Compiler Techniques for Data Motion

John S. Pieper

Decemb er = 1993

CMU-CS-93-217

School of Computer S= cience

Carnegie Mellon University

Pittsburgh, = PA 15213

Submitted in partial ful�l lmen= t of the requirements

for the degreManaging of Doctor of Philosophy.

Thesis H.T. Kung, advisor

Thomas Gross, acting advisor=

Jaspal Subhlok

Hudson Ribas, AT&T Bell Lab= oratories

Copyright c 1993 John S. Piep er

This research wsp onsored by The Defense Advanced Research Pro jects A= gency, Information Science

and Technology O�ce= , under the title \Research on Parallel Computing", asA Order No. 7330, issued

by DARPA/CMO under= Contract MDA972-90-C-0035. John Piep er was s= upp orted in part by the Fannie

and John Her= tz Foundation.

The views and conclusions contained= in this do cument are those of the author and sho= uld not b e

interpreted as representing the o�= cial p olicies, either expressed or implied, of the Fanni= e and John Hertz

Foundation or the U.S. gover= nment.

Keywords: compilers, data storage r= epresentations, discrete mathematics, memory

structures

Abstract

Software cacautomatic algorithm blo cking, and data overlays a= re di�erent names

for the same problem: compil= er management of data movement throughout the memo= ry

hierarchy. Modern high-p erformance hing,hitectures often omit hardware supp ort for moving

data b etween levels of the memory hierar= chy: iWarp does not include a data cache,= and

Cray supercomputers do not have v= irtual memory. These systems have e�ectivtraded a

more complicated programming model for erformance by replacing a hardware-controlled

mem= ory hierarchy with a simple fast memory. The s= impler memories have less logic in the

p path, so the cycle time of the memories is improed.

For programs which �t in the resulting mem= ory, the extra p erformance is great. Un-

fort= unately, the driving force b ehind sup ercomputing day is a class of very large scienti�c

pro= blems, b oth in terms of computation time and in terms= of the amount of data used.

Many of these= programs do not �t in the memory of the machines= available. When ar-

chitects trade har= dware supp ort for data migration to gain pto control of the

memory hierarchy is left = to the programmer. Either the program size must be cu= t down to

�t into the machine, or ev= ery lo op which accesses more data than will �t int= o memory must

be restructured by hand. Th= is thesis describ es how a compiler can relieve v programmer

of this burden, and automate data moti= on throughout the memory hierarchy without hardware supp ort.

This work develops a = model of how data is accessed within a nested lo op= by typical

scienti�c programs. It describ = es techniques which can b e used by compilers with the

task of managing data motion. The co= ncentration is on nested loops which process data arrays using linear array subscripts. Because= the array subscripts are linear functions

of t= he loop indices and the lo op indices form an faced lattice, linear algebra can b e applied

to solv= e many compilation problems.

The approach ely to tile the iteration space of the lo op nest. Ti= ling allows the compiler

to improve lo y of reference. The tiling basis matrix is cfrom a set of candidate

vectors which neatly div= ide the data set. The execution order of the tiles = is selected to

maximize lo cality b etween = tiles. Finally, the tile sizes are chosen to mini= mize execution

time.

The approach has b= een applied to several common scienti�c loop nests:matrix-matrix

multiplication,QR-decomp ositi= on,andLU -decomp osition. In addition, an ill= ustrative ex-

ample from the Livermore Lo op b enc= hmark set is examined. Although more compiler time

can b e required in some cases, this techniq= ue produces better code at no cost for most programs.

Acknowledgements

M= any p eople help ed greatly with this thesis. Iwasprivileged tohaveaveryhigh-quality

thesis committee. My advisor, H. T. Kung, forces= all of his students to do scienti�c research;

his guidance contributed greatly to the quality of t= he work. Thomas Gross has inspired and

hosen me throughout my graduate career, and he acted as m= y advisor after H.T. left for

Harvard. Thoma= s rep eatedly read the thesis, and has an amazing abili= ty to point out the

weak p oints in calit document. Jaspal Subhlok listened whenever I ask= ed him to, and made

helpful suggestions at eral points. Hudson Ribas brought a keen und= erstanding of the

material and a careful reading the thesis together to make an outstanding contribution

to this document and to the ideas which of its underpinning.

I must acknowledge sev supp ort of the Computer Science Department of Carneg= ie-

Mellon University, which has b ecome School of Computer Science of Carnegie dash) Mellon University, both for �nancial (no ort and for maintaining a culture which is

u= nique in its outstanding supp ort of research. I a= lso must acknowledge the supp ort of the

annie and John Hertz Foundation, who supp orted mu= ch of my graduate career with both

supp ort and a very generous stip end.

I tuitionould like to explicitly thank the members of iWarp team, b oth at CMU and

at Intel, for e= xp osing me to the entire design cycle of a complex = parallel machine. The

CMU compiler group pushed= the development of the iWarp component from top; Intel

engineers pushed it from the bottom.= After the system was built, the CMU team has orked

on a Fortran-90 compiler; the prote work of this thesis was done in that The

various members of that group liste= ned to my ideas over and over.

yp, I must thank Scott Hugh Robinson, inventor of= SHRUNIX. Scott taught me to

stalk, and to tr= ack, and came with me when I needed to get out of = the city. He went through

the of thesis-writing �rst, which gave me invordeal insight into the process. He has

continued = to give me supp ort and advice on technical, and p ersonal matters since

he left to b his own career.

This thesis is dedicated to Da= wna Ellen Ro oks for her supp ort, for putting up= with

my friends, for putting up with my w= eekly trips to the woods, for putting up me, and

for waiting seven years for this do= cument.

ii

CONTENTS iii

Contents

1 Introduction 1

1.1 The data= motion problem : : : : : : : : : : : = : : : : : : : : : : : : : : : : : with

1.1.1 Software memory management :::::::::::::::::::= :: 1

1.1.2 Parallelism : : : = : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : 2

1.1.3 Tiling= : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 3

1.2 Problem : : : : : : : : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : 4

1.2.1 In= put Code : : : : : : : : : : : : : = : : : : : : : : : : : : : : : : : : :4

1.2.2 Machine models : : : : : : : : : : : : : : : : : : : : : = : : : : : : : 5

1.3 Data model: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :6

1.3.1 Iteration spaces : : : : : : : : : : : : : : : : : : : : : : : = : : : : : : : 7

1.3.2 Streams : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : : : : 8

1.3.3 Reference vectors : : : : : : : egin : : : : : : : : : : : : : : : : : : = : : : 9

1.3.4 Dependences : : = : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : 12

1.3.5 Pe= rp endicular vectors : : : : : : : : : : : : : : : : : : : : : : : : : 17=

1.3.6 Cones : : : : : : : : : : : : : : : : : : : : : : : : : : : : = : : : : : : : 18

1.4 Introduction t= o tiling : : : : : : : : : : : : : : : = : : : : : : : : : : : : : : : : 18

1.4.1 Hyperplane tiling : : : : : : : := : : : : : : : : : : : : : : : : : : = : : : 18

1.4.2 Dependence constraints= : : : : : : : : : : : : : : : : : : : : : : : : 21

1.5 Approac: : : : : : : : : : : : : : : : : := : : : : : : : : : : : : : : : : : : = : 22

1.6 Outline of the thesis : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : 23

2 Re= lated work 25

2.1 Compiler : : : : : : : : : : : : : : : : : := : : : : : : : : : : : : : : : 25

2.1.1 Dependence analysis : : : : : : = : : : : : : : : : : : : : : : : : : : = : : 25 iv CONTENTS

2.1.2 Cogeneration : : : : : : : : : : : : : de : : : : : : : : : : : : : : : 26

2.1.3 Parallelization : : : : : : : : := : : : : : : : : : : : : : : : : : : = : : : 26

2.2 Other approaches : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : 27

Array management : : : : : : : : : = : : : : : : : : : : : : : : : : : : :28

2.2.2 Cache work : : : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : 29

2.3 Tiling : : : : : : : : : : : : : : : : : := : : : : : : : : : : : : : : : : : : = : : : 30

2.3.1 General tiling work : : : : : : : : : : : : : : : : : : = : : : : : : : : : : 30

2.3.2 Tiling= for cache lo cality : : : : : : : := : : : : : : : : : : : : : : : : : 31

2.3.3 Tiling for minimal comm: : : : : : : : : : : : : : : : : := : 32

2.3.4 Tiling for locality giv= en a data distribution : : : : : : : : : := : : : : 33

2.4 Contributions of t= his work : : : : : : : : : : : : : : : : : : : : : : : : : : : : 34

3 Cost mo del fundamentals 35

Overview : : : : : : : : : : : : : : = : : : : : : : : : : : : : : : : : : : = : : : : 35

3.1.1 Candidate tiling ve= ctors : : : : : : : : : : : : : : : = : : : : : : : : : : 36

3.1.2 Anexample : : : : : : : : : : : : : : = : : : : : : : : : : : : : : : : : : 37

3.2 Execution model : : : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : 37

3.3 criteria : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : = : : : 38

3.4 Cost model : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : : : : : 40

4 Bu�ering schemes 41

4.1 ransformation theory : : : : : : : : : : T : : : : : : : : : : : : : : : : : : = : 41

4.2 Bu�ering theory : : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : 42

4.3 o bu�ering methods : : : : : : : : : : : : : : : : : : : : : : : : : : : = : : 44

4.4 Rectangular bu�ering : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : 45

4.4.1 S= election of basis vectors : : : : : : : : : : : : : : : : : : : : : : : : 48=

4.4.2 Space allo cation : : : : : : : : : : : : : : : : : : : : : : : = : : : : : 48

4.5 Skewed rectangula= r bu�ering : : : : : : : : : : : : := : : : : : : : : : : : : : 50

= 4.5.1 Skewed rectangles : : : : : : : : : : : : : : : : : : : : : : : : : = : : : 50

4.5.2 What S must e : : : : : : : : : : : : : : : b : : : : : : : : : : : : : 53

= 4.5.3 Transforming a parallelepip ed to a cub : : : : : : : : : : : : : : : : 55

4.5.4 Allo cation and space requirements : : : : : : : : : : : : : : : : : := : 56

CONTENTS v

4.6 : : : : : : : : : : : : : : : : : := : : : : : : : : : : : : : : : : : :61

5 Scheduling the tiles 5.1 Scheduling issues : : : : : : Conclusions : : : : : : : : : : : : : : : : : : = : : : : : : : : 64

5.1.1 Intertile lo cality : : : : : : : : : : : e : : : : : : : : : : : : : : : : : 64

5.1.2 Scheduling versus computing : sizes : : : : : : : : : : : : : : : : 67

5.2 Scheduling : : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : : : : 68

5.2.1 Scheduling examples : : : : : : := : : : : : : : : : : : : : : : : : : = : : 68

5.2.2 Calculating the numb er= of refreshes : : : : : : : : : : : : : : : : : : 70

5.2.3 Evnested summations : : : : : : : : : : : := : : : : : : : : : 71

5.2.4 Sc= heduling with parallelism : : : : : : : : := : : : : : : : : : : : : : : 72

5.3 Approaches to parallelism and locality : : : : : : : : : : : : : : : : : : = : : : 73

5.3.1 Tiling twice: olf ’s method : : : : : : : : : : : := : : : : : : : : : : : 74

5.3.2Scheduling for intertile parallelism : : := : : : : : : : : : : : : : : : : 74=

5.3.3 Scheduling for intratile : : : : : : : : : : : : : : : : : := : 76

5.3.4 Comparison of approaches : : : : : : : : : : : : : : : : : := : : : : : : 77

6 Cost model= evaluation 79

6.1 Code generation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 80

6.1.1 Transforming original loop b ounds to a= uxiliary space : : : : : : : : : 6.1=2E2 Transforming auxiliary space lo op b ounds = to target space : : : : : : 81

6.= 1.3 Improvements to Fourier-Motzkin pairwise elim= ination : : : : : : : : 82

Computing the numb er of refreshes : : 80 : : : : : : : : : : : : : : : : 87=

6.2 Evaluating the cost model : : = : : : : : : : : : : : : : : : : : : : = : : : : : : : 88

6.2.1 An example : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 88

6.2.2 The general problem : : : : : : W : : : : : : : : : : : : : : : : : : = : : 89

6.2.3 Numerical techniques = : : : : : : : : : : : : : : : : : : : : : : : : : 90

6.3 A complete e= xample : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 92

6.3.1 Finding � v : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : 94

6.3.2Finding � v : : : : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : 95

6.3.3 The = cost model : : : : : : : : : : : : : aluating : : : : : : : : : : : : : : : : 96=

6.3.4 Code generation : : : : : : : : : : : : : : : : : : : : : : : : = : : : : 97 vi CONTENTS

6.4 Conclusion : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : : : : : : : 99

7 Evaluation 101

7.1 Commo= n scienti�c kernels : : : : : : : : : : : : : : : : : : : : : : : : : : : = : 101

7.1.1 Matrix multiply : : = : : : : : : : : : : : : : : : : : : : = : : : : : : : : 102

7.1.2 Where th= e improvement comes from : : : : : : := : : : : : : : : : : : 110

7.1.3QR decomp osition : : : : : : : : : = : : : : : : : : : : : : : : : : : : :113

7.1.4 LU decomp osition : : : : : : : : : : : : : : : : : : : : : = : : : : : : 118

7.2 Comparison to olf ’s work : : : : : : : : : : : : : : : : : : : : : : : : : : 121

7.2.1 Reuse spaces : : : : : : : : = : : : : : : : : : : : : : : : : : : : = : : : : 124

7.2.2 The problem with lo= calized vector spaces : : : : : : : : = : : : : : : : 124

7.2.3 Lo op jam= ming: a hack for choosing

� : : : : : : : : : : : : : : : = : : 125

7.2.4 Blo cking : : ~ : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : : 127

7.2= =2E5 Abstracting the reuse space : : : : : : : : : : : : : : : : : : : : : : 12= 8

7.3 Conclusions : : : : : : : : : : : : : : : : : : : : : : : : : : : = : : : : : : : : : 131

8 Conclusionsandfuturework 133

8.1 Con: of this work : : : : : : : : : : : : : : : : : : : : : : : : : : : 133

8.1.1 Mathematical tools : : : : : = : : : : : : : : : : : : : : : : : : : = : : : : 133

8.1.2 Algorithmic costs = : : : : : : : : : : : : : : : : : : : : : : : : : : : : 135

8.1.3 de quality : : : : : : : : : : : Co : : : : : : : : : : : : : : : : : : = : 136

8.1.4 Limitations of the approach::::::::::::::::::= ::::: 137

8.1.5 Conclusions : = : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : : : 138

Future work : : : : : : : : : : : : = : : : : : : : : : : : : : : : : : : : = : : : : : 138

8.2.1 Software pref= etch : : : : : : : : : : : : : : : := : : : : : : : : : : : : : 8.2=2E2 Distance locality : : : : : : 139 : : : : : : : : : : : : : : : : : : : = : : : 139

8.2.3 M 2 streaming : : : : : : : : : : : : : 8.2 : : : : : : : : : : : : : : : : : 139

8.2.4 Non-p erfect lo op nests : : : : : : : : : : : : : : : : : : : = : : : : : : : 140

8.2.5 tiling for parallelism and lo cality : : : : : : : : : : : : 140

8.2.6 Compilin= g for split-memory machines : : : : : : : : : : : : : : : : 141

LIST OF FIGURES vii

ListofFigures

1.1 Input code in normalized f= orm : : : : : : : : : : : : : : : : : : : : : : : : : 5

1.2 Unipro = cessor machine model : : : : : : : : : : : : : : : : : : : : : : : : : : 5

1.3 Parallel machine model : : : : : : : : : : : : : : : : : : : = : : : : : : : : : : 6

1.4 iteration space of a lo op nest : : : : : : = : : : : : : : : : : : : : : : : : : 7

1.5 Example streams : : : : The : : : : : : : : : : : : : : : : : : = : : : : : : : : : : 8

1.6 Referenc= e vectors relate data spaces to the iteration : : : : : : : : : : 10

1.7 spacew constant o�sets a�ect array layout in= the iteration space : : : : : : : : 11

1.8 Dep endences which p oint out : 1 reuse : : : : : : : : : : : : : : : : : : : 14

1.9 Dep endences mar= king a numb er of reuses proportional to the loo= p b ounds : 14

1.10 Rays of Integrating cone in 2-D and 3-D. : : : : : : : : = : : : : : : : : : : : : : : : : : 19=

1.11 Using vectors to de�ne cutting hyp= erplanes : : : : : : : : : : : : : = : : : : : 20

1.12 Unb ounded divis= ions may not p ose problems : : : : : : : : : : : : : : : : : 20

1.13 De= p endence vectors parallel to partitioning hyp erplan= es : : : : : : : : : : : 3.1 Matrix-matrix multiply : : : : : := : : : : : : : : : : : : : : : : : : = : : : : : 37

3.2 Tiled matrix-matrix = multiply : : : : : : : : : : : : : := : : : : : : : : : : : : 38

W A two-dimensional loop nest : : : : : : : : : : : : : : : : : : : : : : : = : : : : 43

