outputs an approximation
of (a/vn) XI_; uiviT in O(log n) rounds. Note that r matrix-vector products can be implemented
using nr linear measurements. More generally, Gu [Gu15] showed that using power iteration with a
block size of k/n (for k > nr), we can obtain an approximation in O(log(n?/k)) adaptive rounds.
Thus, the already existing algorithms exhibit a # of measurements vs # of rounds trade-off.

From results in random matrix theory, we have that ||G||; ~ o+v/n with high probability. And as
we are interested in reconstruction when the vectors uy, ..., u, and vy, ..., v, follow the Gaussian
distribution we also have that ||u;]|; ~ ||v;||2 & V/n simultaneously with large probability. Thus, to
make the extraction of (a/v/n) X1, uiv? possible, we need to assume that @ > o. Hence, in this

In general, in the sparse recovery and matrix recovery models, the algorithms may make the same query and obtain
responses with independent noise added which can be used to say obtain more accurate result using the median/mean
estimator. But all the algorithms we are aware of for sparse recovery and matrix recovery do not explore independence
of noise across queries in this way.
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work we assume that 0 = 1 and that « is a large enough constant, and we study lower bounds on
adaptive matrix recovery algorithms.

If the vectors uy, ..., u, and vy, . .., v, are sampled from the standard n dimensional Gaussian dis-
tribution and r < n/2, we also have that with high probability || (a/y/n) 3, ol 1% ~ a®nr. Now
the algorithms of [CP11], which use a uniform random Gaussian matrix M with m rows as the mea-
surement matrix, for (a/n) 3, w0 reconstructa matrix A such that || A-(a/vn) 31, uol 14 <

2
nro,,
¢ m

with a matrix with orthonormal rows, we assume that the measurement error o, when measur-

where o, is the measurement error. As we assumed above that ¢ = 1 when measuring

ing with a Gaussian matrix is n, as each row of M has n? independent Gaussian coordinates and
therefore has a norm ~ n. Thus, using reconstruction algorithms from [CP11], we obtain a ma-
trix A satisfying ||A — (a/+vn) X7, uw?ll% < C%r. Now, to make ||A — (a/v/n) Y1, ul-z)l.TH% <
(1/10)||(er/Vn) Ti_; uivl||%, we need to set m = ©(n?/a?). Hence, in the parameter regimes we
study, the algorithms of [CP11] need to perform Q(n?) non-adaptive queries, which essentially means
that they have to read a constant fraction of the n? entries in the matrix, whereas the power method
performs O(nr) linear measurements in each round over O(log n) adaptive rounds to output an

approximation A. The question we ask is:

“Is the power method optimal? Are there algorithms that have o(log n) adaptive rounds and use n®~#
measurements in each round?”
We answer this question by showing that any algorithm that has o(log n/log log n) adaptive rounds
must use > n?7# linear measurements, for any constant f > 0, in each round. The lower bound
shows that power method is essentially optimal if we want to use n># linear measurements in each
round and that any algorithm with o(log n/loglog n) adaptive rounds essentially reads the whole
matrix.

We further obtain a rounds vs measurements trade-off for many numerical linear algebra prob-
lems in the sensing model. In this model, there is an n X n matrix A with which we can interact
only using general linear measurements and we want to solve problems such as spectral norm low
rank approximation of A, Frobenius norm low rank approximation of A, etc. In general, numerical
linear algebra algorithms assume that they either have access to the entire matrix or that the ma-
trix is accessible in the matrix-vector product model where one can query a vector v and obtain
the result A - v. Recently, the vector-matrix-vector product model has received significant attention
as well. Linear measurements are more powerful than both the matrix-vector product model and
the vector-matrix-vector product model. Any matrix vector product A - v can be computed using
n linear measurements of A and any vector-matrix-vector product u* Av can be computed using a
single linear measurement of A. Thus, the model of general linear measurements may lead to faster
algorithms.

For certain problems in numerical linear algebra, general linear measurements are significantly
more powerful than the matrix-vector product model. Indeed, for computing the trace of an n X n
matrix A, one can do this exactly with a single deterministic general linear measurement, just by
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adding up the diagonal entries of A. However, in the matrix-vector product model, it is known that
Q(n) matrix-vector products are needed to compute the trace exactly [SWYZ21b], even if one uses
randomization. A number of problems were studied in the vector-matrix-vector product model in
[RWZ20], and in [WWZ14] it was shown that to approximate the trace of A up to a (1 + ¢)-factor
with probability 1 — &, one needs Q(e %log(1/8)) queries. This contrasts sharply with the single
deterministic general linear measurement for computing the trace exactly. Thus, there are good
reasons to conjecture that general linear measurements may lead to algorithms requiring fewer
rounds of adaptivity compared to algorithms in the matrix-vector product query model. Surprisingly,
our lower bounds show that for many numerical linear algebra problems, linear measurements do

not give much advantage over matrix-vector products.

5.1.1 Our Results

We assume that there is an unknown rank-r matrix A € R™" to be recovered. Given any linear
measurement q € R™ we receive a response (g, vec(A)) + g, where g ~ N(0,|q||5). We further
assume that the noise for two different measurements is independent. Without loss of generality,
we also assume throughout that all the queries an algorithm makes across all rounds form a matrix
with orthonormal rows. Our main result for adaptive matrix sensing is as follows:

Theorem 5.1.1. There exists a constant ¢ such that any randomized algorithm which makes k > nr noisy
linear measurements of an arbitrary rank-r matrix A with ||A||% = O(nr) in each of t rounds, and outputs
an estimate A satisfying ||A — All% < c||A||2F with probability > 9/10 over the randomness of the algorithm
and the Gaussian noise, requires t = Q(log(n®/k)/(loglogn)).

Dependence on noise In our results, we assumed that given a linear measurement g € R, the
response is distributed as N({g, vec(A)), |lg]|%). Our lower bounds also hold when the response is
distributed as N({g, vec(A)), 6?||q||3) for any parameter o such that ¢ < o < 1, where ¢’ is a
constant. This can be seen by simply scaling the matrix A in the theorem above and adjusting the

constants while proving the theorem.

Tensor Recovery The problem of tensor recovery with linear measurements has also been studied
(see [RSS17, GLM*21] and references therein) where given a low rank tensor, the task is to recover
an approximation to the tensor with few linear measurements. Our techniques can potentially be
used to obtain lower bounds on adaptive algorithms for tensor recovery. Our main tool, Lemma 5.3.1,
readily extends to tensors of higher orders by using the corresponding tail bounds from [Ver20].

Numerical Linear Algebra We also derive lower bounds for many numerical linear algebra prob-
lems in the linear measurements model. Table 5.1 shows our lower bounds on the number of adaptive
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Application Failure Probability ~Lower Bound

2-approximate spectral LRA 0.1 clog(n?/k)/loglogn
2-approximate spectral LRA 1/poly(n) clog(n?/k)

2
2-approximate Schatten p LRA 0.1 @ p)cli(ég(gg J{;; Togn
2-approximate Ky-Fan p LRA 0.1 %

1 + 1/n-approximate Frobenius LRA 0.1 clog(n®/k)/loglogn
0.1-approximate i-th singular vectors 0.1 clog(n?/k)/loglogn
2-approximate spectral reduced rank regression 0.1 clog(n?/k)/loglogn

Table 5.1: Number of rounds lower bound for algorithms using k general linear measurements in
each round. Our bound for 2-approximate spectral LRA algorithm with constant failure probability
is optimal up to a loglog n factor, and our 2-approximate spectral low rank approximation (LRA)
lower bound for algorithms with failure probability 1/poly(n) is optimal up to a constant factor.

rounds required for any randomized algorithm using k general linear measurements in each round.
See Section 5.5 for precise statements and proofs.

5.1.2 Notation

For vectorsu,v € R, u® v € R" denotes the tensor product of u and v. For an arbitrary matrix
M € R™" the vector vec(M) € R™" denotes a flattening of the matrix M with the convention
that vec(uo!) = u ® v. We use g, to denote a multivariate Gaussian in k dimensions where each
coordinate is independently sampled from N (0, 1). We also use GY) to denote a collection of j inde-
pendent multivariate Gaussian random variables of appropriate dimensions.

5.1.3 Our Techniques

Using the rotational invariance of the Gaussian distribution, we argued that any adaptive random-
T

ized low rank matrix recovery algorithm with access to a hidden matrix (a/+/n) Xi_; ujv," using
noisy linear measurements can be seen as a randomized algorithm that has access to a random ma-
trix (a/vn) Xi_ uivl + G using perfect linear measurements where each coordinate of G is inde-
pendently sampled from a Gaussian distribution.

Let o be any algorithm that satisfies the matrix recovery guarantees with, say, a success proba-
bility > 9/10.Let A (X, o, y) be the output of the randomized algorithm o1, where the hidden matrix
is X, the random seed of ¢ is denoted by o, and y denotes the measurement randomness. We have

that if X has rank r and satisfies ||X||2F = @(nr), then

Pr,, [d4(X, o,y) is correct] > 9/10.
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We say 9 (X, o,7) is correct when the output X satisfies || X — X||% < (1/100) ||X||%. By the above
reduction, from o we have a randomized algorithm o’ that runs on the random matrix X + G with
access to exact linear measurements and outputs a correct reconstruction X with probability > 9/10
if X has rank r and ||X||2F = ©(nr). Thus, for all such X,

Prg o[’ (X + G, o) is correct] > 9/10.

Here o denotes the randomness used by the algorithm ol’. Now, if X is a random matrix constructed
as (a/vn) XI_; uivl.T with u;, v; being random vectors with independent Gaussian entries of mean
0 and variance 1, then with probability > 99/100, || X ||% = O(nr). Thus,

Prx o[’ (X + G, o) is correct] > 8/10.
Hence, there exists some fixed o such that
Prx |9’ (X + G, 0) is correct] > 8/10.

Thus, the existence of a randomized algorithm that solves low rank matrix recovery as in Theo-

rem 5.1.1 implies the existence of a deterministic algorithm which given access to perfect linear mea-
T

surements of random matrix (a/+/n) X7, uiviT + G outputs a reconstruction of (a/v/n) XI_; uv;
with probability > 8/10. This is essentially a reduction from randomized algorithms to determin-
istic algorithms using Yao’s lemma. From here on, we prove lower bounds on such deterministic
algorithms and conclude the lower bounds in Theorem 5.1.1. For simplicity, we explain the proof
of our lower bound for r = 1 here and extend to general r later. We consider the random matrix

G + (a/+n)uv™ and show how the lower bound proof proceeds.

Note that the matrix A = G + (a/vVn)uvT € R™" can be flattened to the vector a = g +
(a/vn)(u®wv) € R". Also, a general linear measurement, which we call a query Q € R™", can be
vectorized to ¢ = vec(Q) € R™ with Q(A) = (g, a). Fix any deterministic algorithm. In the first
round, the algorithm starts with a fixed matrix 0 € RF*r* that corresponds to the k queries and
receives the response r(!) := QWa. Then, as a function of the response r'V in the first round, the
algorithm picks a matrix Q® [r(V] in the second round and receives the response r(?) == Q@ [r(V].
a. Similarly, in the i-th round, the deterministic algorithm picks a matrix Q¥ [r(V, ... ri=D] €
R a5 a function of r(V, . . ., #(=1 and receives the response r@ = QW [r() .. r(=D].q. Note
that we assumed that the query matrices Q1) chosen by the algorithm have orthonormal rows and
also that 0 (QU)T = 0, i.e., the queries across rounds are also orthonormal.

For a fixed u, v € R", we see that the response r(!) = QW g + (a/n) QW (u ® v). As the matrix
Q(l) has orthonormal rows, the random variable Q(l) g = g, where g, ~ N(0,I) is drawn from
a mean-zero normal distribution with identity covariance. Thus, for fixed u, v, the distribution of
the first round responses to the algorithm is N'((a/v/n)Q (u ® v), I;). Now the key observation is
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that || (e/vn)QW (u ® v)||2 = ©(a’k/n) with high probability over the inputs (u,v). This uses a
recent concentration result for random tensors due to [Ver20], and critically uses the fact that oW
has operator norm 1 and Frobenius norm Vk. This means that for a large fraction of (u,v) pairs,
the distribution of the responses seen by the algorithm in the first round is close to N (0, I), and
therefore just looking at the response r(), the algorithm cannot have a lot of “information” about
which (u, v) pair is involved in the matrix that is unknown to the algorithm. So the query chosen in
the second round Q@ [r(M] cannot have a “large” value of Q® [rV] (u ® v) for most inputs (u, v),
with a high probability over the Gaussian component of the matrix.

Suppose the value of @ [r(V] (u®v) is small. Again, r® = 0@ [rM]g+(a/vn) 0P [rV](ue
v). Crucially, as the queries in round 2 are orthogonal to the queries in round 1, we have by the
rotational invariance of the Gaussian distribution that Q¥ [r(V] g is independent of 0" g, and that
Q@ [rM]gis distributed as N (0, I.). So, for a fixed u, v, conditioned on the first round response rV),
the distribution of the second round response r? is given by N((a/y/n)Q? [r(V](u ® v), ) =
N (0, I) using the assumption that Q® [r(V](u ® v) is small. We again have that for a large fraction
of pairs (u,v) for which Q@ [r(V](u ® v) is small, the distribution of the second round response is
also close to N (0, I ). Therefore, the algorithm again does not gain a lot of information about which
(u,v) pair is involved in the matrix, and the third round query Q® [rV), r?] cannot have a large
value of | [r(V, r@](u ® v)||5. The proof proceeds similarly for further rounds and shows the
necessity of a large number of adaptive rounds.

To formalize the above intuitive idea, we use Bayes risk lower bounds [CGZ16]. We show that with
a large probability over the input matrix, the squared projection of u ® v onto the query space of
the algorithm is upper bounded and we use an iterative argument to show that an upper bound on
the information up until round i can in turn be used to upper bound the information up until round
i+ 1. Bayes risk bounds are very general and let us obtain upper bounds on the information learned
by a deterministic learner. Concretely, let © be a parameter space and P = { Py : 6 € © } be a set
of distributions, one for each 8 € ©. Let w be a distribution over ©. We sample 8 ~ w and then
x ~ Py and provide the learner with x. Given an action space 9, the learner uses a deterministic
decision rule d : X — ¢l to minimize a 0-1 loss function L : ® X o — {0, 1} in expectation, i.e.,
Eg-w[Ex-p, L(0,0(x))]. Let Rpayes(L, ©, w) = infy Eg,[Ex~p,L(0,d(x))] be the loss achievable
by the best deterministic decision rule d. Bayes risk lower bounds let us obtain lower bounds on
Rpayes.

In our setting after round 1, we have © = { (u,0) : u,0 € R" }, w is the joint distribution of
two independent standard Gaussian random variables in R" and for each (u,v) € © we let P,, be
the distribution of r(V) = gi + (a/vn)QW (u ® v), an action space o of all k x n? matrices with
orthonormal rows (corresponding to the queries in the next round), and define a 0-1 loss function

0 if||Quev)|?>T

L{(w0).Q) = {1 if|Qu®o)|2 < T
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for an appropriate threshold parameter T. By setting T appropriately as a function of ¢, we obtain a
Bayes risk lower bound of Rgayes > 1—1/(100¢2). Thus, we obtain that for any deterministic decision

rule d, with probability > 1 — 1/10¢ over (u,v) ~ w, we have
Ey1)-p,, [L((,0), (V)] 21— 1/10t
and in particular, we have that with probability > 1 — 1/10¢ over (u,v) ~ w,
Pr,op [IQP[rV](ue )| < T] > 1-1/10t. (5.1)

The above statement essentially says that with probability > 1—1/10t over the inputs (u, v), the sec-
ond query Q® [r(V] chosen by the deterministic algorithm has the property that [|Q® [r(V](u ®
v)||2 < T with probability > 1 — 1/10¢ over the Gaussian G. In the second round, we restrict our
analysis of the algorithm to only those (u, v) which satisfy (5.1). We again define a distribution w’
over the inputs and for each such (u, v) we define a distribution P,, over the round 1 and round 2
responses received by the algorithm. We define a new loss function with parameter T/ = A - T for
a multiplicative factor A and again obtain a statement similar to (5.1) for a large fraction of inputs
(u,v) and repeat a similar argument for t rounds and show that there is an Q(1) fraction of the
inputs for which the squared norm of the projection of u ® v onto the query space after t rounds is
bounded by T(t) with high probability over the Gaussian part of the input. This gives the result in
Theorem 5.3.4. Note that ||u ® v||2 = Q(n?) with high probability and for any fixed matrix Q with
k orthonormal rows, E[||Q(u ® v)||%] = k which corresponds to the amount of “information” the
algorithm starts with. As we show that the “information” in each round grows by some multiplica-
tive factor A, a number Q(log, (n?/k)) of rounds is required to obtain an “information” of ©(n?),
which is how we obtain our lower bounds. Here information is measured as the squared projection
of u ® v onto the query space of the algorithm.

We also extend our results to identifying a rank r spike (sum of r random outer products) cor-
T

rupted by Gaussian noise. Specifically, we consider the random matrix M = G + (a/~+/n) XI_; uv;
where all the coordinates of G, u;, v; are independently sampled from N(0,1). We show that if
there is an algorithm that uses k iterations in each round and identifies the spike with probabil-
ity > 9/10, then it must run for Q(log(n?/k) /log log n) rounds by appealing to the lower bound we
described above for the case of r = 1. We show that if there is an algorithm for r > 1 that requires
t < O(log(n?/k)/loglog n) adaptive rounds, then it can be used to solve the rank 1 spike estimation
problem in ¢ rounds as well which contradicts the lower bound.

We then provide lower bounds on approximate algorithms for a host of problems such as spec-
tral norm low rank approximation (LRA), Schatten norm LRA, Ky-Fan norm LRA and reduced rank
regression, by showing that algorithms to solve these problems can be used to estimate the spike
uo™ in the random matrix G + (a/y/n)uv™, and then use the aforementioned lower bounds on algo-

rithms that can estimate the spike. Although our hard distribution is supported on non-symmetric
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matrices, we are still able to obtain lower bounds for algorithms for spectral norm LRA (rank r > 2)
for symmetric matrices as well by considering a suitably defined symmetric random matrix using
our hard distribution. Let A = G+ (a/v/n)uv™ be the hard distribution in the case of rank r = 1. We

A
symmetrize the matrix by considering, Asym = ol This symmetrization, as opposed to AA™

AT
or AT A, has the advantage that a linear measurement of Asym can be obtained from an appropri-
ately transformed linear measurement of A, thereby letting us obtain lower bounds for symmetric
instances as well in the linear measurements model. However, we cannot obtain lower bounds for
rank 1 spectral norm LRA for symmetric matrices using this symmetrization as the top two singular
values of Ay, are equal and hence even a zero matrix is a perfect rank 1 spectral norm LRA for Agym
which does not give any information about the plant u ® v.

5.1.4 Related Work

As discussed, low rank matrix recovery has been extensively studied (see [CP11] and references
therein for earlier work). Relatedly, [HFB15] study the Robust PCA problem where the aim is to esti-
mate the sum of a low rank matrix and a sparse matrix from noisy vector products with the hidden
matrix. [TV23] study the Robust PCA problem when given access to linear measurements with the
hidden matrix.

For non-adaptive algorithms for low rank matrix recovery with Gaussian errors, [CP11] show that
their selectors based on the restricted isometry property of measurement matrices are optimal up
to constant factors in the minimax error sense when the noise follows a Gaussian distribution. Our
Theorem 5.1.1 extends their lower bounds and shows that if there is any randomized measurement
matrix* M with k rows coupled with a recovery algorithm that outputs a reconstruction for any rank
r matrix with [|A||% = ©(nr), then it must have k = Q(n?"°))). We again note that we give lower
bounds even for algorithms with multiple adaptive rounds.

Our technique to show lower bounds is to plant a low rank matrix (a/vn) X.7_, ulinannxn

1
Gaussian matrix so that any “orthonormal” access to the plant is corrupted by independent Gaussian
noise. Notably this technique has been employed to obtain lower bounds on adaptive algorithms for
sparse recovery in [PW12]. Even in the non-adaptive setting, Li and Woodruff [LW16] use the same
hard distribution as we do to obtain sketching lower bounds for approximating Schatten p norms,
the operator norm, and the Ky Fan norms. The technique to show their lower bounds is that if a
sketching matrix has k < c¢/(r?s*) rows>, it cannot distinguish between the random matrix G and
the random matrix G + s 3/_; u;0. where all the coordinates of G, u;, v; are drawn uniformly at

random. They prove this by showing that dry (%1, &) is small if £; is the distribution of M - vec(G)

“Note that we assume a measurement matrix has orthonormal rows and that each measurement is corrupted by
Gaussian noise of variance 1.
3Their lower bound is a bit more general, but we state this formulation for simplicity.
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and &£, is the distribution of M vec(G + s Y}, ul-v:.r) for any fixed measurement matrix M with
k < ¢/(r?s*) rows. Their techniques do not extend to the plant estimation in the distribution G +
L)W uiviT as the statement they prove only says that over the randomness of G, u;, v;, the response
distribution for G +s }_; uiolT is close to the response distribution for G, but in our case, we want
the distributions &, , and &, ,» to be indistinguishable, where &, , is the response distribution for

G+ (a/Vn) ¥y uiU,T-

Later, [SEAR18] considered the distribution of the symmetric random matrix W + AUU T, where
W is the n X n symmetric Wigner matrix (G + G')/V2 and U is a uniformly random n x r ma-
trix with orthonormal columns. They focus on obtaining lower bounds on adaptive algorithms that
estimate the spike U in the matrix-vector product model. In particular, they show that if Q is a
basis for the query space spanned by any deterministic algorithm after querying k adaptive matrix-
vector queries, then A, (QTUUT Q) grows as ~ A¥/", Using this, they show that any algorithm which,
given access to an arbitrary symmetric matrix A in the matrix-vector product query model, must
use Q(rlog(n)/+/gap) adaptive queries to output an n X r orthonormal matrix V satisfying, for a
small enough constant c,

(V,AV) > (1—c- gap) Z Ai(A), (5.2)

i=1

where gap = (4,(A) —A,+1(A)) /A, (A). We note the above guarantee is non-standard in the low rank
approximation literature, which instead focuses more on approximation algorithms for Frobenius
norm and spectral norm LRA. While in the matrix-vector product model, their hard distribution
helps in getting lower bounds for numerical linear algebra problems on symmetric matrices, it seems
that our hard distribution G + (a/vn) XI_; u,-vl.T is easier to understand in the linear measurement
model and gives the important property that the noise between rounds is independent, which is
what lets us reduce the matrix-recovery problem with noisy measurements to spike estimation in

G+ (a/vn) X, uiviT.

Recently, Bakshi and Narayanan [BN23] obtained a tight lower bound for rank-1 spectral norm
low rank approximation problem in the matrix-vector product model. They show that Q(log n/+/¢)
matrix vector products are required to obtain a 1+¢ spectral norm low rank approximation. We stress
that while our results are not for 1+¢ approximations, they hold in the stronger linear measurements
model.
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5.2 Preliminaries

5.2.1 Bayes Risk Lower Bounds

Let © be a set of parameters and P = { Py : 0 € © } be a set of distributions over X. Let w be the
prior distribution on ® known to a learner. Suppose 6 ~ w, and x ~ Py and that the learner is given
x. Now the learner wants to learn some information about 6. Let d : X — o be a mapping from
sample x to action space d and L : @ X o — { 0,1 } be a zero-one loss function. We define

RBayes (L,O,w) = 1r§f/

A Esopy [L(6,0(x))1w(d0) = inf Eg~., [Ex-p, L(0,0(x))],

and
Ry(L,©,w) = inf/L(@, a)w(d0) = inf Eg_,,[L(0,a)].
acdl Jo aed

We drop © from the notation when it is clear.

f-divergence Let 6 denote the set of all convex functions f with f(1) = 0. Let P and Q be two
distributions with densities p and g over a common measure p. Then we have the f-divergence
D¢(P||Q) defined as

Dy(P||Q) = / f(§)qdu+f’<oo>P{q:0}

using the convention 0 - co = oo, For f = xlog(x), the f-divergence D¢(P||Q) = dx.(P||Q), the
KullbackLeibler (KL) divergence. We frequently use di; (X||Y) for some random variables X and Y,
which means the KL divergence between the distributions of X and Y.

Now we can define the f-informativity of a set of distributions % with respect to a distribution

w as follows:

If(@,W)=iréf/Df(Pe||Q)W(d9)=inge~w[Df(PellQ)]-

We use I(P, w) to denote the f-informativity for f = x log x. We finally have the following theorem
from [CGZ16].

Theorem 5.2.1. For any 0-1 loss function L,

[f(@, W) > ¢f(RBayeSs RO)-

where for 0 < a,b < 1, ¢¢(a, b) denotes the f-divergence between distributions P, Q over { 0,1 } with
P(1) =aand Q(1) = b.

As a corollary of the above theorem, [CGZ16] prove the following result which is the generalized
Fano inequality.
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Theorem 5.2.2. For any prior w and 0-1 loss function L,

I(P,w) +log(1+Ry)
log(l - R())

RBayes 2

5.2.2 KL Divergence

We state some properties of the KL-divergence that we use throughout this chapter.

Lemma 5.2.3. Let P and Q be two random variables with probability measures p and q such that p is abso-
lutely continuous with respect to g. Let P, with probability measure p, be the restriction of P to an event 6, i.e.,
forall €’,Pr[P € €'] = Pr[P € € N€']/Pr(P € €). Then

(dkc(pllg) +2).

— 1
dx(pllq) < Pr(P € %)

Proof. For x € €, we have p(x) = p(x)/Pr[P € €] and for x ¢ E, p(x) = 0. By definition

plx ))

de (Blg) = / () log( =

using the convention 0 - log(0/1) = 0. Now,

_ [ p) P
de(pllq) = / Pr (p €€ log (Pr(P € %)q(x)) o

p(x)
Pr(P 3 /p(x) log (q( )) dx +log(1/Pr(P € 6)).

datpla) = [ plortog (B8 v+ [ o og (55 as

/ p(x) log (P (x ))dx_dKL(P”CI)— / p(x) log (" Ex; )dx

We also have,

which implies

Thus, it is enough to lower bound ﬁ‘-g p(x)log (p(x)/q(x)) dx to obtain an upper bound on the left-
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hand side. So,

P\, () 4(x)
[:gp(x)log(fﬁ) =-Pr(Pe %)/Pu’e%) (p(x))dx

Pr(Q € 6) )

> —Pr(P € €)log (Pr(P <%

where the last inequality follows from —log(x) being convex. Finally,

de(p,q) = m/ p(x) log (qE ;) dx +log(1/Pr(P € 6))

Pr(P € §)

m log(Pr(Q € €)/Pr(P € 8)) +log(1/Pr(P € 6))

1
< deL(P’ q) +

dx(p,q) + +1log(1/Pr(P € §))

1 1
< - - -
~ Pr(Pe®) Pr(P € §)

where we used p log(q/p) = plog(q) + plog(1/p) <0+1=1for0 < p,q < 1. |

The following lemma states the chain rule for KL-divergence.

Lemma 5.2.4 (Chain Rule). Let (X,Y) be jointly distributed random variables and Z, W be independent
random variables. Then

dy (X, Y)[[(Z,W)) = di(X]|Z) + Ex[dic (Y | X)[[W)].

The following lemma states the KL-divergence between two multivariate Gaussian distributions.
Lemma 5.2.5 (KL-divergence between Gaussians, folklore).

1 det(Zg)

dxo (N (p1, 21) |IN (g2, 22)) = [ 8 1o 0z (25 20) + (2 — ) T35 (2 — ) — 1]

where n is the dimension of the Gaussian.

In this article, we use the above lemma only for ¥; = ¥, = I in which case the above lemma
implies that dx (N (u1, DIIN (2, 1)) = (1/2) ||z — 3.

5.2.3 Properties of Gaussian random matrices and vectors

We use the following bounds on the norms of Gaussian matrices and vectors throughout: (i) If g is an
n-dimensional Gaussian with all its entries independently drawn from N (0, 1), then with probability
> 1-exp(-0(n)), (n/2) < ||gll? < (3n/2),and (ii) If G is an m X n (m > n) Gaussian matrix with
i.id. entries from N (0, 1), then Pr[||G||; € [Vm — Vn —t,Vm +Vn +t]] > 1 — exp(—0O(t?)). See
[RV09, LM00] and references therein for proofs.
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Rotational Invariance We frequently use the rotational invariance property of multivariate Gaus-
sian vectors g ~ N(0, I,), which implies that for any n X n orthogonal matrix Q independent of g,
the vector Qg is also distributed as N (0, I,;). Additionally, if g1, . . ., ¢, denote rows of the matrix Q
with g1 chosen arbitrarily independent of g and the subsequent vectors

qi = fi(ch, s Qi1 <CI1, 9>, cees (CIi—l, g))

for arbitrary functions f; satisfying g; L qu, ..., gi-1, then {(g;, g) is distributed as N(0, 1) and is
independent of {q1, g), - - ., {(qi-1, g). We crucially use this property in the proof of Theorem 5.3.4.

5.3 No. of Linear Measurements vs No. of Adaptive Rounds

We now state the main theorem which shows a lower bound on the number of adaptive rounds
required for any deterministic algorithm to estimate the plant when the input is a random matrix
G + (a/vn) X, uiviT. We use this theorem to prove Theorem 5.1.1 and lower bounds for other
numerical linear algebra problems.

We prove the lower bound for the rank-r plant estimation by first proving a lower bound on the

rank-1 plant estimation and then reducing the rank-1 recovery problem to rank-r recovery problem.
For the rank-1 recovery problem, we prove the following lemma:
Lemma 5.3.1. Given an integer n, and parameters « > 10 and y > 1, define the n X n random matrix
M = G + suv™ fors = a/~/n, where the entries of G, u, v are drawn independently from the distribution
N(0, 1). Let Alg be any t-round deterministic algorithm that makes k > n adaptive linear measurements in
each round. Let Q1) R denote the matrix of general linear queries made by the algorithm in round j
and Q be a matrix with orthonormal rows such that rowspan(Q) = rowspan(Q™) + ... + rowspan(Q").
Then for all t such that O(k log(n)) < (Ka?y?)'k < O(n?) for a universal constant K,

Pry_gouot 1Q( @ 0)|I3 < (3K)k(Ka®y*)'] = (1-1/(10y))" — 1/poly(n).

Setting y = O(log(n)), the theorem shows that if t < clog(n?/k)/(loglog(n) + log(«)) fora
small enough constant c, then for any t-round deterministic algorithm,

Pry—Grsuot LIQ(u ® 0)|[5 < n?/100] > 4/5. (5.3)

Setting y = O(1), we obtain that if t < clog(n?/k)/(log(a)) for a small enough constant c, then
Pry_Gisuor [1Q(u ® 0)|I3 < n*/100] > 1/poly(n). (5.4)
The above lemma directly shows lower bounds on any deterministic algorithm that can approximate
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the rank-1 planted matrix.

5.3.1 Proof of Lemma 5.3.1

Before proceeding to the proof, we first discuss some notation, distributions and random variables
that we use throughout the proof. Fix an arbitrary deterministic algorithm Alg. Let A = G + suv™
be a fixed realization of the random matrix A. Recall s = a/+/n. The algorithm Alg queries a fixed
orthonormal matrix Q") and receives the response r' == 0 vec(A) = QW g+s0M (u®v) where
we use g = vec(G). As Alg is deterministic, in the second round it queries the matrix Q‘® [r(V]. We
use Q@ [r(V] to emphasize that Alg picks Q®® purely as a function of rV), It receives the response
r@ = 0@ [rM]g+sQ@[rM](u ® v) and picks queries Q® [rV), r?] for the third round and so
on. Using h) == (rM, ..., rD) to denote the history of the algorithm until the end of round j, we
havefor j =0,...,t—1

P = QU [ (g +5 - u @ 0).

Foreach j = 1,...,t, the randomness of A induces a distribution H () over histories until round j.
Then for u and v, the distribution H,E{)) = HY) | {u =u,0 = v} is the distribution of the history
of Alg after j rounds conditioned on u = u and v = v where the randomness in the histories is
purely from the randomness of G. Recall that without loss of generality, we assume all the general
linear queries made by the algorithm are orthogonal to each other. We first prove a tail bound on
the amount of information that a non-adaptive query matrix can obtain.

A Tail Bound

Let u and v be independent Gaussian random vectors. Let O € R¥"" be an arbitrary matrix with k
orthonormal rows. We have the following lemma.

Lemma 5.3.2. There is a small enough universal constant f§ such that for all k > n and C satisfying 4k <
Ck < 16n?, we have for any orthonormal matrix Qkx”2 that

Pry, [1Q(u ®0)|I5 > Ck] < exp(=fCk/n).

Proof. By Theorem 1.4 and Remark 1.5 of [Ver20], we have that

ct?

Pruo[IQ(u ® o)l > [|QllF + ] < exp (—2—)

n
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forall0 < t < 2n.For t = 4/Ck/4, for 4k < Ck < 16n?, we have that

Pry, [|Q(u ® 0)|l2 > VCk] < Pry,[||Q(u ® v)|ly = Vk ++/Ck/4]

o[-
- 8n

which implies, taking § = ¢/8, that Pry5[||Q(u ® v)||5 > Ck] < exp(—pCk/n). |

First Round

Let w(!) be the distribution of (u, v) where u and v are random variables that are independently
sampled from N (0, I,)). As already defined, the distribution of the history of the algorithm after the
first round for a fixed u, v is given by ngzl,) We have that HIE;) is the distribution of the random
variable

0Wg+s0Vu®o.

Let P,Szl,) be the distribution of the above random variable (although P,Szl,) = H,Szl,), we distinguish P,EZ)
and H,%) in later rounds) and let (V) = { PZS;) } be the set of distributions for all u, 0. Then we have

[P, wV) < E ) o [d(QW g +50M (u @ 0) || g,)]
< S E (g0t QM (@@ 0)|[5 = (a®/n)k.

We define the loss function

0 iflQ®0)ll; > fi(e, )k

L “><<,>,Q>:{
o TRe 1o @02 < fi(a )k

for O € R with orthonormal rows and some function f; (a, y) satisfying 4 < fi(a,y) < 16n%/k
for a parameter y > 1. From Lemma 5.3.2, we have

Ro(Loss™Y, wD) > 1 — exp(—-Bfi(a, y)k/n)

which implies

N (a?/n)k +1log(2)
—Bfi(e, y)k/n+log(2)

Picking fi(a, y) = Ka?y?, we have that Rpayes > 1 — 1/(100y?). Thus, with probability 1 — 1/(10y)
over (u,v) ~ w, we have that

RBayes >1

Pr,o_po [1Q* [RV](w® 0)II3 < fi(ay)k] = 1-1/(109).
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Let Good? be the set of all (u,v) that satisfy the above property. Let w® be the distribution of
(u,v) ~ w conditioned on (u,v) € GoodV. For each (u,0) € Good™V, let

GoodH() = { RV : |0P RV (u® v)||2 < fi(ar, y)k }.

We have for all (u,v) € GoodV that Pr, o) _p) RV € GoodH,(l}))] > 1 — 1/(10y). The overall

conclusion of this is that with a large probability over (u,v) ~ w'V, the squared projection of u ® v

on the query asked by Alg in round 2 is small with large probability over G.

Further Rounds

We first define the following objects inductively.

1.

For j > 2, let w) be the distribution of (u,v) ~ w\™) conditioned on (u,v) € Good"™V.
so w(/) is the distribution over only those inputs for which the squared projection of u ® v on
the query space of Alg until round j is small with high probability over G.

For (u,v) € GoodV™Y,
P,EZ) = distribution of K'Y = (RU~Y rU)) ~ H L%) conditioned on V™Y ¢ GoodH%_l).

Pl%) denotes the distribution over histories after round j, conditioned on the queries used
until round j not having a lot of “information” about u ® v.

. Let W) = {P,S{;) : (u,0) € GoodU ™V }.

Forj > 1,

Good) =
{(w0) € Good"™ : Pr, Lo [IQV MRV (u@0) 5 < fi(ay)k] 2 1-1/(10p) }.

The set Good"”) denotes those values of (u,v) for which with large probability over G, the
queries used by the algorithm until round j + 1 do not have a lot of “information” about u ® v.

For (u,v) € Good(j),

GoodHZ%) =
(A = (RUY, 7Dy . U € GoodHY™ and ||QUY [RD ] (u @ 0) |1 < fi(a, )k } .

GoodHl%) denotes those histories, for which the queries used by the algorithm until round
J + 1do not have a lot of “information” about u ® .

Let fy(a,y) = K and for j > 1, let fj(a,y) = Ka?*y*fj_1(a,y) for a large enough universal
constant K.
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Lemma 5.3.3. Forall 1 < j satisfying fj(a, y)k < 16n?,
1.

j 1
PI (00 [(,0) € Good)] > 1 - o

2. Forall (u,v) € Good(j),

: . 1
h()~pl) [hY) e GoodHi(i{))] >1- W

Pr
E(y0)-win [di (P 1| GO)] < fi(a y) (k/n),

where GU) is the joint distribution of j independent k-dimensional Gaussian random variables.

Proof. From the previous section, all the above statements hold for j = 1. Now assume that all the
above statements hold for rounds 1, . . ., j—1. We prove the statements inductively for round j. Recall
w() is defined to be the distribution of (u,0) ~ wU=D conditioned on (u,0) € GoodY ™, For each
(u,0) € GoodY ™ we now bound d(P\)||GW). By definition,

APLNG) = d (RO, r D) (g", .. o)

where ) = (RUD r()) ~ Pl%). Note that the marginal distribution of RO s given by condi-

tioning the distribution PY™Y on the event GoodHl(l{,_l). By Lemma 5.2.4, we have

di (RU7Y, ,.(j))”(gl(cl)’ N "gl(cj)))
= d (R V)1(g", ..., gV ™)) + By [dia ((rD) | BU) ||V
= d (P | GoodH ™) IGY™) + Eyy o gonu-0 [ (P9) [RU )] (5.5)

Now, using Lemma 5.2.3, we have

e (PIVIGUD) + 2
Prh(j*l)NP%—l) [h(]_l) (= GOOdH(j_l)]

(5/4)di (PE7V1GUV) + 5/2.

dKL((Pz%_l) | GoodH™)||GUD)

IA

IA

Here we used the inductive assumption that Prh(,-,l)wp]ﬁ,v-_l) [RUD € GoodH(j_l)] >1-1/(10y) >
9/10 where the last inequality follows as the parameter y > 1. Next, we upper bound the second
term in (5.5). We have that r)|hU) = QW [RUD]g + s(QY [RUV])(u ® v) is distributed as
N(s(QW[RYD])(u ® v), It) by rotational invariance of the Gaussian distribution. Therefore,

d ((rP1hI D) [1gV) = (1/2)s 0V [RY V] (u @ 0)II2 < (¢ /n) fi-1 (@, )k
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In the last inequality, we used the fact that hV=Y e GoodH,%_l). Finally,

E(y0) -t [A(PL NG < (5/4) o)t i (PSS VIGY™) +5/2 + a2 fi_i (a, y) (k/n)
< (5/2) E(yp)-niin di (P VIIGY™) +5/2 + iy (e y) (k/n)

as the distribution w/) is obtained by conditioning w/=) on an event with probability > 1 —
1/(10y) > 1/2 and dx (+||) = 0. Now, using the inductive assumption, we have

() [P 1G] < (5/2)fj-1 () (/) +5/2 + 0 f-a t, ) (k)
< 2* fi1 (@ y) (k/n) < fi(ay) (k/n)

where we use @ > 15. This proves the third statement in the lemma for round j. We also have,

I(wD, W)y < E(10)-w(i) [d(PYIGU)] < 2a*fi_1(a, y) (k/n). We now define a loss function L)
and use Bayes risk lower bounds to prove the remaining statements. Let

1 iflQueo)l; < fila )k

L <f>((,>,Q>:{
e 0 i) > fia )k

where QO € R¥" is an orthonormal matrix with k > n rows. We have for j such that fila,y)k <
16n?,

Ro(Loss¥), w\) = irQlf E (0) - [LossY) ((w,0), Q)] > 1-(1-1/(10y)) Y™ exp(—Bf;(a, y)k/n)

where we use Lemma 5.3.2 and the fact that the distribution w(/) is obtained by conditioning w®
on an event with probability > (1 — 1/(10y))/~!, which is obtained by chaining the first induction
hypothesis. By the generalized Fano inequality, we obtain

I(wP, 20)) +1log(2)
log(1 — Ry(Loss), w(1)))
- 2a?fi_1(a, y)k/n +1og(2)
— Bfiley)k/n+(j - 1)log(1-1/(10y))

RBayes (LOSS(j) » W U) )

v
—_

As fi(a,y) = Ka*y?*fi_1(a,y) and fy(a,y) > K for alarge enough constant K, we have

Bfj(a,y) 2 —10jlog(1 - 1/(10y))
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and therefore for K large enough,

RBayeS(Loss(j),w(j)) >1- 100,72

By definition of Rpayes, we conclude that
E oyt [Eyor_pop [Loss((,0), QU [RO])]] = 1-1/(1005%).
By Markov’s inequality, we have that with probability > 1—1/(10y) over (u,v) ~ w'/), it holds that

E [Loss((u,0), QVV[RV])] 2 1-1/(10y)

h(j)Np'(lJz'))

which is equivalent to
Pr 0 10U [ ) (u ® 0) 3 < fi(e k] = 1-1/(10y).

Thus, we conclude that Pr,, ) ,,i) [ (1, 0) € Good(j)] > 1 —1/(10y) and that for (u,0) € Good,
we have Prh<f>~Pf/U') [hY) € GoodH,%)] >1-1/(10y). |

Wrap-up

Let j > 1 satisfy f(a, y)k < 16n%. By definition, Good”) C GoodV ™ ¢ ...Good . We also have
w = Wl | Good ™) = w® | Good!V.
Now, using the fact that Good”) C Good" _1),

Pr, ..o [(u,0) € GoodV] . .
(wo)~wl! =Pr(, o [(1,0) € GoodY | (u,0) € GoodV™V]

Pr(u,U)NW(l) [(u,0) € Good(j—l)]
As w) = w® | GoodU ™ we have

Priy ) ~wn [(1,0) € GoodY | (u,v) € GoodV V] = Pr, ) wi [(1,0) € Good”]
> (1-1/(10y))

where the last inequality is from Lemma 5.3.3. Thus, Pr,, ) .., [ (&, 0) € Good] > (1-1/(10y)) .

103



Similarly, for (u,v) € Good", we have that

Prh(j)~H,5{;) [h(j) € GOOdHI%)]

‘ —— =Pr,,_,[h" € GoodH]
Prh(j’1)~H1ﬁfU"” [hUD) ¢ GoodHi(A{)_l)] ) ~pyJ by

> (1-1/(10y))
where again, the last inequality follows from Lemma 5.3.3. Thus,

Pr, )y [RY) € GoodH] > (1 —1/(10y))/.

Now, for (#,0) ~ wD and R ~ H\), we have that with probability > (1 — 1/(10y))% it holds
that (u,v) € Good"”) and A € GoodH!)). Thus, with probability > (1 — 1/(10y)) over the input
matrix G + a Y)_, u;o}, we have that

J J
DM@ o)} < Y fir(apk < 2fi(a k.
j'=1 j'=1

With probability > 1 — 1/poly(n), using Lemma 5.3.2, |0V (u ® v)||3 < klog(n). Using a union
bound, we obtain that with probability > (1 — 1/(10y))%¥ — 1/poly(n),

J
DQU R (u @ v) |} < 2fi(a, y)kr + Kk log(n)
j'=0

= 2kfy(a, y) (Ka®y?)! + Kk log(n)
= BK)k(Ka'y®)’

where K is a large enough absolute constant which proves the lemma for j such that (Ka?y?)! =
Q(log(n)).

5.3.2 Lower Bounds for estimating rank-r Plant

We show that the lower bounds on number of linear measurements required to estimate the rank-1
planted matrix can be extended to algorithms that estimate the rank-r planted matrix as well.

Theorem 5.3.4. Let nand r < n/2 be input parameters and a be a large enough constant. Let the random
matrix G + (a/\/n) X1, uiviT be the input which can be accessed using linear measurements. If Alg is a t-
round adaptive algorithm that uses k linear measurements and at the end of t-rounds outputs a matrix A such
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that with probability > 9/10 over the randomness of the input and the internal randomness of the algorithm,

r

A - Z uiviTH% < c(n®r)

i=1
for a small enough constant c, then t = Q(log(n?/k)/(log(a) + loglog n)).

Proof. Suppose Alg is a t round algorithm that uses k liner measurements in each round such that
when run on the matrix G + (a/y/n)uv™, it produces a matrix A such that with probability 9/10

over the input matrix,
|A - uvT||% < cn?

for a small enough constant c. By making the algorithm to query the vector vec(A) in round t + 1,
we can therefore ensure that if Q is the overall query space of the algorithm, then

Pr[||Q(u ® v)||5 = n®/100] > 4/5.

By Lemma 5.3.1, we obtain that t + 1 = Q(log(n?/k)/(log(e) + loglog n)) and therefore

t = Q(log(n®/k)/(log(e) + loglog n)).

Now suppose Alg, is a t round algorithm that uses k linear measurements of the input random
matrix G + (a/+/n) X1, uiviT and outputs a matrix A such that with probability > 9/10 over the
input,

.
A - Z u,-viTlllz7 < cn®r
i=1

for a small enough constant c¢. We obtain a lower bound on ¢ by reducing the rank-1 plant esti-
mation problem to the rank-r plant estimation problem. Suppose the input is the random matrix
G+ (a/\/ﬁ)ulvlT. We sample uy, ..., u, and vy, . . ., v, so that the coordinates of these vectors are
independent standard Gaussian random variables. Now we note that we can perform arbitrary linear
measurements of the matrix G + (a/vn) X|_; u,-vl.T since we have access to linear measurements
of G + (0{/\/ﬁ)ulvrlr and we know the vectors uy, . .., u, and v, ..., v,. We can then use Algorithm

Alg, to obtain a matrix A such that with probability > 9/10 over the input and our sampled vectors,

.
I ZuioiT —AllfJ < cn’r.
i=1

Condition on this event. We have ||A — [A]rH% gl uivl.T - A||% < cn?r which then implies
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| > u,-viT - [A],ll% < 4cn’r using the triangular inequality. Now, let P be the at most rank r

A

projection matrix onto the rowspace of the matrix [A], and assume that U and V are matrices with
columns given by uy, ..., u, and vy, . . ., v, respectively. From above, we get

UV (I -P)|I% < UV = [A], |1} < 4en’r
which then implies that
omin(U)?IVE(I = P[5 < lUVE(I = P)||}. < 4en’r.

Now, U is an n X r matrix with coordinates being independent standard Gaussian random variables.
We have from [RV09] that if r < n/2, then with probability 1 — exp(—n), omin(U) > c;v/n. From
[LMO00] we also have that with probability > 1 — exp(—n), con < |luq||%, ..., ||lu,||? < Cn for a small
enough ¢, and large enough C. Conditioned on all these events, we have

r r
Dllul 1 =PI < Cn ) llof (- P
i=1 i=1

(4cn’r)(Cn)
2

<cCn|lViI-P)|A < < (4¢cC/ey)n?.

1

Hence, at least 9r/10 indices i have the property that ||u,~vl.T (I - P)||2F < (40cC/cq)n?. Since the
marginal distributions of ulvlT, e, urz);r are identical, we obtain that with probability > 8/10,

1o (I = P)||% < (40¢C/ci)n?.

Note that rank of P is at most r and therefore P = QQ7 for an orthonormal matrix Q with at most
r columns. In the (¢ + 1)-th round, we make nr linear measurements of the input matrix and obtain
the matrix

GQ + (a/Vn)u0] Q

and therefore, we can obtain the matrix M = GP + (a/ \/ﬁ)ulvlTP. Let [M]; be the best rank-1
approximation of M in operator norm. We have

| [M]; = (a/Vm)usoi |2 < [[M]1 — M|z + [|M = (a/vVn)u0] P|,
+ [(a/Vn)u10{ P — (a/Vn)uo; ||
< IGP|l; + IGPIl2 + (a/Vn)V/(40cC/c1)n?.
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Since, ||Gl|2 < 2+/n with probability 1 — exp(—©(n)), we get

(Vr/a) [M]y — w0l ||z < (4/a +V40cC/ci)n

and

|(Vn/a)[M]; - ulv?ll% < 2(4/a + /40cC/c1)?n?.

For « large enough and ¢ small enough, by querying the vector vec([M];), we can again ensure that
if Q is the query space of the algorithm after ¢ + 2 rounds, we have with probability > 1/2 over the

input random matrix that
10(u; ® v1)]3 > n®/100.

We again have from Lemma 5.3.1 that t + 2 = Q(log(n?/k)/(loglog n + log )) and therefore that
t = Q(log(n?/k)/(loglogn +log )). O

5.4 Proof of Theorem 5.1.1

Using the reduction from matrix recovery with noisy measurements to plant estimation with exact

measurements that we described in the previous sections, we can now prove Theorem 5.1.1.

Proof of Theorem 5.1.1. Let o be any randomized algorithm that queries orthonormal measurements
of the underlying matrix A and outputs a reconstruction A of A satisfying ||A — AHZF < c||A||%
with probability > p, over both the randomness of the algorithm and randomness of the measure-
ments. Let A = (A, 7, ) where o captures the randomness of the algorithm and y captures the

randomness in measurements. First we have the following lemma.

Lemma 5.4.1. If there is a randomized algorithm A (A, o,y) such that for all rank < r matrices A with
IA[l}, = ©(nr),

Proy[lI4(A 0,y) - Al < cllAllg] = p,
then there is a randomized algorithm " such that for all A with ||A||2F = O(nr),

Proo[lld'(A+ G, o) — Allf < cllAll%] > p.

Proof. Fix a particular o. The algorithm first queries an orthonormal matrix Q") € R and re-
ceives arandom response r(V) = QW .vec(A)+g) where g(V) is a vector with independent Gaussian
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components of mean 0 and variance 1. As a function of (1), the algorithm queries an orthonormal
matrix QW [r(V] and receives the random response r® = Q@ [r(V] . vec(A) + g'? where g?
is again a random Gaussian vector independent of g(!). Importantly, we also have that Q@ [r(1] is
orthogonal to the query matrix Q'Y in the first round. The algorithm proceeds in further rounds
accordingly where it picks query matrices as a function of the responses in all the previous rounds.

Let G be an n X n Gaussian matrix with independent entries of mean 0 and variance 1. We now
observe that #() = QW . vec(A) + gV has the same distribution as Q1) - vec(A + G) by rotational
invariance of Gaussian distribution. Now conditioning on r(!), we obtain that r® = Q®@[r(] .
vec(A) + g'? has the same distribution as Q@ [r(V] - vec(A + G) as Q¥ [r(V] is orthogonal to Q)
and hence Q® [r(V] - g is independent of Q! g, again by rotational invariance.

Thus, we can consider a deterministic algorithm o1’ parameterized by the same o which exactly
simulates the behavior of o performing matrix recovery with noisy measurements. Thus,

Prg [l (A+G,0) - Alli. < cllAllg] = Pry[lIs(A o, y) - Allf < cllAllE]

Taking expectation over o, we obtain the result. O

Letuy,...,u,and oy, ..., v, be 2r random vectors with coordinates being independent standard
normal random variables. Let U be an n X r matrix with columns given by uy, ..., u, and V be an
n X r matrix with columns given by v4, . .., v,.

Claim 5.4.2. Ifr < n/2, With high probability,
1> ol I} = ©(n’r).
i=1

Proof. By definition, UV’ = 3| u,-vl.T. We now have 2nr > ||V||%J > nr/2 with probability 1 —

exp(—©(nr)) from [LM00]. From [RV09], with probability > 1 — exp(-@(n)), omin(U) > ¢’v/n for
a constant ¢’ and as seen in preliminaries, ||U||; < 2+/n. Thus, conditioned on both these events,
IOV 2 omin(U)IVIE 2 ?n(nr/2) = (*/2)n*r
and
IVTIE < IUI3IVIE < 8nr. O
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Hence ||(a/vn) XI_; ul-vlTHZF = O(nr) with a large probability. Therefore, we obtain that

Pruoolllsd ((a/vn) ) ww! +G,0) = (a/vn) ) wwl I} < cll(a/Vn) Y uio! [1}]
i=1 i=1 i=1
> (1 - exp(-0(n)))p.

Thus there is some o such that

Progllist ((a/vn) ) ol +G,0) = (a/vn) ) wol I} < cll(a/vn) Y uw] I}]
i=1 i=1 i=1
> p(1 - exp(-6/(n)))

which implies that with probability > p(1 — exp(—©(n))),

r

l(Vn/a)st' ((a/\/n) Zr: u,‘UlT +G,0) — Z u,-viTllf; < 2cn’r.
i=1

i=1

By picking ¢ small enough, we obtain using Theorem 5.3.4 that t = Q(log(n?/k)/loglogn) for
algorithms with success probability p > 9/10. O

5.5 Lower Bounds for Other Problems

5.5.1 Spectral Low Rank Approximation

Theorem 5.5.1. Given n,r € Z, if a t-round adaptive algorithm that performs k > nr general linear
measurements in each round is such that for every n X n matrix A, the algorithm outputs a rank r matrix B

such that with probability > 99/100, ||A — B||2 < 20,+1(A), thent > cigggzzg

We prove the following helper lemma that we use in our proof.

Lemma 5.5.2. If A is a rank-r matrix and B is an arbitrary matrix satisfying ||A — Bl|s < t, then ||A —

[B];|l2 < 2t, where [ B], denotes the best rank-r approximation of the matrix B in operator norm.

Proof. As A has rank at most r, we have t > ||[A — B||, > ||B — [B]/||2. Thus, ||A = [B],|l2 <

|A = Bllz +[|B = [B][l2 < 2t. O

Proof of Theorem 5.5.1. By a standard reduction, it suffices to show that there is a distribution on
n X n matrices for which any ¢-round deterministic algorithm which makes k general linear mea-
surements in each round and outputs a 2-approximate spectral rank approximation satisfies t >

clog(n?/k)/loglog(n).
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Consider the nxn random matrix M = G+suo™ for s = 500/+/n. Suppose there is a deterministic
t-round algorithm Alg that makes k linear measurements and outputs rank-r matrix K = Alg(M)
such that with probability > 99/100,

IM — K|z < 20,41 (M) < 2||G|l2.

This implies that ||suv™ — K||, < 3||G||2 and |[uv™ — K/s||; < 3||G]|2/s.

With probability > 1 — exp(—0(n)), we have 2v/n > ||ull2, ||l = Vn/2 and |G|l < 3+/n
simultaneously. By a union bound, we have that with probability > 0.98, |[uo™ —K/s||; < (9/500)n.
By Lemma 5.5.1, we have ||uoT —[K/s]1]l2 < (9/250)n which implies that lu®v—vec([K/s]1)|l5 =
luo® — [K/s]illE < 2lluo’ — [K/s]1ll3 < 2(9/250)*n* where we used the fact that the matrix
uv™ — [K/s]; has rank at most 2. Let g € R = vec([K/s]1)/||[K/s]1||F be a unit vector. We can
show that

(q.u ® v)* > n*/64

by a simple application of the triangle inequality. Thus, using Alg we can construct a deterministic
t + 1 round algorithm such that the squared projection of u ® v onto the query space is at least
> n?/64 with probability > 98/100. By (5.3), we have that t + 1 > ¢’log(n?/k)/loglog(n), and

therefore we have t > clog(n?/k)/loglog(n) for a small enough constant c. O

The following theorem states our lower bound for algorithms which output a spectral LRA for
each matrix with high probability.
Theorem 5.5.3. Given n,r € Z, if a t-round adaptive algorithm that performs k > nr general linear
measurements in each round is such that for every n X n matrix A, the algorithm outputs a rank r matrix B
such that with probability > 1 — 1/poly(n), ||A — Bll2 < 20,4+1(A), thent > clog(n?/k).

Proof of Theorem 5.5.3. The proof of this lemma is similar to that of Theorem 5.5.1. The existence of a
randomized ¢ round algorithm that outputs a 2-approximate spectral norm LRA for every instance
with probability > 1 — 1/poly(n) implies the existence of a deterministic algorithm that outputs
a 2-approximate spectral norm LRA with probability > 1 — 1/poly(n) over the distribution of G +
(a/\n)uov™. As in the proof of the Theorem 5.5.1, this algorithm can be used to construct a t + 1
round algorithm that with probability > 1 — 1/poly(n) over the matrix G + (a/vn)uvT, computes
a unit vector q satisfying

(q,u ® v)* > n*/64.

Now, (5.4) implies that t + 1 > clog(n?/k) for a small enough constant c. O

For the random matrix M = G + (a/+/n)uo™ for a large enough constant & considered in the
above theorem, we have that (o1(M)/0o2(M)) > 2 with high probability. Now consider the random
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matrix

o M 0
|0 3vnal_i|

With high probability, we have o,(M’) = 0;(M) > (a/2)yn and 0,,1(M’) = 03(M) < 24/n
implying o,4+1(M’)/0,(M’) < 1/2. A proof similar to that of the above theorem now shows that al-
gorithms using k > nr general linear measurements in each round and outputting a 2-approximate
rank-r LRA with probability > 1 — 1/poly(n) for matrices M with o,41(M)/o,(M) < 1/2 have a
lower bound of Q(log(n?/k)) rounds. Moreover for k > Cnr for a large enough constant C and
r = O(1), the randomized subspace iteration algorithm starting with a subspace of k/n-dimensions,
after O(log(n?/k)) rounds outputs, with probability > 1— 1/poly(n), a 2-approximate rank-r spec-
tral norm LRA for all matrices satisfying o,+1(M) /o, (M) < 1/2.See [Gu15, Theorem 5.8] for a proof.

Note that the subspace iteration algorithm starting with a subspace of k /n-dimensions performs
(k/n)-n = k general linear measurements in each round. Thus for r = O(1) and k > Cnr for alarge
enough constant C, the lower bound of Q(log(n?/k)) rounds for high probability spectral norm
LRA algorithms for “well-conditioned” (oy+1/0, < 1/2) instances is tight up to constant factors
and shows that general linear measurements offer no improvement over matrix-vector products for
well-conditioned problems. Thus, we have the following theorem.

Theorem 5.5.4. Any randomized t-round algorithm that with probability > 1 — 1/poly(n) outputs a 2-
approximate rank-r spectral norm LRA for any arbitrary matrix A satisfying o,(A) /0,41 (A) > 2, must have
t = Q(log(n?/k)), where k > nr is the number of linear measurements the algorithm makes in each round.

Moreover, for r = O(1), the subspace iteration algorithm [Gul5] matches the lower bound up to con-
stant factors and outputs a 2-approximate spectral norm LRA for all such instances with probability > 1 —
1/poly(n) in O(log(n?/k)) rounds.

5.5.2 Symmetric Spectral Norm Low Rank Approximation

An interesting property of the hard distributions from previous works [SEAR18, BHSW20] is that
those distributions are supported on symmetric matrices, and they hence obtain lower bounds for
algorithms that work even only on symmetric instances. Although our hard distribution is non-
symmetric, we can construct a distribution supported only on symmetric matrices and show lower

bounds on algorithms using generalized linear queries for symmetric matrices.

Theorem 5.5.5. Given n,r € Z, if a t-round adaptive algorithm that performs k > nr general linear
measurements in each round is such that for every n X n matrix A, the algorithm outputs arank r > 2 matrix

2
B such that with probability > 99/100, ||A — B||; < 20441(A), thent > clffgf?og/? .
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Proof. Consider the 2n X 2n random matrix M’ defined as

M/ — Oan M
MY 0,n

where M = G + suv?t for s = 500 /A/n and all coordinates of G, u,v are independent standard
Gaussian random variables. We have that for i € [n], 03;-1(M’) = 02;(M’) = 0;(M) and that any
arbitrary k generalized linear measurements of the matrix M” can be simulated using 2k general
linear measurements of M. Now suppose an algorithm that uses k general linear measurements in
each round outputs a rank r > 2 matrix K satisfying

IM" = K]l; < 20,41 (M) < 205(M).

Let the matrix K be of the form

As any sub-matrix of K has rank at most that of K, we obtain that K is a rank-r matrix satisfying
IM - Kzl < 205(M).

Thus, the existence of a t-round deterministic algorithm that uses k generalized queries in each
round and outputs a constant factor approximation of rank r, spectral norm LRA, for the random
matrix M" with probability > 99/100 implies the existence of a t-round algorithm that uses 2k
generalized queries in each round and outputs a constant factor approximation of rank-r spectral
norm LRA for the random matrix M with probability > 99/100. Now, as in the proof of Theorem 5.5.1,
we obtain that

log(n/2k) _log(n?/k)
>c >c .
loglogn loglogn

We obtain the proof by appropriately scaling n in the statement. O

The above theorem proves lower bounds for algorithms that solve constant factor rank-r spectral
norm Low Rank Approximation (LRA) for all r > 2 even for symmetric instances. This leaves open
just a lower bound on algorithms solving rank 1 spectral norm LRA for symmetric instances.

5.5.3 Schatten Norm Low Rank Approximation

We first note the following lemma which bounds the Schatten-p norm of an n X n Gaussian matrix.
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Lemma 5.5.6 (Equation 3.3 in [LNW14]). If G is an n X n matrix with independent entries sampled from
N(0,1) and p > 2, then with probability > 9/10, ||G]ls, < 30n1/2+1/p,
We now state the theorem that shows lower bounds for Schatten norm low rank approximation.

Theorem 5.5.7. Given n,r € Z, if a t-round adaptive algorithm that performs k > nr general linear
measurements in each round is such that for every n X n matrix A, the algorithm outputs a rank r matrix B
such that with probability > 99/100 we have

|A-Blls, <2 min ||A-X]s,
rank-r X

then

§ log(n?/k)
= T+ (1/p) log(n) + loglog(n)’

Proof. The proof is very similar to the proof of Theorem 5.5.1. Let M = G + suv™ fors = a/+n
for a to be chosen later. Let Alg be a t-round deterministic algorithm that outputs a 2-approximate
Schatten p-norm low rank approximation for M with probability > 99/100 over M. If B is the matrix
output by a 2-approximate Schatten-p LRA algorithm, then we have

2|IGlls,

luo" - B/s|| <

as min,,r x ||G + suv™ — Xlls, < lIGlls,. Using Lemma 5.5.6, with probability > 9/10 over M, we
have that

luo™ - B/slls, < 90n'/?/a.
By picking & = Bn'/? for a large enough constant B, we obtain that
luo™ = B/sll, < |luv™ - B/slls, < (9/250)n.

Similar to the proof of Theorem 5.5.1, we can construct a unit vector q € R™ such that with proba-
bility > 8/10 over M, we have

(q,u ® v)* > n’/64.

Using (5.3), we obtain that

log(n®/k) log(n?/k)

t+12>c¢ >c .
1+ log(a) + loglog(n) 1+ (1/p)log(n) +loglog(n)
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In particular, for p = O(log(n)/loglog(n)), this gives alower bound of Q(p(2—-log(k)/log(n)))
on the number of adaptive rounds required if an algorithm can query k general linear measurements
in each round. Recently, Bakshi, Clarkson and Woodruff [BCW22, Algorithm 2] gave an algorithm for
Schatten-p low rank approximation for arbitrary matrices that runs in O(p'/?log(n))* iterations
to output a constant factor approximation. For instances with o, (A)/o,+1(A) = 1+ Q(1), Saibaba
[Sai19, Theorem 8] showed that randomized subspace iteration gives a constant factor approxima-
tion to rank-r Schatten-p norm LRA in O(log(n)) iterations using nr linear measurements in each
round.

5.5.4 Ky-Fan Norm Low Rank Approximation

Theorem 5.5.8. Given n,r € Z, if a t-round adaptive algorithm that performs k > nr general linear
measurements in each round is such that, for every n X n matrix A, the algorithm outputs a rank-r matrix B
such that with probability > 99/100 we have

|A-B|lr, <2 min ||[A-X]p,
rank-r X
then

t > c - log(n*/k)/(log(p) +loglog(n)).

Proof. Again consider the same instance M = G + suv with s = a/+/n for a chosen later. If K is a
2-approximate rank-r low rank approximation of M in Ky-Fan p norm, then

IG +suv" - K|lr, < 2||Gllp,

which by the triangle inequality implies that ||suvT — K IF, < 3lIGllr,. As [|Gll2 < 2+/n with high
probability, we have that [|Gl|r, < 2p+/n with high probability. Thus,

6pn
|suo™ — K/sll, < ||suv™ —-K/sllg, < opn

Picking a = Bp for a large enough constant B, we obtain that using the matrix K, we can construct

“Although their algorithm is stated to use rp!/® log?(n) matrix-vector products, this does not appear to have been
optimized, and looking at the analysis it runs in at most p'/?log(n) iterations, where each round queries at most r
matrix-vector products.
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a unit vector g such that (g, u ® v)? > n?/64, thus showing a

f=c. M(log(p) +loglog(n))

round lower bound on any algorithm that performs k general linear measurements to output a 2-
approximate rank-r approximation in Ky-Fan p norm. O

For p = O(1), the Block Krylov iteration algorithm [MM15] gives an O(1) approximate solution
to the rank-r Ky-Fan norm low rank approximation problem in O(log(n)) rounds while querying
nr general linear measurements in each round. Thus, our lower bound on constant approximate
algorithms for Ky-Fan norm LRA is optimal up to a loglog(n) factor for r, p = O(1).

5.5.5 Frobenius Norm Low Rank Approximation

Theorem 5.5.9. Given an n X n matrix A with 01(A)/o2(A) > 2, if a t-round algorithm outputs a rank-
1 matrix B satisfying |A — Bl|%, < (1 + 1/n)||A — [Al1||% with probability > 99/100, then we have
t > clog(n?/k)/loglog(n).

First, we prove the following helper lemma.

Lemma 5.5.10. Given A € R™" ifarank r matrix Bisa 1+ 1/(n—r) approximate rank r Frobenius norm
LRA, then

A = BII3 < 20,41 (A)*.

Proof. We use the fact [Gu15, Theoem 3.4] that if a rank r matrix satisfies ||A—B||127 < ||A-[A], ||2F+17,
then ||A - B||2 < ||[A— [A],||l2+n.1f Bisa 1+ 1/(n — r) approximate solution for rank r Frobenius
norm LRA, we have

1
14 =B < (1 + T) 14~ [AL 12

0r1(A)? + ...+ 0,(A)?
n—r
< A = [ALL I + 0141 (A)?

< lA - [A] ]I} +

which implies A — BII3 < |4 ~ [A][13 + 041 (A)? = 20,41(A)". 0

Proof of Theorem 5.5.9. Using the above lemma, we have that whenever ||A — B||127 < (1+1/n)||A-
[A]1]l% for a rank 1 matrix B, then ||A — BJ|5 < 2||A — BJ|%. Consider the random matrix M = G +
(a/n)uv™ considered in Theorem 5.5.1. With probability > 99/100, we have that oy (M) /05 (M) >
2 by picking « to be a large enough constant.
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A t-round randomized algorithm for (1 + 1/n)-approximate rank-1 Frobenius norm LRA thus
implies the existence of a (¢ + 1) round deterministic algorithm that with probability > 98/100
over the random matrix G + (a/+/n)uv™ makes general queries such that the squared projection of
u ® v onto the query space of the algorithm exceeds n?/64 using similar arguments as in proof of
Theorem 5.5.1. Now, using (5.3), we obtain that

t > clog(n®/k)/loglog(n)
for a small enough constant c. O

For matrices A with o1 (A) /02 (A) > 2, subspace iteration algorithm gives a 1+1/n-approximate
solution in O(log(n)) rounds using n-linear measurements [GLO81, MM15]. The above lower bound
shows that if an algorithm is allowed o(log(n) /log log(n)) adaptive rounds, then the algorithm has
to make n>°() linear measurements in each round, which is almost as many measurements as is

required to read the entire matrix.

5.5.6 Lower Bound for Reduced-Rank Regression in Spectral Norm

Given matrices A, B, and a rank parameter r, the reduced-rank regression problem in spectral norm
is defined as

min ||AX — B||.
rank-r X
Taking A = I, we have that the spectral norm low rank approximation is a special case of the reduced-
rank regression problem. Thus we have the following lower bound on the number of rounds of an
adaptive algorithm that outputs a 2-approximate solution for the reduced-rank regression problem.
Theorem 5.5.11. Ifa t-round adaptive algorithm which given arbitrary n X n matrices A, B and a parameter
r outputs a 2-approximate solution for the reduced-rank regression problem with probability > 9/10, then
t = Q(log(n?/k)/loglog(n)) where k is the number of linear measurements of the matrices A and B that
the adaptive algorithm performs in each of the t rounds.

With nr adaptive linear measurements in each round, the above theorem gives a lower bound of
Q(log(n/r)/loglog(n)) on the number of rounds required to obtain a factor 2 approximation. In
Chapter 6, we obtain an algorithm for reduced-rank regression that outputs constant factor approx-
imations to the reduced-rank problem in O(poly(logn)) (ignoring polylogarithmic factors from
condition numbers) adaptive rounds using nr linear measurements in each round.

If the matrix B = M+ P has the structure of a planted matrix studied in this chapter with P being
arank r matrix and ||P||, > 10||B — [B],||» and if the matrix B is well conditioned, then we can find
an O(1) approximate solution to reduced-rank regression problem in O(log(n) + log(||P||/OPT))
rounds, where OPT is the optimal value of the reduced-rank regression problem.
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First, we find a rank r matrix P’ such that || B-P’||; < 2||B—[B],||2 in O(log(n)) adaptive rounds
using the Block Krylov iteration algorithm of [MM15], which queries nr linear measurements in each
round. Now, for any matrix X,

IAX = P'|lz = [|AX = Bz + ||B = P’||2 = [|AX — B||z + 2 - OPT.

Let P’ = UXV " be the singular value decomposition with matrix UY. having r columns. Then
using high precision regression routines (see [Woo14] and references therein), we find a matrix X
such that

|AX — AA*UZ||% < e|UZ||A < 107¢]| P2

in O(log(1/¢)) iterations, where each iteration queries nr linear measurements. Again, using the

triangle inequality, we have
IAXVT — P'||, = |AX - US|, < |[AATUS — AX||; + [[AATUS = US|,
If X™* is the optimal solution for the reduced rank regression problem, we have

|AATUS - US|, = |AATUSVT —UsVT|,
< JJAX™ = P,
< ||AX* = B||l; + 2 OPT = 3 - OPT.

Wealso have |AA*US-AX||; < |[AA*US—AX||p < O(Vre||P||s). Weset e = (OPT/||P||2)%/Kr for
alarge enough constant K and obtain that |AA*US—AX]||, < OPT.Overall, we have ||[AXVT—B||, <
IAXVT — P’||, + 2 - OPT < 6 - OPT. Thus, we obtain a 6-approximate solution in O(log(n) +

log(||P||2/OPT)) iterations given that A is well-conditioned and B is of the form M + P with || P||, >
10]|M || for a rank r matrix P. Thus the lower bound is near optimal for algorithms that output O(1)
approximate solution for planted models and well-conditioned coefficient matrices.

5.5.7 Lower Bound for Approximating the i-th Singular Vectors

Theorem 5.5.12. If a t-round algorithm, given an n X n matrix A and i < n/2, outputs unit vectors u; and
v; such that with probability > 9/10,

lu; — uill2 < 1/10 and ||o] — v;]|, < 1/10
where u; and v; are respectively the i-th left and right singular vectors of the matrix A, then
t = Q(log(n”/k) /log log(n)),
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where k is the number of linear measurements the algorithm performs on the matrix A in each of the t rounds.
We also have a t = Q(log(n?/k)) lower bound on the number of rounds required for an adaptive algo-
rithm to compute approximations to the i-th left and right singular vectors with probability > 1—1/poly(n).

Proof. Consider the n X n random matrix M = G + (a/v/n)uv’ for a large enough constant a.
The existence of a t-round algorithm as in the statement implies that there is a deterministic -
round algorithm that outputs approximations to singular vectors of the matrix M with probability
> 9/10. We then have that 10]|G||, < ||(a/vn)uv™||; and ||ul|, ||v]l2 > Vn/2 with large probability.
Condition on this event. Let v; € R" be the top right singular vector of the matrix M. We have

(9/10)|(a/Vm)uv" ||z < [[(a/Vr)uo ||z = |Gz < IM]lz = [|(G + (a/Vn)uo " )oy]|2.
By the triangle inequality, we have

l(@/Nmyu(@ o)z = I(G + (a/Vn)uv ")l - Goyll2
> (9/10)|[(a/Vr)uo' ||, - (1/10)[|(a/Vr)uv" |,
= (8/10) - (a/m)lullzllo" ||2-

Thus, we obtain that [0 vy| > 4/5||v]|,. Similarly, if u; is the top left singular vector, we have that
luTuy| > 4/5||ul|2. Suppose v is a unit vector such that ||o; —o{||> < 1/10. Then, |0TU;| > |oTo,| -
(1/10)||2]|2 = (7/10)||v||2. Similarly, |uTu;| > (7/10) which implies

(W] ® v}, u®0v)? = (U, u)* (v}, v)* > (49/100)||u|l5|lv||3 > n®/10.

Thus, with a large probability over the random matrix M, approximations to the top left and right
singular vectors of the matrix M can be used to construct an n®-dimensional unit vector g such that
(g,u ® v)? > n?/10. Thus, we have a t + 1 round deterministic algorithm such that the squared
projection of u ® v onto the query space of the algorithm is > n?/10 with probability > 8/10 over
the random matrix M. Now, (5.3) implies that t + 1 > clog(n?/k)/loglog(n) for a small enough
constant c.

To extend the above lower bound to approximating i-th singular vector for all i < n/2, we can
use the following instance:

M =
0 S

v

where M is the (n/2) X (n/2) random matrix G + («/ \/n_/z)uvT and S is a deterministic diagonal
matrix chosen such that the top singular vectors of M correspond to i-th singular vectors of the
matrix M’. If S is chosen to be the diagonal matrix with i — 1 values equal to 10y/na and the rest
of the entries are set to 0, we have that with high probability that the i-th left and right singular
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vectors of M’ correspond to the top left and right singular vectors of M as ||M||; < 10y/na with

high probability. Now the existence of a t-round randomized algorithm to approximate i-th left and
right singular vectors of an n X n matrix for i < n/2 with probability > 9/10 implies that there
is a deterministic t-round algorithm that approximates the top left and right singular vectors of
the (n/2) x (n/2) matrix M with probability > 8/10. From the above argument we have t + 1 =
Q(log((n/2)? 1K) /log log(n/2)) = Q(log(n?/k) /log log(n)).

The lower bounds for algorithms that output approximations to singular vectors with probability
> 1 — 1/poly(n) follow similarly using the high probability lower bounds from (5.4). O

5.5.8 Lower Bounds for Sparse Matrices

The following theorem gives a lower bound of Q(log(m/k)) rounds on adaptive algorithms that
compute 2-approximate spectral norm LRA for matrices with at most m nonzero entries.

Theorem 5.5.13. Any t round randomized algorithm that computes, given an arbitrary n X n matrix A with
at most m nonzero entries, a 2-approximate rank r spectral norm LRA of A with probability > 1—1/poly(m),
must have t = Q(log(m/k)), where k is the number of general linear measurements queried by the algorithm

in each of the t rounds.

Proof. We consider the distribution of the v/m x y/m random matrix G + (a/m'/*)uv™ for a large
enough constant a and embed this instance into an n X n matrix. Clearly, all the matrices drawn
from this distribution have at most m nonzero entries. And from Theorem 5.5.3, any deterministic
algorithm using k linear measurements in each round and computing a 2-approximate spectral norm
approximation for a matrix drawn from this distribution, with probability > 1 — 1/poly(m), must
use Q(log((vVm)?/k)) = Q(log(m/k)) rounds.

Thus by Yao’s minimax lemma, any randomized algorithm that outputs a 2-approximate spectral
norm approximation with probability > 1 — 1/poly(m) for an arbitrary matrix with m nonzero
entries must use t = Q(log(m/k)) rounds. |

The above theorem implies that any algorithm with only O(1) adaptive rounds must query Q(m)
linear measurements. This lower bound is tight up to constant factors as with 2m linear measure-
ments, since all the m non-zero entries of any arbitrary matrix can be computed in just 1 round using

a Vandermonde matrix [FR13, Theorem 2.14].

5.6 Conclusions and Open Questions

In this work, we study the measurements-vs-number of rounds trade off for estimating a low rank
matrix planted in Gaussian noise in the linear measurements model and use the result to obtain
lower bounds on the number of rounds necessary for computing a Spectral norm low rank approxi-
mation, Frobenius norm low rank approximation problem etc. Our lowerbounds show that if one uses
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n?=2W linear measurements in each round, then the algorithms have to run for ﬁ(log n) rounds
thereby proving that linear measurements are not much more powerful than matrix-vector products
for many linear algebra problems.

The block Krylov iteration algorithm of [MM15] uses k matrix-vector products in each round
and a total of O(log n/+/¢) rounds to compute a 1 + ¢ approximate rank-k Spectral norm low rank
approximation for an n X n matrix. [BN23] show that for k = 1, the algorithm block Krylov iteration
algorithm is optimal in terms of the number of rounds. A major open question is if it is optimal for all
values of k. Another interesting question is if linear measurements let us obtain better dependence
one.
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Chapter 6

Reduced-Rank Regression with Operator
Norm Error

6.1 Introduction

Given an n X ¢ matrix A, an n X d matrix B, and an integer parameter k, the reduced-rank regression
problem asks to find a rank-k matrix X € R for which ||AX — B||, where || - || denotes some
matrix norm. A standard motivation is that by constraining X to have rank at most k, the solution X
can be represented using only (¢ + d)k parameters rather than c - d parameters. Another important
motivation is that the rank constraint provides regularization on the solution, which often leads to
better generalization. Yet another motivation is that the solution X can be explained by at most k
latent factors, and one can try to interpret the latent factors, plot them [BL94], and so on. This is
commonly done in ecology, where reduced-rank regression is known as redundancy analysis [LA99],
and is a type of ordination method [KBW*19]. For a survey, we refer the reader to the textbook by
Velu and Reinsel [VR13] devoted to reduced-rank regression.

The min, ¢ x ||AX — B|| problem is only known to have a closed form solution when the er-
ror measure is the Frobenius norm. In this case, the solution is given by X = A*[AA*B] (see,
e.g., [FT07]). Here for a matrix M, recall that [ M]; denotes the best rank k approximation for M in
Frobenius norm and M* denotes the Moore-Penrose pseudo-inverse. This has a natural geometric
interpretation - project each of the columns of B onto the column span of A and find the best rank-k
approximation to the projected matrix. By the Pythagorean theorem, one can show there is no loss
in this approach, as the optimal cost decomposes into the sum of squared distances of columns of B
to the column span of A followed by the best rank-k approximation to the projected matrix inside
the column span of A.

In a number of applications, the Frobenius norm is not the right measure. For example, in cancer
genetics more robust versions are desired, and versions based on the sum of Euclidean lengths in-
stead of the sum of squared Euclidean lengths are sometimes used [SC17]. Still, in other applications,
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the operator norm error solution may give a solution of much better quality. Indeed, if B has a heavy
tail of singular values, as is common for data analysis and learning applications, then it has no good
rank-k approximation, much less one in the column span of A, and consequently, outputting an X’
with ||AX" — B||% < (1+¢)||AXF — B||%, where XF is the optimal Frobenius norm solution, may be
meaningless as one could just set X" = 0. Indeed, this is sometimes a motivation (see, e.g., [MM15])
for the low rank approximation problem with operator norm error, which is a special case of our
problem when A = B, and a number of works [HMT11, JLSW20, KL15, SKT14] suggest considering
operator norm error in certain contexts.

It is tempting to think that the optimal Frobenius norm solution holds is also optimal for the
reduced-rank regression problem for other unitarily invariant norms, such as the operator norm.
However, one can show this is not the case. Indeed, let X be the solution to min, . x ||[AX — B||F.
It was shown by [Bou11] that this is a V2-approximation, namely, that || AXp — B||, < V2-OPT where
OPT = minyk x ||AX — B||2. Unfortunately, the V2 factor is tight and there are instances where
the Frobenius norm solution really does give at best a V2-approximation. Suppose, for example’

0 0 1 0
A=|1 0|,andB=|1 0
0 1 0 1+y

For the problem min . x ||AX — B||F, the optimum solution is

1 0
,WithAXp —B=-[1 0
0 1+y 0 0

and thus, ||AXy — B||2 = V2. On the other hand, for

Lo 1 0
X = OI,AX—B:—O 0 1,
0 1+vy

and so ||[AX — B||, = (1 +y). As y — 0, the approximation factor becomes arbitrarily close to V2.
We note that the reduced-rank regression problem in operator norm is non-convex in X due
to the rank constraint, and it is not even clear this problem can be solved in polynomial time. Of
the few techniques that are known for rank-constrained optimization, they do not apply here. One
common method is alternating minimization, writing the problem above as miny y ||AUV — B||2,
where U € R™* and V € R¥*4, The idea is to fix U, then solve for V, then fix V and solve for U,
and repeat. When U is fixed, then V. = (AU)"B is the optimum, and when V is fixed, the solution

'We thank Ankur Moitra for pointing out this example to us.
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turns out to be U = A*BV™*, though this is not as obvious, see (1.3) in [Mah07], taking p — oo,
for a proof. It turns out if one initializes with the Frobenius norm solution U, V, then each of these
operations does not change U or V, and so by the example above, alternating minimization gives at
best a V2-approximation. Other techniques include sketching to a small problem, and solving the
small problem in the sketch space; sketches are well-known not to apply to operator norm low rank
approximation problems, motivating the first open question in [Woo14].

This issue of polynomial time solvability was raised in the control theory literature by Sou and
Rantzer [SR12], where a (1 + ¢)-approximation was obtained, but the time required to find the so-
lution was at least the time to perform a singular value decomposition (SVD) on matrices A and B,
which is prohibitive for large n, ¢, and d. This is a common setting of parameters and indeed, one
of the motivations for constraining X to have rank at most k in the first place. This motivates the
question:

“Are there fast algorithms for reduced-rank regression with operator norm error?”

6.1.1 Main Result

We answer the question above by designing a new randomized algorithm running in time

2 2
0] ((nnz(gB) K + nnzg(fls) i + ZI—IZ + % - polylog(k(B),n,d, k,1/¢) + ¢ | .
Here, x(B) denotes oy (B)/ok+1(B). This significantly improves over Sou and Rantzer’s polynomial
time result, which takes Q(nd? + nc?) time.

We note that spectral low rank approximation is a special case in which A = B, and the best
known upper bound is O(nnz(A) - k/+/e) for this problem, up to logarithmic factors [MM15]. A
major open question in randomized numerical linear algebra is to improve this bound (see, e.g., Open
Question 1 of [Woo014]), or show that it is not possible. We note that for k = 1, in the matrix-vector
query model, Q(1/+/¢) queries is known to be required [BN23]. Another important point is that when
n = cand d = 1, this is just the time to solve an arbitrary linear system, for which the best known
time is ¢”. Improving either spectral low rank approximation or linear system solving is a major
open question, and barring that, our algorithm is optimal up to a 1/¢ factor and polylogarithmic
factors involving matrix dimensions and condition numbers.

6.1.2  Our Techniques

Let OPT = inf,anik x |[AX — B||2, B be such that (1+¢)OPT < 8 < (1+2¢)OPT, and let A = BT (I -
AA*)B. The work of Sou and Rantzer [SR12] shows that Xz = AT[AATB(B%I - A) /2] (B - A)Y/?
satisfies ||AX — B||2 < . For completeness, we give a short proof of this fact. It is not a priori clear
how to extract a fast algorithm from this expression. Multiplying out all the matrices, computing an
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inverse square root, and taking an SVD would take a prohibitive amount of time which is essentially
the algorithm of [SR12].

We instead show that not only the best rank k approximation of the matrix AA*B(f*I — A)~1/2,
but even a 1+ ¢ approximation in spectral norm yields an overall solution of cost at most f(1+0O(¢)).
To obtain such a 1 + ¢ approximation, we next try to apply the iterative method of [MM15] which
computes the Krylov matrix K = [C - G, (CCT) - C - G, (CCT)? . C - G,...,(ccTyaD/2. c.G]
where G is a Gaussian matrix with k columns, ¢ = O(log(d/¢) \/1_/8) is an odd integer, and C =
AA*B(B?I — N)~Y/2, The first problem with this approach is that we have to compute the matrix
product CG and to do this, in each iteration we need to (1) multiply by the square root of an inverse
(multiplication by (%I — A)~/2), and then (2) project onto the column span of A (multiplication by
AAY).

Computing exact matrix-vector products with the matrices AA* and (%I — A)~/2, is slow when
¢, d are large, and finding the matrices AA* and (%I — A)~'/? takes at least Q(nc?+nnz(B) - ¢ +d°)
time. To avoid such a running time, we show that the Block Krylov Iteration algorithm of Musco and
Musco [MM15] works even with approximate matrix-vector products i.e., we only need algorithms
to compute vectors C o v and CT o v’ for arbitrary vectors v, v’ such that ||C o v — Col|; and ||CT o
v’ — CT’||, are small. Here and in rest of the chapter, we use the notation M o v (resp. M* o v’) to
denote an approximation to the matrix-vector product Mo (resp. M v’).

An important idea of Musco and Musco [MM15] is that the Krylov matrix K spans a rank k ma-
trix p(C)G = Yodd i<g pi(CCTY=D2G where p is a polynomial, such that projecting the columns
of the matrix C onto the column span of p(C)G gives a good rank k approximation for the matrix
C. To prove that the algorithm works even with approximate matrix-vector products, we first show
that the approximations computed to matrices (CCT)=D/2CG fori =1, ..., q are good enough to
imply that the approximate Krylov matrix K’ spans a matrix Apx that is close to the matrix p(C)G
in Frobenius norm. To then conclude that the column space of Apx is also a good subspace to project
the matrix C onto, we need to show that (Apx) (Apx)* ~ (p(C)G)(p(C)G)*. We prove a simple
lemma that shows if ||p(C)G — Apx||r is small, and p(C)G has a good condition number, then
I(p(C)G)(p(C)G)* — (Apx)(Apx)*||, is small. Crucially, as G is a Gaussian matrix that has, with
good probability a good condition number, we only have to bound o1 (p(C))/ox(p(C)) to obtain
a bound on the condition number of p(C)G. Using several properties of Chebyshev polynomials
used to define the polynomial p(x), we show that o1 (p(C)) /o (p(C)) can be bounded in terms of
k = 01(C) /0141 (C), which finally shows that the k-dimensional column span of Apx is also a good
subspace to project the columns of C.