4.2 The same lo op : skewed : : : : : : : : : : : : = : : : : : : : : : : : : : : : 44

4.3 The example loop nest skewed and tiled : : : : : : : : : : : : : : : : 44

4.4 Overallo cation of data r= equired for rectangular bu�ering : : : : : : : : : : 46

4.5 Overfetch of : using convex hull method : : : : : : : : : : : : : : : : : : 47

= 4.6 Overfetch varies inversely with the clos= eness of dividing vectors to reference

vectors : : : : : : : : : : : : : : : : : := : : : : : : : : : : : : : : : : : : = : : : 48

4.7 Nonlinearity in the til= e size expression : : : : : : : : : : : : : : : : : : : : 49 viii LIST OF FIGURES

Example of unit parallelepip ed b orders : : : = : : : : : : : : : : : : : : : : : : 51

4.9 Tiles are unit parallelepip eds = : : : : : : : : : : : : : : : : : : : : : : : : : 52

4.10 A cub e and= its pro jection into 2-space : : : : : : = : : : : : : : : : : : : : : : 4.11 How data relates to the transformed iteratio= n space : : : : : : : : : : : : : 57

4.12 Pseudo-code for performing allo c= ation : : : : : : : : : : : : : : : = : : : : : : 59

4.13 Examples of 4.8 cations : : : : : : : : : : : : : := : : : : : : : : : : : : : : : 5.1 Example of stream perp endicularity : : : : : : : : : : : : : : : : : : : = : : : 65

5.2 Graphic representation of st= ream perp endicularity : : : : : : : : : : : : : : 65

5.3 The previous examp= le skewed : : : : : : : : : : : : : : : : : : : : : : : : : 66

5.4Example of stream perp endicularity : : = : : : : : : : : : : : : : : : : : : : = : 66

5.5 The order of compiler phases : : : : : : : : : : : : : : : : : := : : : : : : : : 67

5.6 A simpl= e scheduling example : : : : : : : : : := : : : : : : : : : : : : : : : : 69=

5.7 A complex scheduling example : := : : : : : : : : : : : : : : : : : : = : : : : : 69

5.8 Parallelism can ex= ist in the preferred lo cality direction. : : : = : : : : : : : : : 73

6.1 QR-decomp = osition : : : : : : : : : : : : : : Tw : : : : : : : : : : : : : : : : : 85

6.2 Livermore lo op kernel six : : : : : : : : : : : : : : : : : := : : : : : : : : : : 93

6.3 :ermore lo op kernel six with k lo op ersed : : : : : : : : : : : : : : : 93

7.1 Matrix-matrix multiply :::::::::::::::::::= :::::::::: 102

7.2 Tiled matrix-matrix multiply : : : : : : : : := : : : : : : : : : : : : : : : : : 102

7.3 Tiled matrix-matrix multiply with b= u�ering code : : : : : : : : : : : := : : : 103

7.4 M operations of optimal versus square tiles for 2 : : : : : : : : : : : : : 106

7.5 Relative I/O costs for MM : : : : : : : : : : : : : : : : : : : : : : : = : : : : : 106

7.6 Execution times rev MM : : : : : : : : : : : : : : : := : : : : : : : : : : : : : 107

= 7.7 Relative execution times for MM (X R =3DX S � : : : : : : : : : : : : : : 107

7.8 Relative improvement in execution time fo= r MM (c =3D 8) : : : : : : : : : : 109

7.9 Relative improvemen: in execution time for MM (c =3D 128) 3.1 : : : : : : : : : 109

7.10 The

~

� =3D (� ; � ; ) tiling : : : : : : : : : : : : := : : : : : : : : : : : : : : : : : 110

7.11 The ~ � � (� ; � ; 1) tiling : : : : : : : : : : : : : : : : : : : : : : : = : : : : : : 111

7.12 R=3DS as n grows very large : : : : : : : : : : : : : : : : : : : : : : : : : : :112

7.13 Source co de for QR decompositio= n : : : : : : : : : : : : : : : : := : : : : : : 113

LIST OF FIGURES ix

7.14 M 2 operations of optimal and sq= uare tiles for QR : : : : : : : : : : : theory : : : 116

7.15 M 2 operations of optimal versus square tiles for : : : : : : : : : : : : : : 116

7.16 Execution time of optimal versus square tile= s for QR (X

R =3DX : � 100%) : : : 117

7.17= Execution time of optimal and square tiles for QR = ()p fv(c)c f2(=3D)h(8))26 b fv(:)d(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)40 b f2= (117) 218 534 y(7.18)22 b(Source)16 b(co)q(de)g(for)e(LU)i(decomp)r(osition)40 = b fv (:)22 b(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:= )f (:)g(:)h(:)f(:)g(:)40 b f2(118)218 619 y(7.19)22 b(Tiled)17 b(co)q(de)f(f= or)e (LU)i(decomp)r(osition)32 b fv(:)23 b(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h= (:)f (:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)40 b f2(119)218 703 y(= 7.20) 22 b fv(M)366 710 y fq(2)401 703 y f2(op)q(erations)15 b(of)g(optimal)h(a= nd)f (square)g(tiles)i(for)d(LU)i(decomp)r(osition)46 b fv(:)22 b(:)g(:)h(:)f(= :)g (:)40 b f2(122)218 788 y(7.21)22 b fv(M)366 795 y fq(2)401 788 y f2(op)q(= erations)15 b(of)g(optimal)h(v)o(ersus)f(square)g(tiles)h(for)f(LU)g(decomp)r= (osition)33 b fv(:)22 b(:)h(:)f(:)g(:)40 b f2(122)218 873 y(7.22)22 b(Executi= on) 16 b(time)g(of)e(optimal)i(v)o(ersus)f(square)g(tiles)h(for)f(LU)h(decomp= )q (osition)g fv(:)22 b(:)h(:)f(:)g(:)40 b f2(123)218 957 y(7.23)22 b(Execut= ion) 16 b(time)g(of)e(optimal)i(v)o(ersus)f(square)g(tiles)h(for)f(LU)h(decomp= )q (osition)g fv(:)22 b(:)h(:)f(:)g(:)40 b f2(123)218 1042 y(7.24)22 b(An)16= b (example)g(lo)q(op)32 b fv(:)22 b(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f= (:)g (:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(= :)f (:)g(:)40 b f2(128)218 1127 y(7.25)22 b(The)16 b(example)g(lo)q(op)f(afte= r)g (tiling)36 b fv(:)22 b(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)= h (:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)40 b f2(129)218 1211 y(7.2= 6)22 b(Iteration)15 b(space)h(diagram)f(of)g(tiled)h(co)q(de)g(using)g(abstrac= ted) e(reuse)i(space)d fv(:)22 b(:)g(:)h(:)f(:)g(:)40 b f2(130)218 1296 y(7.27= )22 b (The)16 b(example)g(lo)q(op)f(transformed)g(for)f(lo)r(calit)o(y)24 b fv(= :)e (:)h(:)f(:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)40= b f2 (130)218 1381 y(7.28)22 b(The)16 b(tiled)g(transformed)e(lo)r(op)45 b fv(= :)23 b(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f= (:)g (:)h(:)f(:)g(:)h(:)f(:)g(:)40 b f2(130)218 1465 y(7.29)22 b(Iteration)15 = b (space)h(diagram)f(of)g(tiled)h(co)q(de)g(using)g(abstracted)e(reuse)i(sp= ace) d fv(:)22 b(:)g(:)h(:)f(:)g(:)40 b f2(130)218 1592 y(8.1)45 b(Examples)16= b (of)f(constan)n(t-o�set)f(reuse)24 b fv(:)f(:)f(:)g(:)h(:)f(:)g(:)h(:)= f (:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)40 b f2(14= 0) 218 1676 y(8.2)45 b(The)16 b(traditional)f(view)h(of)f(a)g(systolic)h(arr= a)n (y)f fv(:)23 b(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)= f (:)g(:)h(:)f(:)g(:)40 b f2(142)218 1761 y(8.3)45 b(Systolic)16 b(cells)h(= com) o(bine)f(to)f(form)f(a)h(\sup)q(erpro)q(cessor")22 b fv(:)h(:)f(:)h(:)f(= :)g (:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)40 b f2(142)p eop %%Page: 10 14 bop 0 50 a f2(x)1366 b ft(LIST)16 b(OF)f(FIGURES)p eop %%Page: 11 15 bop 149 50 a ft(LIST)16 b(OF)g(T)l(ABLES)1379 b f2(xi)149 589 y fs(List)= 41 b (of)g(T)-11 b(ables)218 840 y f2(1.1)45 b(Dep)r(endence)16 b(t)o(yp)q(es)= 46 b fv(:)23 b(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g= (:)h (:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)62 b f2(13)218 966= y (6.1)45 b(Summary)15 b(of)g(sc)o(heduling)i(p)r(ossibilities)g fv(:)22 b(= :)g (:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(= :)f (:)g(:)62 b f2(94)218 1051 y(6.2)45 b(Summary)15 b(of)g(streams)29 b fv(:= )22 b (:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)h(= :)f (:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)62 b f2(96)218 1177 y(7.1)45 b= (Data)14 b(motion)h(costs)g(of)g(di�eren)o(t)g(sc)o(hedules)37 b fv(:)22 b= (:)g (:)h(:)f(:)g(:)h(:)f(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)h(:)f(:)g(:)40= b f2 (126)p eop %%Page: 12 16 bop 0 50 a f2(xii)1367 b ft(LIST)16 b(OF)f(T)l(ABLES)p eop %%Page: 1 17 bop 1920 50 a f2(1)149 558 y fn(Chapter)35 b(1)149 828 y fs(In)m(tro)t(d= uction)149 1106 y fu(1.1)70 b(The)22 b(data)i(motion)e(problem)149 1238 y fm(= 1.1.1)56 b(Soft)n(w)o(are)18 b(memory)e(managemen)-5 b(t)149 1352 y f2(Design= )14 b (of)f(the)g(memory)g(hierarc)o(h)o(y)g(for)g(a)f(high-p)s(erformance)h(co= mputer)g(system)g(is)g(a)g(di�cult)i(task.)149 1437 y(Con)o(v)o(en)o(tiona= l)c (computers)g(usually)h(include)i(cac)n(hes)e(and)f(virtual)g(memory)g(har= dw)n (are.)18 b(Several)11 b(high-)149 1522 y(p)r(erformance)17 b(arc)n(hitect= ures,)i(ho)o(w)n(ev)o(er,)f(do)f(a)n(w)o(a)n(y)h(with)f(one)h(or)f(more)g(of)= g (these)g(levels.)27 b(The)18 b(Cra)n(y)149 1607 y(line)i(of)e(sup)r(ercom= puters)g(has)g(y)n(et)g(to)g(include)i(virtual)f(memory)e(hardw)o(are.)28 b(T= he) 19 b(In)o(tel/Carnegie)149 1691 y(Mellon)c(iW)m(arp)f(system)f(do)q(es)h(= not) g(include)i(a)e(data)f(cac)o(he,)h(opting)h(instead)f(for)f(a)h(small)h(s= tatic)e(RAM)149 1776 y(with)20 b(single-clo)s(c)o(k)f(access)h(time.)32 b(The= se) 20 b(systems)e(ha)o(v)o(e)h(e�ectiv)o(ely)h(traded)f(a)g(more)g(constr= ained)149 1861 y(programming)g(mo)q(del)h(for)f(p)r(erformance,)g(replacing)i= (a)e (hardw)o(are-con)n(trolled)i(memory)d(hierarch)o(y)149 1945 y(with)e(a)f(= simple)i(fast)d(memory)l(.)220 2030 y(The)j(simpler)g(memories)g(ha)n(v)o(e)f= (less)h(logic)h(in)f(the)f(critical)i(path,)e(and)g(so)g(the)h(cycle)g(time)g= (of) f(the)149 2115 y(memories)11 b(is)h(impro)o(v)o(ed.)18 b(F)l(or)11 b(prog= rams) e(that)h(�t)h(in)h(the)f(resulting)g(memory)l(,)g(the)g(extra)g(p)q(er= formance)149 2199 y(is)18 b(great.)25 b(Unfortunately)l(,)18 b(the)f(driving)= h (force)f(b)r(ehind)h(sup)r(ercomputing)g(toda)o(y)f(is)h(a)f(class)g(of)g= (v)o (ery)149 2284 y(large)h(scienti�c)g(problems,)g(b)r(oth)f(in)h(terms)f= (of) g(computation)h(time)g(and)f(in)i(terms)e(of)g(the)g(amoun)o(t)149 2369 y= (of) f(data)f(used.)23 b(Man)o(y)15 b(of)h(these)g(programs)f(do)h(not)f(�t= )h (in)h(the)f(memory)g(of)f(the)h(mac)o(hines)h(a)n(v)n(ailable)149 2453 y(= to)i (researc)o(hers.)33 b(Sometimes)20 b(the)f(programs)g(can)g(b)r(e)g(shrun= k)h (with)g(some)f(loss)h(of)f(accuracy)l(,)i(but)149 2538 y(often)16 b(resea= rc)o (hers)g(m)o(ust)g(w)n(ait)g(for)g(the)g(next)g(generation)g(of)g(larger,)= g (faster)f(mac)o(hines.)23 b(This)17 b(thesis)149 2623 y(addresses)i(this)= h (problem)f(b)o(y)g(allo)o(wing)g(the)g(compiler)h(to)e(hide)i(the)f(memor= y)g (hierarc)o(h)o(y)g(from)f(the)149 2707 y(programmer.)i(The)c(programmer)e= (writes)h(his)h(co)r(de)g(as)f(if)h(there)f(w)o(ere)g(a)g(single)i(large)f(me= mory) -5 b(,)15 b(and)149 2792 y(the)d(compiler)g(will)h(mo)o(v)n(e)f(data)e(in= to)h (and)g(out)g(of)g(the)g(fast)g(bu�er)g(memory)g(to)f(optimize)j(p)q(er= formance.)p eop %%Page: 2 18 bop 0 50 a f2(2)1084 b ft(CHAPTER)15 b(1.)35 b(INTRODUCTION)71 195 y f2(= Compilers)22 b(ha)n(v)o(e)g(traditionally)g(b)r(een)g(limited)h(in)f(their)g(= con) o(trol)f(of)g(the)g(memory)g(hierarc)o(h)o(y)m(.)0 280 y(Most)14 b(compil= ers) j(con)o(trol)e(only)h(the)f(allo)r(cation)h(of)f(mac)n(hine)i(registers.)= j (Before)15 b(the)h(p)q(opularization)0 364 y(of)g(virtual)g(memory)l(,)g(= programmers)e(used)j(o)n(v)o(erla)o(ys)f(to)f(run)h(programs)f(that)g(did)i(n= ot)f (�t)g(in)o(to)g(main)0 449 y(memory)l(.)36 b(T)l(ec)o(hniques)22 b(for= )e (compiler)i(generation)f(of)f(o)n(v)o(erla)o(ys)h(for)f(co)q(de)h(w)o(ere= )f (inv)o(en)o(ted)h(a)f(little)0 534 y(to)q(o)h(late)i(to)e(b)r(ecome)h(p)q= (opular)h(b)q(efore)f(virtual)h(memory)e(did.)42 b(Code)23 b(o)n(v)o(erla)o(y= s)f (ma)n(y)g(su�ce)h(for)0 619 y(con)o(v)o(en)o(tional)e(programs)e(whose= )h (data)g(is)h(small)g(relativ)o(e)g(to)f(the)g(amoun)o(t)g(of)f(co)r(de)h(= used=2E)36 b(Large)0 703 y(scienti�c)15 b(co)r(des)g(use)g(orders)f(of)h(m= agnitude)g(more)f(data)g(than)h(co)q(de.)20 b(T)l(o)15 b(implemen)q(t)f(data)g(= o)o (v)n(erla)o(ys)0 788 y(for)i(these)g(programs,)f(eac)o(h)h(lo)r(op)g(that= )f (accesses)i(more)e(data)h(than)g(will)i(�t)e(in)h(main)f(memory)g(m)n(= ust) 0 873 y(b)r(e)f(restructured.)71 957 y(In)22 b(this)g(thesis)h(w)n(e)f(in= v)o (estigate)f(the)h(use)g(of)g(modern)h(compiler)g(tec)o(hnology)f(to)f(man= age) g(the)0 1042 y(memory)c(hierarch)o(y)g(without)h(hardw)o(are)f(supp)r(ort= )g ((like)h(cac)o(hing)h(or)e(virtual)h(memory)g(hardw)n(are).)0 1127 y(Th= e)j (compiler)h(will)g(cut)f(the)f(data)g(of)g(a)h(program)e(into)h(c)n(h)o(u= nks) h(that)f(�t)h(in)o(to)f(memory)l(.)36 b(It)21 b(will)0 1211 y(mo)q(dif= y)14 b(the)g(lo)q(op)g(structure)f(of)g(the)g(program,)g(inserting)h(blo)r(c)o= (k)f (copies)i(of)e(the)g(data)g(to)g(mo)n(v)o(e)h(it)f(into)0 1296 y(faster)j= (lev) o(els)i(of)e(the)h(memory)f(hierarc)o(h)o(y)g(as)h(required,)g(and)g(to)f= (mo) n(v)o(e)h(the)g(data)f(bac)o(k)g(again)h(when)0 1381 y(it)f(is)h(no)f(lon= ger) g(needed.)24 b(The)16 b(compiler)h(can)f(e�ectively)g(reliev)q(e)g(the= )g (programmer)f(of)g(the)h(burden)0 1465 y(of)g(managing)g(the)g(memory)g(h= ierarc)o(h)o(y)g(ev)o(en)h(when)f(the)h(hardw)n(are)f(do)q(es)h(not)f(help)h(= in)g (the)f(pro)q(cess.)0 1550 y(This)k(allo)o(ws)g(ev)n(en)g(v)o(ery)f(large)= h (programs)e(to)h(b)q(e)h(run)f(on)h(mac)n(hines)h(whose)e(arc)o(hitects)g= (opted)h(for)0 1635 y(memory)15 b(p)q(erformance)g(at)g(the)g(cost)g(of)f(har= dw)o (are)h(supp)r(ort)f(for)h(the)g(memory)g(hierarc)o(h)o(y)l(.)0 1785 y fm(= 1.1.2)55 b(P)o(arallelism)0 1900 y f2(T)l(o)15 b(meet)h(the)g(computational)g= (demand)g(of)g(scienti�c)g(computing,)g(more)g(and)f(more)h(arc)n(hitects)= h (are)0 1984 y(turning)d(to)f(parallel)j(computing.)k(Scalable)15 b(parall= el)g (arc)o(hitectures)f(require)h(the)e(use)h(of)g(distributed)0 2069 y(memor= y)l (,)h(with)h(eac)o(h)g(pro)q(cessor)f(ha)o(ving)h(a)f(small)i(lo)q(cal)f(m= emory)f(and)h(comm)o(unicating)h(with)f(other)0 2154 y(pro)q(cessors)h(to)g(g= et)h (data)f(stored)g(in)h(their)h(memories.)27 b(This)18 b(comm)o(unication)h= (can) f(b)q(e)g(handled)h(b)o(y)0 2238 y(the)d(hardw)n(are,)f(for)g(example)i(b= )o (y)e(using)i(a)e(directory-based)h(hierarchical)h(cac)o(hing)f(sc)o(heme.= )22 b (In)16 b(this)0 2323 y(case,)c(the)g(compiler)i(needs)f(only)f(to)g(ensur= e)g (that)g(the)g(program)f(has)h(goo)q(d)h(cac)o(he)f(lo)r(calit)o(y)m(.)18 = b (The)13 b(other)0 2408 y(p)r(ossibility)e(is)h(for)e(that)g(comm)o(unicat= ion) i(to)e(b)r(e)h(left)g(to)g(the)g(programmer.)17 b(In)11 b(this)h(case,)f(= the) g(program)0 2492 y(m)o(ust)f(explicitly)j(comm)n(unicate)e(with)g(other)f= (pro) q(cessors)g(when)h(data)e(m)o(ust)h(b)r(e)g(exc)o(hanged.)19 b(Mac)n(hine= s)0 2577 y(with)11 b(explicit)h(comm)o(unication)g(are)e(easier)h(to)e(build)= k (since)e(no)g(cac)o(he-sno)q(oping)g(hardw)o(are)f(is)h(required)0 2662 y= (and) 18 b(no)f(cac)o(he)h(con)n(trol)g(logic)g(is)g(required)g(in)g(the)g(comm= )n (unication)h(net)o(w)n(ork.)26 b(Unfortunately)m(,)17 b(the)0 2746 y(burd= en)f (of)f(the)g(programmer)f(is)i(enormously)f(increased.)p eop %%Page: 3 19 bop 149 50 a ft(1.1.)35 b(THE)15 b(D)n(A)l(T)l(A)h(MOTION)f(PROBLEM)967 = b f2 (3)220 195 y(Compilers)20 b(need)h(to)e(b)q(e)h(able)g(to)f(automatically= )h (parallelize)j(programs)18 b(for)h(priv)n(ate)g(memory)149 280 y(mac)o(hi= nes;) j(it)d(is)g(just)g(too)g(di�cult)h(to)f(write)g(parallel)h(programs)e(= for) g(distributed)i(memory)f(com-)149 364 y(puters.)38 b(T)l(o)21 b(pro)q(duc= e)h (goo)q(d)g(co)q(de)f(for)g(parallel)h(mac)o(hines,)h(it)e(is)h(not)e(enou= gh)i (for)e(the)h(compiler)149 449 y(to)d(understand)i(parallelism.)32 b(The)1= 9 b (compiler)h(m)n(ust)f(also)g(understand)g(the)f(costs)h(of)f(data)g(motio= n) 149 534 y(b)r(et)o(w)n(een)e(pro)q(cessors)f(and)g(through)g(the)g(lo)r(c= al)h (memory)e(hierarch)o(y)l(.)220 619 y(The)23 b(goal)g(of)g(a)f(parallelizi= ng)k (compiler)e(is)g(to)e(map)h(a)g(program)f(expressed)h(in)h(a)f(mac)n(hine= -) 149 703 y(indep)s(endent)c(language)h(into)f(a)g(parallel)i(program)d(for= )h (a)h(distributed)h(memory)e(mac)n(hine)i(with)f(a)149 788 y(memory)c(hier= arc) o(h)o(y)l(,)g(suc)o(h)h(as)e(the)i(one)f(in)h(Figure)f(1.3)f(on)h(page)g(= 6.) 22 b(The)17 b(compiler)g(m)o(ust)e(manage)h(a)149 873 y(single)k(global)f= (name)g(space)f(that)g(is)h(mapp)q(ed)g(into)e(the)i(priv)n(ate)f(memories)g(= of)g (the)h(system.)29 b(Eac)n(h)149 957 y(data)19 b(item)h(is)g(assigned)g(a)= f (\home")g(memory)g(lo)r(cation)g(in)h(the)g fv(M)1353 964 y fq(2)1392 95= 7 y f2(memory)f(of)g(some)g(pro)q(cessor.)149 1042 y(The)d fv(M)287 1049 y fq= (1) 323 1042 y f2(memories)g(are)f(used)h(in)h(m)n(uc)o(h)f(the)g(same)f(w)o(= a)n (y)h(the)g(register)f(�le)i(is)f(used)g(b)o(y)g(unipro)r(cessor)149 11= 27 y (compilers:)26 b(data)16 b(items)i(are)f(mo)n(v)o(ed)g(from)g(the)g(home)= g (lo)r(cation)g(in)i fv(M)1413 1134 y fq(2)1450 1127 y f2(in)o(to)e fv(M)1= 588 1134 y fq(1)1625 1127 y f2(of)g(the)g(pro)q(cessor)149 1211 y(that)j(need= s)h (that)f(item.)35 b(If)21 b(data)e(is)i(re-used)g(from)f fv(M)1151 1218 y = fq (1)1191 1211 y f2(b)q(efore)h(it)f(is)h(returned)g(to)e fv(M)1728 1218 y = fq (2)1748 1211 y f2(,)i(memory)149 1296 y(bandwidth)c((and)e(p)q(ossibly)i= (comm)n(unication)f(bandwidth))g(is)g(sa)n(v)o(ed.)149 1447 y fm(1.1.3)56 b(= Tiling)149 1561 y f2(T)l(o)18 b(obtain)h(the)f(greatest)f(b)r(ene�t)h(from= )g (the)g fv(M)1009 1568 y fq(1)1047 1561 y f2(memories,)h(lo)r(ops)f(in)h(t= he)f (program)f(m)o(ust)h(b)q(e)h(re-)149 1645 y(structured)12 b(to)f(optimize= )i (lo)r(cality)l(.)19 b(Eac)n(h)12 b(lo)r(op)f(nest)h(de�nes)h(a)f(space= )g (of)f(iterations)h(to)f(b)r(e)h(p)q(erformed.)149 1730 y(The)j(b)q(ounds)= g (of)e(the)h(space)h(are)f(determined)h(b)o(y)f(the)g(lo)r(op)g(b)q(ounds)= h (in)g(the)f(program.)k(The)c(compiler)149 1815 y(cannot)g(generally)h(lim= it)f (the)g(amoun)o(t)f(of)g(data)g(accessed)h(in)h(an)n(y)f(particular)g(dire= ction)h(in)f(this)g(space)149 1900 y(b)r(ecause)j(the)f(lo)r(op)g(b)q(ounds)h= (are) f(sp)q(eci�ed)i(b)o(y)e(the)h(programmer.)22 b(By)16 b(cutting)h(the)f= (iteration)g(space)149 1984 y(into)f(tiles,)h(the)f(compiler)h(can)g(limit)g(= the) g(amoun)n(t)f(of)g(data)f(accessed)i(in)g(a)f(tile)h(b)o(y)g(c)o(ho)q(osi= ng)f (the)h(tile)149 2069 y(size)j(in)g(eac)o(h)f(dimension.)30 b(The)18 b(com= piler)i(c)n(ho)r(oses)d(the)h(size)h(of)f(the)g(tiles)h(so)f(that)f(all)i(of)= e (the)h(data)149 2154 y(required)g(to)e(execute)i(a)e(tile)i(�ts)f(into= )f fv (M)886 2161 y fq(1)922 2154 y f2(at)g(the)h(same)g(time.)25 b(The)17 b(co= mpiler)h(will)h(generate)d(co)q(de)149 2238 y(which)h(loads)g(the)g(data)g(re= quired)h(for)e(a)h(tile,)h(executes)f(the)g(tile,)i(and)e(stores)f(bac)o(k)h(= the) g(result.)25 b(All)149 2323 y(of)14 b(the)h(data)e(accesses)i(during)g(th= e)g (execution)g(of)f(a)g(tile)h(are)f fv(M)1259 2330 y fq(1)1293 2323 y f2(a= ccesses,)h(so)f(the)g(computation)h(can)149 2408 y(b)r(e)g(p)r(erformed)g(v)n= (ery) h(quic)o(kly)m(.)220 2492 y(In)g(this)g(thesis,)g(the)g(goal)f(of)g(tilin= g)j (is)e(to)f(reduce)h(the)g(o)n(v)o(erhead)g(of)f(soft)n(w)o(are)g(memory)g= (manage-)149 2577 y(ment)e(as)g(w)o(ell)i(as)f(to)f(impro)o(v)o(e)h(lo)q(cali= ty)l (.)20 b(Tiling)15 b(allows)e(the)h(compiler)h(to)e(blo)r(c)o(k)h(memory)f= (references.)149 2662 y(This)21 b(reduces)f(the)g(total)g(memory)f(access)h(l= atency)g(for)f(memories)h(which)g(supp)r(ort)f(blo)r(c)o(k-access.)149 2746 y= (Additionally)o(,)d(tiling)h(usually)h(increases)f(the)f(ratio)f(of)h(computa= tion) g(to)f(I/O)h(of)g(the)g(program.)21 b(F)l(or)p eop %%Page: 4 20 bop 0 50 a f2(4)1084 b ft(CHAPTER)15 b(1.)35 b(INTRODUCTION)0 195 y f2(e= ac)o (h)16 b fv(M)147 202 y fq(2)182 195 y f2(memory)g(access)g((whic)o(h)g(c= an)g (b)q(e)g(considered)i(an)d(I/O)h(op)r(eration),)f(the)h(n)o(um)o(b)q(er)= g (of)f(com-)0 280 y(putations)h(that)f(can)h(b)q(e)g(p)r(erformed)f(on)h(a= )n (v)o(erage)f(is)i(increased.)22 b(Since)c(tiling)f(do)q(es)f(not)f(c)o(ha= nge) h(the)0 364 y(computation)c(itself,)i(the)e(higher)h(computation-to-I/O)g= (ratio)f(is)g(ac)o(hieved)h(b)o(y)f(lo)o(w)o(ering)g(the)h(n)o(um)o(b)q(er)0 = 449 y (of)i fv(M)96 456 y fq(2)131 449 y f2(accesses)g(required)h(b)o(y)g(the)f= (lo) r(op)g(nest.)71 534 y(This)h(w)o(ork)f(inv)o(estigates)h(tiling)h(for)f(l= o)q (cality)g(and)g(parallelism)j(sim)o(ultaneously)m(,)d(b)o(y)g(sc)o(heduli= ng)0 619 y(the)c(tiles)h(to)e(get)h(optimal)g fl(intertile)j f2(lo)q(cality)l(= ,)d (which)g(has)g(not)f(y)o(et)h(b)q(een)h(addressed.)19 b(In)o(tertile)13 b= (lo) r(calit)o(y)0 703 y(refers)19 b(to)f(data)g(that)g(is)h(used)g(within)h(o= ne)f (tile)h(of)e(iterations)h(that)f(can)h(b)r(e)g(k)n(ept)g(in)h(fast)e(memo= ry)0 788 y(b)r(ecause)j(it)h(will)h(also)f(b)q(e)g(used)g(in)g(the)g(next)f(ti= le)i (of)e(iterations.)39 b(In)22 b(cac)o(he-based)g(unipro)r(cessor)0 873 y(s= ystems,)15 b(intertile)i(lo)r(calit)o(y)f(is)h(a)f(second-order)g(e�ect;)g= (tiling)i(itself)f(is)f(the)h(principal)h(p)r(erformance)0 957 y(enhancer.)j(= Sc)o (heduling)c(the)d(tiles)i(for)e(intertile)h(lo)r(calit)o(y)m(,)f(ho)o(w)n= (ev) o(er,)g(further)h(reduces)g(the)g(secondary)0 1042 y(memory)g(tra�c)f(= generated)h(b)o(y)g(a)g(program.)0 1223 y fu(1.2)70 b(Problem)0 1352 y f2(In)= 21 b (this)f(section)h(w)n(e)f(discuss)h(the)f(limits)i(of)d(the)h(problem)h(t= o)f (b)q(e)g(solv)o(ed.)35 b(First,)20 b(w)o(e)g(discuss)h(the)0 1437 y(class= )16 b (of)f(programs)g(that)g(will)i(b)q(e)f(dealt)g(with.)22 b(In)16 b(the)g(f= ollo) o(wing)g(section,)g(w)o(e)g(discuss)g(the)g(kinds)h(of)0 1522 y(mac)o(hin= e)f (arc)o(hitectures)f(addressed)h(in)g(this)g(w)n(ork.)0 1672 y fm(1.2.1)55= b (Input)19 b(Co)r(de)0 1786 y f2(Scienti�c)c(programs)d(are)h(t)o(ypi�= 14ed) i(b)o(y)f(large)f(data)g(sets,)h(accessed)g(in)g(linear)h(patterns.)k(The= se) 14 b(linear)0 1871 y(patterns)e(are)h(exploited)i(in)f(this)f(w)o(ork)f(b= )o (y)h(using)h(linear)g(algebra)f(tec)o(hniques)h(to)f(mo)q(del)h(the)f(mem= ory) 0 1956 y(access)20 b(patterns.)32 b(This)20 b(w)n(ork)f(is)h(directly)h(a= pplicable)g(to)e(programs)f(with)i(linear)h(arra)n(y)e(accesses)0 2040 y(and)= j (linear)h(lo)r(op)e(b)r(ounds.)40 b(Source)22 b(co)q(de)h(in)f(normalized= )h (form)e((w)o(e)h(use)g(Ribas’s)g(de�nition)i(of)0 2125 y(\normalized= "[47]))12 b(m)o(ust)h(b)q(e)h(a)e(set)h(of)g(p)q(erfectly)h(nested)g(lo)q(op= s,)f (as)g(sho)o(wn)g(in)h(Figure)f(1.1.)1597 2109 y fq(1)1635 2125 y f2(The)g= fv (f)1748 2132 y fr(i)1763 2125 y f2(’s)0 2210 y(and)i fv(g)110 2217 y fr(i= )124 2210 y f2(’s)g(in)h(that)e(�gure)i(are)f(a�ne)g(functions.)71 2294 = y (W)-5 b(e)16 b(mak)n(e)g(the)g(follo)o(wing)g(assumptions)g(ab)q(out)f(th= e)g (nested)h(lo)r(ops)f(that)g(are)g(input)i(to)e(the)g(com-)0 2379 y(piler:= )68 2501 y fo(�)23 b f2(W)l(e)15 b(ha)o(v)n(e)h(a)f(nest)g(of)g fv(n)g f2(= lo)r (ops)g(in)h(normalized)g(form)f((p)q(ositiv)o(e)g(unit)h(lo)r(op)f(steps= ).) 0 2585 y 718 2 v 52 2642 a fk(1)69 2658 y fx(Source)k(co)q(de)f(in)g(this= )h (thesis)g(is)f(written)g(in)h(an)f(ALGOL-like)f(pseudo)i(language.)33 b(A= ll) 19 b(co)q(de)f(can)g(b)q(e)g(trivially)0 2704 y(translated)d(into)d(C,)h(= F)o (OR)m(TRAN,)f(or)h(an)g(equiv)o(alen)q(t)f(language.)p eop %%Page: 5 21 bop 149 50 a ft(1.2.)35 b(PR)o(OBLEM)1433 b f2(5)441 212 y fp(for)23 b f= v (i)552 219 y fq(0)608 212 y f2(=3D)37 b fv(f)702 219 y fq(0)722 212 y f2(= ()) 23 b fp(to)h fv(g)875 219 y fq(0)894 212 y f2(())464 271 y fp(for)g fv(= i) 576 278 y fq(1)632 271 y f2(=3D)37 b fv(f)726 278 y fq(1)746 271 y f2(()= p fv (i)780 278 y fq(0)799 271 y f2())23 b fp(to)h fv(g)934 278 y fq(1)953 27= 1 y f2(()p fv(i)987 278 y fq(0)1006 271 y f2())g fp(do)488 330 y(for)g fv(i= )600 337 y fq(2)656 330 y f2(=3D)36 b fv(f)749 337 y fq(2)769 330 y f2(()p fv= (i)803 337 y fq(0)823 330 y fv(;)7 b(i)859 337 y fq(1)878 330 y f2())24 b fp(to= )f fv (g)1013 337 y fq(2)1033 330 y f2(()p fv(i)1067 337 y fq(0)1086 330 y fv(= ;)7 b (i)1122 337 y fq(1)1141 330 y f2())24 b fp(do)512 388 y fo(�)7 b(�= )h (�)536 447 y fp(for)24 b fv(i)648 454 y fr(n)p fj(�)p fq(1)728 447 = y f2 (=3D)13 b fv(f)798 454 y fr(n)p fj(�)p fq(1)867 447 y f2(()p fv(i)901= 454 y fq(0)920 447 y fv(;)7 b fo(�)h(�)f(�)g fv(;)g(i)1037 454 y fr(n)= p fj (�)p fq(2)1105 447 y f2())24 b fp(to)g fv(g)1241 454 y fr(n)p fj(�= )p fq (1)1309 447 y f2(()p fv(i)1343 454 y fq(0)1362 447 y fv(;)7 b fo(�)g(= �) h(�)f fv(;)g(i)1479 454 y fr(n)p fj(�)p fq(2)1547 447 y f2())24 b = fp (do)536 506 y(begin)632 565 y f2(.)7 b(.)g(.)g fp(body)p f2(.)g(.)g(.)536= 623 y fp(end)625 721 y f2(Figure)16 b(1.1:)i(Input)e(co)r(de)f(in)h(normalize= d)h (form)218 854 y fo(�)22 b f2(Arra)n(y)14 b(subscript)h(expressions)g(a= re)f (linear)h(com)o(binations)g(of)f(lo)q(op)g(index)i(v)n(ectors,)e(plus)h(p= )q (ossi-)263 938 y(bly)h(a)f(constan)n(t.)149 1089 y fm(1.2.2)56 b(Mac)n(hi= ne) 19 b(models)149 1203 y f2(A)i(simple)g(unipro)s(cessor)f(with)g(a)g(t)o(w= )n (o-level)h(memory)e(hierarch)o(y)l(,)i(is)g(sho)n(wn)g(in)g(Figure)f(1.2.= )34 b (The)149 1287 y(small)19 b(memory)e(()p fv(M)511 1294 y fq(1)530 1287 y = f2 ())g(has)h(cycle)g(time)g fv(t)g f2(and)g(can)f(hold)i fv(M)j f2(items,)= c (while)h(the)f(big)g(memory)f(()p fv(M)1906 1294 y fq(2)1925 1287 y f2(= )