As the parameters of the polynomial p(x) are unknown, we cannot actually compute the matrix
Apx and then project C onto the column span. But using the fact that K” spans Apx, we can conclude,
similarly to the arguments of [MM15], that the best rank k Frobenius norm approximation of C in
the span of K’ is a good rank k approximation to C. Using the oracle to compute approximate matrix-
vector products with the matrix C, we recover a 1 + ¢ approximation to the best rank k Frobenius
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norm approximation of C inside the span of K’, which we then show is a 1 + ¢ approximation to
a spectral norm low rank approximation of matrix C. Our analysis that the Block Krylov Iteration
algorithm works with approximate matrix-vector products could help justify why the Block Krylov
Iteration algorithm works well when using finite precision arithmetic rather than exact arithmetic.
Our results address the comments of [MMS18] about the stability of block Lanczos based methods for
problems such as low rank approximation. Though several analyses of the noisy power method have
been done previously [BDWY 16, HP14, HR13], where each intermediate computation is corrupted by
Gaussian noise, we are not aware of an analysis that works for worst case corruption. Also, previous
work bounds the amount of Gaussian noise that can be added in terms of a gap between oy and oy1,
which can be 0, and would not work for our analysis.

We return to the task at hand, i.e., of computing a low rank approximation of AA*B( %I —A)~1/2,
We show that we can replace the matrix (I — A)~'/? with the matrix (1/8)r(A/ %), where r(x) is
a polynomial of degree O(1/+), using polynomial approximation techniques based on Chebyshev
polynomials (see, e.g., [SV14] and the references therein). Here we crucially use the fact that (1 +
26)OPT > f > (1+¢)OPT > (1 + ¢)||(I — AA™)B||, to lower bound the minimum singular value
of the matrix (B%I — A), thereby obtaining an upper bound on the number of terms required to
approximate (I — (A/B%))~'/? with a Taylor series. Then we replace each monomial in the Taylor
series with a low degree polynomial approximation to construct a polynomial r(x). The replacement
of (B2I—-A) /2 with the matrix r (A /%) is done as we can give very fast algorithms to approximately
multiply a vector with the matrix r(A/f?), as discussed below.

Let M’ = AA*B-r(A/B?).Recall A = BT (I— AA*)B. To approximate the matrix-vector product
Au for an arbitrary vector u, we need only approximate BT AA*Bu, since BT Bu can be computed
exactly in nnz(B) time. For computing an approximation to AA* (Bu), we use fast sketching-based
preconditioning methods for linear regression, which show, given an arbitrary vector b and accu-
racy parameter ¢y, how to find a vector x for which |[Ax — AA*D||; < éregll(I — AAY)D||; in
time O((nnz(A) + ¢?) log(1/ Ereg) + ), where w ~ 2.376 is the exponent of matrix multiplication
[CW17, MM13, NN13]. We note that we only need to pay the ¢“ time once to compute a precondi-
tioner, after which each regression problem takes O((nnz(A)+c?) log(1/¢reg)) time. This algorithm
to approximately compute Au for an arbitrary vector u is extended to approximate r(A/f?) - v for
an arbitrary v. After approximating the product r(A/f?) - v with a vector y, we approximate the
vector AA* By again using the sketching-based preconditioning methods for linear regression.

similarly, we also give an algorithm to approximate .0’ T’ for an arbitrary vector v’. Thus, as

discussed above, we can obtain using a Block Krylov algorithm, a matrix Z with orthonormal columns
for which [|ZZT " — M’||; < (1 + €)0ps1 (M) and then conclude that

|AA*Z(AA*Z)*B — B|l; < (1+0(¢))B = (1+ O(¢e))OPT
and that the rank k matrix X = A*Z(AA*Z)*Bis a 1 + O(¢) approximation for the problem
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min g,k [|AX — Bl|2.

The time complexity of our algorithm depends logarithmically on x(B) = o1(B)/0y+1(B) and
k(AA*B) = 61(AA*B)/0r.1(AA*B). We show that if B = B + aGFY where G is an n X (k + 1)
random Gaussian matrix and F' has k + 1 orthonormal rows, then for a suitable value of «, the
condition number k (AA*B) < (Cn/e)x(B) for a constant C. We also show that a 1+¢ approximation
for reduced rank regression computed using the matrix Bis a 1 + O(e) approximation for reduced
rank regression on matrix B, thus removing the dependence on k (AA*B). Note that matrix-vector
products with B can be computed in nnz(B) + (n + d)k time.

3/2 ignoring polylogarithmic factors, where

Our final dependence on ¢ in the running time is 1/¢
a factor of 1/+/¢ is from the number of iterations in the Block Krylov Iteration algorithm of [MM15],
a factor of 1/+/¢ is from the degree of the polynomial r(x), which is used to approximate matrix
(B*I-A)~'/2 with a matrix r(A/ %), and a factor of 1/+/¢ is due to the running time of high-precision
regression methods based on the accuracy with which the approximate matrix products need to be

computed.

6.2 Notation and Preliminaries

For matrices M and M’ of the same dimensions, (M, M’) denotes tr(MTM’) = i MiiM; - We
use the following standard facts repeatedly: for any matrix M, (1) |[M|l, < |[|M||g, (2) M|l <
yrank(M)||M||; and (3) Py, = MM™. For any matrices A, B and C, (i) tr(ABC) = tr(BCA), (ii)
IABCllr < [|All2lIBllF|ICl|2 and (iii) (A, B) < [|Allr||B|lr.

For a symmetric matrix M, define psd(M) to be the closest positive semi-definite matrix to M
in Frobenius norm. It can be shown that if M = 3}, A;0;0., then psd(M) = X1 50 Aivi0] .

Weyl’s Inequality. For matrices A and B, Weyl’s inequality gives that 0y, ;1 (A + B) < 0;(A) +
oj(B) forall i and j. In particular, if [|[A — Bl|; < ¢, |0i(A) — 0i(B)| < eforall i.

Polynomials and Matrices. Let p(x) = Zflzo pix’ be a degree d polynomial. We define ||p||; =
3. |pil to be the sum of absolute values of the coefficients of the polynomial p(x). Given A € R™,
let A = USVT be the singular value decomposition of A with % € R™, Define p(A) = Up(Z)VT
where p(2) is the matrix with main diagonal entries p(oy), ..., p(oy). It is easy to check that the
singular values of p(A) are equal to [p(ay)], ..., |p(cq)].

Singular Value Excess. Let A € R™? with n > d be an arbitrary matrix. Let o7 > o > --- >
o4 > 0be the singular values of matrix A. The Singular Value Excess of matrix A, denoted by sve(A),
is defined as the number of singular values of matrix A that are greater than or equal to 1 i.e.,

sve(A) = |{ie[d] | o =1}

As eigenvalues of matrix I — ATAare1 - ¢? < -+ < 1 - a5, sve(A) is equal to the number of

1
non-positive eigenvalues of the matrix I — A A, For any symmetric matrix M, let k~ (M) denote the

126



number of non-positive eigenvalues of the matrix M. For any matrix A, sve(A) = k= (I — ATA).

Sketching Based Preconditioning for High-Precision Regression. Given a matrix A € R™¢
and a vector b € R", we use fast sketching based preconditioning methods given by the following
theorem to obtain a (1 + ¢) approximation to the problem min, ||Ax — b||2. See [Woo14] and refer-
ences therein for more background.

Theorem 6.2.1 (High Precision Regression/Approximate Projections). Given a matrix A € R™€ and
avector b € R", we can compute a vector x in time O((nnz(A) + c?) log(1/¢) + c©) that satisfies || Ax —
bl|2 < (1+¢)||AA*D — b||2. By the Pythagorean theorem, the vector x obtained satisfies || AA*b — Ax||3 <
el|AATD - b3

We have to pay ¢ only once to compute a preconditioner. Thereafter, every regression prob-
lem can be solved in time O((nnz(A) +c*) log(1/¢)). We use HIGHPRECISIONREGRESSION (A, b, €) to
denote the algorithm implied by Theorem 1. We extend the notation to compute approximate pro-
jections of each of the columns of matrix B, instead of just a single vector b, onto the column space
of A.

Low Rank Approximation(LRA). Recall that the matrix [A]; optimally solves the problems
min ¢ x |A — X||r and ming,k x [|A — X||2. As computing [A]x exactly is expensive, we use
the Block Krylov Iteration algorithm of [MM15] to obtain a matrix Z € R™* for which ZZTAis a
good solution to the Frobenius norm and spectral norm low rank approximation problems.

Theorem 6.2.2 ((MM15]). Given a matrix A € R™ such that the products Av € R" and ATv’ € R? can
be computed in time T for any vectorsv € R% and o’ € R", the Block Krylov Iteration algorithm runs in time

klogd nk*log’(d) Kk*log®(d)
el/2 € £3/2

o|T

and returns a matrix Z € R™* with orthonormal columns for which

IA=ZZ Alls < (1+9)|A - [Alillz and |A = ZZ Allp < (1+)[|A - [Alilr-

Frobenius Norm Reduced-Rank Regression. As discussed in the introduction, there is a closed
form solution to the reduced-rank Frobenius norm regression problem.

Lemma 6.2.3 (Lemma 4.1 of [Woo014], Lemma 2 of [MM15]). Given matrices A € R™¢, B € R"™¥4,
and a rank parameter k < c, let matrix Q denote an orthonormal basis for the column span of A. Then
min,guck x |AX = Bllr = [|Q[Q" Bl — Bllr = [[[AA*B]) — Bllp. fFUS2UT is the sVD of QT AATQ,
and Uy denotes the first k columns of U, then [Q" B = Uy UkT QT B, and therefore

min_[|AX = Blp = |Q[Q" Bli - Bllr = |(QUx) (QUx)" B - Bllr.
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Chebyshev Polynomials. The Chebyshev polynomials are defined as
To(x) =1, Ti(x) = x and T;(x) = 2xTi—1(x) — Ti-2(x)

foralli > 2. Thus, T;(x) is a polynomial of degree i. It can be shown that if i is odd, then T;(x) has
only odd degree monomials. Chebyshev polynomial T; has the property that || T;||; < (1 + V2)' for
all i. See [MM15] for more properties of Chebyshev polynomials.

6.3 Previous work

Let A € R™C be a matrix and USVT be the “thin” SVD of A, where U is an orthonormal basis
for the column space of A. Note that the projection matrix onto the column space of A is given by
AA* = UUT. The first algorithm to solve min,ax x ||AX — Bl|2 was by Sou and Rantzer [SR12].
They consider the following problem:

minimize rank(X)

such that [|[AX — B||, < 1. (6.1)

As multiplying a matrix with a projection matrix does not increase the operator norm, we have that
|IAX — Bl = ||(I - AA")(AX — B)||2 = ||(I — AA*)B||>. Thus, the problem is feasible only when
|(I = AA")B||; = ||(I - UUT)B||; < 1. The following theorem characterizes the solution for (6.1).
Theorem 6.3.1 ((SR12]). Given matrices A € R™ and a matrix B € R™<, if there is a matrix Y such
that ||AY — B||, < 1, then the optimum value of (6.1) is sve(B) where sve(B) denotes the number of singular
values of B that are greater than or equal to 1.

For an arbitrary s > 0, consider the problem (6.1) with matrices A/s and B/s. The problem is
feasible if and only if ||(I — UUT)(B/s)||; < 1,i.e., if and only if ||(I = UUT)B||, < s. Suppose s is
such that s > ||(I—=UU™)B||,. Then Theorem 6.3.1 implies that there is a rank k matrix X such that
I(A/s)X — (B/s)||2 < lifand only if k > sve(B/s), i.e., ox+1(B/s) < 1. This argument shows that
for any s > max(og.1(B), ||(I = UUT)B||,), there is a rank k matrix X such that ||AX — B||, < s.
Thus, OPT = max(oy41(B), [|[(I = UUT)B|,).

It is interesting and perhaps surprising that the above theorem implies we can obtain a solution
that has a value max (o1 (B), ||(I-UUT)B||;), which is a simple lower bound on the optimum. This
shows that if ||(I = UUT)B||; < ok41(B), there is a rank k matrix in the column span of matrix A
that is as good of an approximation to B in spectral norm as [ B] . Also, if || (I—UUT)B||; > oy41(B),
then there is a rank-k matrix in the column space of A that is as good of an approximation to B in
spectral norm as AA*B = UU ' B, the projection of B onto the column span of A.

We thus have the following corollary summarizing the discussion above. The corollary was also
observed in [see Nam15, Section 4] in terms of a different parameter they call the critical rank.
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Corollary 6.3.2. Given matrices A € R™°, B € R™ and a parameter k,

inf ||AX - B|l, = max(||(I — AA")Bl|;, ok+1(B)).
rank-k X

We give a proof of Theorem 6.3.1 for completeness in Appendix B.1.1. Our proof is similar to the
proof in [SR12] with some minor changes.

6.4 Reduced-Rank Regression in Operator Norm

We first consider the case when c, d are small. In this case, we could assume that we can compute
matrices U and A, where U is an orthonormal basis for the column span of matrix A, and the matrix
A = BY(I-UUT)B. We give a simple algorithm that demonstrates our techniques. We then extend
these ideas to the case when ¢, d are large, for which computing an orthonormal basis for A and
computing A is prohibitively expensive.

From Corollary 6.3.2, we have that OPT = max(||(I — UUT)B||3, ox+1(B)). Let 8 be such that
(14 ¢€)OPT < S < (1 + 2¢)OPT, which can be found using the Block Krylov algorithm. Throughout
the chapter, we assume we know the value f.

Lemma 6.4.1. If there exists a rank-k matrix X such that |[UX — Bl < B, then op41(UTB(S?I —
A2 < 1.

The proof of this lemma is in Appendix B.2.1. The proof of the above lemma also shows that if
we can find a matrix Y of rank k such that ||Y — UTB(S%I — A)~'/2||; < 1, then we can obtain a
matrix X = Y(B%I — A)Y/? such that |UX — B||; < f. Thus, we can compute the SVD of the matrix
UTB(BI-A)~/? and obtain [UTB(S*I-A)~'/?]; and obtain a solution [UT B(f2I—-A)~"/?] (B*I-
A2 of cost .

Computing an exact SVD, as required in the proof of above Lemma, is much slower than com-
puting a rank k matrix that satisfies the guarantees of the best rank k matrices approximately. The
following lemma shows that we can obtain a solution of cost close to f even if we can compute a
rank k matrix Y such that ||Y — UTB(*I — A)"2||, < 1 +e&.

Lemma 6.4.2. IfY is a rank k matrix such that ||Y — UTB(S?I — A)~Y/2||, < 1 + ¢, then we obtain that
|UY (BT — A)Y/? — B||, < (1 + ¢)B. Furthermore, |[UY(UY)*B — Bl|; < (1 +¢)p.

The proof of this lemma is in Appendix B.2.2. The above lemma states that a 1 + ¢ approxima-
tion to the best rank-k approximation of the matrix UTB(B%I — A)~'/2 in operator norm is suffi-
cient to find a solution of cost (1 + ¢€)f to the reduced-rank regression problem. We can use the
Block Krylov algorithm to compute such an approximation. The Block Krylov algorithm of Musco
and Musco [MM15] only needs an oracle to compute matrix-vector products. In the case when ¢, d
are small, we can compute the matrices U, (2I—A)~"/? and then given arbitrary vectors v, v’ we can
compute UTB(B?I — A)""?v and (%I — A)"V/2BTUv’ and hence run the Block Krylov Algorithm.
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Algorithm 6.1: Low Rank Approximation with Approximate Matrix Multiplication
Input: M € R™4 k € Z, ¢ > 0,0racley; : R? x ¢ —> R", Oracleyr : R" X ¢ — R4
Output: Z € R™k

1 G~ N(0,1)PK &« 67(M)/0ks1(M), g «— O((1/+e) log(d/e))

2 & — O (min(e/(Kz+5qk5d2Cq)),82/(481c(1<2(\/q_k)k)))
/* Let o denote approximate matrix-vector products using the Oracles
with accuracy e */
3 K — [(MMT)@ D20 0 G, (MMT)*@ 320 0 G, ..., Mo G]
s Q' « Orthonormal basis for K’
s [0,5%,07] « sVD(QT(M o (M" 0 Q"))
6 Uy «First k columns of U
7 Z «— Q'Uy

This gives a 1 + O(¢) approximation to the reduced-rank regression problem.

When r,d are large, it is expensive to compute the matrices U, A and (%I — A)~'/2, As the
analysis in [MM15] works only when exact matrix-vector products can be computed, we cannot run
the Block Krylov algorithm unless we compute the matrices U, A or at least are able to compute

exact matrix vector products with the matrix U™ B(f2I — A)~1/2

. So we analyze their algorithm and
show that it works even using approximate matrix products instead of exact matrix products, given

that the error is low enough.

6.5 Block Krylov Iteration with Approximate Multiplication Ora-
cle

Given a parameter k and an oracle to approximately compute Mo and Mo/, given arbitrary vectors
v and v’, we would like to compute a matrix Z with k orthonormal columns such that

IM = ZZ"M]l5 < (1 + €)ors1(M). (6.2)

Specifically, suppose we have an oracle that, given an arbitrary vector v and approximation parame-
ter &,, can compute in time T (&) a vector M ov such that | Mo — (M ov)||2 < &||M||2||v]|2, and also
given an arbitrary vector v’ and accuracy parameter ¢, can compute in time T'(&,) a vector M ™ o v’
such that [|[MTo" = MT 0 0/||, < &||M||2]|v’||2. We are also given k = o1(M) /g1 (M), and we want
to compute a matrix Z as in (6.2).

Our algorithm to compute such a matrix Z is Algorithm 6.1. 1t is essentially the same as the
Block Krylov algorithm of [MM15] with exact matrix-vector multiplication replaced by approximate
matrix-vector multiplication with accuracy parameters as defined in our algorithm. Our main result
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for this section is the following theorem that states that the Block Krylov algorithm of [MM15] works
even with approximate matrix-vector products.

Theorem 6.5.1. Let M € R™ k < d be a rank parameter, and ¢ > 0 be an accuracy parameter. Let
k = 01(M) /0rr1(M). Given access to an oracle that can in time T (¢,) compute vectors M o v and M o o’
such that

IMoo— Mol < &l[Mll2lloll; and [[M" 00" = M 0|l < eo[|M][2]|0” |2,

for any vectors v and v’, Algorithm 6.1 computes a matrix Z € R™ with k orthonormal columns such that,
with probability > 3/5, ||(I = ZZT)M||; < (1 + €)0g41(M). The running time is

£ &
O|IT|————gk+T|———— | gk
( (2K5qk9d2Dq) wr (192K2(\/qk)k) ! ) ’

where ¢ = O ((1/+/e) log(d/¢)) and D is an absolute constant. Further, if the approximations M o v are
spanned by M for all v, then the columns of the matrix Z are also spanned by the matrix M.

Proof Sketch. The proof of the Block Krylov algorithm of [MM15] first shows that there is a poly-
nomial p(x) that has only odd degree monomials such that the k-dimensional column space of the
matrix p(M)G, where G is a Gaussian matrix with k columns, spans a (1 + ¢€) approximation. As we
do not know how to compute this polynomial p(x), the proof shows that the Krylov Space K spans
this matrix p(M)G and then shows that the rank k Frobenius norm approximation of the matrix M
inside the Krylov subspace K is also a 1 + ¢ spectral norm rank k approximation.

We adapt their proof to the case when we can compute matrix-vector products only approxi-
mately. We first show that the approximate Krylov matrix K’ computed by Algorithm 6.1 is close to
the actual Krylov matrix K in Lemma B.3.1. However, this lemma is not sufficient to directly prove
that the rank-k Frobenius norm approximation of M inside the column space of K’ is a 1 + ¢ rank-
k spectral approximation, since the matrices K and K’ can be very poorly conditioned. Therefore,
similar to the matrix p(M)G in [MM15], we define a rank-k matrix Apx (see Equation B.3) and show
that the matrix Apx is spanned by K’. Then we show in Lemma B.3.8 that the matrix Apx is close to
p(M)G. Using an upper bound on the condition number of the matrix p(M)G (see Lemma B.3.5), we
conclude in Equation B.4 that the projection matrices onto the column spaces of the matrices Apx
and p(M)G are close to each other.

Similar to the argument of [MM15], we encounter the issue that this matrix Apx cannot be com-
puted as we do not know the parameters of the polynomial p(x), but we do have that this matrix Apx
is spanned by the column space of K’. Using this fact, we show that an approximate rank k Frobenius
norm approximation of M in the column space of K’ is also a 1 + ¢ spectral norm rank k approxima-
tion for the matrix M. We also show that this approximate rank k Frobenius norm approximation
can be computed using approximate matrix-vector product oracles.
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6.6 Approximate Oracles and Reduced Rank Regression

Lemma 6.4.2 shows that if Y is a rank k matrix such that ||Y — UTB(B%I — A)"Y/?||; < 1+ ¢, then
IUY(UY)*B — B||, < (1+ ¢)p. Based on this result, we prove the following lemma which shows
that a low rank-approximation of the matrix AA*B(S%I — A)~'/? suffices.

Lemma 6.6.1. Let Z € R™F be a matrix with orthonormal columns such that
JAA*B(BAI — A)™V% — ZZTAA*B(B?T — A) V2|, < 1 +e.

Then || (AA*Z)(AA*Z)*B — B||; < (1 +¢)p.

The proof of the lemma is in Appendix B.4.1. Hence, if we can get a good k-dimensional space Z
for approximating the matrix AA*B(f*I — A)™'/2, we can then obtain a good k dimensional space
for B. We first show that we can instead find a low rank approximation for a matrix AA*BM/ , for
a suitable matrix M, which will also be a good low rank approximation for AA*B( %I — A)~'/2,
Lemma 6.6.2. Given § > (1+¢)OPT, there exists apolynomial r (x) of degree at most t = O (1/+/elog(x/¢))
such that for M = r(A/B?), if Z is a matrix such that

IAA*BM/B — ZZ" (AA*BM/B)||2 < 1+¢,

then |[AAYB(S — A)~Y2 — ZZTAA*B(B — A)™ V2|, < 1+ O(e). Furthermore, ||r|l; = O((1 +

V2) V1T E/ED Log(ic/6) fe), IIMI|; < 2/VE, and min(M) > 1/2.

The proof of the above lemma is in Appendix B.4.2. From Theorem 6.5.1, to find a 1+ ¢ approxima-
tion for rank k spectral norm low rank approximation (LRA) of the matrix /', we need only a way to
compute the products Jil’v and Jl’ v’ for any vectors v, o’. As r(A/ %) is a polynomial in the matrix
A/ P2, it is much easier to design approximate multiplication oracles for the matrix AA*BM/f3 than
for the matrix AA*B(B%I — A)~'/2. The following lemma shows that we can compute good approxi-
mations to the matrix vector products and then compute a 1 + ¢ approximation to the LRA of matrix

M = AATBIE)

Lemma 6.6.3. Given arbitrary vectors v, 0" and an accuracy parameter &, Algorithms B.1 and B.2 compute

vectors y, y’ such that || M'v — yl||2 < &ll|v||2 and oo - Y'll2 < &llyllz in time

T(er) = O(t - (nnz(B) + (nnz(A) + c*) log (k(B)*[Irll:/ (ere))))
+O((nnz(A) +¢*) log(k(B)/ (ee)))

wheret = O(4/1/elog(x/e)) and ||r||s = (1 + \/5)0(1/‘/;103("/5)) log(x/e)/e.
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Algorithm 6.2: Operator Norm Regression

Input: A € R™,B € R™ keZ >0
Output: X’ € Rk X" ¢ Rk¥d
B — (1+¢/2) max(ox41(B), [|(I — AA)B|2)

-

2 A — BT(I- AA")B /* Not computed explicitly =/
/* Let r(x) be the polynomial given by Lemma 6.6.2 *x/
3 J' — (AAYB/B)r(A/B?) /* Not computed explicitly */

s Z « Algorithm 6.1(M’, k, /2, APXPRODUCT, APXPRODCUTTRANSPOSE)
5 X’ «— HIGHPRECISIONREGRESSION(A, Z, 1/2)
6 X" —ZT.B

6.6.1 Main Theorem

We finally have our main theorem that shows that Algorithm 6.2 outputs a 1 + ¢ approximation in
factored form. The proof of the theorem is in Appendix B.4.4.
Theorem 6.6.4. Given matrices A € R™ and B € R™, q rank parameter k < c and an accuracy

parameter €, Algorithm 6.2 runs in time

nnz(B) -k nnz(A) -k c%*k
@) (( . t— st polylog(k, k(AA*B),d, k,1/¢) + ¢“ |,

and with probability 4/5 outputs a matrix Z with k orthonormal columns, for which colspan(Z) C colspan(A),
such that || ZZ'B - B||l, < (1 + €)OPT. It also outputs matrices X’ € R and X" € R**? such that

|A(X" - X") = Bll, = |ZZTB - B||; < (1 +¢)OPT.

6.6.2 Removing x(AA*B) Dependence

We observe that we can add a random rank k + 1 matrix to B to obtain a matrix B for which x (AA*B)
is bounded in terms of k(B). We also show that any arbitrary vector v can be multiplied with the
matrix B in time comparable to nnz(B).
Lemma 6.6.5. Given any matrices A € R™“and B € R<d ifrank(A) > k + 1, then there exists a matrix
B such that if
IAX = Bllz < (1+¢/2) min_||AX - BJ; (6.3)
rank-k X

for a rank k matrix )?, then
|AX = Bl|5 < (1+¢)OPT.

Additionally, k(AATB) = 01(AA*B)/0y+1(AAYB) < (Cn/€)o1(B) /01 (B), and given a vector v, Bo
can be computed in O(nnz(B) + (n + d)k) time.

The proof of this lemma is in Appendix B.4.5. Therefore, we run Algorithm 6.2 on matrix Band
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can compute a (1 + ¢)-approximate solution to the problem min, . x ||[AX — B||2 in time

B) - k d)k? A -k %k
0] ((nnz(g ) + (n +€ ) + nnzg(LS) + ;—5 - polylog(k, n,d, k,1/¢) + ¢ | . (6.4)

6.7 Conclusions and Open Questions

In this work, we obtain fast algorithms for the reduced-rank regression with operator norm error.
One of the key ingredients is showing that the Block Krylov iteration algorithm of Musco and Musco
[MM15] does not need exact matrix products and that accurate matrix products are sufficient. But
to satisfy the accuracy requirements in our algorithm, we require polynomial in 1/¢ and k bits of
precision.

The main open question is to determine if Block Krylov iteration algorithm, when run with only
polylogarithmic bits of precision, computes accurate solutions. In a recent work [KW24], using the
stability analysis of Musco, Musco, and Sidford [MMS18] for the Lanczos algorithm, we show that
the LazySVD algorithm of Allen-Zhu and Li [AZL16] for computing Schatten-p norm low rank ap-
proximation (for p > 2) can be implemented with only polylogarithmic bits of precision. To our
knowledge, this is the first stable algorithm for low rank approximation that can be implemented in
time O(nnz(A) - k - polylog(n)/+/¢). But block based algorithms are significantly fast on modern
computing architectures and therefore resolving the stability of block Krylov iteration algorithm on
floating point machines is still an important problem.
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Chapter 7

Optimal Deterministic Coresets for Ridge
Regression

7.1 Introduction

Linear least squares regression is one of the most popular tools for fitting a linear hypothesis to a
given data set and ridge regression is an important regularized variant. When the number n of data
points is very large, an intriguing question is whether there exists a small weighted subset of the
data points which represents the entire data well for ridge regression. These subsets are often called
coresets.

Let A be an n X d input matrix and B an n X d’ matrix of labels corresponding to the data points
in A. Here each label is a d’-dimensional vector. Let a; € R? denote the i-th row of A. In the multiple-
response least squares regression problem, the goal is to find a matrix X such that || AX — B||% is min-
imized, where for a matrix C. In the ridge regression problem, we additionally add an #,-regularizer
to the cost and now the goal is to find a matrix X which minimizes ||AX — Bll% + Al X ||%, where
A > 0 is the regularization parameter.

We call a subset S C [n], along with corresponding weights w; > 0 for i € S, an e—coreset if the
solution to the ridge regression problem

X = argmin » willal X = bill3 + AlIX[I}

ieS

is a (1 + &)-approximate solution to the ridge regression problem miny [|[AX — B||2F + A X ||2F =
miny Y, |lal X — b;|| + /'l||X||2F ie.,

IAX s = BIIE + Al X5l

< (1+¢) | min [|AX — BI% + AIXIIE | -
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Ideally, we would like to have the size |S| of S be independent of n and depend linearly on the dimen-
sion of the data d and sublinear in 1/¢. In the case of ridge regression, it is often desirable to have
bounds in terms of the statistical dimension sd of the input (defined below), which is always at most
d and often significantly smaller than d.

Obtaining small subsets which accurately represent the entire data set is crucial for data interpre-
tation and for efficient communication protocols. Note that unlike other solutions, such as directly
computing the covariance matrix, coresets preserve the sparsity of the data. Indeed, if the rows of A
and B are sparse, then the selected rows in the coreset are also sparse. As we will see, small coresets
are extremely useful in giving efficient communication protocols to solve problems in a distributed
setting.

In this work we focus on deterministic algorithms, i.e., algorithms with zero error probability.
Since coresets are often composed multiple times in distributed protocols, this is desirable so that
the error probability does not compound. Deterministic algorithms are automatically robust to ad-
versarial inputs. In the distributed setting, the data at some servers could be a function of the core-
sets at other servers and the guarantees in this chapter will continue to hold.

7.1.1 Previous Work

There is a vast body of work on least squares and ridge regression, and we only touch upon the
works most relevant to ours here and refer the reader to the surveys [Mah11, Woo14] and refer-
ences therein. There is a long line of work on randomized sampling algorithms for speeding up least
squares regression, see, e.g., [DKM06a, DKM06b, DKM06¢c, DMMS11]. Since our focus here is on de-
terministic algorithms, these are not directly useful for us. In the unregularized case, a direct tech-
nique that we can apply is the deterministic spectral sparsification result of Batson, Spielman, and
Srivastava (BSS) [BSS12]. There are also several followup works [ALO15, LS18, CP19], but they give
randomized rather than deterministic algorithms.

Assume d’ = O(sd;) < d. The issue with directly using the BSS algorithm for ordinary least
squares regression is that naively one would need a so-called subspace embedding of the column
span of C = [A, B], the matrix with the columns of B adjoined to those of A. Consequently, this
would result in a coreset S containing O(d/e?) rows, which is larger than the O(d/¢) that we de-
sire. We instead achieve O(d/¢) rows by combining the deterministic guarantees needed for regres-
sion in [ACW17] with a deterministic row selection algorithm achieving approximate matrix prod-
uct in [CNW15]. Using this property, we can then bootstrap from it to in turn obtain a coreset of
size O(sd, /¢). Directly applying techniques in [ACW17] would instead result in a coreset containing
O(sd; /€?) rows.

Previous work [MJF19] has also observed that one can preserve the covariance matrix CTC ex-
actly by a coreset of O(d?) rows by using Caratheodory’s theorem, which can be implemented in
deterministic polynomial time. However, it was not known if there is a matching lower bound in
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the case of least squares regression. There are strong lower bounds for cut and spectral sparsifiers
[ACK*16, CKST17]; however, they fail to apply to the case of regression when there is a specific B
matrix given.

There is also a body of work on distributed regression, for which each of the rows of C = [A, B]
reside on a single server. We refer the reader to the recent work [VWW19] and references therein. As
shown in [VWW19], for ordinary least squares regression, ©(d?) words of communication per server
is necessary and sufficient to solve the problem up to any relative error accuracy. The protocol is
simple - each server computes its local covariance matrix and sends it to the coordinator, which
can then solve the least squares problem exactly. While [VWW19] proves this is optimal, even to
obtain a constant factor approximation, it need not be optimal if each row of C only has O(1) non-
zero entries. In this case one could hope to do better than d? communication by transmitting a
small number of rows. We note that by Caratheordory’s theorem, one can still transmit O(d?) rows
or O(sdi) rows for the regularized version, assuming d’ < sd;, but the hope is to do even better.
Alternatively, one can transmit a subspace embedding using O(d/e?) rows, or O(sd; /&?) rows for
the regularized version, but these are not linear in 1/¢. Thus, an interesting question arises if there is
a deterministic protocol achieving better communication. To the best of our knowledge, such work
has not considered the sparse case, i.e., when each row of A and corresponding row of B have at most

O(1) non-zero entries.

7.1.2 Our Contributions

Given matrices A € R™? B € R™? and parameter A, we give a deterministic algorithm to find an
e-coreset S of size O((sdy(A) + d’)/¢) and corresponding weights. We do this by using Corollary
1 from [CNW15] on suitably defined matrices and show that the matrix S thus obtained defines an
e-coreset for the ridge regression problem. This immediately gives that, with parameter A = 0, there
is an e-coreset of size O((rank(A) +d’)/¢).

Theorem 7.1.1. Given matrices A € R™4 B € R™4 gnd A > 0, there exists a matrix S which selects and

scales O((sdy + d") /) rows of A such that solution to the ridge regression problem
min [[SAX — SB[} + A[IX[f
isa (1 + €) approximate solution to the ridge regression problem
. _py2 2
min | AX — BJf% + 2]1X]%.

Using e-coresets, we give an efficient communication protocol for computing a 1+¢ approximate
solution to multi-response ridge regression in a distributed setting with communication complexity
of O(s - t - (min (s - sdy(A), rank(A)) + d’)/¢) words where s is the number of servers and ¢ is the
maximum number of non-zero elements in a row of [A, B]. In the case of t < d, this protocol is
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much more efficient than d? words which corresponds to naively sending the matrices AT A; to the

central server.

Theorem 7.1.2. If rows of matrix A € R™ are partitioned among s servers and corresponding rows of

B € R™? gre partitioned too, then there is a deterministic communication protocol using

s-t-(min(s-sdy(A), rank(A)) +d’)
€

O( ) words,

where t is the maximum number of non-zero entries in a row of [ A, B].
We finally show that our bounds on the coreset size are tight in the case of Multiple Ridge Re-

gression for a certain setting of A.

Theorem 7.1.3. Forall ¢ such that 1 < 1/100¢ < d and A < 1/4e, there exist matrices A, B € R4/100exd
for which any matrix S that selects and rescales k rows of A and B such that the solution to

min ISAX — SB|| + A|IX|I%

isa (1 + &)-approximation to
- 2 2
min IAX — Bll% + AlIX ||

has k = Q(sd;(A)/¢) rows.

7.1.3 Notation

A typical ridge regression problem is given by inputs A € R™%, b € R" and A > 0. Let a; € R be
the vector corresponding to the i-th row of matrix A and b; € R be the i-th component of vector b.
Let x* denote the optimum solution for ridge regression and define OPT = ||Ax* — b||5 + A[|x*||5. A
set S C [n] along with weights w; > 0 for i € S defines the weighted ridge regression problem

mxinz wi(aiTx — b))%+ Al|x|l3.
i€S
Let X5, be the optimal solution for the ridge regression problem defined by S, w. We say (S, w) is

an e-coreset if
| A5, — BII5 + AllXsll5 < (1 + €)OPT.

For notational convenience, we define a selecting and scaling matrix S corresponding to set S C n
and w, such that
|ISAx — Sb|)? = Z wi(alx = b;)?.
i€eS

By a selecting matrix, we mean that each row of S has exactly one non-zero entry.
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7.1.4 Preliminaries
Singular Value Decomposition
Statistical Dimension

Definition 7.1.4 (Statistical Dimension). For a matrix A € R™ with non-zero singular values

01, 03, . . ., 04, the statistical dimension with respect to A > 0, sd; (A), is defined to be
rank(A) 1
sd;(A) = 3 (7.1)
i—1 1+5
oF;

Wherever A is apparent, we use the notation sd, for sd)(A). Note that sd;(A) < rank(A) < d.
This definition of statistical dimension captures our intuitive notion that as A increases, the impor-
tance of the data decreases. Furthermore, if 1 > af/ ¢, then the vector 0 is a 1 + ¢ approximate
solution for any ridge regression problem with data matrix A and regularization parameter A (See
Lemma 14 of [ACW17] for a proof).

Below we note some properties of the statistical dimension we use in our proofs.

Lemma 7.1.5 (Lemma 12 of [ACW17]). If A is a matrix with orthonormal columns such that

range(A) = range(

20
VAI
and if Uy comprises the first n rows of A, then U1 = sdr(A) and UL 15 = 1/(1+ A/0}) < 1.

The following lemmas follow directly from the definition of the statistical dimension and the fact
that the singular values of a sub-matrix are dominated by the singular values of the whole matrix.

Lemma 7.1.6. If A’ is the sub-matrix of A formed by taking rows of A, then sd;(A”) < sd;(A).
Lemma 7.1.7. Foranyr > 1,sd;/,(A) < min(r - sd)(A), rank(A)).

Spectral Sparsification

Theorem 7.1.8. (BSS Algorithm [BSS12]) Given n vectors vy, s, . . ., Uy € RY, there exists a subset S C [n]
of size O(d /%) with corresponding weights w; > 0 for i € S such that

n n
(1-2¢) Z v,—viT =< Z wiv,-vl-T < (1+¢) Z viviT
i=1 icS i=1

and there is a deterministic polynomial time algorithm to find this subset along with the corresponding weights.
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7.2 Upper Bounds for Linear Regression

In this section, we show that there exists an e-coreset of size O(d/¢) for “linear regression” in the
single response case (when X has one column) and O((d + d’) /¢) in the multiple response case and
show that the BSS algorithm can be used to find this coreset deterministically.

7.2.1 Single Response Linear Regression

Lemma 7.2.1 (Lemma 1 of [CNW15]). IfS is an e-subspace embedding for colspan(A, B),

IATSTSB — A" B|; < || All2|Bll2.

Theorem 7.2.2. IfS is a y/¢/4 subspace embedding for colspan([A, b]), then Xopr = arg min . ||SAx —
Sb||2 = (SA)*(Sb) isa (1 + £)-approximate solution for the regression problem min, || Ax — b]|2.

Proof. The proof goes along the line of [Sar06]. Let A = UXVT be the “thin” singular value decom-
position of A. Define xopr = arg min,. ||Ax — b|3. Using the Pythagorean theorem, we have

|| AXopr = bll5 = || Axopr = bl + || AXopr — Axopr|l5 = OPT + [|A(SA)* (Sb) — AA™b||5.

Note that AA*b = UUTb and (SA)* = ((SA)T(SA))1(sA)T = (vzuTsTsusvT)-lvsuTsT =
VETL(UTSTSU)TUTST, Using these, we can write

IA(SA)*(Sb) — AA™D||% = JUWUTsTsu)tuTsTsy — uuTh|?
= [(Utstsu)tutstsy — utpl .

We now observe that ||UTSTSU — UTU||, < v/e/4 which implies that o, (UTSTSU) > 1 —+/e/4
and therefore,

I(UTsTsu)ytutsts — uTh|? < |lutsTsy — (UTsTsuyuTo|?

1
(1 - e/4)?
1
RNCENATY
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Using the fact that [|[UT (b — UUTD)||, = 0 and Lemma 7.2.1, we conclude that

|lutsTsb —uuTh)|? = lUTsTs(b —uute) - Ut (b - UUTD))2

1 1
(1—+e/4)? (1—+e/4)?

- (¢/4) - ||U|3Ilb — UUTB||2 < ¢ - OPT

1
RN

since ||b — UU'b||2 = OPT. We therefore have ||Axopr — b||2 < (1 + €) - OPT. O

Theorem 7.2.3. Givenmatrix A € R™ and b € R", there exists a matrix S which selects O(d /) rows of A
and scales them such that solution to the regression problem arg min,. || SAx—Sb||% isa (1+¢)-approximation

to the regression problem || Ax — b||3. This implies the existence of an O(d/¢)-sized coreset.

Proof. Applying BSS to the matrix [A, b] with parameter O(+/¢) gives a selecting and rescaling ma-
trix S with O(d/¢) rows such that S is a \/s/_4 subspace embedding for colspan(A, b). By Theorem
7.2.2, we get that the solution to the regression problem min, ||SAx — Sb||% is a (1 + ¢) approximate
solution to the problem min, [|Ax — b||5. O

Theorem 7.2.4. Given matrix A € R™% and b € R", there exists a matrix S which selects O(d?) rows
of A and scales them such that the solution to the regression problem arg min, ||SAx — Sb||5 is an optimal

solution to arg min,, ||Ax — b||5.

Proof. The proof of this theorem is similar to that of [MJF19], and is included here for completeness.
Assume that the matrix A is full rank. Let a; be the i*" row of A written as a column. Let a; € R%*! be
the vector a; appended with b;. Consider the matrices E@.T fori =1...n.Thematrix (1/n) 3,7, EﬁiT
lies in the convex hull of the matrices a;a! fori = 1...n. By Caratheodory’s theorem, there exists a
set S C [n], |S| = O(d?) and corresponding weights w; > 0 fori € S, such that

1 n
LSt = Y wad]
n i=1 jes

We obtain the following relations from the above:

n

Z aiaiT = Z(nwj) ajaJT-

i=1 jes

n
Z biai = Z(TIWJ') bj(lj
i=1 Jj€S
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Let s1,52,...,5|5| € [n] be the elements of S. Define a sampling and rescaling matrix S as follows

Sis; =\nws i=1...[S]
and the rest of the entries of S are 0s. Then,

arg min ||SAx — Sb||? = (ATSTSA) " (ATSTSb)

S| s

2 T 2
Z Si,si as; as,- Z Si,si bSi as;
i=1 i=1

-1

T
anj a;a; E nwjbja;

jes jes
-1/,

Z aiaiT (Z bia,-)

i=1 i=1

= (ATA)1(ATD)

= arg min || Ax — b||3 O
X

n

7.2.2 Multiple Response Linear Regression

We now consider the problem of multiple response linear regression, where given matrices A € R™ ¢
and B € R™% | we find the solution of the following optimization problem

min [JAX - B||%.

XeRdxd’

Theorem 7.2.5. Given matrices A € R™ and B € R™?', if the matrix S is a \/e/4 subspace embedding
for colspan(A, B), then the solution to the optimization problem

X = arg min ||SAX — SB||2F
XeRdxd’

isa 1 + & approximate solution to the multiple response regression problem on matrices A, B, i.e.,
AX - B||Z < (1+¢) min ||AX - BJ|3.
IAX - BIp < (1+¢) min JAX - Bl

Such a matrix S with O((d + d") /€) rows can be obtained using BSS.

Proof. Let x; denote the i-th column of X and b; be the i-th column of matrix B. Then the multiple
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response linear regression can be written as

min Z || Ax; — byl|2.
i

X1,X2;.0 X!

These are d’ independent single response linear regression problems and given that S is a \/.9/_4 sub-
space embedding for colspan(A, B), we get that foralli = 1...d’,Sis a+/e/4 subspace embedding
for colspan(A, b;). From Theorem 7.2.2, X; = min, ||SAx — Sb;||3 is a 1 + ¢ approximate solution to
the regression problem on A and b; and hence,

d d’
D NISAT = billy < > (1+¢) min | Ax; — bill5.
i=1 i=1 !

So, the matrix X having ith column equal to X; is a (1 + £) approximate solution for the regression
problem on (A, B). Thus,
|AX - BJ|3 < (1+£)rr§n||AX—B||%. O

7.3 Upper Bounds for Ridge Regression: Statistical Dimension

In this section, we extend our results to the case of ridge regression and present coresets of size
O((sd; + d’)/¢). We use approximate matrix product techniques of Cohen, Nelson and Woodruff
[CNW15] to obtain the bounds in terms of statistical dimension.

Theorem 7.3.1. Given matrices A € R™4 B € R™9 gnd A > 0, there exists a matrix S which selects and

scales O((sdy + d") /) rows of A such that solution to the ridge regression problem
min [[SAX — SBI[5 + AlIX[f
isa (1 + €) approximate solution to the ridge regression problem

min [[AX — B[, + AlIX [

Proof. Consider the matrix A = and B = . Let o be a matrix with orthonormal

A
VAl
columns such that range(sf) = range([A B]) and the first d columns of s are abasis for colspan(A).
Let

Ogxar

Uy
Uz

Uy U

A=
U, U,

where U, € R™(@) q, € R*E) ;e R4, U € R™ Uy € R and U, € R, We
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have || ;|2 = [[[U; UJ]l|3 < 1 and using Lemma 7.1.5 we get
UG = 11U UG = UG + 11U < sda(A) +d.
By Corollary 1 of [CNW15], we can obtain a selecting and scaling matrix S with O((sd,+d’)/(e/16)) =

O((sdy + d")/¢) rows such that

2
Ul

£
T (Il%llz s (A +d

ey, s +d 2
1 sd;(A) +d’

IA

| UTSTSsU; — UTU ||

£/4

¥

We have [|A7STSsd—sAT |12 = |UTSTSU+UT U —UTU UL U5 = [|UTSTSU—UT U |12 <
/4. Hence, § is a 4/¢/4 subspace embedding for range(sd) = range [A B]. By Theorem 7.2.5, we
have that the solution to the regression problem

Consider the selecting and scaling matrix

SA|y
VI
= min ISAX — SBJ|% + AlIX|I%

SB

mm ISAX — SB||F = mm | 0

I

is a (1 + ¢) approximate solution to

. « A B
in ||AX — B||% = mi X - 2
ng}nll [ ng}nll N 0 g
:rr§n||AX—B||%+/1||X||2F O

7.4 Deterministic Communication Protocol for Ridge Regression

7.41 Communication Model

We consider the communication model in which there are s servers and there is a central coordinator

which can communicate with every server. All communication occurs through two-way communica-
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tion channels between the servers and the coordinator. The coordinator initiates the communication
protocol and always decides who speaks next. This model is simpler to analyze and can simulate the
arbitrary peer-to-peer communication model with a communication complexity of at most twice
that of the peer-to-all model, by instead of having server A talk directly to server B, having server
A forward its message through the coordinator. We must also add log s bits per message to tell the
coordinator who to forward the message to.

7.4.2 Ridge Regression in the Distributed Setting

Consider the setting of ridge regression in a row-partition distributed setting. Let there be s servers
with matrices Ay, Ay, . .., As and corresponding label matrices By, By, . . ., Bs, respectively. Let A be
the matrix obtained by stacking A, A,, . . ., As and B be the matrix obtained by stacking By, B, . . ., Bs.
Assume that ¢ and all the entries are multiples of 1/poly(nd) and are upper bounded by poly(nd).
Therefore, by multiplying all the entries by poly(nd), we can assume that all the entries are inte-
gers and are upper bounded by poly(nd) and hence each entry takes O(log(nd)) bits to encode.
This assumption also ensures that all the weights evaluated can be rounded to be encoded using
O(log(nd)) + O(log(1/¢)) bits. We call O(log(nd)) bits a word. Let there be a central coordinator
each server can communicate with. We would like to compute a (1 + ¢) approximate solution to the

following optimization problem while minimizing the communication required
: 2 2
min |AX — B|[p + AllX |l

N
D UIAX = BillE |+ AlIX I
i=1

= min
X

Theorem 7.4.1. If rows of matrix A € R™ are partitioned among s servers and corresponding rows of
B € R™ gre partitioned too, then there is a deterministic communication protocol using

s-t-(min(s-sdy(A), rank(A)) +d’)
€

o(

) words,

where t is the maximum number of non-zero entries in a row of [ A, B].

Proof. For each server i, define the following matrices

« A; A B;
VA/s - Iy 0

Let ol; be a matrix with orthonormal columns such that range(sd;) = range([A; B;]). From the

S; 0
proof of Theorem 7.3.1, we obtain a y/¢/4 subspace embedding S; of the form 0 I forrange(d;) =
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range([A; B;]). The matrix S; selects and scales O((sd;/s(A;) +d’)/e) rows of A; and B;. Now, we

have that the matrix
S =diag(S8, 8y, ..., 8s)

is a 4/e/4 subspace-embedding for
sy A1 By

range(| . |) =range(| : : |).
ds ASBS

Ay B,
min||S|: [X-8|:||3= minZ 184X — 8By|I%
X . . X =
As B l
= mi Sidix — SiBi% + 21X
= n;gnZ(H Aix = SiBillE+ CIXI)
=min( )" 14X - SB[} + 21X}
1
= min [|SAX - bl|3 + AlIX[}
where S is defined as S = diag(S;, Sz, ...,Ss) is a (1 + ¢€) approximate solution to the regression
problem.
A, B,
. . . 2 A N o112
min || X = | ¢ = min ) I4X - Bl
A, B, :

A
. 2 2
=min ) (14X = Bl + SIXIE)
. 2 2
= rr;}n(zi: |AX = Billg) + Al Xl
= min [|AX - BJ% + A X|1%.

The communication protocol is as follows: the i-th server computes the selecting and scaling matrix
S; as above and sends the matrices S;A; and S;B; to the central server (also called the coordinator).
The central server can now compute the solution to the problem miny }; ||S;A; X — S;B; ||% +A||X ||%
by standard techniques. The solution obtained is guaranteed to be a (1 + ¢) solution as shown above.

When each row of matrix [A;, B;] has at most t non-zero entries, the communication required

146



max; del/s (A)+d’ max; SdA/s (Ai)+d’ )
£

is at most O(s - ¢t - ) words for the entries of the matrices and O(s - .
words for the weights. But, for all i, sd)s(A;) < sdj/s(A) < min(s - sd)(A), rank(A)). Hence, the
s-t-(min (s-sdy (A),rank(A))+d’

- )) words. O

communication complexity is O(

7.5 Lower Bounds for Multi Response Ridge Regression

In this section, we give example matrices A, B € R%/100¢%d ¢ 5 0 } > 0 such that sd; (A) = Q(d)
and any selecting and scaling matrix S needs at least Q(d/¢) rows for it to give a 1 + ¢ approximate
solution.

Theorem 7.5.1. Forall e such that 1 < 1/100e < d and A < 1/4e there exist matrices A, B € [R¢4/100exd
for which any matrix S that selects and rescales k rows of A and B such that the solution to

min ISAX — SB|| + A|IX|I%
is a (1 + ¢) approximation to miny ||AX — B||Z, + A||X||% has k = Q(sd1(A) /¢) rows.

Proof. Let the matrix A be a block matrix where each block has dimensions 1/100¢ X 1. Define blocks
on the diagonal of A to be the vectors 1; /19 and remaining entries of A to be 0. The singular values of
this matrix are all equal to 4/1/100¢. For A < 1/4¢,sd;(A) > d/26. Similarly, let B be a block matrix,
where each block has size 1/100¢ X d. So, the matrix B is formed by stacking matrices By, By, . . ., By.
Let each row of B; be a distinct unit vector in the standard basis for R%. We can choose 1/100¢ distinct
standard basis vectors as d > 1/100¢. For the block matrix B;, define a set H; C [d] of integers k
such that e is a row in B;.
The problem miny [|AX — BI|%, + A[|X||% is equivalent to

xlgjfxd(||11/1005x{ —Billf + Allxall3) +.. . + (||11/1005x§ — Byl + Allxall3) (7.2)

and the above is equivalent to minimizing each of the problems independently.

We consider the problem
- T
rr)16111”11/100@351 —Bl||2F+/1||X1||§- (7.3)
1

Without loss of generality assume that H; = [1/100¢] i.e., rows of By are the first 1/100¢ standard
basis vectors of R¥. Consider a matrix S which selects k rows of [1; /100> B1] and solves the following
optimization problem

n}ciln ||511/1005x1T - 531”% + Al ||

We can assume that S selects the top k rows without loss of generality. Then the above problem is
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equivalent to

min Z(w,(l —y)t+ (W —w)yl + Ay?) + Z (A+W)y?

ya€R
Y1.Y2.--Yd i=k+1

where w; is the weight S assigns to error in row i and W = Zl | wi. By taking the partial derivative
of the objective function with respect to y; and setting it to 0, we get that it is minimized when

yi = wi/(W+A)fori =1...kandy; = 0fori = k+ 1...d. When this solution is used for the
original ridge regression problem (7.3), the cost is

T (e R B [ R o)

For a fixed W, the cost is minimized when all w;’s are equal and hence we set w; = W/k = b for
some b > 0. The cost can now be written as

1—L2+ L—1 b 2+/1 b\
A+ kb 100¢ A+ bk A+ bk

1
— —k+k
100¢

1 1
=— —k+k|1+c®—2c+|— = 1|2+ Ac? wherec:L
100¢ 100¢ A+ bk
1 1
=———k+k+k (—+)L)c2—2c]
100¢ 100¢
1 1 )
=——+k|[— +A|c"—2c]. (7.4)
100¢ 100¢

This is minimized when ¢ = m which is obtained when b = m (This is a valid
setting of weights as k < 1/100¢ and hence b > 0). The minimum value is hence equal to 1/100¢ —
k/(A + 1/100¢). This is the least error we can get on (7.3) using any matrix S which selects and
re-scales < k rows. Substituting k = 1/100¢ we recover the OPTvalue for (7.3) which is equal to
1/100¢ — 1/(1 + 1004¢). Now, 1/100¢ — k/(A + 1/100¢) is < (1 + 2¢)OPTiff

1 k < (1+2¢) ! 1
— < g J—
100e A+ 1/100¢ 100¢ 1+ 100A¢e

, 1 k 1 1 1+2¢
iff - < -
100¢ A-+1/100£ 100¢ 50 14 100A¢
A+1/100e 1+ 2¢
iff -k < / -
50 100¢
_ 2eA+1/50 - 1—2¢
B 100¢
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49/50 — 2eA + 2¢
iff k> / .
100¢

For any A < 1/4e, this implies that k > 1/400¢.
To get a (1 + ¢) approximate solution to (7.2), we need to solve at least d/2 sub-problems up to

(1 + 2¢) approximation. Hence, the selecting matrix S for the whole problem must select at least

d/2x1/400e = Q(d/e) = Q(sd;(A)/¢e) rows. O

This shows the O(d?) upper bound to construct covariance matrices using Caratheodory’s the-

orem is tight.
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Chapter 8

Sketching Algorithms and Lower Bounds for
Ridge Regression

8.1 Introduction

Given a matrix A € R™9 avector b € R", and a parameter A > 0, recall that the ridge regression
problem is defined as:
min || Ax = b3 + Allx]l.

Throughout this chapter, we assume n < d, and we let x* be the optimal solution for the problem.
Let OPT be the optimal value of the ridge regression problem. In this setting, an earlier work [CYD18]
gives an iterative algorithm using subspace embeddings. The following theorem states their results
when their algorithm is run for one iteration. Note that their algorithm is more general and when
run for t iterations, the error is proportional to £’.

Theorem 8.1.1 (Theorem 1 of [CYD18]). Given A € R™< let V € R¥" be an orthonormal basis for the
rowspace of matrix A. If S € R™ is a matrix which satisfies

WVESTSV = L, < /2, (8.1)
thenx = AT (ASTSAT + AL)~'b satisfies
X = x|z < ellx™|l2.

Recall that a matrix S which satisfies (8.1) is called an /2 subspace embedding for the column
space of V, since for any y in colspan(V), we have (1 — ¢/2)|yll5 < [ISyll3 < (1 + £/2)||yl|3. There
are many oblivious and non-oblivious constructions of subspace embeddings (see Chapter 2). Recall
that the oblivious subspace embedding (OSE) constructions do not depend on the matrix V that is to
be embedded. OSEs specify a distribution § such that for any arbitrary matrix V, a random matrix
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S drawn from the distribution § is an ¢ subspace embedding for V' with probability > 1 — §. On
the other hand, non-oblivious constructions compute a distribution § that depends on the matrix
V that is to be embedded.

In many cases, such as in streaming, it is important that the sketch used is oblivious, since matrix-
dependent subspace embedding constructions may need to read the entire input matrix first. Obliv-
ious sketches also allow turnstile updates to the matrix A in a stream. In the turnstile model of
streaming, we receive updates of the form ((i, j), v) which update A; j to A; j + v. In this chapter, we
focus on algorithms for ridge regression that use oblivious sketching matrices.

To satisfy (8.1), using CountSketch [CW17, MM13], we can obtain a sketching dimension of m =
O(n?/&%) for which the matrix SAT can be computed in O(nnz(A)) time, where nnz(A) denotes
the number of nonzero entries in the matrix A. Using OSNAP embeddings [NN13, Coh16], we can
obtain a sketching dimension of m = O(n'*' log(n)/¢?) for which the matrix SAT can be computed
in time O(nnz(A)/ye). For y = O(1/log(n)), we have m = O(nlog(n)/e?) with SAT that can be
computed in time O(nnz(A) log(n)/¢). We can see that there is a trade-off between CountSketch
and OSNAP — one has a smaller sketching dimension while the other is faster to apply to a given
matrix. If tg,r is the time required to compute SAT, then X in Theorem 8.1.1 can be computed in
time O(nnz(A) + tg4r + mn®~! + n®) where w is the matrix multiplication constant. Thus, it is
important to have both a small ¢; 4t and small m to obtain fast running times.

When allowed O(log(1/¢)) passes over the input matrix A, the algorithm of Chowdhury, Yang
and Drineas [CYD18] produces an ¢ relative error solution using only a constant, say 1/2 subspace
embedding. When only O(1) passes are allowed over the input, their algorithm requires a § = f(¢)
subspace embedding to obtain ¢ error solutions. As seen above this leads to either a high value of m
or a high value of tg,r.

We show that we only need a simpler Approximate Matrix Multiplication (AMM) guarantee,
along with a constant subspace embedding, instead of requiring S to be an £/2 subspace embedding.

Definition 8.1.2 (AMM). Given matrices A and B of appropriate dimensions, a matrix S satisfies the
e-AMM property for (A, B) if

|ATSTSB - ATB||p < el|Allr||Bl|p.

We now state the guarantees of our algorithm (Algorithm 8.1) for 1 iteration, requiring 2 passes
over the matrix A.

Theorem 8.1.3. If S is a random matrix such that for any fixed d X n orthonormal matrix V and a vector r,
with probability > 9/10,
IVESTSV — L, < 1/2

and
IVESTSVr = rlly < (e/2vm)[VIEIVEll2 = (¢/2)]I7]]2 (8.2)
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thenx = AT (ASTSAT + AI,)~'b satisfies ||x — x*||2 < €||x*||2 with probability > 9/10.

We show that the OSNAP distribution satisfies both of these two properties with a sketching
dimension of = O(nlog(n) + n/e?) and with SA™ that can be computed in O(nnz(A) - log(n))
time. Note that our algorithm (Algorithm 8.1) is also more general, and when run for ¢ iterations, the
error is proportional to €. Our algorithm differs from that of [CYD18] in that our algorithm needs
a fresh sketching matrix in each iteration whereas their algorithm only needs one sketching matrix
across iterations.

Many natural problems in the streaming literature have been studied specifically with two passes
[CKP*21,KN21, AR20,BW11]. Also in the case of federated learning, where minimizing the number of
rounds of communication is important [PHK*21], the smaller sketch sizes required by our algorithm
(Algorithm 8.1) gives an improvement over the algorithm of [CYD18].

We can also bound the cost of X computed by our algorithm. For any x € RY, let cost(x) =
|Ax — b||5 + Allx||5. Bounds on ||X — x*||; also let us obtain an upper bound on cost(X). It can be
shown that for any vector x, cost(x) = OPT + ||A(x* — X) ||§ +A||x* - fllg Thus, ||x —x*||2 < e]|x™]|2
implies that cost(X) = OPT + (% + 1)&?||x*||2 < (1 + (1 + 0%/1)£?)OPT. We are most interested in
the case 0? > A, as it is when cost(X) could be much higher than OPT. Setting ¢ = O(4/61/c?), we
obtain that the solution x returned by Theorem 8.1.3 is a 1 + § approximation.

We also show that our algorithm can be used to obtain approximate solutions to Kernel Ridge
Regression with a polynomial kernel. We show that instantiating the construction of [AKK*20] with
appropriate sketching matrices gives a fast way to apply sketches, satisfying the subspace embedding
and AMM properties, to the matrix ¢(A), where the i-th row of the matrix ¢(A) is given by Aip .

8.1.1 Lower bounds for Ridge Regression

It can be seen that the optimal solution x* = AT (AAT + AI,)~'b. Our algorithm, for one iteration, is
simply to compute X = AT(ASTSAT + A1,)~'b for a matrix S that satisfies the requirements in The-
orem 8.1.3. All the algorithm does is substitute the expensive matrix product AA™, which can take
O(n - nnz(A)) time to compute, with the matrix product ASTSA™, which only takes tg,r + mn®~!
time to compute. Thus, constructing “good” distributions for which x is a 1+ ¢ approximation seems
to be the most natural way to obtain fast algorithms for ridge regression. As discussed previously,
OSNAP matrices with m = O(nlog(n) + no?/Ae) and having near-optimal tg 41 = O(nnz(A)) can
be used to compute a solution x that is a 1 + € approximation. We show that for a large class of nice-
enough distributions over mxd matrices S, if S ~ 8 satisfies thatx = AT (ASTSAT+AI) 'bisal+e
approximation with high probability, then r = Q(no?/Ae). This shows that OSNAP matrices have
both a near-optimal sketching dimension r and near-optimal time tg,v. We show the lower bound by
showing that for any “nice” distribution § for which x is a 1+ ¢ approximation with high probability,
the distribution must also satisfy an Approximate Matrix Multiplication (AMM) guarantee, i.e., for
any matrix B, for § ~ 8, ||[BTSTSB — BT B||p must be small with high probability. We then show a
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lower bound on m for any distribution § which satisfies the AMM guarantee. Here we demonstrate
our techniques in the simple case of n = 1. Without loss of generality, we assume A = 1.

Consider the ridge regression problem min,(a’x — b)? + ||x||%, where the vector a € R? is
arbitrary. We have X = a(a'$"Sa + 1)"'b and

2
[lall5b —b) . llall3 2
[ISall3 +1 (ISall3 + 1)

cost(x) = (

whereas OPT = b?/(||al|? + 1). For ||all; > 100/+/e, it turns out that unless (1 — ve/l|all2)|lall3 <
ISall? < (1 + +/¢/llall2)llall3, we will have cost(X) > (1 + &/2)OPT. Thus, for X tobe a 1 + ¢/2 ap-
proximation with probability > 99/100 for any arbitrary a, it must be the case that with probability
> 99/100, |[ata — aTSTSa| = [|lall? - |ISall| < (Ve/llall2)]lall? ie., S must satisfy the AMM prop-
erty with parameter ¢/ al|,. We show an ©(1/5%) lower bound for any distribution which satisfies
the 5-AMM property, which gives a lower bound of Q(||al|/e) for ridge regression for n = 1.

For the case of general n, we show that any “nice” distribution § that gives 1 + ¢ approximate
solutions for ridge regression must satisfy the v/¢/no?-AMM guarantee, which by using the lower
bound for AMM, gives an Q(no?/¢) lower bound for ridge regression.

To prove the lower bound, we crucially use the fact that the sketching distribution § must satisfy
that x is a 1 + ¢ approximation for any particular ridge regression problem instance (A, b) with high
probability.

8.1.2 Lower bounds for AMM

We prove the following lower bound for oblivious sketching matrices that give AMM guarantees.

Theorem 8.1.4 (Informal). If § is a distribution over m X d matrices such that for any n X d matrix A,
S ~ 8§ satisfies with probability > 99/100, that

IASTSAT — AAT||p < S||AllpllAT ||E,

for § < c¢/+/n, thenm = Q(1/6%) where ¢ > 0 is a small enough universal constant.

To the best of our knowledge, this is the first tight lower bound on the dimension of oblivious
sketching matrices for AMM. The lower bound is tight up to constant factors as the CountSketch
distribution withm = O(1/5%) rows has the above property. Note that for § = £/n, the distribution S
as in the above theorem satisfies that for any d xn orthonormal matrix V, with probability > 99/100,

IVTSTSV — Lllp < (e/m) IV = e.

Thus, a distribution § that has the £/n-AMM property also has the e-subspace embedding property.
[NN14] gives an Q(n/e*) lower bound for such distributions, thus givingan Q(1/(5%n)) lower bound
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for §-AMM for small enough 8. Our result gives a stronger Q(1/52) lower bound.

We now give a brief overview of our proof for n = 1. Consider a € R to be a fixed unit vector
and let § be a distribution supported on r X d matrices as in the above theorem. Then we have
Prs.s[|atSTSa—1| < 8] > 0.99.Let USV T be the singular value decomposition of S with & € R™.
Without loss of generality, we can assume that V! is independent of ¥ and that V! is a uniformly
random orthonormal matrix. This follows from the fact that if S is an oblivious AMM sketch, then SQ
is also an oblivious AMM sketch, where Q is a uniformly random dxd orthogonal matrix independent
of S. Thus, we have Pry 1 [1aTVv22VTa — 1] < 8] > 0.99, where ¥ and VT are random matrices
that correspond to the AMM sketch S, as described.

Jiang and Ma [JM17] show that if m = o(d), then the total variation distance between V'a and
(1/Vd)g is small, where g is an m dimensional vector with independent Gaussian entries. Thus, we
obtain that Prz,g[l(l/d)gTZZg — 1] < 8] =Pryy[1(1/d) X2, 62g% — 1] < 8] > 0.95.

If X 02 < d/200, then (1/d) X1, 0?g? < 1/2 with probability > 0.99 by Markov’s in-
equality. So, Pry[Y2, 07 < d/200] must be small. On the other hand, Var ((1/d) %; 0%g%) =

i =

(2/d*) X%, of. Thus, for (1/d) 2.7, 0?g? to concentrate in the interval (1 — 6,1 + §), we would
expect \/Var ((1/d) X 0%g?) ~ 8, which implies (2/d?) Y1, o} ~ &% Thus, with a reasonable
probability, it must be simultaneously true that d/200 < Y., Z and 2.7 67 ~ d*6%/2. Then,

m 2 m
d%/(200)2 < (Z af) < mz ot ~ md>8? 2,

i=1

thus obtaining m > Q(1/5%). We extend this proof idea to the general case of n > 1.

Non-asymptotic upper bounds on the total variation (TV) distance between Gaussian matrices
and sub-matrices of random orthogonal matrices obtained in recent works [JM17, LW21] let us re-
place the matrices that are harder to analyze with Gaussian matrices in our proof of the lower bound
for AMM. We believe this technique could be helpful in proving tight lower bounds for other types
of sketching guarantees.

8.2 Preliminaries

For arbitrary matrices M, N, the symbol tj;x denotes the time required to compute the product MN.
We recall a few useful definitions.

Definition 8.2.1 (Approximate Matrix Multiplication). Given an integer d, we say that an m x d
random matrix S has the (¢, §)-AMM property if for any matrices A and B with d rows, we have that

14"s"SB ~ ABllr < el Allr|IBllr,
with probability > 1 — § over the randomness of S.
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We usually drop § from the notation by picking it to be a small enough constant.
Definition 8.2.2 (Oblivious Subspace Embeddings). Given an integer d, an m X d random matrix S
is an (¢, §)-OSE for n-dimensional subspaces if for any arbitrary d X n matrix A, with probability
> 1 — §, simultaneously for all vectors x,

ISAx||5 € (1 + &) || Ax||5.

For both OSEs and distributions satisfying the (&, §)-AMM property, two major parameters of
importance are the size of the sketch (m), and the time to compute SA (ts4).

8.3 An Iterative Algorithm for Ridge Regression

The following theorem describes the guarantees of the solution % returned by Algorithm 8.1.
Theorem 8.3.1. If Algorithm 8.1 samples independent sketching matrices S; € R™ for all j € [t] satis-
fying the properties

1. with probability > 1 — 1/(20t), for all vectors x, ||SjATx||§ € (1+1/2)||ATx||2, and

2. for all arbitrary matrices M, N, with probability > 1 — 1/(20t),

IM'STS;N -~ M'N||p < Ve/4n|M|[p|IN]|g.

then with probability > 9/10, ||£ — x*||2 < (Ve)!||x*||2 and further cost(%) < (1 + (o%/A + 1)&")OPT.
We prove a few lemmas which give intuition about the algorithm before proving the above the-
orem.

Algorithm 8.1: RIDGEREGRESSION
Input: A € R™ peRteZe)d>0
Output: % € R?

b(o) «— b] f(()) «— Od’ y(O) «— On
forj=1,...,tdo

s | BU) e pUD — 2yli-D — AxU-D
S; < 1/2 subspace embeddiqg for the rowspace of A and has the 4/¢/4n AMM property
y) — (AS]S;AT +AD) 't

o | T — aTyO)

7 end

X — Z§=1 xU)

9 return x

=

N

'S

(%)

=]

After i — 1 iterations of the algorithm, Zj;ll xU) is the estimate for the optimum solution x*.
At a high level, in the i-th iteration, the algorithm is trying to compute an approximation to the
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i—-1

difference x* — }177; x; by computing an approximate solution to the problem

i—1 i—1
. ~ 2 =12
min [A(x + ) %) = bl + Allx + Y 1.
j=1 j=1

Let x*) = AT(AAT + AI)7'b), The following lemma shows that the solution to the above
problem is x*(?).

Lemma 8.3.2. Foralli, x* = x*() + Zj;ll 70,

Proof. Let f(x) = ||A(x + 23-_:11 XDy = b||2 + Alx + 23-_:11 x||2 and z be the solution realizing
min, f(x). We have V f(x) |x=, = 0 giving z = (ATA + AI)"1(ATb — (ATA + A) Z;;ll ).
Noting that X/} = ATy() for all j and that for all i, b) = b - A 312}y — ¥ 17] AxU™Y, we
obtain that z = (ATA + AI) AT, Now using the matrix identity (ATA + A1) 7'AT = AT (AAT +
A7, we get z = x*(¥) is the optimal solution to min, f(x).
As x* is the optimal solution, it is also clear that x* = x*® + 2;11 ) since otherwise x* is
not the optimal solution for the original ridge regression problem, which is a contradiction. O

So by the end of the (j — 1)-th iteration, the estimate to x* is off by x*(), The algorithm is
approximating x*() = AT(AAT + A1) 71p*() with xU) = AT (AS]TS jAT + AI)~'b*), The following
lemma gives the error of this approximation assuming that the sketching matrix S; has both the
subspace embedding and AMM properties. This is the part where our proof differs from that of the
proof of [CYD18].

Lemma 8.3.3. If S; is drawn from a distribution such that for any fixed matrix AT'S j is a 1/2 subspace
embedding with probability 1 — & and for any fixed matrices M, N, with probability 1 — 6,

IM'S[S;N —= M N|lg < ve/nlIM|plIN|lp,
then with probability > 1 — 26, [|x*) = XD ||, < (2v2)[|x*D ..

Proof. Let A = USVT be the thin singular value decomposition of A. Since we assume that n < d,
the matrix V1 has a size n X d. We have x*) = VE(I+3%)"'UTsY), By using (I +2?)' =27 1(I +
%) 157 we get x*) = V(I + 372717 UTHWD, Let o) = (I +372)71=1UTHY) which gives
() = Yol

Similarly, xV) = V(VESTS;V + 572715 1U b\ Writing VSTS;V = I, + E, we have

D =v(I+22+E)'='uTpY
=VI+(I+2)E) I+ Iz uThY
=V{I+I+=%)E) V.

157



As ||E||2 < 1/2,theinverse (I+ (I+372)7'E)~! is well-defined. Since the matrix V has orthonormal
columns, ||x) —x*D||y = [T+ (I+=72)1E) 10D —oD||,. Let [+ (T+3272)71E)"1oW) = o) 4 A
and we have o) = o) + (I+372) 1 Ev) + (I+ (I+27%)"'E) A which implies (I+ (I+X72)"1E)A =
—(I+327%)71Ev), Finally,

(1/2)|Allz < omin(I + I+ 272 T'E)||All,
I(I+ T +Z2)TE)A|l;
= |(T+272) " Eo D |, < [|[EoW]|,,

IA

which gives [|x*() — XD ||, = [|VA|l, < 2||Eo||,. If the matrix S; has a v/e/n-AMM property i.e.,

IVESTS; Vo) - vIveD|l, < Ve/n|[VIplloW |,
= VelloW |2,

we have [|[Eo"||; < Vel[Vo'7) |5 and that [|x*0) = XDl; < 2v/ello™ |5 = 2vellx*|l,. O

Proof of Theorem 8.3.1. By a union bound, with probability > 9/10, in all t iterations, we can assume
that the matrices S; have both the subspace embedding property for the column space of AT, and
the AMM property for V and 0/,

From Lemma 8.3.2, || - x*2 = &) + SI1 70 — x'[lp = [F = x"©[l2 < (VO)Ix*®lo. We

also have
Jj—2 j-1

Xt = x U0 L 3 ED — 50y Z U

i=1

which implies x*() = x*U~D —XU=1 and therefore, ||x*7 ||, = [|xUD = x*U=V |, < Ve|lx*TD]|,

for all j, where the last inequality follows from Lemma 8.3.3. Now noting that x*(!) = x*, we obtain
Ix — x*|l2 < (ve)!||x*||2 and using the Pythagorean theorem,

cost(%) < OPT + (o + M)||x — x*||5
< OPT + (0% + A)e'||x*||5.

As Al|x*||? < OPT, we obtain the result. O

We now show that the OSNAP distribution has both the properties required by Algorithm 8.1.

8.3.1 Properties of OSNAP

Nelson and Nguyén [NN13] proposed OSNAP, an oblivious subspace embedding. OSNAP embed-
dings are parameterized by their number m of rows and their sparsity s. Essentially, OSNAP is a ran-
dom m X d matrix S, with each column having exactly s nonzero entries at random locations. Each
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nonzero entry is +1/+/s with probability 1/2 each. They show that if the positions of the nonzero
entries satisfy an “expectation” property and if the nonzero values are drawn from a k-wise inde-
pendent distribution for a sufficiently large k, then S is an OSE.
Theorem 8.3.4 (Informal, [NN13]). Ifm = O(n!*Y poly(log(n/¢))/e*) ands = O(1/ye), then OSNAP
is an e-OSE for n dimensional spaces. Further, ts4 = O(nnz(A)/ye) for any d X n matrix A.

We show that OSNAP with any sparsity parameter s and m = Q(1/&?) has the e-AMM property.
We state our result as the following lemma.
Lemma 8.3.5. OSNAP with m = Q(1/%5) and sparsity parameter s > 1 has the (&, §)-AMM property.

8.3.2 Running times Comparison

As discussed in the introduction, the algorithm of [CYD18] is better than ours when O(log(1/¢))
passes over the matrix A are allowed, as we require a fresh 1/2 subspace embedding in each iter-
ation, and they require only one 1/2 subspace embedding. However, our algorithm is faster when
the algorithm is restricted to t = O(1) passes over the input. We compare the running time of our
algorithm with theirs when both algorithms are run only for 1 iteration to obtain 1+ ¢ approximate
solutions. For ease of exposition, we consider the case when o?/1 = O(1).

From Theorem 8.1.1, the algorithm of [CYD18] requires a cv/e subspace embedding to output
a 1 + ¢ approximation to ridge regression. By applying a sequence of CountSketch and OSNAP
sketches, we can obtain a c/e embedding with m = npoly(log(n))/e and tg,r = O(nnz(A) +
n? poly(log(n))/+/¢) or by directly applying OSNAP, we obtain m = npoly(log(n))/e and tg, v =
O(nnz(A) poly(log(n))/Ve).

From Theorem 8.3.1, our algorithm needs a random matrix that has the 1/2 subspace embedding
property and the c\/g/_n—AMM property to compute a 1+¢ approximation. OSNAP withm = O(n/e+
npoly(log(n)))ands = O(poly(log(n))) has this property giving ts,v = O(nnz(A) poly(log(n))).

Finally, the total time to compute x is

O(tgyr + mn®~' +n®),

where w < 3 denotes the matrix multiplication exponent. For the algorithm of [CYD18], depending
on the sketching matrices used as described above, the total running time is either

O(nnz(A) + n’ poly(log(n))/Ve + n® poly(log(n))/e)

or

O(nnz(A) poly(log(n))/ Ve + n” poly(log(n))/e).

For Algorithm 8.1 with t = 1, the total running time is O(nnz(A) poly(log(n))+n® poly(log(n))/e).
Thus, we have that when nnz(A) ~ n“ /e, our algorithm is asymptotically faster than their algo-
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rithm, as our running time does not have the n> term and nnz(A) /+/e terms. We note that although
the fastest matrix multiplication algorithms are sometimes considered impractical, Strassen’s al-
gorithm is already practical for reasonable values of n, and gives w < log, 7. If we consider the
algorithm of [CYD18] using just the OSNAP embedding, our algorithm is faster by a factor of 1/+/e,
which could be substantial when ¢ is small.

Even non-asymptotically, our result shows that we can replace the sketching matrix in their
algorithm with a sketching matrix that is both sparser and has fewer rows, while still obtaining a
1 + ¢ approximation. Both of these properties help the algorithm to run faster.

8.4 Applications to Kernel Ridge Regression

A function k : X X X — R is called a positive semi-definite kernel if it satisfies the following two
conditions: (i) For all x, y € X, k(x,y) = k(y, x), and (ii) for any finite set S = { s1,...,s: } C X, the
matrix K = [k(s;, s;)]i je[] is positive semi-definite. Mercer’s theorem states that a function k-, -)
is a positive semi-definite kernel as defined above if and only if there exists a function ¢ such that
forall x,y € X, k(x,y) = ¢(x)T¢(y). Many machine learning algorithms only work with inner
products of the data points and therefore all such algorithms can work using the function k directly
instead of the explicit mapping ¢, which in principle could even be infinite dimensional, for example,
as in the case of the Gaussian kernel.

Let the rows of a matrix A be the input data points ay, . . ., a,, and let ¢ (A) denote the matrix
obtained by applying the function ¢ to each row of the matrix A. The kernel ridge regression problem
(see [Mur12] for more details) is defined as

¢* = argmin [|¢(A) - ¢ — b|3 + Al|c||3.
Cc

We have that ¢* = ¢(A)T(4(A) - p(A)T + A)7'b and the value predicted for an input x is given
by ¢(x)Tc* = p(x)Td(A)T(P(A) - p(A)T + AD)7'b. Letting B = ($(A)P(A)T + AI)~'b we have
$(x)Tc* = 3, k(ay, x) Bi. Now, note that the (i, j)-th entry of the matrix K = ¢(A) - ¢(A) T is given
by k(a;, aj) and therefore, to solve the kernel ridge regression problem, we do not need the explicit
map ¢(-) and can work directly with the kernel function. Nevertheless, to construct the matrix K,
we need to query the kernel function k for ®(n?) pairs of inputs, which may be prohibitive if the
kernel evaluation is slow.

Our result for ridge regression shows that if § is a 1/2 subspace embedding and gives an ¢/2+/n
AMM guarantee, then

c=¢(A)" - (9(A)-STS (AT +ADTb

satisfies ||c — ¢*|| < ellc*|lz and if B = ($T(A) - STS - $(A)T + AI)~1b, then for a new input x,

the prediction on x can be computed as ) ; k(a;, x) ﬁ, For polynomial kernels, k(x,y) = (x,y)?,
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given the matrix A, it is possible to compute § - $(A) " for a random matrix S that satisfies both the
subspace embedding property and the AMM property, and hence obtain f without computing the
kernel matrix. We prove the following theorem which follows from Theorems 1 and 3 of [AKK*20].

Theorem 8.4.1. For all positive integers n, d, p, there exists a distribution on linear sketches ITP € Rm*d”
parameterized by sparsity s such that: if m = Q(p/e?) and any sparsity s, then II? has the e-AMM property,
while if m = Q(p*n/e?) and s = Q((p*/e? poly(log(nd/e))), then TIP has the ¢ subspace embedding
property. Further, given any matrix A € R™, the matrix II? - ¢(A)T for ¢(x) = x® can be computed in
5(pnm + ps - nnz(A)) time.

To prove the above theorem, we show that the construction of [AKK*20] gives the above theorem
when Sy, is taken to be TensorSketch and Ty, is taken to be OSNAP. We first prove a lemma
which shows that the OSNAP distribution has the JL-moment property. For a random variable X,
let [| X[z = (E[|X|'])"".

Definition 8.4.2 (JL-Moment Property). For every positive integer t and parameters ¢,5 > 0, we
say a random matrix S € R™ satisfies the (e, 8, t)-JL moment property if for any x € R? with
Ixll2 =1,

I11Sx]12 = 1|1+ < 6"/ and E[||Sx||?] = 1.

Lemma 8.4.3. IfS is an OSNAP matrix with m = Q(1/8&?) rows and any sparsity parameter s > 1, then
S has the (&, 8, 2)-JL moment property.

Proof. Fori € [m] and j € [d], let §; ; be the indicator random variable that denotes if the (i, j)-
th entry of the matrix S is nonzero. We have that 3};6;; = s and that forany S C [m] x [d],
E[II(; jesdij] < (s/m)lS!. Also, let o;j be the sign of the (i, j)-th entry and let o; ; be 4-wise inde-
pendent Rademacher random variables. Now,

1
2 2 2
ISx[13 = > ISiex] = > (> 8ij01x)
i i j
1
=< § § 81,j0i,j 01,j0Ljr XX

gy

1 1
= ; Z Z((Si,j)z(o-i,j)zxjg + ; Z Z 5i,j5i,j'o-i,jo-i,j’xjxj’.
U

i)

We have 51'2]' = §;j and O'izj = 1foralli, j. So,

L e = Y =t S Y sy = Y s = el = 1
J i J J

i i
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Therefore,

1Sx]13=1+- Z Z 8ij61,j 01,01 j XX -

i j#j

If 0; j are uniform random signs that are 2-wise independent, then for j # j’,E[0; jo; 7] = 0. As the
set of random variables J; ; are independent of the random variables o; ;, we have E[6; j8; j70i joi j7] =
E[6;;6; 1 Eloijo;j-] = 0for j # j* which implies that E[[|Sx||5] = 1. We also have

(st”% - 1)2 Z Z 51]51] 'Oy k5z 'k’ 0i,j0i,j' Oy kO k' XjXj Xj Xk «

L' j#j
k#k’
Ifi #i’,j # j',and k # k’, then the random variables o; j, 0; j7, 0 k., and oy j- are distinct and if they
are 4-wise independent Rademacher random variables, then E[o; jo; j» 0y k0 -] = 0 which implies
that

E[(lISx[l5 - 1)°] Z D" E[816:0101i0) E[ 01101 j 03010 13 X
ij#f
k#k’
Again, if all the indices j, j’, k, k" are distinct, then by the 4-wise independence of the o random
variables, we obtain that E[o; jo; j 0 x0i '] = 0, whichleavesonly j = k # j' = k"and j = k" #
Jj’ = k as the cases where the expectation can be non-zero. In each of these cases, 0; jo; j 0; Ok = 1
with probability 1. Therefore,

E[(||Sx]|% - ZZE 8,36,y 1x2x% < S—ﬁZZx x?

i Jj#j i j#j

IA

NN
i J

2
S J—
m
which gives that ||[|Sx||2 — 1|2 = E[(||Sx]|3 — 1)2]1/2 < /2/m. Now, for m = Q(1/£%5), we have
I11Sx]13 — 1|72 < £8/2, which proves that the matrix S has the (¢, 8, 2)-JL moment property. O

We can now prove Theorem 8.4.1

Proof of Theorem 8.4.1. Let ¢ = 2/1°82(P)1, The construction of the sketch for polynomial kernels of
[AKK*20] uses two distributions of matrices Sp,se and Tpuse. The proof of Theorem 1 of [AKK™20]
requires that the distributions Sy,,s. and Ty, have the (¢/4/4qg + 2, 8, 2)-JL moment property. We take
Spase to be TensorSketch and Ti,,s. to be OSNAP. As Lemma 8.4.3 shows, OSNAP with m = Q(q/5¢?)
and any sparsity s has the (¢/+4/4q + 2, §, 2)-JL moment property.

From Theorem 3 of [AKK*20], we also have that for m = Q(p*n/e®) and sparsity parameter
s=Q( (p*/€?) - poly(log(nd/e))), the sketch has the e-subspace embedding property. The running
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time of applying the sketch to ¢(A) T also follows from the same theorem. O

Thus, for the sketch to have both the 1/2 subspace embedding property and the ¢/v4n AMM
property, we need to take m = Q(p*n + pn/e?) and s = Q(p* poly(log(nd))). The time to compute
117 - $(A)T is O(p® nnz(A) + p°n? + p®n/e?) and the time to compute B is O(p® nnz(A) + p°n® +
p’n?/e? + p*n® + pn®/e?), thereby obtaining a near-input sparsity time algorithm for polynomial
kernel ridge regression.

8.5 Lower bounds

Dimensionality reduction, by multiplying the input matrix A on the right with a random sketching
matrix, seems to be the most natural way to speed up ridge regression. Recall that in our algorithm
above, we show that we only need the sketching distribution to satisfy a simple AMM guarantee,
along with being a constant factor subspace embedding, to be able to obtain a 1 + ¢ approximation.
We show that, in this natural framework, the bounds on the number of rows required for a sketching
matrix we obtain are nearly optimal for all “non-dilating” distributions.

More formally, we show lower bounds in the restricted setting where for an oblivious random
matrix S, the vector X = AT (ASTSAT + AI) b must be a 1+¢ approximation to the ridge regression
problem with probability > 99/100. We show that the matrix S must at least have m = Q(no?/Ae)
rows if § is “non-dilating”.

Definition 8.5.1 (Non-Dilating Distributions). A distribution § over m x d matrices is a Non-Dilating
distribution if for all d X n orthonormal matrices V,

Prs.s[||SV]]2 < O(1)] = 99/100.

Most sketching distributions proposed in previous work satisfy the property E[VTSTSV] =
VTV = I. Thus, the condition of non-dilation is not very restrictive. For example, a Gaussian dis-
tribution with O(n) rows satisfies this condition, and other sketching distributions such as SRHT,
CountSketch, and OSNAP with O(nlog(n)) rows all satisfy this condition with O(1) replaced by at
most O(log(n)). Though we prove our lower bounds for non-dilating distributions with O(1) dis-
tortion, the lower bounds also hold with distributions with O(log(n)) distortion with at most an
O(log(n)) factor loss in the lower bound.

For n’ > n, let O"*" denote the collection of n’ X n orthonormal matrices V. € R"*" ie.,
VTV = I,. Without loss of generality, we assume that A = 1.