has access time K t, K > 1, and= can hold an in�nite number of items. the �gure, the

slow memory is backing st= ore only. Data stored there cannot b e opon, only moved

into fast memory: there erated no direct path from M 2 to th= e CPU. We can relax this constraint

If we put the CPU-M 2 into the machine model of Figure 1.2, then the co= mpiler

should fetch any data that cannot b = e reused directly from M 2 and st= ore it back directly

to M , saving space in M 1 for da= ta that can be reused. The development will b e= clearer

without the added complexity of the extra= data path, so without loss of generality we assume no direct CPU-M

2 2 In Chapter 8 we will revisit this sub ject sketch the

changes needed to incorp orate th= e extra data path.

CPU = M 1 M 2 - � - �

Fi= gure 1.2: Unipro cessor machine model

Because til= ing increases the computation-to-I/O ratio of a program, more= e�cent tiling

methods are most imp t for small M 1 memories like regi= ster �les and on-chip bu�er

6 CHAPTER 1. INTRODUCTION

m= emories. For larger memories, like o�-chip cach= es, tiles become computation-b ounded and

the extra = e�ciency of saving a few M 2 = op erations is relatively unimp ortant; straightforwortan

tiling techniques are su�cient. The reader s= hould keep in mind the relatively small size of

th= e target M 1 memories. Chapter will make clearer how small M 1 must b e for the extra

e�ciency to b imp ortant.

Figure 1.3 shows the result of using= a group of these simple unipro cessors to construct a parallel machine. The imp ortant feature e this �gure is that it is not possible to data in the memories of other processors. communication primitives must b e used

to m= ove the data across the network into the cessor that will use the data. We will

re= turn to the parallel processor model in detail when sc= heduling for parallel machines is

discussed in C= hapter 5.

CPU

M = 1

M

2

6 ?

M

1

M 2

= 6 ?

CPU

M 1 M 2

6 ?

CPU

M 1 M 2

6 ?

CPU

M 1 M 2

6 ?

CPU

M 1 2

6 ?

CPU

M 1 M 2

6 ? �

�

�

�

Communication Network

Fig= ure 1.3: Parallel machine model

1.3 Datamodel

The compiler must have a mode= l of how the program accesses data. This section descri= b es

the model used in this work. The l= oop nest itself is modeled as an iteration The

data accesses are modeled using streams. Re= ference vectors describ e the relation between the data space of an array and the iteration space. of a loop nest; this allows the compiler

to= model the relationship between the data space = and the iteration space that results after

lo op tra= nsformations. Ordering constraints on the iterations are = modeled using generalized

dep endence vectors. These= dep endences also point out reuse of data in the= iteration space.

1.3. DATA MODEL 1.3.1 Iteration spaces

In the abstract inpu= t co de of Figure 1.1, the index variables of the l= o ops are i 1 ; i 2 ; . . . ; i n The vector ~

{ =3D (i

1 ; i 2 ; . . . ; 7 n ) is called the index veof a nested lo op. It is the vector of index variables of each lo op. As the lo nest is executed, ~

{ takes on a set of= values corre-

sp onding to the iterations of = the lo op nest. Because the lo op bounds are lin= ear functions

of outer loop bounds, the set op iterations forms a p olytope in n-space. Th= is polytope is

called the iteration space = I of the loop nest. I necessarily has dimensio= nality n.

Elementary vectors are unit-length= vectors along each axis. In n-space, th= ere are n

distinct elementary vectors. The= ith elementary vector, ~ e i , is zero everywhere except in the

th p osition, where it has the entry 1. vector p oints in the direction in which the = ith

lo op executes, so it is also known a= s the loop direction vector for the ith lo op.

6

- k

i

1 2 3 4 5 6 7 8

9

10 11 12

1

2

3

4

5

6

7

8

9

10

11

s s

s s s

s s

s s

s s s s

s

s s s s s

s

s s s s s

s s

s s s s

s s s s

s s

s s s s s s

s

s s s s s

s s s s s s

s s s s s s

s s s s

s s

s s s s s s

s s s s 6

- k

i

1 2 3 4 5 6 7 8 9 11 12

1

2

= 3

4

5

6

7

8

9

= 10

11

for i =3D 1 to = 12 do

for k =3D 0 to i-1 do

w[i] =3D = w[i] + b[i,k]*w[i+k];

Figure 1.4: The iteration sp= ace of a lo op nest

The set of values that~

{ can take on are all integer vectors,= and the iteration space is

a set of alued p oints in n-space, as shown in integer-v 1.4. The code which induces

the space is shown on the left; the iteration space its= elf is in the center diagram.

In this case, the = iteration p olytope has the shape of a triangle. I= t is often more convenient

to think absets of points in the iteration space as shapes rath= er than as sets of discrete

p oints, as in th= e diagram on the right. When shapes are used, = it is sometimes unclear which

edges of the es are included in the set under consideration. Dot-diagr= ams will be used

when it is imp ortant to= b e clear exactly which iterations are to b e includ= ed; shap e-diagrams

will b e used when the oerall shap e is imp ortant but the exact b ounds ar= e incidental.

8 CHAPTER 1. INTRODUCTION

1= =2E3.2 Streams

Each reference to a= variable in the lo op body generates (or in= duces ) a stream of accesses to

memory= as the lo op nest is executed. For example, c= onsider the �rst reference to A[i], on

the = left-hand side of the assignment statement in Figure v This single reference generates

the stream <A= [1], A[2], A[3], . . . , A[N]>. The s= econd reference to A generates the

same If two references to a variable have the= same subscript expressions (like the

�rst tw= o references to A), we consider the two a= single reference (since they access the same

in the same order and at the same time).

for i =3D 1 to N do

A[i] :=3D A[i] + B[i]/A[i-1]= ;

Figure 1.5: Example streams

The last ref= erence to A[i-1] generates <A[0], A[1], A[2], data . . , A[N-1]>. If two ref-

= erences to the same variable are uniformly generated, that= is, they have the same lo op index

coe�= 16cients but p ossibly di�erent constant o�sets, th= e induced streams contain accesses in

the same ord= er, but skewed relative to one another. All re= ferences to A in the �gure are

uniformly gene= rated. Uniformly generated references use the same data in = the same order,

just slightly earlier or later in ti= me. We can use this observation to coalesce tw= o or more

uniformly generated references into a s= ingle stream-inducing reference (accesses made by

this= reference retrieve multiple items). When referenc= es are coalesced in this fashion, we

call the res= ulting reference a uniformly generated reference. Note th= at since all references

to the same variable not be uniformly generated, there can b e multiple un= iformly

generated references associated with a singl= e variable. When data is bu�ered in fast ory, di�erent uniformly generated references must = use di�erent parts of fast memory to

store th= e associated data, but a single uniformly generated can store the data just

once, keeping around a sl= ightly larger window of the stream to satisfy the consta= nt-o�set

references. Keeping around a few stream data items is more e�cient than bu�ering the mem-

data in several places if the constant o�se= ts are small, which they usually are.

To summarize= :

� An access is a memory request (read or write), represented by the memo= ry

address.

1.3. DATA MODEL � A reference is an oin a lo op nest of an array variable.

�= 7 A stream is a sequence of accesses, ind= uced by a subscripted array reference oinside a lo op nest.

1.3.3 Reference vecto= rs

It is assumed that array subscript expression= s are linear combinations of loop index vplus a constant. That is, the kth refere= nce to a � -dimensional array v

v= :k

2

6 6 6 6

6 6 4 a 0;0 i 0 + a = 0;1 i 1 + � �= � + a 0;n�1 i n�1 + c = 0

a 1;0 i 0= + a 1;1 i ccurring1

+ � � � + a ;n�1 i n�1 + c 1

. . = =2E

a �1;0 i

0 + a �11;1 i 1 + �= 1 � � + a �1�1 i n�1

+ c

�1

7

7 7 7 7 7

7

5

can be written as

3v:k[R v:k � ~ { + ~ c]

by ccurrence R v:k be the matrix with en= tries a i;j and ~ c b e the vector with entries c i . Since

dim(v) =3D � , R v:k 2 Z �n and ~ c 2 Z � . The rows of R 9:k are called reference vectors for the

stream associated with the kth use= of v. They are vectors in the particular space that p oint

in the direction of increa= sing array subscripts for each dimension of v, = for a particular use

of v.

We wil= l write vectors using di�erent notations dep ending on= what we want to emphasize.

The ith row of a reference matrix is written R i;�

. If the index vector i= s ~

{ =3D (i; j; k) and

the ith row is (1; �= 02; 7), the reference vector i;� can b e written (1; �= 002; 7), to emphasize

its nature as= an integer-valued vector, or i � 2j + 7k to emphasize the relationship to the iteration space. The notation is somewhat mor= e confusing when reference vectors are