Assume that there is a distribution § over m X d matrices such that given an arbitrary matrix
A e R™4 and b € R" such that for § ~ 8, with probability > 99/100,

AT — blI3 + %13 < (1+ €)oPT,
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where X = AT(ASTSAT + I)7'b. Given an instance (A, b), let S be a good Ap matrix if the above
event holds, i.e., X is a 1 + ¢ approximation. Let b be a fixed unit vector. Thus, from our assumption,

PrU~O"X”,V~Od><”,S~S [S is gOOdO'UVT,b] > 99/100 (83)

For the problem (cUV™, b) where b is a fixed unit vector, we have OPT = 1/(1 + ¢%). We also have
forv = (372 +VISTSV) 13- 1UTh that

cost(¥) — OPT =0 ES(I — (3% + 1) ) SEv
> Amin(I = (2% +1)™)||ZE0|3,

where E = VISTSV —V1V, which s the error in approximating the identity matrix using the sketch
S, and ¥ is the matrix of singular values of oUVT . Inour case, 3. = oI, for some o > 1 which implies
that

cost(X) — OPT > %HE(O'_ZI +VIistsy)utp|?

once we cancel out > and =71, Thus, if S is good(JUVT’b),

2¢ 2€
< —.
1+02 ~ o2

IE(c 21 +VTSTsV)"'UuTh|? <
2

Therefore, Pryys[||E(c™%I + VTSTSV)_IUTbllg < 2¢/0%] = Pryys[Sis good yyr,] > 99/100.
Now, for a fixed unit vector b, the vector Ub is a uniformly random unit vector that is independent
of V.and S. Thus,

Prys, [|E(c 21+ VISTSV) 7|2 < 2¢/6%] = 0.99,

where above and throughout the section, r is a uniformly random unit vector. Now we transform
this property of the random matrix S into a probability statement about the Frobenius norm of a
certain matrix.
Lemma 8.5.2 (Random vector to Frobenius Norm). If M € R™" is a random matrix independent of the
random uniform vector r such that Prag,-[||Mr||2 < a] > 99/100, then Pry[||M||2 < Can] > 9/10 for
large enough constant C.

To prove the lemma, we first prove the following similar lemma in which the matrix M is a
deterministic matrix.
Lemma 8.5.3. Let M € R™" be a fixed matrix and r be a uniformly random unit vector. If Pr,.[ || Mr||2 <

a] > 9/10, then ||M||% < Cna for a large enough universal constant C.

Proof. Let g € R" be a Gaussian random vector with i.i.d. entries drawn from N (0, 1). Then the
distribution of g/||g||, is identical to that of a uniformly random unit vector in n dimensions by
rotational invariance of the Gaussian distribution. Therefore, from our assumption, Pry[||M gllg <
allgll5] = 9/10. We also have that with probability > 9/10, ||g||5 < Cin for a large enough absolute
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constant C;. Thus, we have by a union bound that,
Pry[lIMgll5 < allgll; A llgll; < Cin] > 8/10,
which implies that
Prg[||Mg||§ < Cian] > 8/10.

Let M = USVT be the singular value decomposition of the matrix M. Then, the above equation is
equivalent to
8/10 < Pr,[||I=V g1 < Cyan] = Pr,[||Zg]1% < Cian]

where the equality follows from the fact that for an orthonormal matrix VT, we have Vg = g.
Thus, if the singular values of M are o1, . . ., 0, we have

Prg[z 0?g? < Cian] > 8/10.
i

Now, we have the following lemma which gives an upper bound on the probability of a linear com-
bination of squared Gaussian random variables being small.

Lemma 8.5.4 ([Low12]). Ifa; > Ofori =1,...,nareconstantsand g,, . . ., g, are i.i.d. Gaussian random

variables of mean 0 and variance 1, then for every § > 0,

Pr[z aig? < 52 a;] < eVs.

i

Proof. The inequality is obviously true for § > 1. We now consider arbitrary § < 1. Assume without
loss of generality that }}; a; = 1. Now, for any A > 0,

Pr( )" aig? < 8] =Pr[-A ) aig} > -20]

1

=Prlexp(-A ) aig}) > exp(~1)] < exp(A5) E[exp(-1 )  aig})]
and therefore,

Pr( ) aig} < 8] < exp(A8) Elexp(-1 ) | aig)]

= exp(15) 1’[ Elexp(—1aig?)]

= exp(A9) ]_[(1 +2Ma;) V2,

Now, [1;(1 + 21a;) > 1+ 2A(3; a;) = 1 + 2 which implies that [J(1 + 24a;)"Y/2 < (1 + 21)71/2
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which gives

PI’[Z aig? <4 < eXp(A(S)(I + 2/1)—1/2'

i

Picking A > 0 such that 1 + 24 = 1/6, we obtain that Pr[}}; a;g? < 8] < exp((1 - 8)/2)Vs <

eVs. O

For § = 0.01, the above lemma implies that Pr[Y}; 62g? < 0.01 %, 0] < e - (0.1) < 0.3. This,
in particular implies that 0.01 }; o7 = 0.01||Z||% < Cian which gives |[M|[% = [|Z]|% < Can fora
large enough absolute constant C. O

We can now prove the lemma.

Proof of Lemma 8.5.2. Let M be good if Pr,.[||[Mr||? < a] > 9/10 and let M be bad otherwise and note
from the above lemma that if M is good, then || M||?, < Can. Now,

99/100 < Pry,[||Mr]|3 < a]
< Pry[M is good] + Pry[M is bad] - (9/10)
=9/10+ (1/10) - Prp[ M is good]

which implies that Pry [ M is good] > 9/10 and therefore PrM[||M||% < Can] > Pry[M is good]

>
9/10. O

This lemma implies that for any random matrix S satisfying (8.3), we have
IE(o™ 21+ VTSTSV) |2 < Cne/o?

with probability > 9/10 over V, S. Using the non-dilating property of S and applying a union bound,
we now have with probability > 8/10,

IE(o™21 +VISTSV) 7|2,
Omin((072I + VISTSV)-1)2
Cne/o?

= < O(ne/c?
Omin((0721 + VITSTSV)-1)2 (nefe”)

2
IEllR <

where we used the fact that for any invertible matrix A, 1/0min(A™) = omax (A) and opax (6721 +
vTsTsv) < (1/6) + |[VTSTsV|, = O(1) with probability > 9/10. Thus, a lower bound on the
number of rows in the matrix S to obtain, with probability > 8/10,

IVTSTSV - I||p < O(¥ne/o?) = O(\e/no?)n (8.4)
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implies a lower bound on the number of rows of a random matrix S that satisfies (8.3).

8.5.1 Lower bounds for AMM

Lemma 8.5.5. Given parameters n and error parameter ¢ < c¢/~+/n for a small enough constant c, for all
d > Cn/é if a random matrix S € R™ for all matrices A € R>" satisfies, ||ATSTSA — ATA||p <
e|lAT ||x |Allg with probability > 9/10, then m = Q(1/¢?).

Moreover, the lower bound of Q(1/¢*) holds even for the sketching matrices that give the following guar-
antee: Pras[||ATSTSA — I||p < en] > 0.9, where A is a uniformly random d X n orthonormal matrix
independent of the sketch S.

Proof. We assume that such a distribution exists with m < c/&? for a small enough constant c. Let
A € R™" be a uniformly random orthonormal matrix (AT A = I,,) independent of the sketching
matrix. Then we have

Pras[||ATSTSA - I||p < en] > 0.9,

as |[AT||p = vn.Let S = UV be the singular value decomposition with U € R™™, 3 ¢ R™™
and V' € R™ Note that if § is a random matrix that satisfies the AMM property, then S - Q is
also arandom matrix that satisfies the AMM property where Q is an independent uniformly random
orthonormal matrix. Therefore, we can without loss of generality assume that ¥ is independent of
VT and that V' is a uniformly random orthonormal matrix. Thus, the above condition implies that

Pravs[|ATVEEVTA - I||p < en] > 0.9,

Using the following lemma, we effectively show that the matrix VT A in the above statement can be
replaced with (1/Vd)G, where G is a Gaussian matrix of the same dimensions as V' A.

Lemma 8.5.6 (Lemma 3 of [LW21]). Let G ~ €4 and Z ~ 04, Suppose that p, q < d and G is the top
left p X g block of G and Z is the top left p X q block of Z. Then di, ( %CA}HZA) < CE where C is a universal
constant. By applying Pinsker’s inequality, we obtain that

drv(%GIIZA) < J(l/z)dKL(%é”ZA) < VCpq/2d.

Now both the matrices V, A can be taken to be the first m and n columns of independent uniform
random orthogonal matrices V’ and A’, respectively. By the properties of the Haar Measure, we
obtain that (V)T A’ is also a uniform random orthogonal matrix. Thus, the matrix V' A can be seen
as the top left m X n sub-matrix of a uniformly random orthogonal matrix. If nm < d/100C, which
can be assumed as m < c/&* for a small enough constant ¢, we have from the above lemma that

167



dTV(%GllVTA) < 0.1 which implies that

|Pros[|(1/d)GT32G — I||p < en] — Pravs[|ATVS?VTA - I||p < en]| < 0.1

and therefore
Pros[|1(1/d)GT22G —I|lp < en] > 0.8, (8.5)

where G is an mxn matrix of i.i.d. normal random variables. We will now show that if m < 1/¢?, then
no distribution over matrices ¥ satisfies the above condition. Note that G and ¥ are independent.
We prove this by showing that a random matrix ¥ satisfying the above probability statement must
satisfy two properties simultaneously that cannot be satisfied unless m > c/&? for a large enough
constant c.

Let G; denote the left half of the matrix G and G, denote the right half of the matrix G. We have

1

I1(1/d)GT 526 ~ 1l = 511G S Gl

which is obtained by considering the Frobenius norm of the bottom-left block of (1/d)G* 22G - I.
We first have the following lemma.

Lemma 8.5.7. Let M be a fixed matrix and G be a Gaussian matrix with t columns. Then with probability
> 0.9, IMGI[% > 0.001¢[|M][3..

Proof. Let M = USVT. We have MG = USVTG = USG’ where G’ is a Gaussian matrix with ¢
columns. Now, MG, = |[USG'|5 = IG5 = X X; crizgl.zj. By Lemma 8.5.4, 3; X' ; al.zgizj >
(X X;07) - 0.001 with probability > 0.9. Now, using the equality 3; ;07 = X, to7 = t||Z]|} =
t||M||2, we finish the proof. O

Thus, conditioned on the matrix G;FZZ, we have that with probability > 0.9,
G} =2Gy|I% > 0.001(n/2) |G} 22|12

Applying the same lemma again, we have with probability > 0.9, |G} =2||% > 0.001(n/2)||Z?||%.
Thus, overall with probability > 0.8 over G, we have for any fixed X that, |G 2%Gy||%, > Q(n?||22|12),

and therefore,
Prex[IGIS2G|1% > Q(n?|52]12)] = 0.8.

Using a union bound with (8.5), we obtain that with probability > 0.6, it is simultaneously true that
1
efn? > ||(1/d)G =G - I|IA > EIIG,TZZGIH%
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and
IGF=2G 1% > Q(n?||Z%1%)

which implies that with probability > 0.6, (l/dz)||22||127 =0(e?) ie, (1/d*) X1, of = O(¢?). Thus,
if S is a random matrix that satisfies the AMM property and if o1, . . ., 0, are its singular values, then
with probability > 0.6,
Dot <’ (8.6)
i

for a universal constant Cj.

We now obtain a different probability statement about the singular values of the sketching ma-
trix S by considering the sum of squares of the diagonal entries of the matrix (1/d)GT3%G - I =
(1/d) X, ‘71 g; gl T_I where g; are n dimensional Gaussian vectors. Note that ((1/d)GTZZG—I)jj =
(1/d) X1, o? 91] — 1. Fix the matrix X. Clearly,

1(1/d)G 526G - 1|1}, > Z((l/d) Z otgl - 1%
If Y27, 07 < d/100, we have that with probability at least 0.9,

(1/d)Za g < (10/d) E[ Za g1 < (10/d) - (d/100)

which implies that ((1/d) Y, o? 91] —1)? > 1/4 with probability > 0.9. Let j € [n] be large if
the previous event holds. By a Chernoff bound, with probability > 0.9, there are > n/C; large values
j € [n] foralarge enough absolute constant C,. Thus, 2,7, 6 < d/100 implies that with probability
> 0.9, |(1/d)GT3%G - I||F > (n/Cy)(1/4) = n/4Cy > £*n? as we assumed that ¢ < ¢/+/n for a
small enough constant c. Now, if Pry[ Y72, 62 < d/100] > 0.3, then by the above property for a
fixed 3, Prs.c[|[(1/d)GT2%G — 12 > €2n2] > 0.2 which implies that

Pryg[l[(1/d)GTS2G ~ I||4 < €*n*] < 0.8

which is a contradiction to (8.5). Thus, Prs[||Z]|2 < d/100] < 0.3 which implies
m
Prz[Z o? > d/100] > 0.7. (8.7)
i=1
By a union bound on (8.6) and (8.7), with probability > 0.3, it simultaneously holds that
m m
> ot <Cidand Y of > d/100.
i=1 i=1
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Now,

"

Il
—-

2 m
d?/100* < ( aiz) < mZ o} < Cymd*é*.
i=1

1

Here we used the Cauchy-Schwarz inequality which finally implies that m = Q(1/&?). Thus, any
oblivious distribution that gives AMM with ¢ < c¢/+/n for a small enough constant ¢ must have
Q(1/€?) rows. O

Although the above lemma only shows that an AMM sketch requires m = Q(1/¢%) ford > Cn/é?,
we can extend it to show the lower bound for d > C/¢? for a large enough constant C. Note that
C/e* = Q(n) since e < c¢/+/n.

Theorem 8.5.8. Givenn > 0and ¢ < c/+/n for a small enough constant c, there are universal constants
C, D such that for alld > D/¢?, any distribution that has the ¢ AMM property for d X n matrices must have
> C/e? rows.

Before proving Theorem 8.5.8, we first prove the following lemma that shows CountSketch pre-
serves the Frobenius norm of a matrix.

Lemma 8.5.9 (CountSketch Preserves Frobenius Norms). IfS is a CountSketch matrix with m > 200/€?,
then for any arbitrary matrix A, with probability > 9/10,

ISAlIE = (1 &)[|All-

Proof. For any vector x, we have E[ (||Sx||5— [|x]13)?] < (2/m)]|x||; if S is a CountSketch matrix with

m rows. Now,
E[|lISx[l5 = lIx[1311* < E[(ISxl5 — lIx/13)*] < (2/m)lIx|13

which implies that E[|[|Sx||5 — |Ix[I5]] < +/2/ml|x||5. For any arbitrary matrix A, we have |||SA]|3 —
ANZ] = | 2 1SAGE = 1ANIA] < X; [ISAl; = [|Axll3]. Thus,

E[[[ISAII% — A ZEIIISA*lllz lALIE) < V2/m Z||A*l||2—w/ mllAJ13.

For m > 200/¢%, we have E[|[ISA||% — [|AlI4]] < (¢/10)||All%. By Markov’s inequality, with proba-
bility > 9/10, [ISAJ% = (1 + )| A[l3 o

Proof of Theorem 8.5.8. Given n and ¢ < ¢/+/n for a small enough constant, assume that for d = C; /¢?
for a large enough universal constant Cy, there is a random matrix § with r < C,/¢* rows such that

170



for any fixed matrix A € R*", with probability > 99/100,
IATSTSA - ATAllr < (¢/3)IAT IFlIAll.

Now consider an arbitrary matrix B € R?>" for d’ > Cn/¢? for which the previous lemma applies.
Let S; be a CountSketch matrix with K/&® rows for a large enough K. With probability > 95/100, we
simultaneously have (i) |[BYS{S1B — B'B||r < (¢/3)IIB|lp||Bllp = (¢/3)|BI|%, and (i) ||S1Bllr =
(1 + ¢/3)||B||r. By picking C; large enough, we have that C; > K. Thus, by our assumption, the
random matrix S gives the AMM property for the matrix S;A. Conditioning on the above events, we
have with probability > 99/100 that

|IBLsTsTss,B - BYsTs By
< (¢/3)|IB*ST lIplIS1Bllr
< (¢/3)(1+¢/3)%||B|I% < (¢/2)||BII3.

By the triangle inequality, we obtain ||[BYSTSTSS;B — BYB||¢ < (¢/3 +¢/2)||B||% < el|BlI%. Thus,
by a union bound, with probability > 0.9, the random matrix S - S, satisfies that for any fixed matrix
Bwith > Cn/e? rows, with probability > 0.9,

IBY(S-$1)"(S-$1)B - BB||r < ¢|B|I%

implying that even for a matrix with at least Cn/e? rows, there is an oblivious sketching distribution
withr < C, /&% rows which gives an AMM guarantee. This contradicts the previous lemma and hence
our assumption that there is a small sketching matrix for matrices withd = C; /¢? rows is false. Thus,
we have that for any d > C/&? for a large enough constant C, there is no sketching distribution with
< C, /¢ rows that gives the ¢ AMM guarantee for matrices with > d rows. O

As discussed in the introduction, in proving the above results, we crucially use the fact that a
sub-matrix of a random orthonormal matrix is close to a Gaussian matrix in total variation distance
to prove the above theorem. This seems to be a useful direction to obtain lower bounds for other
sketching problems.

8.5.2 Lower Bound Wrap up

In the case of ridge regression with A = 1, (8.4) shows that the sketching distribution has to sat-
isfy the AMM guarantee with parameter cv/e/no?. By using the above hardness result for AMM, we
obtain the following theorem.

Theorem 8.5.10. If § is a non-dilating distribution over m X d matrices such that for all ridge regression
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instances (A, b, 1) with A € R™4 1 < g2/ < « satisfies,
Prs.s[||AX — b|% + A||X]|5 < (1 +&)OPT] > 0.99,

forx = AT(ASTSAT + AI)~'b, thenm = Q(na/e) = Q(no?/Ae).

8.6 An Experiment

We run our algorithm on a ridge regression instance with a 6000 X 70000 matrix A whose entries
are independent Gaussian random variables. We set A such that 6% /A ~ 1. Naively computing x* =
AT(AAT + AI)71b takes thaive = 71 seconds on our machine. We use OSNAP with sparsity s = 8 and
vary the number r of rows and observe the running times and quality of the solution that is obtained
by our algorithm.

Our experiments show the general trends we expect. Increasing the number of rows in the sketch-
ing matrix results in a solution x that has lower cost and also is closer to the optimum solution x*.
We also see that the running time of the algorithm is nearly linear in the sketch size r, implying that
the time required to apply the sketch is negligible for this instance. At sketch size r = 30000, that
is less than d/2, we see that the algorithm runs nearly 40% faster than the naive algorithm while
computing a solution that has a cost within 5% of the optimum. For larger values of d, we expect to
obtain a greater speedup as compared to naively computing x*.

Notice that we do not compare with the algorithm of [CYD18] as for one iteration, our algorithm
is exactly the same as theirs. Our theorems show that the sketch can be smaller and sparser than what
is shown in their work to compute 1 + € approximate solutions, giving the first proof of correctness
about the quality of the solution at smaller sketch sizes.

8.7 Conclusions and Open Questions

In this work, we relax the requirements in earlier algorithms and show that just a constant subspace
embedding paired with a weaker approximate matrix multiplication guarantee suffices to obtain
accurate solutions for the ridge regression problem. We also obtain tight lower bounds for oblivious
sketches that have e-AMM property and using it we show that for a specific type of algorithms, the
sketching dimension we achieve is essentially optimal.

An interesting question is if the sketching lower bound for ridge regression can be expanded to
more general algorithms. Concretely, let A and o be given parameters. Suppose that S is a sketching
matrix paired with a function f. If for all n X d matrices A with ||Al|2 = o and label vectors b, if
x = ATy, where y = f(AS, b) satisfies

|Ax — b]|3 + Allx||? < (1+¢) - OPT
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with probability > 9/10, can we show that the matrix S requires Q(no?/Ae) columns?

173



174



Chapter 9

PolySketchFormer: Fast Transformers via
Sketching Polynomial Kernels

9.1 Introduction

Transformer-based models [VSP*17] are state-of-the-art for many natural language tasks, leading
to breakthroughs in machine translation, language understanding [DCLT19], and language model-
ing [BMR*20, CND*22, Ope23, ADF*23]. However, the quadratic time and space complexity of the
attention mechanism limits scalability for long context lengths. Numerous “efficient transformers”
have been proposed to address this issue [WLK* 20, KVPF20, CLD* 20, HJK*23]. These variants approx-
imate' the standard attention mechanism. A survey by Tay, Dehghani, Bahri and Metzler [TDBM22]
provides a broad overview of these techniques. While many efficient transformer constructions
achieve linear theoretical training complexity, the survey observes that practical training speedups
are often less significant, with potential losses in model quality. This explains the continued domi-
nance of vanilla transformers.

In this work, we focus on improving training latency for transformer models in decoding-only
tasks, specifically language modeling trained via next-word prediction. We will first briefly discuss
existing approaches to make training of transformer models faster and then place our contributions
in context.

Memory efficient and I/0 aware approach. FlashAttention and FlashAttention-2 [DFE*22, Dao23]
seeks to enable vanilla transformer training on long contexts. This is achieved through 1/0-aware
optimizations like blocking/tiling and rematerialization, significantly improving memory efficiency.
While this reduces the O(n?)? HBM (High-Bandwidth Memory) requirements of ML accelerators
(GPUs/TPUs), enabling fast training on thousands of tokens, the computational cost per training

“Approximation” is used informally here, since some “efficient transformers” deviate significantly from the vanilla
model.
Zn denotes the context length - the number of input tokens.
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Figure 9.1: Train step latency per token in ps/token of GPT-2 small style models with softmax at-
tention (FlashAttention) v.s. ours. Each model is trained with 1M tokens batches. Vanilla softmax
attention goes out-of-memory (OOM) for context lengths > 8k.

step remains O(n?) (see Figure 9.1), and this remains a barrier to further scaling the context length.

Approximate softmax attention via sparsification. Another line of work tries to approximate
softmax attention and avoid n X n attention matrix computation by focusing on a smaller set of
pairs of query and key vectors. Techniques include utilizing locality/positional information [CGRS19,
BPC20, XTC*23, ZGD*20, RSVG21, DMD*23], hashing/bucketing [KKL20, SYY21, HJK"23], low-rank
projection [WLK*20], or other sparsification methods. In these cases, there is usually some trade-
off between model quality and sparsity, i.e., denser attentions improve quality but decrease speed.
Hence, an efficient high-quality n X n attention mechanism may potentially improve on these tech-

niques.

Efficient n X n attention by kernel-based methods. The kernel-based view of attention was
taken by a series of earlier works [TBY*19, KVPF20, CLD*20, PPY*21]. In particular, let {q; € R} [n]>
{k; € R"} ie[n] and {v; € R"} ic[n] be sets of query, key and value vectors respectively, the output of
the attention mechanism for query gq; is computed as

O'(qi’kj) o7
Yiemol(gpky)

Attn(q;, {k;}, {v;}) = Z

Jjeln]

When the similarity kernel function o(x,y) = exp({x,y)), the above attention is exactly the soft-
max attention®. If there exists a feature map ¢ such that o(x,y) = (¢(x), #(y)), the attention

3In standard softmax attention, o'(x, ) := exp(({x, y)/Vh). We omit Vh here for simplicity of the presentation.
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output for query g, can be rewritten as:

p@) k) o
A Aki}{vi}) = e
tn(g;. {k;} {v;}) jez[n] Seim @)t $lhy)

~ $(q)" - Xt (k)) 0]
(@) e k)

If ¢(-) has a finite dimension h’, one can first compute 3. e, #(kjr) and X jepn) ¢ (k;) - v].T in
O(nhh’) time, and then compute Attn(q;, {k;}, {v;}) foralli € [n] in another O(nhh’) time, which
is linear in the context length n.

Most of the existing works such as [KVPF20, BFD*22, TBY*19, BMD*23, YWS*23, KPZ*21] only
consider similarity functions o (x, y) with a low dimensional feature mapping (e.g., o (x, y) = (x,y),
(x,y)?%, (elu(x) +1, elu(y) + 1), etc.). Hua, Dai, Liu and Li [HDLL22] proposed to use a mixed strategy
based on the positions of the tokens: if positions i, j € [n] are close enough, they use o(q;, k;) =
reluz((qi, k;)). Otherwise, they use 0(q;,k;) = {(q;, kj), which again has a low dimensional fea-
ture mapping. These simple similarity kernel functions o(-) either suffer from some loss of model
quality [KVPF20] or require additional tweaks of network structures (e.g., significantly increasing
the number of attention layers [HDLL22], introducing decay factors for earlier tokens [YWS*23]) to
achieve comparable model quality as softmax attention.

Some other previous works try to approximate the regular softmax attention via approximate
feature mappings for the exponential similarity function. Random Feature Attention [PPY*21] uses
random Fourier features to produce an approximate feature mapping but without provable approx-
imation guarantees. Performer [CLD*20] provides a low dimensional approximate non-negative fea-
ture mapping ¢’(-) via positive orthogonal random features. It has provable approximation to the
pairwise similarities, i.e., the maximum error max; je(n| |(¢>’(qi), ¢'(k;j)) — exp({q;, kj))| is small.
However, the dimension of their feature mapping has to grow exponentially in ||g,||2 and ||k;||% to
have a small error. In other words, consider a single query q; and two keys k; and k» such that all
llg;ll2, Ikl [k |l2 < R, then exp({q;, k;))/exp({q; kj)) < exp(2R?). Thus, the maximum rela-
tive probability masses that can be assigned while guaranteeing the approximation factor is limited
by the dimension of the feature mapping used. In fact, a recent work [AS23a] implies that it is actually
impossible to get above approximation for pairwise exponential similarity under Strong Exponential
Time Hypothesis (SETH [IPZ01]) when the query and key vectors have large entries. Furthermore, it
was observed empirically [CLD*20, HDLL22] (also see Figure 9.2) that there is a clear model quality
drop when using Performer in comparison with the exact softmax attention.

Given barriers above, a natural question arises: Does there exist a similarity kernel function that
achieves similar model quality as softmax attention while also admitting proper approximation by a low-dimensional
feature mapping?
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9.1.1 Our Contributions

Polynomial similarity kernel function of high degree. To tackle the first part of the above ques-
tion, we explore the power of the polynomial kernel function o(x,y) = (x,y)? for large even de-
grees p > 4 empirically for language modeling tasks. In particular, we look at the standard GPT-
2 [RWC*19] architecture (from the small size to the large size) and the strongest known Transformer
recipe (a.k.a. Transformer++) which is a common baseline model studied in many previous works as
well [HDLL22, GD23, YWS"23]. We compare the models with vanilla softmax attention to the mod-
els that simply replace the attention mechanism with degree-p polynomial attention. We consider
context lengths ranging from 512 to 32k. As shown in Figure 9.2 and our other empirical studies (see
Section 9.4), for autoregressive pre-training metrics (perplexity) and few-shot evaluations that we
studied, the models with degree-p polynomial attention (p > 4) achieve comparable performance
to the models with the vanilla softmax attention. In addition, we discuss the behavioral similarities
between softmax attention and polynomial attention in Section 9.2.1 to provide more intuitions
why they had similar empirical outcomes.

Approximate feature mapping for polynomial kernel. Unlike exponential kernel whose exact
feature mapping has infinite dimension, the feature mapping of degree-p polynomial kernel over
R" has a finite feature mapping of dimension h? (see e.g., [ANW14]). In practice, the head size
h is usually 64, 128 or even 256 [CND"23]. Therefore, computing the exact feature mapping for
p > 4 is still expensive. To address this issue, we use sketching to compute a low-dimensional
approximate feature mapping ¢’ such that (¢’(x), ¢’(y)) =~ (x,y)?. Sketching polynomial ker-
nels [ANW14, AKK*20, SWYZ21a, MSW19] has been extensively studied in the literature, and the
techniques are used in many applications such as kernel regression [SWYZ21a], kernel PCA [ANW14],
evaluating element-wise matrix functions [HAS20], etc. However, though (x, y)? is guaranteed to be
non-negative for even integer p, none of the approximate feature mappings provided by previous
works guarantees (¢’(x),#’(y)) > 0. This is undesired in practice since the original normalized

attention weights
(g, k1)? (g, k2)” (g kn)?

Zje[n] <qi’ kj>p’ Zje[n] <qi’ kj>p’ ’ Zje[n] <qi’ kj>p
naturally represent a probability distribution, but the property does not hold when there exists some
negative attention weight (¢’ (q;), ¢’ (k). More importantly, previous work [CLD*20, KVPF20] found
that negative attention weights make the training process unstable, potentially causing non-convergence.

To address this issue, we extend the construction of [AKK*20] and develop an approximate feature
mapping with desired non-negativity property.

Theorem 9.1.1. Let p > 2 be an even integer, ¢ € (0, 0.5) be an error parameter. Let h be the dimension of
the vectors to be mapped. There is a randomized feature mapping ¢’ : R" — R forr = ©(pe?log1/6),
such that given any set of vectors {q; € Rh}ie[n], {k; € Rh}ie[n]:
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L Vi, j € [n],{¢'(q;). 9" (kj)) = 0.

2 T (4, ¢' (k) = (@ k)P I < X llq ;" Ik I, holds with probability 1 - .

3. (Ei)mputing ¢’(x) only requires p/2 mat;{ix—vector multiplications of matrix size h X r, (p/2 — 2)
matrix-vector multiplications of matrix size r X r, (p/2 — 1) Hadamard products of r-dimensional
vectors, and 1 self-Kronecker product of an r-dimensional vector.

The first property above is the desired non-negativity property that we discussed earlier. We
achieve this property by using a simple “self-tensoring” technique. Our result is stated in Theo-
rem 9.2.4. The second property states our error bound. The third property implies that the com-
putation of ¢’(-) only requires a small number of standard matrix/vector operations which can be
implemented to run quickly on accelerators (GPUs/TPUs).

Inspired by the literature of learned sketches [HIKV 19, AIV19], we also propose a heuristic which
replaces each random projection matrix used in ¢’(-) constructed in Theorem 9.1.1 with a compara-
ble size learnable multi-layer dense network. Since each random matrix used in ¢’(+) has size only
h X r or r X r, the number of parameters that we add to the model is negligible in comparison to
the model size. We observe significant model quality improvements (see Figure 9.2) by learning the
sketches through training instead of using randomly sampled sketches.

Block-based lower triangular multiplication for handling causal masks. Another bottleneck in
applying attention linearization techniques in training transformer models with causal masking
on long contexts is to handle a huge number of sequential gradient updates due to RNN-style se-
quential dependencies [HDLL22]. When causal masking is applied, the attention between the query
q; and the key k; is masked out when j > i (i.e., the j-th token appears later). More precisely,

Attn(q;, {k;}, {v;}) =
olgpky) 1 _ $(g)" - Ljer ¢(k)) - v;
Sy Zietn o(@i k) g P(g)?t - Xern o(kj)

During the training, to compute the output of the attention mechanism in time linear in context
length, one has to compute the prefix sums 3’ ;c;; ¢ (k;) - v;.f for all i and then multiply the i-th
prefix sum with the corresponding vector ¢(q;)*. This RNN-style sequential state updates make
the training process fail in fully utilizing the parallelism strength of modern accelerators. To resolve
above issue, we propose a general block-based approach to compute Ity (A - BT) - C* for arbitrary
matrices A, B, C without materializing A- B", and it only requires a small number of prefix updates.
By working more carefully with our block-based approach, we observe that instead of using the
approximate polynomial attention weight via approximate feature mapping, we are able to compute
the exact polynomial attention weight between q; and k ; if the i-th token and the j-th token are close

“ltn. (M) denotes the matrix obtained by only keeping the lower triangular entries of M and zeroing the rest of the
entries.
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in position. After applying exact polynomial attention weight for local tokens, we see improvements
in model qualities (see Figure 9.2, Section 9.4).

Empirical studies. We empirically evaluate all our approaches. The models equipped with high de-
gree polynomial attention and sketched polynomial attention achieve comparable or better quality
on all our evaluation metrics in comparison with models equipped with vanilla softmax attention,
and achieve significantly better quality than models with approximate softmax attention provided
by Performer [CLD*20]. For GPT-2 style small size models, the models with sketched polynomial at-
tention achieve 2x speedup in comparison with FlashAttention [DFE*22, Dao23] of the fastest config-
uration for 32k context length. Notice that we achieve such speed-up without applying any advanced
1/0 aware optimization techniques. We believe that our running time can be further reduced by op-

timizing the implementation in a more careful manner.

9.1.2 Other Notation

Given a matrix M € R™™ we use m; € R™ to denote the i-th row of M. We also abuse the notation
to use M to indicate the set of vectors {m;, my,---, m,}. We use M; ; to denote the entry at the
i-th row and j-th column of M. We use M? to indicate raising each entry of M to the power p.
Let f : R™ — R be an arbitrary function over vectors, we use f(M) € R™¥ to denote the
matrix obtained by replacing the i-th row of M with f(m;). Given vectors @ = (ay, as, - - - , ap) and
b = (b, by, - ,by),axb = (aiby,azby, - -, amby) denotes the entrywise product (Hadamard
product), a ® b = (a1by,aibs, - -, a1bm, azby, ashs, - -+ , asbp, - - - , amby,) denotes the Kronecker
product, and diag(a) denotes a diagonal matrix where the i-th diagonal entry is a;. A* B denotes the
entrywise product between matrices A and B. We define “self-tensoring” a® = a®a®®~V ¢ R™
where a®! = a. A®? indicates replacing each row a; of A with al@P . ltp. (M) denotes the matrix
obtained by only keeping the lower-triangular entries of M and zeroing the remaining. 1,, € R™

denotes an all-one vector.

9.2 Polynomial Attention and Approximation

We discuss the polynomial attention in more detail in Section 9.2.1 and introduce the sketching
techniques (Section 9.2.2, 9.2.3) for efficiently approximating the polynomial attention. We ignore
causal masking in this section, and present how to efficiently handle causal masking in Section 9.3.

9.2.1 Softmax versus Normalized Polynomial

Let us revisit the softmax attention. Given sets of query, key vectors Q = {q;}ic[n], K = {ki}ic[n] C
R”, and scaling parameter > 0, bias parameter & € R, the normalized softmax attention weight
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Figure 9.2: Pre-training metric (perplexities). Lower is better. GPT-2 small style models with var-
ious attention mechanisms are trained on PG-19 and Wiki-40B datasets at different context lengths
up to 32k. Each batch contains 1M tokens in total. Polynomial attention with p > 4 has compara-
ble model quality as softmax attention but 0OOM’ed when context length >8k. Polysketch attention
(equipped with learned sketches (Section 9.2.3) + local exact polynomial attention (Section 9.3.2))
consistently outperforms all other mechanisms. The parameter r denotes the sketch size (see for-
mal definition in Section 9.2.2).

between q; and k; is:

P ({gpkj) /B~ a)
Y e exp (@ ki) /- a)

Note A;; is invariant in a. In practice, a is usually chosen to be max; c[,)(q;, k;)/p to make the
computation of both numerator and denominator numerically stable.  is a smoothness factor. When
p — oo, then A;; — 1/n,i.e, the i-th row of A indicates a uniform distribution over all j € [n].
0 (95, k) # maxjern)(q;, k)
1/a (q;kj) = maxjen(q; kj)
satisfying (q;, k;) = maxjc[,)(q;, k), i.e., the i-th row of A indicates a uniform distribution only

When f — 0, then A;; — where a is the number of j

over j that provides the maximum inner product. In general, § is chosen to be VA [VSP*17].

Interestingly, normalized polynomial function has a similar behavior of the interpolation nature
between the uniform distribution and the argmax distribution discussed above. In particular, let p
be an even integer and consider the following normalized weight computed between q; and k :

(((gs k) + @) /)"

: (9.1)
2jreln] (({gikjr) + “)/ﬂ)p

It is clear the weight is invariant for different . Choosing a proper f can make both numerator
and denominator fall in a reasonable range and make the computation numerically stable. When
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a — oo, the weight is close to 1/n, i.e., these weights provide a uniform distribution. When a >
—minje(n{(q; kj») and p — oo, the weight is close to 0 if (g;, k;) does not provide the maximum
inner product, and the weight is close to 1/a otherwise, where a is the number of k; that provides
the maximum inner product.

Observe that if (g, 15) = (kj,14) = 0forall i, j € [n], i.e., entries of q;, k; always have mean
0, then we have Vi, j € [n], ({(q;,k;) + a)/p = <q: k}), where ¢} = qi/\/ﬁ+ \/W- 1y, and
K =k;/ \/B + W * 13, i.e., q; and k’; are obtained by applying the same rescaling and bias
to q; and k; respectively. Motivated by the above observation, we slightly tweak Equation 9.1 by
applying an additional layer normalization® [BKH16] to {q;}, {k;}, this gives the normalized degree-
p polynomial attention weight matrix A?) considered here:

(P _ (q;; k;'>p
Y1+ Y jen (gL k)P

where g}, k’; are obtained by applying the layer normalization layer to g;, k ; respectively. Unlike soft-
max attention matrix, it is possible that the term 3’ ;¢ [,(q}» k;, ) is (close to) 0. We add 1 to the de-
nominator to avoid dividing by zero. Given value vectors V = {v;};c[o; C R", the full degree-p poly-
nomial attention Attn®”) (Q, K, V) = A®?).V = D~1.(Q’K’T)?-.V,where D = diag(1,+(Q’K'T)"1,).
In the rest of the chapter, we abuse notation between Q, K and Q’, K’, and only consider Q, K after
layer normalization.

As presented in Figure 9.2 and other experiments in Section 9.4, the models with the degree-p
polynomial attention described above achieve comparable model quality as vanilla softmax atten-
tion on all metrics as long as p > 4.

9.2.2 Random Sketches for Polynomial Attention with Theoretical Guarantees

To compute Attn?) (Q, K, V), we only need to compute (QKT)?-V and (QKT)P-1,. Let us only focus
on computing (QK )P -V since we can handle (QK")? -1, in the same way. Due to a well-known fact
Vx,y, (x,y)? = (x®P,y®P), we have (QK )PV = Q®P(K®P)T . V. If we reorder the computation
and compute (K®P)T - V first, we are able to compute Q% - (K®P)T - V in O(nh?*!) time which
is linear in the context length n. However, the h?*! dependence is still expensive as we explained in
Section 9.1.1. Thus, we resort to approximating Q®” (K®P) T using sketching techniques, which we
formally describe ahead. We first state the definition of a sketch that has the “Approximate Matrix
Multiplication (AMM)” guarantee.

Definition 9.2.1 (Approximate Matrix Multiplication [Woo14]). Given parameters n, h and p, a ran-

thxr

domized sketching matrix S € has the (e, p)-AMM property if given any two n X h ma-

trices A and B, with probability > 9/10 over the randomized sketching matrix S, we have that

*Layer normalization shifts the entries of the input vector to make them have mean 0 and learns a suitable bias during
training.
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I(A®PS)(B®PS)T — A®P(B®P)T|[p < &]| A®P || || B®P||p.

The parameter r above is referred to as the sketch size. Two important properties of a sketch-

ing distribution are (i) the sketch size r as a function of the accuracy parameter ¢ and (ii) the time
required to compute A®PS given an arbitrary matrix A. Ideally, we want the matrix S to have a
structure such that A®PS can be computed without realizing the large matrix A®P. [AKK*20] gave
constructions of different sketches that have both the properties that the sketch size r is small and
the matrix A®”S can be computed quickly. We describe the main properties of one of their sketches
below and explain how to compute A®?S.
Theorem 9.2.2 ([AKK*20]). Given p and ¢, there is a sketching matrix S with r = ©(p/&*) columns such
that S satisfies the (e, p)-AMM property (Definition 9.2.1). Given an arbitrary vector a € R, computing
(a®P) TS only requires p matrix-vector multiplications of matrix size h X r, (p — 2) matrix-vector multipli-
cations of matrix size r X r, and (p — 1) Hadamard products of r-dimensional vectors.

To compute A®?S, we only need to compute (a?p ) TS for each row a; of A. The number of matrix-
vector multiplications and Hadamard products scales linearly in n. Let us focus on the construction
of the sketch described in Theorem 9.2.2. We now explain how the sketch computation works for
p = 2 and how it is extended to general values of p that are powers of 2. Let G; € R"™" and
G, € R™ denote two independently sampled random Gaussian matrices, i.e., each entry is drawn
independently from a standard Gaussian distribution. Then the outcome of applying the sketch on
A®? is A®2S = \/1_/r - [(AG1) * (AG3)]. The construction extends to all p that are powers of 2 in a
recursive way. POLYSKETCHWITHNEGATIVITY (A, r, p) (Algorithm 9.1) shows how to compute A®FS

in general.

Algorithm 9.1: POLYSKETCHWITHNEGATIVITY

Input: A € R®™ r p
// Implementation of Theorem 9.2.2 [AKK*20].
// The output is A®PS.

1 if p = 1 then
2 ‘ return A
3 end

4 M7 < POLYSKETCHWITHNEGATIVITY (A, 1, p/2)
5 M, < POLYSKETCHWITHNEGATIVITY (A, r, p/2)
¢ Sample Gaussian matrices G1, G2, each of r columns

7 return \/m [(M1Gy) * (M3G)] € RF>"

The polynomial sketch can be used to approximate the matrix (QK')? = Q®P(K®P)T with
(Q®PS)(K®PS)T. However, one issue is that they do not preserve nonnegativity: while for even p,
the entries of the matrix (QK™T)? are nonnegative, the entries of the matrix (Q®”S)(K®?S)T can
be negative. This is not desired as discussed in Section 9.1.1. In the following, we propose a simple
approach to address this negativity issue.
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Algorithm 9.2: POLYSKETCHNONNEGATIVE
Input: A € Rkxm r,p
// Our approach based on Theorem 9.2.4.
// The output computes ¢’(A) = (A®?/2§)®2 where ¢’(-) is the same mapping
as mentioned in Theorem 9.1.1.

1 M «— POLYSKETCHWITHNEGATIVITY (A, r, p/2) return M®2 e RF*"",

Consider two arbitrary vectors a, b, we can see that the dot product (a®?, b®?) = (a,b)? >
0. Thus, given matrices Q®#/2)S and K®#/2)§, consider the matrix (Q®#/?§)®2((K®(/2§)€2)T,
Since all the entries of the matrix are of the form (a®?, b®?) for some vectors a, b, all the entries of
the matrix (Q®#/2)8)®2((K®/2§)®2)T are nonnegative as well. The “self-tensoring” trick ensures
that all the entries in the approximate attention matrix are nonnegative at the cost of squaring the
sketch size r.

Although (Q®(*/28)®2((K®(/2§)®2)T guarantees non-negative property, it is not clear whether
it is still a good approximation to (QK ") given that S is a polynomial sketch for degree p/2. One of
our technical contributions is to prove that it still provides a good approximation when the sketch-
ing matrix S is constructed as in [AKK*20]. The key is Theorem 9.2.4 which shows that a degree p/2
polynomial sketch followed by “self-tensoring” gives a degree p polynomial sketch.

To state Theorem 9.2.4 properly, we need to briefly introduce the following concepts. The (¢, §, t)-
JL moment property is defined as follows. Given a scalar random variable X and t > 1, || X||y: is
defined to be E[|X|*]/%. || - ||+ defines a norm over random variables defined over the same sample
space and in particular satisfies || X + Y||z: < || X||ze + ||Y]|Le.

Definition 9.2.3 (JL-moment property [Woo14]). Given ¢,§ > 0,¢ > 1, a random matrix $™*" has
the (&, 8, t)-JL moment property if for any x € R™ with [|x||, = 1, ||||xTS]|? - 1||L, <e- 88
Theorem 9.2.4. Let S € R"*" be q random sketch satisfying the (¢, 8, t)-JL moment and (&, 8, 2t)-JL
moment properties for some even integer t. Given matrices C, D with h?/? columns, ||(CS)®*((DS)®?)T —
C®(D®)T||p < V5¢||C®?| ||| D®?||r holds with probability > 1 — 6,

We first note the following fact: If S has (¢, §, t)-JL moment property, then for any two arbitrary
vectors x and y, we have that ||(STx, STy) — (x, y)||l.x < €5'/*||x]||2]lyl|2. For a proof see Lemma 9
from [AKK™20].

Proof of Theorem 9.2.4. Let ¢; denote the i-th row of C and d; denote the j-th row of D. Then the
(i, j)-th entry of the matrix C®2(D®?)T is equal to {c;,d )2, Similarly, the (i, j)-th coordinate of
the matrix (CS)®?((DS)®%)" is equal to (ST¢;, $Td;)? and therefore

1(C$)*((DS)*) " = C®* (D) M|} = > ((87ei, STd)) = (cind))?)
Lj
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1/t

Recall that given an integer t > 1, for arandom variable X, we define || X||;: as E[| X|*]/*. Also note

that || X||1: is @ norm over the random variables and in-particular satisfies the triangle inequality.

Now,
II1(CS)2((DS)*D)T = C=2(D)  [el1e = II(CH((DS)*) T - (D) T2 112
=11 > (s e T dy)t = (e d)H?IE
i,j
< (O (S e, 8 d)? = (cind )2l )2
i,j
where we used the triangle inequality of || - ||z in the last inequality. Now consider a single term

1((ST i, STd;)? - (ci, d;)?)?|| o2 First, we have

(($Tei, $1d))* - (ci.dj)?)?

= ((STei, STd;) + (cid;))*((STe, STd)) — (cid)))?

= ((STe;, $Td)) — (cid;) +2(c;, d;)*((STe, STd;) — (ci,d)))?

< (1+C)((ST¢;, STd}) — (cidj))* +4(1+1/C){ci,d))*((ST¢;, ST d}) — (ci,d)))?

with probability 1 for any C > 1. Since both LHS and RHS are non-negative random variables, we
obtain that

1((S ei, ST d))* = (cind))?)? [l ore
< (1+O)1((S e, S djy = (eid) I +4(1+1/C)ei, d)?1((S €1, ST dj) = (cin d) | o

Now,

1((S e, S d)) = (cisdi)) Nl = 114S ei, ST d) = (cid ) e

< e8! eill3Nd; 3
assuming that S has (¢, 8, 2t)-JL moment property. We also have

1((S ei, S"d;) = (ciod )l = I1KST €, ST dj) — (eidII2,

< &8 ||cill3l1d; 113
assuming that S has (¢, 8, t)-JL moment property. Overall, we get

(¢S e, STd;)2 = (cindj)?) || s
< (1+C)e' 8 e |l3lld 113 + 4(1 + 1/C) (i, d ;)25 i |21 d; |12
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Picking C = 1/¢ and assuming ¢ < 1/5, we get that
1((STei)® = (eind)*)?[lpsre < 56°8% lesll3ld;;.

Thus, we have

H(CS)((D$)™)T = (D) Tlell < Vaes™ |3 lleilEld
L,j

< V3¢5 C®||g || D .
By using Markov’s inequality, we obtain that with probability > 1 — 6,

1(C$)*2((DS)®*) T = C**(D®) V|| < V5¢]|C% | | D O

Proof of Theorem 9.1.1.  Results from Section 4 of [AKK"20] implies that the polynomial sketch S as
mentioned in Theorem 9.2.2 for degree p/2 with sketch size r = ©(p/¢?) satisfies the requirements
of Theorem 9.2.4. By plugging Q®#/? K®/?) into C, D of Theorem 9.2.4 respectively and scal-
ing £ properly, we obtain || (Q®*/2)5)®2((K®(#/25)®%)T — (QKT)?||p < £]|Q®P||r||K®P||r which
concludes Theorem 9.1.1, i.e., the approximate feature mapping ¢’ (x) = ((x®#/?)75)®2 ¢ R"
and ¢'(Q), ¢’ (K) can be efficiently computed using POLYSKETCHNONNEGATIVE(-, 1, p) (see Algo-
rithm 9.1).

Using ¢’ (-), we get the following approximate polynomial attention
— (p) -1, ’ T
Attn " (Q,K.V) =D ¢'(Q)¢'(K) 'V,

where D = diag(1, + ¢’ (Q)¢’(K)T1,). We call this attention mechanism Polysketch attention.

9.2.3 Learnable Sketches for Polynomial Attention

There are only (p — 2) random projections where each is introduced by a matrix multiplication with
a small Gaussian matrix (G1, G, in each recursion call in Algorithm 9.1) of size either h X rorr X r
during the recursive computation of ¢’ (X) = POLYSKETCHNONNEGATIVE(X, r, p) (Algorithm 9.2) for
X e R™h, Inspired by the literature of learned sketches [HIKV 19, AIV19], a natural idea is to replace
each random matrix G1, G, in Algorithm 9.1 with learnable parameters. In practice, we found that
replacing each of these random projections with a learnable non-linear transformation introduced
by a dense neural network with size comparable to G1, G achieves a better model quality.
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Figure 9.3: Block wise Lower Triangular Multiplication. A;, B;, C; are blocks of A, B, C.Each block
has b = n/t rows.

9.3 Handling Causal Masks
When considering causal masks, the Polysketch attention with respect to g; is defined as

(@) ¢ k)
LT+ Ty # @) ¢ ey

In this causal case, the full Polysketch attention can be written as
() ~-1 ’ ’
Attn " (Q,K,V) =D - lta (¢'(Q)¢'(K)T) - V

where D = diag(1, + ltx (¢'(Q)¢’(K)T) - 1,). Therefore, computing lt. (¢'(Q)¢’(K)T) - X for
X € {1,,V} efficiently is crucial. In the next subsection, we present a block based algorithm to
compute lty (A - B) - C for arbitrary matrices A, B € R™™,C € R™ in time linear in n, in which
the number of sequentially dependent steps is small.

9.3.1 Fast Lower Triangular Multiplication

Let b be the block size and t = n/b be the number of blocks where each block B, (£ € [t]) contains
indices {(¢ — )b+ 1,(¢£ — 1)b + 2,--- , £ - b}. Let a;, b;, ¢; denote the i-th row vector of A, B,C
respectively. For each ¢ € [t], let the rows of A, € R consist of a; where i € B;. We define sub-
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matrices By, C; of B, C respectively in a similar way. For £ € [t], let us compute Hy = 3¢5, bic?:.
Let Z; indicates the prefix sum: Z, = };, H;. In addition, let us compute P, = ltB(AfB[T)C[ for
each ¢ € [t] in the direct way. For any ¢ € [t],and any i € By, if i is the i’-th index within the block
By, it is easy to verify that the i-th row of lt, (ABT)C can be obtained by p + a;fZg where p is the
i’-th row of P,. Figure 9.3 justifies the correctness of the above algorithm.

Since the prefix sum Z; is over t matrices, the number of sequentially dependent steps is t. We
can further reduce the number of sequential steps by using a parallel prefix sum algorithm [Ble90]
to exploit the parallelism. In our implementation, we only use the sequential prefix sum algorithm.
Computing all P, requires O(t - b*(m + k)) time. Computing all H,, Z, requires O(t - bmk) time.
Computing all A;Z,+ P, requires O(t - bmk) time. Therefore, the overall running time is O(nb(m+
k)).When we set b as a constant, the running time is linear in n. If we directly plugin ¢’ (Q), ¢’ (K), V
(or 1,) into A, B, C above respectively, we compute causal Polysketch attention in time linear in the
context length, n.

Let us take another look using the above process to compute Polysketch attention, the matrix P,
actually corresponds to Lty (¢ (Q)¢ (¢’ (K),) 1) X, where X, € {V,,1,}.¢"(Q)s, ¢’ (K), corresponds
to approximate feature mapped query and key vectors within the block B, and V, corresponds to
the value vectors in B,. Let Q,, K; be the corresponding original query and key vectors in B,. One
observation is that

§ Q¢ (1))" = L(R*)" = (LK)

where

L = POLYSKETCHWITHNEGATIVITY(Q,, 7, p/2) € RO*

R = POLYSKETCHWITHNEGATIVITY (K, 1, p/2) € RO*r,

Therefore, lth(qﬁ/(Q)ggb’(K){,T) only takes O(b?r) time instead of O(b?r?) time. The total time to
compute Polysketch attention is O(nb(r + h) + nr?h).

9.3.2 Applying Exact Attention Locally

We further observe that ¢’ (Q),¢’(K )(T is used to approximate (Q,K [T)P. We can actually compute
Py as lty ((Q[K;,f)f’ ) X;. This means that when token i and j are within the same local block, we
can use their exact polynomial attention weight instead of using the approximation. The time to
compute lty, ((Q,K})P) X, is at most O(b2h). In this case, the total time to compute our Polysketch
attention is at most O(nh(b + r?)). When b < r?, the running time is O(nhr?). As observed by our
empirical studies (see Figure 9.2 and Section 9.4, using exact polynomial attention weights inside
each local block further improves the model quality.
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Train steps/sec of different mechanisms

® Softmax
® FlashAttention (Block = 256)

FlashAttention (Block = 512)
3 K*\*\\ ® Polynomial
. =S ® Polysketch (random, r = 32)
2 \\‘\ Polysketch (learned, r = 32)
¢ —— . Polysketch (random + local, r = 32)
! \‘\ Polysketch (learned + local, r = 32)

® Performer (2k features, fast LT)

2k 4k 8k 16k 32k
Context Length

Figure 9.4: Training speed of models on PG-19 and Wiki-40B for different context lengths. Softmax and poly-
nomial attentions OOM’ed when context length >8k.

9.4 Experiments

To evaluate the effectiveness of the polynomial attention and Polysketch attention mechanisms, we
train language models of various sizes with different attention mechanisms and look at both pre-
training metrics and the performances on downstream tasks. Our implementations of all models are
written in JAX. In our experiments, we use a Pallas implementation [JAX23] of FlashAttention and
a JAX implementation of Performer open-sourced by the authors [CLD*20]. All the experiments are
conducted on 32 Google Cloud TPUs.

Models. For real world datasets, we train decoder-only models (only contain causal masked at-
tention layers) of three different scales, mirroring the GPT-2 family [RWC"19]: Small, Medium and
Large. For small scale models, we train models using context lengths from 512 to 32k. For medium
scale models, we only train using context length 8k. For large scale models, we only train using con-
text length 2k. The reason that we did not train longer context length for medium and large scale
models is that non-kernel based attention mechanisms (softmax, polynomial) are too slow or go out
of memory (OOM). If not specified otherwise, we use 10k warm up steps, 125k total training steps and
a linear learning rate schedule. Depending on the original model scale, we also train kernel based
attention models (Polysketch and Performer) with 0-3 additional layers, since these models are sig-
nificantly faster than non-kernel based attention models, so we can afford to train larger models
compared to vanilla softmax. It only slightly increases model sizes.

Attention Mechanisms. We train models with the following 4 categories of attention mechanisms:
(i) Softmax, (ii) Polynomial (p = 2,4, 8), (iii) Polysketch (approximating polynomial attention of
p = 4) with variants enabling learned sketches (Section 9.2.3) or local exact polynomial attention
(Section 9.3.2) or both, and (iv) Performer equipped with our lower triangular multiplication ap-
proach (Section 9.3.1) for handling causal masks. For both Performer and Polysketch, all attention
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cal HellaSwag T PIQA T Physics T

Perplexity 0-shot 5-shot 0-shot  5-shot  0-shot 5-shot

GPT-2 Small style, 100M-scale, 12 layers default, Context Length 8192, 125k training steps

Softmax 17.81 30.2 27.8 64.6 63.2 27.5 27.5
Polynomial (degree 4) 18.18 28.6 28.4 64.2 65.0 27.5 31.0
Polynomial (degree 8) 17.77 29.8 29.8 62.2 64.0 23.1 26.2
Polysketch (learned, r = 64) 18.79 29.6 28.6 60.0 60.0 24.8 30.5
Polysketch (learned, 13 layers, r = 64) 18.47 28.4 29.4 62.0 62.6 275 31.8
Polysketch (learned + local, r = 64) 17.98 29.8 30.6 62.4 63.6 30.1 323
Polysketch (learned + local, 13 layers, r = 64) 17.68 29.0 29.0 62.6 64.2 20.5 27.0
Polysketch (learned, r = 32) 19.09 28.0 28.4 60.6 62.0 28.3 27.5
Polysketch (learned, 13 layers, r = 32) 19.50 28.4 29.0 61.6 64.6 27.9 33.1
Polysketch (learned + local, r = 32) 18.04 29.0 29.2 63.4 62.8 26.6 35.8
Polysketch (learned + local, 13 layers, r = 32) 17.72 31.2 30.4 64.8 64.6 27.9 31.8
GPT-2 Medium style, 300M-scale, 24 layers default, Context Length 8192, 125k training steps

Softmax 13.98 35.8 36.6 67.0 67.2 30.5 25.7
Polynomial (degree 4) 14.29 35.8 36.0 65.8 67.6 27.5 28.8
Polynomial (degree 8) 14.14 37.0 36.6 65.4 65.6 33.1 27.5
Polysketch (learned, r = 64) 14.64 34.6 33.4 63.2 65.4 31.0 26.2
Polysketch (learned, 26 layers, r = 64) 14.49 34.8 34.4 65.2 66.6 28.4 24.9
Polysketch (learned + local, r = 64) 14.16 35.0 35.0 65.8 68.6 29.6 34.5
Polysketch (learned + local, 26 layers, r = 64) 13.98 35.8 35.4 66.4 68.6 27.0 33.6
Polysketch (learned, r = 32) 14.94 322 338 656 67.6 327 33.6
Polysketch (learned, 26 layers, r = 32) 14.73 32.8 35.2 65.0 65.2 28.3 31.8
Polysketch (learned + local, r = 32) 14.15 36.0 35.8 65.2 67.6 27.5 27.9
Polysketch (learned + local, 26 layers, r = 32) 14.00 37.2 35.4 68.0 67.6 23.1 29.6
GPT-2 Large style, 700M-scale, 36 layers default, Context Length 2048, 125k training steps

Softmax 12.71 40.2 40.2 68.8 71.4 34.4 24.4
Polynomial (degree 4) 12.82 400  40.6  67.8 66.6 3.8 314
Polynomial (degree 8) 12.85 40.0 39.8 66.8 70.4 344 29.6
Polysketch (learned, 39 layers, r = 64) 12.83 41.0 39.4 68.6 68.8 33.6 36.6
Polysketch (learned + local, 39 layers, r = 64) 12.70 40.6 40.0 69.0 69.0 384  37.1
Polysketch (learned, 39 layers, r = 32) 12.98 39.4 40.4 68.6 67.6 33.6 27.0
Polysketch (learned + local, 39 layers, r = 32) 12.74 39.6 40.6 66.8 69.4 353 31.8

Table 9.1: We compare the accuracies(%, higher the better) of different models on three different
Q/A tasks. HellaSwag and Physics tasks have 4 choices and PIQA task has 2 choices. We also report
the perplexities (lower the better) on the validation split of C4 dataset. Bolding indicates the best
model in the task, underlining indicates beating softmax attention.
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heads share the same ¢’ within the same attention layer.

Hyperparameters. For FlashAttention, we try both block size 256 and 512°. For our fast lower
triangular multiplication approach, we use b = 1024 for both Polysketch and Performer. We test both
sketch sizes r = 32 and r = 64 for our Polysketch attention. We use 2048 features for Performer’.

Pre-training metrics measurements (perplexities) over different context lengths. We train GPT-
2 style small scale models equipped with different attention mechanisms on the Wiki-40B [GDVAR20]
and PG-19 [RPJ*19] datasets with context length from 512 to 32k where each training batch contains
1M tokens. For all kernel based attentions (Performer and Polysketch), we use 13 layers instead of
12. The perplexity results are shown in Figure 9.2 and training latencies are shown in Figure 9.4.
We observe that in the setting of 32k context length, Polysketch (learned + local, r=32) achieves 2x
speed-up in comparison with FlashAttention of the fastest setup.

Downstream tasks of language models. We train our models at different scales on the C4 dataset
where each training batch contains 0.5M tokens. In Table 9.1, we report the perplexity on the val-
idation split of C4 dataset and 0-shot and 5-shot accuracies on a random sample of 500 examples
of HellaSwag [ZHB*19], 500 examples of PIQA [BZB*20] and on the full Physics question answering
dataset [WW]. In addition to training models using 125k steps, we also train models with 30k steps
to observe how the performance of attention mechanisms evolve with increasing number of total
tokens trained on. As observed from Table 9.1, Polysketch attention has a comparable performance

and sometimes outperforms softmax attention.

9.5 Conclusions and Future Work

In this work, we empirically studied the performance of using high degree polynomial attention
instead of softmax attention in training decoder-only models for language modeling tasks. Our em-
pirical study shows that the polynomial attention can achieve a similar model quality as the vanilla
softmax attention when degree p > 4. Then we developed an efficient approximate polynomial at-
tention via polynomial sketching techniques which can be computed in linear time of context length
with provable approximation guarantees. In addition, we presented a fast block based lower trian-
gular matrix multiplication algorithm which can significantly boost the training time of any kernel
based attention in the decoder based models.
There are several potential directions for future works.
®We find a speed-up increasing the default 128 block size to 256 and 512 under our experimental setting, When

increasing the block size to 1024, FlashAttention ran out of memory under our empirical setup.
"When using 4096 features, Performer ran out of memory in our experiments.
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1. Although we only empirically studied the performance of decoder-only models with polyno-
mial attention for language modeling tasks, it is interesting to explore the potentials of en-
coder models with polynomial attention, and to understand whether it can be used in other
fields such as vision.

2. In this work, empirically we mainly focus on reducing the training latency. The benefits of
linear transformers also transfer to inference as the KV cache sizes are independent of the
context length. The exact inference improvements using linear transformers have to be ex-

plored more thoroughly.
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Chapter 10

Pseudorandom Hashing for Space-bounded
Computation with Applications in Streaming

10.1 Introduction

Space-efficient algorithms are a central theme in computer science. In many cases, the best such
algorithms are randomized, which raises the question of how to obtain the random bits. Nisan’s clas-
sical pseudorandom generator [Nis92] shows that it is possible to expand a small random seed into a
longer pseudorandom string that is essentially as good as full randomness if used in a space-bounded
computation. In the context of streaming algorithms Nisan’s generator has been used not only to re-
duce the need for random bits, but also because storing the seed allows us to re-create random values
when they are needed, which is essentially a type of hashing [Cha02, Indo6, AGM12, DKS10, JST11,
GKMS03, KNW10, FIS05]. Ideally we would like the space for the seed to be smaller than the space
of the streaming algorithm, but a black-box application of Nisan’s generator does not quite live up
to this ideal: the seed length needed is larger than the space of the streaming algorithm by a mul-
tiplicative logarithmic factor. Furthermore, retrieving a block of the string output by the generator
requires time proportional to the length of the seed, introducing a significant slowdown in many
settings. Hence, obtaining streaming algorithms that are simultaneously space optimal and have a
very fast update time—the time required to process each update in the stream—is challenging.
From Chapter 1, recall that in a turnstile stream, a vector x € R is initially set to 04 and receives
updates of the form (iy, v1), (iz, 02), ..., (im,0m) € [d] X { =M, ..., M }. On receiving an update of
the form (i}, v;), the vector x is updated as follows: x;; < x;; + v;. Given a function f with domain
R¢, at the end of the stream we want to output an approximation to f(x) using space sublinear in
d while processing the stream. Some examples of f are (i) the F, moments Z?:l |x;|? and (ii) the
number of distinct elements in the stream, often denoted by ||x||¢. Turnstile streaming algorithms
typically apply a randomized linear map S : R? — RP to the vector x and show that Sx can be
used to approximate f(x) at the end of processing the stream. The advantage of S being a linear
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map (or linear sketch) is that on receiving an update (ij,v;) in the stream, the sketch Sx can be
updated by simply adding (S).;;0; to the current sketch. Here (S).;; denotes the i;-th column of the
matrix S. Note that to obtain sublinear space algorithms, we cannot store the full matrix S in memory.
One of the techniques here is to describe the entries of the matrix S using hash functions that are
k-wise independent for a small value of k. For example, the CountSketch matrix of [CCF04] can be
described by using 4-wise independent hash functions and thus can be stored efficiently. Further,
for any j € [d], the column (S).; can be generated efficiently using the hash functions, thereby
allowing for a fast update of the sketch in the stream.

Unfortunately, it is not always easy to show that a matrix S generated using hash functions sam-
pled from hash families with limited independence is sufficient to approximate f(x). Indyk [Ind06]
showed that we can assume full independence when constructing S and later derandomize' the
construction of S using pseudorandom generators for small-space computation. The crucial idea of
Indyk is that the final state of a linear sketch depends only on the vector x at the end of the stream
and not on the sequence of updates that result in the vector x. Thus, any algorithm that assumes
the columns of S are sampled independently can be derandomized using a pseudorandom generator
that fools small space algorithms as follows: suppose an algorithm needs r uniform random bits to
sample a column of S. Fixing a vector x € R?, we construct a small space algorithm that makes
a single pass over an r - d length uniform random string reading r uniform random bits at a time,
sampling the column S, ;, and updating the stored sketch by adding S.x;. If each coordinate of Sx
can be stored using t bits, such an algorithm only uses D - t bits of space. As the columns of S were
sampled independently, we use the analysis assuming full independence to conclude that the sketch
computed by the algorithm has certain desired properties with a certain probability. Now, the small
space algorithm can be fooled” using Nisan’s PRG with a seed length of ©(Dt log(rd/Dt)), which is
©(Dt log d) in many cases as Dt is often much smaller than d. The argument essentially shows that
sampling columns of S using blocks of bits in the pseudorandom string is sufficient to ensure that
the properties of Sx, which were proved assuming independent sampling of columns, still hold.

To implement the derandomized algorithm in a stream, given an update (i}, v;), we need to gen-
erate the column S.;; on the fly. Nisan’s PRG allows us to generate a block of bits of the pseudorandom
string by sequentially evaluating O(log d) hash functions h : {0,1}”" — {0,1}"" ona Dt length
random seed. Thus, if the hash functions & : {0,1}P" — {0,1}"" used by the generator can be
evaluated in time T on any input, then the block of bits necessary to generate the column S.;; can be
computed in time O(T log d). We think of the pseudorandom string as a “hash function” mapping
anindex i € [d] to the block of pseudorandom bits needed to generate the column S.,;.

'We use the term “derandomize” to denote any procedure that lowers the randomness required by the algorithm
for example by replacing a uniform random string with a string sampled from a Pseudorandom generator that uses a
smaller uniform random seed.

“Formally, we say an algorithm using fully-random bits is fooled by a Pseudo Random Generator if the total variation
distance between the distribution of outputs of the algorithm when using a string of fully random bits and when using
a string sampled from the PRG is small.
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The above argument of Indyk gives a black box way to derandomize a streaming algorithm albeit
with a logarithmic space blowup (Dt bits to Dt logd bits) and an update time of O(T logd). We
use the standard Word RAM model with a word size of w = Q(logd) bits to measure the time
complexity of the algorithm. If Dt > log d, then the hash functions & : {0,1}”" — {0,1}"" are
slow to compute, making the update time O(T log d) very large. We will mostly express space usage
of algorithms in bits, but with some Word RAM upper bounds having space measured in words.

Thus, a naive application of Nisan’s PRG results in a suboptimal algorithm space-wise, as well as
a large update time. As numerous data stream algorithms use Nisan’s PRG for derandomization, it is
important to improve upon this. We significantly improve on the space overhead and update time
for derandomization with our construction HashPRG. First, we show that by a careful analysis, in
many problems, the pseudorandom string only has to fool an O(log d) space algorithm instead of
the full O(Dt) space algorithm. We show that such a reduction can be performed for the F, moment
estimation algorithms both for p € (0,2) and for p > 2. We further show that using a symmetry
property of HashPRG, we can reduce the derandomization of CountSketch to fooling an O(log d)
space algorithm. We note that CountSketch in our context cannot be derandomized by an application
of Nisan’s PRG to fooling an O(log d) space algorithm; see below for further discussion. We, however,
are able to give a reduction to fooling an O(logd) space algorithm which enjoys two properties
(i) the space complexity of the derandomized algorithm will be O(Dt + log? d), which is O(Dt)
when Dt = Q(log?(d)) and (ii) the hash functions that are to be evaluated to generate a block of
pseudorandom bits that correspond to a column of § will now map the domain { 0,1 }°1%¢% o a
range { 0, 1 yOUoed) "sy1ch hash functions can be evaluated in O(1) time in the Word RAM model.

Even with our reduction to a PRG needing to fool only an O(log d) space algorithm, the need
to evaluate O(log d) hash functions one after another to compute a block of pseudorandom bits
presents a barrier to obtaining fast update time. We show that in the case of Dt = d*(V), the space-
vs-time trade-off of HashPRG lets us trade seed length for fast update time, by varying the number
of hash functions needed in order to compute a block of pseudorandom bits.

10.1.1 Our Results

We construct a new pseudorandom generator, which we call HashPRG, that satisfies the same guar-
antees as Nisan’s PRG but with an additional symmetry property. Our construction also allows a
space-vs-time trade-off and lets us compute any block of pseudorandom bits quickly if we increase
the seed length.

Theorem 10.1.1 (Informal). There is a constant ¢ > 0 such that for any positive integers n, b and k satis-
fying b* < 2°", there exists a pseudorandom generator parameterized by n, b and k that converts a random
seed of length O(bkn) bits to a bitstring of length b* - n that cannot be distinguished from truly random bits
by any Space(cn) algorithm making a single pass over the length b* - n bitstring. A given n-bit block of this
generator can be computed by evaluating k 2-wise independent hash functions mapping { 0,1 }" to { 0,1 }".
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Our generator uses the random seed of length O(bkn) to sample b - k hash functions from a
2-wise independent hash family # = {h: {0,1}" — {0,1}" } such as [Die96, Theorem 3(b)] and
uses n bits as an additional random seed.

In the Word RAM model with a word size Q(n), an arbitrary block of n bits in the pseudorandom
string generated by our generator can be computed in time O(k). Fixing a value of b* = t, we obtain
that HashPRG needs a seed of size O(t!/¥kn) to be able to generate a pseudorandom string of length
t-n supporting the computation of an arbitrary block of pseudorandom bits in time O(k). By varying
k, we get a space versus time trade off. Even more informally, our result can be stated as follows:
Theorem 10.1.2 (Informal, Compare with [Nis92, Theorem 1]). A space S algorithm making a single
pass over a length R < exp(S) random string can be fooled by a pseudorandom generator with a seed length
O((R/S)Y* .k -S) where k is an integer parameter of HashPRG. A block of S random bits in the pseudorandom
string can be computed by sequentially evaluating k hash functions mapping { 0,1 }° to { 0,1},

Setting k = log(R/S) in the above theorem, we recover Nisan’s result.

Another nice property of HashPRG is that the distribution of the pseudorandom string is sym-
metric in the following specific way. Let y be sampled from HashPRG. Let y be written as y, o
Y, © -+ o yu_; where o denotes concatenation and each y;, is a length-n block. For arbitrary ¢ €
{0,.. bk -1 }, define yEBf = Yoar © Yior © " © Ybk-1)ae where @ denotes the bitwise xor op-
eration. The construction of HashPRG ensures that y®’ has the same distribution as . In all of our
algorithms, we use a block of y to generate appropriate random variables for the corresponding coor-
dinate of the vector x that is being streamed. To analyze the properties of our streaming algorithms,
we create abstract algorithms® that make a single pass over the pseudorandom string such that the be-
havior of the streaming algorithm is the same as the abstract algorithm. Since the distribution of the
string y is the same as the distribution of y®, the distribution of outputs of the abstract algorithm
when run on p®’ is the same as the distribution of the outputs when run directly on y. So given a
fixed ¢, the abstract algorithm can “know”, throughout its execution, the block of pseudorandom
bits corresponding to the coordinate ¢ that our original streaming algorithm uses. “Knowing” these
bits is important in our analysis of the CountSketch data structure.

Applications. We use HashPRG to obtain space-optimal algorithms for constant factor F, (p > 2)
estimation algorithms with an O(1) update time in turnstile streams. Recall the turnstile stream
setting: a vector x € R is being maintained in the stream. The vector x is initialized to 0¢ and
receives a stream of updates (i1, v1), (i2,02), ..., (im, 0m) € [d] X { =M, ..., M }. Unless otherwise
specified, we assume in all of our results that m, M < poly(d).For 0 < p < oo, we define Fj,(x) =
Sy 1xil? and 6, (x) = (2L, [xlP) VP

Theorem 10.1.3. Given p > 2, there is a turnstile streaming algorithm that uses O(d'~%/? log d) words of
space and outputs a constant factor approximation to ||x|| ,. Further, the streaming algorithm processes each
update to the stream in O(1) time in the Word RAM model on a machine with Q (log d) word size.

*Algorithms that are created only for analysis and are not implemented.
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We also show that for p > 2, similar techniques used in obtaining the above theorem can be
used to obtain an algorithm that performs a relaxed version of the approximate £, sampling in the
stream. See Section 10.4.4.

We next give an algorithm to estimate F, moments for 0 < p < 2 in the high accuracy regime.

We show that the algorithm of [KNPW11] can be implemented using HashPRG without a space blowup
and also ensure that the algorithm has a faster update time.
Theorem 10.1.4. Let0 < p < 2 be a parameter and 1/ Vd < ¢ < 1/d° be the desired accuracy for a
constant 0 < ¢ < 1/2. There is a streaming algorithm that uses O (&%) words of space and outputs a 1 + ¢
approximation for ||x||§ The streaming algorithm processes each update to the stream in O(log d) time in
the Word RAM model on a machine with Q(log d) word size.

Using the reduction in [KNPW11] (Appendix A of the conference version), we can obtain a simi-
larly improved update time for both additive and multiplicative entropy approximation in a stream.

We then derandomize the tighter analysis of CountSketch that [MP14] show assuming fully ran-
dom hash functions. We prove that such tighter guarantees can be obtained even if the hash func-
tions and sign functions in the CountSketch are generated from the pseudorandom string sampled
using HashPRG, improving on the black-box derandomization using Nisan’s generator.

Theorem 10.1.5 (Informal). Given a table size t, number r of repetitions, and word sizew = Q(logd),
there exists a derandomization of CountSketch, CSyashprg : { =M, ..., M }d — {=2Y,..., 2" }" with the
following properties:

1. The space complexity of the data structure is O(tr + log d) words.
2. Given an update (i,v), the data structure can be updated in time O(r log d) in the Word RAM model.

3. Foranya € [0, 1], givenany index ¢, an estimate of x; given by X; can be constructed from CSygshprs ()
such that

Pr(|x; — %] > aA] < 2exp(—a’r) +27Y

for A = ||tail;(x)||2/Vt, where tail;(x) € R? denotes the vector obtained after zeroing out the t

entries with the highest absolute value in x.

We crucially use the symmetry property of HashPRG to obtain the above result. Note that when

t - r > logd, the derandomization presents no asymptotic space blowup and retains the tighter
analysis of estimation errors from [MP14]. Further, depending on the parameters t, r it is possible
to obtain faster update time using the time-vs-space trade-off offered by HashPRG. We similarly
derandomize the utility analysis of Private CountSketch from [PT22] to obtain:
Theorem 10.1.6 (Informal). Consider private CountSketch, PCS(x) = CSpgashprg (x) + v where the random
variable v ~ N (0, 0)P, with r repetitions and table size t, where HashPRG uses block size w. Given £ € [d]
We can compuite an estimate X, from PCS(x) such that for every a € [0, 1] and A = ||tail; (x)||2/Vt,

Pr[|%; — x| > amax(A, 0)] < 2exp(—=Q(a’r)) + 0(27") .
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We show the following tight result for estimating ||x||« in a turnstile stream.

Theorem 10.1.7 (Informal). Let x be an arbitrary d dimensional vector being maintained in a turnstile
stream. Assuming that the coordinates of x are integers bounded in absolute value by poly(d), any streaming
algorithm that estimates ||x|| o up to an additive error of ¢||x||5 for ¢ > ((logd)/d)* must use a space of
Q(e%logdlog1/¢) bits. Matching this lower bound, there is an algorithm that uses O(e%log dlog 1/¢)

bits and outputs an approximation to || x||c up to an additive error of €| x||2. The update time of this algorithm

is O(log 1/¢) in the Word RAM model with a word size Q(log d).

Our upper bound beats the previous best result of [BGW20, Theorem 10]. Their algorithm uses
O(¢2logd(loglogd + log1/¢)) bits of space. Our matching lower bound shows that our result
cannot be improved without making additional assumptions on the vector x.

When ||x]|e = ©(]|x]|2), we show that it is possible to break the lower bound in the above result

by giving an algorithm that uses O(¢72log d) bits of space and estimates ||x||c up to an additive
error of ¢||x||2. The algorithm uses our derandomization of CountSketch with tight guarantees given
in [MP14].
Theorem 10.1.8 (Informal). Given a d dimensional vector x being updated in a turnstile stream, if || x|| oo =
O(||x||2) there s astreaming algorithm that uses O (¢~2 log d) bits and approximates ||x || up to an additive
error of €||x||, with probability > 9/10. The update time of this algorithm is O(log 1/¢) in the Word RAM
model with a word size Q(log d).

10.1.2 Previous Work

F, estimation for p > 2. The problem of estimating moments in a stream has been heavily stud-
ied in the streaming literature and has been a source of lot of techniques both from the algorithms
and lower bounds perspective. A lower bound of Q(d'~%/?) bits on the space complexity of a con-
stant factor approximation algorithm was shown in [CKS03, BYJKS04, Jay09]. On the algorithms side,
[AKO11] gives a sketching algorithm with m = O(d"~%/? log d) rows using a technique called preci-
sion sampling; this improves additional polylogarithmic factors of earlier work [IW05, BGKS06]. For
linear sketches, [ANPW13] shows a lower bound of m = Q(d'~%/? log d) on the number of rows in
the sketch, thereby proving that the algorithm of [AKO11] is tight up to constant factors for linear
sketching algorithms. All upper and lower bounds mentioned here are for constant factor approxi-
mation algorithms. See [And17, AKO11] and references therein for the upper and lower bounds for
(1 + ¢)-approximate algorithms for F,, estimation.

Later, Andoni [And17] gave a simpler linear sketch using m = O(d'~2/? log d) rows for F, mo-
ment estimation. Andoni uses the min-stability property of exponential random variables to embed
¢, into £, and then uses a CountSketch data structure to estimate the maximum absolute value in
the vector obtained by sketching x with scaled exponential random variables. The analysis assumes
that the exponential random variables are sampled independently. To derandomize the algorithm,
Andoni uses the pseudorandom generator of Nisan and Zuckerman [NZ96] which shows that any ran-
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domized algorithm that uses space s and poly(s) random bits can be simulated using O(s) random
bits. Since the space complexity of Andoni’s algorithm is d*(V), it can be derandomized with at most
a constant factor blowup in space complexity. A major drawback of using the pseudorandom gener-
ator of Nisan and Zuckerman is that the update time of the sketch in the stream is d Q1) which is
prohibitively large. In this work, we show that we can derandomize Andoni’s algorithm while having
an update time of O(1) in the Word RAM model.

We note that there are many other algorithms for F,-moment estimation, such as [IW05, BGKS06,
BO10, MW10, Gan15, GW18], which are based on subsampling the input vector in O(log d) scales
and running an #,-heavy hitters algorithm at each scale. Although it may be possible to amortize
the update time of the O(log d) levels of subsampling, such algorithms cannot achieve an optimal
O(1) update time since all known algorithms for £,-heavy hitters in the turnstile streaming model
require Q(log d) update time.

F, estimation for p < 2. Indyk [Indo6] showed how to estimate F, moments for p € (0,2]
up to a factor 1 + ¢ in turnstile streams using a space of O(¢72log d) words, which translates to
O(e21og®(d)) bits with our assumption on the values of m, M. This work used p-stable distributions
and as discussed earlier, introduced the influential technique to derandomize streaming algorithms
using pseudorandom generators. Li [Li08] used p-stable distributions to define the geometric mean
estimator, which can be used to give an unbiased estimator for ||x||§ with low variance and such
that the mean of ®(¢72) independent copies of the estimator gives a 1 + ¢ estimate for ||x||j€. Li’s
algorithm can also be derandomized to use O(e~2 log® d) bits.

The upper bound was then improved to O(e~2 log d) bits by Kane, Nelson and Woodruff [KNW10].
They avoid the O(log d) factor blowup which is caused when derandomizing using Nisan’s PRG by
showing that Indyk’s algorithm can be derandomized using k-wise independent random variables
for a small value of k. They also mention that a “more prudent analysis” of the seed length required
in Nisan’s generator to derandomize Indyk’s algorithm makes the space complexity O(¢ 2 logd +
(log d)?) bits. The idea there was to use Nisan to fool a median of dot products, but it was not able to
exploit fast update time, as we do for 0 < p < 2, without our large alphabet improvement to Nisan’s
PRG.

They also show that any algorithm that 1 + ¢ approximates ||x||§ in a turnstile stream must
use Q(e %logd) bits of space, hence resolving the space complexity of F, moment estimation in
turnstile streams. Although their algorithm uses an optimal amount of space, the update time of
their algorithm is O(¢72) which is non-ideal when ¢ is small. Concurrent to their work, [AKO11]
gave a streaming algorithm that has a fast update time of O(log d) per stream element but uses a
suboptimal space of O(¢727? log® d) bits for p € [1,2].

[KNPW11] then made progress by giving algorithms that are space-optimal while having a fast
update time. They give an algorithm that uses O(&™2log d) bits of space and with an update time
of O(log®(1/e) loglog(1/¢)) per stream element. They use multiple techniques such as estimating
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the contribution of heavy and light elements to Fj, separately by using new data structures and hash
functions drawn from limited independent hash families; they buffer updates and use fast multipoint
evaluation of polynomials and amortize the time over multiple updates to obtain fast update times.

When ¢ < 1/d° for a small enough constant ¢, which is when the O(¢7?) update time of ear-
lier algorithms becomes prohibitive, we show that we can derandomize the algorithm of [KNPW11]
using HashPRG. We show that there is a streaming algorithm using an optimal O(e~%log d) bits of
space with an update time of O(log d) per stream element. Our algorithm updates the sketch imme-
diately, removing the need to buffer updates and the use of fast multipoint polynomial evaluation
from their algorithm. Our update time thus improves the previous update time of [KNPW11] from
O(log? dloglog d) to O(log d) for any polynomially small e, making the first progress on this prob-

lem in over 10 years.

Estimation Error bounds with CountSketch. The CountSketch data structure [CCF04] can be used
to compute an estimate %, of x, for each £ € [d]. In [CCF04], the authors show that with high prob-
ability the maximum estimation error ||x — X||cc < A where A = |[tailg(x)]|2/ Vk if the table size
t = O(k) and the number of repetitions r = O(log d). Minton and Price [MP14] observed that even
though the worst-case estimation error follows the above law, most coordinates in x have asymp-
totically smaller estimation error. Concretely, they show that for any « € [0, 1] and any coordinate
t € [d],Pr[|%; — x¢| > aA] < O(exp(—a?r)).

They also show other applications of the above tighter analysis. While proving the above result,
they assume that the sign functions used to construct the CountSketch data structure are fully ran-
dom. They argue that their construction can be derandomized by incurring a factor O(log d) over-
head in space using Nisan’s PRG via the black box approach we described earlier. We derandomize
CountSketch using HashPRG and show that even for the derandomized CountSketch construction,
the above estimation error holds, albeit with an additional additive term from the failure of the pseu-
dorandom generator. Our derandomized CountSketch data structure uses O(r - t + log d) words of
space. Note that O(r - t) words of space is anyway required to store the sketched vector and there-
fore when logd = O(r - t), our derandomization increases the storage cost by at most a constant
factor. Our derandomized CountSketch data structure has an update time of O(r log d) per stream
element. We crucially use the symmetry property of HashPRG to reduce the problem to derandom-
izing a small space algorithm. While Minton and Price say that a derandomization of their algorithm
with Nisan’s PRG incurs an O(log d) factor space blow-up in the size of the CountSketch data struc-
ture, we observe that we can avoid the blow-up by a more careful analysis of derandomization using
Nisan’s PRG. We use the fact that Nisan’s PRG is resilient to multiple passes [DPS11] as well to obtain
the derandomization. See Section 10.6.2 for a discussion on how to derandomize CountSketch us-
ing Nisan’s PRG and how the derandomization with Nisan’s PRG compares against derandomization
with HashPRG.

Inthe case of rt = o(log d), our derandomization is not ideal as the asymptotic space complexity
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of derandomized CountSketch is larger than a constant factor as compared to O(r - t) words of space.
Jayaram and Woodruff [JW18] give an alternate derandomization of CountSketch with strong esti-
mation error guarantees and show that their derandomized CountSketch needs O(r - t(log log d)?)
words of space. When r - t = o(log d/(loglog d)?), their derandomization has a smaller space com-
plexity than ours. They use a half-space fooling pseudorandom generator of Gopalan, Kane and Meka
[GKM18] to derandomize CountSketch. However, the CountSketch data structure derandomized in
[Jw18] is a slight modification of the standard CountSketch data structure, and combined with the
pseudorandom generator of [GKM18], leads to worse update times as compared to our derandomiza-
tion of the standard CountSketch data structure. We also stress that in a number of applications of
CountSketch, such as to the #-heavy hitters problem, one has r - t = Q(log d), and in this regime
our derandomization is space-optimal, and not only significantly improves the update time, but also
removes the additional (log log d)? factors in the space of [JW18].

Estimating ||x||. Given ad dimensional vector x being maintained in a turnstile stream, it can be
shown that approximating ||x||e up to a multiplicative factor C < V2 requires Q(d) bits of space
by reducing from the INDEX problem. Notably, the lower bound for multiplicative approximation
holds even in the stronger addition only model. Hence, the problem of approximating ||x||e up to
an additive error of ¢||x||, has gained more interest. Cormode, in the 2006 IITK workshop on data
streams”, asked if it was possible to approximate ||x||c to an additive error of ¢||x||, using fewer
than O(e?log® d) bits of space. Later [BCIW16] for insertion only streams and [BGW20] for gen-
eral turnstile streams answered the question in affirmative by giving an algorithm that uses only
O(e 2 log d log log d) bits of space.

10.1.3 Technical Overview

HashPRG. We will briefly describe our construction and show how the construction and analy-
sis differs from Nisan’s. Given parameters n, b, k, our construction samples b - k independent hash
functionshgj) :{0,1}" - {0,1}"for (i,j) € {0,...,k—1}x{0,1,...,b—1} from a 2-wise
independent hash family. We then sample a uniform random string » ~ {0,1}", then the b* - n
pseudorandom string output by the generator is defined by G (r, hy, . . ., hi), where for any x,

Go(x) =x

Gi(%,ho, ..., h—1) = Gy (B (%), Ro - .. hiz) 0 -+ 0 Gy (B (), b, Byy).

“Follow this link for the list of open problems.

203


https://www.semanticscholar.org/paper/OPEN-PROBLEMS-IN-DATA-STREAMS-AND-RELATED-TOPICS-ON-Agarwal-Baswana/5394ab5bf4b66bfb52f111525d6141a3226ba883

Thus, fori € {0,...,b" — 1} if i is written as (ix_1ix_s - - - ig) in base b, then the i-th block of n bits
in the pseudorandom string G (r, hy, . . ., hy) is given by

B (- (B (1)),

Our analysis of HashPRG is based on a new, simpler, and more precise analysis of Nisan’s gener-
ator [Nis92] (see Appendix C.1 for the definition of Nisan’s PRG). Note that Nisan’s generator corre-
sponds to the special case of our generator where b = 2 and where for all i, x, we deterministically
fix hgo) (x) = x. With hso) the identity function, Nisan only defines a single hash function h; = hgl)
for each i.

We will now pinpoint where our analysis diverges from a more natural generalization of Nisan’s

[Nis92]. The first main difference is in Definition 10.3.4. It plays a role similar to Nisan’s

Definition3. LetA c {0,1}",BcC {0,1}",h:{0,1}" — {0,1}", and ¢ > 0. We say that h is
(&, A, B)-independent if | Pryco1y2[x € Aand h(x) € B] — 0(A)o(B)| < ¢, where o(A) = |A|/2"
and o(B) = |B|/2™.