elementary= vectors; if R i;� =3D = (1)p fv (;)6 b f2(0)p fv(;)h f2(0),)16 b(the)h(v)o(ector)f((1)p fv(;)6 b f2(0)p= fv (;)h f2(0))16 b(ma)o(y)g(b)r(e)g(written)h(as)f(just)h fp(i)o f2(.)24 b(= It) 17 b(will)149 2421 y(b)r(e)d(clear)g(from)f(con)o(text)h(when)g(w)o(e)g(u= se)g fp(i)f f2(as)h(a)f(v)o(ector)h(and)g(when)g(it)g(is)g(used)h(as)e(a)h(pro= gram) f(v)m(ariable.)220 2505 y(Figure)22 b(1.6)e(sho)o(ws)h(examples)h(of)f(re= ference)h(v)o(ectors)f(relating)h(data)f(to)g(the)g(iteration)h(space.)149 25= 90 y (The)15 b(arra)n(y)g(reference)g(is)g(sho)n(wn)g(near)g(the)f(b)r(ottom)f= (of) h(eac)o(h)h(diagram.)k(Eac)o(h)14 b(diagram)h(represen)o(ts)f(a)149 2675 = y (di�erent)e(reference)i(to)e(a)g(matrix)g fp(F)h f2(inside)h(a)e(t)o(w= )n (o-deep)i(nested)f(lo)r(op)f fp(for)24 b(i)p f2(.)7 b(.)g(.)g fp(for)23 b= (j)p f2(.)8 b(.)f(.)20 b((the)12 b(exact)149 2759 y(lo)r(op)17 b(b)r(ounds)g(= are) g(unimp)r(ortan)n(t)g(here|the)h(p)r(oin)o(t)f(is)g(to)g(sho)o(w)f(ho)o(w= )h (the)g(reference)h(v)o(ectors)e(relate)p eop %%Page: 10 26 bop 0 50 a f2(10)1061 b ft(CHAPTER)15 b(1.)35 b(INTRODUCTION)0 195 y f2(= the) 15 b(data)g(space)g(of)g(the)g(arra)n(ys)g(to)g(the)g(iteration)h(space)= =2E)75 330 y 5920358 5920358 0 0 5920358 5920358 startTexFig %%BeginDocument: square9.eps save /FindCharHeightWidth { gsave matrix currentmatrix % get the value of the CTM matrix invertmatrix % find the inverse CTM concat % go back to default space newpath 0 0 moveto false charpath % add the charpath to the current path flattenpath pathbbox % obtain bbox for char -- pushes llx lly urx ury 3 -1 roll sub % form DeltaY =3D ury - lly; leaves: llx urx DeltaY 3 1 roll exch sub % form DeltaX exch % xoff yoff grestore % we are now done with default space } def /fullcentershow { gsave translate rotate dup FindCharHeightWidth newpath % Erase the path for (string) from currentpath 0 0 moveto % go to the centermark 2 div neg exch 2 div neg exch rmoveto % then go relative to xoff yoff show % and print the string grestore } def gsave 9 9 scale newpath 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath 0.7 setgray fill /Courier findfont 14 scalefont setfont 1 setgray (F) 90 5 5 fullcentershow grestore restore %%EndDocument endTexFig 73 705 a 4 411 v 75 335 a ff(6)75 706 y 411 4 v 444 704 a(-)6= 1 285 y f2(j)486 735 y(i)447 705 y 2 374 v 75 332 a 374 2 v 305 321 a fp(F[i,j]= )112 668 y 75 2 v 145 667 a fi(-)187 654 y fv(R)222 661 y fq(1)p fr(;)p fj(�= 3) 111 667 y 2 75 v 112 634 a fi(6)112 579 y fv(R)147 586 y fq(2)p fr(;)p fj= (�)710 330 y 5920358 5920358 0 0 5920358 5920358 startTexFig %%BeginDocument: skew-plus-j.eps save gsave /FindCharHeightWidth { gsave matrix currentmatrix % get the value of the CTM matrix invertmatrix % find the inverse CTM concat % go back to default space newpath 0 0 moveto false charpath % add the charpath to the current path flattenpath pathbbox % obtain bbox for char -- pushes llx lly urx ury 3 -1 roll sub % form DeltaY 3 1 roll exch sub % form DeltaX exch % xoff yoff grestore % we are now done with default space } def /fullcentershow { gsave translate rotate dup FindCharHeightWidth newpath % Erase the path for (string) from currentpath 0 0 moveto % go to the centermark 2 div neg exch 2 div neg exch rmoveto % then go relative to xoff yoff show % and print the string grestore } def 9 9 scale [1 -1 0 1 0 0] concat newpath 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath 0.7 setgray fill /Courier findfont 14 scalefont setfont 1 setgray (F) 90 5 5 fullcentershow grestore restore %%EndDocument endTexFig 708 705 a 4 411 v 710 335 a ff(6)710 706 y 411 4 v 1079 704 a= (-) 696 285 y f2(j)1121 735 y(i)893 321 y fp(F[i,i+j])710 746 y fi(@)751 788 = y (@)793 829 y(@)834 871 y(@)876 912 y(@)917 954 y(@)959 995 y(@)1000 1037 = y (@)1042 1078 y(@)710 373 y(@)751 414 y(@)793 456 y(@)834 497 y(@)876 539 = y (@)917 580 y(@)959 622 y(@)1000 663 y(@)1042 705 y(@)1083 1078 y 2 374 v = 747 668 a 75 2 v 780 667 a(-)822 654 y fv(R)857 661 y fq(1)p fr(;)p fj(�)7= 47 667 y fi(�)780 634 y(�)-42 b(�)822 579 y fv(R)857 586 y fq(2)p f= r (;)p fj(�)1345 330 y 5920358 5920358 0 0 5920358 5920358 startTexFig %%BeginDocument: skew-minus-j.eps save /FindCharHeightWidth { gsave matrix currentmatrix % get the value of the CTM matrix invertmatrix % find the inverse CTM concat % go back to default space newpath 0 0 moveto false charpath % add the charpath to the current path flattenpath pathbbox % obtain bbox for char -- pushes llx lly urx ury 3 -1 roll sub % form DeltaY =3D ury - lly; leaves: llx urx DeltaY 3 1 roll exch sub % form DeltaX exch % xoff yoff grestore % we are now done with default space } def /fullcentershow { gsave translate rotate dup FindCharHeightWidth newpath % Erase the path for (string) from currentpath 0 0 moveto % go to the centermark 2 div neg exch 2 div neg exch rmoveto % then go relative to xoff yoff show % and print the string grestore } def gsave 9 9 scale [1 1 0 -1 0 0] concat newpath 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath 0.7 setgray fill /Courier findfont 14 scalefont setfont 1 setgray (F) 90 5 5 fullcentershow grestore restore %%EndDocument endTexFig 1343 705 a 4 411 v 1345 335 a ff(6)1345 706 y 411 4 v 1714 70= 4 a (-)1331 285 y f2(j)1756 735 y(i)1345 705 y fi(�)1386 663 y(�)1428 6= 22 y (�)1469 580 y(�)1511 539 y(�)1553 497 y(�)1594 456 y(�)163= 6 414 y(�)1677 373 y(�)1718 705 y 2 374 v 1344 1078 a 2 374 v 1 w(�)13= 86 1037 y(�)1428 995 y(�)1469 954 y(�)1511 912 y(�)1553 871 y(�= 00) 1594 829 y(�)1636 788 y(�)1677 746 y(�)1528 321 y fp(F[i,i-j])13= 82 668 y 75 2 v 1416 667 a fi(-)1457 654 y fv(R)1492 661 y fq(1)p fr(;)p fj(= �) 1382 709 y fi(@)1416 742 y(@)g(R)1457 773 y fv(R)1492 780 y fq(2)p fr(;)p= fj (�)43 1084 y 1708 2 v 42 1140 a 2 57 v 383 1124 a f2(Reference)913 114= 0 y 2 57 v 1082 1124 a fv(R)1117 1131 y fq(1)p fr(;)p fj(�)1331 1140 y 2 57 = v 1500 1124 a fv(R)1535 1131 y fq(2)p fr(;)p fj(�)1749 1140 y 2 57 v 43 = 1142 a 871 2 v 871 w 419 2 v 418 w 419 2 v 42 1197 a 2 57 v 68 1180 a f2(co)q(= de) 16 b(form)289 1197 y 2 57 v 482 1180 a(matrix)f(form)913 1197 y 2 57 v 93= 9 1180 a(co)q(de)h(form)1160 1197 y 2 57 v 1186 1180 a(v)o(ector)1331 1197 = y 2 57 v 1357 1180 a(co)q(de)g(form)1578 1197 y 2 57 v 1604 1180 a(v)o(ector)= 1749 1197 y 2 57 v 43 1199 a 1708 2 v 42 1323 a 2 125 v 68 1272 a fp(F[i,j])28= 9 1323 y 2 125 v 333 1272 a(F)357 1200 y fe("")426 1244 y f2(1)41 b(0)426 1= 300 y (0)g(1)533 1200 y fe(#)8 b(")610 1244 y fp(i)610 1300 y(j)655 1200 y fe(#= )689 1272 y f2(+)735 1200 y fe(")780 1244 y f2(0)780 1300 y(0)823 1200 y fe(##= )913 1323 y 2 125 v 1026 1272 a fp(i)1160 1323 y 2 125 v 1200 1272 a f2((1,0= ) j = (0,1))1749 1323 y 2 125 v 43 1325 a 1708 2 v 42 1449 a 2 125 v 68 1398 a fp(= F[i,i+j])289 1449 y 2 125 v 333 1398 a(F)357 1326 y fe("")426 1370 y f2(1)41 = b (0)426 1427 y(1)g(1)533 1326 y fe(#)8 b(")610 1370 y fp(i)610 1427 y(j)65= 5 1326 y fe(#)689 1398 y f2(+)735 1326 y fe(")780 1370 y f2(0)780 1427 y(0)= 823 1326 y fe(##)913 1449 y 2 125 v 1026 1398 a fp(i)1160 1449 y 2 125 v 1200= 1398 a f2((1,0))1331 1449 y 2 125 v 1414 1398 a fp(i)p f2(+)p fp(j)1578 1449= y 2 125 v 1618 1398 a f2((1,1))1749 1449 y 2 125 v 43 1451 a 1708 2 v 42 15= 76 a 2 125 v 68 1525 a fp(F[i,i-j])289 1576 y 2 125 v 315 1525 a(F)339 1453 y = fe ("")408 1496 y f2(1)59 b(0)408 1553 y(1)41 b fo(�)p f2(1)551 1453 y fe= (#)8 b(")628 1496 y fp(i)628 1553 y(j)672 1453 y fe(#)707 1525 y f2(+)752 1453= y fe (")797 1496 y f2(0)797 1553 y(0)841 1453 y fe(##)913 1576 y 2 125 v 1026 = 1525 a fp(i)1160 1576 y 2 125 v 1200 1525 a f2((1,0))1331 1576 y 2 125 v 142= 4 1525 a fp(i)p f2(-)p fp(j)1578 1576 y 2 125 v 1610 1525 a f2((1,-1))174= 9 1576 y 2 125 v 43 1577 a 1708 2 v 202 1654 a(Figure)15 b(1.6:)k(Reference= )e (v)o(ectors)d(relate)i(data)e(spaces)i(to)e(the)h(iteration)h(space)71 17= 86 y (The)h(white)h(letter)g fp(F)g f2(in)g(eac)o(h)g(�gure)f(represents)g(= ho)o (w)g(the)h(arra)m(y)g(is)g(orien)o(ted)g(in)g(the)g(iteration)0 1871 y(sp= ace.) i(The)15 b(letter)h(is)f(orien)o(ted)h(so)e(that)g(the)i(v)n(ertical)g(li= ne)h (whic)o(h)f(forms)e(the)h(left)g(side)h(of)f(the)g(letter)0 1956 y(is)g(a= ligned)g(with)f(a)g(column)h(of)f(the)g(matrix,)g(the)g(horizon)o(tal)g(\�= 5ag") f(parts)h(are)g(aligned)h(with)g(ro)n(ws)f(of)0 2040 y(the)j(matrix,)f(th= e)h (top)f(of)g(the)h fp(F)f f2(is)i(near)e(lo)o(w-n)o(um)o(b)r(ered)h(ro)n(w= s,)f (and)h(the)g(v)o(ertical)g(line)h(is)g(near)e(lo)o(w-)0 2125 y(n)o(um)o(b= )q (ered)d(columns)f((the)g(letter)g fp(F)g f2(w)n(as)g(c)o(hosen)g(b)q(eca= use) h(it)f(is)g(notably)g(asymmetric)g(b)r(oth)f(v)o(ertically)0 2210 y(and)k= (horizon)o(tally;)g(this)f(is)h(particularly)h(imp)r(ortan)n(t)e(in)h(the)f(r= igh) o(tmost)g(diagram)g(where)g(the)h(matrix)0 2294 y(is)h(re ected)g(upsi= de-down).)71 2379 y(The)h(reference)h(v)o(ectors)f(in)h(eac)o(h)f(diagram)g(= p)r (oin)o(t)g(in)h(the)g(directions)g(of)f(increasing)i(arra)m(y)f(sub-)0 24= 64 y (scripts)h(in)g(eac)n(h)g(dimension.)30 b(This)19 b(means)f(that)g fv(R)9= 36 2471 y fq(1)p fr(;)p fj(�)982 2464 y f2(,)h(the)f(ro)o(w)g(reference)g= (v)o (ector,)g(p)r(oin)o(ts)g fl(acr)n(oss)0 2549 y f2(ro)n(ws,)f(and)g fv(R)2= 45 2556 y fq(2)p fr(;)p fj(�)292 2549 y f2(,)f(the)h(column)h(reference)g= (v)o (ector,)e(p)r(oin)o(ts)g(across)g(columns.)26 b(When)17 b(a)g(v)m(ariable= )h (ref-)0 2633 y(erence)h(has)f(all)h(its)f(reference)h(v)o(ectors)f(p)q(er= p)r (endicular)i(to)d(one)h(another,)h(it)f(is)h(easy)f(to)f(think)i(that)0 2= 718 y (reference)d(v)o(ectors)e(p)r(oin)o(t)h fl(along)g f2(ro)n(ws)g(or)g(colu= mns,) g(but)h(this)f(is)h(not)f(the)g(case.)71 2803 y(The)h(constan)o(t-o�se= t)f (v)o(ector)e fv(~)-21 b(c)16 b f2(has)h(the)f(e�ect)g(of)g(shifting)h(= the) g(data)f(relativ)o(e)g(to)g(the)h(origin)g(of)p eop %%Page: 11 27 bop 149 50 a ft(1.3.)35 b(D)n(A)l(T)l(A)16 b(MODEL)1328 b f2(11)149 195 = y (the)20 b(iteration)g(space.)32 b(It)20 b(do)q(es)g(not)f(a�ect)f(the)= i (orien)o(tation)f(of)g(the)h(data.)32 b(Figure)19 b(1.7)g(sho)o(ws)g(an)1= 49 280 y(example.)i(In)14 b(the)g(�gure,)f(t)o(w)n(o)h(streams)e(are)i(b)= q (eing)h(referenced)f(in)h(a)e(2-dimensional)j(lo)q(op)e(nest,)f(with)149 = 364 y (lo)r(ops)h(in)g(v)n(ariables)g fp(i)g f2(and)g fp(j)p f2(.)19 b(The)14 b= (dark)o(er-shaded)g(area)f(corresp)q(onds)h(to)f(the)h(la)o(y)o(out)f(of)h(th= e)f (stream)149 449 y fp(F[i,j])p f2(,)g(while)i(the)f(lighter-shaded)g(area)= f (corresp)q(onds)g(to)g(the)h(la)o(y)o(out)f(of)g(the)h(stream)e fp(F[i-7,= j-2]) p f2(.)149 534 y(The)21 b(constan)n(t)f(o�set)f(v)o(ector)h(of)f(the)h= (�rst)g(stream)g(is)1143 524 y fv(~)1146 534 y f2(0,)h(the)f(zero-v)o(e= ctor=2E)34 b(The)20 b(constan)o(t)g(o�set)149 619 y(v)o(ector)c(of)f(the)h= (second)h(stream)e(is)i((-7,-2).)k(This)16 b(has)g(the)g(e�ect)g(of)f(shif= ting) i(the)f(elemen)q(ts)f(used)i(b)o(y)149 703 y(an)d(iteration)g(7)f(units)i= (in) f(the)g(�rst)f(dimension)j(of)d(the)h(arra)n(y)f(and)h(2)f(units)i(in)= f (the)g(second)g(dimension.)691 927 y 5262540 5262540 0 0 5262540 5262540 startTexFig %%BeginDocument: offset.eps save /FindCharHeightWidth { gsave matrix currentmatrix % get the value of the CTM matrix invertmatrix % find the inverse CTM concat % go back to default space newpath 0 0 moveto false charpath % add the charpath to the current path flattenpath pathbbox % obtain bbox for char -- pushes llx lly urx ury 3 -1 roll sub % form DeltaY =3D ury - lly; leaves: llx urx DeltaY 3 1 roll exch sub % form DeltaX exch % xoff yoff grestore % we are now done with default space } def /fullcentershow { gsave translate rotate dup FindCharHeightWidth newpath % Erase the path for (string) from currentpath 0 0 moveto % go to the centermark 2 div neg exch 2 div neg exch rmoveto % then go relative to xoff yoff show % and print the string grestore } def 9 9 scale newpath /box { moveto 0 10 rlineto 10 0 rlineto 0 -10 rlineto closepath setgray fill } def /Courier findfont 14 scalefont setfont 0.7 0 0 box 1 setgray (F) 90 5 5 fullcentershow 0.9 7 2 box 1 setgray (F) 90 12 7 fullcentershow restore %%EndDocument endTexFig 689 1260 a 4 411 v 691 891 a ff(6)691 1262 y 673 4 v 1322 126= 0 a (-)677 840 y f2(j)1364 1290 y(i)727 1272 y 4 13 v 720 1294 a fq(1)764 127= 2 y 4 13 v 757 1294 a(2)802 1272 y 4 13 v 794 1294 a(3)839 1272 y 4 13 v 832 12= 94 a (4)876 1272 y 4 13 v 869 1294 a(5)914 1272 y 4 13 v 906 1294 a(6)951 1272= y 4 13 v 944 1294 a(7)988 1272 y 4 13 v 981 1294 a(8)1026 1272 y 4 13 v 1019 = 1294 a(9)1063 1272 y 4 13 v 1047 1294 a(10)1100 1272 y 4 13 v 1084 1294 a(11)1= 138 1272 y 4 13 v 1122 1294 a(12)1175 1272 y 4 13 v 1159 1294 a(13)1213 1272 = y 4 13 v 1197 1294 a(14)1250 1272 y 4 13 v 1234 1294 a(15)1287 1272 y 4 13 v = 1271 1294 a(16)1325 1272 y 4 13 v 1309 1294 a(17)679 1224 y 13 4 v 661 1233 a(= 1) 679 1187 y 13 4 v 661 1196 a(2)679 1150 y 13 4 v 661 1159 a(3)679 1112 y = 13 4 v 661 1121 a(4)679 1075 y 13 4 v 661 1084 a(5)679 1037 y 13 4 v 661 1047 = a (6)679 1000 y 13 4 v 661 1009 a(7)679 963 y 13 4 v 661 972 a(8)679 925 y = 13 4 v 661 934 a(9)679 888 y 13 4 v 643 897 a(10)801 1085 y fd(F[i,j])1064 126= 0 y 2 75 v 691 887 a 262 2 v 951 811 a 377 2 v 373 x 2 374 v 1011 1009 a(F[i-7,= j-2]) 1326 1184 y 2 374 v 951 1186 a 377 2 v 316 1408 a f2(Figure)h(1.7:)k(Ho)o= (w)c (constan)n(t)g(o�sets)f(a�ect)h(arra)m(y)h(la)o(y)n(out)f(in)h(the)= g (iteration)f(space)220 1542 y(The)22 b(set)f(of)g(pairs)g([)p fv(R)620 15= 57 y fp(v)o fv(:i)674 1542 y(;)t(~)-20 b(c)o f2(])21 b(for)g(all)f fv(~)-21 b(= c)21 b f2(and)h fv(i)f f2(corresp)q(onds)g(to)g(the)h(set)f(of)g(all)h(streams= )e (for)h(a)149 1627 y(given)c(v)n(ariable)h fp(v)p f2(.)26 b(The)17 b(set)h= (of) e(matrices)i fo(f)p fv(R)971 1641 y fp(v)o fv(:i)1024 1627 y fo(g)f f2(fo= r)g (all)h fv(i)f f2(corresp)q(onds)h(to)e(the)i(set)f(of)g(uniformly)149 171= 2 y (generated)d(streams)f(for)f fp(v)p f2(.)20 b fv(R)680 1726 y fp(v)o fv(:= i) 747 1712 y f2(is)14 b(the)f(reference)i(matrix)e(for)g(a)g(particular)h(s= tream)f