However, our Definition 10.3.4 instead generalizes the following definition:

Definition 3. Let A c {0,1}"™ h: {0,1}" — {0,1}", and ¢ > 0. We say that h is (g, A)-
independent if | Pryc(o 132 [(x, h(x)) € A] — 0(A)| < & where o(A) = |A|/2™,

It turns out that replacing Definition 3 with Definition 3’ in Nisan’s proof yields a slightly tighter
result. In the proof of [Nis92, Lemma 2], in step 2, all triplets of state nodes i, [, j are considered,
where i is a start state, [ is an intermediate state and j is an end state. Referring to Definition 3,
Nisan uses A = Bf’; """ Pt {0,1}"and B = B;’} """ Pt {0,1}". If instead we base the analysis

""hk—l C

on Definition 3’, then we only need to consider pairs of state nodes i, j and use A = Blh}
{0,1}*". This affects the whole analysis of Nisan, but it turns out that it only gets simpler, and this
was the starting point for our generalized analysis. Avoiding the intermediate state [ was crucial for
us because we would need b — 1 intermediate states [; ... [,_1, and this would lead to much worse
bounds with larger b.

Our construction also implies that the pseudorandom generator has a symmetry property. To see
the symmetry, suppose we define hy, ..., h|_, with (h{)(® = h(()l), (hy)V = h(()o) and (k) = hfj)
in all other cases. Then the string Gy (r, hy, . . ., h;__,) is obtained by an appropriate permutation of
blocks in the string Gy (7, hy, . . ., hx_1). Asboth the strings Gi (r, ho, . . ., hx_1) and Gi (v, hy, . . ., by )
are just as likely when sampling from HashPRG, we obtain the symmetry property.

Extending the above switching argument, we get the following family of transformations that
preserve the distribution of the pseudorandom string. Consider an arbitrary £ € {0,...,b* —1}.
Let f_q - - - £y be the base b representation of £. Suppose hy, . . ., hi_1 be the hash functions sampled
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in the construction of HashPRG. Define hy, ..., h;_, as
i jBt;
(h)V) = hgl )

foralli € {0,...,k—1}andj € {0,...,b—1}.Clearly, the joint distribution of (hy, ..., hr_1) is
the same as (hy, . .., h;_,). Now, for any fixed x, we have

Gi(x, hy, ..., hi—1)® = Gi(x, hy,....h_)).

Hence, if y ~ HashPRG, then y® has the same distribution as y.

F,, estimation for p > 2. We derandomize Andoni’s algorithm for F,, moment estimation [And17].
Andoni’s algorithm can be seen as sketching in two stages: let z € R? be a random vector such
thatz; = E i_l/ Px;where Ey, . . ., E; are independent standard exponential random variables. By the
min-stability property of exponential random variables, we obtain that ||z||%, ~ ||x||§ /E,where E is
also a standard exponential random variable. Thus, the coordinate of maximum absolute value in z
can be used to estimate ||x||,. Notice that we have not yet performed any dimensionality reduction.
Then a CountSketch matrix S with O(d'~?/P log d) rows is constructed using O(log d)-wise inde-
pendent hash functions, and this is applied to the vector z to obtain f = Sz. Andoni argues using
the properties of exponential random variables that all of the following hold true simultaneously
with a large constant probability: (i) || z]|« is a constant factor approximation to ||x||,, (ii) there are
only O((logd)?) coordinates in z with absolute value greater than ||x||,/clogd and (iii) ||z]|5 <
O(d'~%/?||x||2). Conditioned on these properties of z, Andoni argues that || flle ~ [Izlle = [Ix]l,
with a large probability. Hence, || f|| is a constant factor approximation for ||x||, with a large con-
stant probability.

We only have to derandomize the exponential random variables as S is constructed using O (log d)-
wise independent hash functions which can be efficiently stored and evaluated [CPT15]. So, we want
to show that each of the three properties of the vector z hold even when the exponential random
variables are sampled using a pseudorandom string. Now fix a vector x. There is an O(log d) space
algorithm that makes a single pass over the string used to generate exponential random variables
and (1) computes ||z||c0, (2) computes the number of coordinates in z with absolute value at least
llx|l,/clogd, and (3) computes l|z||3. The algorithm is simple: it goes over a block of the string to
generate Eq, sets |||l = |EIl/px1|, increases a counter if |E1_1/px1| > ||lx|[,/(clogd) and sets
lzll5 = (El_l/ Px1)?, and proceeds to read the next block of bits to generate E, and update the
variables using the value of E;, accordingly and continues so on. Now, using any PRG that fools an
O(logd) space algorithm, we obtain that the random variables E; constructed using the pseudo-
random string also make the vector z have each of the three properties. Using the time-vs-space
trade-off of HashPRG, we obtain that any block of the pseudorandom string can be obtained in O(1)
time if the seed length of HashPRG is d° for a small constant ¢ > 0, thus making the time to compute
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ablock of pseudorandom bits O(1) in the Word RAM model. Further, the O (log d)-wise independent
hash functions necessary to map the vector z to f when sampled from the constructions of [CPT15]
allow for the hash functions to be evaluated in O(1) time. The data structures that allow the hash
value to be computed in O(1) time can be stored in d* bits of space as well for any constant ¢ > 0.
Thus, the overall update time of the algorithm is O(1) in the Word RAM model. If ¢ is chosen smaller
than 1 — 2/p, then the asymptotic space complexity of our derandomized F, moment estimation
algorithm remains O(d"~%/? log d) words, while having a very fast O(1) update time.

We note that the F}, estimation problem for p > 2 is ideally suited for HashPRG — it is precisely
because the algorithm uses a large amount of memory already that we are able to use our generator
over a large alphabet without a space overhead, which then allows us to remove the O(log d) factor
in the update time and achieve constant time. Moreover, it is critical that we can keep track of various
quantities needed to fool the algorithm with only O(1) words of memory, as this is also needed for
fast update time in our derandomization.

F, estimation for p < 2. We give an alternate derandomization of the algorithm of [KNPW11].
Their algorithm is based on Li’s geometric mean estimator [Li08] using p-stable random variables.
They introduce two new data structures they call HighEnd and LightEstimator. They also concur-
rently run an £, heavy hitters algorithm and at the end of processing the stream, they use the heavy
hitters data structure to find a set L C [d] of coordinates such that {i | |x;|? > («/2) ||x||§} »)
L2 {i]| |x|f > a||x||§}. They then use the HighEnd data structure to estimate ||xL||j€ up to a fac-
tor of 1 + ¢. By definition of L, all the coordinates in x4\, have a small magnitude. Using this fact,
they show that their LightEstimator data structure can be used to give a low variance estimator for
llx(ap\z ||§. By running multiple independent copies of LightEstimator concurrently, they obtain an
accurate estimate for ||x4)\1 ||§ and then output the sum of estimates of ||x, ||§ and ||xg)\z ||§.

The HighEnd estimator can be maintained using O(¢72log d) bits and has an update time of
O(logd). Hence, we focus on giving a more efficient derandomization of LightEstimator. At a high
level, they hash coordinates of x into O(1/a) buckets and for each bucket they maintain Li’s estima-
tor for the F, moment of coordinates hashed into that bucket. At the end of the stream, the set L is
revealed, and they output the sum of Li’s estimators of the buckets into which none of the elements
of L are hashed into. They scale the sum appropriately to obtain an unbiased estimator to [|xa)\z ||§.
They show that hashing of the coordinates can be quickly performed using the hash family of [PP08].
The only thing that remains is to derandomize Li’s estimator in each individual bucket. They prove
that the p-stable random variables in Li’s estimator can be derandomized by using O(1/¢)-wise
independent random variables and show that this is sufficient to obtain algorithms with an opti-
mal space complexity of O(¢7?log d) bits and an update time of O(log®(1/¢) loglog(1/¢)). While
the other parts of their algorithm have fast update times, the LightEstimator derandomized using
limited independent p-stable random variables leads to a slow update time. We give an alternate
derandomization of LightEstimator using HashPRG.
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Fix a particular bucket b and the hash function h that hashes the coordinates into one of the
buckets. We give an O(log d) space algorithm that makes a single pass over the string used to gen-
erate p-stable random variables and computes Li’s estimator for bucket b. The algorithm simply
makes a pass over the string, and if a coordinate i gets hashed into bucket b, it uses the block of
bits in the string corresponding to the i-th coordinate to generate p-stable random variables and
updates Li’s estimator for bucket b using the generated p-stable random variables. The existence of
such an algorithm implies that the expectation of Li’s estimator is fooled by HashPRG and therefore
the expectation of the sum of Li’s estimators over all the buckets is fooled as well by HashPRG. We
now need to bound the variance of the sum of estimators of the b buckets. Here to fool the variance,
that is, we only have to fool E[Est; - Est; | for pairs of buckets b, b’. The idea of using a PRG to fool
the variance for a streaming problem has also been used in [CIW24]. Here Est;, denotes the result
of Li’s estimator for bucket b. Now, for any fixed pair of buckets b, b’ we again have that there is an
O(log d) space algorithm that computes Li’s estimators for buckets b and b’ simultaneously while
making a single pass over the string used to generate p-stable random variables. This shows that
HashPRG fools E[Est;, - Esty | and hence the overall variance of the estimator. As we only need to
fool the mean and variance, we obtain a derandomization of p-stable random variables using Hash-
PRG. Additionally, when ¢ < 1/d€, we can use the time-vs-space trade-off of HashPRG to obtain an
update time of O(log d) without changing the asymptotic space complexity of the algorithm. Note
that the case of ¢ being small is actually the setting for which we would most like to improve the
update time of [KNPW11].

Entropy estimation. An improved update time for F, moment estimation for p € (0, 2) also leads
to improved update time for entropy estimation using the algorithm of [HNO08]. See Section A in the
conference version of [KNPW11] for a discussion on how the update time of F, moment estimation
algorithms translate to update time of approximate entropy estimation algorithms.

CountSketch. CountSketch is a randomized linear map CS : R — RP defined by two parameters:
(i) the table size t and (ii) the number of repetitions r. Here D = r - t. For each i € [r], we have a
hash function g, : [d] — [t] and a sign functionss; : [d] — {+1, -1 }. Indexing the coordinates of
CS(x) by (i, j) € [r] x [t], we define CS(x);; = X se(q)[9;(£) = jlsi(£)x,. Thus, for each repetition
i, the coordinate x, is multiplied with a sign s;(¢) and added to the g,(¢)-th bucket. For each ¢ € [d],
we can define X, = median({s;(£) - CS(x);g.(¢) | i € [r]}). The randomness in a CountSketch data
structure is from the hash functions g, and the sign functions s;. Assuming that the hash functions
h; and s; for i € [t] are drawn independently from 2-wise and 4-wise independent hash families
respectively, [CCF04] showed that if r = O(logd), then with probability at least 1 — 1/poly(d),
llx = %|le < Afor A = ||tailg(x)||2/Vk if t = O(k). As discussed in Section 10.1.2, Minton and Price
assume that the hash functions g; and the sign functions s; are fully random to give probability
bounds on estimation error for any particular index £ € [d]. We derandomize their construction by
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using a pseudorandom generator to sample the hash functions g, and the sign functions s;. Suppose
we treat a bitstring y as t - d blocks of equal length. We index the blocks of y by (i,#) € [r] X
[d]. We use the block y;, to define g;(¢) and s;(¢) in the natural way. If y is sampled uniformly at
random, then clearly we have that g; and s; constructed using the string y are fully random and the
CountSketch data structure constructed using such hash functions satisfies the guarantees given by
Minton and Price. We need to define which block of the string corresponds to which (i, £), since
when we receive an update in the stream, we need to be able to extract the corresponding block
from the pseudorandom string. Now, we want to show that even if y is sampled from HashPRG, we
obtain similar guarantees on the estimation error. Fix a vector x and coordinate ¢. Our strategy to
derandomize has been to give an algorithm using space O(log d) bits that makes a single pass over
the randomness and computes the quantity of interest. Now, in a black box way, we can conclude
that the distribution of the quantity of interest does not change much even if a string sampled from
HashPRG is used instead of a fully random string.

We shall try to employ the same strategy here. Fixing an x € R%, ¢ € [d] and a € [0,1], we
want to walk over the string y and count the number of repetitions i € [r] for which the value
$i(€) - CS(x)ig.ry > x¢ + aA and the number of repetitions i € [r] for which the value s;(¢) -
CS(x)ig,(¢) < Xxr — @\ Clearly the estimator X; € [x; — @/, x; + aA] if and only if both counts are
smaller than r/2 (for odd r). Hence, if both the counts can be computed by a small space algorithm,
we can derandomize CountSketch using HashPRG. We immediately hit a roadblock while trying to
design such an algorithm. As we fixed anindex £ € [d], for repetitioni € [r], the quantity of interest
is CS(x)ig,(0) = Xeea[9:(€) = g;(£)]si(£")xp. As the string y is ordered in increasing order of ¢’
for each repetition i, the algorithm does not know the value of g,(¢) until it gets to the block y; ;. So,
forindices ¢’ < ¢, the algorithm is not aware if g;(¢’) equals g, (¢) or not and hence cannot track the
value of CS(x); 4.(r) with a single pass over y. To solve the problem, we use the symmetric property
unique to HashPRG. As we mentioned in Section 10.1.1, if y ~ HashPRG, then for any integer m,
the string y®™ has the same distribution as y. Making use of this symmetry property, we can now
assume that the block y, ; actually corresponds to the hash values of the index j & ¢ for iteration i
as the joint distribution of hash and sign values defined by the earlier ordering of the blocks will be
the same as the new ordering of the blocks by the symmetry property.

Thus, reading the block y, , the algorithm immediately knows which bucket the index ¢ gets
hashed into in the i-th repetition of CountSketch. Now in a single pass over the blocks y,;, ..., y; 4,
an O(log d) space algorithm can compute s;(£)CS(x); 4,(¢) and at the end of traversing the blocks
corresponding to the i-th iteration, the algorithm checks if 5;(£)CS(x); g, (¢) is > x,+aA or < x;—aA
and updates the corresponding counters accordingly. Thus, we have an O(log d) space algorithm and
HashPRG fools an O(log d) space algorithm and can be used to derandomize CountSketch with the
stronger guarantees as given by Minton and Price without incurring a space blowup when logd =
O(r-t).

For each update in the stream, and for each of the r repetitions, we need to compute a block
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of the pseudorandom string which takes O(log d) time in the Word RAM model with a word size
w = Q(log d). Hence, our derandomized CountSketch with strong guarantees from [MP14] has an
update time of O(r log d). When r - t = d*(V), using the space-vs-time trade-off of HashPRG, we can
obtain an update time of O(r).

Private CountSketch. In a recent work, Pagh and Thorup [PT22] gave an improved analysis of the
estimation error of differentially private CountSketch. After computing CS(x) in the stream, they
compute PCS(x) = CS(x) + v where v ~ N(0,0?)P. They show that for an appropriate value
of o, PCS(x) is (¢, &)-differentially private. They also show that for any ¢ € [d], the estimator %,
computed using PCS(x) also concentrates heavily around x,, and gave similar concentration bounds
to that of Minton and Price [MP14]. The analysis of [PT22] assumes that the hash functions and
sign functions are fully random - the same assumption as in [MP14]. We derandomize the Private
CountSketch construction using HashPRG, which is similar to our derandomization of [MP14].

Approximating ||x||c. We consider the problem of approximating ||x|| up to an additive error
g||x||2. Directly using the CountSketch data structure, we can approximate each coordinate of the
vector x up to an additive error of || x||; using O(e~%(log d)?) bits. In the space complexity, a log d
factor comes from the fact that we have to store integers with magnitudes poly(d) and other log d
factor is because of O(log d) repetitions of CountSketch to be able to take a union bound over the
reconstruction error of all poly(d) coordinates. We show that there is a simple linear sketching
technique to reduce the dimension from d to poly(1/¢) while preserving the || x||« up to an additive
error of £||x||2. Then the CountSketch data structure, using a space of O(e~2log 1/¢log d) bits, can
be used to approximate the || - ||« of the sketched vector thereby approximating ||x||.. We use the
randomized map L : R? — R! defined as follows to reduce the dimension: let h : [d] — [t] be
drawn at random from a 2-wise independent hash family and s : [d] — {+1,—1} be drawn at
random from a 4-wise independent hash family. Define (Lx); = X ;c[a}:n(i)=j $(J)x;. Using simple
variance computations, we show that if t = poly(1/¢), with a high probability, | Lx|lc = [|x||c %
¢l|x||2 and that || Lx||, < 2||x]||2. Note that a turnstile update to one coordinate of x simply translates
to a turnstile update to one coordinate of Lx and hence the two stage sketching algorithm can be
efficiently implemented in a stream. A similar universe reduction was employed in [KNPW11], but
the technique was previously not explored in the context of £, estimation.

We further show that this simple algorithm is tight by showing an Q(¢7% log 1/¢ log d) bits lower
bound on any algorithm that approximates ||x|| up to an additive ¢||x||,. We define a communica-
tion problem called “Augmented Sparse Set-Disjointness”. In this one-way communication problem,
Alice receives sets Ay, ..., A; with the property that |A;| = k and A; C [n] forall i € [t]. Bob
similarly receives the sets By, . .., B; with the same properties. Given an index i € [t] and the sets
Aj, ..., Aj_q, using a single message M (possibly randomized) from Alice, Bob has to compute if
B; N A; = 0 or not. In the case of t = 1, [DKS10] show that if n > k?, then the sparse set disjoint-
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ness problem has a communication lower bound of Q(k log k). Note that for t = 1, simply sending
the entire set A; to Bob requires a communication of O(k log n) bits. Surprisingly, they show that
there is a protocol using O(k log k) bits to solve the problem. Extending their ideas, we show that
the Augmented Sparse Set-Disjointness problem has a communication lower bound of Q(tk log k).
Embedding an instance of the Sparse Set-Disjointness into approximating ||x||« for an appropriate
vector x, we show a lower bound of Q(e7%log 1/¢log d) bits.

The hard distribution in the lower bound has the property that the vector x constructed satisfies
|x||co = O(él|x]|2). We show that it is possible to break the lower bound if we assume that ||x||c >
c||x||2 for a constant c. This is the case when the coordinates of x follow Zipf’s law where the i-th
largest coordinate has a value approximately i~ for & > 0.5. The algorithm is again the two stage
sketch we described but in the second stage, instead of using CountSketch as described in [CCF04]
using constant wise independent hash functions, we use the tighter CountSketch guarantees that we
obtain by derandomizing the analysis of [MP14] using HashPRG. We show that after the first level
sketching, only a few large coordinates need to be estimated to large accuracy while the rest of the
coordinates can have larger estimation errors. Using this insight, we show that O(e~% log d) bits of
space is sufficient to estimate ||x||c up to an additive error of &|x||2.

10.2 Preliminaries

Notation. For an integer n > 1, let [n] denote {1,2,...,n}. For a predicate P let [P] have the
value 1 when P is true and the value 0 when P is false. Let tail;(x) denote the vector derived from
x by changing the ¢ entries with the largest absolute value to zero. We use bold symbols such as
h,x, M, ... to denote that these objects are explicitly sampled from an appropriate distribution.

For a real-valued matrix M define [[M|| = sup,., [IxMll1/||x|l; where |[x[lx = X; [x;]. (This
matrix norm is sometimes written || M||;, but since we do not need other matrix norms we omit the
subscript.)

Model of Computation. All of our running times are in the Word RAM model with a word size
O(log d) unless otherwise mentioned. We assume that all elementary operations on words can be
performed in O(1) time.

Definition 10.2.1 (k-wise independence). A family of hash functions # = { h : [u] — [0] } is said
to be k-wise independent if for any k distinct keys x1, x5, ..., xx € [u] and not necessarily distinct
values y1, Y, . . ., Yk € [v]

1
Prige[h(x1) = yr A~ ARCa) =yl = =

The definition states that if h ~ %, then for any x € [u], the random variable h(x) is uni-
formly distributed over [v] and for any k distinct keys x1,...,xx¢ € [u], the random variables
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h(xy),...,h(xy) are independent.
We now state a randomized construction of a hash family from [CPT15] that lets us evaluate the
sampled hash function quickly on any input.

Theorem 10.2.2 (Corollary 3 in [CPT15]). There exists a randomized data structure that takes as input
positive integers u,v = u®W, t, k = u® and selects a family of function F from [u] to [v]. In the Word
RAM model with word length ©(log u) the data structure satisfies the following:

1. The space used to represent the family F as well as a function f € F is O(ku'/*t) bits.

2. The evaluation time of any function f €  on any input is O(t log t).

3. With probability > 1 — u~"/%, we have that F is a k-wise independent family.

Throughout the chapter, we use this construction with a constant ¢t and k at most O(log u).

We now state the guarantees of the hash family construction from [PP08]. Whereas the above
construction gives a randomized hash family & that is k-wise independent with some probability,
the following construction gives a randomized hash family 7 that when restricted to any fixed sub-
set S of a certain size is a uniform hash family with some probability. We use this construction when

we want to ensure that all elements of a small underlying set (but unknown to the streaming algo-
rithm) are hashed to uniformly random locations.

Theorem 10.2.3 (Theorem 1 of [PP08]). Let S C U = [u] be aset of z > 1 elements and let V = [v] for
any 1 < v < u. Suppose the machine word size is Q(log u). For any constant C > 0, there is a Word RAM
algorithm that, using log(z) (log v)°™V) time and O (log z + log log u) bits of space, selects a family of hash
functions # from U to V (independent of S) such that

* H is z-wise independent (in other words, uniform) when restricted to S, with probability 1 — O(1/ z°).

* Any functionh € F can be represented using O(z log v) bits and h can can be evaluated onany x € U
in O(1) time in the Word RAM model. The data structure (or representation) of a random function from
the family 7€ can be constructed in O(z) time.

We now define ¢ pseudorandom generators for any given class of algorithms 6.

Definition 10.2.4. A generator G : {0,1}" — {0,1}" is called an ¢ pseudorandom generator for
the class of algorithms € if for any C € 6,

| Pry.y,, [C(x) accepts] — Pry.y, [C(G(y)) accepts]| < e.

Here Uy, denotes the uniform distribution over { 0,1 }™. For a generator G, the quantity n is
called the seed length. In this work 6 is taken to be the set of space bounded algorithms with an appro-
priate space parameter s. The algorithms have a read/write space of s bits and a read only tape that
contains an input. The algorithms are allowed to only stream over the m length random/pseudorandom
string. Although the above definition is in terms of accept/reject, it can be extended to general func-
tions by instead considering the total variation distance between the distributions of the outputs.
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10.3 HashPRG

In this section we present a new pseudorandom generator for space-bounded computations, which is
going to be our main tool for derandomizing streaming algorithms. The starting point is the classical
generator of Nisan [Nis92] (summarized in Appendix C.1), which we extend to provide a trade-off
between seed length and the time to compute an arbitrary output block. To make our treatment
easy to access for readers familiar with Nisan’s generator, we will follow the same proof outline, but
make crucial changes to avoid a union bound over all possible intermediate states. An advantage of
our generator over Nisan’s, even in the setting where the seed lengths are the same, is that it has a
certain symmetry property that we need in our applications.

10.3.1 HashPRG Construction

Let b > 2 be an integer. Consider hy, . .., hx_; where h; = (hgo), .. .,hgb_l)) is a vector of b hash
functions with each hl(j ). {0,1}" — {0,1}" being a hash function drawn independently from a
2-wise independent hash family #. We slightly abuse terminology and also refer to the vectors h;
as hash functions.

Using hash functions hy, . . ., hx_1, define a generator Gy : {0,1}" — {0, 1 }”'bk recursively:

Go(x) =x
Gk(x, ho, ey hk—l) = Gk_l(hl(co—)l (X),ho, ey hk—z) O---0 Gk_l(hl(cb__l) (x),ho, ey hk_z).

1

Here o denotes concatenation. Note that Nisan’s generator can be obtained by setting b = 2 and
deterministically setting hl@ (x) = x for all i, x.

By construction, we have, for x € { 0,1 }", that G¢(x, ho, . . ., hx_1) is a bitstring of length n - bk,
We look at the string Gi(x, ho, . . ., hx_1) as concatenation of b* chunks each of length n, chunks
indexed by 0,...,bF — 1. Let j € {0,...,b* — 1} be written as ji_; - - - jo in base b. Then the jth
chunk of the string Gi (x, hy, . . ., hi_1) is given by

h(()jo)(hgjl)(_ . h](cj—kl_l)(x)))'

To define the power of our pseudorandom generator we need the following notation. Let Q be an
arbitrary finite state machine with 2% states over the alphabet { 0,1 }". Let D be any distribution
over the strings of length b* - n, encoding b* steps of the FSM. Let Q(D) be a 2 x 2* matrix where
[Q(D)];; is the probability that the FSM starting in state i goes to state j after performing b* steps
based on an input drawn from D. Let U,, denote the uniform distribution over { 0, 1 }". We will prove
the following lemma.

Lemma 10.3.1. There exists a constant ¢ > 0, given integers n and w < cn and parameters b, k with
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bk < 2" for any FSM Q with at most 2" states, ifho, ..., hx_1 : {0,...,b—1} = {0,1}" — {0,1}"
are drawn independently from F°, where ¥ is any family of 2-wise independent hash functions, then with
probability > 1 — 27" (over the draw of hy, . . ., h_1),

1Q(Gi (o, - .. 1)) = Q((U)P)| < 27",

Here Gy (*, hy, . . ., hi_1) denotes uniform distribution over the set {Gy(x, ho, ..., hx_1) | x € {0,1 }"}.
By definition of the matrix norm || - || (see section 10.2) this implies that with probability at least
1 — 27" over the hash functions hy, . . ., hi_1, we have that the total variation distance between the
distribution of final state using a random string drawn from (U,)"" and arandom string drawn from
Gk (%, hy, ..., hi_y) is at most 27",
Using the above lemma, we will then prove the following theorem.
Theorem 10.3.2. There exists a constant ¢ > 0 such that given any parameters n, b and k satisfying b* <
2", there exists a generator which we call HashPRG : {0, 1 }O(bk") — {0,1 }bk'” such that HashPRG is an
O(27°") pseudorandom generator for the class of Finite State Machines over alphabet { 0, 1 }" with at most
2" states. For any seed r, the i-th block of bits in HashPRG(r) can be computed in time O (k) on a machine
with Word Size Q(n).

Proof. Let plh;) """ "1 be [Q(Gr (%, o, - . ., he-1))] ij- Let p; j be the probability the FSM starting in state
i goes to a state j after b* steps on an input r where hy, ..., hj_; ~ #? andr ~ Gi(x, ho, ..., hx_;).
Clearly, for any pair of states i, j,

1 hos....hje—1
TP YN
(hose.shi—1)€(FP)E

Let gi; = [Q((Un)?)];. Now, for any i,
ho,....hg—
Z |Pi,3~ - gyl

Z|pl] ql]' Zl%blk
0r-eaie—1) E(FP)K
1 Hoseshi_y
= W Z (Z |P - qijl)-

(ho,-.hi—1)e(@P)E - J

By Lemma 10.3.1, [{(ho, ..., hx—1) | X; Ipf'j."“’hk‘l —qij| <27} > |#°|*(1 — 27°") and using the

fact that for any (hy, . . ., hx_1), |p?3j'--)hk—1 —gij| <1, we obtain that

Z Ipij—qijl <27 +1-27" <227
j

As the above holds for any i, we obtain that ||Q(HashPRG) — Q((Un)bk)ll < 2 - 27" Where we
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overload the notation HashPRG to also denote the distribution of string y obtained by first sampling
ho, ..., hx_q and then sampling y ~ Gi(* hy, ..., hx_1). The O(bkn) bits of random seed is used
to sample bk independent hash functions from the 2-wise independent hash family construction of
Dietzfelbinger [Die96, Theorem 3(b)]. The bk independent hash functions are used to construct the
hash functions hy, . . ., hi_; and n bits from the random string are used to get an x ~ { 0,1 }". The
output of HashPRG is then Gi(x, hy, . . ., hx_1). Clearly, by the definition of G, any block of bits in
the output string can be computed in O(k) time. O

A special case of the above theorem we use is when n = O(logd). By choosing b = d° and
k = O(1/¢) for a small enough constant &, we obtain that HashPRG with these parameters fools any
FSM with poly(d) states over an alphabet { 0, 1 }". And that on a machine with word size Q(log d),
any block of bits in the output of HashPRG can be computed in time O(1) since ¢ is a constant.

10.3.2 HashPRG Analysis

We will be reasoning about matrices that represent transition probabilities of Q under different
input distributions. We start with some simple facts about norms of matrices. Recall that ||M]| :
SUP,.(|x[|=1 |MX|lco. First, for any two matrices A and B we have [|A+ B|| < [|A|| +||B|| and || AB||
||A||||B]|. We will also need the following lemma about the norm of differences of matrix powers:
Lemma 10.3.3. For integer b > 1 and square real matrices M and N with ||[M|| < 1and ||[N| <
IM" = NP|| < b|IM - NI|.

IA

—_
M

Proof. The proof is by induction on b. The statement clearly holds for b = 1. For the induction step
we have:

|M” — N?|| < |MP — NP72M|| + |INP~'M - N?||
= [(MP™' = NP DM + N1 (M — N) ||
< IMP71 — NPT M|+ (IND )PV - Nl
< (b—1)|[M—=N|[+|IM~N| =b||M-N]| .

This first uses triangle inequality, the second inequality uses that the norm of a product is bounded
by the product of the norms, and the third inequality uses the induction hypothesis as well as the
assumption ||[M|| < 1, ||N]|| < 1. O

For fixed hash functions hy, . . ., hg_1, let Gi (%, ho, . . ., hx—1) be the distribution of the bitstring
Gi(x, ho, . . ., hg_1) when x is drawn uniformly at random from { 0, 1 }", denoted x ~ U,,. Let (Un)bk
denote the uniform distribution over length n - b bitstrings. The aim is to show, akin to Nisan’s gen-
erator, for any “small-space computation”, with high probability over hy, . . ., hi_1, the distribution
G (%, hy, . .., hi_y) is indistinguishable from the uniform distribution (Un)bk.
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Lemma 10.3.1 will be derived from this result: For any ¢ > 0, if all hgj ) are drawn independently
from a 2-wise independent hash family,

k _ 1)\2
_ %

3w 10.1
T (b—-1)32%2 (10.1)

Pr | 1Q(Gi (% ho, - . .. 1)) = Q((UD)P)I| >

Note that each h; can also be seen as function from {0,1}" to {0,1}*" defined as h;(x) =
hgo) (x)o---0 hgb_l)(x). Wesay h; : {0,1}" — {0,1 }P" is drawn from the hash family #°.
Since each hgj ) is sampled independently from a 2-wise independent hash family, #? is also 2-wise
independent.

Definition 10.3.4. Let A C {0,1}*" h: {0,1}" — {0,1}*", and ¢ > 0. We say that h is (¢, A)-
independent if | Pryy, [h(x) € A] — 0(A)| < &, where o(A) = |A|/2"" is the density of set A.

The above definition corresponds to Definition 3 in [Nis92] but with some important differences.
The differences lead to subtle changes in the whole analysis, but the overall structure of the analysis
remain the same.

We now have the following lemma that corresponds to Lemma 1 of [Nis92].

Lemma 10.3.5. Let A C {0,1}"" and ¢ > 0. Then Prj,_ges [h is not (e, A)-independent| < oA

g2n

Proof. Consider a matrix M that has a row for each x € {0,1}" and a column for each h € #?. Let
M(x,h) = 1if h(x) € A and 0 otherwise. We define the function f that expresses the probability
that a function h maps x ~ U, to a value in A:

F(B) = Bt [M(x, B)] = Pryy, [h(x) € A].
For h ~ #" we have
Epgev f(h) = Epgev iy, [M(x, h)] = Exy, Pry_gev [R(x) € A] = 0(A),

where the last equality follows from Pry,_gs [h(x) € A] = o(A), since #? is 2-wise independent.
We next bound the variance of f(h) to show that f(h) is close to p(A) with high probability:

Vary, g f(h) = Ejg00 (f (h) = 0(A))°
= Epg¢» (Bx~u, [M(x, h) — 0(A)])*.

If x; ~ U, and x, ~ U, are independently drawn we can expand

(Ex~v, [M(x, h) = 0(A)])?
= Ex, -0, x,~0, (M(x1, h) — 0(A)) (M(x2, h) — 0(A)).
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Using the fact that for every x, E, g [M(x,h)] = 0(A) we obtain
Vary,_geb f(h) = Ex <0, x,~U, Ep-ger [M(x1, A)M(x2,h) — 0(A)?].

With probability 1 — 27" we have x; # x;. Since h is drawn from a 2-wise independent hash fam-
ily, h(x1) and h(x;) are independent in this case, so Ej, g [M(x1, A)M(x2,h) | x1 # x2] =
o(A)?. With probability 1/2", we have x; = x; and Ej g0 [M(x1, ))M(x2,h) | x1 = x2] =
E, g0 [M(x1,h)] = 0(A). Hence,
_ _ A
Var s f(H) = (1-2")0(A) +2"0(4) ~o(4)* < %)

By Chebyshev’s inequality,

Pry s [110) —0(A)] 2 e] < &5 .

We now have the following definition that corresponds to Definition 4 of [Nis92].
Definition 10.3.6. Let Q be an FSM on alphabet { 0, 1 }" and pick & > 0. For hash functions h, . . ., hg_ :
{0,1}" = {0,1}"", wesay (hy, ..., h_) is (&, Q)-good if [|Q(Gi (%, ko, . .. b)) = Q((Un) )| <
3

For small ¢ the definition essentially says that the FSM Q cannot distinguish between the distri-
butions Gi (*, hy, . .., hx_1) and (Un)bk. The following lemma corresponds to Lemma 2 of [Nis92].
Lemma 10.3.7. Let Q be an FSM of size 2" over alphabet { 0,1 }" and k a nonnegative integer. Then for
every € > 0,

Pry,, negev [ (o, . ... hi—y) isnot ((b¥ — 1)e, Q)-good]
23k

<—.

= (b —1)222n

Proof. The proof is a careful translation of the proof of Lemma 2 of [Nis92]. The proof is by induction
on k. For k = 0, the statement is immediate since Go(x) ~ U, which means that there is zero
difference between the distributions. For the induction step assume that the statement holds for
k — 1. For every choice of hy, .. ., hx_p : {0,1}" — {0, 1 }*" and every two states i, j of Q we define
the set of seeds y(?), . . ., y®~V that when used one by one with G,_; produces a string that takes Q
from state i to state j:

Bl = {(y @,y ) € {0,117 | Gra (Y, ho, - hig) 0 -0 Geoa (¥ ho, L he)

takes Q fromi to j}.

Now sample hy, . .., hi_; ~ #? independently and consider the following events:
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1. (ho,..., hi_y)is ((bF~' = 1)&, Q)-good (see Definition 10.3.6), and
2. hy_1is(e(b—1)/2",B h° """ - ?)-independent for all states i, j (see Definition 10.3.4).

We will see that these events happen simultaneously with probability at least 1 — m Further-
more, we will show that when this happens, (hq, . .., hx_;) is ((b* = 1)e, Q)-good, completing the

induction step.

By the induction hypothesis, the probability of event 1 not happening is at most (z;wl()% From
Lemma 10.3.5, for every choice of hy, ..., hx_, and states i, j of Q, the probability that hy_; is not

(e(b-1)/2",B i #)-independent is at most

Q(Bho Shi— 2)22w
e2(b — 1)22n

Using a union bound, the probability there exists a pair of states i and j such that hy_ is not (e(b —
1)/2%, B i )-independent is at most

ho ..... hk 2 2w
Z Q(B )2 = ZQ( ho shi— 2) 23w
-~ sz(b —1)22n sZ(b 1)22n ~ e2(b—1)22n

The last inequality follows from the fact that for every fixed i, the sets BZ;’“"hk‘

¢, where j ranges over
the states of Q, partition { 0, 1 }*" and thus their o-values sum up to 1. A union bound shows us that
the probability of either event 1 or 2 not holding is at most 2" k/(b — 1)%¢%2", as claimed.

Let (Gr_1(* ho, ..., ht_3))? denote the distribution over bitstrings of length n - b* obtained by
concatenating b independent samples drawn from Gi_; (%, hy, . .., hg_3). Conditioning on events 1

and 2 we now bound ||Q(Gy(*, hy, ..., hx_1) — Q((Un)bk) ||. Using the triangle inequality,

1Q(Gr (% ho, . .., Bk1)) = QU < 110Gt (%, B, - .., Bk1)) = Q((Grer (5 B -, i)
110Gt (5, B, ... Be—2))?) = QU]

Below we will bound the first term by (b — 1)e and second term by (b* — b)e, proving that the hash
functions are ((b* — 1)¢, Q)-good as claimed.

Consider the matrix Q(Gk (, hy, . . ., hg_1)). By definition, entry (i, j) of the matrix is equal to
Pryy, [hr-1(x) € ij."“’h"’z]. Now consider Q((Gr_1 (%, ho, . . ., hx_5))?) where entry (i, j) is

Pryo  y40-n.y, [Gre1 (Y. ho, . ) 0 -+ 0 Grey (¥, ho, ... ) takes Q from ito j]

By definition, the above quantity is exactly Q(BhO """ "-2) since event 2 holds, we have that the ab-

solute value of every entry of the matrix Q (G (*, ho, o ) = O(Groi (%, by, . .. h_y))b) is at
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most e(b — 1) /2". Since each row has at most 2" entries we obtain

1Q(Gi (%, ho, . .., hi—1)) = Q((Grey (%, o, - . hi—2))P)]| < (b= 1)e .

To bound the second term we define the transition matrices M = Q(Gk_1(*, hy, ..., hx_,)) and
N = Q((Un)bkﬂ) that describe transition probabilities using G_; and uniform inputs, respectively.
Since the b parts of the input are independent we can express the matrices in the second term as
powers of M and N:

Q((Geor(ho, . b)) = M and Q((U)") = N" .
We can now invoke Lemma 10.3.3. Since event 1 holds we have ||[M — N|| < (b*~! —1)¢, and thus
1Q((Gror (5, o ... Bi—2))?) = Q((U)™)I| < b(H*! = 1)e = (bF - b)e.
Conditioning on events 1 and 2 we thus have ||Q(Gk (, hy, . . ., hg_1)) — Q((Un)bk) | < (b*-1e. O

The proof of Lemma 10.3.1 now follows by choosing a small constant ¢ and setting w = cn and
¢ = 27"/ (b* — 1) in the above lemma. From Proposition 1 of [Nis92], it follows that any space(cn)
algorithm that uses nb* uniform random bits, for b¥ < 2" can use the bits from the pseudorandom
generator and with probability at least 1 — 27", the total variation distance of the final state of the
algorithm using pseudorandom bits to the final state of the algorithm using uniform random bits is

at most 27",

10.4 Moment Estimation for p > 2

Using min-stability of exponential random variables, Andoni [And17] gave Algorithm 10.1 to esti-
mate F, moments in the stream. We state their result below and describe their algorithm.

Consider the vector x obtained at the end of the stream applying all the updates sequentially
to the starting vector 0. As Algorithm 10.1 is linear, we have that the final state of the algorithm
depends only on the final vector and not on the order of the updates. To estimate the £, norm of
a d-dimensional vector x, the algorithm first samples d independent standard exponential random
variables Ey, ..., E; and creates a random vector z € RY such that z; = Ei_l/ Px.;. Andoni shows
that [|z]l = ©(||x]|,) and therefore estimating the value of the coordinate in z with maximum
absolute value gives a constant factor approximation for ||x||,. Andoni further shows that with high
probability there are only at most O(log d)? coordinates in z with absolute value > ||x]|,/(c log d)
for a constant ¢ hence showing that the vector z has only a few coordinates with large values. The
final property of z that Andoni uses is that with high probability ||z||? = O(d'~%/P 1[I

Conditioned on the above properties of z, Andoni argues that if S is a CountSketch matrix with
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O(d'~2/P log d) rows formed using O(log d)-wise independent hash functions, then with high prob-
ability [|Sz]|ec = ©(||z]l) = ©(||x]|5). To implement the streaming algorithm in sublinear space
we cannot store the exponential random variables and the vector z in the stream. So Andoni de-
randomizes his algorithm by using a pseudorandom generator of Nisan and Zuckerman [NZ96] and
shows that exponential random variables E; generated using the pseudorandom bits are sufficient
to ensure that the algorithm produces a constant factor approximation to ||x||,. Also note that the
algorithm does not need to explicitly store the d dimensional vector z; it is enough just to update
the O(d'~%/? log d) dimensional vector f in the stream.

Although Andoni’s algorithm is space optimal for linear sketches up to constant factors, the
update time using the Nisan-Zuckerman pseudorandom generator is poly(d). We now show that
Andoni’s algorithm can be derandomized using our HashPRG to obtain an algorithm that is both
space optimal for linear sketches and has an update time of O(1) in the Word RAM model with a
word size Q(log d).

Algorithm 10.1: Andoni’s Algorithm with Independent Exponentials [And17]
Input: p > 2,d € N, a stream of updates (i1, v1), ..., (im;0m) € [d] X {-M,...,M } for

m, M = poly(d)
Output: An approximation to ||x||, where x € R is defined by the stream of updates
1 Ey, ..., E; « Independent standard exponential random variables;

2 d' — O(d"%?logd);

A Odvf «— Og;

h «— O(log d)-wise independent hash function from [d] to [d];

o «— O(log d)-wise independent hash function from [d] to { —1,+1 };

6 forj=1,...,mdo
-1/p .

L)

(5]

7 zi; —z; +E;, vy

Np=l/p .
8 fh(ij) — fh(ij) +o(i)E; "oy
9 end

return || f||«;

=
(=]

10.4.1 Discretizing the Exponentials

We first show that we can replace exponential random variables in Andoni’s algorithm with a simple
discrete random variable and obtain all the guarantees we stated above that z satisfies even with this
discrete random variable. For now, assume that p = 1. We will later generalize the guarantees for all
p.

Suppose x € R with all the coordinates of x being integers with absolute values < poly, (d).
We can assume x has no nonzero coordinates. Consider the discrete random variable E that takes
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values in the set { 1,2,...,2M } for some M = O(log d) satisfying 2M > d poly, (d). Let

/2™ j=M.
We call the random variable E a discrete exponential’. Note that we can sample the random variable
E quite easily from a uniform random bitstring of length M just based on the position of the first
appearance of 1 in the random bitstring. We mainly use the following properties of E: for any t > 0,
Pr[E > t] < 1/t. The statement clearly holds for t < 1.Fort > 1, let 2/ be such that t < 2/ < 2t.
Now,

Pr[E > t] =Pr[E = 2/] +Pr[E = 2/*!] + - ..
11

~ | =

1
== < -,
2J
Similarly, for any t < 2M, we have Pr[E > t] > min(1, 1/(2t)). We now prove the following lemma.

Lemma 10.4.1. Let x € R? be an arbitrary vector with integer entries of absolute value at most poly, (d).
Let Ey, ..., E4 be independent discrete exponential random variables. Then,

1. With probability > 95/100,

lIxll1

< max |x;|E; < 50]|x]|;.
16 i

2. ForanyT,
E[|{i | |x|E; > |lx|[:/T}] < T.

Proof. Without loss of generality, we can assume that all the coordinates of x are nonzero. Using the
distribution of the random variable E;, we obtain that

||x||1] |

<
|

Pr |:El > 50

Thus, by a union bound, with probability > 1 — 1/50, for all i, E; < 50]|x||1/|x;|. Hence, with proba-
bility > 49/50, max; |x;|E; < 50||x||;. Similarly, for all i,

X
.

Pr >
16]x;]

> min(8|x;|/||x|l1, 1).

If there exists an index i such that |x;| > ||x]||1/8, then we already have that with probability 1,

SWhile E models the inverse of a continuous exponential random variable, we use the term “discrete exponential”
for brevity.
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max; |x;|E; > ||x||1/8. Now assume that for all i, |x;| < ||x||1/8. Using the independence of E;’s,
we obtain that with probability > 99/100, there exists an index i such that E; > ||x||;/(16]|x;|)
and therefore with probability > 99/100, max; |x;|E; > ||x]||1/16. Hence, overall with probability
> 95/100, we have

X
—” Iy < max |x;|E; < 50]|x]|;.
16 i

Let T > 0 be arbitrary. For a fixed i, we have Pr[E; > ||x||1/(|x:|T)] < |x;|T/||x]1. Thus,

E[[{i | |xi|E; = ||x]l1/T}]
= ZPI‘[El

2 [lxll1/(Ix|T)] < TZ |xil/llx[ly =T. O

The following lemma extends the above properties toall p > 2 along with an additional property
that Andoni uses in his proof.
Lemma 10.4.2. Let p > 2 be arbitrary and let x € R be an arbitrary vector of integer entries with absolute
value at most (poly,(d))"/?. Let Ey, . . ., E 4 be independent discrete exponential random variables. Then,

1. With probability > 95/100,

||x||p 1/p 1/
Telp < miaxlxl-lEl. <50 P||x||p-

2. Forany T > 0, with probability > 95/100,

i | 1|EY? > |Ix]l,/T"/P}| < 20T.

d
E[ D (B/Px)"] = 0,(d" /7 |x|13).
i=1

Proof. The first two properties follow from applying the previous lemma to the vector x(?) € R¢

defined as xl.(p ) = |x;|P. To prove the last property, we have

d d
E[ ) (E/Px)" = ) x?E[E"].
i=1 i=1

Now E[E*/?] = St 22IP [27 L 4 22MIP oM < (1/2) 312 2T EIPTY 4 M7 < /(2 - 2%/P) 4 1.
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Hence,

d
1,321 < 2 1
B (B 7)) < Il (Z_W + 1)

= 0, (" |1x|I3)

where the constant we are hiding blows up as p — 2. O

10.4.2 F, Estimation With HashPRG

In the previous section, we discussed some properties satisfied by the random vector z given by z; =
E 3/ Px; for any arbitrary vector x with integer entries of absolute value at most (poly, (d))"/?. Now
we show that the properties are still satisfied even when the random variables E; are generated using
HashPRG thereby showing that Algorithm 10.2 outputs a constant factor approximation to [|x/l,
with probability > 7/10. The success probability can be increased to 1 — § by running O(log 1/6)
independent copies of the algorithm and reporting the median.

Theorem 10.4.3. Let p > 2 be a parameter and for m = O(poly(d)) let the vector x = 0 € R? receive
a stream of m updates (iy,v1), (i2,02), . . ., (im, 0m) With |vj| < poly(d) for all j. On receiving an update
(ij,v;), the vector x is modified as x;, < x;; + vj. The Algorithm 10.2 uses Op(dl_z/p log(d)) words of
space and at the end of the stream outputs a constant factor approximation to ||x||, with probability > 7/10.
Further each update to x is processed by the algorithm in O(1) time in the Word RAM model on a machine
with a word size Q(log d).

Proof. First we condition on the event that the hash families from which h, o are drawn are O(log d)-
wise independent. From Theorem 10.2.2, the event holds with probability > 99/100. From Theo-
rem 10.3.2, HashPRG with parameters n = O(logd), b = d° and k = O(1/e¢) fools a Finite State
Machine with poly(d) states. Further the seed for HashPRG can be stored using O((1/¢)d® logd) =
o(d'2/P) bits if ¢ < 1 — 2/p. Theorem 10.2.2 shows that h and & can be stored using O(d®) =
o(d'~?/?) bits of space and for any i € [d], h(i) and o (i) can be evaluated in 01/,(1) time. There-

fore, each update in the stream is processed in O;,.(1) time.

Let x be the vector at the end of the stream and fori € [d], E; be the discrete exponential random
variable computed by the algorithm for coordinate i. Let T := (O(logd))?. Define a Finite State
Machine Q, with a start state and other states being defined by the tuple (i, j, t,0) with 1 < i < d,
0 <j<d1<wo<poly(d)andt € {less, correct, more }. The machine Q, clearly has poly(d)
states. The FSM being in a state (i, j, less, v) denotes that it has processed the coordinates x1, . . ., x;
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until now and found that

{0 < i |l |EY? > lallpf7}] = j
x|l
161/P°
Z round(E}/p)2 S (xy)? =o0.

iI’<i

and

max |xl~r|El.1,/p <
i'<i

Here round(x) denotes x rounded to the nearest integer. As E 3,/ P > 1if x; # 0, we have
1 1 1
(El.,/Pxi/)2 < round(El.,/p)2 (xp)? < 4(El.//px,-,)2.

Note that using the bound on the absolute values of entries in x, the value v can be at most poly(d).
Similarly, the state is in (i, j, correct, v) if a condition similar to above holds, but instead we have

x|l
161/p

< max [x[E;” < 507 x]l,
and in (i, j, more, v) if maxy <; |xy |E3,/p > 501/P ||lx|| ,. Here the value of E; is assigned based on the
bitstring corresponding to an edge in the FSM. It is clear that we can construct such a Finite State
Machine. Let € denote the event that max; |x,~|E}/p e [llxll,/16Y7, 507 |x][,], [{i | |x,~|E3/p >
llx|l,/TYP}| < 20T and 3, round((Eg/p)xi)2 = Op(dl_z/f’llxll;). By Lemma 10.4.2, the final state
distribution of the FSM using uniform random edge at every state satisfies the event € with prob-
ability > 85/100. By Theorem 10.3.2, if the random variables E, ..., E; are generated using the
random string sampled from HashPRG, then with probability > 1—1/poly(d), the final state of FSM
Qy satisfies the event € with probability > 8/10.

Thus, with probability > 8/10, the implicit vector z € R? in the algorithm defined as z; := E l.l/ Px;
satisfies all the properties Andoni requires of the vector obtained by multiplying coordinates of x
with scaled exponential random variables. Hence, with probability > 75/100, the maximum absolute
value of the coordinate in f obtained by sketching z with a CountSketch matrix is a constant factor
approximation to ||x]|,.

Thus, overall the algorithm outputs a constant factor approximation to ||x||, with probability
> 7/10. O

10.4.3 Comparison with Andoni’s use of Nisan-Zuckerman PRG

Andoni argues that his algorithm can be run in O(d'~?/? log d) words of space using the Nisan-
Zuckerman pseudorandom generator, which shows that an S space algorithm using poly(S) random
bits can be run with just O(S) random bits. Nisan-Zuckerman'’s algorithm takes an O(S) length uni-
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Algorithm 10.2: F, moment estimation using HashPRG

Input: p > 2,d € N, a stream of updates (i1, v1), ..., (im,0m) € [d] X {-M,..., M} for
m, M = poly(d)
Output: An approximation to ||x||, where x € R is defined by the stream of updates

1 ¢ « A constant smaller than 1 — 2/p;

2 s « Pseudorandom string constructed using HashPRG with parameters

n=0(logd),b=4d"k=0(1/¢);

// The string s is only implicitly stored using the corresponding hash
functions and the random seed to the generator

d' «— O(d'?/Plogd);

h — O(log d)-wise independent hash function from [d] — [d’];

o «— O(log d)-wise independent hash function from [d] — {+1,-1};

// Both h and o are drawn from hash family in Theorem 10.2.2 so that
they can be stored using O;/.(d) bits and evaluated in O;,.(1) time on
any input

6 [ Op;

// Stream Processing Begins

forj=1,...,mdo

8 E;; < DiscreteExponential(i;-th chunk of s);

. 1
Futiy < Faay + o (0y) - round(E;/?) - 0y
10 end
return || f||c;

W
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formly random string and stretches it by a factor of O(S") (0 < y < 1) by computing O(S") blocks of
O(S) bits each. Each of the O(S") blocks of pseudorandom bits takes time poly(S) time to compute
which in our case is poly(d'~?/? log d) and hence prohibitive.

10.4.4 ¢, sampling

As another application of HashPRG, we give a simple £, sampling algorithm for p > 2. Assume the
same turnstile stream setting. At the end of the stream, £, sampling asks to output a coordinate i
of the underlying vector x such that probability of sampling i is proportional to |x;|?/ ||x||§. The
problem has been widely studied (see [C]19, JW18] and references therein). The perfect £, sampling
algorithm of JW18] for p € (0,2) uses the following property of exponential random variables:
if Ey, ..., E4 are independent standard exponential random variables and i* = argmax; x;/ Eg/ P
then Pr[i* = i] = |x;|P/ ||x||§. This distribution exactly corresponds to what £, sampling asks. To
implement the algorithm in a turnstile stream using a small amount of space, they first scale the
coordinates with exponentials and then sketch the scaled vector using a data structure called count-
max and show that the count-max data structure allows to recover the max coordinate in the vector
obtained by scaling x with exponential random variables. Finally, they derandomize their construc-
tion using a half-space fooling pseudorandom generator.

We show that using HashPRG, for p > 2, we obtain £, samplers that have a very fast update time.
For simplicity, we discuss an algorithm that samples from the following distribution:

1 |x?
Pr[iis sampled] > ———— + 1/poly(d).
T+¢ x5
In the definition approximate perfect samplers, it is required that Pr[i is sampled] is (1+¢)|x;|? /|| x| |§

up to an additive 1/poly(d) error. We discuss the simpler version as £, samplers are not our main
focus.

For this, we work with a finer approximation of exponential random variables than what we
used for approximating F, moments. Assume that given a block of O(log d) uniform random bits,
there is a fast way to convert the random bits into a fine enough discretization of the exponential
random variables such that all the following property of the exponential random variables hold for
this discretization:

1. The probability that i* = i and E;l/p|xi*| > (1+¢&)"Y/P maxy; Ei_l/plxi|] is at least |x;|? /(1+

¢)||x|1?, and

2. with probability at least 1 — 1/poly(d),

d
DB Pl < d P (B |xie])? polylog(d).

i=1
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It can be easily shown that both of these properties hold for continuous exponential random variables
and hence they hold for a suitable discretization of the continuous exponential random variables.
The above properties crucially depend on Ejy, .. ., E; being independent, but we can derandomize
them by using HashPRG. Fix a vector x and design the following FSM for x: the FSM goes through
each coordinate of x sequentially. The FSM tracks max; Ei_l/ P|x;|, the coordinate attaining the max,
i Ei_z/ P x2. Clearly, all these statistics can be tracked using an FSM with poly(d) states similar to
how we derandomized the properties of exponential random variables for approximating F,, mo-
ments. Usingn = O(logd) and b = d° (c < 1—2/p) for HashPRG, thus we obtain that if the random
variables E; are generated using the pseudorandom string sampled from HashPRG, then for all ,

. -1 _ -1
Pr(El,..,,Ed)~HashPRG[l* =iand E,. /P|xi*| > (1+¢) tp r?i‘f(Ez /p|xi|]
| [P

> ——— —1/poly(d).
rop PV@

and with probability > 1 - 1/poly(d), X%, (E;"P|x;)2 < d*2/P(E;?|x;-|)? polylog(d). Let
be a vector such that f; = Ei_l/ Px;. Condition on both the events. Then we have that the largest
coordinate in f is at least a 1/(1 + ¢) factor larger than the second-largest coordinate and that
IFlI2 = O(d*=%/?||f]|%,). Now hashing the coordinates of f into a CountSketch data structure with
O(d'~2/P polylog(d)/¢®) rows using O(logd) wise preserves the large coordinate of f using the
analysis in [And17]. Using O(1) independent CountSketch data structure and finding the coordinate
i € [d] which hashes to the max bucket of the CountSketch data structure in each of the O(1)
repetitions, we can extract the coordinate i and output it as the £, sample.

Note that the update time is O(1) as ablock of random bits from HashPRG with parameter k = d°
can be obtained in O(1) time and then the time to evaluate the hash functions of the CountSketch
data structure is O(1) when using the constructions from Theorem 10.2.2. The overall space com-
plexity of the data structure is O(d"~%/? polylog(d) /&%) bits. However, we note that the final step of
computing which i € [d] hashes to the max coordinate in all O(1) copies of the CountSketch data
structure takes O(d) time.

10.5 Moment Estimation for0 < p < 2

We assume as usual that a vector x € R is being maintained in the stream. The vector x is initialized
to 0 and then receives m updates of the form (i,0) € [d] X {—M, ..., M } where upon receiving
(i,v), we update x; « x; + v. We assume that both m, M < poly(d). At the end of the stream, we
want to approximate ||x||§ up to a 1 + ¢ multiplicative factor. For ¢ such that 1/Vd < ¢ < 1/d°
for a small enough constant, we show that the algorithm of [KNPW11] can be implemented in space
of O(¢7%log(d)) bits of space and O(log d) update time per stream element. We measure the time
complexity of the update algorithm in the Word RAM model with a word size of at least Q(logd).
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We first give a high level overview of the moment estimation algorithm of [KNPW11]. Throughout
the section, we assume that 1/Vd < ¢ < 1/d".

10.5.1 Overview of Moment Estimation Algorithm of [KNPW11]

Their 1-pass algorithm is based on the Geometric Mean estimator of Li [Li08]. Li gives an estimator
to compute F, moment of a vector using p-stable random variables. Let x be a fixed d dimensional
vector and vy, v, v3 € RY be random vectors with independent p-stable random variables. Then, Li
showed that the estimator given by

pst = 2L ) |2, %) [[€vs, x)|)P”? (10.2)

(2T (p/3)T (2/3) sin (p/6))’

satisties Ey, 4, 0, [Est] = ||x||1p, and Vary, 5, 0, [Est] = O(||x||f,p ). A1 + ¢ approximate estimator
can be obtained by averaging O(1/¢%) independent copies of the estimator but it makes the update
time Q(e72) which is prohibitive. To decrease the variance of the estimator, [KNPW11] hash the
coordinates of x into buckets and estimate the contribution of each bucket to the F, moment of x
separately. When there are heavy coordinates in the vector x, variance of the estimator may still
be too large. Therefore, they estimate the contribution of the heavy elements using a different data
structure they call HighEnd and use the Li’s estimator to only estimate the contribution of the light
elements using a data structure they call LightEstimator. We show that when (1/Vd) < ¢ < 1/d°
for a constant ¢ < 1/2, we can implement their algorithm using O(e% log d) bits of space and an
update time of O(log d) per each element in the stream in the Word RAM model.

10.5.2 The HighEnd Data Structure

As described above, the algorithm of [KNPW11] estimates the F, moment of heavy entries and light
entries separately. Their heavy entry moment estimation method, at the end of the stream, takes in
L C [d] satisfying the following conditions:

L L2{ie[d]]|xl=alxlp),

2. ifi € L, then |x;|P > (a/C)llxllg for a constant C > 1, and

3. we know the sign of x; forall i € L.
We show in Appendix C.2 how a set L satisfying the above properties can be computed in a turnstile
stream using O(a~ ! log® d) bits of space and O(log d) update time per stream element. We use the
CountSketch data structure [CCF04] along with the ExpanderSketch data structure [JST11] to obtain
L. Note that the set L has size at most O(1/a).

Now we state the guarantees of the HighEnd data structure. We first define BasicHighEnd data
structure and then define HighEnd by taking independent copies of the BasicHighEnd data structure.
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Let  be such that 1/a = O(1/¢?) and let s = ®@(1/) be a large enough power of 2. Let h : [d] —
[s] is picked at random from an ry-wise independent hash family for r, = ©(log1/a). Let r =
O(log 1/¢) be a sufficiently large power of 2. Let g : [d] — [r] be drawn at random from an r,-
wise independent hash family for r, = r. For each i € [d], we associate a random complex root of
unity given by exp(i27rg(i)/r) where i denotes V—1. We initialize s counters by, . . ., b to 0. Given
an update of the form (i, v), we set by ;) < bp(;) + exp(i2wg(i)/r)v.

The HighEnd data structure is defined by taking T independent copies of BasicHighEnd data
structure with T = O(max(log(1/¢),log(1/a))) = O(logd). Each of the copies of the BasicHigh-
End data structure is updated upon receiving an update (i, v) in the stream. Let (h', %), ..., (h!, g7)
be the hash functions corresponding to each of the BasicHighEnd data structures.

It is argued in [KNPW11] that storing the coefficients of complex numbers up to a precision of
©(log(d)) bits suffices if the number of updates is poly(d), the magnitude of each update is bounded
by poly(d) and 1/Vd < ¢ < 1/d°. Thus the space complexity of HighEnd data structure (excluding
the space required for storing the hash functions) is

O (¢ ' (logd)?) bits.

By Theorem 10.2.2, for t a large enough constant we can construct random hash families # =
{h:[d] = [s] }and € = {g: [d] — [r] } such that with probability > 1 — 1/poly(d), the hash
families # and 6 are ry, and r, wise independent respectively. Now, if k', ..., h" are sampled in-
dependently from % and g%, ..., g are sampled independently from €, they can be evaluated on
any input in O(1) time and therefore the update time per each stream element is O(T) = O(log d)
in the Word RAM model. Each hash function h’ and g can be stored using O(d®/?) bits and there-
fore the space required to store the hash functions necessary for the HighEnd data structure is
o(d°) = o(e7?) bits.

At the end of stream, by Theorem 11 of [KNPW11] we can use the HighEnd data structure to
compute a value ¥ such that with probability > 7/8,

¥~ llxzlipl < O(e)lxllp-

We then have the following lemma:

Lemma 10.5.1. Given 1/Vd < ¢ < 1/d® for a small enough constant, and « such that 1/a = O(1/€?),
there is a streaming algorithm that takes O(a " log®(d)) bits of space and has an update time of O(log d)
per stream element in the Word RAM model satisfying:

1. The algorithm outputs a set L C [d] satisfying all the three properties stated above with probability
> 9/10.

2. Conditioned on the list L satisfying those properties, the algorithm outputs a value ¥ such that with
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probability > 65/100,
¥ = llxclp] < O()lIx[lp-

By taking median of ¥ output by O(1) independent instances of the HighEnd data structure, we have that
conditioned on L satisfying all the properties, we have an estimate of || xr, ||f, with an additive error of O(¢) || x| |§
with probability > 99/100. Hence, by a union bound with probability > 8/10, the algorithm outputs both a
good list L and a value ¥ satisfying |¥ — ||xr ||§| < O(e) ||x||§

Note that for & = £?log(d), the algorithm uses O(¢72log d) bits of space. For this setting of «,
we will now use the LightEstimator data structure of [KNPW11] to estimate [|x[4\ L||§- We will now
describe the LightEstimator data structure and how it can be derandomized using HashPRG.

10.5.3 The LightEstimator Data Structure

Algorithm 10.3: LightEstimator using Independent p-stable random variables

Input: A parameter p € (0, 2), accuracy parameter ¢ such that 1/ Vd < ¢ < 1/d° for a small
enough constant ¢, a parameter a such that 1/a = O(1/¢?), a stream of updates
(i1,01)s -+ (imy0m) € [d] X {—M,...,M },alist L C [d] of heavy coordinates
revealed at the end of the stream

Output: An estimate of ||x[q)\r ||§

s — 0(1/a);

h < A hash function sampled from the construction in Theorem 10.2.3;

For b € [s] and [j] € [3], initialize By, ; < 0;

Fori € [d] and [j] € [3], let A; ; be an independent p-stable random variable;

forj=1,...,mdo

Bn(ij)1 < Bni;)a + Aij10j;

o oA W N =

7 Bn(ij)2 < Bn(ij)2 + Aij 2053
8 | Bngijs < Bn(ijs + Ai;30);
9 end
// The set L is revealed to the algorithm
10 forb=1,...,sdo

11 if b ¢ h(L) then
(IBo1 || Byal|Bys P

12 ‘ Est(D) < (@mr o/ (2/3) sin(p/o
13 else

14 | Est(j) < 0;

15 end

16 end

17 O« #(Lﬂ Zzzl Est(b);

18 return @;
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As seen previously, the HighEnd data structure lets us compute the F, moment of all the ele-
ments from L. We use the LightEstimator data structure to approximate the F,, moment of all the
light elements i.e., the coordinates of x not in L.

Assume that at the end of processing the stream we are given aset L C [d], |L| < 2/« and for
alli ¢ L, |x;|P < allxllg.

Let s = ©(1/a) > 10|L| be a large enough power of 2. For i € [d] and j € [3], let A;; denote
an independent p-stable random variable. Let h : [d] — [s] be a hash function drawn using the
construction of Theorem 10.2.3 with parameters z = [2/a + 2] and a large enough constant C. For
i € [s]and j € [3], initialize the counters B;; = 0. On receiving an update (i, v) in the stream, for
each j € [3], update By;)j < Bp(;),; + Aij - v. As argued in [KNPW11], we need to store the values
B, only up to a precision of ©(log d) bits. Hence, the space complexity of the LightEstimator data
structure (excluding the space required to store/generate A, ;) is O(a " log d) bits.

At the end of the stream, we receive the set L C [d] of heavy hitters as specified in the previous
section, and we will then compute an estimator for ||x[4 \L||§ as follows: for each b € [s] \ h(L),
define

(IBpal - [Bpsl - [Bos)?/®

ESt(b) = .
(2T (p/3)T (2/3) sin (zp/6))

Let h(L) = {h(i) | i € L} denote the buckets to which the elements of L are hashed into. Define
the following estimator

S
p=— 5 Est(b).
s — |h(L)| be%;l(m

It is shown in [NW10] for p = 1 and extended to all 0 < p < 2 in [KNPW11] that

Epal®] = (1 a")lxpap.llp- (10.3)
We extend their analysis and show an upper bound on Vary 4[®].
Remark 10.5.2. Lemma 7 in [NW10] and Theorem 15 in [KNPW11] state that

Enal[®] = (1 0(e)llxapclly

forp = 1and 0 < p < 2 respectively. It can be seen from the proof of Lemma 7 in [NW10], we can
obtain the above stronger result by just picking C large enough when constructing the hash family
7 using the construction in Theorem 10.2.3. A similar argument works to extend for 0 < p < 2.
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Analysis of the Estimator

Claim 10.5.3.

Vary, o[®] < O(a)lx|l;?

Proof. For simplicity, we define Est(b) = 0 for all b € h(L). We have

s 2
S
(—S D] ;Est(b)) ]

S 2 - ’
- E, [(T(Ln) (bz Eap(Est())’+ ) Ea(Est(b) (Est(b >>)]

b#b’

Epa[®°] =Epa

Now, for b ¢ h(L), using the variance and mean of Li’s estimator (10.2),

Jh(j)=b

2
EA|;,(Est(b))2 = Vary,(Est(b)) + (Ean Est(b))? = O(l)( Z |xjp) (10.4)

and as p-stable random variables denoted by A are independent, for b # b’ with b,b" ¢ h(L),

Eajn(Est(b))(Est(b’)) = Eqjn(Est(b)) Eajn(Est(b’))
= Z Ix; P Z ;1P (10.5)

j:h(j)=b j:h(j)=b'
Hence,
2
S
Bl =B | () [0 0 (X e S (S Y i)
beh(L) i-h(i)=b bbb ¢h(L) ih()=b ih(D=b’

) 2
<E ;) 0(1) ( xi[P)? + |x; [P
" [(3‘ h(L)] bihz(L) i:%:=b i:h(i)ze;n@)

<o<1>Eh[Z (Y Il Z( |h(L)|) 1[h<i>,h<i'>¢h<L>]|x,~|P|xif|P]

b¢h(L) i:h(i)=b i#i’

+E;,

where the last inequality follows from the fact that |h(L)| < |L| < s/10. We first bound the second
term. For any i, i’ ¢ L, with probability 1 — p, the hash function h is drawn from a hash family that is
|L| + 2-wise independent when restricted to the set LU { i, i’ } when restricted to LU { i, i’ }. We can
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make p < £© for any constant C by setting C large enough while sampling h from the hash family
in Theorem 10.2.3. Let the event that the hash family is |L| + 2-wise independent with respect to
L U {i,i } be called Good. Conditioned on this event and the size |h(L)|,

2
Ep|Good ()| [1[R(D), h(i") ¢ h(L)]] = (%) (10.6)
which gives

s T

Ep ; (m) 1[h(i), h(i') ¢ h(L)]IxilplxifIP]
s T
< Ep|Good [; (m) 1[h(i),h(i") & h(L)]]x;|P|x; |p]
s 2
+ Enj-Good | )| (m) 1[h(i), h(i’) & h(L)]1x:||xi P | X Prp[~Good]

i#i’

< llxpanelly? + 2llxqapell = (14 2p) lxpapc - (10.7)

Here we used (10.6) to cancel out the s?/(s — |h(L)|)? factor in the expectation, and we used that
s/(s = |h(L)|) < 10/9 with probability 1 as |h(L)| < |L| < s/10. Thus,

Enal®?] <OME| D ( > IxjlP)?
bgh(L) i:h(i)=b

+ (1+2p) Ixpapc (10.8)
Now, we bound the first term.

Bi| ), ( D |x,~|P)2 =En| D, D, P+ D, D wlll

beh(L) \i:h(i)=b beh(L) i-h(i)=b beh(L) i#i’:h(i)=h(i")=b

2. 2 b ¢ h(L).h(i) = h(i) = bllxl | |7

b i#l

2
< ||X[d]\L||2§ +Ey

Again, for i,i’ ¢ L, with probability 1 — p, the hash function h is drawn from a hash family that is
|L| + 2-wise independent on the set L U { i, i’ }. Conditioning on that event, for any b € [s],

Pr[1[b ¢ h(L),h(j) = b,h(j') = b]] < O(1/s%).
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Hence, using an argument similar to the one in proving (10.7), we have

Ba| > | D, Il

bgh(L) \j:h(j)=b

2

2 2
= llxganellyy +O(1/s + p)lixgape -

Therefore,

Vary,4[@] < O(D)Ixapellzh +O(1/s + p)llxpanclly” + (1+ O(p) Ixqancllyf = (1= @) llxpapelly”

2 2 2
< O()llxapellyy +O(1/s + p)lixpapclly” +OCp + &™) lxpape

Now, ||x[d]\L||§§ < oc||x||§||x[d] \L||§ using the fact that all coordinates in x[4)\; have pth power at
most a||x||§. Asp < eCands =0(1/a),

Vary4[®] < O(a)|Ix];7. O

Let ®y,. .., Pr be T independent copies of the estimator ® for T = @(log(1/¢)) = O(logd). As
a = e log(d), Var[(®; + - -+ + 1) /T] < O(e2log(d)/T)lIx|l;’ < (£2/100)|1x]|;. By Chebyshev
inequality, with probability > 99/100, ® := w lies in the interval

[(1 = &) lxgapc b = (¢/10) 1], (1 + ) lxpanc |2 + (e/10) 2],
p p p

Hence, using O(log d) independent instantiations of the LightEstimator data structure, we can ob-
tain an estimate ® for ||x{a7\1|l, so that with probability > 7/10, ¥ + & € [(1 — O(e))||x|l5, (1 +
O(¢)) ||x||§]. Throughout the analysis we assumed that the p-stable random variables A; ; are inde-
pendent. To implement the algorithm in sublinear space, we derandomize p-stable random variables
using HashPRG.

Derandomizing p-stable random variables using HashPRG

Lemma 10.5.4. Given p € (0, 2), an accuracy parameter ¢ such that 1/Vd < ¢ < 1/d° for a constant ¢, a
parameter o suchthat 1/a < O(1/€?) and astream of updates (i1, v1), . . . (im, 0m) € [d]X{=M,...,M}
for m, M < poly(d) to the vector x, there is a streaming algorithm that uses O(a ™! log d) bits of space and
an update time of O(log d) per stream element in the Word RAM model. At the end of processing the stream,
the algorithm takes in a set L C [d] of heavy coordinates satisfying for all i & L, |x;|P < 0{||x||§ and outputs
a value ® satisfying

1
E[®] = (1% by —
[P]=(1x¢ )||x[d]\L||p+p01y(d)
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and

Var[®] < O(a)llxllg.

The algorithm in above lemma is given by a modified version of Algorithm 10.3. Instead of using
independent p-stable random variables A; j, the algorithm uses HashPRG to obtain a pseudorandom
string and uses the pseudorandom bits to compute the p-stable random variables.

Proof. Consider one instance of LightEstimator data structure as in Algorithm 10.3. It consists of the
following objects:

1. A hash function h : [d] — [s] for s = O(1/a) drawn from a hash family as stated in Theo-
rem 10.2.3 with parameter z = O(1/a) and C being a large enough constant.

2. There is a table of s = O(1/a) counters each maintained with a precision of O(log d) bits.

3. The p-stable random variables A; ; fori € [d] and j = 1,2, 3.

The hash function h can be stored using O(a ! log d) bits by Theorem 10.2.3. The counters can be
maintained using O(a ™! log d) bits as well. So, we are left with derandomizing the p-stable random
variables.

The algorithm overall needs O(d log d) uniform random bits to generate three p-stable random
variables for each of the coordinates. We use HashPRG to obtain the pseudorandom bits and use them
to generate p-stable random variables. We critically use the fact that our analysis of the estimator
® as described in the previous section needs to use only the mean and variance of ® to show that
we only have to “fool” multiple O(log d) space algorithms and hence using HashPRG as described
in Theorem 10.3.2 is enough to generate the pseudorandom bits to compute the p-stable random
variables. Further, for each update in the stream, the necessary block of pseudorandom bits can be
generated in O(1) time for each update. The space required to store the randomness necessary for
the pseudo random generator is O(d¢) = O(1/&?) bits when ¢ < 2c where ¢ < 1/d°.

So, the overall algorithm on each update (i, v) is as follows: We use h to hash i into one of the
O(1/a) buckets. Note that h(i) can be computed in O(1) time. Using the value of i, we generate a
block of O(log d) pseudorandom bits from the pseudorandom generator and then use the bits to
compute 3 samples from a p-stable distribution. Let the samples be A; 1, A;2, A;j3. We update the
counters By(;)j < By, + Aijo for j € [3]. As discussed, generating the pseudorandom bits
and updating the counters can be performed in O(1) time (assuming the pseudorandom bits can be
converted to samples from a p-stable distribution in O(1) time).

Let y ~ HashPRG be a string sampled from the pseudorandom generator. Let A, denote the
p-stable random variables generated using y. Let A denote p-stable random variables generated
using a uniform random string of bits. Hence, the random variables A; j are independent. Fix a hash
function h, a vector x and a set of heavy elements L. Now consider the estimator we use to estimate
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the F, moments of the light elements [d] \ L:

Dpa = (_”fw Z (I Z Ajrxi| - | Z Ajpxil - | Z Aisxi)P?

[sI\R(L) i:h(i)=b ih(i)=b ith(i)=b

where we use 6 to denote the denominator in (10.2). Fix some bucket b € [s] \ h(L). Define

(&) _ P/3
Bia= el 2 Al D Awxl] 3 A

i:h(1)=b zh(i)b zh()b

For b € h(L), we define CIJS”) = 0. The quantity <I>( ) 4 can be computed by an O(log d) space algo-
rithm in a single pass over the uniform random strmg of bits used to generate the p-stable random
variables A by going over the values i = 1,...,d and ignoring the random bits that correspond to
all i such that h(i) # b. We formalize the algorithm by constructing an FSM Q1 p» with poly(d)
states. Note that we fixed x, L, h and b. Let the state of automaton be of the form (i, ¢y, ¢2, c3) where
i € [d] and cy, ¢3, c3 denote the counters. The FSM being in state (i, c1, ¢z, c3) denotes that it has
processed x1, . . ., x; and found that for j € [3]

Cj = Z A,-r,jxi/.

i’ <i:h(i)=b

When in state (i, ¢, ¢, c3), if h(i + 1) # b, the FSM directly transitions to the state (i + 1, ¢, ¢a, c3)
ignoring the alphabet in the input to the FSM. If h(i) = b, then the FSM reads the alphabet in the

O(log d)

input string. Uses the { 0,1} size bit string that it reads to construct three p-stable random

variables A;yq 1, Ajs1,2, Ais1,3 and then transitions to the state (i + 1, ¢}, ¢, c) where for j € [3]

/7
c;p=c¢j+ Ai41,jXit1-

Note that all the above operations are performed only with a precision of O(log d) bits. Hence, the
Finite State Machine has only poly(d) states. From the state (d, c1, ¢z, c3), the algorithm transitions
to (final, (s/(s = [R(L)))6) (|c:|c2les])?7?).

Given a uniform random string as input, the final state of FSM Q.1 5 encodes the value (D;lbjl

and given y ~ HashPRG as input, the final state of FSM Q. 1 5 encodes the value of CD;fAy.

Let d;’l be the distribution of the value of CIDI(II’I)4 conditioned on h. Now define (dz)’ to be the

distribution of (I)}(zbjx i.e., the value of the estimator for bth bucket computed using p-stable random
Ly

variables generated from a random y HashPRG. As FSM Q, 15 has only poly(d) states, we obtain

using Theorem 10.3.2 that

dry(d2, ((dn)®)") < 1/poly(d).
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The above is true for any fixing of h, x, L and b. As for any values of h and A, we have |<I>,(lbi| <
poly(d), we obtain that for any fixed h, x, L and b,
(b) (b) 1
EA|l® —Exo |D <
[EAL9)] ~ B [0}, )l <
which implies that
|EA[®nal —Ea, [ )] <5+ ———— < —
- s - )
A AT poly(d) T poly(d)

Therefore, using (10.3) we have

Ena,[®ha,] = Epal[®nal £1/poly(d) = (1 &) |lxap|lb = 1/poly(d). (10.9)

Similarly, we have

2 _ (b) ®")
(q)h,A) - Z q)h,A : (Dh,A .
b,b’€[s]

Again, for any fixed pair b, b’, we can compute the product CI)}(lbj)“ . @;le in O(log d) space using one

pass over the uniform random string used to generate the p-stable random variables. We can con-

(),
hA

computed by a machine with poly(d) states. Now, we have that the total variation distance between

struct a Finite State Machine very similar to the one above to show that the value ® q);,b,;) can be

the distributions of the product when using a uniform random string to generate p-stable random
variables and HashPRG to generate the p-stable random variables is at most 1/poly(d) and hence
we obtain that

b b’ b b’
[Ea(®},) - @) —Ea, (@) - &7} )| < 1/poly(d).

Summing over all the pairs (b, "), we obtain for any x, L, h that,

1
E P 2 —E ) 21 <
IBAL(®RA)T ~Ea, [(Pna,)"]l <
which implies
1
E o 2 <E d 2 .
nay | (Pha,)] < Enal(@ha)] + S5 0mp
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We then have

Ena[®Pnal
poly(d)

Varp, 4, [Pha,] < Enal(Pra)’] + — (Enal®nal)® +

poly(d)

As the poly(d) term can be made > d* for a large enough constant C, we obtain that

< O(a) x|l

1
V. d <V P + <
arh,Ay[ hAy] arpA[Pp,al poly(d)

by Claim 10.5.3 and using the fact that x is a nonzero vector with integer coordinates and & >
1/poly(d). O

10.5.4 Wrap-up

Theorem 10.5.5. Given p € (0,2), an accuracy parameter ¢ such that 1/\d < ¢ < 1/d° for a constant
0 < ¢ < 1/2 and a stream of updates (i1, v1), ... (im,0m) € [d] X {—M,...,M } for m, M < poly(d)
to the vector x, there is a streaming algorithm that uses O(¢~2 log d) bits of space and has an update time of
O(log d) per stream element that outputs with probability > 7/10, a value v such that

o= (1)l

Proof. Setting @ = £?log(d), the set of a heavy hitters L can be computed in O(a ™! log?(d)) =
O(&72 log d) bits of space using Lemma C.2.1 and has an update time of O(log d) per stream element.
The set L satisfies all the properties in Lemma C.2.1 with probability > 9/10. By Lemma 10.5.1, the
HighEnd data structure can be maintained in O(a~'log®(d)) = O(e2log d) bits of space and has
an update time of O(log d) per stream element. Conditioned on L satisfying all the properties, we
have that the value ¥ output by HighEnd data structure satisfies with probability > 9/10,

¥ = (126l

By Lemma 10.5.4, the LightEstimator data structure can be maintained in O(a~! logd) = O(e™?)
bits of space. We also have that the data structure can be update in O(1) time per stream element
and conditioned on the set L having all the properties, the value ® output by the algorithm satisfies

E[®] = (1 %) |lxpapllb + 1/poly(d)
and

Var[®] = O(¢? log d) || x|,

237



Maintaining r = O(log d) independent copies of LightEstimator in the stream and considering their
outputs @y, . . ., ®,, conditioned on L having all the properties, we obtain using Chebyshev’s inequal-
ity that with probability > 99/100,

P14+

d = = (1 £ ) Ixpapellh +

1
+ £||x||P.
poly(d) P

Thus, by a union bound, with probability > 7/10,

¥+ ®=(1£0(e) x|l + pOI;(d) = (1= 0()Ixl15

using the fact that ¢ > (1/Vd) and there is at least one nonzero integer coordinate in x. |

10.6 Derandomizing CountSketch with HashPRG

CountSketch [CCF04] is a random linear map of a vector x € R% to Ax € RP. For parameters r, t such
that D = rt, the CountSketch CS(x) is defined by two sequences of random independent hash func-
tions: g,...,¢g, : {0,...,d =1} — [t]andsy,...,s, : {0,...,d =1} — {=1,+1}. To simplify
our exposition we will assume that ¢ is a power of two and that r is odd. For simplicity of presenta-
tion, in this section, we assume that the coordinates of x are 0-indexed so that x = (xo, ..., x4_1).
Indexing CS(x) € RP by (i, j) € [r] x [t] the entries are defined as:

d-1
CS(x)ij = ) si(€) xe [g;(£) = j].
=0
Forx € R4and ¢ € {0,...,d — 1} we use CS(x) to approximate x, with the following estimator:
%¢ = median({s;(€) - CS(x)ig,(p) | i € [r]}) . (10.10)

Charikar, Chen, and Farach-Colton [CCF04] upper bounded the estimation error |x; — x;| in terms
of the norm of the vector x and the parameters r, t. Their analysis only relies on using pairwise inde-
pendent hash functions (independently for each repetition), which require O(r log d) bits of storage
and allow the estimator to be computed in O(r) time assuming constant time arithmetic operations.

Minton and Price [MP14] presented a tighter analysis of the distribution of the estimation er-
ror, focusing on r = O(log d) repetitions, under the assumption that the hash function values of
gi,----9,and sy, ..., s, are fully independent. This assumption is used in order to argue about the
Fourier transform of the error distribution. In our notation they show the following lemma:
Lemma 10.6.1. Forevery € [0,1],¢ € {0,...,d — 1}, Pr[|% —x¢| > a A] < 2exp (-Q (a?r)),
where A = ||tail, (x)||2/Vt.
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Literally storing fully random hash functions would require O(rd log t) bits, so this is not attrac-
tive when d > t, which is the setting where using CountSketch is of interest. Minton and Price note
that for integer vectors x € {—M, ..., +M}% where M is polynomial in d, it is possible to use the pseu-
dorandom generator of Nisan [Nis92] to replace the fully independent hash functions, keeping the
tail bound of Lemma 10.6.1 up to a 1/poly(d) additive term. However, this comes with considerable
overhead: The space complexity increases by an Q(log(dt)) factor, and the time per update/query
increases by a factor Q(rt).Jayaram and Woodruff [JW18] later considered a modification of CountS-
ketch (with the same space and error guarantees) and showed that the multiplicative space overhead
can be reduced to O((log log d)?) using a pseudo-random generator for fooling halfspaces. The time
complexity increases by an unspecified polylogarithmic factor compared to the fully random setting.
Though it is technically not accurate we will still refer to their sketch as CountSketch.

In this section we present an alternative derandomization of [MP14] using hash functions com-
puted using HashPRG. Specifically, for i € [r] and p € {0,...,d — 1} we use block number (i —
1)d + p from the output of HashPRG to get the random bits for s;(p) and g,(p). Since a given output
block of HashPRG can be computed efficiently, these hash functions can be efficiently evaluated.

Theorem 10.6.2. Let d be the dimension of the vectors and M be the maximum absolute value of coordinates
in the vector. Let t and r be the parameters of the CountSketch map as defined above. Let b > 2 be an integer
denoting the branching factor of HashPRG. Let w = Q(log d+log M). There exists a randomized linear sketch
CSpashpre © L =M, ..., M} — {=2%, .. 2"} that can be implemented on a word RAM with word size

w with the following properties:

* The parameters required to define the map CSyashprg can be stored in O(b logy, d) words of space and
given a vectorx € {-M,...,.M }d, the resulting vector CSygshprg(X) can be stored in O(rt) words

of space.

* Given CSygshprg (%) and an update (¢, u,) corresponding to a vector u with a single nonzero entry u,,

we can compute CSygshpre (X + 1) in time O(r logy, d).

* Foreveryx € {-M,... ,M}d, a € [0,1],and ¢ € {0,...,d — 1}, we can compute an estimator
%¢ from CSpgshprg in time O(r logy, d) such that Pr [|%, — x¢| > a A] < 2exp (—Q (a?r)) + 27w,
where A = ||taily (x)]|2/ V.

Figure 10.1 compares Theorem 10.6.2 to previously known ways of choosing the hash functions
for CountSketch. Our construction is the first one that is able to match the space usage of Counts-
ketch with pairwise independent hash functions (for r = O(log d) repetitions) while showing the
strong concentration known for fully random hash functions. With CountSketch table size t = d*(V)
and word length w = O(logd) we also match the update time of pairwise independence on the
Word RAM.

239



Hash function Space inwords Bounds small error Update time

Pairwise independent [CCF04] D No logd
Fully random [MP14] dlogd Yes logd
Nisan’s generator [MP14, Nis92] Dlog(d) Yes tlog>(d)
Halfspace Fooling PRGs JW18]  D(loglogd)? Yes (log d)°™W
HashPRG (b = t) D Yes log?(d)/logt
HashPRG (b = d20) D+b Yes logd

Table 10.1: Overview of CountSketch guarantees with different kinds of random hash functions. For
simplicity, we focus on the case of r = O(logd) repetitions and d-dimensional input vectors that
contain O(log d)-bit integers such that the CountSketch itself (without hash functions) uses space
D = O(tlog d) words. With pairwise independence we can only tightly bound the probability of ex-
ceeding error A = ||tail;(x)||2/Vt, while the other hash functions allow us to bound the probability
of smaller errors. Time bounds are for implementation on a Word RAM with word size w = O(log d).
Parameters with a particularly bad impact on space or time are highlighted in red color.

10.6.1 PRGs for Space-bounded Computation and CountSketch

Like Minton and Price [MP14] we will consider vectors x € {-M,...,.M }d for a positive integer
M. For concreteness, we consider CountSketch with entries that are w-bit machine words. We can
relax the requirement from [MP14] that M is polynomial in d, and instead assume that M < 2¥~1/d,
which is also necessary to ensure that there are no overflows when computing CS(x).

To derandomize CountSketch, we describe a small-space algorithm for any fixed input vector
x, query £ and threshold @A. The algorithm makes a single pass over the output from HashPRG and
determines whether the estimator X, computed using HashPRG has error exceeding aA. This is done
without computing CS(x), and in fact even without computing x,. The algorithm makes critical use
of the symmetry of HashPRG, namely, that the distribution of hash values is unchanged by permuting
the inputs using a mapping of the form p +— p @ £. We stress that Nisan’s generator does not have
this symmetry property, and that we are not aware of an equally space-efficient finite state machine
for evaluating the error of CountSketch using Nisan’s generator.

The finite state machine. Consider x € {-M,.. .,M}d, t € {0,...,d -1}, and a given error
threshold A € R. A choice of hash functions g;,...,g, : {0,...,d =1} — [t] andsy,...,s; :
{0,...,d =1} — {~1,+1} can be represented as a binary string y € {0, 1}"*" where a block of w
consecutive bits encodes hash values s;(p) and g,(p) fori € [r] and p € {0,...,d —1}. We order
the blocks such that hash values with i = 1 come first, then i = 2 and so on. Concretely we may take
si(p) = 2Y (i—1)dwapw — 1 and g;(j) = 1+ Z}cofl(t) y(l._1)dw+(p+1)w_k2k_l such that the hash values
can be extracted from a block in constant time. We consider two ways of sampling the string y:

* First, we may choose y ~ (Up)™®" with independent, random bits. It is easy to see that this
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is the same as choosing the hash functions with full independence, so Lemma 10.6.1 holds for

this choice of y.

* Second, for every b, k such that dr < b* < 2¢¥ we can use HashPRG with block size n = w to
generate y ~ Gi(x,hy, ..., hy). This corresponds to the hash functions we use to derandom-
ize CountSketch.

As we noted in the introduction, the distribution of y®’ is the same as the distribution of y. Thus,
we can assume that an algorithm that makes a single pass over the string y reads the rd blocks of
bitsinthe order 0@ £, 1@ ¢,. .., (rd — 1) @ ¢ so that for each repetition i € [¢], the algorithm gets
to know the value g, (¢) before reading the pseudorandom bits corresponding to other blocks. Thus,
for each repetition i € [t], we can assume that an algorithm making a single pass over the string y
sees the values g;(0® ¢), g;(1® ¢),...,g;((d — 1) ® ¢) in that order and similarly the values of s;.

To analyze the properties of the CountSketch data structure constructed using the string y, we
consider an FSM Q = Qy ¢ oa with states

{0,...,r+1}3 x {-1,+1} x [t] x{0,...,d} x {-2Y,..., 2"},

plus a special start state L. We use g,,...,¢, and sy, ..., s, to refer to the hash functions encoded
by y. The idea is that the FSM Q computes the r simple estimators in (10.10) one at a time, and keeps
track of the number of these estimators that deviate from x, by more than aA (with separate account-
ing for overestimates and underestimates). More precisely, when Q is in state ( S1, f2, B3, B4, Bs» Bs> 7)
it signifies that:
* It has fully processed the hash functions s;, g, for i < fj, that ; of these hash function
pairs produced an estimate s;(¢) - CS(x);g.(r) < x¢ — @/, and 5 pairs produced an estimate
8i(€) - CS(x)ig,(e) > X¢ + @A,
* sp,(£) = fsand gg (¢) = s, and
* Pa Qosz<ps XzaeSp (2@ 0)[gp (2@ ) = g4 ()] = f7.
From state L, the FSM Q transitions to (1,0, 0, s1(£), g,(¢), 0, 0), where the values s;(¢), g, () are
determined by the zeroth block since we assume that the FSM sees the blocks as they are ordered in
the string y®‘. From this point on, when in state (1, B2, B3, B, Bs B> B7):
* If B = d we have ff; = sp,(£)CS(x)p, 4 5, (£)» SO We can decide whether simple estimator num-
ber f; has an error above aA and update f; or f5 accordingly. Finally, we can increment S,

set fs = 0, and update fy, 5 to reflect the values of the new hash values, available in the next
block.

* Otherwise, when i < r, Q has access to sg, (fis @ ¢) and g (fs & ¢) from the next block of
bits it reads. This allows us to increment s when simultaneously increasing 7 by B4sg, (fs ®

O)xpeac if gg (P © ) = Ps.

* Finally, when 5y = r + 1 we ignore the rest of the input, remaining in the same state.
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After reaching the end, the values f, 3 determine whether the estimator x; in (10.10) has an error
of more than aA: 1f f, > [r/2] then X, < x;, — @A, if f3 > [r/2] then X, > x; + @A, and otherwise
|X — x¢| < @A

The number of states in Q is O(r>td2") and the number of blocks of bits read is rd, both of which
are 20), Theorem 10.3.1 with n = O(w) implies that the TV distance ||Q(Gi (%, hy, ..., hi)) —
Q((Un)zk) || is at most 27* for some constant ¢ > 0. The additive term 27 can be made smaller
than 27 for any constant C > 1 by adjusting the parameter n since a Word RAM with a constant
factor larger word size can be simulated with a constant factor overhead in time. In particular, er-
ror probabilities grow by at most 27¢* when switching from fully random hash functions to hash
functions defined by to HashPRG. Finally, note that the space usage of HashPRG is O(w?b/log b)
bits, and that we can compute the hash function values g, (¢), ..., g,(¢) and s;(¢), ..., s, () intime
O(rw/logb).

10.6.2 Alternative Derandomizations of CountSketch with Nisan’s PRG

We note that there are alternative derandomizations using Nisan’s PRG that do not incur the naive
O(log d) factor overhead in terms of space in some regimes. We can use the fact that Nisan’s PRG also
“fools” small space algorithms that make multiple passes over the pseudorandom string. Specifically,
Lemma 2.3 of [DPS11] shows that Nisan’s PRG fools a small space algorithm that makes 2 passes over
the pseudorandom string. We derandomize each repetition i € [r] separately. Fix an index ¢ € [d]
andrepetitioni € [r] and consider the string used to compute hash functions g, and s; for repetition
i. An algorithm in the first pass over the string computes the bucket into which the index ¢ gets
hashed into and in the second pass over the string computes the value, denoted by %; 4 (¢), of the
bucket into which the ¢-th coordinate gets hashed into in the i-th repetition. Finally, the algorithm
terminates with the value s;(€)%; g, (r). As this algorithm overall takes O(log d) space, it is “fooled”
by Nisan’s PRG with a seed length of O(log® d). Thus, we obtain Pr[|s;(6)Xig, () — x| < alA] 2 a
as in proof of Theorem 4.1 of [MP14] even when each repetition of CountSketch is independently
derandomized using a string sampled from Nisan’s PRG. Overall, if each repetition is derandomized
using an independent pseudorandom string, we obtain that Pr[|£;, — x;| > aA] < 2exp(—=Q(a?r)).
While this derandomization has a fast update time, a drawback is that the overall seed length is
O(rlog® d) (astring of O(log® d) bits for each i € [r]) which can be larger than the space complexity
of CountSketch (O(rt log d) bits) when t = o(log d).

There is also another derandomization using Nisan’s PRG which avoids space blow-up in the
case of rt = w(logd). Instead of using independent samples from Nisan’s PRG for each repetition of
CountSketch, we derandomize the construction all-at-once. Consider the following algorithm that
uses a single sample from Nisan’s PRG to construct all hash functions g, and s;. Fix a vector x and
coordinate ¢. The algorithm makes a first pass over the string to determine into which bucket the
index ¢ gets hashed into in each of the repetitions. The information can be stored using O(r log t)
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bits. In the second pass over the random string, the algorithm can then determine if the estimate X,
satisfies |X; — x| < a/. Overall the algorithm uses a space of O(log d + r log t) bits. Using this fact,
one can obtain a derandomization of CountSketch with the above estimation error guarantee and
the CountSketch derandomized using Nisan’s generator can be stored in O(r - t + log d) words of
space, which is asymptotically the same as the space complexity of CountSketch randomized using
HashPRG. However, Nisan’s generator needs to fool an O(r - logt + log d) space algorithm which
makes the update time much slower, on a machine with O(log d) word size, compared to the deran-
domization using HashPRG which only has to fool an O(log d) space algorithm.

10.7 Private CountSketch

Pagh and Thorup [PT22] recently analyzed the estimation error of CountSketch data structure made
private using the Gaussian Mechanism. Their analysis assumes g,,...,g, : {0,...,d =1} — [¢]
andsy,...,sr : {0,...,d — 1} — {+1,—1} to be fully random. They define

PCS(x) = CS(x) + v

where visa D = r - t dimensional vector with independent Gaussian random variables of mean 0
and variance o?. By taking o to be appropriately large, we obtain that PCS(x) is (&, §)-differentially
private. For £ € {0, 1,...,d — 1}, we can define the estimator %, as

%¢ = median({s;(¢€) - PCS(x)iq.cr) | i € [r]}).

As we saw in Section 10.6, if o were 0, then the hash functions g; and s; can be derandomized using
HashPRG while obtaining tail bounds on the estimation error |x, — %;|. A similar argument which
crucially uses the symmetry property of HashPRG shows that PCS can also be derandomized using
HashPRG. For the case of Private CountSketch with fully random hash functions the following theo-
rem is shown in [PT22]:

Theorem 10.7.1 ([PT22]). For every & € [0,1] and every ¢ € {0,...,d — 1}, the estimation error of
private CountSketch with r repetitions, table size t and v ~ N (0, 6%)P, then

Pr[|%; — x;| > amax(A, 0)] < 2exp(—Q(a’r))

where A = ||tail; (x)]|2/ V.

We now derandomize the requirement that the hash functions g; and s; be fully random. The
proof is an extension of the proof in Section 10.6 and proceeds very similarly. We detail it below for
completeness. Instead of constructing an FSM, we describe a small space algorithm which makes a
single pass over the randomness while updating its state after reading a block of random bits. The
algorithm can be easily converted to an FSM.
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Fix a vector x € R? (corresponds to the final value of the vector in the stream), v € RP (corre-
sponds to the Gaussian vector we add to CountSketch to make it private), a coordinate ¢ € [d] and
a parameter a. We initialize three variables acc = deficit = excess = 0. The algorithm reads a block
of w bits from the input string. Using the symmetry of HashPRG we again assume that the FSM sees
the blocks of y as they are in y®¢. Thus, for each repetition, the block that the FSM sees first can be
used to determine g,(¢) and s;(¢). For the first repetition, using the zeroth block of bits, the FSM
computes and stores the values g, (¢) and s; (¢) locally and update the accumulator acc to s; (£) xoee
(note that x¢g, = x¢) and move to the next block of bits in the input string.

Suppose we are reading the j-th block of random bits. Again, we can determine g,(j & ¢) and
si(j® ). 1fh(j & ¢) # g,(f), we move to reading the (j + 1)-th block. If g,(j ® ¢) = g,(¢),
we add s1(j @ €)x g, to the accumulator and move to the (j + 1)-th block. After reading d blocks, if
s1(£)(acc+vyg (r) = xp+amax(A, o) we increase the variable excess by 1.1f s; (£) (acc+vy g (r) <
xp—a max(A, o), we increase deficit by 1. Then we zero out the variable acc, remove the stored values
g,(?) and s;(¢) and repeat the process by reading the next block of bits. We again determine g, (¢)
and s, (¢) and set acc to s, (#)x,. We then move to the next block and so on. We do the process in
total for r of times. Finally, if excess < r/2 and deficit < r/2, we set the variable Status to Success
and otherwise set Status to Failure.

The algorithm, at any point of time needs to store only O(log d) bits. As the algorithm needs
only “read” access to x, the entire algorithm can be converted to an FSM, which we call Qy , ¢ o, that
has poly(d) states over the alphabet { 0,1 }". The variable Status determines if the FSM ends in a
state Success or Failure.

If the input string to the FSM is uniformly random, then the hash functions g, and s; are fully
random. Therefore, by Theorem 10.7.1, we obtain that

E, [Pr).y[Final State = Success|] > 1 -2 exp(—Q(a?r)).

Now consider HashPRG with a block size w = Q(log d). By Theorem 10.3.2, for any fixed x, v, £ and
a that

Pr,, _ashpre [Final State of FSM Q. .o on input ]
> Pry,.y[Final State of FSM Qy, ¢, on input y] — O(27").

D we have

By taking an expectation over v ~ N (0, o2)
E, Pry pasherc [Final State of FSM Qy y ¢ oninput y] > 1 -2 exp(—Q(a?r)) — 0(27Y).

We therefore obtain that with probability > 1 — 2 exp(—Q(a?r)) — 2 - 27¥ over v ~ N(0, 0?)P
and y ~ HashPRG, if g, and s; are hash functions constructed as a function of y as described in the
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above algorithm, then with probability > 1 — exp(—Q(a?r)) — O(27°¥) over v and y,

d-1

|median;e(y| (Si(f)(Z [9:()) = 9:(D)]s;(D)x;j +vig,(r)) — x| < amax(A, o).
j=0

Thus, we have the following theorem.

Theorem 10.7.2. For every & € [0,1] and every ¢ € {0,...,d — 1}, the estimation error of private
CountSketch with r repetitions, table size t derandomized using HashPRG with a block size of w and v ~
N(0,0%)P, then

Pr[|%; — x;| > amax(A, 0)] < 2exp(=Q(a?r)) + 0(27)

where A = ||tail, (x)||2/Vt.

10.8 Estimating ||x||«

Let x € R? be the underlying vector we are maintaining in a turnstile stream. Assume that the
coordinates of x are integers bounded in absolute value by poly(d). We give a simple algorithm that
uses only O (72 log d log 1/¢) bits of space and approximates ||x||c up to an additive error of e||x||,.
We give a matching lower bound and show that our algorithm is tight up to constant factors.

Let t < d be a parameter that we set later. Let L : RY — R! be a randomized linear map defined
as

(Lx); = Z s(i)x;.

Jh(j)=i

Here we assume that the hash function h is drawn from a 2-wise independent hash family # =
{h:[d] — [t] } and the sign function s is drawn from a 4-wise independent hash family § =
{s:[d] = {+1,-1} }. We note that there exist families # and S such that h and s can be sam-
pled from their respective families and stored using O(log d) bits. We prove the following lemma:
Lemma 10.8.1. Given a parameter a, if t > 1/2a*8, then with probability > 1 — 36, the following simulta-
neously hold:

L |[Llleo = lIxlleo £ (2v/a/8"*)]|x[| and

2. ||Lx||? < (1 +20{2)||x||§.

Proof. Define LARGE = {j € [d] | |xj| > a||x||.} and SMALL = [d] \ LARGE. Note that [LARGE| <
1/a?. Let xiaree € R? be the d-dimensional vector with only the LARGE coordinates of vector x
and define xsyar = X — Xparce. The following result is now a simple consequence of the 2-wise

independence of h.

245



Lemma 10.8.2. Ift > |LARGE|?/(25), then with probability > 1 — 6, for all j, j’ € LARGE with j # j’, we
have h(j) # h(j’).

Proof. For j, j" € LARGE with j # j’,let X = 1if h(j) = h(j’) and 0 otherwise. Using the 4-wise
independence of #, we have E[X; 7] = 1/t. Hence, E[Y ;. X 7] < |LARGE|?/(2t). By Markov’s
inequality, with probability > 1 -8, 3\, X < [LARGE|*/(2t6) < 1/2ift > |LARGE|*/S. By
definition, the random variable 3’ ;. ;» X j» takes only non-negative integer values. Hence, we obtain
that with probability > 14, 3 ;. » X » = 0 which implies that the hash function h hashes each of
the coordinates in the set LARGE to distinct locations. O

Ast > 1/2a*5 > |LARGE|?/25, we get that all the coordinates in the set LARGE are hashed
to distinct buckets by the hash function h with probability 1 — §. We now bound || Lxsyart ||co- By
definition of the set SMALL, we have ||xsyai|lo < al|x]|2 and ||xsma|lz < ||x]|2. Let i € [¢] be

arbitrary. We have (Lxsyars)i = ZjGSMALL [A(j) = i]s(j)x; and

E[(Lxswaw)i] = Z Pr(h(j) =i, h(j") =il E[s(j)s(j)]x;x;

J»J' ESMALL

using the independence of h and s. For j # j’ € SMALL, using the 4-wise independence of s, we get
E[s(j)s(j")] = 0 and therefore, the above expression simplifies to

E[(Lxswn)/] = > Prlh(j) = il = xswauc 3/t

JESMALL
Similarly, we have
4 4 4
El(Lxswn)fl = D Pr[/\(hGe) = DIEI] [sGl ] [
J1:J2,J3,JaESMALL k=1 k=1 k=1

We now see using the 4-wise independence of s that E[s(j1)s(j2)s(j3)s(js)] is nonzero only when
all the indices ji, jo, j3, j4 are equal, or we can pair the indices ji, jo, j3, j4 into two groups taking
same values. Hence,

4 ”xSMALLHi 6 2 .2
E[(LxSMALL)i] = + t_z Z Xji%j,

t
J1<j2ESMALL

4
Xs 3
VN

; 2 ”xSMALLHLzL - ”xSMALL”i)

which then implies

Var[(LxSMALL)?] < (1/t)||x5MALL”i + (z/tz)”xSMALL”g'
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Since ”xSMALL”i < ||xSMALL||(2>o||xSMALL||§ < a?|x|l3, we get Var[(LxSMALL)iZ] < (z/tz + az/t)”x”3'
By Chebyshev’s inequality,
(2/t% + a?[1)|IxIl;

v '

Pr[(LxSMALL)iz = ”xSMALL”g/t + Y] <

By a union bound over all  values of i, we get that || Lxsuac|l%, < |lxswarll5/¢ + y with probability
> 1-(2/t+a?)||x||4/y? Fort > 1/ andy = (2/V5)||x||2, we have that with probability > 1-,
| Lxsmar 12 < (a?+2a/VO)||x|12 < (3c/V)||x||2. We thus finally have that if ¢ > 1/a?, then with
probability > 1 - 6,

2y
| Lxsmarrllco < Wllxllz.

Hence, by a union bound, with probability > 1 — 26, || Lxparcello = || XLarce |l @and || Lxsyars |0 <
(2+4/a/5'%)||x||2. Condition on this event. If [|x||o > a]|x||2, then ||x1arce|lco = || %]l and by triangle
inequality, we get

ILx|lco = || LxLarce + LXsmarrllco

= || Lxarcellco £ || Lxsmarellco

= lIxlleo = (2Va/8Y*)Ix]l2.

If ||x|lee < @|lx]|2, then LARGE = 0 and ||Lx|lco = ||Lxsmarcllee < (2va/5%)||x]|2 which clearly
satisfies ||Lx||co = [|x]leo £ (2a/8Y4)||x]l>.

We will now bound || Lx||3. First we have,

Ixlz= > Do s(x

ie[t] \jeld]:h(j)=i

- Z Z x5+ Z s(j1)s(jz)xj,x;,

ie[t] | jeld] J1#j2€[d]:
h(j)=i h(j1)=h(j2)=i

=lxl+2 > >0 [h(jh) = h(j2) = ils(j1)s(2)x),x),.

i€[t] j1<j2€[d]

By 4-wise independence of s, we get E[s(ji1)s(j2)] = 0 for j; # j, and therefore get E[||Lx||5] =
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||x||§. We now bound Var(||Lx||§).

Var(||Lx||5) = E[(||Lx]|5 — [Ix]15)*]
= 42 Z Pr[h(j1) = h(j2) = i1, h(j3) = h(js) = i2] - E[s(j1)s(j2)s(j3)s(ja) I xj, xj,xj,xj,.

i1,ip ]:1<]:2
J3<J4
Note that by 4-wise independence of the hash family from which the function s is drawn, we get
that E[s(j1)s(jz)s(j3)s(ja)] is 0 unless ji = js and jo = jy (since ji1 < joand j3 < ja). If j1 = js
and j, = js, we additionally have that Pr[h(j;) = h(j2) = i1, h(j3) = h(js) = i2] = 0 unless iy = i,.
Thus, the above expression simplifies to

Var([Lx[3) =4 )" > Prh(jr) = h(j>) = ilx} %}

i j1<j2

= 2/ (llxll; = lIx11)-

For t > 1/2a*5, we have Var(||Lx||5) < 4a*§||x||; and by Chebyshev inequality, we get that

Pr[||Lx||3 > ||x]|? + 2a®||x||5] < 8. By the union bound, we obtain the result. O

We now prove the following theorem.
Theorem 10.8.3. There is a turnstile stream algorithm using O (¢~ log(1/¢) log d) bits of space and out-
puts an estimate to || x|« up to an additive error of €||x||, with probability > 9/10.

Proof. Inthe above lemma, setting§ = 1/100, & = £2/160, we get that fort = C/&® for alarge enough
constant C, with probability > 97/100, || Lx||« = ||x|le £ (¢/2)[Ix]l2 and || Lx[|3 < (1 + 4¢*)]|x||3.
Condition on this event. From [CCF04], if a vector y € R™ is being updated in a turnstile stream, the
CountSketch data structure with parameters t = O(1/¢?) and r = O(log m) can be used to recover
a vector 7 such that with probability > 99/100,

ly = dlleo < (e/3)Ilyll2

and therefore have that || || = ||yl £(£/3)|ly|2. Note that the hash functions for the CountSketch
data structure can be stored using O(r -log m) = O(log? m) bits. If the vector y has entries bounded
by poly(d), then the CountSketch data structure can be stored in O(t - r - log d) bits. We now note
that Lx is a C/¢® dimensional vector with entries bounded by poly(d). Hence, using a CountSketch
data structure, we can obtain an estimate Est that satisfies

Est = ||Lx[[co % (¢/3)[|Lx[|2 = [Ix][co % |x]]2.
The two stage sketching procedure can be implemented in a turnstile stream as follows: when we

248



receive an update (i, A) to the vector x, we supply the update (h(i), s(i)A) to the CountSketch data
structure. The overall space usage of the algorithm is O(log d + (log 1/¢)? + e % log(1/¢) log d) bits
where we use O(log d) bits to store the hash functions corresponding to L, O(log 1/¢)? bits to store
the hash functions corresponding to the CountSketch data structure and O(e% log(1/¢) log d) bits
to store the CountSketch table itself.

To process each update in the stream, we require O(log 1/¢) time in the Word RAM model with
aword size O(log d) as each update only involves evaluating O(log 1/¢) constant wise independent
hash functions. O

We will now show that the above is tight up to constant factors.

10.8.1 Space Lower Bound for estimating ||x|| in a turnstile stream

To lower bound the space complexity of the turnstile streaming algorithm, we reduce from the Aug-
mented Sparse Set-Disjointness problem. We define this communication problem as a combination
of the so-called Augmented INDEX problem [CW09] and Sparse Set-Disjointness problem [DKS12]. In
this problem, Alice is given sets Ay, ..., A; C [n] and Bob is given the sets By, ..., B; C [n]. Assume
that for all j € [t], |A;| = |Bj| = k. Bob is given an index j and the sets A;,..., Aj_; and has to
output using a one-way message M from Alice if A;jNB; = 0 or not. Suppose that Alice and Bob have
access to a shared random string. We say that a randomized one-way protocol has § error if for any
instance of the Augmented Sparse Set-Disjointness problem, when Alice and Bob run the protocol I,
Bob outputs the correct answer with probability > 1—3. Note that in the one-way protocol, Alice can
only send a single message M (possibly randomized using the shared random string) to Bob. The §-
error communication complexity of the Augmented Sparse Set-Disjointness problem is then defined
as the minimum over all §-error protocols of the maximum length, measured in terms of number
of bits, of the message sent by Alice over all the inputs. By Yao’s minimax principle, we can lower
bound the communication complexity of the problem by exhibiting a distribution over the inputs
such that any deterministic protocol must have a large communication complexity for Bob to output
correct answer with probability > 1 — § (over the distribution of inputs). We now show that there
is a small enough constant § for which the §-error communication complexity of the Augmented
Sparse Set-Disjointness problem is Q(tk log k).

Theorem 10.8.4. Let t be arbitrary. If n > k?, there exists a small enough universal constant & (indepen-
dent of t, k and n) such that the & error randomized communication complexity of the Augmented Sparse
Set-Disjointness problem is Q(tk log k).

Proof. Given parameters k and a < 1/2, [DKS12] show that there exists a family X of 2% 198k subsets
of [k?] such that (i) |X| = k for all X € X and (ii) for all X # X’ € &, we have |[X N X’| < ak.
They also show that corresponding to the family &, there is a family % of subsets of [k?] such that
(i) |Y| = kforall Y € Y, (ii) |Y| < aklogk for an absolute constant a = a(«) (independent of k)
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and (iii) for X # X’ € X, there is at least one set Y € Y such that exactly one of the sets X N Y
and X’ NY is non-empty. The last property implies that the sequence (Disj(X, Y))yeq is distinct for
each X € L. Here Disj(X,Y) = 1if X N Y = () and 0 otherwise.

We will now define a distribution over the instances of the Augmented Set-Disjointness problem
such that any deterministic protocol must have Alice sending a message with Q(tk log k) bits which
will prove the theorem by Yao’s minimax principle. Let X1,...,X; ~ X and Yy,...,Y; ~ Y be
drawn independently. We let X = (X3, ..., X;) denote the sets given to AliceandY = (Y4,...,Y})
denote the sets given to Bob. Let i ~ [¢] drawn uniformly at random be the index given to Bob. Let
M(X) be the message sent by Alice when running an arbitrary deterministic protocol with an error
& over the distribution defined by the random variables X, Y, and i. By the chain rule of entropy,

H(X | M(X) = ) H(X; | M(X), X<)).

ie(t]

As X is uniquely identifiable by the sequence (D1sj(X;, Y))yey, we have

H(X | M(X)) = > H((D1s(X;, Y))yey | M(X), X <)
ie[t]

< >0 3T HDIsI(X,, Y) | M(X), X<) (sub-additivity)
ie[t] YeY
= > Y HOS)(X;, Yy) | M(X), X<, Y5 = 1)
i€[t] yeY
= Z |Y|HDis)(X;, Y:) | M(X), X<, Y1) (since Y; is uniform over %)

i€[t]

= Y| ) HDIsI(X,, Yi) | M(X), X<, Y).

i€[t]

Here the last equality follows from the fact that Yy, ...,Y; are mutually independent and are also
independent of X .; and M(X). As the deterministic protocol has § error over the distribution of the
instances we defined above, we have that there is a deterministic function f (which Bob runs to
output his answer) such that

Prxyilf(M(X),iY,X<;) =Disj(X;, Yi)] > 1-6.
We then have that with probability 1 — V& over i that
Prxy[f(M(X),i,Y, X<;) = Disj(X;, Y;)] = 1 - V6.
Let GooD C [t] denote all the indices i for which the above holds. We have |Goop| > (1 — V6)t. We
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now note that Disj(X;, Y;) is a 0/1 random variable. By Fano’s inequality, for all i € Goop, we obtain
H(Disj(X;, Yy) | M(X),Y, X<;) < H(V9).
For i ¢ GooD, we simply have H(D1sj(X;,Y;) | M(X),Y, X<;) < H(D1sj(X;,Y;)) < 1. Thus,

H(X | M(X) < Y] > HOIsI(X;,Y) | M(X), X<, Y)
i€[t]

= Y| ). HOs)(X,,Y)) | M(X), X<, Y)

ieGooD

+1Y] Y, HOsI(X,Yi) | M(X), X<, Y)

i¢GOOD
< |Y|t(1 - VO)H(VO) + 1Yt V5
= [Y[t(VS + (1 - VE)H(V9)).

Now, H(X | M(X)) > H(X) — H(M(X)) by the chain rule and sub-additivity which implies from
the above inequality that

H(M(X)) = H(X) = [Y]t(V5 + (1 - VOH(VS)).
AsH(X) =H((Xy,...,X;)) =tH(X;) = taklogk, we have

H(M(X)) > taklogk — taklog k(V5 + (1 = V&)H(VS))
> tklogk(a — a(V8 + (1 - V&)H(VS))).

Now we note that H(V6) < 28'/* and get H(M(X)) > tklogk(a — a(V6 + 26'/%)). As a = a(a)
is purely a function of & independent of k, by picking § to be a small enough function of «, we get
H(M(X)) > (a/2)tklog k. Finally, this implies that maxx [M(X)| > H(M(X)) > (atklogk)/2.
Picking @ = 1/2, we obtain that there is a small enough constant § and a product distribution &
over X ® Y ® [t] such that any deterministic one-way protocol that solves the Augmented Sparse Set-
Disjointness problem with probability > 1 — § over the distribution & must have a communication
complexity of Q(tk log k) bits. O

Using the above lower bound, we can now show that any turnstile streaming algorithm that
approximates the £, norm of a d dimensional vector x with integer coordinates bounded in absolute
value by poly(d) up to an additive error of ¢||x||; must use O(e™%log(1/¢) log d) bits of space.

Theorem 10.8.5. There exists a small enough constant 8 such that if ¢ > 6((logd)/d)"/*, any turn-
stile streaming algorithm that estimates ||x|| up to an additive error of €||x||, with probability > 1 — 4,
of a d-dimensional vector x with integer entries bounded in absolute value by poly(d), must use a space of
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Q(e2log(1/e) log(d)) bits.

Proof. Let t = logd, k = 1/¢* and n = 1/¢*. From the above theorem, the Augmented Sparse
Set-Disjointness problem with these parameters has a randomized communication complexity of
Q(e%log(1/e) log d) bits.

Suppose given an instance of the Augmented Sparse Set-Disjointness problem, Alice computes
avector x € RU0ED 1" a5 follows: the vector x is divided into log d blocks—one for each of the
sets Ay, ..., Alogq. The i-th block of vector x, for i = 1,...,t, is defined to be 107" - q; where q; is
a binary-vector representation of the set A;. As t = log d, we obtain that ||x||cc < poly(d). Let M
be a randomized turnstile streaming algorithm for estimating ||x||e. Let M(x) be the state of the
turnstile streaming algorithm after feeding the coordinates of the vector x to M. Alice transmits
the state M (x) to Bob. As Bob has an index i and the sets Ay, ..., A;_1, Bob can construct a vector
y € R(og d1/¢" guch that the j-thblock of vector y for j = 1,...,i — 11is the same as the j-th block
of the vector x. The rest of the blocks of y are set to be 0. We now note that the only non-zero blocks
of the vector x —yarei,i+1,...,¢.

Bob feeds the updates corresponding to the vector —y to the streaming algorithm M starting
with the state M (x) to obtain M (x — y). Finally, Bob defines a vector z with the i-th block being the
vector 10'™" - b; where b; is the binary vector corresponding to the set B;. The rest of the blocks of
z are set to be 0. Bob finally updates the state of the streaming algorithm to obtain M(x — y + z).
If A; N B; = 0, we have ||x — y + z||co = 10" andif A; N B; # 0, then ||x — y + z|loo = 2 - 10",
Additionally, we have ||x — y + 2|2 < 4-10%7) . k + X 1020=D) . k < 5. 102D . k. Thus,
lx —y+z|l, <3107 (1/¢) since k = 1/¢%. Thus, an approximation of ||x — y + z|| up to an
additive error of (¢/6)||x —y+z||, lets Bob output the correct answer for the instance of Augmented
Sparse Set-Disjointness problem.

By the lower bound on communication complexity of the Augmented Sparse Set-Disjointess
problem, we obtain that any turnstile streaming algorithm that outputs, with probability 1 — & for
a small enough constant 8, an approximation to ||x||« up to an additive error of (¢/6)||x||, for a
(1/€*) log d dimensional vector x with coordinates of absolute values bounded by poly(d), must use
Q(e721og(1/e) log d) bits. As ¢ > ((log d)/d)'/* implies d > ¢ *1og d, we obtain the result, O

Note that the above lower bound crucially uses that the algorithm is a turnstile streaming algo-
rithm and does not hence lower bound the space complexity of the algorithms in the insertion-only

streams where only nonnegative updates are allowed to the vector x being maintained in the stream.

10.8.2 Tighter bounds for vectors with large ||x||

The lower bound in the previous section shows that ® (e log(d) log(1/¢)) bits of space is both
necessary and sufficient to approximate ||x||« up to an additive error ¢l|x||2. The hard instance in
the lower bound has the property that ||x|| = O(e||x||2). We show that assuming the vector x
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satisfies, ||x|| > c||x]||2 for a constant ¢, we can beat the lower bound and obtain a better than
e||x||, additive error using O(¢72log d) bits of space. Note that the condition ||x|lec > c||x]|2 is
natural in certain settings where the coordinates of the vector x follow the Zipf’s law. We prove the
following theorem.

Theorem 10.8.6. Suppose a d dimensional vector x is being maintained in a turnstile stream. Assume that the
coordinates of x are integers and are bounded in absolute value by poly(d). If x is such that ||x||c > c||x]|2
for a universal constant c, then there is an algorithm that uses O(e~2log d) bits of space and outputs an

estimate Est that satisfies
Est = [|x||o + £]lx]]2

with probability > 9/10. The update time of the algorithm is O (log 1/¢) in the Word RAM model with a word
size Q(log d).

Proof. Without loss of generality, assume ¢ < ¢/10. Let LARGE = {i | |x;| > (¢/2)]|x]|2}. We have
|LARGE| < 4/c% If L : RY — R is a randomized linear map to d’ = poly(1/¢) dimension con-
structed using a 2-wise independent hash function h and a 4-wise independent sign function s as in
Lemma 10.8.1, then we have that

1. all the coordinates in LARGE are hashed to different coordinates,

2. |ILxI3 < (1+ €%)Ix]l3,

3. foralli ¢ LARGE, |(Lx)ny)| < (c/2+ €2/8)|Ix|l2 < (3¢/5)]x]l2, and
4. foralli € LARGE, [(Lx)pi)| = |xi| £ (€2/8)]x|l2.

Now, let r = O(log1/e),t = O(1/¢?) and b = 1/e. Instantiate a CountSketch data structure
cs : RY — R’ with these parameters and derandomized using HashPRG as in Theorem 10.6.2
with a word size w = Q(logd). From Theorem 10.6.2, the parameters (random seed for Hash-
PRG) of the map CS and the value CS(Lx) can be stored using O(rt + blog, d’) = O(¢ *log1/e +
¢ log,-1 poly(1/€)) = O(e *log1/e) words of space. We also have that the update time of the
CountSketch data structure instantiated with these parameters is O(log 1/¢) in the Word RAM model
with a word size Q(log d). If x receives a turnstile update (i, A), then

L(x+ Ae;) = Lx+ A - (Le;).

By definition of the map L, the vector Le; is nonzero in exactly one coordinate h(i). Thus, we further
obtain

CS(L(x + Ae;)) = CS(Lx + s(i)Aepg;)).

Now, by Theorem 10.6.2, the vector CS(L(x+Ae;)) can be computed using the value of CS(Lx) in time
O(rlog, d’) = O(log 1/¢) time in Word RAM model. Thus, the randomized two-level sketch CS o L
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can be applied to the underlying vector x in a turnstile stream using a total space of O(e 2 log 1/¢)
words of space and each turnstile update can be processed in O(log 1/¢) time on a Word RAM ma-
chine with a word size Q(log d).

Theorem 10.6.2 also gives the following recovery guarantees: for any i € [d’'] and & < 1, we can
recover a value (T-\x), such that

Pres[|(Lx); — (Lx);| = ael|Lx]ls] < exp(—a?r) + 1/poly(d).

Setting @ = 1/ m, a union bound over the indices in the set h(LARGE) C [d’] gives that
with probability > 99/100 over CS, for all i € h(LARGE), |(/L\x)l- — (Lx);| < (e/+/log1/e)||Lx||,
and setting @ = 1 and a union bound over all the coordinates i € [d’] gives that with probability
> 99/100, for all i € [d], |(/L\x)i — (Lx);| < ¢||Lx||2. Conditioned on the properties of the map L
above, overall, we obtain that with a probability > 9/10,

2€
|Lx[|co = [Ix]lco £ ———IIxl2-

Vlog1/e

Hence, ||x|| can be estimated to an additive error of (¢/+/log 1/¢)||x||, using only O(¢ 2 log 1/e)
words of space and the time to update the state in a turnstile stream is O(log 1/¢) in the Word RAM
model with a word size Q(log d). Setting ¢’ = 2¢/+/log 1/, we obtain the result. O

10.9 Conclusions an Open Questions

In this chapter, we construct a new pseudorandom generator that has a space-vs-time trade-off that
lets us obtain space-optimal streaming algorithms with a fast update time for a number of problems.
Our key insight is that for a number of applications, we do not require that the pseudorandom gen-
erator fool the full streaming algorithms. By carefully defining analysis algorithms that capture the
necessary properties of the instantiated random variables and use a much smaller amount of space
compared to the full algorithm, we can show that a much weaker PRG suffices to obtain the required
properties. This technique allows us to use PRGs that have a fast retrieval time.

Our algorithm for F,, approximation for p € (0, 2) requires that ¢ < 1/d° for a small constant
¢ and has an update time of O(logd). The earlier algorithm of [KNPW11] has an update time of
O(log®(1/¢) loglog(1/¢)). It would be interesting to obtain space-optimal algorithms with an up-
date time O(logd) for all ¢ > 1/poly(d).
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Chapter 11

High-Dimensional Geometric Streaming for
Nearly Low Rank Data

11.1 Introduction

Modern datasets are usually very high dimensional and have numerous data points. Storing the en-
tire dataset to analyze them is often impractical and in certain settings impossible. In recent years,
streaming algorithms have emerged as a way to process and understand the datasets in both a space
and time efficient manner. In a single-pass streaming setting, an algorithm is allowed to make only
a single pass over the entire dataset and is required to output a “summary” of the dataset that is
useful to solve a certain problem. We focus on streaming algorithms for high-dimensional geomet-
ric problems such as subspace approximation, width estimation, etc. Suppose we are given a set of
d-dimensional points ay, .. ., a, and an integer parameter k < d. Given a subspace V, we define
d(a, V) to be distance between the point a and subspace V' given by min,cy ||a — v||2. The £, sub-
space approximation problem [DTV11], for p € [1, o], asks to find a k-dimensional subspace that
minimizes (Y, d(a;, V)?)/P.

Note that for p = oo, we want to find a k-dimensional subspace that minimizes the maximum dis-
tance from the given set of points. Related to the £, subspace approximation problem is the widely
studied outer (d — k) radius estimation problem [VVYZ07] which instead asks for a k-dimensional
flat’ F that minimizes max;e[,) d(a;, F). The outer (d — k) radius is a measure of how far the point
set is from being inside a k-dimensional flat. [VVYZ07] give a polynomial time algorithm for approx-
imating the outer (d — k) radius up to an O(\/@) multiplicative factor. Their algorithm is based
on rounding of a semidefinite program (SDP) relaxation. When n is very large, their algorithm is not
practical and cannot be implemented in the streaming setting. We give a time and space efficient
single pass streaming algorithm that approximates the outer (d — k) radius up to a O(Vk log(nk))
factor, where k is a suitably defined condition number. Typically, the value of k used is much smaller

A k dimensional flat is defined as a k dimensional subspace that is translated by some c.
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than n and d since in many settings, we have that the n X d matrix A is a noisy version of an under-
lying rank k matrix for a small value of k.

Our main contribution is a simple deterministic algorithm the constructs a strong coreset for
approximating max; d(a;, V) for any k-dimensional subspace V in a single-pass streaming setting.
When run on the stream of points ay, . . ., a,, our algorithm selects a subset S C [n] of points, |S| =
O(k log®(nk)) such that for all k dimensional subspaces V, maxics d(a;, V) < maxie(n) d(a;, V) <
o(Vk log(nk)) max;es d(a;, V). We stress that our coreset can be used to approximate the max dis-
tance of the point set to any k-dimensional subspace and hence it is termed a strong coreset. We

prove:

Theorem 11.1.1 (Informal). Given a parameter k and n points ay, ..., a, € RY, Algorithm 11.1 selects a
subset S C [n] of points, |S| = O(k log? nx) such that for all k-dimensional subspaces V,

max d(a;,V) < m[a)]id(ai, V) < O(\/Elog nK) max d(a;,V).
i€ i€ln i€

The streaming algorithm requires only enough space to store O(k log® ni) rows of A and can be implemented
in time O(nnz(A) log n + d poly(k, log nx)) if one is allowed randomization.

In this result and its applications throughout this chapter, the condition number x can be re-
placed with n®) assuming that all the entries in the points are integers bounded in absolute value
by poly(n). Although under suitable assumptions about the “noise” in the process generating the
data, x will be much lower.

We then show using a simple reduction that the above theorem can be used to approximate the
outer (d — k) radius by running the streaming algorithm on the point set a; — a4, . .., a, — a;.

We then turn to the £, subspace approximation for general p € [1, ). We observe that an in-
stance of the £, subspace approximation problem can be turned to an £ subspace approximation
by using the so-called min-stability property of exponential random variables. We scale each input
point with appropriately chosen independent random variables and feed the scaled points to Algo-
rithm 11.1. We obtain the following result:

Theorem 11.1.2 (Informal). Given p > 1, a dimension parameter k, and n points ay, . . ., an € R4 there
is a randomized streaming algorithm that selects a subset S C [n], |S| = O(k log® nx) and assigns a weight
w; > 0fori € S such that if
V= arg min max w; - d(a;, V),
k-dimv 1€S

then _
(D d(a, V)P)!/P

ming gim v(X1e; d(a;, V)P)P

The algorithm only uses O(d - k log? nx) bits of space and runs in O(nnz(A) log n + d poly(k,logn))

< kY#2P poly (log'*/? nk).

time.

While exponential random variables have been previously used in the context of £, subspace
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embeddings and £, moment estimation in streams, as far as we are aware, ours is the first work to
use them in the context of subspace approximation.

We then show that recent algorithms of [WY22a] can be improved using our coreset construc-
tion algorithm when the data points a, . . ., a, are approximately spanned by a low rank subspace.
They give streaming algorithms for a host of geometric problems such as width estimation, volume
estimation, Léwner-John ellipsoid, etc. The main ingredient of their algorithms is a deterministic .
subspace embedding: their algorithm streams through rows of an n X d matrix A and selects a subset
of rows S C [n], |S| = O(dlog n) with the property that for all x,

[Asxleo < [|Ax[loo < Vdlog n||Asx][e.

Here ||x|| = max; |x;| and Ag is the matrix A restricted to only those rows in S. When the matrix
A has rank d, their algorithm necessarily needs Q(d?) bits of space which is prohibitive when d is
very large. In practice, many matrices A are very well approximated by a matrix with far lower rank
than d even when the rank of the matrix A is d. Suppose A is well approximated by a rank k matrix
in the sense that there is a k-dimensional subspace V such that all the rows of A are not very far
from V. We show that if S is the coreset constructed by Algorithm 11.1, then for all unit vectors x,
lAsx]leo < lAX|le0 < (CVklog ni)||Asx|leo + CAlog nk, where A denotes the optimal rank-k £

subspace approximation cost of the matrix A. Thus, ||Asx||« can be used to approximate ||Ax||c
well when A is small.

11.1.1  Previous Work

The rank-k £, subspace approximation problem and more generally the rank-k £, flat approxima-
tion problem have been previously studied for different values of k. As discussed earlier, [VVYZ07]
give an SDP-based algorithm that can compute an O(\/IOE) factor approximation for all values of
k. Being SDP-based, the algorithm is impractical in the streaming setting and when the number of
points n is very large. We shall mostly discuss previous works relevant in the streaming setting.

For specific values of k = 0 and k = d — 1, Agarwal and Sharathkumar [AS15] study upper and
lower bounds on streaming algorithms. For k = 0, also known as the minimum enclosing ball (MEB)
problem, they give a streaming algorithm that is a (1 + V/3) /2 approximation and show that there
is a small enough constant e such that any « approximation algorithm must use min(n, exp(d'/?))
space thereby showing that there are no small-space streaming algorithms with a better than «
approximation. For k = d — 1, the so-called width estimation problem, they showed that any algo-
rithm that approximates the cost up to a multiplicative ©(d"/®) factor must use Q(n, exp(d'/®)) bits
of space again ruling out small-space algorithms with better than d'/* approximation factor.

Later, Chan and Pathak [CP14] improved the approximation ratio of the algorithm of [AS15] to
(1 + V2)/2 for the MEB problem.

Recently, [TWZ*22] give an algorithm to construct a coreset for the £, subspace approximation
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problem with a size O(k*). While an offline coreset construction can be converted into a stream-
ing coreset construction using the merge-and-reduce procedure, the exponential dependence in k
makes their algorithm impractical as compared to over algorithm which needs to store O (k log(nx)?)
input points.

For the #; subspace approximation problem, [FMSW10] give a streaming algorithm to construct

(k.zom/@) )P°1Y<k>)
62

a coreset with O |d points that can be used to compute a 1 + ¢ approximation.

When n and d are large, the space requirement of the coreset is infeasible. In comparison, although
our algorithms do not give 1 + ¢ approximation, we can compute poly(k, log nx) approximations
using only space necessary to store poly(k, log nk) points which is much smaller than the coreset
constructed by their algorithm.

For all values of p, Kerber and Raghavendra [KR14] give a dimensionality reduction procedure
by showing that projecting the points to a random O(k?(logk/e - log n)/e*)-dimensional space
preserves the £, subspace approximation® cost. For p = oo, their algorithm combined with the core-
set construction algorithm of Woodruff and Yasuda [WY22a] can be used to approximate the £
subspace approximation up to poly(k, log n) factors. But since the d-dimensional “information” is
destroyed by the projection, we cannot recover a solution in the d-dimensional space. In compari-
son, for p = co, we give a practical algorithm to construct a strong coreset that lets us approximate
the maximum distance to any k dimensional subspace and for general p, we give a polynomial time
algorithm that can output a “d-dimensional” approximate solution.

For p ¢ { 1,2, 00 }, much less is known in the streaming setting. In the offline setting, Deshpande
and Varadarajan [DV07] gave a sampling based algorithm for all p > 1 that outputs a bicriteria solu-
tion for the £, subspace approximation problem. Later [DTV11] gave a polynomial time O(+/p) factor
approximation algorithm for the £, subspace approximation problem for all p > 2. Assuming the
Unique Games Conjecture, they show that it is hard to approximate the cost to a smaller than O(+/p)
factor.For 1 < p < 2,[CW15] gave an input sparsity time algorithm that computes a 1+¢ approxima-
tion but they have an exp(poly(k/¢)) term in their running time. The O(+/p) factor approximation
algorithm of [DTV11] is based on convex relaxations and is not applicable in the streaming setting.
In a recent work, Deshpande and Pratap [DP23] observed the lack of streaming algorithms for ¢,
subspace approximation that also have the subset selection property that our coresets have. They
give a subset selection algorithm for the £, subspace approximation problem but their results have
a weaker additive error guarantee. They leave open the subset selection algorithms that give a mul-
tiplicative approximation to the £, subspace approximation problem. In a recent work, Woodruff
and Yasuda [WY23] answered the question of [DP23] in the affirmative by giving a subset selection
algorithm the computes a strong coreset with O((k/&)°®) polylog(n)) rows that can approximate
the cost of any k-dimensional space up to a 1 + ¢ factor. Selecting k%) rows is prohibitive when p
is large. Our work makes progress on this question by removing the exponential dependence in p

2They prove their result for the more general problem of subspace clustering
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although at the cost of only being able to compute a multiplicative poly(k, log nx) approximation
to the problem.

Relevance to Machine Learning. Our work continues the long line of work in the area of subspace
approximation and low rank approximation with different error metrics that has been of interest
in the Machine Learning community. Previous works study problems such as #; subspace approxi-
mation [HM13], entry wise £, low rank approximation [CGK*17, DWZ"19], Column subset selection
for entrywise £, norm and other error metrics [SWZ19]. Our algorithms for geometric streaming
problems such as convex hull estimation have applications for robust classification [PF01, FNM07].

11.2 Preliminaries

If S C [n], then Ag denotes the submatrix formed by the rows in the set S. Given indices i < j, we
use A;;j to denote the matrix formed by the rows a;, . . ., a;.

For an arbitrary k dimensional subspace V€ R?, we use Py to denote the orthogonal projection
matrix onto the subspace V, i.e., for any x € R? Py - x is the closest (in Euclidean norm) vector to
xinV.So,d(x,V) = ||(I - Py)x||z and ||A(I — Py)||co2 = max; ||(I — Py)a;l|; = max; d(a;, V).

11.3 /., Low Rank Approximation and Outer Radius

As discussed in the introduction, given a matrix A with rows ay, ..., a, that arrive in a stream, we

want to compute a strong coreset, i.e., a subset S C [n] such that for all k-dimensional subspaces V,

_ MaXie[n) d(a;, V)

<f
max;es d(a;, V)

for a small distortion f. Consider the following simple algorithm: we initiate S < ( and stream

through the rows ay, . .., a,. When processing the row g, if there exists a k-dimensional subspace

V such that d(a;, V)? > Y.csd(a;, V)?, we update S « S U {i}. Otherwise, we proceed to the

next row without updating S. Consider the set S at the end of the stream and let V be an arbitrary k

dimensional subspace. We shall now argue that Ag is a strong coreset with a distortion at most \/E .

Let V be an arbitrary k-dimensional subspace of RY. Let i* = arg max; d(a;, V) be the index of
the row farthest from V. Consider the following cases: if i* € S, then we have max;c[, d(a;, V) =
d(a;+, V) = max;es d(a;, V) and therefore As has no distortion for V. In case the index i* ¢ S, then
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d(ai, V)? < Yicsi<i d(ai, V)? since otherwise we would have added i* to S. Thus,

max d(a;, V) =d(a;, V) < {Z d(a;, V)? (11.1)
i€S

< \/Emasxd(ai, V)
1€

and therefore Ag is a strong coreset with a distortion at most 4/|S|. Now, if we can show that S can
not be too large, we obtain that Ag is a strong coreset with a small distortion.

To show that S is not too large, we appeal to rank-k online ridge leverage scores, a generalization
of the so-called ridge leverage scores. In the offline setting, ridge leverage scores have been employed
by Cohen, Musco, and Musco [CMM17] as a suitable modification of the usual £;-leverage scores to
obtain fast algorithms for £, low rank approximation. Later, [BDM*20] defined online ridge leverage
scores and showed that they can be used to compute low rank approximations in the online model.
They also showed that for well-conditioned instances, the sum of the online ridge leverage scores is
small. Our main observation is that for the set S constructed as described, the online rank-k ridge
leverage score of every row in Ag is large. As the sum of online rank-k ridge leverage scores is not
large, which we prove, we obtain that there cannot be too many rows in Ag.

One issue we have to solve to implement this algorithm is given a; and the set S after processing
ai, ..., a;_1, how can we efficiently know if there exists a rank-k subspace V such that d(a;, V)? >
Yies d(ai, V)?? Online ridge leverage scores again come to rescue. We show that if we modify the
above described algorithm to instead add i to S when its “online rank-k ridge leverage score” is large
with respect to Ag, then the set S computed at the end of the process is again a strong coreset with
a distortion of at most +/|S].

11.3.1  Online Rank-k Ridge Leverage Scores

Let A be an arbitrary matrix with rows ay,...,a, € R? and let k < d be a rank parameter. Let
Ari—[Avi]e ]2 . . . .
A= M be the i-th ridge parameter. Note that A; = 0 if and only if rank(Ay,;) < k. We

define the “rank-k online ridge leverage score” of the row a;;; to be

1if A; = 0 and a;41 ¢ rowspace(A;.;
TOL’k(A) — { i i+1 pace(Ay;)

i+1 .
min(1, aiTJrl(AIiAlii + A - Dt aiy) ow.

The online rank-k ridge leverage scores help us capture the “rank-k information” of the matrix A as
the rows are revealed.
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Algorithm 11.1: Minimize Distance to a Subspace

Input: A matrix A as a stream ofrowsay,...,a, € Rd, arank parameter k
Output: A subset S C [n]
S—0,A<0 // Algorithm stores Ag
fort=1,...,ndo
if A =0and a; ¢ rowspace(As) then
‘ S—SuUu{t}
else if atT(ASTAS +A-D*a; > 1/(1 +1/k) then
6 | Se—Su{t}
7 A ||As — [As]k”%/k // A changes only when S changes
s end
return S

W N =

(8

o

11.3.2 An Efficient Algorithm

Our full coreset construction algorithm is described in Algorithm 11.1. In the algorithm, we select a
subset of rows S online in the following way: a new row a; is added to the set S if the rank-k online
ridge leverage score of the row a; with respect to the matrix Agy, is at least 1/(1 + 1/k).

We will first show that the set S computed by the algorithm defines a matrix Ag that is a strong
coreset with a distortion at most \/E .Let S; == SN [t] be the subset of rows that have been selected
by the algorithm after processing a, . .., a; and let a;4 is the row being processed. We prove the
following lemma:

Lemma 11.3.1. Let ¢ be arbitrary and let S; == S N [t] be the subset of rows selected by Algorithm 11.1 after
processing the rows ay, . . ., a;. If there exists a rank k subspace V' such that

d(a, V)% > Z d(a;, V)2,

i€S;

then the algorithm adds the row t + 1 to the set S that it maintains.

Proof. Assume that there is a k-dimensional subspace V such that d(aw1,V)?* > Yics, d(a;, V)?
where S; = S N [t] is the set of rows selected by the algorithm after processing the rows ay, . . ., a;.
If Yies, d(ai, V)? = 0, then rank(As,) < k and rowspace(As,) C V. Since d(as1,V) > 0, we
have a;+; ¢ V which implies a;11 ¢ rowspace(As,) and therefore the algorithm adds ¢ + 1 to the set
S.
Now, suppose Y;cs, d(ai, V)? > 0.Let Py be the orthogonal projection matrix onto the subspace
V and define

x* — (I - |]j)V)al‘+1
(I = Py)allz’
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Using the fact that (I — Py) is also a projection matrix, we obtain

(@ (I =Py)aw)® (I =Py)apmll;
1T =Py)aall; 1T =Py)all

|<at+1:x*>|2 = ||(I - Pv)at+1||§ = d(at+1,V)2-

We also have

A, (I = Py)arll} - 145, (I = PV)IZIT = Pv)arall3

14, %7115 = <
LI - Py)asmll3 1T = Pv)assll2
< |45, (1 =Py} = )" d(a, V)2
i€S;

Additionally, when processing the row a;.1, the value of A used by the algorithm is || As, — [As, ]« ||127/ k <
I|As, (I — Py) ||2F /k since the subspace V has a dimension k. Now, we consider two cases:

* Case 1: 1 = 0. In this case, we have rank(As,) < k. There are again two cases. If a;; ¢
rowspace(As, ), then the algorithm adds t + 1 to the set S and we are done.
If a;41 € rowspace(As,), then we can write a;4; = (Ast)Tz for some z. If Ag,x* = 0, then
we get (x*, ary1) = (x*)T(As,) 'z = (2, As,x*) = 0 which contradicts our assumption that

(a1, x*)|? = d(a141, V)? > Yics, d(a;, V) > 0. Thus, As,x* # 0 and therefore

|<at+15X*>2|2 > d(at+1,v)2 - > 1.
|As,x*[I5 — 2ies, d(ai, V)

Finally, since a;4; € rowspace(Asg,), we obtain a;F+1 (ASTtASt)J'aHl > 1 and therefore the algo-
rithm adds t + 1 to the set S and we are done.

* Case 2: A # 0. In this case, we have rank(As,) > k and therefore ;.. d(a;, V)* > 0. Now,

|<at+1,x*>|2 S d(ag1, V)? S Ziest d(a;, V)? _ 1
As,x 12+ Alx*)|2 ~ Xies, d(ai V)2 + 4~ Yies, d(ai, V)2 + Yies, d(ai, V)i /k  1+1/k

From the above inequality, we obtain (at+1)T((A5t)TA5, +AD*a; > 1/(1+1/k) and there-
fore the algorithm adds ¢ + 1 to the set S and we are done. O

The above lemma now directly implies the following from our earlier discussion:
Lemma 11.3.2. Let S be the set returned by Algorithm 11.1 after processing the rows as, . . ., a,. For any

k-dimensional subspace V,

maxd(a;, V) < maxd(a;, V) < +/|S| - maxd(a;, V).
i€S i€[n] i€S

Thus the set S returned by the algorithm is a strong coreset with a distortion bounded by +/|S|.
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Hence, if we show that |S| is small, then we obtain the two desired properties of a coreset: (i) the
distortion of Ag is small and (ii) the number of rows in Ag is small.

To bound the size of the set S, we use the fact that the online rank-k ridge leverage scores of all
the rows in the matrix Ag with respect to As are at least 1/(1 + 1/k). Thus, the number of rows in Ag
is at most 1 + 1/k times the sum of online rank-k ridge leverage scores of the matrix As. We shall
now prove a bound on the sum of online rank-k ridge leverage scores of an arbitrary matrix B. The
proof of this lemma is similar to that of proof of Lemma 2.11 of [BDM*20]. First, we define a “online
rank-k condition number” that we use to bound the sum of online rank-k ridge leverage scores.

Definition 11.3.3 (Online Rank-k Condition Number). Given a matrix B with rows by, ..., by, let i*
be the largest index i such that rank(By.;) = k. The online rank-k condition number of B is defined

as
[IBll2

minisi»u,l O'min(Blzi)

K =

where opin (+) denotes the smallest nonzero singular value.

Lemma 11.3.4 (Sum of online rank-k ridge leverage scores). Let B € R™ be an arbitrary matrix with
an online rank-k condition number k, then

n

Z LK (B) = O(klog(k - k)?).

i=1

As the proof is largely similar to that of [BDM*20], we defer the proof to the appendix. Applying
the above lemma to the matrix As, we obtain that |S| = O(k - log(k - k(As))?). Using the strong
coreset property of the matrix Ag, we can show that k(As) < vn - k(A) thereby showing that the
coreset has a size at most |S| = O(k log(n-x(A))?) and has a distortion at most O(Vk log(n-k(A))).
Thus giving the following theorem:

Theorem 11.3.5. Given rows of any arbitrary n X d matrix A with an online rank-k condition number k,
Algorithm 11.1 selects a subset S of size |S| < O(k(log nx)?) such that for any k dimensional subspace V,

we have

maxd(a;,V) < max d(a;, V) < CVk - log(nk) maxd(a;, V)
i€ i€|ln i€

for a large enough constant C. Additionally, the space requirement of the algorithm is bounded by the amount
of space required to store O(|S|) rows of A.

If we assume that all the rows of A lie in a euclidean ball of radius R and that we are given some
d < A = ming_g,y max; d(a;, V), then we can obtain bounds on |S| that are independent of n
and only depend on the “aspect ratio” R/J. A similar aspect ratio has been used in an earlier work
of Makarychev, Manoj, and Ovsiankin [MMO22]. Let ¢ be a parameter we fix later. We simply feed
the vectors (&/t)ey, ..., (5/t)er+1 to Algorithm 11.1 before processing the vectors aj, . . ., a,. We
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note that the algorithm is guaranteed to select the vectors (§/t)ey, . . ., (0/t)ers1 since each of these
vectors do not lie in the rowspan of the previous vectors. Let S denote the subset of rows of A selected
by this algorithm. Using (11.1), we note that for any k-dimensional subspace V,

maxd(a;, V) + max d((6/t)e;,V)
ie ie[k+1]

i€[n]

k+1

<\ D d((S/Den V)2 + Y d(a; V)2
i=1

ieS

)
maxd(a;, V) < Vk+1-+ Z d(a;, V)2
i€[n] t =

We now note that the online rank-k condition number of the coreset computed by the algorithm

which implies that

must be bounded by Rt/ since the first k + 1 rows of the coreset are guaranteed to be the points
(8/t)ei,. .., (5/t)exs1. Thus, using Lemma 11.3.4 we obtain |S| = O(k log(t|S|R/5)?) which implies
IS| < O(klog(kt - R/8)%). 1f we pick t = 2Vk + 1, we obtain the following theorem.

Theorem 11.3.6. Given that § < maxj_gim v max; d(a;, V) and ||a;||2 < R, then we can compute a subset
of rows Ag of A such that for any k dimensional subspace V,

maxd(a;, V) < C\/%(log kR/5)*? max d(a;, V)
1 1€

and |S| = O(k - (log kR/5)?). The space requirement of the algorithm is bounded by the amount of space
required to store O(|S|) rows of the matrix A.

A coreset S of size |S| and a distortion f can also be used to quickly compute an approximate
solution to the £, subspace approximation problem as follows. Let V* be the optimal solution for the
£, subspace approximation problem on A and V denote the top-k singular subspace of the coreset
Ag, which can be computed using the singular value decomposition. Then,

max d(a;, V) < p - max d(a;, V) < i Zd(ai, V)2
i ieS =3

Since, V is the top-k singular subspace of the coreset As, we have v/ 3 ics d(ai, V)? < \/3cs d(ai, V*)?

which overall implies

max d(a;, V)<p ’Z d(a;, V*)? < ﬁ\/Emax d(a;, V").
ieS
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Hence, a f8 \/E approximation to the £, subspace approximation® problem can be obtained without
using any SDP based algorithms from previous works. We can additionally initialize an alternating
minimization algorithm on the coreset for £, subspace approximation using the SVD subspace of
the coreset and use convex optimization solvers to further improve the quality of the solution. We
do note that there are no known bounds on the solution quality attained by the alternating mini-
mization algorithm.

By a simple (lossy) reduction of outer (d — k) radius estimation problem to computing optimal
{. subspace approximation of the matrix B = A —ay i.e., the matrix obtained by subtracting a; from
each row of A, we obtain the following theorem using the coreset bounds in Theorem 11.3.6.
Theorem 11.3.7 (Outer (d — k) radius estimation). Given 0 = a; — ay, ..., a, — ay, if a streaming
algorithm computes a coreset S with a distortion f, then the outer (d — k) radius of the point set S is an O( )
approximation to the outer (d — k) radius of the entire point set.

Given that the online rank-k condition number of the matrix A — ay is ¥/, the outer (d — k) radius of the
point set can be approximated up to Vk - log nx’ factor by computing the outer (d — k) radius of the coreset
points.

Proof. 1fV isak-dimensional subspace and c is arbitrary, then the set V+c is defined as a k-dimensional
flat. Recall that the outer d — k radius of a point set { ay, ..., a, } € R?is defined as

min maxd(a; F).
k-dimflatF i

Using the fact that flats are translations of k dimensional subspaces, we equivalently have that the
outer d — k radius is equal to

min minmaxd(a; — ¢, V) = min min |[(A —¢)(I = Py)||co.2-
k-dim subspace V ceR4 i k-dim subspaceV ¢

Here we abuse the notation and use A — ¢ to denote the matrix with rows given by a; — c for i € [n].
Now define a matrix B = A — a; with n rows given by 0 = a; — ay, a; — ay, as — ay, ..., a, — ay. For

any k-dimensional subspace V and any ¢ € R, we have

IBU = Py)lleoz = [[(A = a1)(I = Py)lleoz = [[(A—c+c—a)(I - Py)llep
< [(A=e)I = Py)lleoz + (T = Py) (a1 = )l
< 2[[(A = o) = Py)lfez-

Hence, ||B(I — Py)|loz < 2min, ||(A — ¢)(I — Py)||c2. We also have ||B(I — Py)|lez = [|(A -
a1)(I — Py)|lez = ming [|[(A — ¢)(I = Py)|lez2. Thus, miny ||B(I — Py)||e2 is a 2-approximation
for ming_gim f1ar F max; d(a;, F) and if S is the set of rows selected by Algorithm 11.1 when run on the

3In our case, the approximation factor is O(k(log nx)?).
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rows of the matrix B = A — a;, then

mVin IBs(I = Py) o2

is an O(Vk log(nk’)) approximation for outer (d—k)-radius estimation of the pointset { ay, . . ., a, }
where k’ is the online rank-k condition number of A — a;. |

11.3.3 Fast Implementation of Algorithm 11.1

Note that the set S and hence the value A are updated only at most O(k log(n - x)?) times in the
stream. Hence, if we compute the singular value decomposition of Ag each time S is updated, we
only spend at most O(d poly(k, log nx)) time in total. Let UXVT = Ag be the “thin” singular value
decomposition of As. Then given any vector a, we can compute a (ASTAS + A% aas ||Z_1VTa||§ +
(1/ D)1 - VVT)a||§ = ||Mal|% where M is defined as the matrix obtained by concatenating »-iyT
and (1/VA) (I -vvT).

Now, if G is a Gaussian matrix with O(log n) rows, we can approximate ||Ma;||% with ||GMa;]|5
up to constant factors for all the future rows a;. Thus, if each time S is updated, we compute the
matrix M and sample a Gaussian matrix G and then compute GM which has O(log n) rows. Then
the online rank-k ridge leverage score of any row a; that appears in the stream can be approximated
as || (GM)a;]|3 in time O(nnz(a;) log n) time since the matrix GM has only O(log n) rows. Thus, the
overall algorithm can be implemented in time O(nnz(A) log n+d - poly(k, log nx)). We implement
this algorithm and find that it runs very fast on large datasets.

11.4 Lower Bounds

The algorithm in previous section uses O(dk(log nx)?) bits of space to process a stream of n rows in
R? and outputs a strong coreset with a distortion at most O(CVk log nk), where « is the condition
number. We show that any algorithm that constructs a strong coreset with distortion O(W)
must use Q(n) bits of space. This shows that our algorithm essentially obtains the best possible
distortion bounds up to poly(log nk) factors. Our argument is similar to that of [WY22a]. We state
the lower bound in the following theorem.

Theorem 11.4.1. Given parameters n, d and k with k = Q(log n), any streaming algorithm that computes
a strong coreset with distortion at most O(+/k /log n) with probability > 9/10 must use Q(n) bits of space.

Proof. Letn,d and k be arbitrary. Let ay, ..., az, € R? be random vectors sampled as follows: each of
the first k entries of each g; is set to +1/—1 with equal probability. The remaining d — k coordinates
of each q; are set to 0.
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Note that ||al-||§ = k for all i. For arbitrary i # j, consider [{a;, a;)|. By Hoeffding’s inequality,
with probability > 1 -6, [{(a;, a;)| < O(\/W). Setting § = 1/10n? and using a union bound,
we obtain that with probability > 9/10, for all i # j, [{a;,a;)| < O(W). Condition on this
event. Let S C [2n], |S| = n be a uniformly random subset of [2n] of size n.

Consider the stream of vectors (a;);cs. Let € be a randomized algorithm that computes a strong
coreset with distortion a < O(W) with probability > 9/10. Let 6 ((a;);es) be the output of
the algorithm € on the stream (a;);es. Condition on the event that € ((a;);es) is a strong coreset.
We now argue that if « is not too large, we can compute the set S from the coreset 6 ((a;);cs)-

Given a strong coreset M with distortion « for the stream (a;);es and a rank-k subspace V, let
M(V) be the value computed using the coreset such that

M(V) < masxd(ai, V) <a-M(V).
1€
For each i € [2n], consider the subspace
Vi = span(ey,...,ex) N a;

where a;" denotes the subspace orthogonal to the vector a;. We now note the following:

» d(a, Vi) = llaillz = Vk
* Forall j # i,
d(a;, Vi) = [(aj, ai}|/llaill2 < O(ylogn).

Therefore, if i € S, then € ((a;)jes) (Vi) > Vk/a andifi ¢ S, then € ((aj)jes) (Vi) < O(y/logn). If
the distortion a < y/k/log n,then enumerating overall V; fori € [2n] and computing 6 ((a;) es)(Vi),
we can determine the set S.

Let §’ be the set computed by the enumeration algorithm. If |S’| # n,set§"to {1,2,...,n}. By
the above discussion, we have Pr[S" = S] > 9/10. Note that the entropy of the set S is t = Q(n)
where 2! = (") is the number of subsets of [2n] of size [n].

We now upper bound the conditional entropy H(S" | S). Let I denote the indicator random
variable denoting if the coreset construction algorithm succeeds. Note that given I = 1, we have
S = 5. We have

H((S,8')) =H(S)+I(S; S
and H((S,5')) < H((S,S,T)) = H(S) + H(I | S) + H(S' | L,S)

and therefore, I(S; S’) < H(I | S)+H(S" | I, S). Since we assumed that the coreset construction al-
gorithm succeeds with probability > 9/10 given any instance, we have H(I | §) < (9/10) log,(10/9)+
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(1/10) log,(10) < 1/2. Now,

H(S' | LS)
:ZPr[S:S]‘[H(S’|S:S,I:O)-Pr[I:O|S:S]+H(S’|S:S,I:1)-Pr[I:1|S:S]]
S

< Y Pr[S=5]-H(S' |$=51I=0)-(1/10)
S

where we used the fact that if I = 1, then S’ = § and therefore H(S" | S = S,I = 1) = 0. Since the
output S is always a subset of [2n] of size n, we have H(S" | $ = S, I = 0) < log, (Zn") = t which
then implies

H(S' | LS) < t/10.

Hence, the mutual information I(S; §") > 9t/10 — 1/2 and by the data processing inequality, we
have

I1(€((ai)ies) ; S) =2 9t/10 —1/2 (11.2)

which implies that the space necessary to store the coreset is Q(n) bits since ¢t = log, (Zr:‘) = Q(n).
O

1.5 ¢, Subspace Approximation

We now show that our coreset construction algorithm for the £, subspace approximation problem,
extends to the £, subspace approximation problem. Fix a matrix A. For any k-dimensional subspace
V, let dy denote the nonnegative vector satisfying (dy); = dist(a;, V) = ||al.T (I — Py)||2. Hence,
the £, subspace approximation problem is to find the rank-k subspace V that minimizes ||dy||,. We
use exponential random variables to embed ¢, low rank approximation problem into an £, low rank
approximation problem. We then use the coreset construction algorithm for £, LRA to obtain a core-
set for the £, LRA. First, we have the following lemma about exponential random variables that has

been used in various previous works to embed £, problems into an £, problem.

Lemma 11.5.1. Letey, ..., e, be independent exponential random variables. Then with probability > 1 -9,
max; ei_l/p|xi| > ||x||,/(log 1/8)/?. We also have that with probability > 1 — §, max; ei_l/plxil <
5P - |x[lp-

Proof. By min-stability of exponential random variables, we have that the distribution of max; e™! |x;|?
is the same as the distribution of e™! ||x||§ where e is also a standard exponential random variable.
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With probability > 1 — §, we have e < log 1/5. And hence we have that with probability > 1 — 6,

llxll
(log 1/8)!/#"

m_axel._l/p|x,-| = (max ei_1|xi|P)1/P =
1 1
With probability > 1 — §, we also have that e > § which implies that with probability > 1 - §,

-1 _ _
max; e, /p|xl~| = (max; e; ! [x;|P) /P < ||x||,67 /. O

Given n, define D to be a random matrix with diagonal entries given by independent copies of
the random variable e"!/?. For any fixed rank k projection matrix P, the above lemma implies that
IDA(I = P)|lcoz = |[A(I = P)|lp2/(log 1/8)'/?. But we can not union bound over the net of all
k dimensional subspace of R¢ since the net can have as many as exp(dk) subspaces which leads
to a distortion of d'/? which is prohibitive. Here we crucially use the fact that Algorithm 11.1 only
selects a coreset with m = O(k - (log nx)?) rows. So only those k dimensional subspaces spanned by
at most m rows of A are of interest to us. Now, we can union bound over a net of exp(poly (k, log nk))

subspaces and show the following lemma:

Lemma 11.5.2. Let D be an n X n diagonal matrix with each diagonal entry being an independent copy of the
random variable [e~'/P]. Fix an n X d matrix A. With probability > 98100, for all k dimensional subspaces
that are in the span of at most m = O(k log2 ni) rows of A, we have,

ID - dy|le > lldv|l,/2(log 100 + mlogn + kmlog mc)l/p.

Proof. Let S be an arbitrary set of m < K rows of A and let Vs := rowspace(As). Let Ng be a y net for
the set Vs N S9! i.e., the set of vectors in the subspace Vs with euclidean norm 1. As the subspace
Vs has dimension at most m, we have that there is a set Ns with size at most exp(O(mlog1/y)). Let
V be an arbitrary k dimensional subspace of Vs and let { vy, .. ., v } be an orthonormal basis for V.

Let V be the subspace spanned by { vy, ..., 0x }, where v; € Ng and ||o; —v;]|2 < y foralli € [n].
Let a be an arbitrary vector. By abusing the notation let V' (resp. V) also denote the matrix with

1, ...,0 (resp. oy, . .., 0) as columns, We have
d(a,V)=|la-VV'ia|, and d(aV)=l|a-VVials,

and therefore |d(a, V) — d(a, V)| < |[VV* = VVT|,]lall,. If y < 1/4Vk, we can show that |[VVT —
VV*, < 4Vky and therefore have that for any a, |d(a, V) — d(a, V)| < Vky/||all,. Hence,

ldy = dylles < max|d(as, V) - d(a, V)] < 4Vhky max llalo = 4VEy I Alls2.
Overall, this implies that for any arbitrary k dimensional subspace V in the span of rows of Ag, there
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is a k dimensional subspace V spanned by some k vectors in the net N satisfying
ldy — dglloo < 4Vkyl|Allo,.
Asdy € R", we have ||dy — dzl, < n'/?|ldy — dylleo < 4Vkyn'/P||Allo 2. Now, let
s = {V = span(dy,...,0) | U; € Ns}.

We have 75| < |Ns|* < exp(O(kmlog1/y)) since |N;| < exp(O(mlog1/y)). As there are (")
choices for S, the total number of subspaces in the set U _ ( [Z])% is upper bounded by exp(mlog n+
kmlog1/y). Using Lemma 11.5.1, using a union bound over all exp(mlogn + kmlog1/y) choices
of V, we have that with probability > 99/100, for all Veu (tn)) Vs,

14yl
(log 100 + mlogn + kmlog 1/y)'/r’

ID - dylleo >

Using Lemma 11.5.1 again, we also have that max; | D;| < Csn'/? for a large enough constant C; with
probability > 99/100. Condition on both these events. We have that for any k dimensional subspace
V in the span of any set of m rows of A,

ID-dylleo 2 [ID - dylle = ID - (dv = d7)lle

S 171, -~ ConPldy il
(log 100 + mlogn + kmlog1/y)l/p v
lldvlp 4Nkn!/Py||All oo,z

> J—
" (log100 + mlogn+kmlog1/y)t/?  (log100 + mlogn + kmlog1/y)/p
—4Cin" " Vky || Alls.

For any V, we have that ||dv|l, > lldv|lz/vn > [|A — [Alkllr/+n using the fact that V is a k
dimensional subspace. Hence, if y < poly(||A — [A]k||r/||Allc.2, 1/n), then

vl
2(log 100 + mlogn + kmlog 1/y)'/p"

ID - dylleo >

Now, y can be taken as poly(1/(nk)) so that

lldvll,
C(log 100 + mlog n + kmlog(nx))/?

ID - dvlle >

for all subspaces V that are in the span of any subset of m rows of A. O

If V* is the optimal solution for the £, subspace approximation problem, we can also condition
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on the event that || D - dy-
is the subset of rows selected by Algorithm 11.1 when run on the matrix DA, if V is an approximate

oo < C||dy+||, for alarge enough constant C. We can now argue that if S

solution for the £., subspace approximation problem on the points (DA)s, then V is also a good
solution for the £, subspace approximation problem of A.

Theorem 11.5.3. Let D be an n X n random matrix with each diagonal entry being an independent copy of
[e~'/P] where e is a standard exponential random variable. If S is the subset selected by Algorithm 11.1 when
run on the rows of the matrix D - A and if V is a 8 approximate solution to the problem min._giy v || (DA)s(I—
Pv) || 0.2, then with probability > 9/10,

1A = Py)llp,2
ming_gim v [|AU = Pv)llp.2

< B - O(KV?2IP 10g"*3/P nic).

Proof. Let

V*= argmin ||dy|l,.
k-dim subspaces V/
Condition on the event that ||[D? - dy+||e < Cil|dy-|| p for a large enough constant C;. The event

holds with probability > 99/100 by Lemma 11.5.1. Finally, by a union bound, we have all the following
events hold simultaneously with probability > 9/10:

1. Algorithm 11.1, when run on the rows of the matrix D - A, selects at most m = O(k - (log nx)?)
rOws.

2. For any k dimensional subspace V' contained in the span of any at most m rows of A,

vl

C,k2/P 1og®/? ni

3. If V* is the optimal subspace that minimizes the £, norm of the distance vector to a k dimen-
sional subspace, then

ID - dy+lleo < Cilldy

p.

Conditioned on the above events, let S C [n] be the coreset computed for the matrix D - A by
Algorithm 11.1, From Theorem 11.3.5, we have that for any rank k projection matrix P,

I(DA)s(I = P)l|eoz < (DAY = P)loo2 < CVk(log ni) [[(DA)s(I = P) 2.

Let V be a k dimensional subspace such that

min [|[(DA)s(I — Py)|le2f - min |[(DA)s(I — Py)|le
min [[(DA)s(I = Py)llwzf - min (DA = Py)ess
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Without loss of generality, we can assume that V is contained in the rowspace of (D - A)s and hence
the row space of As. Therefore,

1AL = Py)llp2 = lldg I
< Cok?'P1og™? (nk) ||D - dy || o
= Ck*P 1og®? (nk) |(D - A)(I = Py) leo2
< Gy - C- kP2 10g™1P (nic) [ (DA)s(I = Py) [leoy2
< - Cp- C- kP2 1og™ P (ni) [ (DA)s (I = Pye) ||eor2
=B+ Cy- C- kP12 10g™ P (nic)||D - dy+| ooz
< B-Cy-Cy- C- KPP 210g™3P (nic) || dy- .-

Thus, V is an O(f - k?P*1/210g"*/? (nk)) approximate solution for the £, low rank approximation

problem over the matrix A. |

11.6 Applications to Other Geometric Streaming Problems

Given a matrix A, suppose that the rows of A are close to a k-dimensional subspace in the following
sense: A = min_ g, y max; d(a;, V) is small. We now show that if S is the subset of rows selected
by Algorithm 11.1, then for any vector x, ||Ax||e can be approximated using ||Asx||e. Fix any unit
vector x. Let i be the index such that ||Ax||e = [{a;, x)|.If i € S, we clearly have ||Ax||c = [|AsX||co
and we are done. If i ¢ S, we obtain that

max [{a;, x)|? 1
< ||As<ixll2 + As<i — [As<ilkllZ/k — 1+1/k

which implies

1A% = [ai )I* < [|As<ixll; + 1 As<i — [As<ilillf:/k

< [|Asxll3 + 1As — [As]kllf/k.

Let V* be the optimal solution for rank-k £, subspace approximation of A. We then have, ||Ax||%, <
|Asx]|2 + |As(I = Py+)|12/k < ||Asx|| + |S|A?/k. Using |S| = O(k log® nk), we get the following
lemma.

Lemma 11.6.1. If S is the subset of rows selected by Algorithm 11.1, for any k-dimensional subspace U and
any unit vector x,

[ Asxll2

< “ASx”oo < ||Ax“oo < ”ASXHZ +CA10gm<.
C\/Elogmc
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Additionally, as ||Asx||2 < v/|S|||Asx]|c, we also have

[[Asx|loo < ||AX]|lco < (C\/Elog nk)||Asx|| + CAlog nk.

Width Estimation. Given a point set ay,...,a, € R? then the width of the point set in the
direction x € R, for a unit vector x is defined as w(x) = max;(a;, x) — min;{a;, x). Using a
coreset for estimating || Ax|| 0, [WY22a] give an O(+/d log n) approximation to the width estimation
problem. Using Lemma 11.6.1, we show that we get better approximations when A is small.

Note that w(x) = max;{a; — a1, x) — min;{a; — a1, x). Now, max;{a; — a;,x) > (0,x) = 0 and
min;{a; — ar, x) < (0,x) < 0 which implies that ||(A — a1)x||cc < W(x) < 2[|(A — a1)x]|co-

Let k’ be the online rank-k condition number of A—ay.If S is the subset selected by the algorithm
when run on the rows 0 = a; — ay,a; — ay,...,a, — ay, then from Lemma 11.6.1, we have ||(A —
a1)sx|lee < [[(A = a1)x]leo < W(x) and also that w(x) < 2||(A — a1)x]|le < 2CVk log(nx’)||(A -
a1)sx|leo + 2CAlog(nk’). Thus, w'(x) = ||(A — a1)sx|| satisfies

w(x)/2CVklog(nk’) — AJVk < w'(x) < w(x)

for a large enough constant C. When A is very small, for the interesting directions where width is
large enough, we obtain a better multiplicative error of O(Vk log nx’) as compared to O(+/d log n)
achieved by the algorithm of [WY22a]. Notice that we do not contradict the lower bounds of [AS15]
for width estimation because of the additive error that we allow.

Léwner-John Ellipsoid. Given a symmetric convex body, the Léwner-John ellipsoid is defined
to be the ellipsoid of minimum volume that encloses the convex body. We consider the case when
the convex body is defined as K = {x | ||Ax||c < 1} where the streaming algorithm sees the rows
of matrix A one after the other. Woodruff and Yasuda [WY22a] show that their coreset can be used
to compute an ellipsoid E’ such that E’ € K € O(4/dlogn)E’.

When k < d, Algorithm 11.1 selects << d number of rows and does not have the full d-dimensional
view of the point set and hence can not compute an ellipsoid that satisfies the above multiplicative
definition if the points spans R¢. So we consider the set K N B(0,1) and give an algorithm that
computes an unbounded ellipsoid E’ such that E’ N B(0,1) € K N B(0,1) € («E’) N B(0,1).

By Lemma 11.6.1, we have that if ||Ax||co < 1and ||x||2 = 1, then ||Asx||2 < C\/Elog nk and if
|Asx||2 < 1 — CAlognk and ||x||, < 1, then ||Ax|| < 1.Now assuming A < 1/(Clog nx), define
E' ={x | ||Asx||2 <1 - (Clognk)A}.

From the above, we have that if x € E’ N B(0, 1), then x € K N B(0,1). Additionally, if x €

K N B(0, 1), then ||Asx||, < CVk log nk and therefore x € %E’ N B(0, 1). Hence,
CVk log nx

E'nB(0,1) CKNB(0,1) L ——————
@1 ©.1) 1 - (CAlognk)

E' N B(0,1).
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11.7 Conclusions and Open Questions

In this chapter, we obtain a deterministic single-pass streaming algorithm, which is very fast in prac-
tice, for constructing strong coresets for approximating the maximum distance to any k-dimensional
subspace. Using the strong coreset for £, subspace approximation, we obtain a weak coreset for the
£, subspace approximation problem and for other geometric problems such as width estimation.

An interesting open question is if an O(Vk log n) approximation factor can be obtained, remov-
ing the dependence on the condition number, when all the coordinates are integers with absolute
values bounded by poly (n). Woodruff and Yasuda [WY22a] obtain an O(Vd-log n) approximation for
approximating || Ax|| for all vectors x using pseudo-determinants. Finding an analogue of pseudo-
determinants for rank-k ridge leverage scores may be a path to obtaining O(Vk log n) approxima-
tion factor for the £, subspace approximation problem.
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Chapter 12

Approximating the Top Eigenvector in
Random Order Streams

12.1 Introduction

In this chapter, we consider the problem of approximating the top eigenvector streams. In this prob-
lem, we are given vectors ay, ..., a, € R? one at a time in a stream. Let A be an n X d matrix with
YOWS 41, . . ., ay. The task is to approximate the top eigenvector of the matrix AT A. We use v; € R?
to denote the top eigenvector of AT A. We focus on obtaining streaming algorithms that use a small
amount of space and can output a unit vector 4 such that (9,0;)? > 1 — f(R), where f(R) is a
decreasing function in the gap R = A;(ATA)/A,(ATA). Here A;(+), A5(+) denote the two largest
eigenvalues. As the gap R becomes larger, the eigenvector approximation problem becomes easier,
and we want more accurate approximations to the eigenvector v;.

If one is allowed to use O(d?)" bits of space, we can maintain the matrix ATA = 3 ; aialT as we
see the rows a; in the stream, and at the end of processing the stream, we can compute the exact
top eigenvector v;. When the dimension d is large, the requirement of Q(d?) bits of memory can
be impractical. Hence, an interesting question is to study non-trivial streaming algorithms that use
less memory. In this work, we focus on obtaining algorithms that use O(d) bits of space.

In the offline setting (where the entire matrix A is available to us), fast iterative algorithms such
as [Gu15, MM15, MMS18] can be used to quickly obtain accurate approximations to the top eigenvec-
tor when the gap R = Q(1). In a single pass streaming setting, we cannot run these algorithms as
these iterative algorithms need to see the entire matrix multiple times.

There have been two major lines of work studying the problem of eigenvector approximation and
the related Principal Component Analysis (PCA) problem in the streaming setting with near-linear
in d memory. In the first line of work, each row encountered in the stream is sampled independently

from an unknown distribution with mean 0 and covariance ¥ and the task is to approximate the top

IThe notation O( f(n)) is used to denote the set of functions in O(f(n) - polylog(n)).
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eigenvector of X using the samples. In this line of work, the sample complexity required for algo-
rithms using O(d - polylog(d)) bits of space to output an approximation to vy, is the main question.
The algorithms are usually a variant of Oja’s algorithm [0ja82, JJK" 16, AZL17, HNWW21, KS24] or the
block power method [HP14, BDWY16]. We note that Kumar and Sarkar [KS24] relax the i.i.d. assump-
tion and analyze the sample complexity of Oja’s algorithm for estimating the top eigenvector in the
Markovian data setting.

The other line of work studies algorithms for arbitrary streams appearing in an arbitrary or-
der. In this setting, we want algorithms to work for any input stream given in any order. A problem
closely related to the eigenvector estimation problem is the Frobenius-norm Low Rank Approxima-
tion [CW17, BWZ16, Upal6, GLPW16]. The deterministic Frequent Directions sketch [GLPW16] can,
using O(d/¢) bits of space, output a unit vector u such that

IAU = wu) I} < (1+ AU = 010)) I}

Although the vector u is a 1+¢ approximate solution to the Frobenius norm Low Rank Approximation
problem, it is possible that the vector u may be (nearly) orthogonal to the top eigenvector v;. Hence,
the Frequent Directions sketch does not guarantee top eigenvector approximation. Recently, Price
[Pri23] studies the eigenvector approximation problem in arbitrary streams and obtains results in
terms of the gap R of the instance. Price proved that when R = Q(logn - log d), a variant of Oja’s
algorithm outputs a unit vector ¢ such that

Clogd 1
R poly(d)

<6301>2 2 1_

where C is a large enough universal constant. On the lower bound side, Price showed that any algo-
rithm that outputs a vector 0 satisfying

(6,01)* =21 - CRZ
must use Q(d?/R?) bits of space while processing the stream. This lower bound shows that in the
important case of R = O(1), the correlation” that can be obtained by an algorithm using O(d) bits of
space is at most a constant less than 1. Thus, the current best algorithms for arbitrary streams work
only when R = Q(logn - logd). Thus, for the important case of R = O(1), there are no existing
algorithms requiring significantly less than d? bits of memory.

We identify an instance with R = ©(log d/loglog d) where Price’s algorithm fails to produce
a vector with even a constant correlation with the vector v;. This shows that Price’s algorithm or
other variants of Oja’s algorithm may fail to extend to the case when R = O(1). We further show
that Price’s algorithm fails to produce such a vector even when the rows in our hard instance are

2We say that the value (u, v)? denotes the correlation between unit vectors u and v.
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ordered uniformly at random, showing that even randomly ordered streams can be hard to solve for
variants of Oja’s algorithm.