fp(v)p fv(:i)o f2(,)g(asso)q(ciated)149 1796 y(with)21 b(a)f(particul= ar)h (use)f((or)f(set)h(of)g(uses,)h(in)g(the)f(case)h(of)e(a)h(uniformly)h(g= enerated)f(stream))f(of)h(a)149 1881 y(v)n(ariable.)27 b(If)18 b(t)o(w)n(o)f= (distinct)i(v)m(ariable)g(references)f fp(v)p fv(:i)e f2(and)i fp(w)p fv(:j)h= f2 (ha)o(v)o(e)e(the)h(same)f(reference)h(matrices,)149 1966 y(they)23 b(sti= ll)g (represent)e(di�erent)h(streams)f(b)q(ecause)i(they)f(are)g(accessing)= h (di�eren)o(t)f(arra)n(ys)g(so)g(the)149 2050 y(reference)16 b(matrices= )g (w)n(ould)g(b)r(e)f fv(R)752 2065 y fp(v)o fv(:i)821 2050 y f2(and)g fv(R= )944 2065 y fp(w)p fv(:j)1004 2050 y f2(.)220 2135 y(The)k(space)h(spanned)g(b= )o (y)f(the)g(union)h(of)f(all)h(reference)g(v)o(ectors)e(is)i(also)f(imp)r(= ortan)n(t.)31 b(Since)21 b(w)o(e)149 2220 y(m)o(ust)15 b(divide)j(the)e(itera= tion) g(space)f(into)g(c)o(h)o(unks)h(that)f(reference)h(a)g(data)f(set)g(that)= g (�ts)g(into)g fv(M)1843 2227 y fq(1)1863 2220 y f2(,)g(w)o(e)149 2304 = y (m)o(ust)i(b)q(e)g(able)h(to)e(limit)j(ho)n(w)e(m)o(uc)o(h)g(of)g(eac)n(h= )h (stream)e(m)n(ust)h(b)r(e)g(stored)f(to)g(execute)i(a)f(c)o(h)o(unk.)25 b= (This)149 2389 y(implies)17 b(that)c(w)n(e)i(m)n(ust)f(b)r(e)g(able)g(to)g(cu= t)g (the)g(space)g(spanned)h(b)o(y)f(the)g(union)h(of)f(all)h(reference)f(v)o= (ectors)149 2474 y(into)h(�nite-sized)j(pieces.)24 b(W)-5 b(e)16 b(denote)= h (the)e(space)i(spanned)f(b)o(y)g(the)g(union)h(of)e(all)i(reference)f(v)o= (ectors)149 2558 y fo(D)r f2(.)21 b(The)16 b(iteration)g(space)f fo(I)k f2(ne= cessarily)e(has)f(dimensionalit)q(y)f fv(n)p f2(.)22 b(Let)15 b fv(�)g f2(= b)r (e)h(the)f(dimensionalit)r(y)g(of)149 2643 y fo(D)r f2(.)20 b(Note)14 b(t= hat) h(w)n(e)h(ha)o(v)n(e)g(1)c fo(�)h fv(�)f fo(�)h fv(n)p f2(.)p eo= p %%Page: 12 28 bop 0 50 a f2(12)1061 b ft(CHAPTER)15 b(1.)35 b(INTRODUCTION)0 195 y fm(= 1.3.4)55 b(Dep)q(endences)0 309 y f2(Reference)20 b(matrices)e(allow)g(us)h(t= o)e (describ)s(e)i(the)f(relationship)i(b)r(et)n(w)o(een)f(arra)n(y)f(element= s)g (and)h(the)0 394 y(iteration)f(space.)27 b(Dep)r(endences)19 b(are)e(rela= tions)h(b)r(et)n(w)o(een)g(iterations)g(that)f(access)h(the)f(same)g(arra)n(y= )0 479 y(elements.)35 b(Dep)q(endences)22 b(precisely)g(capture)e(reuse)h(in= )g (the)f(iteration)h(space,)g(and)g(they)f(are)g(the)0 563 y(primary)f(tool= )h (of)e(a)g(compiler)j(seeking)e(to)f(manage)h(data)f(motion)g(e�ciently= )m (.)31 b(Dep)q(endences)20 b(also)0 648 y(describ)s(e)e(the)h(limitations)= h (on)e(what)g(reorderings)h(the)g(compiler)g(can)g(p)q(erform)f(without)h(= c)o (hanging)0 733 y(the)c(seman)o(tics)h(of)e(the)i(program.)71 817 y(T)l(ra= ditionally)m(,)d(dep)r(endences)g(are)f(relations)g(b)r(et)o(w)n(een)h(memory= )e (accesses.)19 b(A)12 b(dep)r(endence)i(exists)0 902 y(b)r(et)n(w)o(een)i(= t)n (w)o(o)f(memory)h(accesses)g fv(m)652 909 y fq(1)687 902 y f2(and)g fv(m)= 816 909 y fq(2)851 902 y f2(if)h(they)e(b)r(oth)g(refer)h(to)f(the)h(same)f(m= emory)g(lo)r(cation)0 987 y(and)i fv(m)130 994 y fq(1)166 987 y f2(o)q(ccurs)= g (b)r(efore)f fv(m)486 994 y fq(2)522 987 y f2(in)i(the)f(ordering)g(sp)q(= eci�ed)i(b)o(y)d(the)h(source)g(co)q(de.)25 b(W)l(e)17 b(will)h(write)f(t= his) 0 1071 y(dep)r(endence)g(b)q(et)o(w)n(een)f(memory)f(accesses)g fv(m)807 = 1078 y fq(1)857 1046 y fr(M)840 1071 y fo(�)-8 b(!)13 b fv(m)965 1078 y fq(= 2) 985 1071 y f2(.)71 1156 y(In)i(this)h(thesis)g(w)n(e)f(assume)g(that)g(th= e)g (sets)g(of)f(memory)h(lo)r(cations)g(used)g(b)o(y)g(di�erent)g(arra)n(= ys)g (are)0 1241 y(completely)22 b(disjoint,)f(so)f(that)f(dep)r(endences)j(ex= ist) f(b)q(et)o(w)n(een)g(t)o(w)n(o)f(iterations)h(if)g(and)f(only)h(if)g(the)= 0 1325 y(iterations)f(access)g(the)f(same)h(element)f(of)g(the)h(same)f(arr= a)n (y)l(.)1089 1309 y fq(2)1142 1325 y f2(The)h(dep)r(endence)h(relation)f(c= an)g (b)q(e)0 1410 y(written)f(with)g(the)h(name)f(of)f(the)h(arra)n(y)g(to)g(= emphasize)h(this)f(fact.)31 b(If)20 b fv(m)1320 1417 y fq(1)1376 1385 y fr(M)= 1358 1410 y fo(�)-7 b(!)19 b fv(m)1490 1417 y fq(2)1529 1410 y f2(b)r(ecaus= e)g (b)r(oth)0 1495 y(accesses)c(refer)h(to)e(an)h(arra)n(y)g(v)n(ariable)h f= p (v)p f2(,)e(the)i(dep)r(endence)g(is)g(written)f fv(m)1304 1502 y fq(1)13= 61 1470 y fp(v)1337 1495 y fo(�)-8 b(!)13 b fv(m)1462 1502 y fq(2)1482 14= 95 y f2(.)71 1579 y(A)21 b(compiler)j(whic)o(h)e(deals)h(with)f(iteration)g(sp= aces) g(needs)h(a)e(generalization)i(of)f(this)g(kind)h(of)0 1664 y(dep)r(enden= ce.) 35 b(A)19 b(dep)r(endence)j(exists)e(b)q(et)o(w)n(een)h(t)n(w)o(o)e(disti= nct) i(iterations)13 b fv(~)-16 b({)1367 1671 y fq(1)1407 1664 y f2(and)13 b f= v (~)-17 b({)1514 1671 y fq(2)1553 1664 y f2(if)21 b(there)e(is)i(a)0 1749 = y (memory)13 b(reference)h fv(m)403 1756 y fq(1)435 1749 y f2(to)f fp(v)g f= 2 (which)g(o)q(ccurs)h(in)8 b fv(~)-17 b({)858 1756 y fq(1)891 1749 y f2(an= d)14 b(a)f(memory)f(reference)i fv(m)1416 1756 y fq(2)1449 1749 y f2(to)f fp(v= )g f2 (whic)o(h)h(o)q(ccurs)0 1833 y(in)c fv(~)-17 b({)68 1840 y fq(2)87 1833 y= f2 (,)15 b(and)h fv(m)244 1840 y fq(1)301 1808 y fp(v)276 1833 y fo(�)-7 = b (!)13 b fv(m)402 1840 y fq(2)421 1833 y f2(.)20 b(This)c(dep)r(endence)h(= is)e (written)9 b fv(~)-16 b({)1021 1840 y fq(1)1078 1808 y fp(v)1054 1833 y f= o (�)-8 b(!)7 b fv(~)-17 b({)1154 1840 y fq(2)1174 1833 y f2(.)71 1918 y= (This)17 b(de�nition)i(introduces)f(a)f(slight)g(complication.)27 b(The)17= b (dep)r(endence)i(relation)f(on)f(memory)0 2003 y(accesses)12 b(is)h(trans= itiv) o(e,)f(b)r(ecause)g(if)g(there)g(is)h(a)f(dep)r(endence)h fv(m)1098 2010 = y fq (1)1155 1978 y fp(v)1130 2003 y fo(�)-7 b(!)13 b fv(m)1256 2010 y fq(2= ) 1288 2003 y f2(and)f(a)f(dep)r(endence)j fv(m)1688 2010 y fq(2)1745 1978 = y fp (v)1720 2003 y fo(�)-7 b(!)0 2087 y fv(m)40 2094 y fq(3)60 2087 y f2(,= )16 b (there)g(is)g(necessarily)i(a)e(dep)r(endence)h fv(m)803 2094 y fq(1)862 = 2062 y fp(v)837 2087 y fo(�)-7 b(!)14 b fv(m)964 2094 y fq(3)1000 2087 y f2= (b)r (ecause)i(all)h(of)f(the)g(accesses)g(reference)h(the)0 2172 y(same)11 b(= arra) m(y)m(.)18 b(This)12 b(is)f(not)f(true)h(of)g(iteration)g(dep)r(endences,= )i (b)q(ecause)f(giv)o(en)f(three)g(iterations)5 b fv(~)-17 b({)1652 2179 y = fq (1)1671 2172 y fv(;)q(~)h({)1706 2179 y fq(2)1726 2172 y fv(;)q(~)f({)176= 1 2179 y fq(3)1781 2172 y f2(,)0 2257 y(it)20 b(is)g(p)q(ossible)h(that)e f= v (m)418 2264 y fq(1)473 2231 y fp(v)497 2236 y fk(1)457 2257 y fo(�)-7 = b (!)20 b fv(m)590 2264 y fq(2)610 2257 y f2(,)g(and)g fv(m)776 2264 y fq(3= )831 2231 y fp(v)855 2236 y fk(2)815 2257 y fo(�)-7 b(!)20 b fv(m)948 2264 = y fq (4)968 2257 y f2(,)g(but)f fp(v)1112 2264 y fq(1)1152 2257 y fo(6)p f2(=3D= )h fp (v)1231 2264 y fq(2)1250 2257 y f2(.)33 b(The)20 b(dep)r(endence)h(relati= on)0 2342 y(relation)15 b(on)g(iterations)g(is)g(therefore)f(de�ned)i(as)e(= follo)o(ws:)20 b(a)14 b(dep)r(endence)i(exists)f(b)r(et)n(w)o(een)g(iteration= )-6 2426 y fv(~)-17 b({)15 2433 y fq(1)50 2426 y f2(and)15 b(iteration)9 b fv= (~) -17 b({)337 2433 y fq(2)357 2426 y f2(,)15 b(written)8 b fv(~)-16 b({)558= 2433 y fq(1)591 2426 y fo(!)7 b fv(~)-17 b({)663 2433 y fq(2)683 2426 y f2(,)1= 5 b (if)h(and)f(only)h(if)f(there)h(is)f(some)g(c)o(hain)h(of)f(dep)r(endence= s) 582 2579 y fv(~)-17 b({)603 2586 y fq(1)651 2553 y fp(v)675 2558 y fk(1)6= 35 2579 y fo(�)-7 b(!)6 b fv(~)-16 b({)735 2586 y fr(a)784 2554 y fp(v)80= 8 2558 y fh(a)769 2579 y fo(�)-7 b(!)6 b fv(~)-16 b({)869 2586 y fr(b)91= 6 2552 y fp(v)940 2558 y fh(b)899 2579 y fo(�)-7 b(!)13 b f2(.)7 b(.)g(.= )-6 b fv(~)-17 b({)1053 2586 y fr(z)1101 2554 y fp(v)1125 2558 y fh(z)1085 2579= y fo (�)-7 b(!)7 b fv(~)-17 b({)1186 2586 y fq(2)0 2658 y 718 2 v 52 2716 a= fk (2)69 2731 y fx(Many)14 b(programming)i(languages)g(allo)q(w)e(arra)o(ys)= g (to)g(b)r(e)g(accessed)h(with)f(di�eren)q(t)g(names.)21 b(This)14 b(\= feature")h(forces)0 2777 y(the)e(compiler)i(to)e(consider)i(the)e(p)q(ossibil= i)q (t)r(y)g(that)g(t)o(w)o(o)g(di�erent)g(names)h(might)f(refer)f(to)h(th= e)h (same)f(memory)g(lo)r(cation.)0 2823 y(This)f(is)f(commonly)h(called)h(th= e)e fc(aliasing)e(pr)n(oblem.)15 b fx(The)c(solution)i(of)e(this)h(problem)g(= is)f (b)r(ey)o(ond)h(the)f(scop)q(e)g(of)g(this)g(w)o(ork.)p eop %%Page: 13 29 bop 149 50 a ft(1.3.)35 b(D)n(A)l(T)l(A)16 b(MODEL)1328 b f2(13)149 195 = y fw (Kinds)18 b(of)g(dep)q(endences)149 309 y f2(A)12 b(single)g(memory)f(ref= erence)h(can)f(b)r(e)g(a)g(read)g(or)g(a)g(write.)19 b(Dep)q(endences)13 b(ca= n)e (b)r(e)g(classi�ed)i(according)149 394 y(to)g(the)g(t)n(yp)r(e)g(of)g(= references,)g(as)g(sho)o(wn)g(in)h(T)l(able)f(1.1.)19 b(These)13 b(lab)r(els)= h (apply)f(directly)i(to)d(dep)r(endences)149 479 y(b)r(et)o(w)n(een)k(memo= ry)f (accesses;)g(the)g(lab)r(els)h(will)h(b)q(e)e(generalized)i(to)e(iteratio= n)g (dep)r(endences)i(later.)220 563 y(Of)d(the)h(four)f(kinds,)h(input)g(dep= )r (endences)g(are)f(often)g(omitted)h(from)e(standard)h(w)n(orks)g(on)g(dep= )r (en-)149 648 y(dence)j(analysis,)e(b)r(ecause)g(reordering)h(t)n(w)o(o)f(= reads)g(cannot)g(c)n(hange)h(the)f(seman)o(tics)g(of)g(the)g(program.)149 733= y (Input)e(dep)r(endences)h(do)e(not)g(restrict)g(the)g(reorderings)g(that)= g (can)g(b)r(e)g(applied;)i(the)f(other)e(three)i(t)n(yp)r(es)149 817 y(do.= )20 b (All)d(four)e(kinds)h(signal)g(reuse,)f(ho)o(w)n(ev)o(er.)681 921 y 730 2= v 57 x 2 57 v 727 961 a fv(m)767 968 y fq(1)832 978 y 2 57 v 878 961 a fv(m)91= 8 968 y fq(2)983 978 y 2 57 v 1153 961 a f2(kind)1410 978 y 2 57 v 681 979 a 73= 0 2 v 57 x 2 57 v 714 1019 a(read)832 1036 y 2 57 v 865 1019 a(read)983 1036 y = 2 57 v 1022 1019 a(input)h(dep)r(endence)1410 1036 y 2 57 v 681 1092 a 2 57 v = 714 1075 a(read)832 1092 y 2 57 v 857 1075 a(write)983 1092 y 2 57 v 1037 107= 5 a (an)n(ti)g(dep)r(endence)1410 1092 y 2 57 v 681 1149 a 2 57 v 706 1132 a(= write)832 1149 y 2 57 v 865 1132 a(read)983 1149 y 2 57 v 1035 1132 a( o)o= (w)f (dep)r(endence)1410 1149 y 2 57 v 681 1205 a 2 57 v 706 1188 a(write)832 = 1205 y 2 57 v 857 1188 a(write)983 1205 y 2 57 v 1008 1188 a(output)g(dep)r(en= dence)1410 1205 y 2 57 v 681 1207 a 730 2 v 759 1334 a(T)l(able)h(1.1:)j(Dep)= q (endence)e(t)n(yp)r(es)149 1523 y fw(T)o(yp)q(es)g(of)h(dep)q(endences)14= 9 1637 y f2(All)j(dep)r(endences)f(p)q(oint)e(out)h(reuse)g(in)g(the)g(iter= ation)g(space,)h(but)f(some)f(dep)r(endences)j(p)q(oint)d(out)149 1722 y(more= )c (reuse)g(than)f(others.)19 b(Man)o(y)13 b(dep)r(endences)i(p)r(oin)o(t)f(= out) f(a)g(single)i(reuse,)f(while)i(others)d(p)q(oint)g(out)149 1807 y(a)i(n)= o (um)o(b)r(er)g(of)g(reuses)g(prop)q(ortional)h(to)e(the)i(size)g(of)e(the= )i (iteration)f(space.)220 1891 y(Consider)j(the)g(program)f(of)g(Figure)i(1= =2E8.) 26 b(The)18 b(iteration)h(space)f(diagram)f(sho)o(ws)g(a)h(n)o(um)o(b)q(e= r)g (of)149 1976 y(dep)r(endences)c(dra)n(wn)e(as)g(arro)n(ws)f(b)r(et)o(w)n(= een) i(iterations)f(that)f(dep)r(end)i(on)f(one)g(another.)18 b(Although)13 b(= the) 149 2061 y(n)o(um)o(b)r(er)j(of)f(dep)r(endences)i(is)f(prop)r(ortional)g= (to) f(the)h(size)g(of)g(the)f(iteration)i(space,)e(eac)o(h)h(dep)r(endence)14= 9 2145 y(is)21 b(a)e(mark)n(er)h(for)g(a)f(single)i(reuse.)34 b(Consider)21= b (the)f(element)f fp(A[3,3])p f2(.)33 b(It)20 b(is)h(written)f(b)o(y)f(ite= ration)143 2230 y fv(~)-17 b({)13 b f2(=3D)g((3)p fv(;)6 b f2(3))15 b(and)g= (read) g(b)o(y)h(iteration)f((4)p fv(;)7 b f2(5),)14 b(and)h(otherwise)h(is)f(= not) g(accessed.)220 2315 y(Figure)i(1.9)g(sho)n(ws)g(a)g(program)f(where)h(de= p)r (endences)i(p)q(oint)e(out)f(a)h(n)o(um)o(b)q(er)h(of)e(reuses)i(prop)q(o= r-) 149 2399 y(tional)c(to)d(the)i(size)h(of)e(the)g(iteration)h(space.)19 b(= Consider)14 b(the)e(iteration)h((1,2).)k(This)d(iteration)e(accesses)149 24= 84 y fp(B[2])p f2(.)19 b(So)13 b(do)g(the)g(iterations)h((2,2),)d((3,2),)h= ((4,2),)f((5,2),)h(and)h((6,2).)18 b(So)13 b(there)g(are)g(�v)o(e)g(= dep) r(endences)149 2569 y(with)21 b(their)g(tails)g(at)f((1,2),)g(of)g(leng= th)h ((1,0),)f((2,0),)g((3,0),)f((4,0))g(and)i((5,0).)34 b(Such)20 b= (dep) r(endence)149 2653 y(relations)g(are)f(usually)h(abstracted)f(to)f(just)h= (their)h(signs,)g(and)f(written)g((+,0);)h(this)f(notation)g(will)149 2738 = y (b)r(e)c(more)f(fully)j(explained)g(in)e(the)g(discussion)i(of)e(dep)r(en= dence)h(represen)o(tation)f(on)g(page)g(16.)k(In)c(this)149 2823 y(case,)g(b)= q (ecause)g(of)f(the)h(transitivit)o(y)g(of)f(the)g(dep)r(endence)i(relatio= n,)f (the)g(compiler)g(can)g(represen)o(t)g(the)p eop %%Page: 14 30 bop 0 50 a f2(14)1061 b ft(CHAPTER)15 b(1.)35 b(INTRODUCTION)244 474 y f= p (for)24 b(i)g(=3D)f(1)h(to)g(6)292 533 y(for)g(j)f(=3D)h(1)g(to)f(6)340 5= 92 y(A[i,j])g(=3D)h(A[i-1,)f(j-2];)1150 219 y 5262540 5262540 0 0 5262540 5262540 startTexFig %%BeginDocument: const-dep.eps save /FindCharHeightWidth { gsave matrix currentmatrix % get the value of the CTM matrix invertmatrix % find the inverse CTM concat % go back to default space newpath 0 0 moveto false charpath % add the charpath to the current path flattenpath pathbbox % obtain bbox for char -- pushes llx lly urx ury 3 -1 roll sub % form DeltaY =3D ury - lly; leaves: llx urx DeltaY 3 1 roll exch sub % form DeltaX exch % xoff yoff grestore % we are now done with default space } def /fullcentershow { gsave translate rotate dup FindCharHeightWidth newpath % Erase the path for (string) from currentpath 0 0 moveto % go to the centermark 2 div neg exch 2 div neg exch rmoveto % then go relative to xoff yoff show % and print the string grestore } def /box { moveto 0 6 rlineto 6 0 rlineto 0 -6 rlineto closepath setgray fill } def 12 12 scale 0.5 0.5 translate newpath /Courier findfont 8 scalefont setfont 0.8 0 0 box 1 setgray (A) 90 3 3 fullcentershow 0.6 1 2 box 1 setgray (A) 90 4 5 fullcentershow restore %%EndDocument endTexFig 1149 552 a 4 399 v 1150 195 a ff(6)1150 554 y 399 4 v 1507 55= 2 a (-)1136 145 y f2(j)1549 582 y(i)1199 569 y 4 17 v 1191 590 a fq(1)1248 56= 9 y 4 17 v 1241 590 a(2)1298 569 y 4 17 v 1291 590 a(3)1348 569 y 4 17 v 1341 5= 