In this work, we focus on algorithms that work on worst case inputs A while assuming that the
rows of A are uniformly randomly ordered. This model is midway between the i.i.d. setting and the
arbitrary order stream setting in terms of the generality of streams that can be modeled. We note
that a number of works [MP80, GMV05, CCM08, GM09, AS23b] have previously considered streaming
algorithms and lower bounds for worst case inputs with random order streams, as it is a natural
model often arising in practical settings. Our algorithms are parameterized in terms of the number
of heavy rows in the stream. We define a row a; to be heavy if ||a;||2 > ||Allr/+/d - polylog(d). Note
that in any stream of rows, by definition, there are at most O(d - polylog(d)) heavy rows. We state
our theorem informally below:

Theorem 12.1.1. Letay, ..., a, € Rbea randomly ordered stream and let A denote the n X d matrix with
rows given by ay, . . ., an. If R = 21 (ATA) /A, (ATA) > C for a large enough constant C and the number of
heavy rows in the stream is at most h, then there is a streaming algorithm using O(h - d - polylog(d)) bits of
space and outputting a unit vector 9 satisfying

(6,01) > 1 - 0(1/VR)

with a probability > 4/5.

Our algorithm is a variant of the block power method. Along the way, we also improve the gap
requirements in the results of Price [Pri23]. We show that by subsampling a stream of rows, Price’s
algorithm can be made to work even when the gap R is Q(log® d) in arbitrary order streams, im-
proving on the Q(log n - log d) requirement in Price’s analysis. We also show that in random order
streams, a gap of Q(log d) is sufficient for Price’s algorithm, though our algorithm improves on this
and works for even a constant gap.

Similar to the lower bound of Price, we show that any algorithm for random order streams must
use Q(h-d/R) bits of space to output a vector 9 satisfying (9, v1)? > 1—1/CR? where Cis a constant.
We summarize the theorem below.

ol (A)? _
nay = R

Let h be the number of heavy rows in the stream. Any streaming algorithm that outputs a unit vector 0 such
that

Theorem 12.1.2. Consider an arbitrary random order stream ay, . . ., a, with the gap parameter

(6,01)> > 1 —1/CR?

for a large enough constant C, with a probability > 1 — (1/2)%*! over the ordering of the stream and its
internal randomness, must use Q(h - d/R) bits of space.
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Techniques. The randomized power method [Gu15] algorithm to approximate the top eigenvector
samples a random Gaussian vector g and iteratively computes the vector v = (ATA)!g> for t =
©(log d) iterations and shows that when the gap R is large, v/||v]|, is a good approximation for v;.
Thus, the algorithm needs to see the quadratic form AT A multiple times and hence, it cannot be
implemented in the single-pass streaming setting considered here.

Assume that the stream is randomly ordered and that there are no heavy rows. Our key observa-
tion is that if the stream is long enough, then we can see t approximations BJ.TB ;* of the quadratic
form AT A. Here the matrices By, . .., B; are formed by sampling and rescaling the rows of the ma-
trix A and importantly, the rows of By, ..., B; do not overlap in the stream, that is, they appear one
after the other. Thus, we can computev’ = (Bl B;) - - - (BITBl) - g for the starting vector g in a single
pass over the stream. We prove that such matrices B; exist using the row norm sampling result of
[MI10]. Now, the main issue is to show that o’/||v’||, is a good approximation to the top eigenvector
v1. We crucially use a singular value inequality of [WX97] to prove that ||BJ.TB ;= ATA|, < |lA|12
for all j suffices for o’/||0’||, to be a good approximation to v;.

The above analysis assumes that there are no heavy rows. Indeed, suppose that a matrix A has a
row a with a large Euclidean norm which is orthogonal to all the other rows. Also assume that the top
eigenvector of the matrix A is in this direction. Since, the matrices By, . . ., B; are non-overlapping
substreams of the matrix A, at most one of the matrices B; can have the row a and hence the vector
v’ /||v’||2 will not be a good approximation to a/||a|2, the top eigenvector. Thus, we need to handle
the heavy rows separately. We show that, by storing all the rows with a Euclidean norm larger than
|Al|r/ \/W and running the above described algorithm on the remaining set of rows, we
can obtain a good approximation to the top eigenvector.

Our lower bound (Theorem 12.1.2) shows that any single-pass streaming algorithm must use
space proportional to the number of heavy rows, and therefore our procedure that handles the heavy
rows separately gives near-optimal bounds.

Finally, the row norm sampling technique of [M110] serves as a general technique to reduce the
number of rows in the stream while (approximately) preserving the top eigenvector. We use this
observation to improve the R = Q(logn - logd) for arbitrary streams in [Pri23] to R = Q(log? d).
We then show that assuming a uniformly random order, the analysis of [Pri23] can be improved to
show that R = Q(log d) suffices. Thus, for random order streams, techniques before our work can
be used to approximate the top eigenvector when the gap R = Q(logd). Our work improves upon
this to give an algorithm that works for streams with R = Q(1).

Organization. We first introduce the row-norm sampling procedure to obtain approximate quadratic
forms. The proof is a slight modification of that of [M110]. The only difference is that we instead con-
sider a version that samples each row in the input independently with some appropriate probability

Note that ATA - v = ¥ ;{a;,0)a;.
“We use bold symbols to denote random variables.
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and keeps the rows that are sampled after scaling appropriately. We then introduce and analyze our
block power iteration algorithm when all rows have same Euclidean norms, and then extend it to
the general case, which is our main result. Finally, we provide a lower bound showing that Q(td/R)
bits of space is necessary to obtain constant correlation with the top eigenvector.

12.2 Power Method with Approximate Quadratic Forms

In this section, we present and analyze our algorithm for approximating the top eigenvector of AT A
when the rows of A are presented to the algorithm in a uniformly random order.

We first show a row sampling technique that reduces the number of rows in the stream. The row-
norm sampling technique for approximating the quadratic form AT A with spectral norm guarantees
was given by [MI110]. The technique works irrespective of the order of the rows.

12.2.1 Sampling for Row Reduction

Theorem 12.2.1. Let A be an arbitrary n X d matrix. Given p € [0, 1]", let Q be an n X n diagonal matrix
such that for each i € [n], we independently set Q;; = 1/+/p; with probability p; and 0 otherwise. If for all i,

pi = min (1 C laill logd)
T " e2||All ’
then with probability 1 — 1/poly(d), ||[ATA — ATQTQA||, < e||All5. With probability at least 1 —
1/poly(d), the matrix Q has at most O(e™%p log d) non-zero entries, where p = ||A||% /NAl|% denotes
the stable rank of matrix A.

Proof. Let X; denote an indicator random variable which denotes if Q;; is nonzero. Note E[ X;] = p;
and X3, ..., X, are independent. Define a d X d random matrix Y; = (X;/p; — 1)a,-aiT, where q;
denotes the i-th row of A. We note that

n n
ATA-ATQTQA =Y (Xi/pi - Daa] = ) Y.
i=1 i=1

We use the Matrix Bernstein inequality [Tro15] to bound || 33, Y;||2. We first uniformly upper bound
IYil|2. If p; = 1, by definition ||Y;||, = 0 with probability 1. Let p; # 0. Then, ||(X;/p; — 1)aia:-r||2 <
||a,-aiT||2/pl- < ¢*||Al|3/C log d with probability 1.
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We now bound || 3; E[Y?]|],.

D EIV]

Z E[(1/p: — )] llail2aial

> (/pi - Dllaillfasal

i:pi>0
20| 112
el All; 2 T
= Z m”aillzaiai
24, Cllalog
ENAIZ ¢
~ Clogd

which implies || X, E[Y?] ||, < €*|All3/(C log d). Now, we obtain

: £*||All3/2
Pr{l| > Yill > £l All3] < 2d - exp | -——— .
i e2||All3/(Clogd) + ¢3||Al|%/(3Clog d)
Clogd
<2d- o .
- eXp( 2(1+e/3))

IfC > 6(1+¢/3), thenPr[|| X; Yill2 > €||All5] < 1 — 2/d* which implies that with probability
> 1-2/d% ||ATA - ATQTQA]|; < el All2.

Now, the number of non-zero entries in the matrix Q is equal to }}; X;. We note E[}}; X;] <
Ce™?p - logd. By a Chernoff bound, we obtain that }; X; = O(¢7%p - logd) with probability >

1 - 1/poly(d). O

Note that given the value of ||A||,, the sampling procedure in this theorem can be performed in a
stream. Additionally, as the original stream is uniformly randomly ordered, the sub-sampled stream
is also uniformly randomly ordered assuming that the sampling is independent of the order of the
rOWS.

Given that all the non-zero entries of the matrix have absolute value at least 1/poly(nd) and at
most poly(nd), we have that ||A|3 lies in the interval [1/poly(nd), poly(nd)]. Thus, we can guess
the value of ||A||5 as 2'/poly(nd) for i = 0,...,0(log(nd)) and one of these values must be a 2-
approximation for ||A||%, and thus sub-sampling the rows using that guess satisfies the conditions
in the above theorem. We can run the streaming algorithms on all the streams simultaneously to
obtain O(log nd) vectors uy, . .., uo(logna) as the candidates for being an approximation to the top
eigenvector. From Theorem 12.2.1, the candidate vector u; computed on the stream obtained by
sampling the rows with the correct probabilities is a good approximation to the top eigenvector, and
therefore ||A - u||, is large for that value of j. Thus, the vector u; with the largest value ||A - u;]|; is
a good approximation for the top eigenvector v,. If G is a Gaussian matrix with O(e~2 log d) rows,
then for all u;, we can approximate ||A - u;|[, up to a 1 + ¢ factor using ||G - A - uj]|, using the
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Johnson-Lindenstrauss lemma. Additionally, the matrix G - A can be maintained in the stream using
O(&72 - dlog d) bits (when we see a row a;, we sample an independent Gaussian vector g; and add
gial.T to an accumulator to maintain G-A). Thus, at the end of processing the stream, we can compute
a vector u; that has a large value ||A - u||2, and hence is a good approximation for v;.

If we can process each created stream using s bits of space, then the overall space requirement
is O(s - log(nd) + d - polylog(d)) bits, using O(s) bits for each guess for the value of ||A]|3 and
O(d - polylog(d)) bits for storing a Gaussian sketch of the matrix with ¢ = 1/polylog(d).

12.2.2 Random-Order Streams with bounds on Norms

Algorithm 12.1: Approximate Eigenvector for Streams with no Large Norms
Input: An n X d matrix A with n = Q(5 - p(A) - log?® d/€%), max; lla;]|2/min; [|a;||3 < n
Output: A vector z

1t « [Cylogd]

2 Compute G - A in the stream where G is a Gaussian matrix with O(¢72 log d) rows

3 forp =1,2,4,...,d simultaneously do

s | p e Copplogd/ne /1 p <1/(5t) for p <2-p(A)

5 z, ~ N(O, 1)d

6 forj=1,...,tdo

7 y; < Bin(n, p)

8 if y; > 2np then
9 ‘ return L

10 end

// The matrix Aj-(an):j-(an)+yj corresponds to B; in the analysis.

11 acc < 0
12 fori:(j—l)-(2np)+1,...,(j—1)-(2np)+yjdo
13 ‘ acc « acc +{a;, z,) - a;
14 end
// Here acc = BJ.Tszp
15 z, « acc
16 Zp Zp/“zp”z
17 end
18 end

19 returnargmax,c(, , .. ..y [1(G-A)z|;

We now present the analysis of the block power method for random order streams assuming that
the Euclidean norms of all the rows in A are close to each other. We later remove this assumption.
Suppose there exists a parameter 5 such that (max; [|a;||2)/(min; [|a;]|3) < n.1fn is close to 1 then
all the rows in the stream have roughly the same norm.
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Let p = Cnplog(d)/e?n. We can see that for any row a; in the stream,

112 A 2 n
|2|az||22 logd < Cr]”z ||F/2 logd
e[| All; 2| All;

- Cnplogd .

C <
ne?

Thus, p is greater than the probability with which we need to sample each row in the row-norm
sampling result in Theorem 12.2.1. Now if we perform such a sampling of the rows of A, we sample
Bin(n, p)° number of rows, which is tightly concentrated around np = ¢2Cnplogd. Thus, if we
tirst sample y ~ Bin(n, p) and then consider the first y number of rows in the random order stream,
then we will have sampled from a distribution satisfying the requirements in Theorem 12.2.1 and
can therefore obtain a matrix B such that

IBTB - AT Al|; < ]| All%.

Thus, assuming that the rows appear in a uniformly random order lets us show that the first y rows
of the stream can be used to compute an approximation to the quadratic form AT A. We will now
show that we can obtain O(log d) such quadratic forms in the stream given that the stream is long
enough.

Assume that the number of rows in the stream n = Q(np log? d/¢%). We partition the stream
into t = ©(logd) groups as follows: the first 2np rows are placed in the group 1, the second 2np
rows are placed in the group 2, and so on. Note that since n = Q(np log? d/¢?), we can form t such
groups. Since the rows are uniformly randomly ordered, the joint distribution of the rows appearing
in group 1 is the same as that of the joint distribution of the rows appearing in group 2 and so on.
Lety,,...,y, ~ Bin(n, p) be drawn independently. With probability > 1 — 1/poly(d), we have
y; < (3/2)npforalli.Fori = 1,...,t, let B; be the matrix formed by the first y, rows in group i.
Using a union bound, we have that with probability > 1 — 1/poly(d), foralli=1,...,t,

1
|ATA - ;B?Binz < el|AJl2.

Conditioned on the above event, we will now show that running the power method on the blocks
By, ..., B; lets us approximate the top singular vector of the matrix A.

Assumption 12.2.2. We assume that o;(A)/02(A) > 2.

Lemma 12.2.3. Lete > 1/poly(d) beanaccuracy parameterandt = Q(log d) be the number of iterations.
Let ¢ < c¢/t? for a small constant c. Suppose By, . . ., By all satisfy || ATA — B]-Tlelz < ¢||A|l5 fore < 1/5.

>Bin(n, p) denotes the binomial distribution with parameters n and p.
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If g is a random vector sampled from the Gaussian distribution, then the unit vector

5 _(BiB)---(ByBi)g
I(B/B:) - - (B} B)gll2

satisfies

1

A \2
0,01) > ————
.00 1+C'te

with probability > 9/10 for a large enough constant C’. Here vy denotes the top right singular vector of the
matrix A.

Proof. Define M = (B!B,) - (B?Bl). Our strategy is to show that if v, is the top singular vector
of the matrix A, then ||UITM ||z is comparable to ||M||F given that o1(A)/02(A) > 2. We can then
prove the lemma using simple properties of the Gaussian vector g.

For an arbitrary j, let (B;.FBj)vl = av; + A where A L 0v;. We note that vlT(BJTBj)Ul = a. We
have a = v;FBjTijl > (1-¢)o1(A)? using the fact that ||B].TB]- — ATA|l; < e||All2and o] AT Av, =

01(A)? = ||A||3. If we show that A is small, then the vector (B].TB j)vy is oriented in a direction very
close to that of v;. Note that

I(B} Bj)uillz < |IB} Bjllz < (1+€)a1(A)°

and ||(BJ.TBj)01||§ = a® + ||A||2 which implies [|A|2 < ((1+¢)* = (1 —¢)*)o1(A)* = 4¢- 01(A)* and
thus ||Al; < V4eo;(A)?. Now,

||MT01||2

= l|(By B1) -+ (BiL,Br—1) ((B{ Bror, v1)o1 + A1) |

> (B} Bioy,01)||(B{ By) -+ - (BL By—1)v1ll2 = [I(B{ By) - -+ (B Be—t) ll2l| As 2

> ((1-&)o1(A)*)(BI By) -+ (B Bi_1)vi ||z — (Vaeo1 (A)*)[|(B{ By) - - - (B By-1) 2.

Expanding similarly, we obtain
IM o1l > (1= ) 01(A) - tVae(1+2)' " o1 (A)*.

Assuming ¢ < ¢/t for a small constant ¢, we note that (1 — )’ > (1 — 2te) and (1 +¢)" < (1 + 2te)
which implies

M oyll; = 1[(BY By) -+ (Bf B)vll2 > (1 — 2te — 4tVe) o1 (A)*.
We shall now show a bound on |M||g = ||(B}B,) - - (BITB1)||F which lets us show that the unit
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vector ¢ is highly correlated with v;. To bound the quantity || M||r, we first note the following facts:

1. B Bjll2 < (1+¢)01(A)? and
2. 0y (BJ.TB]') < 03(A)? + £01(A)? < (1/4 + )01 (A)? by our gap assumption.

Now, we use the following theorem.

Theorem 12.2.4 ([WX97, Theorem 3(ii)]). For any r > 0 and any matrices Ay, . .., Ay,

Z(Ui(Al e Ap)" < Z 0i(A)" -+ 0i(Ar)".

Applying the above theorem with r = 2, we obtain
I(BfBy) -~ (BB I} < (14 )% 01(A)* + (d = 1)(1/4+ )01 (A)"
d
< (1 + 4t€)0'1 (A)4t + §O'1 (A)4t.

When ¢ > 3log(d/e), we have [|(B}By) --- (BI B[4 < (1 + 4te + £)o1(A)*. We now use the
following lemma.

Lemma 12.2.5. Let g be a Gaussian random vector with each of the components being an independent stan-
dard Gaussian random variable. Let 5 = Mg/||Mgl||2. For any unit vector v, with probability > 4/5,

1
IMIIE—lIMToll?
T, 112
1Mol

(6, v)|* >
1+C

for a large enough universal constant C.

Proof. Since v is a unit vector, we can write || Mg||? = [oTMg|? + ||(I — voT)Mg]||2. Hence, we have

T
(ot = M
’ Mgz Id=eeDMgl;
loTMg]?

We now note thatoT Mg ~ N (0, [|MT0||2) and E[||(I-v0™)Mg||3] = tr(MT (I—v0T)M) = |M||% -
IMTo ||2. By a union bound, with probability > 4/5, we have

17— 00" Mgll5 _ IMIE - |MTo]|2
loTMg|? B IMTo]|2
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for a large enough constant C. Therefore, with probability > 4/5, we get that

1
N 2
0,0 > . O
148,01 1+ CIIMII%—IIMTUIIE
IMTo||2

Applying the above lemma for M = (BL'B,) - - - (BlTBl) and v = v, we obtain

1

. 2
0,0 > —
@)l =2 e

with probability > 4/5. O

Ift = ©(log d) and 1/poly(d) < ¢ < ¢/(log d)?, then the above lemma shows that 9 has a large
correlation with the top singular vector v;. Using this lemma, we show that Algorithm 12.1 can be

used to obtain an approximation for v; in random order streams with bounded norms.

Ma:l2
Theorem 12.2.6. Let @ > 1/poly(d) be an accuracy parameter. Let nj be a parameter such that —— Ll

min; [|a; [} ~
1. If the number of rows in the streamn = Q(a™* - p(A) - 5 - log® d), where p(A) = ||A||%/||A||§ and
the rows in the stream are ordered uniformly at random, then we can compute a vector 0 using the block power
method that satisfies

(o, )" > 1~ 3a

with probability > 4/5 if 51 (A) /o2 (A) > 2. The algorithm uses O(d - polylog(d)/a*) bits of space.

Proof. Set ¢ = a®/Clog? d for a large enough constant C. Assuming n = Q(a*pn log® d), we have
n = Q(e %pn log? d). Now consider the execution of Algorithm 12.1 on matrix A, with parameters
nand e. Let p = 2/ be such that p(A)/2 < p < p(A), and consider the execution in the algorithm
with parameter p. Using Theorem 12.2.1, with probability > 1—1/poly(d), the algorithm computes
t matrices By, ..., B; such that for all j € [¢],

1
|5§m—AMMSﬂm@

Noting that z, = (B?Bt) e (BITBl)g/ll(BtTBt) e (BlTBl)gHz, by Lemma 12.2.3, we have with
probability > 9/10 that

>1-a.

2
Z,,0 > — 2>
@ 0n) 1+ C'tyfe

Thus, for p which satisfies p(A)/2 < p < p(A), the algorithm computes a vector z, that has a large
correlation with the vector ;. Since the algorithm does not know the exact value of p, it computes
an approximation for ||Az||3 forall z € { 21,22, z4, . . ., 24 }. First, we condition on the fact that with
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probability > 1—1/poly(d), for all z;, |GAz;||5 = (1 +¢)||Az;||3. Since (z,, v1)* > (1—a), we note
that |GAz,||5 > (1 — ¢)(1 — a)o1(A)*. Now, for the vector z returned by the algorithm, we have
|Az||?2 > (1 — O(¢))(1 — @)1 (A)? which implies that

O'l(A)2
R

(z,01)% - 01(A)* + (1 - (z,01)%) > ||Az]|3 = (1 — a — O(e))o1(A)?

and therefore (z,v;)? > 1 — 3a since R > 2. |

12.2.3 Random Order Streams without Norm Bounds

Assuming that the random order streams are long enough, Theorem 12.2.6 shows that if all the
squared row norms are within an 7 factor, then the block power method outputs a vector with a large
correlation with the top eigenvector of the matrix AT A. For general streams, the factor 5 could be
quite large and hence the algorithm requires very long streams to output an approximation to vy.

If there are no heavy rows, i.e., rows with a Euclidean norm larger than ||A||r/ \/W ,
then the row norm sampling procedure in Theorem 12.2.1 can be used to convert any randomly
ordered stream of rows into a uniformly random stream of rows that all have the same norm. The row
norm sampling procedure computes a probability p; = min(1, Ce~?||a;||5 log d/||Al|3) and samples
the row a; with probability p;. If sampled, then the row a; is scaled by 1/+/p;. From Theorem 12.2.1,
we have that the top eigenvector of the quadratic form of the sampled-and-rescaled submatrix is a
good approximation to the top eigenvector AT A when the gap R is large enough. Suppose p; < 1.If
the row q; is sampled, we then have

ellAll2

\Clogd

Thus, if p; < 1 for all i, then all the sampled-and-rescaled rows have the same Euclidean norm and

llai/Vpill2 =

therefore, we can run the algorithm from Theorem 12.2.6 by setting = 1. Note that p; = 1 only
if ||la;]|2 > €*||Al|%2/Clog(d). Since we assumed that there are no heavy rows, there is no row with
pi = laslongase > 1/polylog(d). Thus, using Theorem 12.2.6 on the row norm sampled sub stream
directly gives us a good approximation to the top eigenvector. However, in general, the streams can
have rows with large Euclidean norm. We will now state our theorem and describe how such streams
can be handled.

Theorem 12.2.7. Let A be an n X d matrix with its non-zero entries satisfying 1/poly(d) < |A;j| <
poly(d), and hence representable using O(log d) bits of precision. Let R = 01(A)?/02(A)?. Assume 2 <
R < Cylog? d. Let h be the number of rows in A with norm at most ||A||F/\/W, where we use
polylog(d) = log®* d for alarge enough universal constant C,. Given the rows of the matrix A in a uniformly
random order, there is an algorithm using O((h + 1) - d - polylog(d) - log n) bits of space and which outputs

a vector 9 such that with probability > 4/5, 6 satisfies (6, v1)? > 1 — 8/VR, where vy is the top eigenvector
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of the matrix AT A.

Proof. Partition the matrix A into Ajghe and Apeayy, Where Apeayy is the submatrix with rows a; such
that ||a;||l2 > [|Allr/+/d - polylog(d) and Ajgp, is the remaining rows. From our assumption, the
number of rows in Apeayy is at most h. Note that given a uniformly random stream of rows of A, we
can obtain a uniformly random stream of rows of Ajigp,¢ by just filtering out the rows in Apeayy.

Suppose, [|Aneavy - 01ll2 = (1 = P)||A|l2 for a parameter f3 to be chosen later. Let v] be the top
singular vector of the matrix Ape,yy. Note

) 2 2 2 2
1A 013 2 Aneavy - 01115 2 [[Aneary - 01115 = (1= H*IAII5

and therefore we have (v, 01)2 > 1 — 4B, assuming R > 2. Thus, while processing the stream, we
can store all the heavy rows and at the end of the stream compute the top right singular vector of
Aheavy, in order to obtain a good approximation for v;.

Suppose || Aneavy-v1llz < (1-B)|IAll2. This implies [|Ajgne-01115 > I|ANI5= 1| Aneavy-v1l3 > B-IIAll5-

If we set § > 2/R, we have

2
01(Alight) 5 BIIAII; S
o2 (Alight)? ~ 02(A)?

Let v} be the top singular vector of Ajig,.. We will describe how to approximate v]. Consider applying
the row norm sampling procedure with parameter ¢ to the matrix Ajigy. Given a row a; € Ajigp; the

corresponding sampling probability p; is given by

_ Clogd-Jlaifl; _ Clogd- IAlI%/(d - polylog(d)) - C
L Agnell} 2 BIIAL ~ B polylog(d)

Assuming that €2 > 1/polylog(d), we obtain that p; < 1 for all the rows in the matrix Ajgp. Let
Bjight be the matrix obtained after applying the row norm sampling procedure to the matrix Aj;gps.
Note that p(Bjight) = p(Ajight) and the number of rows in Bijgy is ©(p(Ajight) - logd - £72), and
therefore ©(p(Biigh) - log d - £72). Setting e = a?/ 10g5/ 2 d, we obtain that the number of rows in the
matrix Bjigy: is ©(a* - p(Bygt) - log® d) and thus assuming e24? = a*$?/log” d > 1/polylog(d),
we can use Theorem 12.2.6 to obtain a vector 9 satisfying

(6,07)* > 1 - 3a.

We will now show that o] has a large correlation with v; which then implies 4 has a large correlation
with oy. Since [|Ajgnellz > 1All2 = |Aneavyll2 > BlIAll2, lAsgnellz = llAtigne - 91113 > BIIAI3. Consider

287



the following upper bound on || Ajigp; - v |3

2 2 T 2
| Atightll5 = Il Atight - 01115 = Il Atight - ({07, v1) - 01 + (I = 0107 )o))|l;
T
= ||<UlsU;>Alight ! +Alight(I — 010 )01”%
T
< (1+40) - (o1,07)% - |Aigne - 01115 + (1 +1/0) - | Ajge (I — 0107 )01 |3

for any 6 > 0. Using the fact that the rows of the matrix Ajgy are a subset of the rows of the matrix
A and that ||A(I — vlz}lT)llz = 05(A) = 01(A)/VR, we have

0_2

1 Atightll; < (1+0) - (1,01)° - [|Asgnell5 + (1+1/6) - El (1= (v1,07)%)

= (01, 01)*((1+0) - lAugntll = (1+1/60)07/R) + (1+1/0) - o7 /R

which implies

2 [ Asignell — (1+1/6) - o7 /R 0 - || Atight I3
(01,07 2 2 2 1T 2 2
(1+0) || Avignellz — (1+1/6)07/R (1+0)[|Asignell; = (1+1/60)07 /R
6

>1-
1+0—-(1+1/6)/RB

using the fact that ||Alight||2 > ﬁzaf. Now assuming Rf > 1 and picking 6 = 2/(Rf — 1), we obtain

4Rp 4
V>l — > 1 —.
<01501> = (1+Rﬂ)2 = Rﬂ
We therefore have
4
(6,01)> >1- Rp 4a. (12.1)

Setting f = 1/VR and & = 1/VR, we satisfy all the requirements assuming that R < polylog(d)
and obtain a vector 9 satisfying (9,0;)% > 1 — 8/VR. When | Abeavyllz = (1 = P)IIA|l2, we already
have a vector v" = top eigenvector of Ape,yy that satisfies (9, 01)2 > 1 —4f > 1 — 4/VR. Thus, in
both the cases, we obtain a vector o satisfying (5,v;)? > 1 — O(1/VR).

The procedure described requires knowing the approximate values of || A|| g, || Aight ||2. Since, we
assume that all the non-zero entries of the matrix have an absolute value at least 1/poly(d) and
at most poly(d), the values [|A|F, || Ajignt||2 lie in the interval [1/poly(d), poly(nd)]. Hence, using
O(log nd) guesses each for ||A||r and [|Ajign||2 and using a Gaussian sketch of A similar to that in
Algorithm 12.1, we can obtain a vector satisfying the guarantees in the theorem. O
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12.3 Lower Bounds

our algorithm uses O(h - d) space when the number of heavy rows in the stream is h. We want to
argue that it is nearly tight. We show the following theorem.

Theorem 12.3.1. Given a dimension d, let h and R be arbitrary withR < h < dand R*> - h = O(d).
Consider an algorithm o1 with the following property:

Given any fixed matrix n X d matrix A with O(h) heavy rows and gap o1(A)?/02(A)? > R, in the form of a
uniform random order stream, the algorithm i outputs a unit vector 0 such that, with probability
> 1 — (1/2)*** over the randomness of the stream and the internal randomness of the algorithm,
<6, 01)|* > 1 —¢/R%
If ¢ is a small enough constant, then the algorithm sd must use Q(h - d/R) bits of space.

The theorem shows that a streaming algorithm must use Q(hd/R) bits of space assuming that
with high probability, it outputs a vector with a large enough correlation with the top eigenvector
of AT A when the rows are given in a random order stream.

Our proof uses the same lower bound instance as that of [Pri23]. The key difference from Price’s
proof is that our lower bound must hold against random order streams.

Proof. For each i € [h], let xy,...,x), be drawn independently and uniformly at random from
{+1,-1}% Leti ~ [h] be drawn uniformly at random, and for an integer k to be chosen later,
lety,,...,y, € R be vectors that share the first (1 — y)d coordinates with the vector x;. Each of

thelast y - d elements of each of y;, . . ., y;. are sampled uniformly at random from the set { +1, -1 }.
Define zy, ..., zpsk such that for j < h,z; = x;jand for j > h,letz; =y, .
Now consider the stream zi, .. ., Zp4. Price argues that when k > 4R, the gap of this stream

is at least R with large probability over the randomness used in the construction of the stream. Let
7 : [h+k] — [h+k] be auniformly random permutation independent of i. Consider the following
event €:

(i) <h/2andw(h+1),...,n(h+k) > h/2.

We have that the probability of the event € is

hj2+k h/2+k—1  h/2+1 h/2

. k+1
h+k h+k-1 h+1 h = (172"

Let S; be the set of permutations 7 that satisfy the above event. Therefore, we have Pr, [z € S;] >
(1/2)*+1, If the probability of failure, 8, of the algorithm o satisfies § < (1/2)K**, we have that

Prn, internal randomness [d succeeds on Zx(1)> - - - 5> Za(h+k) | T E Sl] 2

3
4
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Let sy,iq be the state of the algorithm after h/2 steps and sg, be the final state of the algorithm. The
randomness in sg, is from the following sources: (i) randomness of the vectors x, . . ., xp, (ii) the
index i € [h], (iii) the vectors y,, . . ., y, (iv) the permutation s, and (v) the internal randomness of
the algorithm. From here on, condition on the event 6, i.e., that the permutation st € S;. We will not
explicitly mention that all entropy and information terms in the proof are conditioned on ‘€. Since
(i) < h/2, we have

Sfin is conditionally independent of x;[(1 —y) - d + 1 : d] given syq-
Using the data processing inequality, we obtain that
I(smigs xi[ (1 —y) -d+1:d]) 2 I(spn; x:[(1 —y) - d+1:d]).

When h < c¢d/R*, k = 4R,y = 1/4and ¢ < c¢/k? for a small constant, we have as in the proof of
Theorem 1.3 in [Pri23] that,

I(sfin; x:[(1—y) -d+1:d]) > Q(d/R)
which now implies
I(smig; xi[(1—y) -d+1:d]) =2 Q(d/R).

Note that conditioned on the event €, the distribution of i is uniform over { #71(1),..., x71(h/2) }.

We now prove the following lemma:

Lemma 12.3.2. LetY,..., Y, be independent random variables. Let i ~ [£] be a uniform random variable
independent of X. We have

IX5Y)+--+I1(X;Y,) > - (I(X;Y;) = log, ).
Proof. By definition, we have
I(X;Y;) = H(Y;) - H(Y; | X).

Now, we note that H(Y;) < H(Y;,i) = H(i) + H(Y; | i) = log, ¢ + w We now lower

bound H(Y; | X). Since conditioning always decreases entropy, we obtain

HY;|X)>H(Y;|iX).
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As X is independent of i, we have

HY; | X)+---+H(Y, | X)

H(Y;|X)>H(Y;|iX) = )

which then implies

H(Yy)+---+H(Y,) HY,[X)+---+H(Y,|X)

¢ ¢
I(X;Y)+--+1(X;Yy)

4

I(X;Y;) <H()+

< H(i)+

Since H(i) = log, ¢, we have the proof. O

Using this lemma,

I(Smids Xzt 1y [(L—y) -d+1:d]) + -+ + [(Smids X p-1(n/2) [(1 = y) - d +1:d])
= (h/2) - I(Smigs xi[(1 —y) - d + 1:d] —log,(h/2))
> Q(hd/R) - hlog, h.

Lemma 12.3.3. If X, Y are independent, then I(Z ; (X,Y)) > I(Z; X)+1(Z; Y).

Proof.

I(Z; (X,Y)) =H((X,Y)) —-H((X,Y) | Z)
—H(X)+H(Y) -H(X,Y) | Z).

Now, we note that for any three random variables X,Y, Z, we have H((X,Y) | Z) < H(X | Z) +
H(Y | Z) which proves the lemma. O

Using the independence of x1, . . ., x;, conditioned on the event ‘€, we obtain
I(Smigs (X 1y [(A=y) -d+1:d],.... Xz 1y [(1—y) -d+1:d])) > Q(hd/R) — hlog, h
which then implies
H(Smig) = Q(hd/R)

using the fact that R? - h = O(d). Finally, we have max |s,,iq| > Q(hd/R). Here |s 4| is the number
of bits used in the representation of the state s,;q. |
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12.4 Improving the Gap Requirements in Price’s Algorithm

12.4.1 Arbitrary Order Streams

As discussed in Section 12.2.1, we can guess an approximation of ||A||5 in powers of 2 and sample
at most O(d log d/&?) rows in the stream to obtain a matrix B, in the form of a stream, satisfying
IBYB — ATA||, < €]|Al|2, with a large probability. Using Weyl’s inequalities, we obtain that

02(BYB) < 0,(ATA) +¢||A]l? and o1(BTB) > (1 -¢)01(ATA)

implying R’ = 01(B)?/05(B)? > (1 —¢)/(1/R+¢).Fore = 1/(2R) < 1/2, we note R’ > R/3. Let
n’ = O(R? - dlogd) be the number of rows in the matrix B and note that R = Q(logn’ - log d)
assuming R = Q(log® d). Hence, running Price’s algorithm on the rows of the matrix B, we compute
a vector ¢ for which

logd 1

A I\|2 >1-—
6, 0" 2 CR"  poly(d)

with a large probability, where v} is the top eigenvector of the matrix BT B. We now note that if
v denotes the top eigenvector of the matrix AT A, then |(vy, o})|* > 1 — O(1/R) which therefore
implies that with a large probability,

logd

N 2 > 1_
(@onf 2 1- 2

Thus, sub-sampling the stream using row norm sampling and then running Price’s algorithm, we

obtain an algorithm for arbitrary order streams with a gap R = Q(log® d).

12.4.2 Random Order Streams

Lemma 3.5 in Price’s proof can be tightened when the rows of the stream are uniformly randomly
ordered. Specifically, we want to bound the following quantity:

n
Z(ai, Po;_1)?
i=1

where P =1 - UlvlT denotes the projection away from the top eigenvector, and 9;_; is a function of

U1, 4y, ..., 4;—1. We have

E[(a;, Pd;-1)*] = E[E[{a;, P6;—1)° | a1,. .., ai_1]].
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Given that the first i — 1 rows are aj, . . ., a;_1, assuming uniform random order, we have

. O .
E[{a;, Pvi—1>2 | ai,...,ai1] = mULP(ATA - ala1T - ai—laiT—1)P0i—1

02(14)2
T n—-i+1

Hence, E[(a;, Pb;_1)*] < 02(A)?/(n—i+ 1) and E[X1{a;, Pd;_1)*] < 02(A)*(1 + logn). Price
defines n-02(A)? as 0, and in that notation, we obtainn »."_, {a;, Pd;_1)* < 1002(1+log n) with prob-
ability > 9/10 by Markov’s inequality. In the proof of Lemma 3.6 in Price’s manuscript, if o1/02 >
20(1+1log, n), we obtain log [|v,]|2 = o1. Now, o7 > O(log d) ensures that the Proof of Theorem 1.1
in Price’s manuscript goes through.

Using the row-norm sampling analysis from the previous section, we can assume n = poly(d)
and therefore a gap of O(log d) between the top two eigenvalues of AT A is enough for Oja’s algo-
rithm to output a vector with a large correlation with the top eigenvector in random order streams.

12.5 Hard Instance for Oja’s Algorithm

At a high level, Price’s algorithm runs Oja’s algorithm with different learning rates n and in the event
that the norm of the output vector with each of the learning rates 1 is small, then the row with the
largest norm is output. The algorithm is simple and can be implemented using an overall space of
O(d - polylog(d)) bits.

The algorithm initializes zy = g where g is a random Gaussian vector. The algorithm streams

through the rows ay, . . ., a, and performs the following operation
zi — zi-1 1 (zi-1, Gi)ai

The algorithm computes the smallest learning rate n when ||z, || is large enough, and then outputs
either z,/||zn||2 or @/ ||d||; as an approximation to the eigenvector of the matrix AT A. Here a denotes
the row in A with the largest Euclidean norm.

The following theorem shows that at gaps < O(log d/loglog d), we cannot use Oja’s algorithm
with a fixed learning rate 7 to obtain constant correlation with the top eigenvector.
Theorem 12.5.1. Given dimension d, a constant ¢ > 0, a parameter M, for all R = O.(log d/loglogd)
there is a stream of vectors ay, . . ., a, € R? withn = O(R + M) such that:

1. 01(A)?/02(A)? > R/2, and

2. 0ja’s algorithm with any learning rate n < M fails to output a unit vector 9 that satisfies, with proba-

bility > 9/10,

(6, 01)] > ¢
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where vy is the top eigenvector of the matrix AT A.

Moreover, the result holds irrespective of the order in which the vectors ay, . . ., a, are presented to the Oja’s
algorithm. We will additionally show that even keeping track of the largest norm vector is insufficient to output

a vector that has a large correlation with v;.

Proof. Our instance consists of the following vectors:

1. R copies of the vector (1/VR)e;,
2. 1 copy of the vector (1/VR — ¢)e, and
3. «a copies of the vector (1/Vea - R)es, where a = 2M.

Let A be a matrix with rows given by the stream of vectors defined above. We note that the matrix A
has rank 3 and the non-zero eigenvalues of the matrix AT A are 1, 1/(R — ¢), 1/R and therefore the
gap A1 (ATA)/A;(ATA) = R — &. The top eigenvector of the matrix AT A is e; and the row with the
largest norm s (1/VR — ¢)e,. Thus, the row with the largest norm is not useful to obtain correlation
with the true top eigenvector e;.

Consider an execution of Oja’s algorithm with a learning rate 1 on the above stream of vectors.
The final vector z, can be written as

n o 1\k N r\* 1 T
Zy = (I+ Eelel ) (I+ %6363 ) (I+ R eze, | vg.
For j € [d], let z;; denote the j-th coordinate of the vector z; so that we have

R
Zn1 = (1 + %) * 201,

Zny = (1 + erg) -Zg2, and
(04
Zn3 = (1 + 1%) * 203

We note that z,,; = zg; for all j > 3. Since & = 2M, we have /R < 1/2 and therefore (1+17/Ra) >
exp(n/2Ra) and (1 + n/Ra)* > exp(n/2R).

Recall that we want to show that |(z,, e1)| < c||z,]|2 with a large probability. Suppose otherwise
and that with probability > 1/10, we have |(z,, e1)| > cl|zp|l2 > ¢||(0, 0, 0, zo4, - - ., Zoa)ll2.

Since, zy is initialized to be a random Gaussian, we have ||(0, 0, 0, zo4, . . ., Zog)||2 > Vd /2 with
probability 1 — exp(—d). Thus, we have with probability > 1/11 that,

|Zn1| = ¢Vd/2
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which implies the learning rate must satisfy
(1+n/RX > Vd/2

since |zo1| < 10 with probability > 99/100.Hence,n > R((c’d'/?)/R—1).Now consider |(z,, e3)|/|{zn, €1)].
We have

[{zn, €3)| _ exp(n/R) ) | zo3]
[z e)]  (1+n/R)F  |za|

With probability > 95/100, we have 1/C < |z3]/|z01| < C for a large enough constant C. We now
consider the expression

exp(n/R)
(1+7/RF

The expression is minimized at 7 = R? — R and is increasing in the range € [R? — R, o). When, R =
O(log d/loglog d), we have that R*—R < R((c’d"/?)'/R—1) and therefore forally > R((c’d/?)"/R—
1), we have

exp(n/R) _ exp((c'd'/?)'F)
(1+n/RR —  e-cd/?

When R = O(log d/log log d), we have

exp(n/R)

————— > poly(d

(e/mr = POV
which then implies |(z,, e3)| > [(zn, €1)| - poly(d)/C with probability > 95/100 which contradicts
our assumption that |[(z,, e;)| > c||zx]|2. |
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Chapter 13

Optimal Communication Bounds for Classic
Functions in the Coordinator Model

13.1 Introduction

In modern applications data is often distributed across multiple servers and communication is a
bottleneck. This motivates minimizing the communication cost for solving classical functions of in-
terest. A standard model of distributed computation is the coordinator or message-passing model, in
which there are s servers, each with an input, and a coordinator with no input. All communication
goes through the coordinator, who decides who speaks next. This models arbitrary point-to-point
communication up to a multiplicative factor of 2 and an additive [log, (# of servers)] bits per mes-
sage, since the coordinator can forward a message from server i to server j provided i indicates
which server should receive the message. The coordinator model is also useful in distributed func-
tional monitoring [CMY11]. Numerous functions have been studied in the coordinator model, such as
bitwise operations on vectors [PVZ16], set-disjointness [BEO*13], graph problems [WZ17], statistical
problems [WZ17], and many more.

In the coordinator model, we measure the efficiency of a protocol by looking at the following: (i)
the overall number of bits of communication required by the protocol and (ii) the number of rounds
of communication in the protocol. In each round of communication, each of the servers sends a
message to the coordinator based on their input and messages from the coordinator in previous
rounds. Based on the messages received from all the servers in this round and earlier rounds, the
coordinator sends a possibly distinct message to each of the servers. Thus, in a protocol with one
round, each of the servers sends a message to the coordinator based only on their inputs and the
coordinator has to compute the output based only on these messages. We additionally assume that
all the servers and the coordinator have access to a shared source of randomness which they can use
to sample shared random variables.

We revisit classical entrywise function approximation, which includes the Fi moment estima-
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tion as a special case. Surprisingly, despite the simplicity of the coordinator model and the optimal
bounds known for such functions in related models such as the streaming model, the optimal commu-
nication complexity of computing or approximating such functions in the coordinator model is open.
In the Fyx moment estimation problem there are s players, the j-th of which holds a non-negative
vector! x(j) € R", and the goal is to, with constant probability, output a (1 + ¢)-multiplicative
approximation to Fi(x) = X, |x;|¥, where x = %21 x(j). A large body of work has studied Fy-
moment estimation in a stream, originating with work of Alon, Matias, and Szegedy [AMS99].

In the coordinator model, Cormode et al. [CMY11] initiated the study of this problem and gave

a protocol achieving O(n'=2/¥

poly(s/e)) bits of total communication for k > 2. They optimize
their bound for k = 2 and achieve a quadratic dependence on s. They also achieve protocols for
k € {0, 1} with a linear dependence on s. We note that their algorithms hold in the more general dis-
tributed functional monitoring framework. The upper bound was improved by Woodruff and Zhang
to O(sk1/2()) bits in [Wz12], which showed that a polynomial dependence on n is not needed
for k > 2. Unfortunately the 1/¢%%) multiplicative factor is prohibitive, and Kannan, Vempala, and
Woodruff [KVW14] claimed an improved bound of O((s*~1 + s%) /%) bits. However, there appears to
be a gap in their analysis which is not clear how to fix [KVW18]. We describe this gap in the appendix.
Their algorithm for general function approximation can be used to obtain an algorithm which uses
O(s* /%) bits of communication. Thus, the current state of the art is amin(O(s*~1/¢®®)), O(s¥ /£2))
upper bound from [WZ12, KVW14] and the Q(s*~!/¢?) lower bound of [WZ12]. Even if the work of
[KVW14] can be fixed, it would not match the existing lower bounds, and an important open question
is:
Question 1: What is the complexity of Fy-estimation in the coordinator model?

As Fr(x) = 2, |x;|* is just one example of an entrywise function 2in1 f(x;) for a non-negative
function f : Rsg — Ry, it is natural to ask what the complexity of approximating >.7"; f(x;) is
in terms of f. Indeed, a wide body of work originating with that of Braverman and Ostrovsky [BO10]
does exactly this for the related data stream model. In the coordinator model, Kannan, Vempala,
and Woodruff [KVW14] attempt to characterize the complexity of f by defining a parameter they
call ¢fs, which is the smallest positive number for which f(yi+---+ys) < cps(f(y1) +- -+ f(ys))
forallyy,...,ys > 0.

For general functions f, they give a protocol which uses O(s%cf;/¢?) bits of communication
up to polylogarithmic factors. Assuming that the function f is super-additive, i.e., f(y; + y2) >
f(y1)+f(y2) forall y;, y, > 0, their upper bound can be further improved to O(scy,s/¢%). They also
give an Q(cy,¢/¢) communication lower bound.

We note that a number of interesting entrywise functions have been considered in optimization
contexts, such as the M-Estimators (see, e.g., [CW15]), and a natural such estimator is the Huber
loss function f(x) = x%/(27) for |x| < 7,and f(x) = |x| — 7/2 otherwise. It is not hard to show

UIf the vectors are allowed to have negative entries, then there is an Q(n'~%¥) bit lower bound on the amount of
communication when k > 2 [BJKS04].
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cr,s = s for the Huber loss function, and so the best known upper bound is O(s?/¢?) bits while the
lower bound is only Q(s/¢). Given the gap between the upper and lower bounds, it is unclear if the
parameter cy,; captures the complexity of approximating the sum }; f(x;). We observe that the
communication complexity of the problem is better captured by a new parameter cy[s] defined as
the smallest number for which

flyr+---+ys) < ¢rlsl (Vf(yy) +---++/f(ys))?* forall yi,...,ys > 0. (13.1)

N

Since, (\/]Tyl) +--- 4+ \/jTys))z > f(y1) + -+ + f(ys), we obtain c¢[s] < cy, - s and using the
Cauchy-Schwarz inequality, we can show that cr; < c¢[s]. We consider the following question:
Question 2: What is the complexity of entrywise function approximation in the coordinator
model? Can one characterize the complexity completely in terms of c¢[s]?

13.1.1 Our Results

To answer Question 2, we give a two round protocol for approximating »; f(x;) for non-negative
functions which have an “approximate-invertibility” property.

Definition 13.1.1 (Approximate Invertibility). We say that a function f satisfies approximate in-
vertibility with parameters 0, 6’, 0” > 1 if all the following properties hold: (i) super-additivity: f(x+
y) > f(x) + f(y) forall x,y > 0, (ii) forally > 0, f(6'y) > 6 - f(y), and (iii) for ally > 0,
fly/4-Vo-0) = f(y)/6".

The super-additivity and the fact that f(y) > 0 for all y implies that f(0) = 0. We note that

any increasing convex function f with f(0) = 0 satisfies the super-additivity property and hence it
is not a very strong requirement. It is satisfied by f(x) = x* for k > 1 and the Huber loss function
with any parameter. For such functions, we prove the following theorem:
Theorem 13.1.2 (Informal, Theorem 13.4.15). Let there be s servers with the j-th server holding a non-
negative n-dimensional vector x(j), and define x = x(1)+- - -+x(s). Givena function f which satisfies the ap-
proximate invertibility property with parameters 0, 6’, 8” > 1, our two round protocol approximates 3.; f (x;)
up toa 1 =+ ¢ factor with probability > 9/10. Our protocol uses a total communication of O ¢ g~ (cf [s]/€?)
bits up to polylogarithmic factors in the dimension n.

For f(x) = x, k > 2, we see that c¢[s] = s*"! and can take 6 = 2,60’ = 2!/K and 0" = 2 - 8*/2,
Hence, our algorithm uses s~/¢? bits of total communication up to multiplicative factors depend-
ing on k and log n, thus matching the known lower bounds from [WZ12]. We additionally show
that any one-round algorithm must use Q(s*~'/&¥) bits of communication and hence our proto-
col achieves the optimal communication bounds using the fewest possible number of rounds, thus

resolving Question 1 completely. We summarize the results for Fx-moment estimation in Table 13.1.

We can also use our protocol to approximate higher-order correlations studied by Kannan, Vempala
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Fy estimation algorithm Upper Bound Lower Bound

2-round algorithm O(sF1/¢2) (Corollary 13.4.16) Q(sk1/¢%) [Wz12]
1-round algorithm O(sk1/e90)) [wz12] Q(sF1/k) (Theorem 13.5.3)

Table 13.1: Upper and lower bounds on the total communication for Fy approximation in the coor-
dinator model. As mentioned, the claimed O(e73(s*™! + %)) upper bound for Fi in [KVW14] has a

&ap.

and Woodruff [KVW14]. In this problem, each server j holds a set of non-negative vectors W; and
given functions f : Ryg — Rypand g : [R’;O — Ry, the correlation M(f, g) is defined as

M(f, g, Wi, ..., W) = Z f Z Zg(vil,...,vik) . (13.2)

i1,...,ig distinct J vEW;

Kannan, Vempala and Woodruff [KVW14] note that this problem has numerous applications and
give some examples. Our protocol for estimating ’; f(x;) in the coordinator model extends in a
straightforward way to the problem of estimating higher-order correlations. We show the following

result:

Theorem 13.1.3 (Informal, Theorem 13.4.17). Let there be s servers with the j-th server holding a set of
n-dimensional non-negative vectors Wj. Given a function f that has the approximate invertibility property
with parameters 0, 6’,0” > 1 and a function g : R;O — Ry, our randomized two round protocol ap-
proximates M(f,g, Wy, ..., W) up toa 1 + ¢ factor with probability > 9/10. The protocol uses a total of
Opr.0» (cf[s] poly(k,logn)/e?) bits of communication.

Our algorithm for approximating > ; f(x;) in the coordinator model is inspired by a one round
protocol for sampling from an “additively-defined distribution”, which can also approximate the
sampling probability of the index that was sampled. This protocol lets us sample, in one round, from
very general distributions such as the leverage scores. Our result is stated in the following theorem.

Theorem 13.1.4 (Informal, Theorem 13.3.2). Given that each server j has a non-negative vector p(j) €
R", define q; == %; pi(j). There is a randomized algorithm which outputs FAIL with probability < m
and conditioned on not outputting FAIL, it outputs a coordinate i along with a value § such that for all i € [n]

Pr[i=iandq € (1+0(e)) Z?iq,] =(1£0() Zq.iq. * poli(n)'

The algorithm uses one round and has a total communication of O(s polylog(n)/&*) words.
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13.1.2 Our Techniques

Sampling from Additively-Defined Distributions. At the heart of our results for approximating

ion f(xi) = 2L, f(X52 xi(/)) is a general technique to sample from an “additively-defined” dis-
tribution using only one round of communication. To obtain our tightest communication bounds,
our algorithm for approximating 3. ; f(x;) does not use this protocol in a black-box way, but the
techniques used are similar to the ones used in this protocol. In this setting, the j-th server holds a
non-negative vector p(j) € RZ; and the coordinator wants to sample from a distribution over [n]
with the probability of sampling i € [n] being proportional to ¢; = p;(1) + - - - + p;(s).

Additionally, if the coordinate i is sampled by the coordinator, the coordinator also needs to be

able to estimate the probability with which i is sampled. This is an important requirement to obtain
(approximately) unbiased estimators in applications involving importance sampling. If the coordi-
nator just wants to sample from the distribution, it can run the following simple protocol: first, each
server j samples a coordinate i; from its local distribution, i.e., Pr[i; = i] = p;(j)/X; pi(j). Each
server sends the coordinate i; along with the quantity 3; p;(j) to the coordinator. The coordinator
then samples a random server j from the distribution Pr[j = j] = (X; pi(j)) /2 (X; pi(j’)) and
then takes i}, i.e., the coordinate sent by the server j, to be the sample. We note that

Lo . o vpr()  pi() 2ipiG) g
Peliy =1 = ) Brly =1 Peliy =il = ) S (D) " 5 e " Sear

Hence, the distribution of i; is correct. But notice that there is no easy way for the coordinator to
estimate the probability of sampling i; since it may not receive any information about this coordi-
nate from the other servers. Therefore, to obtain the probability with which i; was sampled, the
coordinator needs another round of communication, which we wish to avoid.

We will now give a protocol that can also approximate the sampling probabilities with only one
round of communication. The protocol we describe here is a simpler version of the full protocol in
Section 13.3. Consider the following way of sampling from the distribution in which i has a proba-
bility proportional to g;. Let ey, . . ., e, be independent standard exponential random variables. Let
i* = arg max;c, e 'q; = arg MaX;e ] e; ' (pi(1) +-- -+ p;(s)). By standard properties of the expo-

nential random variable, we have Pr[i* = i] = ZZZJ f i;{)(j) = Zjliqv'
j &i” Pi i’ Yi

Hence, the random variable i* also has the right distribution. The advantage now is that we can
additionally show that with a high probability, 3>, e;* (X, pi(j)) < (Clog®n) - ez ¥ pi+(j). In
other words, if we define s vectors r(1),...,r(s), one at each of the servers, such that r;(j) =
e;'pi(j) and define r = 5217 (J), then the coordinate r; is a 1/(C log® n) £ heavy hitter, as in,
riv 2 |Irlli/(Clog? n).

Suppose a deterministic sketch matrix S € R™<" is an a-incoherent matrix for « = ¢/(4C log® n).
Here we say that a matrix S is a-incoherent if all the columns of S have unit Euclidean norm and for
any i # i’ € [n], [{S«, S«ir)| < a. Nelson, Nguyen and Woodruff [NNW14] give constructions of such
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matrices with m = O(log(n)/a?) rows and show that for any vector x, ||x — STSx|eo < atllx]|5.

Now suppose that each server j computes the vector S - r(j) and uses O(polylog(n)/e?) words
of communication to send the vector S-r(j) to the coordinator. The coordinator receives the vectors
S-r(1),...,S-r(s) and computes the vector S-r =S -r(1) +---+S - r(s) and can then compute a
vector r’ = STSr satisfying ||r — '||e < a||7]l5.

Conditioned on the event that ||r||; < (Clog®n) - r+, as « is set to be £/ (4C log® n), we obtain
that . = (1 +¢/4) - r;» and for alli # i*, we have r{ < r; + (¢/4) - r;». Using properties of
exponential random variables, we can also show that with probability > 1—-0O(¢), max; r; > (1+¢)-
second-max; r;. Conditioned on this event as well, we obtain that forall i # i*,r] < ri-(1—¢/4) < rj..
Hence, the largest coordinate in the vector r’ is exactly i* and the value r;+ can be recovered up to a

1+ £/4 factor. Overall, the coordinator can find a coordinate i and a value § = e; - (r;)" such that for

alli € [n],
qi

i Y

Pr[i=iand g € (1+¢/4)qi] = + O(e). (13.3)
Thus this procedure lets us sample from a distribution close to that of the desired distribution while
at the same time lets us approximate the probability of the drawn sample. In Section 13.3, we give a
protocol, which instead of using incoherent matrices, uses an ¢; sampling based algorithm to com-
pute the coordinate i* and approximate the value g;-. We end up obtaining a sample i € [n] and a
value § for which

i 1
I=(xasi—z

Prl[i=iandg= (1+¢ =(1zx¢ + )
[ 7= )Zl qi )Zi/qi' poly(n)

(13.4)

Additionally, computing the coordinate i does not require Q(n) time at the coordinator using the
protocol in Section 13.3.

Function Sum Approximation. Our aim is to obtain an algorithm which approximates the sum

iog f(xi) = X f(252 xi(§)) up to a 1 + ¢ factor for a non-negative, super-additive function f.
The protocol described above for sampling from additively-defined distributions shows that corre-
lating randomness across all the servers using exponential random variables is a powerful primitive
in this context.

In the function sum approximation problem, each server holds a nonnegative vector x(1), . . ., x(s),
respectively, and the coordinator wants to approximate 3}; f(x;) = 2; f(X; xi(j)). Suppose that
each server j defines a vector p(j) € R" such that p;(j) = f(x;(j)). Then the above described
protocol can be used to sample approximately from the distribution in which i has probability (1 +

€) L (g(lgj f(;j; (()j’)()s)) poly(n) Using super-additivity and the definition of the parameter cf[s], w

obtain that the above probability is at least (1 + 5) fz(x’ o poly(n) This distribution is off by

a multiplicative cy[s] factor from the distribution we need to sample coordinates from in order to
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estimate }; f(x;) with a low variance. Thus, we need O(cr[s]/ £%) samples from the above distribu-
tion, and this overall requires a communication of O(s - c¢[s]/¢*) bits, which is more than the total
communication required by the protocol of [KVW14].

Additionally, when the coordinate i is sampled, the protocol lets us estimate f(x;(1)) +--- +
f(x;(s)), but the quantity we want to construct an estimator for is the value f(x;(1) + - - - + x;(s)),
which requires an additional round of communication and defeats the point of obtaining a protocol
that can approximate the sampling probability in the same round. Overall, a protocol based on this
procedure requires O(s - ¢¢[s] - polylog(n)/e*) bits of communication and two rounds of commu-
nication,

Thus, we need a different technique to obtain algorithms which can approximate »; f(x;) more
efficiently. We continue to use exponential random variables to correlate the randomness across the
servers but instead heavily use the max-stability property to design our protocol. Letey, . . ., e, be in-
dependent standard exponential random variables. The max-stability property asserts that for any
fis- -+, fn = 0, the random variable max(f/es, . .., fn/e,) has the same distribution as (31, f;)/e
where e is also a standard exponential random variable. Now using the median of O(1/¢*) indepen-
dent copies of the random variable (31, f;)/e, we can compute an approximation of 3. ; fiuptoa
1 + ¢ factor with high probability. Thus, in the coordinator model, if there is a protocol that can find
the value of the random variable max; f(x;)/e;, then we can use it to compute a 1 + ¢ approxima-
tionto Y; f(x;) by running the protocol for O(1/&?) independent copies of the exponential random
variables. From here on, we explain how we construct such a protocol.

Given the exponential random variables e, . . ., e,, define i* = arg MmaX;e e; ' f(x;). As men-
tioned above we would like to find the value of e;." f (x;-). The “heavy-hitter” property we used pre-
viously shows that with probability > 1 — Wl(n)'

Z e;'f(x;) < (Clog®n) - maxe; ' f(x;). (13.5)

This is the main property that leads to a communication efficient algorithm that can identify the
max coordinate i* and the value x;+. From here on, condition on the above event.

Note that we are shooting for a protocol that uses at most O(cr[s] - polylog(n)) bits of total
communication and succeeds in computing the value e, f(x;-) with a probability > 1 — m.
Fix a server j € [s]. Consider the random variable i which takes values in the set [n] according
to the distribution Pr[i = i] = €;'f(xi(j))/Zic[n) €; ' f(xi(j)). Since the server j knows all the
values, x1(j), x2(j), . . ., x,(J), it can compute the above probability distribution and can sample N
(for a value to be chosen later) independent copies iy, . . ., ix of the random variable i. Let SC; =
{i1,...,iN }* be the set of coordinates sampled by server j. Server j then sends the set SC; along
with the values x; () for i € SC;. Note that the coordinator can compute f (x;(j)) since it knows the

*We use the notation SC; since it denotes the “Sampled Coordinates” at server ;.
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definition of the function f. The total communication from all the servers to the coordinator until
this point is O(s - N) words.

Now define SC := | J; SC; to be the set of coordinates that is received by the central coordinator
from all the servers. We will first argue that i* € SCwith a large probability if the number of sampled
coordinates at each server N = Q(c¢[s]-polylog(n)/s). To prove this, we use the fact that ei_*1 f(x)
is significantly large since we conditioned on the event in (13.5), and then apply the definition (13.1)
of the parameter cr[s].

Conditioned on the event that the coordinate i* € SC, a simple algorithm to determine the
value of e,.' f(x;+) would be for the coordinator to query the value of x;(j) for all i € SC from all
the servers j. Unfortunately, this requires a total communication of Q(s - c¢[s] - polylog(n)) bits
since the set SC could have a size as large as s - N = Q(cy[s] - polylog(n)). As we are aiming for a
protocol that uses about O(cy[s] - polylog(n)) bits of total communication, the coordinator cannot
ask for the values of all the coordinates in the set SC.

If the coordinator finds a smaller subset PL> C SC C [n] that contains i*, with a size |PL|
of about polylog(n), the coordinator can then query for x;(j) for i € PL for all j using only a
communication of O(s - polylog(n)) = O(cy[s] - polylog(n)) bits since c¢[s] > s.

From here on condition on the event that i* € SC. To find such a small subset PL, our strategy
is to construct x; for each i € SC so that the following properties are simultaneously satisfied with
probability > 1 — m: (i) foralli € SC, %; < x; and (ii) e, f (%) > « - €." f(x;+) for some value
a < 1. Define Est; = el._1 f(x;) for i € SC. If the constructed values X; for i € SC satisfy these two
properties, we have that Est; < e;' f(x;) for all i and Est;» > « - €}." f(x;+) by monotonicity of f.

Recall that we conditioned on the event }}; ei_1 f(x;) < (Clog®n) -el._*1 f(x;+) which then implies
that the number of coordinates i, with Est; > Est;- is at most (C log® n)/a. Now, if we define PL to
be the set of coordinates i € SC with the Clog® n/a largest values, then we have that i* € PL. The
coordinator can then determine el.:1 f(x;+) after a second round of communication from the servers
in which it asks for the values of x;(j) from all the servers j only for the coordinates i € PL.

Fix a coordinate i € SC. We will briefly describe how %; is computed by the coordinator using
only the information it receives in the first round of communication from the servers. We say x; ()
is the contribution of server j to x;. If i # i*, then we can safely ignore the contribution from any
number of servers to x; when we are trying to construct the estimator x;. However, the coordinator
does not know what i* is and cannot arbitrarily drop the contribution from servers when trying to
compute the estimator %;.

We first define two disjoint subsets of servers LARGE; and SMALL;: we put j € LARGE; if the
probability of the coordinate i being sampled at j is very high,and we put j € SMALL, if the probability
is very low. Since the probability of i being sampled at the servers in LARGE; is very large, we can union
bound over all i € [n] and all servers j € LARGE; and assume that it does happen, and can therefore
estimate the contribution of all the servers in LARGE; exactly.

We use PL to denote that these set of coordinates have “Probably Large” values of e; ! f(x;).
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We then argue that the contribution from all the servers j € SMALL; can be “ignored”: by ig-
noring the contribution of a set of servers S;, we mean that e;." f (x; — %, jes,. Xi*(J)) is a significant
portion of e." f (x;). Note that we only need to care about how excluding the contribution of S;- to
x;+ affects our ability in obtaining X;- which satisfies the above property, and we need not care about
the effects of excluding the contribution to x; from the set of servers S; for all other i # i* since we
are only trying to underestimate such x;.

We then need to estimate the contribution to x; from the “intermediate” servers, i.e., those
that are neither LARGE nor SMALL. We bucket the servers j based on the values }; e;! f(x;(j)) and
e f(xi(j))/Zie; " f(xi(j)) (the probability that a given sample at server j is equal to i). We show
that the size of a bucket is enough to approximate the contribution from all the servers in the bucket
towards x; and argue that if the size is not very large, then the contribution from the bucket can
be ignored in the sense described above. Of course, the coordinator can not determine the size of a
bucket but given that a server j sampled the coordinate i, the coordinator can compute which bucket
the server j belongs to. We show that when the size of the bucket is large enough, the number of
servers in the bucket that sample the coordinate i is concentrated enough that we can estimate its
size. We thus identify which buckets have a large size based on the number of servers in the bucket
that sample i, and for each bucket that we identify as large, we approximate the size up to constant
factor. This can then be used to approximate the contribution of the bucket to x;, and hence obtain
the estimator X;.

This wraps up our protocol for computing max; e; ' f(x;), with a high probability, and using a
total of O(cr[s] - polylog(n)) bits of total communication across two rounds. Running this protocol
concurrently for O(1/?) copies of the exponential random variables, we can then obtaina 1 + ¢
approximation to }; f(x;) with high probability.

13.2 Preliminaries

13.2.1 Notation

We use the notation Fi (x) for ||x||]]§. For a parameter k, we use the notation Ok (f) to hide the mul-
tiplicative factors that depend purely on k.

13.2.2 Exponential Random Variables

We use the following properties of exponential random variables extensively throughout this chap-
ter.

1. Ifeisastandard exponential random variable, then Pr[e > Clogn] = 1/n® and Pr[e < t] <
t forany C,t > 0.
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2. If fi,..., fu = O are arbitrary and ey, . . ., e, are standard exponential random variables, then
max; e; | f; has the same distributionas e™!(3; f;). This property is referred to as “max-stability”.
This shows that with probability > 1 — 1/n%, max; e;'f; > (3, f;)/Clogn.

3. In the same setting, if i* = arg max; e; ' f;, then Pr[i* = i] = f;/3; f;.

4. Letey,...,e; are t independent standard exponential random variables. If t = Q(1/¢?), then
Pr[(1 - ¢)In(2) < median(ey,...,e;) < (1+¢)In(2)] > 9/10.
Hence, for any F > 0, median(F /ey, ..., F/e;) -In(2) € [(1 —¢)F, (1+ ¢)F] with probability

> 9/10.

We use the following lemma extensively which shows that with a probability > 1 — 1/poly(n),
Yie lfi < (Clog? n) max; e; ' fi.
Lemma 13.2.1. Givenany fi,..., fy = 0,let F = 3.1, fi. With probability > 1 — 1/poly(n),

max fi/e; S 1
i filei Clogzn'

Proof. Condition on the event that 1/n® < e; < 31log n for all i. The event has a probability of at least
1 — 2/n? by a union bound. Let the event be denoted €. Conditioned on &, we have max; f;/e; <
n®F. Now consider the interval I = [F/(Cnlogn),n>F]. The values f;/e; that are smaller than
F/(Cnlog n) contribute at most F/(Clog n) to the sum ", fi/e;.

Partition the interval I into I, . .., such that I; = [2/"'(F/(Cnlogn)), 2/ (F/(Cnlogn))). Note
that there are at most O (log n) such intervals. We will use the fact that conditioned on €, the random

variables ey, . . ., e, are still independent.

Let X ; be the number of indices i such that f;/e; € I;. We have

O(logn)

F : F
ijei < 2/X; .
Zf/e Clogn+ Jz:(; ’Cnlogn

LetY;; = 1if fi/e; > 2"}(F/(Cnlogn)) and Y;; = 0 otherwise. Note that X; < Y™, Y;; and that
for a fixed j, the random variables Y;; are mutually independent given €. We have

Cnlogn f;
21 F

< 2Cnlogn fi

Pr[Yl'j =1 | Cé] = Pr |:3i < = 2]._1 F

since the p.d.f. of the exponential distribution is bounded above by 1 and Pr[€] > 1/2. By linearity
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of expectation, E[Y; Y;; | €] < 2Cnlogn/(2/71). By Bernstein’s inequality, we get

t2/2
2Cnlogn/(2/-Y) +t/3)"

Pr[z Yij 2 (E[Z Yij | €] +1) | €] <exp (—
i i
Setting t = 2Cnlogn/(2/~!) + 6 log n, we obtain that
1
Pr[Z Y > (E[Z Yij | €] +1) | €] < —.

We union bound over all j and obtain that for all j,

2Cnlogn

i S T + 6logn.

Additionally, we note that if X; # 0, then 2/(F/(Cnlogn)) < 2 max; f;/e;. Now,

F . F 2Cnlogn 2/F
filei < + 2/X; < ( — + (6log n) max fi/e;
Z Clogn j:XZj;O ’Cnlogn j:XZj;eo 2/=1 Cnlogn i

< O(Flogn) + O(log? n) max f;/e;.
As max; f;/e; > F/(3logn) with probability > 1 — 1/n? conditioned on €, we get that with proba-
bility > 1 — 1/poly(n),

max; f;/e; S 1
Yifiles ~ Clog’n

If max; fi/e; > (3; fi/e;)/Clog? n, we obtain that for any parameter T > 1,
[{i | fi/e; > (1/T) max f;/e;}| < TClog®n

which shows that there are only a small number of indices for which f;/e; is comparable to max; f;/e;.

13.3 Sampling from Additively-Defined Distributions

Consider the setting of s servers with a coordinator. Assume that the j-th server has a non-negative
vector p(j) € R™ and the coordinator wants N independent samples from the distribution sup-
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ported on [n] with the probability of i € [n] being

2 pi(j)

5 S nG) (13.6)

For each sample, we would ideally also want an estimate to the probability of obtaining that sample.
The sampling probabilities are necessary to scale the statistics appropriately to obtain unbiased esti-
mators. A simple one round algorithm for sampling from such a distribution is for all the servers j to
send the value }}; p;(j) and an index i with probability proportional to p;(j). The coordinator then
picks a server j with probability proportional to };; p;(j) and chooses the index i that the server j
sampled. Note that the coordinate i sampled this way has the desired distribution. While this sam-
pling procedure only requires one round of communication, note that the coordinator does not have
the value 3’ ; p;(j) nor even a way to estimate it. Hence, if the index i was sampled by the coordinator,
it is not clear how to compute (or even approximate) g; without further rounds of communication.
If another round of communication is allowed, the coordinator can send the sampled coordinate i
to all the servers which in turn report the values p;(j) from which the coordinator can compute g;
exactly.

Using exponential random variables, we show that there is a protocol using which the coordina-
tor can sample a coordinate i and approximate the probability g; with only one round of communi-
cation.

Let ey, ..., e, be independent exponential random variables that all the servers (and the coor-
dinator) sample using the shared randomness. Each server j locally computes e;'p;(j). Let i* =
arg max; e; ' 3, pi(j). As we have seen, the probability distribution of i* is exactly as in (13.6) and
the advantage now is that with probability > 1 — 1/poly(n),

e' X pi(J) o1
Yijer'pi(j) Clog’n’

We can further show the following lemma which is helpful to isolate the max coordinate i*.

Lemma13.3.1. Let fi, ..., f, > Oandi* = arg max
exponential random variables. We have for all i € [n] that

ic[n] €; fiwhereey, ..., e, areindependent standard

>Pr|i*=iande:'fi- > (1+¢) maxe;'fi| > i
s

Ly o A+ X fir

Proof. Fix i € [n]. The probability in the theorem statement is equivalent to the probability of
e;'fi > (1+ ¢) maxyy; e}, fir. The probability is clearly at most f;/ Y./ fi.

By min-stability of exponential random variables, max;; e;' f is distributed as e™' 3;1.; fi'.
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Note that the exponential random variable e is independent of e;. By standard arguments,

_ - N = ﬁ ﬁ
Prler'fi =040 ) B = s o

Thus, e X ; pi+(j) in addition to capturing a significant portion of the interval 3, ; e;'p;(j) is
also at least a 1 + ¢ factor larger than the second-largest value. We use these properties to prove the
following theorem:

Theorem 13.3.2. Given that each server j has a non-negative vector p(j) € R", define q; = 3; pi(j).
Algorithm 13.1 outputs FAIL only with probability O(¢) and conditioned on not failing, for all i € [n]

o O(E))Zqi -+ 1/poly(n).

Pr[i=iand§ € (1+O(e)) .

i1 iYi

The algorithm uses only one round and has a total communication of O(s polylog(n)/&*) words.

Proof. All the random variables used in the proof are as defined in the algorithm. The algorithm fails
to sample if max; X; < §/(2Clog?n) or if X(1) < (1+¢/2)X (). Let € denote the event that
max; e;'q; > Y; e71q;/4Clog® nand (max; e;1q;) > (1+¢/4) - second-max; e; ;. We now bound
Pr[€ | —FAIL]. By Bayes’ theorem, we have

Pr[-FAIL | €] Pr[ €]

Pr[¥€ | —FAIL] = .
rlé | | = Pr[oFAIL [ €] Pr[€] + Pr[=FAIL | =&] Pr[=€]

We have Pr[€] > 1/(1 + ¢/4) — 1/poly(n) from the above lemma. Let €’ denote the event that
max; e;'q; > Y, e;'q;/Clog’n and (max;e;'q;) > (1 + ¢) - second-max; e;'q;. We note that
€’ C €andthatPr[€’] > 1/(1+¢) — 1/poly(n). Now,

Pr[—FAIL | €] > Pr[—FAIL | €| Pr[€’ | €] > Pr[-FAIL | €'] Pr[€'].

Condition on €’ and let i* = arg max e; g;. By a Chernoff bound, since S > O(C?log’ n/e?) we get
that with probability > 1 — 1/poly(n)

Additionally, for all other indices i, we get by a Bernstein bound that

e,-_l%‘ £
ot 2
Y€, ¢ 8Clog”n

PI‘[XZ' >S

] < 1/poly(n).

Taking a union bound over all the indices i # i’, we get that with probability > 1 —1/poly(n) for all
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I

-1 -1

€ 1-— 8/55 el-:lCIi*
Yielgp 4Clogin = Yieilq

1+e¢/2 3, el._lqi

X, <S (1/(1+¢)+¢/8) <

when ¢ is a small enough constant. Hence, Pr[—FAIL | €’] > 1 — 1/poly(n) and we get

Pr[-FAIL | €] > (1 —1/poly(n))(1/(1+¢) — 1/poly(n)).

Now similarly, we show that Pr[FAIL | =] is large. Condition on =% and again let i* = max; e; 'g;.
Ife;'qi/Y; e 'q < 1/4C log® n, then again by Bernstein’s bound, we get max; X; < S/(2C log® n)
with probability > 1 — 1/poly(n). Suppose e'qi /Y e7'q; > 1/4Clog nbut ez'q;- /Y €7 q: <
(1 + ¢/4) - second-max; e; 'q;. By using a Chernoff bound, we get X(1y < (1 + ¢/2)X(3) with a
probability > 1 — 1/poly(n). Hence, Pr[FAIL | =€] > 1 — 1/poly(n). Thus, overall

Pr[€ | =FAIL] = 1 — 1/poly(n).
Now, conditioned on —FAIL and &, with probability > 1 — 1/poly(n), i =i*and

-1
el.* qix

-1
i€ qi

Yi/S=Y:/S=(1+e/2)

and hence, ¢ = (1 + ¢/2)q;+/2.; q;. Finally,

Pr[i =i | =FAIL] = Pr[i = i | =FAIL, €] Pr[€ | =FAIL] + Pr[i = i | =FAIL, ~8] Pr[—~8 | —FAIL]
=Pr[i" =i| €] £ 1/poly(n)
qi

“S.a (1+0(e)) + 1/poly(n),

where the last inequality is from the previous lemma. O

Thus, Algorithm 13.1 can sample approximately from very general “additively-defined” distri-
butions.

13.4 A Two Round Protocol for Sum Approximation

Recall that we say a non-negative function f satisfies “approximate invertibility” with parameters
0,0,0” > 1if the following hold:

1. forall x1,x, > 0, it holds that f(x;) + f(x2) < f(x1 + x3) which additionally implies that
f(0) =0,
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Algorithm 13.1: Sampling from General Distributions

12

13

14

Input: Each server has a nonnegative vector p(j) € R" and a parameter ¢
Output: Samples approximately from the distribution with the probability of i being

2 pi() /2 pi(J)

All the servers agree on independent exponential random variables ey, . . ., e, using public
randomness

S « O(e21og’ n)

Foreach j = 1,...,s, the j-th server samples 2S independent copies of the random variable

i defined by Pr[i = i] = e;'p;(j)/ X, €; ' pi(j)

Each server j communicates }; pi(j), X; ;' pi(j) and the 2S sampled coordinates to the
coordinator

The coordinator, using the communication from the servers, samples 2S independent
copies of the random variable (j, i) defined by

e;'pi(j)

bel (i 8 = (1 0] =
i) = Gi9] = S5

X; < The number of times (*, i) is sampled in the first S trials
Y; < The number of times (*, i) is sampled in the second S trials
X (1), X(2) < top two among X1, ..., X,
if X (1) <S/(2C log® n) or X(1) < (1+¢/2)X ) then
‘ return FAIL
end
[ « arg max; Y
q — e;(Y/S) Xije; pi(j)/ Zijpi(J)

return (i, §)
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2. forallx, f(0'x) > 0f(x),and
3. forallx, f(x/(4-VO-0)) > f(x)/0".
Note that plugging x = f~!(z) in the second property above, we get 0'f~1(z) > f~1(0z). We

f(x2) < &e1f(x1), then f(x; — x2) > (1 — &) f(x1). This essentially shows that if f(x;) is very
small as compared to f(x;), then f(x; — x2) can not be very small when compared to f(x;). These

now define &1 == 1/0” and &, = 1 — 1/6”. We can show that for all values of 0 < x, < x, if

properties make the function f “approximately invertible”, meaning that good approximations for
f(x) will let us approximate the preimage x as well. We say that a function f that satisfies the above
properties is “approximately invertible” with parameters 6, 6’, 6”.

Note that for an integer s > 1, we defined cy[s] to be the smallest number such that for all

xl,...,xS ZO;

f(x1+"'+xs)§@(\lf(xl +--- Vf(xs))2~

Using the Cauchy-Schwarz inequality, we additionally have

flxr+-+x) SCf[s] (f(xr) +- -+ f(x5))

for all x;,...,x; > 0. We show that the parameter c[s] as a function of s cannot grow arbitrarily.
Consider arbitrary integers s, t > 1. The following lemma shows that c¢[s - t] < c¢[s] - c¢[t] which
implies that the function c¢[s] is upper bounded by a polynomial in s with a degree that depends
only on c¢[2].

Lemma 13.4.1. Forany x1, Xz, ..., Xs.; = 0,

Fo v < LEEI (TGS 4 )

Proof. By definition of c¢[s], we obtain

O+ +x54)

2
I s ) s VP Tt fGa) 4 + N/ f(xs.t))) .

N

Now we use c¢[t] to expand the internal terms, to get

crls] crlt]
S t

(W+---+\/f(xs.t))2-

By definition of c¢[s - t], we obtain c¢[s - t] < c[s] - cr[2]. |

flxp+-+x5p) <

The above lemma upper bounds the growth of the parameter cr[s]. We now lower bound the
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growth and show that c¢[s] must grow at least linearly in the parameter s.
Lemma 13.4.2. If s > t,thencs[s] > cr[t] - s/t.

Proof. Letxy,...,x; > 0be arbitrary.

flxr+-+x)=f(x1+--+x,+0+---+0)
———

s—t

crls] VFG) + -+ VG + V) + -+ F(0)

S

IA

s—t

< LG+ 4 )

where we used f(0) = 0inthelast inequality. Hence, by definition of c¢[t], we getcs[t]/t < cf[s]/s
from which we obtain that c¢[s] > c¢[t] - s/t. |

Using the above properties, we obtain that c¢[s] < cf[ZHng(sﬂ] < (cf[Z])Hng(s)] < crl2] -
stog2¢r 2] which shows that cr only grows at most polynomially in the number of servers s and the
degree of growth is upper bounded log, c[2]. For example, if f(x) = x*, then we can show ¢ 2] =
251 from which we obtain that c¢[s] < (2s)¥~" for all the values of s.

In addition, if c¢[t] > cy[s]/a for some value a, using the second property above, we obtain
crls] = crlt] - s/t = (cg[s]/a) - (s/t) which implies t > s/a. Thus, if c¢[t] is “comparable” to
cr[s], then t is “comparable” to s as well. This is a property that we critically use in the analysis of
our algorithm.

Protocol Description and Analysis

We now recall the overview of the algorithm we presented in the introduction and define some
notation that we use throughout our analysis. All the servers together with the coordinator use the
shared randomness and sample standard exponential random variables ey, . .., e, and the goal of
the coordinator is to compute

maxe; ' f(x;).
1
Define i* = arg max; ;' f(x;). We have seen that the median of O(1/¢®) independent copies of the

random variable max; e; ! f(x;) can be used to compute a 1 + ¢ approximation to Y}; f(x;) with high
probability. Throughout the analysis, we condition on the event that

Z e;'f(x;) < (Clog®n) - maxe; ' f(x;).
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We have seen that this event holds with probability > 1 — 1/poly(n) over the exponential random
variables. Now fix a server j € [s]. The server j samples N independent copies of the random
variable i supported in the set [n] and has a distribution defined as

e f(x)

Pr[l = l] = m

Let SC; denote the set of coordinates that are sampled by the server j. The server j then sends the
set SC; along with (i) the sum }; ;' £ (x;(j)) and (ii) the values x;(j) for i € SC; to the coordinator
using O(N) words of communication.

The coordinator defines the set SC == (J; SC; as the union of the sets of coordinates that are
sampled at different servers. We will first show that the coordinate i* € SC with a large probability
if N is large enough.

13.41 The Coordinate i* is Sampled

Lemma 13.4.3. If N > (Ci3.43 log3 n) - cgsl/s for a universal constant C13 4 3 large enough, then the
coordinate i* € SC with a probability > 1 — 1/n.

Proof. Let gi+(j) = e:'f(xir N/ Ziefn) e;'f(xi(j)) be the probability that the random variable
i = i* (note that the random variable i has a different distribution at each server) and p;-(j) be the
probability that i* € SC;. We have

pr(j)=1-(1 =g (N,

If g+ (j) = (4logn)/N, then pi- (j) = 1= (1~gi- ()N = 1—exp(~gi(/)N) = 1-exp(~4logn) >
1 —1/n* which implies that i* € SC; C SC with probability > 1—1/n*, and we are done. Otherwise,

N 11— (N Ngi-(j)
P =1-(-ge ()" = JE0

1-1/n%) (13.7)
using the concavity of the function 1 — (1 — x) in the interval [0, 4log n/N].

Since each of the servers samples the coordinates independently, the probability that i* € SC
is1—(1-pr(1))(1—pp(2)--- (1= pir(s)) = 1 —exp(— 2 pir(j)). So, showing that the sum
2 pi-(j) islarge implies that i* is in the set SC with a large probability. Assume that forall j, g+ (j) <
4log n/N since otherwise we already have that the coordinate i* € SC with probability > 1—1/n*.
Now using (13.7)

| N N e f(xi ()))
;Pi*(f) % Slogn ;ql‘*(]) "~ 8logn 2 Yie flxi())

J
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We will now give a lower bound on the sum in the above equation using the following simple lemma
and the definition of the parameter cr[s].

Lemma 13.4.4. Letay,...,as > 0and by, ..., bs > 0 be arbitrary. Then,

a] (Z]E \/_)
b; b,

Jels]

Proof. We prove the lemma by using the Cauchy-Schwarz inequality. Since we assume that b; > 0
for all j, we can write

RN AC

Jels]

Using the Cauchy-Schwarz inequality, we get

DRCEONEEREN I
jels) V7 jels] 77\ jels]

Squaring both sides and using the fact that 3’ ;e[ b; > 0, we get

Z aj > (ZJE [s] \/_)
jels) bf Zjels)

Letting a; = e;.' f(x;(j)) and b; = 3, €, ' f(x;(j)) in the above lemma, we get

Z el.:lf(xi*(j)) S ei_*l(Zje[s] Vf (xi(j)))?
e fa()  ZjZie f(x()) '

Using the definition of cy[s], we obtain

(1) + - x10(s))) = Cfﬁf(xm.

]

Using the super-additivity of the function f, we get
DT () =D et D fa() < ) e FO () = ) e fxi).
I i 7 i j i
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Since we conditioned on the event that 3, e; ' f(x;) < (C log®n) - e;.' f(x;-), we get

> 2 e ) < (Clog?n) -7 f ().

J

We therefore have

Z e f(xi())) _ S e f(xr) . s
Yiei f(xi(j) ~ crlsl (Clog®n) - ex'f(xi) — Clog?n-cs[s]

J

Thus, if N > (32Clog’ n) - crls]/s, then 3 ; pi<(j) > 4logn which implies that i* is in the set SC
with probability > 1 — 1/n*. Letting Cy3 43 = 32C, we have the proof. O

When N > cr[s] log® n/s as is required by the above lemma, the set SC = ; SC; may have a
size of Q(cr[s] log® n) which is quite large. Conditioned on the event that i* € SC, we now want to
compute a small subset PL C SC such that i* € PL with a large probability.

13.4.2 Computing the set PL

Recall we condition on the event that
D el f(xi) < (Clog?n) - e f (xi)
i

and that i* € SC. As we noted in the introduction, we proceed by constructing an estimator x; for
each i € SC that satisfies the following properties with a probability 1 — 1/poly(n):

1. Foralli € SC, %; < x; and

2. ;' f(%) > a - €. f(x;+) for some or < 1.

Fix an index i € [n]. In the remaining part of this section, we will describe a quantity that the
coordinator can approximate to obtain x; which satisfies the above properties.

Contribution from LARGE Servers

We define LARGE; to be the set of servers j such that

e f(xi())) __ 4logn
Yie f(xi(j) ~ (crlsllog’n)/s

qi(j) =

Note if i € SCj, then the coordinator can determine if j € LARGE; since it has access to both the
values ;" f(x;(j)) and X; e; ' f(xi(j)). We have the following lemma:
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Lemma 13.4.5. If N > (c[s] log® n) /s, then with probability > 1 — 1/n®, for all the coordinates i and
servers j € LARGE;, we havei € SC;. Inother words, with a large probability, all the coordinates i are sampled
at all the servers that are in the set LARGE;.

Proof. Recall that SC; denotes the set of coordinates that are sampled at server j. Consider a fixed
i € [n].1f j € LARGE;, then the probability that i is sampled at server jis 1 — (1 — ¢;(j))V >
1-(1-4logn/(csl[s] log®n/s))N > 1—exp(—4logn) > 1—1/n* using N > (crls] log® n)/s. By
a union bound over all the servers j that are LARGE for i, we have the proof. O

Thus, with a large probability, for each i € [n], the contributiontox; = 3%, x;(j) fromsservers j €
LARGE; can be computed exactly by the coordinator after it receives the samples from the servers.

Contribution from SMALL Servers

We now define SMALL; to be the set of servers j for which

e fi() £
Sie f(xi(j)) ~ cfls]- (Clog?n)’

qi(j) =

We have

g e1 e, f(xir(j)) &1 (Clog®n) - (ep'f(xiv)) e (ex'f(xi+))
J; o /oD < ]; o1 (Clogn) — sl (Clogn)  eDs]

where we used the fact that

>, e =2, > elf (]))<Z () < (Clog?n) - €7 f(xi0).

JESMALL; i’ i’ jESMALL;

By definition of the parameter c¢[s], we then obtain that

e f( Y () <eplsl-eft >0 fal)) < en-er' flxir)

JESMALL; JESMALL;

which then implies

el fln =y w() 2 (1-e) e flaw) (13

JESMALL;+

Hence we can ignore the contribution of the servers in SMALL; when computing x;.
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Contribution from Remaining Servers

From the above, we have for each coordinate i € [n], we can compute the contribution of servers j €
LARGE; exactly and ignore the contribution of servers in SMALL; while still being able to satisfy the re-
quired properties for X;. We will now show how to estimate the contribution of servers j that are nei-
ther in LARGE; nor in SMALL;. Note that for such servers, the value g; (j) = e, f(x;(j))/X; e, f (x:()))
lies in the interval

& 4s
crls]- (Clog? n)’ crlsl log®n .
We now partition® the above interval into intervals with lengths geometrically increasing by a factor
_ £
of \/5 Let Pstart = —Cf[s]~($log2 n)
[VOPqiart, (VO)?Pstart], . . ., and so on. We note that there are at most

log(s/ 81))
log 0

and we partition the above interval into intervals [Py, \/éPstart],

A=0 ( (13.9)

such intervals in the partition.

Let Il.(a) denote the set of servers j such that g;(j) € [(V0)?Pytart, (V) Pytare]. I |Il.(a)| is large
enough, then the number of servers j in Il.(a) at which the coordinate i is sampled is “concentrated”
which can then be used to estimate |I l.(a) |. But observe that even having an estimate of |I l.(a) | is insuf-
ficient since we cannot directly estimate . ;¢;( xi(j) only given |Il.(a) | as the servers in the set I l.(a)
may have quite different values for 37; e; " f(x;(j)). So we further partition the servers based on the
value of Y; e;' f(xi(j)). We first give a lower bound on the values }; e;* f(x;(j)) that we need to

consider.

e1(1-e2) X; ¢, f(xi()))
4Cs?

Lemma 13.4.6. Ifthe server j ¢ SMALL; ULARGE; and Y; €; f (x;(j)) <

contribution from all those servers can be ignored.

, then the

Proof. Let IGNORE; be the set of servers j that are not in LARGE; USMALL; and have Y; e f(x;(j)) <

2ij €1 (1—52)9;1f(xi(j))
4Cs?

. By definition, we have

S Y — Y e ()

JEIGNORE; jelonore; €f [s] logz n=
- 4s - |IGNORE;| €1(1 — &2) X; ; ei_lf(xi(j))
— cpls] log®n 4Cs? '

*We do not require it and so are not too careful about ensuring that the intervals we use are disjoint.
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Using the definition of c¢[s] and the Cauchy-Schwarz inequality, we then obtain

) o gls) B
e (Y x() < T lenore] - Y et f(xi())
. S .
JEIGNORE; JEIGNORE;
y 4|1GNORE;|? €1(1 — &) X j €; ' f (xi()))
" log’n 4Cs? '

since 33, ; €, ' f(xi(j)) < (Clog®n) - e;' f(x) and |IGNORE;| < s, we get

e f( D x() < a(l-eer f(x]).

JEIGNORE;

Taking i = i*, we get €' f (2 jeianore,. Xi* (/) < €1(1 — 2)ey.' f(x;+) and therefore using (13.8) we
obtain that

GUC Y () <elafr - Y %)

JEIGNORE;* JESMALL;+

from which we then get

e = D xw (D= Y, xw() 2 (1-&) e fx).

JESMALL;+ JEIGNORE;+

Thus, the contribution from the servers in the set IGNORE;- can be ignored as we can make e, f (%;-)
large even without them. O

So we only have to focus on the servers for which the quantity }; e; ' f(x;(j)) lies in the interval

6‘1(1 82)
C4Csr

Z e f(xi (), maxz f<x,o>>]

Now define Fypt = 2 51102282) 2ije f (x;(j)) and split the above interval into intervals [ Fstart, (VOFgart)],

[(VO)Ftarts (VO)2Fetart], - - -, and so on. Note that there are at most

log(s®/e1(1 — Ez)))

13.10
log 6 ( )

B=o|

such intervals. Let Il.(a’b) fora=0,1,...,A—1andb =0,1,..., B—1betheset of servers j for which

;' f(xi()))

m € [(\/E)a start» (\/é)aﬂpstart],
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and

Z el_lf(xl(])) € [(\/é)bFstarta (\/g)bHFstart]-

If the set |Il.(a’b)| is large, then the number of servers j € Il.(a’b) at which i is sampled is con-
centrated which can then in turn be used to approximate |Ii(a’b) |. But if |Il.(a’b)| is too small, then we
cannot obtain a good approximation using the number of servers in the set I l.(a’b) that sample i. In the
following lemma, we show that the contribution from servers in the sets Ii(a’b) needs to be considered

only if |Il.(a’b) | is large. Let BAD; denote the set of tuples (a, b) for which

crls]

Cf[A . B] . (A . B) . (\/g)a+1/(1 _ 82)2. (13'11)

b
e[ <

Let GooD; be the set of all the remaining tuples (a, b). We first note that the coordinator cannot
determine if a particular tuple (a, b) is in the set BAD;. Using the properties of c¢[s], we get that if
(a,b) € Goop;, then

N

¢/[A-B]-(A-B)- (VO)™1/(1~e)?

(ab)
L7 2

Lemma 13.4.7. The contribution from servers j € \J(qp)epap; | i(a’b) can be ignored.

Proof. By definition of the set of servers Il.(a’b),

D) < YL (VO P Y| e f(xw ()

ic7(ab) - r(ab) 4
jer® jer® i'e[n]

< (\/é)aﬂpstart Z ei_/l Z f(xl’(]))

i’€[n] jer@?)

< (\/é)aﬂpstart Z ei_/lf(xi')
i’e[n]
< (VO)™' Pyar - (Clog?n) - e f ().
By definition of the parameter c¢, we have
e Z Z xi(J)
(a,b)eBAD,»jeIi(a,b)
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<crlA-Bl| D g f (Y wmii)

(a,b)eBAD; jel.(“’b)
b - .
<cela Bl Y el D e fx(i)
(a,b)eBAD; jeI.(“’b)
a,b a —_
<clA-Bl >0 cp[l*”(] - (VO)* Pitare - (Clog? ) - €5 f (xi0)
(a,b)eBAD;
b £ _
<c[A-Bl Y e lIIVN]- (Vo) L — - (Clog’n) - e (xr).
(a,b)eBAD; cf[s] - (Clog”n)

Using (13.11), we get
e'fl > D m()| < (1-e)e e fx).
(a,b)eBAD; jeI.(“’b)

Taking i = i*, we get that

el fl— D (D= D w(— D D w2 (-e) e ),

JESMALL JEIGNORE;* (a,b)eBAD; jeIi(*a,b)

Thus the contribution from the servers in the set Ii(a’b) for tuples (a, b) € BAD; can be ignored. O

Now we show that the coordinator can compute x; by essentially approximating the following
quantity:

xi— Y- Y w- > Y %)

JESMALL; jEIGNORE; (a,b)eBAD; jeIi(“’b)
= > w(+ > D x)
JELARGE; (a,b)EGOODijeIi(a:b>

Algorithm to compute %;

We will go on to give an algorithm that can approximate x; given the samples that the coordinator
receives in the first round. We have already seen that given an index i, all the servers in the set
LARGE; sample the coordinate i with a large probability and therefore we can compute the quantity
2 jeLarcr; Xi(J) exactly with high probability. We have also seen that the contribution from servers
that are in the set SMALL; and in the set IGNORE; can be ignored.

The main remaining contribution to x; that is to be accounted is from tuples (a,b) € GOOD;.
An important issue we need to solve for is the fact that the coordinator cannot determine if a given
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tuple (a, b) is in the set GooD; or in BAD;. We will show that if (a,b) € Goob;, then i is sampled at
many servers in the set Ii(a’b) and depending on the absolute number of servers in Ii(a’b) that sample
i, we mark a tuple (a, b) as “probably good for i”. We argue that, with high probability, all tuples

(a,b) € Goop; are marked “probably good for i” and that for the tuples (a, b) in BAD; that are

marked “probably good for i”, we will still obtain good approximations for |Il.(a’b) [.
The following lemma shows why approximating |Il.(a’b) |
tions of the servers in the set Ii(a’b).

is enough to approximate the contribu-

Lemma 13.4.8. The value | Ii(a,b) | can be used to approximate Z}.e jlab) Xi (j) up to a factor of 0'.

Proof. For all servers j € I l.(a’b), by definition, we have
(VO™ PyartFart < €' (f(x:())) < (VO)™™*** Py Fotare
which further implies using the monotonicity of f that
FHe(VO)™ PyareFart) < xi(J) < fH(e:(VO) ™ PrranFare) < 0 f " (€:(VO) ™ Part Ftare)-

Now we note

Zjegten Xi(J)

b - .
5 < I @OV PuanFuan) < ) xi(): 0
jer'e?
We will then show that the expected number of servers in the set Il.(a’b) that sample i can be used
to obtain an approximation for |Il.(a’b) .

Lemma 13.4.9. Let p;(j) =1 — (1 — q;(j))N denote the probability that the coordinate i is among the N
coordinates sampled at server j. For any tuple (a, b),

|I.(a,b)| . (1 - (1 - (\/g)m-lpstart)N) <
i \/5 =

D pi() < I (1= (1= (VO Paar)™).

. (ab)
JEL

Proof. Using monotonicity and concavity of the function 1 — (1 — x)V in the interval [0, 1], for all
. (a,b)

l' 7

we have

(1 B (1 B (\/é)aﬂpstart)N)

(1- (1= (VO™ Pear)™) = pi(j) = 7

Il(a’b)

Summing the inequalities over all j € gives the proof. O
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If Z}. (et pj is large enough, we obtain using a Chernoff bound that the number of servers in
Ii(a,b) at which i is sampled is highly concentrated around the mean Zje J@p) pj and using the above
lemmas, we can obtain an estimate for |Il.(a’b)| and therefore estimate ZJ.E 1@ Xi(j). We will follow
this approach to approximate Zjeli(a’b) xi(j). Let Xl(a,b) be the number of servers in j € Ii(a,b) that

sample the coordinate i. By linearity of expectation, we have E[ X Ea’b)] = Zje J@b) pj- We will now
use the following standard concentration bounds. l

Lemma 13.4.10. Let Y for j € [t] be a Bernoulli random variable withPr[Y; = 1] = p;. Let Y4,...,Y;
be mutually independent and X = Y1 + - - - + Y. Then the following inequalities hold:

1. If 3.; pj > 100 log n, then
t
PriX=(1+1/3) Y pjl > 1-1/n"
=1
2. For any values of p1, ..., pt,

t
Pr(X < Zij+4logn] >1-1/n
=1

Proof. To prove the first inequality, we use the multiplicative Chernoff bound. We have

Pr[X = (1+1/3) ij] < 2exp (_Zj;Pj).

Jj=1

If Z§=1 p; > 100logn, then the RHS is at most 1/n’. To prove the second inequality, we use the
Bernstein concentration bound. We get

t
Pr(X > 22p1+410gn] < exp
=1

p; +4logn)?
- (2P, gn) < exp(—4logn) < 1/n*. O
2ipj+(Xjpj+4logn)/3
We note that if 3}; p; > 100logn, then with probability > 1 — 1/n3, we have X = (1 +
1/3)logn > 66lognandif 3} ; p; < 30log n,thenwith probability > 1-1/n* wehave X < 64logn.
Thus the value of X can be used to separate the cases of 3 ; p; > 100lognor 3}, p; < 30logn with
high probability.

Now we show that if (a, b) € Goop; and N is large enough, then Zj e pj = 100log n.
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Lemma 13.4.11. If (a, b) € GOoD; and the number of samples N at each coordinator satisfies

cr[s] 'cf[A-B]-(A-B)-\/@-log‘ln

N>0
- s £1(1 - &)?

5

then either (V)% Py > 4logn/N or Zjelgu,b) pj = 100logn.

Proof. Assume (V0)**' Py, < 4log n/N. By concavity of the function 1 — (1 — x)V in the interval
[0, 1],

N(\/é)aﬂpstart

1-1/n).
4logn ( /m)

1- (1= (VO™ Pyar)V 2
For (a,b) € Goop;, we then obtain

a+1
e III-(“”’)I-—N(\/@) Dart (1 _ 1 i)
4log nVo
s N(\/é)aﬂgl
cf[A-B] - (A-B)- (VO)**1/(1 - &) 4Clog’ n - ¢¢[s] - VO
> 100log n. O

. (ab)
JEL

(1-1/n")

\%

With a high probability, for all coordinates i and all servers j in the set I Z.(a’b) for some a with
(VO)* ' Pypy > 4logn/N, the coordinate i € SC;. So the contribution from such servers can be
computed exactly akin to the servers in the set LARGE;.

Now consider all the tuples (a, b) € Goob; with (\@)“”Pstart < 4logn/N. The above lemma
shows that Zjel_(a,m pj = 100log n. Thus, if we mark all the tuples (a, b) with Xl(a,b) > 66logn as
“probably good for i”, then with a probability > 1 — 1/n?, all the tuples (a, b) in Goop; are marked
as “probably good for i” and any tuple (a, b) € BAD; marked as “probably good for i” satisfies

(ab)
X <25 > p;.

jell.(a’b)

We now consider the following algorithm for computing x; using which we then compute Est;:

1. Let S; = {j | i € SC;} be the set of all the servers that sample the coordinate i.
2. Let x; <« 0 denote our initial estimate for x;.

Ry e f(xi()) 4s . : .
3. LetL;={j eS| SRIIET) > T logzn}. This corresponds to the servers in LARGE; that

have sampled i. With high probability, L; = LARGE;. Note that we know the value x;(j) for all
j € L;.
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4. Update %; « X; + X jer, X; (J).

5. Update S; « S; \ L;.

e flal) &
Yie ' f(xi(j))  cpls]-(Clog®n)
have sampled i and therefore the contribution from these servers can be ignored.

6. Let Sm; = {] € S; |

}. Corresponds to the servers in SMALL; that

7. Update S; < S; \ Sm;.
(ab)

i

— {j €S| je1“?} Notethat
S(a,b)
(@h),

8. Foreacha=0,1,...,A—1landb=0,1,...,B—1,setS
since for all j € S;, we know the value of x;(j) and therefore we can compute the set

9. For all tuples (a, b) with (V0)®*' Py > 4logn/N, with high probability Sfa’b) = Il.(a’b) and
we update X; «— X; + Zjeslga,b) xi(j).
10. For all other tuples (a, b), if |S§a’b)| > 66 log n, we mark (a, b) as “probably good for i” and
ignore the rest of the tuples.
11. For all tuples (a, b) marked as “probably good for i”, we update

(2/5)|5\*P]

1-(1 (\/5) at+lp )Nf_1 (el(\/g) a+bp8tarthtart)~
-\ T start

.72'1'<—32'l'+

12. Compute Est; = e; 1 f(%;).
Using all the lemmas we have gone through till now, we will argue that for all i € SC, X; < x; witha

high probability, which proves that Est; is upper bounded by e;* f (x;). We then prove Est;» is large.
Lemma 13.4.12. With probability > 1 — 1/n,forall i € [n], x; < x; which implies Est; < ei_lf(xl-).

Proof. Consider a fixed i. We will argue about contributions from different types of servers to %;
separately. By Lemma 13.4.5, we have L; = LARGE; with probability > 1 — 1/n® and the contribution
2 jearc; Xi(J) to x; is estimated correctly. We deterministically exclude all the servers in SMALL;
and therefore we do not overestimate the contribution of 3’ jesyarr, xi(J) to x;.

Now consider the tuples (a,b) fora = 0,1,...,A—1land b = 0,1,...,B — 1.If a is such that
(V0)**' Pyar > 4logn/N, we again have Sga’b) = Il.(a’b) with a large probability similar to the analy-
sis of Lemma 13.4.5 and therefore we estimate the contribution of such servers to x; exactly.

If (V0)**1 Pyt < 4logn/N and (a,b) € Goop;, then Lemma 13.4.11 shows that Zjel_(a,b) pj =

100 log n. We then obtain using Lemma 13.4.10 that 66 logn < |S§a’b)| < (4/3) Zjelga,b> pj with a
large probability. Using Lemma 13.4.9, we get that l

5i*|
(4/3)(1 = (1 = (VO)a+1 Pyy)N)

< 1.
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Using Lemma 13.4.8, we then obtain that
5i"
1

(4/3)(1 = (1 = (VO Pyart)N)
< 1LY 1@ (VO™ PrtartFoart) < ) i)

r(ab)
jGIia

f_l (ei(\/g)a-'-bpstarthtart)

Hence, the contribution of tuples (a, b) € Goob; is not overestimated. If (a, b) € BAD; and (a, b) is
marked “probably good for i”, then using Lemma 13.4.10, we get

(ab) 2
Sl<S ) P
jerte?
and using the same series of steps as above, we get
b
5"

(5/2)(1 = (1= (VO)**1Pyar)N)
< 1LY 17 (e (VO PrariFaart) < ) i)

. (ab)
JEL

f_l (ei(\/é)a+bpstarthtart)

which again shows that the contribution of tuples (a, b) in BAD; but are marked “probably good for
i” is also not overestimated. Overall we get that with a probability > 1 — O(1/n?), %; < x;. Using a
union bound we have the proof. O

We now show that Est;- is large with a large probability.
Lemma 13.4.13. With probability > 1 — 1/n?,

(1-6)* _
Est;+ > Tei*lf(x,-*).

Proof. By Lemma 13.4.5, L;+ = LARGE;+ and therefore the contribution to x;+ from the servers in
LARGE;+ is captured by X;-. We argued that contribution to X;+ from servers in SMALL;+ U IGNORE;+
can be ignored.

Now consider the tuples (a,b) fora=0,1,...,A—1and b =0,1,...,B— 1.1f (\@)”“Pstart >
(4logn)/N, then Sﬁf b Il.(*a’b) with probability > 1 — 1/n> and therefore the contribution from

) is captured exactly by x;+.If (a, b) € BAD;+, then we argued in Lemma 13.4.7 that

. b
the servers in Il.(*a
we need not capture the contribution from those servers. So any contribution from servers in BAD;

marked as “probably good for i*” will only help in increasing x;-.
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Now consider (a, b) € Goob;- with (V@)““Pmrt < 4logn/N.By Lemma 13.4.11, with a large
probability |S(a’b)

i*

| > % Z]_e]_(*m pj. By Lemma 13.4.9, we get

B (1 B (\/é)m—lpstart)N
\/@ .

b 2 (ab),1
154P)| > guff )|

Now, using Lemma 13.4.8, we get

2 1-(1- (VO Pyar)V .
: Z X (J)

IS0 7 e (VO) ™ PrareFan) 2 5, G

jert?
which then implies

(ab) Y a " a+b
(2/5)|Si* | f 1(91 (\/5) Pstarthtart) > 4 Z xl*(])
1= (1~ (VO Pyare)V 15-0-V0

J€E

e
1

Thus, overall, with high probability, we have

. . 4 .

JELARGE;* )GGOODi* jEIi(*a’b)

We therefore have

1y (1-&) _
ESti* = ei*lf(xi*) > Tei*lf(x,-*)

assuming for all x, f(x/(4-0 - Vo)) > f(x)/6". O

Theorem 13.4.14. Assume we are given a super-additive nonnegative function f that satisfies the “approx-
imate invertibility” property with parameters 0, 6’, 0", €1 and €. Let s > 1 be the number of servers. Define
A = O(log(s/e1)/log 0) and B = O(log(s?/e1(1 — &5)) /log 0). Let ey, . . ., ey, be independent standard
exponential random variables shared across all the servers. Then there is a 2-round protocol in the coordinator

model which uses a total communication of

cf[A-B]-(A-B)- \/élog‘*n . logzn-Q”
e1(1 — &)? ’ (1-&)°

O |crls] -

words of communication and with probability > 1 — 1/poly(n) computes max; e; ' f (x;).

Proof. First we condition on the event that }; e;' f(x;) < (C log® n) - max; e; ' f(x;) which holds
with probability > 1 — 1/poly(n). Note that the randomness used in sampling is independent of the
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exponential random variables. Define i* = arg max; e; ' f(x;).

Let N = O((cg[s]/s) -cf[A-B]-(A-B)- VOlog* n/(e1(1 - £)?)). Let each server j sample N
coordinates independently from its local distribution:

;' f(xi(j))

== s )

Let SC; be the set of coordinates sampled by the server j. Now, each server j sends the set SC; along
with the values x;(j) for i € SC; to the coordinator. Additionally, each server also sends the value
Y€, f(xi(j)) to the coordinator. Note that this requires a total communication of O(N - s) words

of communication.

Now, the coordinator computes SC = | J; SC;. By Lemma 13.4.3, we have i* € SCwith probability
> 1 — 1/poly(n). Now the coordinator computes x; and a value Est; for each i € SC using the
algorithm described above. Lemma 13.4.12 shows that with a probability > 1 — 1/poly(n), for all
i € SC, we have Est; < e;'f(x;) and Lemma 13.4.13 shows that with probability > 1 — 1/poly(n),

we have Est;» > (1;/6/2)3‘3;1 f(x;+). Using a union bound, all these events hold with probability >

1 — 1/poly(n). Condition on all these events.

Let PL be the set of coordinates i € SC with the O(Clog®n-6”/(1 - &;)?) largest values of Est;.
We have i* € PL since we conditioned on all the above events. Now the coordinator queries sends
the set PL to each server j and asks for the values x;(j) for i € PL. Then the servers all send the
requested information in the second round of communication. Note that the total communication
required is O(s - |PL|) words. Since i* in PL, we obtain that

maxe; (Y xi()) = e f(xie)

iePL
Jjels]

and the coordinator can compute this value after receiving the required information from the servers
in the second round of communication. This proves the theorem. O

We can run the protocol in the above theorem concurrently using O(1/¢?) independent copies
of the exponential random variables and then obtain a 1 + ¢ approximation for ; f(x;) with a prob-
ability > 99/100. We note that the overall protocol requires two rounds and a total communication

of Opg .o (Cfg [23] polylog(n)) words of communication.
Theorem 13.4.15. Let f be a non-negative, increasing, super-additive function that satisfies the “approx-
imate invertibility” properties with the parameters 0, 0’, 0"”. Let there be s servers and each of the servers
holds a non-negative vector x(1),...,x(s) € R" respectively. Define A = O(log(s - 8”)/log ) and

B = O(log(s?*- (0”)?)/log 0). Given & < 1/n for a small constant c, there is a two round protocol that uses
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a total of

crls]

£2

cc;[A-B]-(A-B)-VO- (") -log*n+ % log?n - (8"

words of communication and with probability > 9/10 computes a 1 + ¢ for the quantity 3’; f(x;).

Proof. Fork € [O(1/e?)] and i € [n], let esk) be an independent standard exponential random vari-
able. Let i* (k) = arg max;c(, (egk))_1 f(x;). By a union bound, the following hold simultaneously
with probability > 1 — 1/poly(n):

for all k, Z(e§k>)—1 f(x1) < (Clog?n) - (el?f()k))—l F(xi o)
and

In(2) - median (e;f‘()k))—l Flaew) =(1£e) > f(x).

i€[n]

We condition on these events. Now concurrently for each k, we use the exponential random variables
egk) . eﬁ,k) and run the protocol in Theorem 13.4.14 to obtain the value of (eg,ﬁk()k))_1 f(xi(x)) with
probability > 1 — 1/poly(n). We union bound over the success of the protocol for all k and obtain

that with probability > 9/10, we can compute the exact value of

which then gives us a 1+¢ approximation of ;¢ f(xi). The communication bounds directly follow
from Theorem 13.4.14. O

We obtain the following corollary for estimating Fy moments.

Corollary 13.4.16. Let k > 2 be arbitrary. In the coordinator model with s servers that each hold a non-
negative vector x(j) € R™, there is a randomized two round protocol that uses a total of Oy (s~ polylog(n) /€?)
bits of communication and approximate 3.; (2 (5] Xi( ) uptoal + e factor with probability > 9/10.

Proof. For the function f(x) = x*, we have crls] = s*=1 by a simple application of the Holder’s
inequality. We additionally note that x* is “approximately invertible” with parameters § = 2, 6’ =
21k and 0” = 2 - 8%/2, Therefore ¢; and 1 — ¢, can be taken as 1/(2 - 8¥/2). We now have A, B =
O(k +logs) sothatcs[A-B] - (A-B) = (k +log s)k. From the above theorem, we therefore obtain
that there is a two round protocol that computes a 1+ ¢ approximation of ;[ (X je(s] Xi (J )k with
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probability > 9/10 and uses a total communication of

skt (k + log s)*
o2 polylog(n)

2

words of communication. O

13.4.3 Higher-Order Correlations

Kannan, Vempala, and Woodruff [KVW14] also study the problem of approximating higher order
correlations and list a few applications of the problem in their paper. In this problem, there are
s servers and the j-th server holds a set of n-dimensional vectors W;. Given a parameter k, and
functions f : Ryg — Ry, ¢ : R’;o — Ry, the coordinator wants to approximate

M(f,g;m,---’u/s) = Z f Zzg(vilgvizg--.,vik)
i1,ip,...,ix distinct J veEW;

As they mention, for each server j, we can create a vector w(j) withr = (Z)k! components (one for
each tuple (iy, ..., i) with distinct values of iy, is, . . ., ix € [n]) defined as

[W(.])] (l‘l,l‘z,.“,l.k) = Z g(vils Uiza AR ] Uik)'

veW;

Now running the function sum approximation protocol on the vectors w(1), ..., w(s) with the func-
tion f, we can compute a 1 + ¢ approximation for M( f, g) using a total of

] ‘POlleg(F)) = 00,00 (Cf[S]

ol poly(k, log n)

O r Q1

000" | =3
words of communication. The main issue in implementing this algorithm is that all the servers have
to realize the r = (7)k! dimensional vectors w(j) which end up occupying O(n*) space which is
prohibitive when n is large. Using a simple trick, we can show that to execute the protocol in Theo-
rem 13.4.15 can be implemented without using O(n*) space.

We first solve for the issue of sharing O(n*) exponential random variables across all the servers.
In Appendix E.3, we show that the exponential random variables used in the protocol need not be
independent but can be generated using Nisan’s Pseudorandom Generator (PRG) [Nis92]. The seed
for Nisan’s PRG needs to be only of length O(k? log?(n/¢)) and hence the shared randomness across
the servers is only of this size.

The main reason we need the vectors w(j) is so that the server j can sample independent copies
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of the random variable (i, . . ., ix) with probability distribution

Pr[(in,.. .. ig) = (in... .. i)] = .
! ' 2o (i) WD (i)

.....

ple from this distribution, the protocol does not need O(n*) space. Consider the lexicographic or-
dering of the tuples (iy,. .., ix) with all iy,. .., i, distinct. The algorithm goes over the tuples in
the lexicographic orders, computes the value of (e, i) " [W(j)] (.. i) by generating the ran-
dom variable e(;, ;) using Nisan’s PRG and then uses a reservoir sampling algorithm to sample a
tuple form the above defined distribution. This entire process can be accomplished using a constant
amount of space and hence implementing the function sum approximation protocol on the vectors
w(1),...,w(s) can be accomplished without using ©(n*) space at each of the servers. Hence we
have the following theorem:

Theorem 13.4.17. Let there be s servers each holding an arbitrary set of n-dimensional non-negative vectors
Wi, ..., W C respectively. Given a function f : Rso — Ry that satisfies the “approximate invertibility”
property with parameters 0, 0’,0” > 1 and a function g : [R’;O — R’;O, there is a randomized two round
protocol that approximates M(f, g, W1, ..., W) up toa 1 * ¢ factor with probability > 9/10. The protocol

uses a total of

crls]

OE2

ci[A-B]-(A-B)- V8- (87)% K*login+ = - k?log?n - (6”)*
f 2
&

words of communication, where A = O(log(s - 0”)/log 0) and B = O(log(s? - (0”)?)/log 6)

13.5 Lower Bounds

13.5.1 Lower Bound for Sum Approximation

For Fj approximation problem, [WZ12] show an Q(s~'/¢?) lower bound on the total communication
of any protocol that 1 + ¢ approximates the Fy value of a vector that is distributed among s servers.
They show the lower bound by reducing from a communication problem called the k-BTX. Their
proof can be adapted in a straightforward way to obtain the following result for general function
approximation for some class of functions f.

Theorem 13.5.1. Let f be a non-negative, super-additive function and c ¢ [s] be the parameter such that for
allyy, ..., ys > 0, then

flyr+--+y,) < @(\/f(ylﬂ---ﬂ/f(ys))z-
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Assume that there exists y* such that the above inequality is tight wheny; = -+ - = ys = y* i.e, f(sy*) =
s-crls]-f(y*)andlet f = f(sy*)/(2- f(sy*/2)) = 1.Ifs = Q(J3), then any protocol that approximates
>; f(x;) in the coordinator modelup toa 1 + (1/72 — 1/72%)e factor must use a total communication of
Q(Cf[s]/sz) bits.

While the requirements in the above theorem may seem circular, as in, f = f(sy*)/2f(sy*/2)
and s > Q(f), note that f is upper bounded by max, f(x)/(2f(x/2)) which is independent of the

number of servers s.

Proof. We prove the communication lower bound by showing that any protocol which can approx-
imate ) ; f(x;) where f is a function that satisfies the properties in the theorem statement can be
used to construct a protocol for solving the so-called s-BTX (Block-Threshold-XOR) problem on a

specific hard input distribution v.

To define the s-BTX communication problem and a hard distribution v, we first define the s-XOR
problem and a hard distribution 1, for this problem. There are s sites Sy, . . ., S;. Each site S; holds a
block b(j) = (b1(j),...,bn(j)) of nbits. The s sites want to compute the following function:

1, ifthereisanindexi € [n] such that
s-XOR(b(1),...,b(s)) = b;i(j) = 1 for exactly s/2 values of j,

0, otherwise.

Woodruff and Zhang [WZ12] define an input distribution ¢, to the s-XOR problem as follows. For each
coordinate i € [n], avariable D; is chosen uniformly at random from the set {1, ..., s}. Conditioned
on the value D;, all but the D;-th site sets their input to 0 in the i-th coordinate, whereas the D;-th
site sets its input in the i-th coordinate to 0 or 1 with equal probability. Let ¢; be this distribution
on one coordinate.

Next, a special coordinate M is chosen uniformly at random from [n] and the inputs in the M-
th coordinate at all s sites are modified as follows: for the first s/2 sites, the inputs in the M-th
coordinate are replaced with all 0s with probability 1/2 and all 1s with probability 1/2. Similarly,
for the last s/2 sites, the inputs in the M-th coordinate are replaced with all 0s with probability 1/2
and all 1s with probability 1/2. Let ¢/; denote the input distribution on the special coordinate and ¢,
denote the input distribution that on special coordinate follows ¢/; and follows ¢; on the remaining
n — 1 coordinates.

We will now define the s-BTX problem and a hard input distribution v. Again, there are s sites
S1,...,Ss. Each site S; holds an input consisting of 1/¢? blocks and each block is an input for that
site in a corresponding s-XOR problem. Concretely, each site S; holds a length n/e? vector b(j) =
(b1(j), ..., b€ (j)) divided into 1/¢? blocks of n bits each. There are 1/¢* instances of the s-XOR
problem with the £-th instance having the inputs b‘(1),.. ., b’(s). In the s-BTX problem, the sites
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want to compute the following:

L if | Ypepr/er) SXOR(DO(D), ..., b (s)) — 1/26| > 2/
s-BTX(b(1),...,b(s)) =10, if| Xseqy/e2) S-XOR(D! (1), ..., b (s)) — 1/26%| < 1/¢

%, otherwise.

A hard input distribution v for this problem is defined as follows: The input of the s sites in each
block is independently chosen according to the input distribution ¢, defined above for the s-XOR
problem. Let B be the random variable denoting the inputs (b(1), ..., b(s)) when drawn from input
distribution vand M = (M!,...,M 1/ 52) denote the random variable where M denotes the special
coordinate in the ¢-th block of the inputs and D denotes the special sites for all the coordinates in
all 1/¢? instances of the s-XOR problem. [WZ12] prove the following theorem:

Theorem 13.5.2 ([WZ12, Theorem 7]). Let IT be the transcript of any randomized protocol for the s-BTX
problem on input distribution v with error probability § for a sufficiently small constant 8. We have I(B; 11 |
M, D) > Q(n/se?), where information is measured with respect to the input distribution v.

The theorem essentially states that the transcript of any protocol that solves the s-BTX problem
on the input distribution v with a large probability must have a large amount of “information” about
the input vectors when conditioned on the random variables M, D. Since the randomized commu-
nication complexity is always at least the conditional information cost, the above theorem implies
that any randomized protocol that solves the s-BTX problem on input distribution v with error prob-
ability § has a communication complexity of Q(n/se?).

We show a lower bound on the communication complexity of the function sum estimation prob-
lem for f in the theorem statement by reducing the s-BTX problem to approximating »; f(x;) for
appropriately chosen vectors x(1),. .., x(s) at each of the sites.

Let n = s - cy[s] so that the communication complexity of a randomized protocol for s-BTX on
input distribution vis Q(cr[s]/ €%).Let (b(1),...,b(s)) be inputs to the s-BTX problem drawn from
the distribution v. Notice that each b(}j) is a binary vector with s - c¢[s]/ €2 coordinates. Now define
b=b(1)+---+Db(s).

Since the input (b(1),...,b(s)) is drawn from the distribution v, we note the following about
vector b:

1. Each block of 1/¢? coordinates has exactly one coordinate i in which b; = s with probability
1/4, b; = s/2 with probability 1/2 and b; = 0 with probability 1/4.

2. In each block, all other coordinates apart from the one singled out above have a value 0 with
probability 1/2 and 1 with probability 1/2.

Therefore, the vector b when (b(1),...,b(s)) is sampled from v has, in expectation, % coordi-
1

nates with value 1, ﬁ coordinates with value s/2 and ;7 coordinates with value s.
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For each j € [s], define x(j) = y* - b(j) where y* is as in the theorem statement and let

x = 2;x(j) = y* - b. From the above properties of the vector b, the vector x has coordinates
[S]

only with values 0, y*, sy*/2, sy* and in expectation it has = coordinates with value y*, 1/2¢

coordinates with value sy*/2 and 1/4&? coordinates with Value sy*. So, we write
_ (s crls] - . 1 .
W_Zﬂw———%r— S+ 5z +U) - Fy 1D + [+ V) o)

where Q, U, V denote the deviations from the means for each type of coordinate. Note that we have
£(0) = 0and hence no contribution from such random variables. Now, the s-BTX problem is exactly
todetermineif |{U| > 2/eor |U| < 1/¢,and we want to show that a protocol to approximate ;; f(x;)
can be used to distinguish between the cases.

We now define x'¢ft = Zj/: 21 x(j) and x"ight = imsj2e1 X(J)- Let Wt = 3, f(xleft) and Wright .=
>if (xir lght). We now note that

s-crls] -

Wleft + Wright — -
2¢

)fw>+t—+ﬂ ﬂwvm+@§+V)2¢ufm»

Note that for the function f, we have f(sy*) = -2 f(sy*/2) for some > 1. Hence,

mww+w@%—w:w—n«1%§;— )f@w(—+v)ﬂwﬂﬂ-

Let & be a protocol that can approximate ; f(x;), up to a 1 + ae factor, when the vector x is dis-
tributed across s servers. Let W, W'eft and W"i8ht be the 1+ ae approximations for W, W'eft and wight
computed by running the protocol &% on three different instances of the function sum approxima-
tion problem. We first note that for the vector x constructed using the inputs (b(1),...,b(s)), we
have Z f(x) < = Cf f (y") + L f(sy") < 21y) (Sy ) with probability 1 where we used the fact that

s-crls] - f(y") = f(sy) Hence,

W:Wia'z'f(sy*)’ Wleft — yyleft a-Z-f(sy*)’ and  Twrisht — yyright 4
€

a-2- f(sy*)
£

which then implies

ﬂ(Wleft + Wright) _ W

— ﬁ(wleft + Wright) W + %]p( )

: -1
:w—n(Figg——+gyf@ﬂ+@§+vyf@fmﬂi??ﬂww
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Now, we note that with a large constant probability over the distribution v, the random variable Q

satisfies
C/s - cr[s]
10| < -y el
for a large enough constant C by a simple application of a Chernoff bound. Hence, with a union
bound on the above event and the correctness of the protocol on inputs x, x'* and x"8", we get
~left , {rrright . s-crls] -1 %
PR+ 7)W= (= 1)« (o + U - Flsy /D) + (8= 1) (L] fy)
Cys-cels] . 6a i}
s (p- ) p ) = sy
Dividing the expression by ( — 1), we get
lB(Wleft + W!‘ight) _ W 1 ; S - Cf[s] -1 .
=— 2 N A —
5-1 ez U flsy™/2) + 5o @)
Cy/s - crls] /3’
i —_—
——fy) = -
We now use f(sy*) = s - cg[s] - f(y*), f(sy*/2) =s-cr[s] - f(y")/2p to obtain that
PO+ WY — W _s-opls] -Gy (1 (eeplsl =D 28 2C.p 120
p-1 2p 2¢ 262 s - Cf[ s] a/s-cf[s] Ce(B-1)

Ifs > C' - f,then/s-cf[s] > s> C - faswell. IfC’ > 8C,and & < (f — 1)/72f%, then

PW' +wright) — W s - cfls] - f(y") (L (s-cpls]-1)-28 i)
p-1 2p

262 2e - s - cr[s] 12¢

Hence, we can distinguish between the case when |U| < 1/¢ or |U| > 2/¢ using the expression on
the LHS of the above equality. As, n = s - c¢[s], the lower bound for the s-BTX problem implies that
any randomized protocol that approximates }’; f (x;) in the coordinator model when the vector x is
split between s servers,uptoa 1+ (ﬁ — ﬁ ¢ factor, with probability > 1 — § for a small enough

constant §, must use a total communication of Q(cr[s]/ £?) bits. O

13.5.2 F; Estimation Lower Bound for one-round Algorithms

We use the multiplayer set disjointness problem to show that a one round protocol for Fj estima-
tion using shared randomness requires a total of Q(s*~!/&¥) bits of communication. In the one-way
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blackboard private-coin communication model, it is known that the ¢-player promise set disjointness
problem, with sets drawn from [n], has a communication lower bound of Q(n/t). In this problem,
each of the t servers receives a subset of [n] with the promise that the sets received by all the servers
are either mutually disjoint or that there is exactly one element that is present in all the subsets.
As defined in the introduction, a one-round protocol in the coordinator model can be imple-
mented in the standard 1-way blackboard model: In this model, all the servers in a deterministic or-
der write the information on a publicly viewable blackboard. The total communication in this model
is then the total number of bits written on the blackboard. The one round algorithms in the coor-
dinator model are strictly weaker as each server sends its information to the coordinator without
even looking at others bits. The lower bound of Q(n/t) in the 1-way blackboard model was shown
in [CKS03] and later [Gro09] extended the Q(n/t) lower bound to an arbitrary number of rounds.

Theorem 13.5.3. Givens > 3 servers each having an n dimensional vector x(1), ..., x(s) respectively,
any 1-round Fy estimation algorithm, in which the servers send a single message to the coordinator, that ap-
proximates Fy(x) up to 1 + ¢ factor with probability > 9/10 over the randomness in the protocol, must use
Qi (k71 /ek log(s/¢)) bits of total communication.

Proof. The lower bounds in [CKS03, Gro09] hold even with shared randomness, but are not stated that
way, so one can also argue as follows to handle shared randomness: suppose there is a public coin
algorithm in the 1-way blackboard communication model using a total of c bits of communication.
Then by Newman'’s equivalence [New91] of private-coin vs public-coin protocols up to an additive
logarithmic increase in the communication, there is a private coin algorithm in the one-way black-
board communication model using a total of ¢ + O(log(nt)) bits. The first player samples one of the
strings pre-shared among all the servers and announces the index of the string on the blackboard
and then the remaining servers proceed with the computation using this string as the shared ran-
dom bits. Hence, ¢ = Q(n/t) — O(lognt) and when t < n” for a constant @ < 1, we obtain that
Q(n/t) bits is a lower bound on the communication complexity of 1-way public coin protocols in
the blackboard model that solve the s-player set disjointness problem.

In our model, the F estimation algorithm is even weaker than the 1-way public coin protocol in
the blackboard model as all the servers send their bits to the coordinator without looking at others
bits. Hence, the lower bound of Q(n/t) bits can be used to lower bound the communication com-
plexity.

Let n = s€/¢k and t = s/2. Consider the instance of a t player set-disjointness problem. We will
encode the problem as approximating the Fy moment of an n dimensional vector distributed over s
servers.

For j = 1,...,s/2, the player j encodes the subset S; C [n] they receive as an n dimensional
vector x(j) by putting 1 in the coordinates corresponding to the items in the set and 0 otherwise.

Now each of the s/2 servers runs a (1/Cn)-error protocol in the coordinator model (as in the
protocol fails with probability at most 1/Cn) to approximate || 3%, x(j) ||’,i and sends the transcript
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to the central coordinator. The central coordinator chooses appropriate vectors x(s/2+1), ..., x(s)
and using the transcripts from the s/2 servers finds a 1 + £ approximation to || 32%_; x (/) ||’,§ by run-
ning the (1/Cn)-error protocol for estimating Fy moments.

Let || Zj/: 21 x( j)||i = T.Fix an index i € [n]. The central coordinator creates the vectors
x(s/2+1),...,x(s/2+s/2) to be all be equal and have a value of 2/¢ in coordinate i and remaining

positions have value 0. Now consider a NO instance for the set disjointness problem. Then we have
I 252 x(DIE < (T = 1)+ (s/e+ D).

Let T’ be such that (1 — ¢')T < T’ < (1+ ¢')T. Then,

1+¢
1-¢

(1+&)] Zs:x(j)||§ T —(1+&)+(1+&)(s/e + D

Jj=1

IA

Now consider a YES instance. If all the sets intersect in i, then || Zj’:l x(j) ||’,§ =T —(s/2)F + (s/e+
s/2)k. Now,

(=& gxmnz > 1O -G/ 4 (st s/
If
L 1=V (s/2) + (1= ) (sfe+5/2)F > T — (1) + (1+ &) (/e + 1),
1+¢ 1-¢

we have a test for set disjointness. The above is implied by

(1-¢)(s/e+s/2)F = (1 +&)(s/e+ 1)k = (1-€)(s/2)F > 4—S,T'
1—(&)?

which is further implied by (1 — ¢')(s/e +5/2)F = (1 + &) (s/e + 1)* — (1 = &) (s/2)F > 8¢'T. As
T < (s/e)* + (s/2)*, we obtain that the above is implied by

(1-¢)(1/e+1/2)F = (1+&)(1)e+ 1))k = (1 = &) (1/2F) > 8¢'(1/F +1/2).
Fors > 3,

(1/€+1/2)k N (1/g+1/2

k
et 1/s 1/g+1/3) = (1+¢/8).

Hence, setting ¢’ = ¢/C for a large enough constant implies that

(1=e)(1/e+1/2)F = (1+)(1/e+1/s)k > %(1/5+ 1/2)k
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For k > 2, we further get
(1-&)(1/e+1/2)F = (1+)A/e+1/s) = (1-€)(1/25) > %(1/“ 1/2)k.

By picking C large enough, we obtain (¢/32)(1/e + 1/2)F > 8¢/(1/ek + 1/25). Thus, ifa 1 + ¢
approximation of || Zj’:l x(j) ||’,§ for any i € [n] (note that the vectors x(s/2 + 1), ..., x(s) depend
on which i we are using) exceeds (1+¢)T’/(1—¢') = (1+¢&) + (1+¢') (s/e+1)F, then we can output
YES to the set disjointness instance and otherwise output NO. Note that we needed to union bound
over the n+ 1 instances of the problem, i.e., that we compute T” such that (1-¢)T < T" < (1+¢)T
and later for each i € [n], we wanta 1+¢" approximation to the appropriately defined || Zj’:l x(j) ||£
and hence we use a 1/Cn error protocol.

Thus, any distributed protocol which outputs a 1 + £/C approximation to the Fy approximation
problem with probability > 1 — £X/Cs* must use a total communication of Q(s~!/¢*) bits. Con-
sequently, an algorithm which succeeds with a probability > 9/10 must use Q(s*~!/log(s/e)e")
bits of total communication since the success probability of such an algorithm can be boosted to a
failure probability O(e¥/s¥) by simultaneous independent copies of the protocol. O

13.6 Conclusions and Open Questions

In this chapter, given a non-negative monotonic function f, we introduce a new parameter cr|s]
and obtain an algorithm for approximating Y; f(x;) in the coordinator model using cy[s]/e? bits
of communication up to polylogarithmic factors. For a restricted class of functions, we show that
Q(cr[s]/€*) bits of communication is necessary.

The tightness of our algorithm against the lower bounds suggests that cy[s] may be the correct
parameter to look at compared to the cf; introduced in the work of Kannan, Vempala and Woodruff
[KVW14]. A more careful study is required to fully understand why c¢[s] seems to be capturing the
communication complexity of the distributed function sum approximation problem.

Another interesting open question is if we can strengthen the lower bound to showing that
Q(cr[s]/€*) bits of communication is necessary for a broader class of functions.

340



Chapter 14

Linear Algebra in the Personalized CONGEST
Model

14.1 Introduction

While a majority of work in the distributed algorithms setting has focussed on the coordinator model,
a number of works, such as [CRR14, CLLR17], have looked at more general network topologies. One
challenge in a more general network topology and without a coordinator is how to formally define
the communication model. One of the most popular distributed frameworks in the past few decades
is the CONGEST model [Pel00]. In this model, each server is a node in the network topology and in
each round it can send and simultaneously receive a possibly distinct message of bounded size' to
and from its neighbors, as defined by the edges in the network, which is an unweighted undirected
graph. Given the restriction on the size of the messages that can be sent in each round, efficiency of
a protocol in this model is in general measured by the number of rounds required by an algorithm.

Efficient CONGEST algorithms have been developed for shortest paths [GL18, HL18], independent
sets [Lub86, Gha19], matchings [AKO18, BEPS16], minimum spanning trees [KP98, GKS17], and so
on. A related distributed computation model is the on-device public-private model [EEM19] that
provides a framework for distributed computation with privacy considerations.

It is not hard to see that one cannot estimate Fy. of the sum of vectors as efficiently in the CON-
GEST model as one can in the coordinator model with s servers, even if one has a two-level rooted
tree where each non-leaf node has s children. Indeed, the root and the s nodes in the middle layer
can have no input, at which point the problem reduces to the coordinator model with s? servers, and
for which a stronger Q((s?)*~!) lower bound holds [WZ12] and hence the average communication
per node in the tree must be Q(s%~*) bits, as opposed to an average of O(s*~2) bits per server in the
coordinator model with s servers. A natural question is which functions can be estimated efficiently

with a more general network topology. Inspired by connections between frequency moment algo-

1Usually O(log n) bits where n is the number of nodes in the graph.
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rithms and randomized linear algebra (see, e.g., [WZ13]), we study the feasibility of communication
efficient algorithms for various linear algebra problems in this setting.

We assume that each server v in the graph holds a matrix A, € R™*?, Accordingly, we restrict
the size of messages in each round to be poly(d, log n, log max, n,) bits where n is the number of
nodes in the graph.

We define a generalization of the CONGEST model called the personalized CONGEST model. In this
model, given a distance parameter A, we would like, after A communication rounds, for each node to
compute a function of all nodes reachable from it in at most A steps, which is referred to as its A-hop
neighborhood. Note that taking A to be the diameter of the graph, we obtain the CONGEST model.
Such personalized solutions are desired in several applications such as recommendation systems
and online advertisements. For instance, in an application that wants to recommend a restaurant to
a user, the data from devices in a different country with no relation to that particular user may not
provide useful information and may even introduce some irrelevant bias. Distributed problems with
personalization have been studied in a line of work [PHC07, CEK*15, EEM19]; however, to the best of
our knowledge none of the prior work studies linear algebraic problems.

Ideally one would like to “lift” a communication protocol for the coordinator model to obtain
algorithms for the personalized CONGEST model. However, several challenges arise. The first is that
if you have a protocol in the coordinator model which requires more than one round, one may not
be able to compute a function of the A-hop neighborhood in only A rounds. Also, the communica-
tion may become too large if a node has to send different messages for each node in say, its 2-hop
neighborhood. Another issue is that in applications, one may be most interested in the maximum
communication any node has to send, as it may correspond to an individual device, and so cannot be
used for collecting a lot of messages and forwarding them. More subtly though, a major issue arises
due to multiple distinct paths between two nodes u and v in the same A-hop neighborhood. Indeed,
if a server is say, interested in a subspace embedding of the union of all the rows held among servers
in its A-hop neighborhood, we do not want to count the same row twice, but it may be implicitly
given a different weight depending on the number of paths it is involved in.

Distributed algorithms for problems in randomized linear algebra, such as regression and low
rank approximation, are well studied in the coordinator model [BLS*15, BWZ16, KVW14, FSS20,
BKLW14], but they do not work for communication networks with a general topology such as social
networks, mobile communication networks, the internet, and other networks that can be described
by the CONGEST model. Hence, we ask:

Question For which of the problems in numerical linear algebra can one obtain algorithms in the
personalized CONGEST model?
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Problem Per node Communication in each round

£, subspace embeddings (p # 2) Op (d™ax(p/2+23) ¢=2) (Theorem 14.3.5)

£, regression (p # 2) Op (d™ax(p/2+2.3) ¢=2) (Section 14.3.5)
£, subspace embeddings Oa(d?e72) (Theorem 14.3.5)

{, regression On(d?e7%) (Section 14.3.5)

Rank-k Frobenius LRA Oa(kde™3) (Section 14.3.6)

Table 14.1: Per node communication in each of the A rounds to solve the problems over data ina A
neighborhood of each node in the CONGEST model. We assume ¢ < 1/A.

14.1.1 Our Results

For the above question, in the personalized CONGEST model, we show how to compute A-hop sub-
space embeddings, approximately solve £,-regression, and approximately solve low rank approxima-
tion efficiently. For example, for £,-subspace embeddings and regression, we achieve O(A2ndP/?+2 [ ¢2)
words of communication, which we optimize for p = 2 to O(A2nd?) words, where n is the total
number of nodes in the graph. Our algorithms are also efficient in that each node sends at most
O(A - d™x(p/2+23)) words to each of its neighbors in each of the rounds, which we optimize to
O(A - d?) words for p = 2.That is, the maximum communication per server is also small. We remark
that in a round, the information sent by a node to all its neighbors is the same.

Finally, our protocols are efficient, in that the total time, up to logarithmic factors is propor-
tional to the number of non-zero entries across the servers, up to additive poly(d/¢e) terms. Our
results hold more broadly for sensitivity sampling for any optimization problem, which we explain
in Section 13.1.2. Our results in the CONGEST model are summarized in Table 14.1.

14.1.2 Our Techniques

In this section, we will describe the construction of #,-subspace embeddings, though the arguments
here are analogous for £,-subspace embeddings by using the £,-sensitivities instead of the leverage
scores. Recall that given an n X d matrix A, we say that a matrix M is a (1/2) subspace embedding for
Afif for all vectors x, ||[Mx]||5 = (1 + 1/2)||Ax||5. Subspace embeddings have numerous applications
in obtaining fast algorithms for problems such as linear regression, low rank approximation, etc.

Our main technique is to use the same uniform random variables across all the servers to coordi-
nate the random samples across all the servers in a useful way. For simplicity, assume that there is a
node « connected to s neighbors (servers) such that the j-th neighbor holds a matrix AV e Rm>d,
which does not have any duplicate rows. Further, assume that we want to compute a subspace em-
bedding for the matrix A obtained by the union of the rows of the matrices AV ie. if arow v is
present in say both A and A®, it appears only once in the matrix A.

Given a matrix A, we recall the standard definition of the leverage scores for each of the rows
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of A, as well as the standard construction to obtain a subspace embedding from the leverage scores.

(o) |?
llAx]l3 *

For convenience, we define 74(v) = 0 if v is not a row of the matrix A. One has that the sum of

If v is a row of the matrix A, define the leverage score 74(v) of v to be: 74(v) = maxy.axzo

the leverage scores of all the rows in a matrix A is at most d. Now construct the n X n random
diagonal matrix D as follows: for each i € [n] independently set D;; to be 1/+/p; with probability
pi = min(1, g;) where q; > Cza(a;) logd and q; is the i-th row of A, and set it to 0 otherwise. We
note that since X’ ¢, 7a(ai) < d, the random matrix D has at most O(d log d) nonzero entries with
a large probability. One can now show that if C is large enough, then with probability > 99/100, the
matrix D is a 1/2 subspace embedding for A. We note that the matrix DA has at most O(d logd)
nonzero rows with a large probability. This algorithm is known as leverage score sampling.

Going back to our setting, we want to implement leverage score sampling on the matrix A which
is formed by the union of the rows of the matrices AL AG) e we only count a row once even
if it appears on multiple servers. As in the coordinator model in Chapter 13, where we used the same
exponential random variables across servers, a key idea we use in the CONGEST model is correlated
randomness. This time, for each possible row v that could be held by any server, all the servers choose
the same threshold h(v) uniformly at random from the interval [0, 1]. We treat h(-) as a fully random
hash function mapping row v to a uniform random number from the interval [0, 1].

Each server j now computes the £, leverage score of each of the rows in its matrix AY), Note if v
is held by two different servers j # j’, then it could be that 7, (v) # 74 ().

Server j sends all its rows o that satisfy h(v) < Cr,() (v) logd to node a. Additionally, assume
that the server sends the value 7, (v) along with the row v. Since h(v) is picked uniformly at ran-
dom from the interval [0, 1], the probability that a row v is sent to the node & by the j-th server is
min(1, Cz;(v) log d). Hence, each server is implementing leverage score sampling of its own rows
and sending all the rows that have been sampled to node .

Now we note that if v is a row of the matrix AV, then T4 (v) > 74(v) which directly follows
from the definition of leverage scores. For any o that is a row of the matrix A, we have 74(v) <
maxe[s] Ta() (v). Since h(v) is same across all the servers, then the probability that a row v of
the matrix A is sent to the node « is exactly, min(1, max;ec[s Cr4() (v) log d). For all the rows v
that are received by node «, it can also compute min(1, max;e[s) C74(j) (v) log d) since it also re-
ceives the values 7, (v) from all the servers that send the row v. Now using the fact that 74(v) <
maxe[s] Ta() (v) for all rows v of A, the union of rows that are received by the node a correspond to
a leverage score sampling of the matrix A. Since the node « can also compute the probability that
each row it receives was sampled with, it can appropriately scale the rows and obtain a subspace em-
bedding for the matrix A. In the above procedure, each server j sends at most O(d log d) rows and
therefore the subspace embedding constructed by the node & for matrix A has at most O(sd log d)
rows.

Even though we described a procedure to compute a subspace embedding of the union of neigh-
boring matrices at a single node «, if the nodes send the rows that are under the threshold h(v)
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to all their neighbors, this procedure can simultaneously compute a subspace embedding at each
node for a matrix that corresponds to the union of neighbor matrices of that node. This solves the
1-neighborhood version of the more general A-neighborhood problem we introduced.

Now consider how we can compute a subspace embedding for the distance 2 neighborhood ma-
trix. Note that we cannot run the same procedure on 1-neighborhood subspace embeddings to obtain
2-neighborhood subspace embeddings. We again use the monotonicity of leverage scores. Consider
the node a and the matrix A as defined before. Let v be a row that it receives from one of its neigh-
bors in the first round. Suppose the node & can compute 74 (v), the leverage score of v with respect
to the matrix A. Now the node « forwards the row v to its neighbors if h(v) < Cra(v) logd. Suppose
B is neighbor of the node . Thus, after the second round, the rows received by f then correspond
to performing a leverage score sampling of the distance-2 neighborhood matrix for the node f and
it can then compute a subspace embedding for that matrix!

Now the main question is how can the node a compute the leverage scores 74 (v)? By definition
of a subspace embedding, we note that if M is a subspace embedding for A, then M can be used to
approximate 74(v). Since we already saw that the node & can compute a subspace embedding for
the 1-neighborhood matrix, it can also approximate 74 (v) for all the rows o that it receives. However,
an issue arises where we are using the set of rows that a receives in the first round themselves to
approximate their leverage scores and therefore their sampling probabilities in the second round.
This leads to correlations, and it is unclear how to analyze leverage score sampling with such cor-
relations. To solve for this issue, we use two independent hash functions h;(-) and h;(-). Using the
sample of rows received by the node @ when the 1-neighborhood procedure from above is run using
hash function h (-), it computes a subspace embedding for the matrix A and then uses this subspace
embedding to approximate the leverage scores of the rows that it receives when the 1-neighborhood
procedure run using hash function h;(-). The node a then uses these approximate leverage scores
to decide which of the rows that it received are to be forwarded to its neighbors. This decouples the
probability computation and the sampling procedure and the proof of leverage score sampling goes
through.

This procedure is similarly extended to compute subspace embeddings for the A-neighborhood
matrices at each node in the graph. In each round, we use a fresh subspace embedding and use it to
compute approximate leverage scores and filter out the rows and then forward them to the neigh-
bors. This way of decorrelating randomness is similar to the sketch switching method for adversarial
streams in [BJWY22], though we have not seen it used in this context.

This general procedure of collecting data from neighbors, shrinking the collected data and trans-
ferring the data to all the neighbors is called “graph propagation”. Any procedure such as ours above
which can handle duplicates can be readily applied in this framework so that each node in the graph
can simultaneously learn some statistic/solve a problem over the data in its neighborhood.
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14.2 Neighborhood Propagation via Composable Sketches

We define composable sketches and show how using a neighborhood propagation algorithm, com-
posable sketches can be used so that all nodes in a graph with arbitrary topology can simultaneously
compute statistics of the data in a distance A neighborhood of the node. Typically, the distance pa-
rameter A is taken to be a small constant but can be as large as the diameter of the underlying graph.

We use o to denote a dataset. Each item in the dataset is of the form (key, val) where the keys
are drawn from an arbitrary set T and the values are d-dimensional vectors. We use the notation
ol .vals to denote the matrix with rows given by the values in the dataset. We say two datasets of
and 9B are conforming if for all keys present in both the datasets, the corresponding vals in both the
datasets are the same. We use the notation of U 98 to denote the union of both the datasets. In the
following, we assume that all the relevant datasets are conforming. A composable sketch sk(sf) is a
summary of the data items 9. The sketch sk(-) must support the following three operations:

1. CREATE(S): given data items o, generate a sketch sk(sf).

2. MERGE(sk(d), sk(sy), - - - , sk(y)): given the sketches sk(sdy), - - - , sk(sdy) for sets of data
items 9y, - - - , Ay which may have overlaps, generate a composable sketch sk(sd; U - - U o)
for the union of data items sA; U - - - U .
3. SOLVE(sk(s)): given a sketch sk(s) of data items o, compute a solution for a pre-specified
problem with respect to .
Note that sk(dl) need not be unique and randomization is allowed during the construction of the
sketch and merging. We assume that CREATE, MERGE and SOLVE procedures have access to a shared
uniform random bit string.

A core property of the above composable sketch definition is that it handles duplicates. Consider
the following problem over a graph G = (V, E). Each vertex of the graph represents a user/server.
For a node u, we represent their dataset with §,, a set of (key, val) pairs. Given a parameter A, each
node in the graph wants to compute statistics or solve an optimization problem over the data of all
the nodes within a distance A from the node. For example, with A = 1, each node u may want to
solve a regression problem defined by the data at node u and all the neighbors u.

As composable sketches handle duplicates, the following simple algorithm can be employed to
solve the problems over the A neighborhood of each node .

1. Each node u computes sk(S,) and communicates to all its neighbors.

2. Repeat A rounds: in round i, each node u computes

sk(8) =sk( | ] 8™ = MerGE(sk(S] ), -+, sk(S5 1))
v{ovu}eE

and sends the sketch to all its neighbors. Here we use sk(8?) to denote sk(S,).
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3. Each node u in the graph outputs a solution over its A neighborhood via first computing
MERGE(sk(8?), sk(8}), sk(S2), ..., sk(S%)) and then using the SOLVE(-) procedure.

Notice that the capability of handling duplicates is crucial for the above neighborhood propagation
algorithm to work. For example, a node v at a distance 2 from u maybe connected to u through two
disjoint paths and hence u receives the sketch of u’s data from two different sources. So it is neces-
sary for the sketch to be duplicate agnostic to not overweight data of vertices that are connected
through many neighbors. Another nice property afforded by composable sketches is that a node
sends the same “information” to all its neighbors meaning that a node does not perform different
computations determining what information is to be sent to each of its neighbors.

In the following section, we give a composable sketch for computing an £, subspace embedding
and show that it can be used to solve £, regression problems as well as the low rank approximation
problem.

14.3 Composable Sketches for Sensitivity Sampling

We assume 94, . .., ;s are conforming datasets. Let o = of; U --- U ol;. We give a composable
sketch construction such that using sk(s), we can compute an £, subspace embedding for the matrix
ol.vals. Another important objective is to make the size of the sketch sk(sf) as small as possible
so that sketches can be efficiently communicated to neighbors in the neighborhood propagation
algorithm.

Given a matrix A € R™¢, we extend the normal usage and say that a matrix M € R™ is an ¢
£,-subspace embedding for A if for all x € R¢,

IMx|lf = (1 £ )l Ax]l).

We will now recall the so-called £, sensitivities, defined in Chapter 2, and how they can be used to
compute subspace embeddings.

14.3.1 ¢, Sensitivity Sampling

The ¢, sensitivities are a straightforward generalization of the leverage scores. Given a matrix A and
arow a of the matrix, the £, sensitivity of a w.r.t. the matrix A is defined as

o Kax)l
7, (a) = max ——
x:Ax#0 ”Ax”p

The ¢, sensitivities measure the importance of a row to be able to estimate ||Ax||§ given any vector x.
Suppose that a particular row a is orthogonal to all the other rows of the matrix A, we can see that a
is very important to be able to approximate || Ax]| |j; up to a multiplicative factor. It can be shown that
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if the matrix A has d columns, then the sum of £, sensitivities 3’ ,c 4 Tff (a) < d™xP/2D) [MMWY22].
Now we state the following sampling result which shows that sampling rows of the matrix A with
probabilities depending on the sensitivities and appropriately rescaling the sampled rows gives an
£, subspace embedding.

Theorem 14.3.1. Given a matrix A and a vector v € [0, 1]" such that foralli € [n],v; > ,Bfff (a;) for
some f§ < 1, let a random diagonal matrix S be generated as follows: for each i € [n] independently, set S;; =
(1/p;)"/P with probability p; and 0 otherwise. If p; > min(1, Cyf~'0;(Czd log(d/e) +log(1/8))/€?) for
large enough constants Cy and Cy, then with probability > 1 — 6, for all x € RY,

ISAx||, = (1 £ &) [|Ax]l,.

Given constant factor approximations for the £, sensitivities we can define the probabilities p;
such that the matrix S has at most O(d™*®/21) (d1log(d/¢) + log 1/8)/€%) non-zero entries with
a large probability. The proof of the above theorem proceeds by showing that for a fixed vector x,
the event [|SAx||, = (1 + ¢)||Ax||, holds with a high probability and then using an e-net argument
to extend the high probability guarantee for a single vector x to a guarantee for all the vectors x.
For p = 2, we can show that in the above theorem p; > min(1, C; 8 'v;(C; log(d/¢) +log1/8)e™?)
suffices to construct a subspace embedding. So, in all our results for the special case of 2, only O(d)
rows need to be sampled.

We will now show a construction of a composable sketch sk(d) given a dataset 9. The compos-
able sketch sk(d) can be used to construct an £, subspace embedding for the matrix f.vals. Impor-
tantly, we note that given composable sketches sk(sf) and sk(98), the sketches can be merged only
when of and 9B are conforming and the sketches sk(s4) and sk(9B) are constructed using the same
randomness in a way which will become clear after we give the sketch construction.

We parameterize our sketch construction with an integer parameter ¢ that defines the number of
times a sketch can be merged with other sketches. We denote the sketch by sk; (o) if it is “mergeable”
t times. Merging sk; (o) and sk () gives skpin(z,rr)-1(d U B). Naturally, the size of the sketch
increases with the parameter t. We will first show how the sketch sk; () is created.

14.3.2 Sketch Creation

Given a dataset o and a parameter t, we pick t independent fully random hash functions hy, ..., h;
mapping keys to uniform random variables in the interval [0, 1]. Thu, for each key, the value h; (key)
is an independent uniform random variable in the interval [0, 1]. Given hash functions hy, hy, . . ., hy,
first for each (key, val) € 9, we compute 7y, that satisfies

¢ ~ ¢
(1+e)fr)  (val) < Ty < (14 £)t+1rgg.vals(val).
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Note that we are free to choose Tyey to be any value in the above interval. To allow randomness in
computing the values of Tyy, we introduce another parameter y. We assume that with probability
1 -y, forallkey € ol .keys, Tiy satisfies the above relation. When creating the sketch from scratch,
as in the dataset o is entirely available, since we can compute exact £, sensitivities, we can take y
to be 0. The only requirement is that the value of 7., must be computed independently of the hash
functions hy, ..., h;.

For each key € o keys, let prey = CTyey(d log d/e +log 1/8)e~% and now for each h;, define
senSample(d, h;, t) = {(key, val, min(pyey, 1)) | (key, val) € o, h;j(key) < prey}-

The sketch sky o () is now defined to be the collection (senSample(sd, hy, t), . . ., senSample(sd, hy, t)).
The procedure is described in Algorithm 14.1. Note that for each (key, val) € 4,

Pry, [(key, val, ) € senSample(d, h;, t)] = min(piey, 1)
> min(Crz’.Vals(val) (dlog(d/e) +log1/8)e % 1).

Hence, the construction of the set senSample(d, h;, t) is essentially performing £, sensitivity sam-
pling as in Theorem 14.3.1 and for sampled rows it also stores the probability with which they were
sampled. Thus, a matrix constructed appropriately using senSample(d, h;, t) will be a subspace em-
bedding for the matrix sf.vals with probability > 1 — 4.

Throughout the construction, we ensure that the sketch sk; (o) = (senSample(d, hy, t), ...,
senSample(d, hy, t)) satisfies the following definition.

Definition 14.3.2. A sketch (senSample(d, hy,t),. .., senSample(d, hy, t)) is denoted sk , (o) if
with probability > 1—y (over randomness independent of hy, . . ., h;), for each (key, val) € o, there

exist values Tyey (computed independently of the hash functions h, . . ., h;) such that
¢ ~ ¢
(1+e)fr)  (val) < Tey < (146 t+1T&‘g.vals(Val) (14.1)

and for prey = Ctiey(dlogd/e +log 1/8)e72,

senSample(d, h;, t) = {(key, val, min(pyey, 1)) | (key, val) € o, h;(key) < prey}. (14.2)

Note that using the bounds on the sum of £, sensitivities, we obtain that with probability > 1-y—
exp(—d), the size of the sketch sk , (s1), in terms of the number of rows, is O (¢ (1+¢)+1d™*(P/21 (d log d / e+
log 1/5)e7%). By Theorem 14.3.1, we obtain that given a sketch sk, (1), Algorithm 14.2 computes a
subspace embedding for the matrix gl.vals. Thus, we have the following theorem.

Theorem 14.3.3. Given sk, ,(sl) constructed with parameters ¢, 6, Algorithm 14.2 returns a matrix that
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with probability > 1 — y — § satisfies, for all x,
[|Mx||h = (1 % &)||ol.vals - x||5.

We now show how to compute a sketch for o, U- - -Udl given sketches sk, ,, (1), . . ., sky y ()
for s conforming datasets oy, . . ., ;.

14.3.3 Merging Sketches

Theorem 14.3.4. Let o1, . . ., d be conforming datasets. Given sketches sk;, y, (1), . . ., sk, (ds) con-
structed using the same hash functions hy, . . . and parameters e, § > 0, Algorithm 14.3 then computes a sketch

Skmini(ti)—1,5+y1+...+ys(,qu U---uUdy).

Proof Outline

In the original sketch creation procedure, we compute approximations to the ¢, sensitivities which
we use to compute a value py.y and keep all the (key, val) pairs satisfying h(key) < pyey. We argued
that the original sketch creation is essentially an implementation of the £, sensitivity sampling al-
gorithm in Theorem 14.3.1. Now, given sketches of A1, . .., d, we want to simulate the £, sensitivity
sampling of the rows in the matrix (sf; U - - - U d;).vals to create the sketch sk(dl; U --- U gly). An
important property of the £, sensitivities is the monotonicity - the £, sensitivity of a row only goes
down with adding new rows to the matrix. Suppose we have a way to compute £, sensitivities of the
rows of the matrix (s U - - - U oly).vals. Suppose arow a € d;.vals. Then the probability that it has
to be sampled when performing £, sensitivity sampling on the matrix (s, U- - - U dy).vals is smaller
than the probability that the row has to be sampled when performing ¢, sensitivity sampling on the
matrix 9f;.vals. Thus, the rows that we ignored when constructing sk(sl;) “don’t really matter” as
the £, sensitivity sampling of the rows of (s, U- - - Ud).vals when performing using the same hash
function h would also not have sampled that row since h(key) was already larger than the proba-
bility that o1; assigned to the row a which is in turn larger than the probability that of; U - - - U o,
assigned to the row a.

The above argument assumes that we have a way to approximate the £, sensitivity of a row with
respect to the matrix sd; U - - - U ol and sensitivity sampling requires that these approximations
be independent of the hash function h we are using to simulate sensitivity sampling. We now recall
that each sk;,(d) has t independent copies of the senSample data structure. We show that one
of the copies can be used to compute approximate sensitivities and then perform the ¢, sensitivity
sampling on the other copies. Thus, each time we merge a sk, (-) data structure, we lose a copy of
the senSample data structure in the sketch which is why the sketch sk; ,(-) can be merged only ¢
times in the future.
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Formal Proof

Proof. Let o = ody U --- U dsand t = min(t, ..., ). Recall that each sk;, . (sd;) is a collection
of the data structures senSample (s}, hy, t;), . .., senSample (s}, hes t)) and that by definition of
sks, (), foreach j =1,...,s,with probabilityl y;j (over independent randomness hy, . . .,htj) for
each (key, val) € d;, there exists T, J ) for which

(1+£)th L (vaD) <?<J> < (1+e)ey b (val) (14.3)

.vals
- iV -2 _
and for pyey Tkey(dlog(d/e) +log1/)e“andi=1,...,¢;
senSample(d;, h;, tj) = {(key, val, min(pyey, 1)) | (key, val) € o, hj(key) < prey}-

By a union bound, with probability > 1 — (y; + - - - + y5), we have T A{J) ;8 in(14.3)forall j=1,...,s
and key € d;.keys. Condition on this event.

We now show that the matrix M constructed by the algorithm is a subspace embedding for
(A1 U --- U dy).vals. Note that, in constructing the matrix M, the algorithm uses senSample data
structures all constructed using the same hash function h;.

merge

If (key, val, ) is in any of the sets senSample(sdy, hy, t1), . . ., senSample(d, hy, t5), let Pre
be the maximum “probability value” among all the tuples with (key, val, ). Let S be the set formed
by all the tuples (key, val, pmerg ). For each (key, val) € o, define

~merge max ~( J)

ey T (eywabest; KV’
Now, for each (key, val) € gy U --- U o,

Pr[(key, val, *) € S] = Pr[h;(key) <  max C?linerge(dlog d/e+1log1/8)e7?]
Jj:(key,val)ed; €y

___merge
~ Pkey

By monotonicity of £, sensitivities, if (key, val) € d;, then

"p “'(J) ~merge
T(atyu--usty). vats(Va) <7 1(Val) S Trey < They -

Hence, with probability > 1 — & the set S is a leverage score sample of the rows of the matrix of.vals.
By a union bound, with probability >1—-(5+ys + - +7Ys), the matrix M with rows given by
1/(p merge)l/ P . val for (key, val, pk &) e Sisan £y subspace embedding for the matrix f.vals and
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satisfies for all x,
||Mx||§ =(1x¢/4)||dA.vals - xllg.

For each (key, val) € o, we can compute

|(val, x)|P
1M1}

ZApprox

key = (1+e)7 1 (1+¢/4) max

Conditioned on M being a subspace embedding for o1, we have that (1+¢) t_lrg’ (val) < 7-PPTO% <
.vals key

(1+ e)trg"vals(val). For each (key, val) € d;, we have

~appro 4 {7 j ~merge
Tks}rj <1+ e)trg‘;vals(val) <(1+ g)trggjvvals(val) < ?12; < Tkeyg . (14.4)

Thus, with probability > 1 — (6 + y1 + - - - +¥s), for all (key, val) € o,

~approx

¢
They S (1+ e)trgg’.vals(val).

(1+e) 127 (val) <
Now forall i <t — 1, we define pyey = C?ﬁgmx(d logd/e +log1/8)e? and
senSample(dt, h;, t — 1) = {(key, val, min(1, prey)) | (key, val) € o, hi(key) < prey}
and have
Prp, [ (key, val, *) € senSample(d, hy, t — 1)] = min(1, prey).

Note that while the above definition says to construct the set by looking at each (key, val) € o,
as %ﬁggmx < MaX;(key,val)es, ?f(é )y by definition, we only have to look at the elements of the set
senSample(sdy, h;, t — 1),...,senSample(ds, h;, t — 1) as all other missing elements from sf would
not have been included in the set anyway. Here the property that the 7 values satisfy (14.3) becomes
crucial.

Thus, we have that the algorithm constructs sk;_1 54y, 4.4y, (). O

14.3.4 Neighborhood Propagation

As described in the previous section, the neighborhood propagation algorithm using the composable
sketches lets each node compute a subspace embedding for the matrix formed by the data of the
matrices in a neighborhood around the node. We will now analyze the setting of the § parameter in
the £, composable sketch construction.

We have that merging the sketches sk;, ,, (1), . .., sk, (), we obtain skpin, 1,154y, 44y, (A1U
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-+ U dly). Let s be the total number of nodes in the graph. The sketches that each neighborhood ob-
tains are merged at most A times. Hence, setting § = &’/(2s)®, each node in the graph computes a
sketch for the data in its neighborhood with the probability parameter &’. Further, setting 8 = 1/10s,
we obtain by a union bound that with probability > 9/10, all the nodes in the graph compute an ¢,
subspace embeddings for the data in their A neighborhoods. Thus, we have the following theorem.

Theorem 14.3.5. Suppose G = (V, E) is an arbitrary graph with | V| = s. Each node in the graph knows and
can communicate only with its neighbors. Given a distance parameter A and accuracy parameter ¢ < 1/A,
there is a neighborhood propagation algorithm that runs for A rounds such that at the end of the algorithm,
with probability > 9/10, each vertex u in the graph computes an ¢ €, subspace embedding for the matrix
formed by the data in the A neighborhood of u.

In each of the A rounds, each node communicates at most O(A - d™>®/2D (dlogd + Alogs)e~?)
rows along with additional information for each row to all its neighbors. For p = 2, each node communicates
O(A - d(log d + Alog s)e™2) rows to each of its neighbors in each round.

Since in many problems of interest, the parameter A is a small constant, the algorithm is com-

munication efficient.

Algorithm 14.1: Creating the sketch sk; o given of

Input: A dataset of of pairs (key, val), an integer parametert > 1, ¢,

Output: A sketch sk; o ()

Let hy, .. ., h; be independent fully random hash functions with h;(key) being a uniform
random variable from [0, 1];

=

2 For each (key, val) € d, Tglvals(val) — max, |(val, x)|P/||d.vals - x]||2;
3 For each (key, val) € o, prey < Cr'7(dlogd +1log1/8)e™%;

4 fori=1,...,tdo

5 senSample(d, h;, t) « 0,

6 for (key, val) € ol do

7 if hi(key) < piey then

8 \ senSample(d, h;, t) < senSample(d, h;, t) U { (key, val, min(1, prey)) };
9 end

10 end

11 end
sk o(sd) < (senSample(d, hy,t),...,senSample(d, hy, t));

1

N

14.3.5 Applications to ¢, Regression

Let o be a dataset. In a (key, val) pair with val being a d dimensional vector, we treat the first d — 1
coordinates as the features and the last coordinate as the label. Then the £, linear regression problem
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Algorithm 14.2: Computing a subspace embedding from a sketch

Input: Sketch sk; , () constructed with parameters ¢, §
Output: A matrix M that is an ¢ £, subspace embedding
1 Note sk;, (4) = (senSample(d), hy, t),...,senSample(d), hy, t));
2 M « matrix with rows given by (1/ pkey)l/ P . val for
(key, val, prey) € senSample(d, hy, t);
3 return M

Algorithm 14.3: Merging Sketches

Input: Sketches sk, ,, (1), . . ., sky y, () constructed with the same parameters ¢, § and
the same hash functions h;, . . .,
Output: Sketch skyin, 1,-1,6+5, y, (A1 U - - - dy)

1 Let hy, ho, . . ., be the hash functions used in the construction of the sketches;
2 mini ti;
3 A — A U---Ud; // Only notational

4 merge < {(key,val) | 3j € [s], (key, val, *) € senSample(d;, h;,tj)};
s For each (key, val) € merge, Plr:;eyrge « max p with (key, val, p) € U;senSample(s;, hy, t;);
merge

key )P . val for (val, key) € merge;

6 M < matrix with rows given by (1/p
7 fori=1,...,t—1do

8 senSample(d, h;, t — 1) « 0;
9 merge; < {(key,val) | 3j € [s], (key, val, *) € senSample(s;, h;, t;)};
10 For each (key, val) € merge,, pli)y «— max p with
(key, val, p) € UjsenSample(d;, h;, t;);

1 for (key, val) € merge; do

~approx t—1 [{valx)|”
12 Ty < (1+¢6)"77(1+¢/4) max, e
13 Prey < C?];E}lfrox(d logd/e +log1/8)e™?;
14 if min(1, prey) > pligy then
15 | Output FAIL;
16 end
17 if hi(key) < prey then
18 senSample(d, h;, t—1) < senSample(d, h;, t—1) U{ (key, val, min(1, pyey)) };
19 end
20 end

21 end
22 SKt_1 54y, 44y, (A) < (senSample(dd, hy, t - 1),...,senSample(d, h;—1,t — 1));
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on a dataset o is

min ||of.vals [ x } ||§.

xeRd4-1 -1

Thus, if the matrix M is an ¢ subspace embedding for the matrix of.vals, then

X = arg min ||M [ x } 2,
X _1

then

X

||s.vals [
-1

I5 < (1+0(e)) min [s1.vals [ ’2] Iy

Thus, composable sketches for constructing £, subspace embeddings can be used to solve £, regres-
sion problems.

14.3.6 Low Rank Approximation

We consider the Frobenius norm low rank approximation. Given a matrix A, a rank parameter k we
want to compute a rank k matrix B such that ||A — BllfJ is minimized. The optimal solution to this
problem can be obtained by truncating the singular value decomposition of the matrix A to its top
k singular values. As computing the exact singular value decomposition of a matrix A is slow, the
approximate version of low rank approximation has been heavily studied in the literature [CW17].
In the approximate version, given a parameter &, we want to compute a rank-k matrix B such that

A-B|% < (1+¢) min ||A - BJ>2.
I g < ( )rank_kBll I

As the number of rows in A is usually quite large, the version of the problem which asks to only
output a k dimensional subspace V of R¢ is also studied:

IA(I - Py)|l% < (1+¢) min ||A-B|3.
rank-k B

Here Py denotes the orthogonal projection matrix onto the subspace V.

We show that using composable sketches for ¢, sensitivity sampling, we can solve the low rank
approximation problem. While the composable sketch for ¢, sensitivity sampling has O(d) rows, we
will show that for solving the low rank approximation problem, the composable sketch need only
have O (k) rows. We use the following result.

Theorem 14.3.6 ((CW09, Theorem 4.2]). If Ais an n X d matrix and R is a d X m random sign matrix for
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m = O(klog(1/6)/e), then with probability > 1 — 6,

min ||JARX — A||% < (1+¢) min [|A - B||3.
mnk—kX” ”F ( )rank—kB” ”F

Using the affine embedding result of [CW17], if L is now a leverage score sampling matrix, mean-
ing that L is a diagonal matrix with the entry 1/+/p; for the rows that are sampled by the leverage
score sampling algorithm as in Theorem 14.3.1, then for all matrices X

ILARX — LA||§ = (1 £ ¢)[|ARX — A|l}.
Hence, if

X = argmin ||[LARX — LA||%,
rank-k X

then ||AR)A(J—A||2F < (1+0(¢)) ming,n kB ||A—B||% which implies that [|A(I - P
(1+0(¢)) minank ks [|1A — B”%

Thus, if R is a random sign matrix with O(k log(1/8)/¢) rows, then sk; , (d.vals - R), along with
the corresponding rows in ¢ .vals for the rows in sk;, (d.vals - R), can be used to computea 1 + ¢

_ 2
rowspace(RX)) ”F =

approximation to the low rank approximation problem. As the matrix si.vals - R has only O (k) rows,
the composable sketch sk; , (sd.vals - R) has a number of rows that depends only on k as well.

14.4 Conclusions and Open Questions

In this work, we introduce the personalized CONGEST model and obtain communication efficient
algorithms for computing £, subspace embeddings and the Frobenius norm low rank approximation
problem. Our protocol heavily utilizes the monotonicity of £, sensitivities and therefore for p #
2 the subspace embeddings are suboptimal by a factor d compared to the subspace embeddings
constructed using Lewis weights [Lew78, CP15]. An interesting question to study is if we can obtain
communication bounds with the optimal dependence in d for p # 2.

To decouple the randomness in probability computation from randomness in sampling, our pro-
tocol in the first round essentially communicates information to compute A independent subspace
embeddings.e It is an interesting open question to obtain protocols that do not need to decouple the
randomness in this way and do not suffer the multiplicative A factor in the amount of communica-
tion required.
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Appendix A

Deferred Proofs from Chapter 4

A.1 Lopsided Embeddings and Gaussian Matrices

Recall || - [|5 is defined as [|A|l, = X [|A«jll2. Note that ||All, = |AT |12 for all matrices A. The
following lemma shows that lopsided-¢ embeddings for certain matrices w.r.t. the norm || - ||, imply
a dimension reduction for || - ||1,2 subspace approximation.
Lemma A.1.1. Given a matrix A € R™ and a parameter k € Z g, let Uy € R™k gnd VkT € Rkxd e
matrices such that
||UkaT = All12 = min_[[A(I = X)|[2.
rank-k X

If S is a lopsided e-embedding for (Vi., AT) with respect to the norm || - ||, then

min |JASTX - All12 < (1+0(¢)) min [|A(I = X)]|1.
rank-k X rank-k X

Proof. Note that || Vi UE — ATy = miny |k YT — AT||;.. By definition of a lopsided embedding, we
have the following for any matrix Y:

IYVEST = AST |1z = ISVeY T = SAT|lh > (1= o) IViY T = ATl = (1= )1V, — Al
and also that
1UVEST = AST |12 = ISViUL = SAT|ln < (1 + &) IViUTL = ATy = (1 + )GV = Al

Using these guarantees we now show that the column span of the matrix AST contains a good solu-

tion to the subspace approximation problem. First consider the minimization problem
: T
ml}n 1YV, —Alli2.
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Clearly, Uy is the optimal solution to the problem. Now consider the optimal solution Y to the sketched
version of the above problem

Y = argmin || YV,IST — AST||,.
Y

We can see that Y = (AST)(VkTST)+. Now

1+¢

— 1 —~ 1
YV, = Allz < ——IIYV'ST = ASTllp < —— UV’ ST - ASTI| < IV, = Al
Therefore,
1+¢
min_[[ASTX-All1, < |AST (VIS (VD)-All, < UV -Allz < (143e) min [|[AT=X) ]|
rank-k X ’ 1—¢ ’ rank-k X

Thus, if the number of rows of S is less than d, we obtain a dimension reduction for || - ||1 2 subspace

approximation. i

Clarkson and Woodruff [CW15] give the following sufficient conditions for a distribution of ma-
trices to be an e-lopsided embedding for (A, B) with respect to || - ||. For the sake of completeness
we reproduce their proof here.

Lemma A.1.2 (Sufficient Conditions). Given matrices (A, B), let S be a matrix drawn from a distribution
such that

1. the matrix S is a subspace e-contraction for A with respect to || - ||2, i.e., simultaneously for all vectors
x
ISAx|l2 = (1 — &) [|Ax]|;
with probability 1 — §/3,
2. foralli € [d’], with probability at least 1— 52 /3 the matrix S is a subspace *-contraction for [ A B.;]

with respect to || - ||2, i.e., for all vectors x,
ISAx = SB.illz > (1 - &) [|Ax = B.illa,

and

3. thematrix S is an e-dilation for B* withrespect to || ||, i.e., ||SB*|| < (1+&2)||B*||, with probability

>1-5/3.
In the Condition 3 above, B* = AX™ — Bwhere X* = arg miny, ||[AX — B||. With failure probability at most
d, the matrix S is an affine 6¢e-contraction for (A, B) with respect to || - ||p, i.e., for all matrices X,

IS(AX = B)||n = (1 - 6¢)[|AX — Bl[x
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and therefore a lopsided 6¢-embedding for (A, B) with respect to || - || .

Importantly, note that Condition 2 in the lemma is about the probability of S being a subspace
contraction for [A B,;] separately for each i and not the probability of S being simultaneously a sub-
space contraction for [A B,;] foralli € [d’].

Proof. Condition on the event that 1 and 3 hold. For i € [d’], let Z; be an indicator random variable
where Z; = 0 if the matrix § is a subspace £2-contraction for [A B,;] and Z; = 1 otherwise. From
the properties of S, we have that Pr[Z; = 1] < §¢?/3 forall i.1f Z; = 1, we call i bad and if Z; = 0,
we call i good.

Consider an arbitrary matrix X. Say a bad i is large if || (AX — B).ill, > (1/€)(||B% 112 + ISBL]l2),
otherwise a bad i is small. We have

D AX = B)ll < (1/2) D IBLlla + ISBLll2 < (1) D IBLll2 + ISBX Il (A1)

small i small i bad i

Using condition 2, we obtain that E[ Y4 [|BZ;|l2] < (6¢%/3) X, [|BZ |2 < (862/3)A*. By a Markov
bound, we have that with probability > 1 — §/3, Y., [|BZ || < €?A*. Assume that this event holds.

Similarly,

DUISBLl = ISB*lla = > ISBi.

bad i good i
< (L+e)A = (1= ) 3 [IByll2
good i
< (143N = (1 - ) (A* = 2A%)
< 362N,

Thus, we can bound the RHS of (A.1) and obtain

D7 IAX = Blaillz < (1/e) (A" + 36A") < 4eA”.

small i

Now we lower bound Y ;.4 ; lIS(AX — B).il|2.