90 a (4)1398 569 y 4 17 v 1391 590 a(5)1448 569 y 4 17 v 1440 590 a(6)1134 504= y 17 4 v 1116 513 a(1)1134 454 y 17 4 v 1116 463 a(2)1134 404 y 17 4 v 1116 41= 3 a (3)1134 355 y 17 4 v 1116 364 a(4)1134 305 y 17 4 v 1116 314 a(5)1134 255= y 17 4 v 1116 264 a(6)1200 502 y fg(s)1200 452 y(s)1200 403 y(s)1200 353 y(s)1= 200 303 y(s)1200 253 y(s)1200 502 y fi(�)1221 461 y(�)1229 444 y(�)-= 21 b (�)1200 452 y(�)1221 411 y(�)1229 394 y(�)g(�)1200 403 y(= 001) 1221 361 y(�)1229 345 y(�)g(�)1200 353 y(�)1221 311 y(�)12= 29 295 y(�)g(�)1250 502 y fg(s)1250 452 y(s)1250 403 y(s)1250 353 y(s)= 1250 303 y(s)1250 253 y(s)1250 502 y fi(�)1271 461 y(�)1279 444 y(�)g= (�)1250 452 y(�)1271 411 y(�)1279 394 y(�)g(�)1250 403 y(�= 01) 1271 361 y(�)1279 345 y(�)g(�)1250 353 y(�)1271 311 y(�)12= 79 295 y(�)g(�)1300 502 y fg(s)1300 452 y(s)1300 403 y(s)1300 353 y(s)= 1300 303 y(s)1300 253 y(s)1300 502 y fi(�)1321 461 y(�)1329 444 y(�)g= (�)1300 452 y(�)1321 411 y(�)1329 394 y(�)g(�)1300 403 y(�= 01) 1321 361 y(�)1329 345 y(�)g(�)1300 353 y(�)1321 311 y(�)13= 29 295 y(�)g(�)1350 502 y fg(s)1350 452 y(s)1350 403 y(s)1350 353 y(s)= 1350 303 y(s)1350 253 y(s)1350 502 y fi(�)1370 461 y(�)1379 444 y(�)g= (�)1350 452 y(�)1370 411 y(�)1379 394 y(�)g(�)1350 403 y(�= 01) 1370 361 y(�)1379 345 y(�)g(�)1350 353 y(�)1370 311 y(�)13= 79 295 y(�)g(�)1399 502 y fg(s)1399 452 y(s)1399 403 y(s)1399 353 y(s)= 1399 303 y(s)1399 253 y(s)1399 502 y fi(�)1420 461 y(�)1428 444 y(�)g= (�)1399 452 y(�)1420 411 y(�)1428 394 y(�)g(�)1399 403 y(�= 01) 1420 361 y(�)1428 345 y(�)g(�)1399 353 y(�)1420 311 y(�)14= 28 295 y(�)g(�)1449 502 y fg(s)1449 452 y(s)1449 403 y(s)1449 353 y(s)= 1449 303 y(s)1449 253 y(s)360 700 y f2(Figure)15 b(1.8:)k(Dep)q(endences)e(whi= ch)e (p)r(oin)o(t)g(out)g(only)g(1)g(reuse)0 833 y(full)g(set)e(of)f(dep)r(end= ences)j(with)f(only)f(the)h(v)n(ector)f((1,0).)18 b(This)c(v)n(ector)f(also= )g (applies)i(at)e(ev)o(ery)g(p)q(oint)f(in)0 918 y(the)k(iteration)f(space,= )h (but)f(since)i(it)e(is)h(an)g(abstraction)f(of)g(the)g(set)g(of)g(dep)r(e= ndences)i(()p fv(c;)7 b f2(0),)14 b(it)i(marks)0 1003 y(reuse)g(prop)q(orti= onal) f(to)g(the)g(size)h(of)f(the)g(iteration)h(space.)228 1382 y fp(for)24 b(= i)g (=3D)f(1)h(to)g(6)276 1441 y(for)g(j)f(=3D)h(1)g(to)f(6)324 1499 y(A[i,j]= )g(=3D)h (A[i,j])f(+)g(B[j];)1166 1126 y 5262540 5262540 0 0 5262540 5262540 startTexFig %%BeginDocument: ray-dep.eps save /FindCharHeightWidth { gsave matrix currentmatrix % get the value of the CTM matrix invertmatrix % find the inverse CTM concat % go back to default space newpath 0 0 moveto false charpath % add the charpath to the current path flattenpath pathbbox % obtain bbox for char -- pushes llx lly urx ury 3 -1 roll sub % form DeltaY =3D ury - lly; leaves: llx urx DeltaY 3 1 roll exch sub % form DeltaX exch % xoff yoff grestore % we are now done with default space } def /fullcentershow { gsave translate rotate dup FindCharHeightWidth newpath % Erase the path for (string) from currentpath 0 0 moveto % go to the centermark 2 div neg exch 2 div neg exch rmoveto % then go relative to xoff yoff show % and print the string grestore } def /box { moveto 0 6 rlineto 6 0 rlineto 0 -6 rlineto closepath setgray fill } def 12 12 scale 0.5 0.5 translate newpath /Courier findfont 8 scalefont setfont 0.6 0 0 box 1 setgray (A) 90 3 3 fullcentershow -0.5 0 translate 0.6 setgray -2 0 moveto -2 6 lineto -1 6 lineto -1 0 lineto closepath fil= l /Courier findfont 1.4 scalefont setfont 0 setgray (B) 90 -1.5 3 fullcentershow restore %%EndDocument endTexFig 1165 1460 a 4 399 v 1166 1103 a ff(6)1166 1461 y 399 4 v 1523= 1459 a(-)1152 1052 y f2(j)1565 1490 y(i)1214 1476 y 4 17 v 1207 1498 a fq(1)12= 64 1476 y 4 17 v 1257 1498 a(2)1314 1476 y 4 17 v 1307 1498 a(3)1364 1476 y = 4 17 v 1357 1498 a(4)1414 1476 y 4 17 v 1407 1498 a(5)1463 1476 y 4 17 v 1456 = 1498 a(6)1150 1412 y 17 4 v 1132 1421 a(1)1150 1362 y 17 4 v 1132 1371 a(2)115= 0 1312 y 17 4 v 1132 1321 a(3)1150 1262 y 17 4 v 1132 1271 a(4)1150 1212 y = 17 4 v 1132 1221 a(5)1150 1163 y 17 4 v 1132 1172 a(6)1216 1410 y fg(q)1216 13= 60 y (q)1216 1310 y(q)1216 1261 y(q)1216 1211 y(q)1216 1161 y(q)1266 1410 y(q)= 1266 1360 y(q)1266 1310 y(q)1266 1261 y(q)1266 1211 y(q)1266 1161 y(q)1316 141= 0 y (q)1316 1360 y(q)1316 1310 y(q)1316 1261 y(q)1316 1211 y(q)1316 1161 y(q)= 1366 1410 y(q)1366 1360 y(q)1366 1310 y(q)1366 1261 y(q)1366 1211 y(q)1366 116= 1 y (q)1415 1410 y(q)1415 1360 y(q)1415 1310 y(q)1415 1261 y(q)1415 1211 y(q)= 1415 1161 y(q)1465 1410 y(q)1465 1360 y(q)1465 1310 y(q)1465 1261 y(q)1465 121= 1 y (q)1465 1161 y(q)1216 1411 y 50 2 v 1224 1410 a fi(-)1216 1361 y 50 2 v 1= 224 1360 a(-)1216 1311 y 50 2 v 1224 1310 a(-)1216 1261 y 50 2 v 1224 1260 a(= -) 1216 1212 y 50 2 v 1224 1211 a(-)1216 1162 y 50 2 v 1224 1161 a(-)1266 14= 11 y 50 2 v 1274 1410 a(-)1266 1361 y 50 2 v 1274 1360 a(-)1266 1311 y 50 2 v = 1274 1310 a(-)1266 1261 y 50 2 v 1274 1260 a(-)1266 1212 y 50 2 v 1274 1211 a(= -) 1266 1162 y 50 2 v 1274 1161 a(-)1316 1411 y 50 2 v 1324 1410 a(-)1316 13= 61 y 50 2 v 1324 1360 a(-)1316 1311 y 50 2 v 1324 1310 a(-)1316 1261 y 50 2 v = 1324 1260 a(-)1316 1212 y 50 2 v 1324 1211 a(-)1316 1162 y 50 2 v 1324 1161 a(= -) 1366 1411 y 50 2 v 1374 1410 a(-)1366 1361 y 50 2 v 1374 1360 a(-)1366 13= 11 y 50 2 v 1374 1310 a(-)1366 1261 y 50 2 v 1374 1260 a(-)1366 1212 y 50 2 v = 1374 1211 a(-)1366 1162 y 50 2 v 1374 1161 a(-)1415 1411 y 50 2 v 1424 1410 a(= -) 1415 1361 y 50 2 v 1424 1360 a(-)1415 1311 y 50 2 v 1424 1310 a(-)1415 12= 61 y 50 2 v 1424 1260 a(-)1415 1212 y 50 2 v 1424 1211 a(-)1415 1162 y 50 2 v = 1424 1161 a(-)41 1608 y f2(Figure)15 b(1.9:)k(Dep)r(endences)d(marking)g(a)e(n= )o (um)o(b)r(er)h(of)g(reuses)g(prop)q(ortional)h(to)e(the)i(lo)q(op)f(b)r(o= unds) 0 1806 y fw(Dep)r(endences)i(as)g(v)n(ectors)0 1920 y f2(An)g(iteration)f= (dep) r(endence)c fv(~)-17 b({)521 1927 y fq(1)555 1920 y fo(!)9 b fv(~)-17 b({= )630 1927 y fq(2)666 1920 y f2(can)16 b(b)r(e)g(represented)g(b)o(y)g(a)g(v)o(= ector)g(with)h(its)f(tail)h(at)10 b fv(~)-17 b({)1619 1927 y fq(1)1656 1920 y= f2 (and)16 b(its)0 2004 y(head)g(at)9 b fv(~)-17 b({)180 2011 y fq(2)199 200= 4 y f2(.)22 b(Compilers)16 b(often)g(assume)f(that)g(if)h(suc)o(h)g(a)g(dep)r= (endence)h(exists)f(an)o(ywhere)g(in)g(the)g(iter-)0 2089 y(ation)f(space,)g(= a)g (v)o(ector)g(of)f(the)i(same)e(length,)i(p)r(oin)o(ting)f(in)h(the)g(same= )e (direction,)j(exists)e(ev)o(erywhere)0 2174 y(in)20 b(the)e(iteration)h(s= pace=2E)31 b(This)19 b(is)h(justi�ed)f(for)f(t)o(w)n(o)h(reasons:)26 b(�= 4rst,) 19 b(the)g(dep)r(endences)h(often)f(are)0 2258 y(replicated)14 b(ev)o(ery= where)e(in)h(this)f(fashion;)h(and)g(second,)f(the)g(kinds)i(of)d(transformat= ions) g(the)h(compiler)0 2343 y(considers)19 b(are)e(either)h(prev)o(en)o(ted)g= (or) f(not)g(b)o(y)h(a)f(single)i(dep)r(endence,)h(so)d(if)h(the)g(dep)r(enden= ce)h (exists)0 2428 y(b)r(et)n(w)o(een)e(one)g(pair)g(of)g(iterations,)g(it)g(= ma)n (y)g(as)f(w)o(ell)i(exist)f(b)r(et)o(w)n(een)h(all)f(pairs)h(with)f(simil= ar)h (relativ)o(e)0 2512 y(geometry)-5 b(.)71 2597 y(Replicating)20 b(the)e(v)= o (ectors)g(ev)o(erywhere)g(allo)o(ws)g(the)g(compiler)i(to)d(simplify)j(it= s)f (represen)o(tation,)0 2682 y(b)o(y)14 b(retaining)h(only)g(the)g(v)n(ecto= rs)f (themselves)g(and)h(assuming)f(they)h(apply)g(at)e(ev)o(ery)i(iteration)f= (p)r (oin)o(t.)0 2767 y(A)i(v)o(ector)g(exists)g(b)r(et)n(w)o(een)h(t)n(w)o(o)= f (iterations)g(whenever)g(the)g(subscript)h(functions)g(are)f(equal)h(for)= f (t)n(w)o(o)p eop %%Page: 15 31 bop 149 50 a ft(1.3.)35 b(D)n(A)l(T)l(A)16 b(MODEL)1328 b f2(15)149 195 = y (arra)n(y)15 b(accesses.)220 280 y(Giv)o(en)f(the)g(arra)n(y)g(references= )g fp (v)p f2([)p fv(A)823 287 y fq(1)836 280 y fv(~)-17 b({)7 b f2(+)f fv(~)-2= 1 b (c)927 287 y fq(1)947 280 y f2(])13 b(and)h fp(v)p f2([)p fv(A)1131 287 y= fq (2)1144 280 y fv(~)-17 b({)7 b f2(+)e fv(~)-20 b(c)1235 287 y fq(2)1254 2= 80 y f2(],)14 b(the)f(compiler)j(m)n(ust)e(�nd)g(v)n(alues)g(for)143 364 y = fv (~)-17 b({)164 371 y fq(1)199 364 y f2(and)9 b fv(~)-17 b({)302 371 y fq(= 2) 337 364 y f2(which)15 b(satisfy)833 449 y fv(A)867 456 y fq(1)880 449 y f= v (~)-17 b({)901 456 y fq(1)931 449 y f2(+)8 b fv(~)-21 b(c)996 456 y fq(1)= 1028 449 y f2(=3D)13 b fv(A)1110 456 y fq(2)1124 449 y fv(~)-17 b({)1145 456 y= fq (2)1175 449 y f2(+)8 b fv(~)-21 b(c)1240 456 y fq(2)149 574 y f2(or,)15 b= (equiv)n(alently)l(,)833 659 y fv(A)867 666 y fq(1)880 659 y fv(~)-17 b({)901= 666 y fq(1)931 659 y fo(�)10 b fv(A)1010 666 y fq(2)1024 659 y fv(~)-17 b(= {) 1045 666 y fq(2)1077 659 y f2(=3D)11 b fv(~)-21 b(c)1145 666 y fq(2)1175 = 659 y fo(�)8 b fv(~)-21 b(c)1240 666 y fq(1)149 784 y f2(The)18 b(v)o(ector)= f (from)g(iteration)11 b fv(~)-16 b({)695 791 y fq(1)732 784 y f2(to)11 b f= v (~)-17 b({)805 791 y fq(2)842 784 y f2(is)18 b(giv)o(en)g(b)o(y)1081 772 = y fv (~)1076 784 y(d)f f2(=3D)10 b fv(~)-17 b({)1183 791 y fq(2)1214 784 y fo(= �)6 b fv(~)-17 b({)1276 791 y fq(1)1296 784 y f2(.)27 b(Substituting)12 b fv(= ~) -17 b({)1613 791 y fq(2)1644 784 y fo(�)1696 772 y fv(~)1691 784 y(d)1= 7 b f2(for)11 b fv(~)-17 b({)1819 791 y fq(1)1839 784 y f2(,)17 b(this)149 86= 9 y (equation)f(b)r(ecomes)775 954 y fv(A)809 961 y fq(1)829 954 y f2(()-6 b= fv (~)-17 b({)862 961 y fq(2)891 954 y fo(�)941 942 y fv(~)937 954 y(d)o = f2 ())10 b fo(�)h fv(A)1068 961 y fq(2)1081 954 y fv(~)-17 b({)1102 961 = y fq (2)1134 954 y f2(=3D)11 b fv(~)-21 b(c)1202 961 y fq(2)1232 954 y fo(�= )8 b fv (~)-21 b(c)1297 961 y fq(1)149 1079 y f2(and)16 b(solving)g(for)465 1067 = y fv (~)460 1079 y(d)p f2(,)748 1163 y fv(A)782 1170 y fq(1)806 1151 y fv(~)80= 2 1163 y(d)c f2(=3D)h(()p fv(A)938 1170 y fq(1)968 1163 y fo(�)d fv(A)1= 047 1170 y fq(2)1067 1163 y f2())-7 b fv(~)-16 b({)1099 1170 y fq(2)1129 116= 3 y f2(+)10 b(()n fv(~)-21 b(c)1212 1170 y fq(1)1242 1163 y fo(�)8 b fv(~= )-21 b(c)1307 1170 y fq(2)1327 1163 y f2())149 1289 y(F)l(rom)17 b(this)i(equ= ation,)f(it)g(is)g(easy)g(to)f(see)h(that)f(if)h fv(A)1076 1296 y fq(1)1113 1= 289 y f2(=3D)f fv(A)1199 1296 y fq(2)1219 1289 y f2(,)h(the)f(v)n(alue)h(of)150= 9 1277 y fv(~)1505 1289 y(d)f f2(do)q(es)h(not)f(dep)r(end)i(on)149 1373 y(where= )14 b (in)g(the)f(iteration)g(space)h(the)f(v)o(ector)g(is.)19 b(The)7 b fv(~)-= 16 b ({)1087 1380 y fq(2)1120 1373 y f2(term)13 b(drops)g(out,)g(resulting)h(i= n)g (the)f(simpli�ed)149 1458 y(equation)892 1543 y fv(A)926 1550 y fq(1)9= 51 1531 y fv(~)946 1543 y(d)f f2(=3D)h(()m fv(~)-20 b(c)1068 1550 y fq(1)10= 97 1543 y fo(�)8 b fv(~)-20 b(c)1163 1550 y fq(2)1182 1543 y f2())149 1668 y(= No)o (w)20 b(it)h(can)g(b)q(e)g(seen)g(that)f(if)h(rank(A)862 1675 y fq(1)881= 1668 y f2())g(=3D)h fv(n)p f2(,)g fv(A)1073 1675 y fq(1)1113 1668 y f2(is)g(i= n)o (v)o(ertible)g(and)1469 1656 y fv(~)1464 1668 y(d)g f2(=3D)g fv(A)1601 16= 51 y fk (-1)1601 1679 y fq(1)1628 1668 y f2(()n fv(~)-21 b(c)1666 1675 y fq(1)16= 99 1668 y fo(�)12 b fv(~)-21 b(c)1768 1675 y fq(2)1788 1668 y f2().)35 b= (This)149 1752 y(situation)16 b(()p fv(A)391 1759 y fq(1)423 1752 y f2(=3D)d= fv (A)505 1759 y fq(2)540 1752 y f2(and)j(rank(A)771 1759 y fq(1)790 1752 y= f2 ())c(=3D)h fv(n)p f2())i(results)h(in)g(dep)r(endences)g(which)f(mark)g= (a)g (single)h(reuse.)220 1837 y(If)i fv(A)302 1844 y fq(1)340 1837 y f2(=3D)f= fv (A)426 1844 y fq(2)464 1837 y f2(and)h(rank(A)697 1844 y fq(1)717 1837 y= f2 ())f fv(<)g(n)p f2(,)868 1825 y fv(~)863 1837 y(d)h f2(tak)n(es)g(on)g(a= )g (set)g(of)f(the)h(v)n(alues)h(of)e(the)h(form)1729 1825 y fv(~)1725 1837 = y (d)f f2(=3D)g fv(~)-22 b(�)15 b f2(+)10 b fv(~)-21 b(c)1923 1844 y fj(= �) 149 1922 y f2(where)15 b fv(~)-21 b(c)302 1929 y fj(�)338 1922 y f2(is= )18 b (the)e(preimage)h(of)g(()m fv(~)-20 b(c)752 1929 y fq(1)783 1922 y fo(�= 00)9 b fv(~)-21 b(c)849 1929 y fq(2)869 1922 y f2())16 b(relativ)o(e)h(to)f f= v (A)1157 1929 y fq(1)1177 1922 y f2(,)h(and)f fv(~)-22 b(�)19 b f2(is)f= (an) n(y)f(v)o(ector)f(in)i(the)e(n)o(ull)i(space)149 2006 y(of)c fv(A)234 201= 3 y fq(1)254 2006 y f2(.)20 b(In)15 b(this)g(case,)f(there)h(is)g(reuse)f(pro= p)r (ortional)g(to)g(the)h(size)g(of)f(the)h(n)o(ull)h(space.)j(The)c(size)h(= of)e (the)149 2091 y(n)o(ull)j(space)f(is)f(determined)i(b)o(y)e(the)g(lo)r(op= )g (b)q(ounds,)h(so)e(the)i(v)n(ectors)f(represent)f(m)o(uc)o(h)i(more)e(reu= se.) 220 2176 y(If)h fv(A)299 2183 y fq(1)332 2176 y fo(6)p f2(=3D)e fv(A)414 = 2183 y fq(2)433 2176 y f2(,)466 2164 y fv(~)461 2176 y(d)i f2(tak)n(es)g(on)g(a)= f (set)h(of)g(v)m(alues)h(whic)o(h)g(dep)r(end)f(on)9 b fv(~)-17 b({)1339 2= 183 y fq(2)1358 2176 y f2(;)15 b(that)f(is,)i(the)f(dep)r(endences)h(are)149 22= 60 y (di�erent)11 b(dep)r(ending)h(on)g(whic)o(h)g(iteration)f(they)h(p)q(o= in)o (t)f(to)g((it)g(is)h(easy)f(to)g(sho)n(w)g(that)g(the)g(dep)r(endences)1= 49 2345 y(di�er)k(dep)r(ending)g(on)f(whic)o(h)g(iteration)g(they)g(p)r(o= in)o (t)g(from)f(b)o(y)h(substituting)g(for)7 b fv(~)-16 b({)1577 2352 y fq(2)= 1611 2345 y f2(instead)14 b(of)7 b fv(~)-16 b({)1831 2352 y fq(1)1851 2345 y f= 2 ().)19 b(In)149 2430 y(this)c(case,)e(if)i(the)e(space)h(spanned)h(b)o(y= )f (the)g(ro)n(ws)f(of)h fv(A)1084 2437 y fq(1)1117 2430 y f2(is)g(di�ere= nt)f (from)g(the)h(space)g(spanned)h(b)o(y)f(the)149 2515 y(ro)o(ws)f(of)h fv(= A) 338 2522 y fq(2)358 2515 y f2(,)f(there)h(is)h(reuse)f(prop)q(ortional)g(= to)g (the)g(size)h(of)e(the)h(iteration)g(space.)20 b(If)14 b fv(A)1663 2522 y= fq (1)1697 2515 y f2(and)g fv(A)1818 2522 y fq(2)1852 2515 y f2(span)149 259= 9 y (the)i(same)f(space,)g(there)g(is)h(only)f(a)g(single)i(reuse.)p eop %%Page: 16 32 bop 0 50 a f2(16)1061 b ft(CHAPTER)15 b(1.)35 b(INTRODUCTION)0 195 y fw(= Dep) r(endence)17 b(represen)m(tation)0 309 y f2(The)c(compiler)g(m)o(ust)f(c)= o (ho)q(ose)g(some)g(metho)q(d)h(for)e(representing)h(dep)r(endence)i(v)o(e= ctors.)k(In)13 b(this)g(thesis,)0 394 y(w)o(e)i(use)g(W)l(olf)t(’s)g(generali= zed) i(dep)r(endence)g(v)n(ector)e(represen)o(tation)g(([57)o(],)f(page)h(17= ):