D ISAX = Blills = > IS(AX = B)uillo

bad i large i
D7 UIS(AX = AX")uillz — 1B

large i

D7 (1= )lI(AX = AX).illa - 1B 12

large i

Z (1= )[(AX = B)uillz = (1 = ) IB,il2 — lISB,;ll2

large i

%

v

v
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W%

D (1= (AX = B)uillz - €l (AX = B)aill:

large i

(1-2¢) ) I(AX = B)uill2

large i

%

In the above, we repeatedly used the triangle inequality for the || - ||, norm, and that S is a subspace
e-embedding for matrix A and for large i, we upper bound (1—¢)||B}; ||2+||SB;||2 by ]| (AX = B).l|».
We can finally lower bound ||S(AX — B)||.

ISCAX = B)lls = > IS(AX = B)uillz + ) IS(AX = B)uill2

good i bad i
> (1-¢%) )" I(AX = Bluilla + (1= 2¢) > (AX = B).illz
good i large i
> (1-¢") ) II(AX = B)uill2 + (1 - 2¢) ) [(AX = B).illo
good i bad i

~(1-2¢) > [I(AX = Buill2

small i
> (1—2¢)||AX — B||p — (1 — 2¢)4eA”
> (1 - 66)||AX = B|j.

Thus, by a union bound, with failure probability < 8, S is an affine 6e-contraction for (A, B) with
respect to || - ||p. O

Lemma A.1.3 (Gaussian Matrices are Lopsided Embeddings). Given arbitrary matrices A of rank k and
B of any rank, a Gaussian matrix S with O(k/e* +1/¢*52) rows is an e-lopsided embedding for (A, B) with
probability > 1 - .

Proof. We now show that a Gaussian matrix, with small dimension equal to O (k/e*+1/¢*8%), satisfies
all the sufficient conditions of Lemma A.1.2. Clearly, a Gaussian matrix with O((k + log(1/68))/€?)
rows satisfies condition 1 and a Gaussian matrix with O((k +log(1/8¢))/e*) rows satisfies condition
2 [Woo14].

We now show that a Gaussian matrix with at least O(1/e*) rows satisfies
E[(IISyll; - 1)?] < &*

for any given unit vector y. If S is a Gaussian matrix of t rows with each entry drawn i.i.d. from
N(0,1/t), then the entries of Sy are each drawn i.i.d. from N(0, ||y||3/t) = N(0,1/t). Therefore,
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||Sy||§ = Y% +...+Y% whereY; ~ N(0,1/t), which gives
E[([ISyll; - D*] =E[(Y]+...+Y] - 1)’]
t 3 t\ 1 1
=tE[Y]] +1+ 2(2) E[Y3Y3] - 2t E[Y?] = 1+ 2(2)72 -2t
=2/t.

Thus, with t > 1/¢*, we have that E[(||Sy]| — 1)] < ¢*. By Lemma 28 of [CW15], we obtain that
E[max(||Sy||%, 1)] < (1 + %)% < 1+ 3¢% Now, by Holder’s inequality,

E[max(||Syll2, 1)] < E[max(||Syllz 1)*]Y* < (1+36%)Y* < 1+ (3/4)&%

As (||Syll2 — 1)+ = max(||Sy||2, 1) — 1, we obtain that E[(||Sy||z — 1)+] < (3/4)&?, which implies by
scaling that for an arbitrary vector y,

E[(IISyllz = llyll2)+] < 3/9)% |yl
which gives
E[(IISB"[lr = 1B lln)+] < (3/4)€*[IB" |-

By Markov’s inequality, with probability > 1 — §/3, (||SB*||5 — |B*|ln)+ < (9/4)(£2/5)||B*||» and
hence, with probability > 1—68/3, [|SB*||x < (1+(9/4)(£2/5))||B*||5. Thus, a Gaussian matrix with
m = O(1/£*5%) rows satisfies that with probability > 1 — §/3 that

ISBllx < (1 + &) IB"ln- O

A.2 Utilizing Sampling-based ¢, Embeddings

Let A be a matrix that has r columns. Suppose L is a random matrix such that with probability
> 9/10, simultaneously for all vectors y,

allAylly < [[ILAy[l < BllAyll:.

Assume the above event holds. Let X be an arbitrary matrix with ¢ columns. We have that for a
suitably scaled Gaussian matrix G with O(t/€?) columns, with probability > 9/10, simultaneously
for all vectors x € RY, ||xTG||; = (1 = €)||x||, [Mat13]. Thus, there exists a matrix M with O(¢/?)
columns such that for all vectors x € R?,

T
llx™Mlly = (1 + &) lx]l2.
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Therefore,
1 1
—[AXM]|; < [|AX |12 = ——|AXM]|1,1
1+¢ 1—¢
and

1 1
——|[[LAXM||1; < ||LAX]|12 £ ——||LAXM||1;1
1+¢ 1—-¢

Now, we upper bound || LAX]|1 2.

1 1
LAX < —||LAXM < — LA(XM).,;
ILAX |12 < ——IILAXM]|1; < 1_€;n (XMl
B B 1+¢
—_— AXM),il|ls = —||AXM < AX||1.2-
< 1_£;u (XM)ajlh = T IAXMl < f—IAX]1.
We now lower bound || LAX || 2 similarly.
ILAX)1z > ——[[LAXM|l1s = —— 3 [ILACXM). |
2=y M e - *1
a a 1—¢
> — A(XM).ill = —||AXM >a AX||12-
1+g;” (XM).jlh = = IAXM 1 2 a—lIAX |,
By picking appropriate ¢, we conclude that for any matrix X,
a
E”AX“LZ < |ILAX |12 < 2B[|AX12- (A.2)

Lemma A.2.1. IfST is a random Gaussian matrix with O (k) columns such that with probability > 9/10,

min_[|ASTX - All;2 < (3/2) min_[|AX - Al|;2,
rank-k X rank-k X

and if L is a random matrix drawn from a distribution such that with probability > 9/10 over the draw of

matrix L,
allASTyll < ILASTyll; < BlAS yll,

for all vectors y and
EL[[[ILM]]12] = [IM]12

for any matrix M, then with probability > 3/5, all matrices X such that ||[LASTX — LA|y, < 10 -
SubApx; ; (A) satisfy
|ASTX — All12 < (2 +40/a) SubApx; ; (A).

Proof. Let X; = argmin,  x |ASTX — Al|1,. With probability > 9/10, we have that ||ASTX; —
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All12 < (3/2)SubApx; ; (A). By a Markov bound, we obtain that with probability > 4/5, |ILASTX; —
LA[|;2 < 10 - SubApx; ; (A). Assume this event holds. For any matrix X,

|ILASTX — LA||13 > |LASTX — LAS™ X112 — ||ILAS™ Xy — LA|| 1.

We have
ILASTX — LA||1» > |ILASTX — LASTX||1, — 10 - SubApx; , (A).

From (A.2), we have

|ILASTX — LA|| 1, > %IIASTX — AS™X; |12 — 10 - SubApx;; (A)

a a
> EHASTX —All12 - E||ASTX1 — All1,2 — 10 - SubApx,. ; (A)

> %llASTX — Allyz - (3cr/4 + 10) - SubApx, ; (A).

Thus, for any matrix X of rank r, if |ASTX — Al > (2/a)(20 + 3a/4) - SubApx; ; (A), then
ILASTX — LA|l12 > 10 - SubApx;; (A). O

A.3 Finding Best Solution Among Candidate Solutions

Algorithm 4.1 finds candidate solutions XV, ..., X® for t = O(log(1/8)) and returns the best
candidate solution X among XD X® that minimizes the cost

IA(I = BBY) (I = XXl (A.3)

The proof of Theorem 4.4.3 shows that, foralli = 1, .. ., t, with probability > 3/5, ||A(I - BBY)(I —
XOXNTy),, <0(1) - SubApx; ; (A(I - BBY)). Therefore, with probability > 1 — §/2

min [[A(I - BB)(I = X(X)")[l12 < O(1) - SubApxy; (A(I - BB")) (A.4)

i.e., with probability > 1 — §, there is a solution X?) among the ¢ potential solutions that has a cost
at most O(1) - SubApx, ; (A(I — BBT)). We first compute

apx; = [[A(I - BBY)(I - X(XD)T)G||,,

where G is a scaled Gaussian matrix with O(log(n/)) columns. Values of apx; for all j € [¢] can
be computed in time O((nnz(A) + (n + d) poly(k/e)) - log(1/5)). We have using the union bound
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that, with probability > 1 — §/2, for all j € [n] and i € [¢] that
|Aj.(I = BBY)(I - XX )Gz = (1/2,3/2)|Aju(I = BB ) (I = X (X)) [[o.  (A5)
Therefore, with probability > 1 — §/2, forall i € [¢t],
apx; € (1/2,3/2)|A(1 - BB') (I - XV (X)) (A6)

Leti = arg min,, apx; and i* = arg min, [, |A(I - BBT)(I - X(X®)T)]||; 5. By a union bound,
with probability > 1 — §

IA(T - BBY) (I - XO (XD)T)|,, < 2apx;
< 2apx;.
< 4f|A(I - BB) (1 - X)X D1,
< 0(1) - SubApx; (A(I — BB1)).

Thus, Algorithm 4.1, with probability > 1 — &, returns a subspace that has cost at most O(Vk) -
SubApx; ; (A(I - BBT)) and has a running time of O((nnz(A) + (n+d) poly(k/e)) - log(1/6)).
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Appendix B

Deferred Proofs from Chapter 6

B.1 Omitted Proofs from Section 6.3

B.1.1 Proof of Theorem 6.3.1

Proof. Without loss of generality, we prove the theorem assuming A has orthonormal columns. Thus,
U = A. Let X be an arbitrary matrix such that ||[UX — B||; < 1. We will give a series of statements
equivalent to |[UX —B||, < 1that prove the theorem. Using the fact that for any matrix A, ||Al|, < 1
if and only if ATA < I, we obtain the equivalent statement

(UX -B)Y(UX -B) < I.
Writing Bas UUTB + (I — UUT)B, we get another equivalent statement
UX -vUtB)Y(UXx -UvUTB) < I-B*I-UU)B=1-A.

As the LHS of the above relation is a positive semi-definite matrix, we obtain that I — A > 0 and
hence is invertible. Thus, the above condition can be equivalently written as

(I-AN"Uux-vu'B)y N (UXx -UUTB)(I-A)Y2 <1
Using the fact that A is symmetric and UTU = I, we get that the above condition is the same as
IX(I - A2 —UTBI-A)"V?||, < 1.
Thus, we obtain that in the case that ||(I - UUT)B||, < 1, for an arbitrary matrix X, the condition
that |[UX —Bl||, < 1isequivalentto || X (I-A)"Y2-UTB(I-A)""?||, < 1.Let B .= UTB(I-A)~'/2.

It is easy to see that X = [B]sve(é) (I — A)Y/? satisfies |[UX — B|; < 1 and that any matrix X that
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satisfies ||UX — B||, < 1 must have rank at least sve(B). All that remains to show is that sve(B) =
sve(B). We will show that k= (I — BTB) = k~(I — BTB), which completes the proof:

1-B"B=1-(I-A)"Y?BTUUTB(I - A)"1/?
=I—(I-A)"Y*BTB=A)(I-A)?
=I-(I-AN"Y*B"B-I+I1-A)I-7)"?
=I—I+(-A)"Y>1-BTB)(I-NA)?
=(I-A)"Y2(I-B"B)I-A)V2

Thus, k= (I — BTB) = k= ((I = A)~V3(I — BTB)(I — A)~'/?). By Sylvester’s law of inertia [Car17,
p313], k= ((I = A)"Y2(1 = BYB)(I — A)~'/?) = k= (I — BV B). Therefore,

sve(B) = k= (I - BYB) = k" (I - B'B) = sve(B).

Thus, sve(B) is the optimum value for (6.1) if it is feasible. O

B.2 Omitted Proofs from Section 6.4

B.2.1 Proof of Lemma 6.4.1

Proof. The proof of this lemma is very similar to the proof of Theorem 6.3.1. Suppose there exists a
rank-k matrix X such that ||UX — B||; < 8. We already have 8 > ||(I — UU")B||,. The statement
lUX — Bl|, < B implies that

(UX - B)T(UX - B) < °I.

We can write B= UUTB + (I — UUT)B and obtain that for any matrix X, (UX — B)T(UX - B) =
(UX —UUTB)Y(UX — UUTB) + A, which implies that

(UX -UUTB)Y(UX -UUTB) < 21 - A.
As||Allz = ||(I - UUT)BJ|2 < B2, B°I — A is invertible, which implies that
(B1 - N V2(Ux -uU BT (UX -UUTB) (BT - A2 <1
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Thus, we have [|(UX — UUTB) (B2 — A) ™2, = IX(B*I = A)~Y2 = UTB(B2I — A)~V2||, is less
than or equal to 1. As X is a matrix of rank k, the matrix X (%I — A)~'/? also has rank k. Therefore,

o1 (U B(FT = A)7V?) = |[UTB(T = A2, = U B(FT = A) 72|
IX(B2T = M)~ = UTB(FT - A) 2

1. O

IA

IA

B.2.2 Proof of Lemma 6.4.2

Proof. Suppose Y is a rank k matrix such that ||Y — UTB(S?I — A)"'/2||; < 1 + &. Then we have

Y (BT = AYV2(BPI — A)"Y2 —UTB(BI — A)~Y/2||, < 1 + ¢ and therefore
(B — A) V2 (Y (B - A)V2 = UTB)T(Y (BT - M)V2 —UTB) (BT - A)7V2 < (1+6)°L
Multiplying the above relation on both sides with (%I — A)!/? on the left and the right, we obtain
(Y(B2I— M)V2 —UTB)T(Y(BI - NV —UTB) < (1+)%(f - A).
Using UTU =Tand adding A to both sides, we conclude that

IUY (BT — A2 = Blly < V(1 +€)2B2l, < (1+ ).

Now Y is a matrix that has rank at most k. We also have ||[UYZ — B||, > |[UY(UY)*B — B]|, for any
matrix Z. Therefore, [UY (UY)*B — B|, < [[UY (B — A)V2 - B|l; < (1+¢)p. O

B.3 Omitted Proofs from Section 6.5

B.3.1 Error in Computing Krylov Subspace

Given amatrix M € R™ aninteger k < d and an odd integer g > 0, the Krylov subspace is defined
by
K = [(MMD@ V206G, (MMTY a3 2MG, - (MMY)'MG, MG

where G is a d X k matrix with i.i.d. normal entries. Using the algorithm to approximately multi-
ply a vector with the matrices M and M, we compute an approximation to the matrix K defined
above. For any vector v, define (MM")*% = v and for i > 0, define (MMT)%v == M o (MT o
((MMT)°(=Dp)) (recall M o v is the approximation to Mo computed by the oracle). The notation is
similarly extended to define (MM™)°!G for a matrix G. Now we define the matrix

K = [(MMT) @ D2p0 G, (MM 03200 G, -, (MMT)!M oG, Mo G].
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We now bound ||K — K’||r and the time required to compute K’ using the following lemma.

LemmaB.3.1. ForanymatrixM € R™% matrixG € R¥* andan odd integer g, let A; g = (MM™)=D/2 MG -
(MMT)°G=D/201 o G and matrices K, K’ € R™9 be as defined above. Then

Eig = lAigllF < 8 (272|M|1L]IGIF)

fori =1,3,5,...,qand ||[K - K'||[p < O(Eo||G||F||M||g+12(q+1)/2). The matrix K’ can be computed in
O(T (&,)gk) time.

Proof. For an arbitrary vector v and i odd, let A; = (MMT)=D/2py — (MMT)°G=D/2pf oy, Let
E; = ||Ai|l2. We have E; = ||Aq]lz = |[|[Mo — M o o]z < ||M]|2]|0]]2. We now define a recurrence
relation between E; and E;_, and then bound E; using this recurrence. We have

A = (MMT)YED20 gy — (MMT)0D/2p o 4
_ (MMT)(MMT)(i_3)/2MU _ (MMT)OI(MMT)o(i—3)/2M 0w
= (MM [(MMT) 92019 — (MMT)09/201 6 0]
+ (MM (MM 3201 0 o — (MMT)L (MMT)°-3/201 0 9]
= (MM AiZs + [(MMDY MM 20 0 5 — (MM L (MMT)°=3)/2p01 6 9].

Therefore, by the triangle inequality of || - ||,

Ei < MM Aicalz + (MM (MMT)* 20 0 0 — (MMY)*H (MMT)* 20 0 0],
< IMI3Ei—2 + (MM (MMM 0 0 — (MMT) (MM ™) M 0 o]

Let o’ = (MMT)°U=3)/2)f o v. We now bound ||[MMTo" — (MM™T)1’||,:

IMMT 0" — (MM™)*'' ||, = |MMT 0" = M o (M 0 0)]|;
< IMMTo" = M(MT 0 o) || + |[M(M* 00") = Mo (MY 0 0)||,
< IM]l2)IMT 0" = M 0 0/||5 + & [M]l|MT 0 /||
< & IMIBII (12 + eollMIl2 (o lIMI12 N0 |2 + 1M 0" ||2)
< 3eo || MII3[10]|2.

Asv' = (MMT) =320y — Ay, we get ||0/]|2 < [[((MMT) I 2Mo]|, + [|Aiall2 < IMII5 20l +
E;_,. Therefore, we finally obtain that

E; < IMI3Ei2 + 3eoIMI5110 |z < IMII5Ei—2 + 3eo IMIZ(IMII5 2 [l0ll2 + Ei-2)
< (14 3&0) [[M|[3Ei—2 + 3¢ M]3 ][0
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Solving this recurrence relation we obtain that

Ei < (14 3e) UM E + (14 (1+360) + - -+ + (14 360) T372) (30 [ M1 ][0]]2)
< e (1420723 )) M|} [lo]]o + 20772 (3e0) | M| 1] 0]l
< 8(e.2"2||M||5]lo]l2).

In the above inequalities, we used the standard inequality (1 + x)" < 1+ 2"xif 0 < x < 1. Thus,
for any arbitrary vector o, [|[(MMT)°(=D/2p1 0 o — (MMT)=D/2My||, < 8e,2/2||M||L]0]|2 and
therefore for the Gaussian matrix G,

Eig = (MM U D20 0 G — (MMT) V2 MG|p < 8,272 MIJ3|G |

We then have that ||K — K'||p < O(eo||G||p||M||g+12(‘J+1)/2). In computing the matrix K’ we make
O(gk) calls to each of the oracles and therefore take O(T (¢,)gk) time. O

Musco and Musco [MM15] consider a polynomial p(x) such that the column space of the matrix
p(M)G is spanned by K. They then argue that the column span of p(M)G is a “good” k-dimensional
subspace to project M onto and then conclude that the best rank k approximation of M inside the
span of K satisfies (6.2). Although we have an upper bound on ||K — K’||r from the above lemma, we
cannot directly argue that the best rank k approximation of M inside K’ satisfies the guarantee of
(6.2), as the matrix K might be very poorly conditioned.

To overcome this issue, we first show that the matrix p(M)G has a bounded condition number
with O(1) probability and that K’ spans a matrix Apx that is close to p(M)G. We then show that the
span of the matrix Apx is a good subspace to project the matrix M onto and then conclude that the
best rank k approximation of M inside the span of K’ satisfies (6.2).

B.3.2 Condition Number of the matrix p(M)G and existence of good rank k
subspace inside an approximate Krylov Subspace

Throughout this section let @ = oy,1(M) and y = ¢/2. Let g be an odd integer and T(x) be the
degree q Chebyshev polynomial. Define

T(x/a)

T+ (B.1)

p(x) = (1+y)a

The following lemma bounds o1 (p(M))/ok+1(p(M)) which lets us bound k(p(M)G).
Lemma B.3.2. If M € R™ is amatrix such that o1 (M) /041 (M) = K, then

o1(p(M))/oks1(p(M)) < (3).
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First, we have the following lemma that shows that T(x) > 1 for all x > 1 for the Chebyshev
Polynomial T of any degree d.
Lemma B.3.3. IfT;(x) is the degree d Chebyshev Polynomial, then foralld > 0and forallx > 1, Ty41(x) >
Ti(x) > 1.

Proof. We prove the theorem using induction on the degree d. We have Ty(x) = 1 and T1(x) = x.
Thus, T1(x) > Ty(x) > 1for x > 1. Assume that foralld < nand x > 1, Ty (x) > Ty(x) > 1.1If
we now prove that T,,11(x) > T,(x) > 1, we are done by induction.

We have Tp11(x) = 2xT,(x) — T—1(x) = Tp(x) + [Th(x) — Tho1(x)] + (2x — 2) T (x). Asx > 1
and by the induction hypothesis T,,(x) > T,-1(x) > 1, we obtain that T,,+1(x) > T,(x) > 1. Thus,

foralld > 0and x > 1, Tyy1(x) = Ty(x) > 1. o
Recall p(x) = (1+Y)atieg = (1+¢/2)0k Thag.-

39(x/a)?

LemmaB.3.4. Ifx > a > 0,thenp(x) < (1+y)a T

Proof. By a standard property, the sum of absolute values of coefficients of the degree-g Cheby-

shev polynomial is bounded above by 39. Thus, T(x/a) = ?:1 Ti(x/a)! < Z?:l ITi|(x/a)! <
(x/a)? Z?zl |T;| < 39(x/a)?, where we use the fact that (x/a) > 1. Therefore, p(x) = (1 +
yal(x/a)[T(1+y) < (1+y)a3?(x/a)?/T(1+Yy). O
Proof of Lemma B.3.2. We bound o1(p(M)) and 041 (p(M)), and then infer an upper bound on %.
Leto; > 0y > ... > 04 > 0bethesingular values of the matrix M. Then |p(a1)|, |p(02), - . ., [p(0a)]

are the singular values of the matrix p(M). Consider any i < k+1. We have 0; > oy4; = a. Therefore,

T(0i/0k+1) > (1+Y)0'k+1

p(o)) = (1+y)oks Ty > TGty

Here we use Lemma B.3.3 to lower bound the value of T(0;/0k+1) by 1. Therefore, at least k + 1
singular values of p(M) are at least %, which implies oy41(p(M)) > %.

Now forany i < k+ 1, p(0;) < (1+y)0k+1(39x7)/T(1 + y) by LemmaB.3.4.Forany i > k + 1,
we have that 0; < opy1 and |p(07)| = (1 + y)0k41|T (01 0k )| /T(1+y) < (1 +y)ors1/T(1 +y) by

a well known property of Chebyshev polynomials that |[T(x)| < 1 for all x € [—1, 1]. Therefore,

399

nl—m. (B.Z)

lp(M)llz = o1(p(M)) = max |p(oi(M))] < (1+ )0k

Thus, o1 (p(M)) /11 (p(M)) < 39k, 0

We now bound the condition number of the matrix p(M)G where G is a Gaussian matrix with k
columns. We use results from [RV10] to bound the maximum and minimum singular values of G with
O(1) probability and then use the above lemma to obtain bounds on the extreme singular values of
p(M)G.
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Lemma B.3.5. If G € R is a matrix of i.id. normal entries and M € R™< is a matrix such that
01(M) [ ok+1(M) = k, then with probability > 4/5,

K(p(M)G) = Tmax (P(M)G) /Timin (p(M)G) < CVdk3xY,

for an absolute constant C > 0.
Lemma B.3.6. If A € R™ is a matrix with 1(A)/ox(A) < k1 and G € R¥¥ is a matrix with i.i.d.

normal entries, then for d greater than a constant, with probability > 4/5, the matrix AG has full rank and
has 01(AG) /01 (AG) < CVdk(o1(A)/or(A)), where C > 0 is an absolute constant.

Proof. Let A = USVT be the singular value decomposition of A with U € R™" 3 € R™¢ and
VT € R Let G = VTG. As rows of VT are orthonormal and entries of G are i.i.d. normal
random variables, we obtain that G’ is also a matrix of i.i.d. normal random variables of size d X k. Let
¥ € Rk be the diagonal matrix formed by the first k singular values. We first bound o (AG) =
Omin(USVTG) = 01in (2 -G’). Assuming that oy > 0, we note that rank(Zx-G;) =rank(2-G') =k
where G, is the k X d matrix formed by the first k rows of the matrix G". Hence,

Omin(2 - G) 2 Omin (S - G],C) > ox(A) - O-min(G];)‘

We have that
Pr{omin(G) <

1

S — —) b ok

40C- vk \20

for some absolute constants ¢ and C by Theorem 1.1 of [RV09]. Thus, for large enough d, with prob-

ability > 9/10, we have
1

40C - Vk

Thus, omin (A - G) > Q(1/Vk) with probability > 9/10. Similarly, for large enough d, we have with
probability > 9/10 that 6.y (G’) < D(Vd + Vk) for an absolute constant D by Proposition 2.4 of
[RV10] and therefore max,.|x|,=1 |AGx||2 = maxy.|x|,=1 |G x| < Doy (A)(Vd + Vk). Therefore,
with probability > 4/5,

Umin(G/) >

k(AG) = Tmax(AG) oo o) e 0
O'min(AG) B Ok (A) .

Proof of Lemma B.3.5. Using the above lemma, we have that with probability > 4/5,

c(p(M)G) = TnxPMC) e (pMD) e 1 (p (M)

Omin(p(M)G) ~ ok(p(M)) Oes1(p(M))
for an absolute constant C. The last inequality follows from o (p(M)) > ok+1(p(M)).FromLemmaB.3.2,
we have % < 39k4. Therefore, k (p(M)G) < Ck37x? with probability > 4/5. |
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The bound on the condition number of p(M)G enables us to conclude that if the Frobenius norm

error between p(M)G and a matrix Apx is small, then the projection matrices onto the column
spaces of the matrices p(M)G and Apx are close. Specifically, we use the following lemma.
Lemma B.3.7. Let A and B be full column rank matrices such that |A— B||2 < 6||A||2. Let k (A) denote the
condition number of the matrix A i.e., K(A) = omax(A)/Omin(A). Let U and V denote an orthonormal basis
for matrices A and B, respectively. If § < 1/(2k(A)) < 1, then ||AA* — BB*||, = |[UUT - VvV, <
208k (A)*.

Proof. As A and B are full rank matrices, we have A* = (ATA)™'AT and B* = (BTB)™'BY. Let
A — B = A.We have |A]|; < §]|Al|2. We first have

|AA™ — BB*||2 = [|AA™ = (A = A)B*|2
< [|All2|A* = B*|l2 + | All2l| B* |2
1Al
O'min(B)

< llAlllA™ = B*|l2 +

Note that ATA = (B+A)T(B+A) = BTB+ ATB+ BTA + ATA. Now,

|A* — BY||, = [(ATA) AT — (BTB)"1BT;

= [(ATA) AT — (BTB)1(AT - AT) |,

< [[(ATA)™T = (BYB) !l2llAll2 + [[(BYB) ! |l2 /| All2
Al

< [[(ATA)™ = (BTB)2]|All2 + ———.
AT = (BTB)allAlle + s

We finally bound ||(ATA)~" = (BYB)™!ls.

I(ATA)™ - (BTB)!|, < I(ATA) ((ATA) ™ - (BTB) |,

O'min(ATA)
1
< ————|II- (ATA)BTB) |,
O'min(ATA)
1
< ———=—|I- (B"B+A"B+B"A+A"A)(B"B)™||,
O'min(A A)
1
<——  |I-1-(ATB+BTA+ATA)B'B)7!|,
O'min(ATA)
- 2||All21|Bll2 + |1 All3
- Omin (ATA)O-min(BTB) .

We therefore obtain

Al A]l2 N Al
O'min(BTB) O'min(B)

|AA* — BB ||, < |AIZ(ATA)™ — (BTB) ||, +
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Al 2lAll2]IBllz + Al N IA]21|All2 N [AYIP
B O—min(ATA) O_min(BTB) Umin(BTB) O-min(B).

As [[A = Bll2 < 6||All2, we get that (1 — §)[|All2 < [[Bll2 < (1 + )[|All2. We also have that

Omin(B) = Omin(A) —[|A=Bl||2 > [|All2/x(A) = 5[|Allz > [|All2/2x(A) = omin(A)/2if 5 < 1/2k(A).
We can therefore conclude that ||[AA* — BB¥||, < 205k (A)*. O

The condition that § must be less than 1/2x(A) in the above lemma makes sense as otherwise
206k (A)* > 10x(A)> > 10, which is a trivial upper bound on the norm.

Now we construct a matrix Apx that has its columns spanned by K’ and is close to the matrix
p(M)G. Using the bound on the condition number of the matrix p(M)G, we can conclude that the
projection matrices onto the column spans of Apx and p(M)G, respectively, are close.

Recall p(x) from (B.1). For q odd, the Chebyshev polynomial of degree g contains only odd degree
monomials. So we have T(x) = Tyx? + Tq_zxq_2 + ... + Tix and therefore, the polynomial p(x) =

(Tla;’?yo){ (%xq + %xq_z + %x) , which implies
1+ T, T;
p(M)G:(—y)a —q(MMT)(q_l)/ZMG+---+—1MG )
T(1+y) \at a
We now define
1+ T, T;
apx = S0 (T e nizg o gy v Bpro ). (B.3)
T(1+y) \at ai

Clearly, the matrix Apx is spanned by the columns of the matrix K’. Using Lemma B.3.1 and proper-
ties of Gaussian matrices, the following lemma bounds ||Apx — p(M)G]|5.

Lemma B.3.8. For the matrices p(M)G and Apx defined above, we have with probability > 3/5

Ip(M)G — Apx|lz < [[p(M)G — Apx||r < 64Ceok*?(3V2K)||p(M)G[,.

Proof. By the triangle inequality,

lp(M)G — Apx|lp
1+ T; - i~
Utpne > il ™) 920G - (MMTY D2 o G
T(1+y) 4~ '
oddi <gq
1+ T;
<Hivy D) B
(1+Y) it
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= t(rl(:i/)yc){ Oddzl:gqg_lllggo(zl/zllM||12||G||F) (Lemma B31)
(1+y)0oks1 (M) ; )

< ey 8€°”G”Fodé q'TfK\@K) (@ = o1 (M))
(14 )0t (M)

< T(1+Y) 850”G”F(3\/§K)q (Zl: |Tl| < 3q)

< [[p(M) |28e.]IGllr (3V2K)1. (Equation B.2)

We also condition on the following events both of which hold simultaneously with probability
> 4/5.

* ||Gllr < 4Vdk,and
* lp(M)Gllz > (1/C)llp(M)l2(Vd = Vi = 1) > (1/2C)[lp(M) ][> Vd.

Thus, with probability > 4/5, if d > 4k,

Ip(M)G — Apx|lp < [[p(M)||2(3265) VK (3V2K)T < 64Ce Vi (3V2K) 1| p(M)G],.

Ifk < d < 4k, then |[p(M)Glly = (1/C)|lp(M)|2(Vd — Vk = 1) > (1/20)||p(M)||2(1/Vk) and
lp(M)G — Apx|lp < 64Ceok*?(3V2x)4|lp(M)G>. O

Let ¥; € R™F be an orthonormal basis for the column span of p(M)G and Y € R™¥ be an
orthonormal basis for the matrix Apx. We now have from Lemmas B.3.7 and B.3.8 that

1YYT = v Y ||, < O(e.k*2(3V2K) Tk (p(M)G)*) = O(e.k®?(3V2K) (k2d?3%9x1))

= £,Clk*d%,>1
for some constant C. Let § = ,C9k*d?k>4. Hence,
Iy, Yl —yy"|, < 6. (B.4)

Forl < ksuchthat o (M) > (1+£)0ys (M), let & = [[[M]/|%—[1Y; Y [M]]|% and 6] = [|[M],]12 -
IYYT[Mm], 1. Musco and Musco [MM15, Equation 7] show that

= | [MLIIA - 1YY, [MLE < (e/2) 0k (M),

Bounding &, is one of the important steps in the analysis of [MM15]. We obtain a similar bound on .
We further show that if Mk is the best rank I Frobenius norm approximation of M in colspan(K’),
then || [M]l||% — ||Mgs ||% < (3¢/4)0k+1(M)?, showing that there is a very good rank-I approxima-
tion for M in colspan(K”). We have the following lemma.
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Lemma B.3.9. Given a matrix A and a parameter k, let Y; be an orthonormal basis for a k dimensional
subspace such that € = |[[M];||% — I\Y,F[IM1IE < (e/2)02,, foralll < k satisfying o;(M)
(14€) 041 (M).IfY is an orthonormal basis for another k dimensional subspace for which || YY T —Y; YlT I|2
¢/ (16x2Vk), where k = 61(M) 041 (M), then for all such |,

IAN IV

& = M1 - YY" [MUIIE < (e/4)?,,.
There also exists a matrix Y' with | orthonormal columns with colspan(Y*) C colspan(K”) suchthat || [M]; ||%_

IY'(Y)TMIE < (3¢/4)07,,.

Proof. Forany 1 > &5 > 0

1
VYT IMLIE < (e IYY MBI + (L+ YT = Ry Ml
N

< (1+e)IYY T [ M1} + (2/e)2k6% 01 (M)

The last inequality follows from the fact that YY1 — Y; Y} has rank at most 2k. Therefore,

1 4k0’1(M)2
YYT [ M2 > Y YL [M])5 - ————6?
| []MF_1+&H11[]MF .
which implies that
& = [I[MLl5 — 1YY T (M1
1 4ko(M)?
< IIMT)I12 - Y, Y[ M]3 + ———6°
< I M1l 1+&H11[LM .
1 4ko;(M)?
< —— (MY = 14 (MR + el M1 + —— ——0
+ & &s
1 4ko(M)?
< f(ka(M)z + eskoy (M)? + ﬁy.
1462 &

Picking & = ¢/(8kx?) and if § < ¢/(16x2Vk), we obtain that

’ 3¢
& = IIMLIE = YY" (ML < =0,

Recall here that x = 07(M)/0g.1 (M). The matrix YY T [M]; is a rank I approximation for matrix M
inside the column span of Y and hence in the column span of K. Let Y! be a rank I matrix that forms
a basis for the best rank [ approximation of M inside the column space of K’ i.e.,

: 2 Iyl 2
min 1M = BIJ% = |M - Y'Y' M]3,
rank-I B:colspan(B)Ccolspan(K”)
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From Lemma 6.2.3, note that if 732V 7 is the singular value decomposition of the matrix (Q") " MM™T O’
(recall Q" denotes an orthonormal basis for the matrix K’), then Y! = Q’U; where U denotes the
first I columns of the matrix U. By the optimality of Y/, |[M — Y!/(Y)TM||% < |M - YYT[M],||%
which implies that YY" [M;[1§ < IIY!(Y) "MII§. Thus, [ [ML1I% - Y/ (YD) T MIE < I IMLlIE -
||YYT[M]1||2F =€ < (3¢/4)0l,,. O

The proof also shows that if US2U7 is the singular value decomposition of the positive semi-
definite matrix (Q") TMMTQ’, then Y! = Q'U; where U; denotes the matrix that contains the first I
columns of U. Let m < k be the largest integer for which o,,(M) > (1 + ¢)ox,1(M). From the above
lemma, the matrix Y™ satisfies || [M]]|% — ||[Y™(Y™) TM||% < (3¢/4) o)1 (M)% We later show that
this implies ||M — Y™(Y™)TM||; < (1 + 3¢/2) 041 (M). Unfortunately, we cannot compute the ma-
trix (Q") TMMTQ’ exactly as we only have access to an oracle that computes vector products with
matrices M, MT approximately. Nevertheless, we show that we can compute a matrix Y based on
an approximation to the matrix (Q") T MMTQ’ and it still satisfies the desired guarantees approxi-
mately.

First we have the following lemma that shows if a subspace Y™ is a good approximation for
Frobenius norm low rank approximation of M in m dimensions, then the subspace Y™ is also a good
subspace for spectral norm rank-k approximation of matrix M. It also shows that even if Y™ only
approximately satisfies the properties of Y™, the matrix Y™ spans a good low rank approximation
for M.

Lemma B.3.10. Given an arbitrary matrix M, if an orthonormal basis Y™ to an m-dimensional subspace,
where m < k is the largest integer such that o, (M) > (1 + €)ok+1(M), satisfies

| [M]mll% = Y™ (Y™ TME < 0 (M),

then ||M—Y™(Y™TM||; < (1+2¢)0k41 (M). Additionally, if Y™™ is a matrix with m orthonormal columns
such that
1M = Y™™ MG < 1M = Y™ MG +6,

then |[M — Y™(Y™)TM||5 < (1 + 2¢) 01 (M) + V0.

Proof. As ||[[M]mll — IY™(Y™)IM|E = IME — IM = [M]nli% - IY"(Y™)TM|E = M -
Y™(Y™) EMI|% — ||M — [M] |4, we obtain that

IM=Y"(Y™) " ML < IM = [M]ll + 0rs1 (M),
As an additive error in Frobenius norm translates to additive error in spectral norm for the above
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case (see Theorem 3.2 from [Gu15]), we obtain

M = Y™ (Y™ TM2 < [|M = [M] ]2 + e0ks1(M)? < Gpm1 (M)? + €031 (M)?
< (14 4€)0ps1 (M)

Thus, ||[M — Y™(Y™)TM||; < (1 + 2) 0141 (M). Similarly, we have that
IM = Y™ (Y™ M%< IM = [M] I}, + £0ki1 (M)* +
which implies that
IM = Y™ (Y™) "M < |M = [M] ]} + e0ka1(M)* + 8 < (1+46) 0101 (M)* + 6

which shows [|[M — Y™ (Y™ M|, < (1 + 2¢) 051 (M) + V3. O

The above lemma shows that we need only compute a matrix Y™ such that || M—Y™(Y™)T M ||2F ~
1M = Y™ (Y™ "M

We show that using an approximation to matrix (Q")TMM™(Q")T we can compute such a ma-
trix Y™ which shows that ||[M — Y™(Y™)TM||; < (1 + O(¢))0rs1(M). As the value of m < k is
not known, we further show that we can compute a matrix Y* with k orthonormal columns such
that colspan(M) 2 colspan(K’) 2 colspan(Y*) 2 colspan(Y™). Therefore, we can conclude that
|M = Y (YE)T M|, < |M = Y*(Y9)TM]|, < (14 O(e))0s1(M). We thus have our final result for

low rank approximation.

B.3.3 Proof of Theorem 6.5.1

Computing top k singular vectors of the matrix (Q")TMMTQ’ We now show that if Y™ are the
top m singular vectors of the matrix (Q")T((MM™) o Q’), then

M= Y™™ TMIE = M- Y™ (Y™ T Mm%,

Lemma B.3.11. If Z,, are the top m orthonormal eigenvectors of the matrix MM, then for any matrix Y

with m orthonormal columns,
tr(ZEMMT Z,) > tr(YTMMTY).

Proof. We have tr(Zp MM*Z,,) = | ZnZ iM% and tr(YTMMTY) = ||[YYTM]||Z. We are given
that Z,, are the top m eigenvectors of the matrix MM and therefore Z,, are the top m singular
vectors of the matrix M. Therefore, for any matrix Y with m orthonormal columns, we have that
1 ZmZp MII% > |YYTM]|% and therefore that tr(Zy MMT Z,,) > tr(Y'MM!Y). O
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Lemma B.3.12. Let M be a matrix and Q be an orthonormal basis for an arbitrary r dimensional space. Let
B be a positive semi-definite matrix such that B— QT MM™Q = A. Let Z be a matrix whose columns are the
top k eigenvectors of the matrix B. Then if Z,,, denotes the matrix with first m columnsof Z form = 1,..., k
we have

1M = (QZn)(QZm) ' M}, < [IM = Q(Q " M)nllf + 2m|Allr.

Proof. Let Z* be the matrix whose columns are the top k eigenvectors of the matrix Q" MM™T Q and
Z* be the first m columns of Z*. Thus, Q(QTM),, = Q(Z% (Z:) QT M) = (0Z*)(QZ:)T M. Now,

1(QZm)(QZm) "MII%, = 1(QZm) " MII%
=tr(ZEQ"MM™*QZ,,)
= tr(ZL(QTMMTQ + N Z,) —tr(Z1AZ,)
= tr(ZBZy) — tr(Z1AZ,,)
> tr((Zy,) " BZ;,) = m||Allp
(Since tr(Zy AZy) = tr(AZnZy) < |ANEIZnZylle < [|Allg - m)
= tr((Zy,) " (QTMM' Q) Zy) — tr((Z3) " AZy) — m|Allp
= tr(QZn(Z3) " QT MM QZy(Z:) T Q") — tr((23,) T AZ;y) — m|Allg
> [(QZ)(QZn) " MII% — 2m||A]lp.

Thus,
IM = (QZn)(QZm) "M|E < IM = (QZ5)(QZ5) T MI% + 2m||Allr,

which concludes the proof. O

Hence, if Apx is a positive semi-definite matrix such that ||Apx — (Q") Y MMT Q|| is small and
if Z,, denotes the top m singular vectors of the matrix Apx, we can conclude by Lemma B.3.10 that
1M = (Q'Zn) (Q'Zm) " Ml is close to o1 (M).

We now show that we can compute such a matrix Apx. Let 2 = (Q")T(MMT) o Q) (recall
that o denotes matrix multiplication using the noisy oracle). Let Apx = psd((Z + E1)/2). Then the
following lemma shows that A})} is close to (Q") TMMT (.

Lemma B.3.13. Givenmatrices M € R™? and Q" € R™* where Q' isa matrix with t orthonormal columns,
if for all vectors v,v’, |M o v — Mol|y < &||M||2]lo]l2 and [|MT o v’ = MTv'||, < e||M|l2l[0’]l2, and
2= (Q)T(MMT) o O, then

Ipsd((E+E7)/2) = (Q) " MM Q'l|r < (6¢o]|MII3) V.
Letzg);c = psd((Z + ET)/2). The matrix Apx can be computed in time O(2tT (&.) + t°).
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Proof. Let k; be the ih column of the matrix K’ and E; = ||(Q") T (MMT) o k; = (Q")T(MM™)k;]|,.
Then

E;i = (@) (MM o ki — (Q) " (MM )kl
< [(MM?) o ki — (MMb)ki|l
=[[Mo (M" o k;) - M(MT k)l
<|IMo(M" ok) = M(M" o ki) + M(M" o ki) = M(M " ky) 2
<|IMo (M oki) = M(MT o ki)l + IM(M" o ki) = M(M"ky) 2
< eo[IMIIIMT o kil + (| M ]|z M| 1Kl
< &M (1M Kill2 + eolIMI12l1Kill2) + |MI15eo I 2
< 3e0||M]|3. (Since [|kill2 = 1)

Thus [[(Q)TMMTQ’ - E|1% = X1, [(Q)TMMTk; — (Q)T(MMT) o kill3 < (3e.]|M]|3)*t which
implies that ||(Q))TMMTQ’" - E||r < (3€.||M|1%)Vt. Now as (Q")"MM?T Q' is a symmetric matrix,
NONTMMTQ — (E+ET)/2||r < (3£o||M||§)\/Z. As (Q)TMMT Q' is itself a positive semidefinite
matrix,

lpsd((E+ET)/2) — (E+ED)/2llp < Q) 'MMTQ - (E+ET)/2|lr < (3eo|IM|12)VE.

Finally, by the triangle inequality we obtain that ||(Q")*MMTQ’ — Apx|ly = |(Q)TMMTQ -
psd((E + ET)/2)|lp < 6e.||M||2Vt. The time required to compute matrix = is 2¢T (&,) + nt? and

psd((2 +ET)/2) is O(+?). Thus, the matrix Apx can be computed in time O(2tT (&) + £3). O

Proof of Theorem 6.5.1. Let ¢ = O((1/+/¢) log(d/¢)). Algorithm 6.1 computes the Krylov subspace K’

with
£

" 16K2*5k5 420

for an absolute constant C. Let Y; be an orthonormal basis for p(M)G and Y be an orthonormal basis
for the matrix Apx (defined in (B.3)). Then by (B.4) we have that || YYT - ¥, YT ||, < ¢/ (16x?Vk). If
m < k is the largest integer such that ¢,,(M) > (1 + ¢)0ok+1 (M), by Lemma B.3.9, there exists a d
dimensional subspace Y™ inside the column span of K’ such that

&o

[[M]nllE = 1Y (Y™ TAIA < (3¢/4)0?, .
If 2 is now computed with ¢, = £2/(48x%(+/gk)k), then by Lemma B 3.13,
£ 2

Q) MMTQ" — Apx|lp < o, .

Now if Zi denotes the first k singular vectors of the matrix Apx, and Z,, denotes the first m columns
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of Zi, then by Lemma B.3.12, we get that

2
IM = (Q'Zn)(Q'Zu) "MIIE < 1M = Q'((Q) M)l + 2m(S-t,)

€2

< IM = Q' ((Q) M)ullZ + Zo,iﬂ.

Finally, by Lemma B.3.10, we obtain that

1M = (Q'Z) (Q'Z) "MIly < (1+3¢/2) 0101 + [ (2/4) 02, | < (1+26) s,

Also, [|M = (Q"Z)(Q'Z) ™ M|z < IM = (Q"Zw)(Q'Zw) " M|z < (1 + 26) 041 (M) since Q' Zy has

orthonormal columns and colspan(Q’Z;) 2 colspan(Q’Z,,). Thus, in time

T (i) gk + T . P
e deca) 4 s (Jghk) T

Algorithm 6.1 computes a 1 + 2¢ approximation. Scaling the value of ¢ gives us the result. If the
approximations M o v are spanned by the column space of M for all vectors v, then the columns of
K’ are spanned by the matrix M. Thus, the columns of Q" are also spanned by M, which implies that
the columns of the matrix Q’Z,, are spanned by M. O

B.4 Omitted Proofs in Section 6.6

B.4.1 Proof of Lemma 6.6.1

Proof. Define Z == UTZ. We have

1+¢ > |[AATB(S — A) V2 — ZZVAATB(B2I — A) V2|,
> |UUTB(B — A)V2 - ZZYUUTB(B2T - A) V2,
> |UUTB(B - A) V2 —vUutZZ UUTB(B - A) V2,
= [UUTB(B I - A)V2 —uzZTUTB(B1 - AV,
= [UTB(B*1 - D)™* = ZzZ U B(B1 - D)7V,

which implies using Lemma 6.4.2 that UZ = UUTZ = AA*Z is a good space to project the columns
of B onto, i.e.,
I(AA*Z)(AAZ)*B - B||; < (1 +¢). O
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B.4.2 Proof of Lemma 6.6.2

Polynomial Approximation of (1—x)~'/2.  We want to obtain a polynomial p(x) such that |p(x) —

(1 —x)~"2| < § in the interval x € [0,1/(1 + ¢)]. Consider the Taylor expansion of (1 — x)~1/2:

(1-x)"1%= i @_me

2j 412
= 24 j!

The above series converges for all |x| < 1. Let q(x) be the Taylor series up to T terms. Then for
1>x>0,wehave0 < g(x) < (1—x)""?andfor0 <x <1/(1+¢)

/ (2j)! - (1+e) _ 1
(1-x)7" —q(x )_ZZZJ '2 Z - £(1+5)T Ce(1+)T U

Thus, if T — 1 > 4log(1/(ed))/e > log(1/e5)/log(1+ ¢), we have (1+¢)T~! > 1/e8 which implies
that

0<(1-x)"Y2—g(x) <6

forall0 < x < 1/(1 + ¢). So, there is a degree t = O(log(1/&d)/¢) polynomial that uniformly

. 1/2

approximates (1—x)~'/“up to an error § in the interval [0, 1/(1+¢)]. Now, we further approximate

the degree t polynomial g(x) with a degree O(+/f) polynomial.
First we have the following theorem.

Theorem B.4.1 (Theorem 3.3 of [SV14]). For any positive integers s and d, there is a degree d polynomial

Ds.d(x) that satisfies
sup |psa(x) - x°| < 2¢7/%.
xe[-1,1]

Further, this polynomial p; 4 is defined as follows

psd(x) = Ey, v, [Tip|(x)1[ID] < d]]

where Y1, . . ., Y; are independent Rademacher random variables, D = .}_, Y; and 1 denotes the indicator
function.

Clearly the polynomial p; 4 is defined as a weighted linear combination of Chebyshev polynomi-
als of various degrees at most d. With d = /2slog(1/6), we have that

sup |psa(x) —x'| < 2¢ " <28,
xe[-1,1]
Thus, given an arbitrary degree t polynomial q(x) = Y._, qix’, where qo, . . ., g; are the coefficients

of the polynomial, then the degree d polynomial r(x) = Y.!_;qipia(x) with d = +/2tlog(1/6)
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satisfies

sup | Z q,x - Z qipia(x)]

sup [q(x) —r(x)]

xe[-1,1] xe[-11] =
< sup Z|ql ' = pia(x)]
xe[-1,1]
t
< sup Zlqi|25
xE[—l,l] i=0
= 2l|qll+6.

We now bound ||7||;. We have
Il =11 qipra()ll < Z 1gill1pea () s
= Z il Ex,...y, [Tip) ()1 (D] < d]][ly
< Z 1g:| Ev,,_., [ Tip ()1 (D] < d]][l1]
1
< Z 415 +V2)? = 21+ 32) gl

Here we use the fact that || - ||; is convex over polynomials and that the sum of absolute values
of coefficients of a Chebyshev polynomial of degree d is bounded by (1 + V/2)%. Thus, we have the
following lemma.

Lemma B.4.2. Givenany polynomial q(x) of degree t, there exists a polynomial r (x) of degree d = \/ 2t log(2||qll1/6)
such that

sup |g(x) —r(x)| <9
xe[-1,1]

and ||r|l; < (1+V2)4||qll:.

We already saw that the polynomial g(x) = 5':0 %xj satisfies |g(x) — (1 — x)~'/?| < § for
x € [0,1/(1+¢)] if t = O(log(1/ed)/¢). We also have ||q||1 = 3‘:0 |2/ (2Y(j)?)] < t+1.
Thus, by the above lemma, we can compute a polynomial r(x) of degree d = O(+/tlog(t/5)) =

O(% log(1/¢ed)) such that

sup [r(x) - (1-x)7"? < sup  [(1-x)"P—qx)|+ sup q(x) —r(x)] <28
x€[0,1/(1+¢)] x€[0,1/(1+¢)] xe[-1,1]

and we also have ||r||; = O((1 + V2)%) = O((1 + \/5)0(\/1_/glog(1/85)) log(1/e8)/¢). We summarize
this in the following lemma.
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Lemma B.4.3. Given £,8 > 0, there exists a polynomial r(x) of degree O(% log(1/&6)) and ||r|ly =
O((1+ \/Q)O(\/l_/“flog(l/g‘s)) log(1/¢5)/¢) such that

sup  |r(x) - (1- x)V? < 6.
x€[0,1/(1+¢)]

Lemma B.4.4 (Matrix Approximation Lemma). IfA € R™" isa positive semidefinite matrix with Amax (A) <

1 and if r(x) is a polynomial such that

sup  |r(x) - (1-x)7" <6,
x€[0,Amax (A)]

then ||r(A) — (I — A)~12||, < 6.

Proof. Let A = VDV be the eigenvalue decomposition of D with D = diag(Ay, ..., A,) where
Amax = A1 > ... > A, > 0.Then (I — A)"Y2 = V(I - D)"V2VT and r(A) = Vr(D)VT. Therefore,

I7(A) = (I = A2, = V(I = D)™ = r(D)VT |,
=||(I - D)"Y~ r(D)|l,
= max (1 - 4) 7Y% = r(1)]

< sup |(1-0)TV-r(x)] <6
X [0, s ()]

Here we use the fact that 0 < Aq,..., A, < Anax(A). O

As A is a positive semidefinite matrix such that % > (1 + ¢)||Al|2, then ||A/f?|l2 < 1/(1 +¢)
and hence we can compute a polynomial r(x) of degree O(% log(1/¢ed)) such that

Ir(A/B%) = (I-AJBHA, < 6.

Modified Problem. Instead of considering the matrix 4l = AA*B(B*I — A)~'/ for low rank ap-
proximation, we consider the matrix '’ = AA*BM/f for M = r(A/?), where r(x) is a low degree
polynomial, and argue that a (1 + ¢)-approximate LRA solution for the matrix 4’ is a 1 + 2¢ approx-
imation for the LRA problem on matrix J.

Proof of Lemma 6.6.2. Recall A = BT (I — AA*)B, and therefore ||Al|; = ||(I - AA+)B||§ Given that
B = (1+ ¢)max(||(I — AA*)B||2, 0k11(B)), we have 2 > (1 + &)?||Allz = (1 + ¢)||Al]2. Thus,
1A/B%l2 < 1/(1 +e).

As ||A/B?l2 < 1/(1 + €), we approximate (I — A/B%)~1/2 with the matrix M = r(A/f%) where
r(x) = Yi_, rix'is a polynomial of degree t = O(% log(%)) given by Lemma B.4.3. By Lemma B.4.4,
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the matrix r(A/f%) = Yi_, ri(A/B?) satisfies

(T = A/ = Mllz = (T = A/B) T2 = r (DBl

t

=l (I-A/pH2 = > m ([%) I < 6.
i=0

As ||A/B%lz < 1/(1 + ¢) and A/B? is a positive semidefinite matrix, we have omax (I — A/f?) < 1

and omin(I = A/B?) > ¢/(1 + ¢). Therefore, omax (I — A/B*)712) < \J(1+¢)/e and omin((I -
A/B?)71/?) > 1. By Weyl’s inequality, we obtain that

Omax(M) < V(1 +¢)/e+d and opmin(M) > 1-0.

By sub-multiplicativity, of the spectral norm

~ AATBM |AA*B| ~
IAA*B(B*I - A)T2 - —5 < TZII(I = (A = M|,
+
< |AATB; 5
p
Using Weyl’s inequality, we obtain
AA*BM AA*B AA*B
O ( ) < Orar (AAYB(BAT — A)/2) + %5 <1+ %5. (.5)

The last inequality follows as there exists a rank k matrix with ||AX — Bl|, < B. If we can now find
a rank k matrix Z with orthonormal columns such that

,TAATBM _ AA*BM

12 5 5

AA*BM ) ’ (8.6)

p

o < (1 +6)oess (
then

1ZZTAA*B(B*T — A)TV2 — AATB(B*T - A) V2,
AATBM  AATBM AATBM
g B
AA+BM) , 144"B|l;

p p
< (1+¢)(1+2[|AA*B|12(8/).

< |zz* o+ I1(1 - zZ") ( — AA*B(BI - A)‘l/z) Il2

The last inequality follows from (B.5). If § is chosen to be less than ¢/4k where k = o1(B) /041 (B),
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Algorithm B.1: Oracle 4

Input: v € R, & >0
Output: y € R"
/* Let r(x) be the polynomial as in Lemma 6.6.2 */
t « degree(r)
Ereg < O (& /x|lrll1)
y<—0
Apx, < v
fori=0,...,tdo
Y «— Y+ riApx;
Apx,,; < BTB - Apx; — BT - (HIGHPRECISIONREGRESSION(A, B - ApX, éreg) )
end
y < (HighPrecisionRegression(A, B - y, &reg) )/

~N QA U s W N =

o ®

then

1ZZTAA*B(B*T — A)™M% — AA*B(B*T - A) V2
< (1+e) (1+2[|AA*B|5(8/B))
|AA*B||; £041(B)

ﬁ 40'1(3)

AN

<(1+e)|1+2

<1+ 2¢

as ||AA*B||; < o1(B) and f > (1 + £)0p41(B). This implies that if (1 — x)™/? is approximated by a
polynomial r(x) uniformly in the interval [0, 1/(1 + ¢)] with an error at most ¢/4k, and if matrix Z

is an orthonormal basis for a space that spans a 1 + ¢ rank k approximation in spectral norm for the
2
matrix AA*B r(A’#, then
|AA*Z(AA*Z)*B - B||; < (1+6¢)f = (1+O(¢))OPT.

We obtain the proof by appropriately scaling e. O

B.4.3 Proof of Lemma 6.6.3

\%

Throughout the analysis, we assume ||AATB||, > ¢||B||,. Suppose that || AA*B||, < ¢||B||2. Let z be

the top singular vector of matrix B. Then

IBI5 = I|Bzll3
= ||AA*Bz||5 + ||(I — AA")Bz||}
< ||B|I3 + ||(I — AA")Bz]|2.
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Algorithm B.2: Oracle 45

Input: v € R, & >0

Output: y € R"

/* Let r(x) be the polynomial as in Lemma 6.6.2 */
t « degree(r)

Ereg < O (&/x|lrl1)

y<—0

Apx, BT . (HIGHPRECISIONREGRESSION(A, v, Ereg))

s fori=0,...,tdo

Yy «— y + riApx;

7 | Apx;,; < BYB - Apx; — BT - (HIGHPRECISIONREGRESSION (A, B - ApX;, £reg))
s end

y —y/p

=

N

w

'

(=)

o

Thus, ||(I - AA")BJ|2 > ||(I - AA")Bz]||2 > (1 — €%)||B||3. Therefore, OPT > V1 = 2||B||; which
implies ||B||2 < (1/V1—¢?)OPT < (1+ ¢)OPT for ¢ < 1/2. Thus, ||A(0) — B|]2 < (1 + £)OPT and
hence we have a trivial (1 + ¢)-approximate solution. Thus, we can assume ||AA*B||, > ¢||B||2.

Based on Theorem 6.2.1, we compute approximate projections onto the column span of A. The
following lemma states that a matrix-vector product with the matrix (A/f?) can be approximated
well.

Lemma B.4.5. Given an arbitrary vectorv € R¢, we can compute a vector y € R such that

ly = (1/ ) Aollz < eregillollz

in time O(nnz(B) + (nnz(A) + ) log(1/éreg)).

Proof. Recall that A = BT (I — AA*)B. Therefore, for a vector v, Av = BTBv — BTAA*Bu. After
computing Bu exactly, we can compute by Theorem 6.2.1 in O((nnz(A) + c?) log(1/éreg)) time
such that

|AA*Bo — Yll2 < éregll (I — AA™) Bol,.
Let y = BTBo — BTy, which can be computed in O(nnz(B)) time. Then Av — y = BT (7 — AA*Bo),
which implies [|Av — yl|2 < [|Bll2lly — AA™Bol|z < éreglBll2|I(I = AA™)Bl[2[[o]l2.

Thus, given a vector v, we can compute (A/?)v up to an error of
reg|IBll2l| (I = AA*)Bll2[[vll2/ f? < eregicllv]l2,

since f > max(||(I — AA*)B||2, ok41(B)). m|

Lemma B.4.6. Given an arbitrary vectorv € RY, for matrix M = r (A/ %) = i (A/ ﬂz)j where the
degree t = O((1/+/¢)log(x/e)) and ||r]l; = O((1 + \/E)O(‘/l_/‘glog("/g)) log(x/¢€)), we can compute a
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vector y such that | Mo — yl|2 < &|[v]| in time

O (t - (nnz(B) + (nnz(A) + c?) log (x||r|l1/er))) -

Proof. Let Apx, = v and for i > 1, define Apx; to be the approximation computed for the product
(A/B?)Apx;_, by Lemma B.4.5. Define

E; = [I(A/%)'0 — Apxilla.

We have the following recurrence

Ei = ([%) 0 = Apx;ll2 < 1(8/B%)'0 = (A B)Apxi-illz + 1(B/ B*) Apx;_; = Apx;l

< [(A/BP)I2Ei-1 + eregkllAPx;_|l2
< (AP I2Ei-1 + exegke - (1A BNy o]z + Ei—1)
< (”A”Z/ﬁz + gregK)Ei—l + 5regK||A/ﬁ2”;_1”U”2-

As B > (1+¢)|[(I — AA")B||5, we have that [|A/f%|l2 < 1/(1 + €)% If eregk < /4, then [|A/B%||; +
Eregk < 1/(1+€)* + /4 < 1/(1 + ¢). Therefore,

E_, EregK
T l+e (146207

i l[oll2.
This implies upon solving the recurrence that

E; < gregKHUHZ

for all i. Then

t

t
1Mo = ) ritpxyll < ) IrllI (A7)0 — Apx 2
j=0

Jj=0

t t
< Y 1) < eegrlioll D 11l = eregrcllollzlIr 1.
Jj=0 Jj=0

So for any arbitrary vector v, we can compute a vector y such that
Mo —yllz < &lloll2
by setting ey = O(ﬁ) < ¢/4k for all t approximate products and thus y can be computed by
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Lemma B.4.5 in time
O(t - (nnz(B) + (nnz(A) +r*) log (x|Irll1/er))).

This concludes the proof of the lemma. O
Thus, for an arbitrary vector v, we can compute a vector y such that | Mo — y||2 < &|o]|2.

Proof of Lemma 6.6.3. Recall that M’ = (AA*BM)/B, |IM|l2 < 2/+/e and opin(M) > 1/2 from

Lemma 6.6.2. We have |AA*BM||, > ||AA*B||20min(M) > ||AA*B||2/2 > ¢||B||2/2 where the last
inequality follows from our assumption that ||AA*B||s > ¢||Bl||2. Thus, ||M’||2 > €||Bl|2/2p > /4
as f < (1+2)[Bll.

Now we show how to compute approximations to #'v and M'Tv’ for arbitrary vectors v, v’.

To compute an approximation to Jl'v, we first obtain a vector y; using the above lemma such
that ||[Mo—y1||2 < &|0]|2. Then we compute the product By; exactly in time O(nnz(B)). Thereafter,

we compute a vector y, by Theorem 6.2.1 such that
”yZ _AA+By1”2 < gregH(I_AAJr)BylllZ < 5reg||(I_AA+)B”2”y1“2-

We also have ||[AA*By; — AA*BMol|; < &l||AA*B||2||v]|2. Therefore, by the triangle inequality,
|AA*BMo — ;|2 < &||AATB|2[o||2 + Ereg||(I — AA")B|lzlly1l2. Hence,

’ ||AA+B||2
[0 = (y2/P)l2 < &Tllvllz + eregllynllz < &kllollz + ereg(erllo]l2 + [[M]|20)

zgreg

Ve

Thus, if & = O(ege/ k) and ereg = O(ere*/?), we havethat || Mo~ (y2/ B)ll2 < eellollz < efll M [|2][0]l2.
Therefore, a vector y,/f can be computed in time O(t - (nnz(B) + (nnz(A) + ¢?) log (%))) +
O((nnz(A) +c?) log(;lg)).

Now we compute an approximation to Jl’Tv = (MT BT AA* / B)v for an arbitrary vector v. We

< &k + Dlfollz + —llo]l2.

tirst compute a vector y; such that
||AA+U -yl < t‘:"reg”(I_AA-'-)UHZ < fregllollz-

Then we compute BTy1 exactly. Then we compute a vector y, such that ||MBTy1 —1Yzll2 < & ||BTy1 |, <
ec|| Bll2(1 + éreg) [[0]|2. We further have

2||B||
IMBTAA* — MBTy1[|5 < eregl|MBT|2]l0]l2 < ereg———l0]l2-

Ve
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Thus,

2||Bll2
lly2 = MBTAA* |, < 26| Bl|2lo]l + freg—gllvllz

and hence
lyz2/B — M'Toll; < 2&x]v

Now picking & = O(ere/x) and ereg = O(ee>/2/x), we obtain that
I (y2/B) = M'Tollz < eellollz < e[ A]|2]|0]]2.

Thus, this approximation can be computed in time O(t - (nnz(B) + (nnz(A) + ¢?) log (%))) +

2 . .
O((nnz(A) +c?) log(é)). It follows that given an accuracy parameter e, we can compute approxi-
mate matrix-vector products with 4" and 4'T in time at most

T(e) = O(t - (nnz(B) + (nnz(A) + ¢*) log (x(B)?[|r |1/ (£5¢))))
+O((nnz(A) + ¢?) log(k(B)/(&€))).

B.4.4 Proof of Theorem 6.6.4

Proof. From Lemma 6.6.2,

AA*B

o () < o ( ) Mz < o (

AA*B) 2
Ve
and

Ok41 (M) 2= 04y (AA+B/ﬁ) * Omin(M) 2 Okq1 (AA+B/ﬁ)(1/2)~
Therefore, k(M) < 01(AA*B/B)(2/¢e)/oks1(AATB/B) /2 < (4/+e)x(AATB). By Theorem 6.5.1,
we can compute a matrix Z € R™* such that ||(I = ZZT)M'||; < (1 + 2€)0p41 (M) in time

2

€ €
— gk k,
d (K(ﬂ’)qu“Cq) aest (48K(./%’2(\/qk)k)) 1

where g = O((1/+/¢) log(d/¢)). Thus, the total time required is

Kzllrllm(ﬂ’)qu“C")))

£2

) (tqk . (nnz(B) + (nnz(A) + ¢*) log (
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As ||r]l; = (1 + V2)0W/Velog(k/e) Jog (i /¢) /e and k(M) = k(AA*B)/+/e, we obtain that the total
time required is O(tgk -nnz(B) +tqk - (\/_ log(x/¢e)+q) log(= K(M er(M)KY . (nnz(A)+c?)). Substituting

t = O(4/1/elog(k/e)), we obtain that the total running time is

o ((nnz(B) -k N nnz(A) - k zk - polylog(k, K (AA*B), d, k, 1/¢) |, (B.7)

€ gl

and there is an additional ¢ time for computing a preconditioner. By Lemmas 6.6.1 and 6.6.2, we
obtain that
I(AA*Z)(AA*Z)*B - Bll; = 1ZZ"B - B||; < (1+ O(¢))OPT.

The equality is from the fact that Z is spanned by the columns of matrix A by Theorem 6.5.1, and
therefore AA*Z = Z. Thus, there exists a matrix X; € R such that AX; = Z and the matrix X;
can be computed in time O((nnz(A) +c?)k+c®) using sketching-based preconditioning techniques.
Let Y; = ZTB, which can be computed in time O(nnz(B) - k). Therefore,

|AX,Y; — Bll, = 1ZZ B - B||, < (1 + O(¢))OPT.

Thus, X; - Y7 is a (1 + O(¢))-approximation to the regression problem. By appropriately scaling e,
we obtain the proof. O

B.4.5 Proof of Lemma 6.6.5

Proof. Let G ~ N(0,1)™*+1 and FT e R*+1*d he 3 matrix with k + 1 orthonormal rows. Let o be
a parameter to be chosen later and B := B + aGFY. For all matrices X, by the triangle inequality,

|AX - B||; € ||AX - Bl|; + «||GFT]|,.

With probability > 9/10, ||G||2 < 2v/n. Thus, ||AX — Bl; € |[AX = B||, + 2a+/n. Therefore, ifXisa
(1 + ¢)-approximation to min x ||AX — Bl|, then |[AX — B[ < (1 + €)OPT + 6ay/n.

We now have o1(AA*B) < ||B|l2 < ||Bll2 + 2a+/n from the above discussion. We now lower
bound oy4; (AA*B). Let U be an orthonormal basis for the columns of A. Therefore, AA* = UU™.

o1 (UUTB)

Ok+1 (UTE)

ok (UTB+ aUTGFT)
ok+1(UTBFFY + aUTGFT)
or+1(UTBF + aUTG).

0k+1(AAYB)

v

\%

As the rows of UT are orthonormal, the matrix G’ = UL G is a matrix of i.i.d. normal random vari-
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(k + 1) x (k + 1) submatrix of UTBF + aG’. Then E can be seen as a fixed (k + 1) X (k + 1) ma-
trix where each entry is perturbed by a Gaussian random variable of variance a?. From Theorem 2.2
of [VT07], we obtain that omin(E) > a/(CVk) for a constant C with probability > 9/10. Thus,
0k1(UTBF + aUTG) > omin(E) > a/(CVk).

Thus, o1 (AA*B) /031 (AA*B) < (||B]|5 + 2avn)/(a/(CVk)). For a = (G—f? we obtain that

ables. Assuming A is of full rank, G" is a ¢ X (k + 1) matrix. Assuming ¢ > k + 1, let E be the top

~ . C
o1 (AA*B)/0ps1 (AATB) < T"K

for a constant C with probability > 4/5. Also, if X is a (1 + £)-approximation as mentioned above,
IAX—B||2 < (1+€)OPT+£0y41(B) < (1+2¢)OPT. We obtain the proof by scaling e appropriately. O
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Appendix C

Deferred Details from Chapter 10

C.1 Nisan’s Pseudorandom Generator

We say that a randomized program uses space w with a block size n if it accepts its random bits as
an n bit block at a time and uses at most space w between the different blocks of random bits. Such
programs can be modeled as a finite state machine over at most 2* states, taking an input string over
the alphabet { 0,1 }". Nisan [Nis92] constructed a pseudorandom generator which requires only a
small uniform random seed that “fools” a space w program with a block size n.

Lethy, ..., hi beindependent hash functions drawn from a 2-wise independent hash family # =

{h:{0,1}" — {0,1}"}. These hash functions together with x € {0, 1}", sampled uniformly at
random, serve as the seed of the generator G : {0,1}" — {0,1 }Zk'”, defined recursively as follows:

Go(x) =x
Gk(xa hb D) hk) = Gk—l(x’ h’la s ahk—l) © Gk—l(hk(x)ahl: D) hk—l)a

where o denotes the string concatenation. For a given choice of hy, . . ., h, define the distribution
G (%, hy, ..., hy) over bitstrings of length 2k . 1 to be the distribution of Gy (x,hy, ..., ) for ran-
dom x € {0,1}". Nisan showed that for any fixed FSM with at most 2" states over alphabet { 0, 1 }",
with high probability over the hash functions hy, . . ., hg, the distribution Gy (*, hy, . . ., hy) is indis-
tinguishable from the uniform distribution over { 0, 1 }zk'”. The power of Nisan’s generator is sum-
marized by the following lemma (using notation from section 10.3):

Lemma C.1.1. There exists a constant ¢ > 0 such that given integers n and w < cn and parameter k < cn,
for any FSM Q with 2" states, if hy, ..., hx = {0,1}" — {0,1}" are drawn independently from a 2-wise
independent hash family, then with probability > 1 — 27",

”Q(Gk(*, hl, ce ,hk)) — Q((Un)zk)” < g
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where || M|| := max; ). ; | M;;l.

Note that ||M|| = max,o ||Mx||c/]|x||cc where ||x||cc = max; |x;|. We therefore have that for
any two matrices Aand B, ||A+B|| < ||Al|+||B|| and ||AB|| < ||Al|||B]|. Therefore, we obtain that with
probability > 1 — 27" over the hash functions hy, . . ., hi, we have that the total variation distance
between the distribution of final state using a random string drawn from (U,)?" and arandom string
drawn from G (x, hy, . . ., hy) is at most 27",

Specifically, for a w = O(log d) space algorithms using poly(d) random bits, we have that we
can use Nisan’s Generator with n, k = O(log d). The time to evaluate a block of n random bits is then
Q(k) = Q(logd) in the Word RAM model as the k hash functions have to be applied sequentially
to the random seed. Using our new pseudorandom generator, which we call HashPRG, we show that
we can set k = O(1) at the expense of using more space to store the hash functions.

C.2 Finding Heavy Entries

See Section 10.6 for the definition of CountSketch data structure. Note that [¢] denotes the range of
locations the coordinate gets hashed into and r denotes the number of repetitions. Further, for each

¢ € [d], %, defined in (10.10) denotes our estimate for the value of coordinate x,.

Jowhari, Saglam and Tardos [JST11] show that if r = O(logd), then with probability > 1 —
1/poly(d), forall ¢,

llxl,
t/p

|xp — X¢| <

By picking t = (¢/10)” we obtain that with probability 1 — 1/poly(d), for all £ € [d], |x, —
xe| < (¢/10)||x][. The algorithm uses O((¢/10)7? log? d) bits of space and has an update time of
O(log d) per stream element. Condition on the event that for all ¢ € [d], |x, — %¢| < (¢/10)]x]|,
forall £ € [d].

Concurrently, run the algorithm of [KNW10] with ¢ = 1/4 to obtain a value v such that with
probability > 99/100

(9/10)[Ix[lp < v < (11/10)lx]l,.

Note that for constant ¢, their algorithm uses O(log d) bits of space and has an update time of O(1)
per stream element in the Word RAM model. Condition on this event as well.

Now, let L’ be the set returned by heavy-hitters algorithm of [LNNT16] with parameter ¢. Their
algorithm uses O(¢~? log®(d)) bits of space and has an update time of O(log d) per stream element.
At the end of processing the stream, in time O(¢~? poly(log d)), they return a set L’ satisfying |L’| =
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0(¢7) and
L' 24| Ixel = $llxlly).

The set L’ contains all the heavy-hitters and may contain additional coordinates as well. To filter the
list L’, we use the estimates x, given by the CountSketch data structure. Define

L={iel||x] > (8/10)fv}.

Conditioned on the correctness of L', X; and the estimate v, we prove properties about the set L. If
lx¢| > ¢llx||,, then |X,| > (94/10)||x|l, = (9¢/11)v > (8¢/10)v. Therefore, £ € L. On the other
hand, if # € L then

|xel 2 [%e| = (¢/10)[|x]l, = (8/10)pv — (¢/10)[|x]l, = (6¢/10)]|x]|,.

As |x; — %¢| < (¢/10)]|x||, for all £ and |x,| > (6¢/10)||x]|, for all £ € L, we also obtain that for
all ¢ € L, sign(x,) = sign(x;). As the list L’ has size at most O(¢~?), the post-processing can be
performed in time O(¢$~? poly(log d)). Thus, we over all have the following lemma.
Lemma C.2.1. Given a stream of updates (i1, v1), ..., (im0m) € [d] X {-M,..., M} form,M <
poly(d), a parameter ¢ and p € (0, 2), there is a streaming algorithm that uses O(¢~P log?(d)) bits of
space and has an update time of O(log d) per stream element and outputs a set L C [d] at the end of the
stream that with probability > 9/10 satisfies:

L LoA{tel[d]|l|xl| = llxllp}.

2. Forallt € L, |x;| > (6¢/10)[|x||,.

3. Forall¢ € L, the algorithm also outputs sign(x;).
At the end of the stream, the algorithm takes only O($~P poly(log d)) time to compute the set L.
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Appendix D

Deferred Proofs from Chapter 11

D.1 Omitted Proofs from Section 11.3

D.1.1 Proof of Lemma 11.3.4

Let i* be the largest index such that rank(By.;) = k. We note rank(B1.;+4+1) = k + 1. We now separate
the sum of online rank-k ridge leverage scores as

n i"+1 n

OL,k OL,k OL,k
E T, " (B) = E T, " (B) + E T, " (B)
i=1 i=1 i=i*+2

and bound both the terms separately. Let RI' C [i* + 1] be the set of coordinates i such that
rank(By.;) > rank(By.;—1). Note that [RI| < k + 1. By definition of the rank-k ridge leverage scores,
we have for all i € RI, Tl.OL’k (B) = 1. Now consider ani < i* + 1 and i ¢ RI. We have

inL’k(B) = min(1, biT((Blzi-l)TBlzi—l)+bi)-

We define oyinri = Minjer Omin(B1:;) where omin(+) is used to denote the smallest nonzero singular
value of the matrix B. We note that for all i € R1, ||b;]|2 > Omingri-

Now consider i < i* + 1 and i ¢ RI. Note that b; € rowspace(By.;—1).

Claim D.1.1. For owin g defined as above, the following hold for all i ¢ RI:

1.

b (Bri-1) " (Brie1))*bi < 2+ b} ((Briz1) ' Bricy + Cfrznin,m -1)*b;.

Lfor Rank Increase
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1K (B) = min(1, b (Bri-1) " (Bri-1))*bi) < 2 min(1, b} (Bri-1) " Brioy + e - D¥hy).

Proof. Let USVT be the “thin” singular value decomposition of the matrix B;_;. It is easy to see that
Omin(Bi—1) = Omingi- Since i € R, we have b; € rowspace(By.;_1) which then implies that we can
write b; = V - z for some z and therefore

b;r((Blzi—l)T(Bl:i—l))+bi =212, T
We can also write

_ 1
((Bll l) Bii-1+ o0, mmRI ) V(Zz mlnRI I) 1VT+2—(I_VVT)

min,RI

from which we obtain

_ 1 _ 1
bl (Bri—1) "Brict + 0%y - Db = 2" (B2 + 0l - D72 2 5 2’37z = Eb;‘r((Blzi—l)T(Blzi—l))+bi,
where the last inequality follows from the fact that 0 < % + o2, o -1 <23
Note that the second claim directly follows from the first. O

For i € RI, we prove the following:
Claim D.1.2. Foralli € RI,

1= OLk(B) < bT((Bll 1) Bll 1+o0 1nRI I)+

Proof. Let b;- be the projection of b; away from rowspace(B.;—1). Note that b;- is in the rowspace of
Bjy.; and therefore

[€bi, i) | = 1(Bui) - b5 llz > Oming - 167 |12

which implies

L2
|<b15 i >|2 > mlnRI”b || -
”Bll 1° bJ_”Z mmm”bl”z 0+O-mmRI||biJ_”2 -

Thus, for all i < i* + 1, we have

TiOL’k(B) < 2-min(1,b;' (Byi-1) ' Bric1 + 0 mmRI D)*hy).

Hence, it suffices to bound ’ 1 _1 min(1, bT((B1, DT Brioq + 0 - I)*b;). By Theorem 2.2 of

min,RI
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[CMP16], we can bound this quantity by O(k log || B1.i*+1||2/Ominri)- Hence,

Omin,RI

i"+1

By
> B =0 (k log M) .
i=1

We now want to bound

n oLk n ‘ T, T ”Bl:i—l - [Blzi—l]k”%‘ -1
Z Ti > (B) = Z mln(l, bi (Blzi—lBlii—l + k ' I) bl) (Dl)
i=i*42 i=i*+2

[BDM*20] shows a bound on the ;7" ; min(1, b;.r (BEHBLH + AI)71b;) where A = ||B — [B]klllzj/k.
The only difference in the above term we want to bound is that, instead of using a fixed A for all the
terms as in [BDM*20], we require an upper bound when each term has a different multiple of the

identity matrix.

We will now state some useful facts, that let us use the upper bounds from [BDM*20] to bound
the term in (D.1). Suppose « is such that /2 < ||By.j—1 — [Blzi_l]k”%/k < a. Then, we have from
the standard properties of the Léwner ordering that,

”Bl:i—l - [Blzi—l]k”%‘

X =< BIi—lBl:i—l +a-l

1 a a
EBlii—lB;I:‘i—l + E it BIi—lBl:i—l + E et BrlI;i_lBlzi_l +

Since all the above matrices are positive definite, assuming ¢ > 0, we obtain that

|| B1:i-1 — [B1:i—1]k||2F
k

T . - T . -1 T . -
2(BpiyBrici+a-I) = (B Brioi+ D7 = (B4 Brisi+ - I)

and therefore,

”Bl:i—l - [Blzi—l]k ||%‘
k

min(1, b} (Bl Byi_1 + -I)7'b;) < 2-min(1,b} (BL, By +a-1)"'by).

(D.2)

We note that ||By+1 — [Brirs1lkll% = Omin(Brir+1)® = 02, o, Where we used the fact that the rank

of By.j+41 is exactly k + 1.For j = 1,.. ., let i; be the largest i such that
2
|B1:i-1 — [Blzi—l]k”zF <o O min,RI

2/ .
k = k

and consider the intervals of integers, (k + 1 = iy, i1], (i1, i2], (i2, i3], . . .. We note that there are at
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most

IB = [Blll:

2
O.min,RI

O |log

_ O(log 181l )

Omin,RI
such non-empty intervals. Now consider an arbitrary interval (ij, ij;1], and we will bound

”Bl:i—l - [Blzi—l]k”]zg’

min(1, biT(BIi_leq + k -D)7by).
iE(ij,ij+1]
Setting a = 2/*1g2. . /kin (D.2), we get
”B -1 [B - ]k||2
Z min(l; b?(BEi_lBlzi—l + - k - L. I)_lbi)
iE(ij,ij+1]
2

o
<2- Z min(LbiT(BEi_lBl:i_l+zf+1%*”-1)-1b,.)

iE(ij,ij+1]

2 2
||Bl:ij+171_[Bl:ij+1*1]k||F < 2]+1 O—min,RI
= k

and since by definition - , we further obtain

|| By:i1 — [B1:i—1]k||2F .

Z min(l, b;‘[‘(BrlI;i_lB1;i_1 + 2 I)_lbi)
iE(ij,ij+1]
1B1:ij-1 = [Buiijor -1l
< 3 min(Lmf (Bl By, + T

iE(ij,ij+1]
We can then finally use Lemma 2.11 of [BDM*20] to bound the above term by

k||Bliij+1—1 ||§

IBi:ije-1 = [Braij -1kl

klog[1+ +k+1 < klog(1 +k||B||§/0'12nin,Rl) +k+1

where we used the factsthat||B1;ij+1_1—[Blzijﬂ—l]k”% 2 ||Bi*+1—[Bi*+1]k||% B O}Znin,Rl andIIBl;ij+1_1||§ <
|| B||5. Overall, we get that

O(klog(1 + k||Bll2/ 9mingi)®) = Ok log(k - x)?).
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Appendix E

Deferred Details from Chapter 13

E.1 Gap in the analysis of [KVW14]

In Theorem 1.6 of [KVW14], the authors claim an Fy estimation algorithm that uses o) (e73(sk 1 +
s%)(In 5)*) bits of total communication. In the proof of Theorem 1.6, in the inequalities used to bound
the quantity E(Y?)/(E(Y))?, the last inequality seems to use that p; > /e, but the inequality holds
only when i € Sg (in their notation). But the question of if i € Sp is exactly what they are trying to
find out from the analysis and hence it cannot be assumed that p; > f/e’.

E.2 Huber Loss Function

Given a parameter 7, the Huber loss function f is defined as f(x) = x?/(27) if |x| < rand f(x) =
|x| — 7/2if |x| > 7. In this work we consider only the values of x > 0. We will now examine various

properties of the Huber loss function.

E.2.1 Super-Additivity

One can verify that the Huber loss function is convex and f(0) = 0. Consider arbitrary x,y > 0.
Since f is convex in the interval [0, x + y], we get

) S fGry) and ) < Zoflery).

Adding both the inequalities, we get f(x) + f(y) < f(x + y). Thus, we have the following lemma:
Lemma E.2.1. If f is convex and f(0) = 0, then for any x,y > 0, we have f(x +y) > f(x) + f(y).
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E.2.2 Boundingcs[s]

We note that when f denotes the Huber loss function with parameter , the function /f is concave
on the interval [0, o). Now consider arbitrary xi,...,x; > 0. By concavity of \/? in the interval
[0,x1 + - -+ + x5], we get

Wzﬁ\/f(xﬁ“*xs)

forall j =1,...,s. By adding all the inequalities,

VG + -+ () 2 Vg + - +xy)

which implies

flxg+--+x) < (\/f(Tl+-~+M)2

and therefore that c¢[s] < s when f is the Huber loss function.

E.3 Derandomizing Exponential Random Variables using Nisan’s
PRG

Our algorithm for estimating higher-order correlations assumes that we have access to O(n¥) in-
dependent exponential random variables, which raises the question how these are stored since the
protocol later requires the values of these random variables. We now argue that Nisan’s PRG [Nis92]
can be used to derandomize the exponential random variables and that all the required exponential
random variables can be generated using a short seed of length O(k log?(n/¢)).

Note that using O (k log(n/¢)) bits of precision, we can sample from a discrete distribution that
approximates the continuous exponential random variables up to a 1 + ¢ factor since by a simple
union bound if we sample O(n*/¢?) exponential random variables, then they all lie in the interval
[poly(e) - n=9®) O(klogn/¢)] with a 1 — 1/poly(n) probability. Let b = O(klog(n/¢)). We can
use b uniform bits to sample from this discrete distribution and store the sampled discrete random
variables using b bits as well while ensuring that the discrete random variable has all the properties
we use of the continuous random variable. Let e be the random variable drawn from this discrete
distribution and let ey, . . ., e, independent copies of this discrete random variable. Since the distri-
bution of e is obtained by discretizing the continuous exponential random variable into powers of
1 + £/4, we have that max( f;/e;) has the same distribution of (}}; f;)/e up to a 1 + £/4 factor and
with probability > 1—1/poly(n), X};e;'f; < (Clog® n) - max; f;/e; still holds with a slightly larger
value of C.
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To run the protocol for approximating higher-order correlations, we need to generate the same
r’ = O((}) - k! - £7%) exponential random variables at all the servers and the coordinator. Suppose
that the exponential random variables are generated using a random string of length b - r’ as follows:
we use the first b - (}) - k! bits to generate the first set of exponential random variables, one for
each coordinate of the form (iy, ..., i) for distinct iy,...,ix € [n]. We use the second set of b -
(7)k! random bits to generate second set of exponential random variables and so on we generate

m = O(1/&?) sets of exponential random variables necessary for implementing the protocol. Let
(t)

€ ir.igii)

in the ¢-th set of random variables.

be the discrete exponential random variable corresponding to the coordinate (i, ..., ix)

Let f be a vector with coordinates of the form (iy, ..., i) for distinct iy,...,ix € [n]. Now
consider the following simple “small-space” algorithm Alg. It makes a pass on the length b - r string
reading b blocks at a time and maintains the following counts:

1. CountLess: The number of values ¢t such that

(®) -1p Zil,,..,ik ﬁil,...,ik)
irl?f‘ffi(e(il ,,,,, ik)) Sl = (1 +6) 2
2. CountMore: The number of values t such that
( ) -1 . . _ Zil,...,ik ﬁil ..... lk)
mai(e(il .... ik)) ﬁll,...,lk) S (1 8) ].n 2 E]

3. CountHeavy: The number of values t such that

(1) -1 2 (t) -1
Z (e(l-1 ik)) Stirmir) < (Clog”n) iﬁl}ii(e(hmik)) Sivroiie-

(ityeemit)

Note that the algorithm can keep track of all these random variables only using O(b) bits of space as
follows: When processing the first set of discrete exponential random variables, the algorithm keeps
track of cumulative sum and cumulative max corresponding to those set of random variables and at
the end updates the counts appropriately. It discards the stored cumulative sum and cumulative max
values and starts processing the second set of random variables and so on.

We now note using the properties of continuous exponential random variables that when the dis-
crete exponential random variables are sampled in the above defined manner using a fully random
string, then with probability > 99/100, using the union bound over the properties of continuous
exponential random variables, the following happen:

1. CountlLess < m/2,
2. CountMore < m/2, and

3. CountHeavy = m.
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The first two properties from the fact that the median of O(1/¢%) independent copies of the ran-
dom variable (X (;, ;) f(i,....ix)) /€ concentrates in the interval [(1 —¢) X, i) fip,.i /1N 2, (1 +
from using a union bound on the event in Lemma 13.2.1. Since the algorithm Alg uses only a space
of O(b) bits and the number of required random bits is exp(b), if the discrete exponential random
variables are constructed using a pseudorandom string drawn from Nisan’s PRG with a seed length
of O(b?) bits, the above properties continue to hold with probability > 98/100. Hence, the protocol
run with discrete exponential random variables constructed using Nisan’s PRG continues to succeed
in outputting a 1 + ¢ approximation to the higher-order correlation defined by the functions f and

g also succeeds with probability > 98/100.
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