. . . Each comp onent d = i of a dep endence vector d is a p ossibly in�nite range of

integ= ers, represented by [d min ; d max i ], d

min i 2 Z [ f�1g; d max i 2 Z [ f1g= and d min i � d max i :

The dep endence = vector ~ d is also a distance vect= or if each of its components is

a range containing a singleton value, meaning min i =3D d i . We use

the notation ‘+’ as= shorthand for [1; 1], ‘-’ as for [1; �1], and ‘�as shorthand for [�1; 1]. They correspond to Wolfe’s directions ‘<’,‘shorthand’, and

‘�’ respectively. . .

The dep endence vector matrix is denoted D;= each column D

�;j of D is a dep endence

vector. Other dep = endence models, sp eci�cally dep endence cones[29], co= uld be used; the

critical property of the dep= endence model is that it p ermits testing for legal= execution

directions (see section 1.4.2).

Ordering vectors

The statement \~ z= is an ordering vector" for any integer-vshap vector ~ z means that given

touto iterations ~ x and ~ y , = ~ x precedes ~ y (written ~ � ~ y ) if ~ z � = ()o fv(~)-22 b(y)14 b fo(�)e fv(~)-22 b(x)p f2())18 b fv(>)g f2(0.)30 b(A= )19 b (v)o(ector)e fv(~)-22 b(z)20 b f2(is)g(a)0 2078 y fl(le)m(gal)h f2(orderi= ng)d (v)n(ector)f(if)g fv(D)509 2062 y fk(T)532 2078 y fv(~)-22 b(z)17 b(>)f f= 2 (0,)h(that)f(is,)h(if)g(no)g(dep)r(endences)h(are)f(violated.)25 b(F)l(or= )17 b (example,)g(in)0 2163 y(matrix-matrix)i(m)o(ultiply)i((Figure)e(3.1),)g= (there)h(is)f(a)h(single)g(dep)r(endence)h(carried)f(b)o(y)g(the)f fp(k)p f2(= -lo) r(op.)0 2248 y(W)l(e)e(will)i(write)e(this)h(as)f(either)h fv(D)f f2(=3D)= f([)p fp(k)p f2(])g(or)h fv(D)g f2(=3D)f((0)p fv(;)7 b f2(0)p fv(;)g f2(1))10= 47 2231 y fk(T)1070 2248 y f2(.)26 b(The)17 b(�rst)g(represen)o(tation)g(is)h(= used) g(to)0 2332 y(sho)o(w)13 b(ho)o(w)h(the)g(v)o(ectors)f(relate)i(to)e(the)= h (lo)r(ops,)g(and)g(the)g(second)h(notation)e(is)i(used)f(to)g(emphasize)h= (the) 0 2417 y(relationship)i(to)d(the)i(space)f(of)g(iterations)g(induced)j(b)= o (y)d(the)g(lo)r(op)g(nest.)71 2502 y(There)d(are)h(some)f(legal)h(orderin= gs)g (of)f(the)h(iteration)f(space)h(that)f(cannot)g(b)r(e)g(mo)q(deled)i(b)o(= y)f (a)f(single)0 2586 y(ordering)h(v)o(ector)g((sp)q(eci�cally)o(,)g(whe= n)g (dep)r(endence)i(v)n(ectors)e(ha)o(v)n(e)h(in)o(teger)f(divisors)h(other)= f (than)f(one,)0 2671 y(limited)h(re-ordering)e(is)h(often)f(p)q(ossible,)i= (but) e(is)h(not)e(allow)n(ed)i(under)g(our)e(mo)q(del).)19 b(Ho)o(w)n(ev)o(er= ,)12 b(ordering)0 2756 y(v)o(ectors)j(de�ne)h(sc)o(hedulings)h(that)e(lend)= h (themselves)f(to)g(automatic)g(manipulation.)21 b(Gaining)16 b(a)f(few)p = eop %%Page: 17 33 bop 149 50 a ft(1.3.)35 b(D)n(A)l(T)l(A)16 b(MODEL)1328 b f2(17)149 195 = y (extra)12 b(op)q(erations)g(that)g(could)h(b)q(e)g(re-ordered)f(is)h(not)= f (as)f(imp)r(ortan)n(t)h(as)g(observing)h(the)f(general)h(trend)149 280 y(= of)i (data)g(access)g(patterns,)f(which)h fl(ar)o(e)j f2(captured)e(b)n(y)g(or= dering)f(v)o(ectors.)149 431 y fm(1.3.5)56 b(P)n(erp)r(endicular)17 b(v)n(ect= ors) 149 545 y f2(When)f(input)h(dep)r(endences)g(are)e(included,)i(dep)r(ende= nce) g(v)o(ectors)e(capture)g(all)i(reuse)f(a)n(v)n(ailable)h(in)f(a)149 629 y= (lo) r(op)e(nest.)19 b(Unfortunately)m(,)14 b(dep)r(endence)h(v)o(ectors)e(are= )h (sometimes)g(di�cult)h(to)e(compute,)h(and)h(they)149 714 y(are)k(not)= f (necessarily)i(constan)n(t)f(in)o(teger)f(v)o(ectors.)30 b(F)l(or)18 b(th= ese) g(reasons,)h(it)g(is)g(sometimes)g(useful)g(to)149 799 y(generate)c(v)o(e= ctors)g(represen)o(ting)h(lo)q(cality)f(which)g(are)g(kno)o(wn)g(to)f(b)r(e)h= (constan)o(t)g(in)o(teger)g(v)o(ectors.)220 883 y(One)c(metho)q(d)g(to)f(do)g= (this)h(is)g(to)f(c)o(ho)q(ose)h(linearly)h(indep)s(endent)e(subsets)g(of)g f= v (n)q fo(�)q f2(1)h(reference)g(v)o(ectors,)149 968 y(and)18 b(solv)o(e= )f (for)g(a)g(v)n(ector)g(p)r(erp)q(endicular)i(to)e(all)h(these.)26 b(The)1= 8 b (solution)g(v)o(ector)e(is)i(p)r(erp)q(endicular)h(to)149 1053 y fv(n)14 = b fo (�)g f2(1)20 b(reference)h(v)o(ectors,)g(and)f(so)g(represents)f(a)i(d= irection)g(of)f(lo)r(calit)o(y)h(for)e(an)o(y)h(streams)g(whose)149 1137 y(re= ference)c(v)o(ectors)f(are)g(a)g(subset)g(of)g(the)g fv(n)10 b fo(�)h f2(1= )k (v)n(ectors)g(c)o(hosen.)220 1222 y(Since)e(the)f(set)f(of)g(solutions)h(= is)g (a)f(line,)j(there)d(are)h(t)n(w)o(o)f(ra)n(ys)g(which)h(are)f(p)r(erp)q(= endicular)i(to)e(the)h fv(n)s fo(�)s f2(1)149 1307 y(v)o(ectors,)i(one)g(a= long) g(the)h(line)h(in)f(eac)o(h)f(direction)i(from)d(the)h(origin.)21 b(The)1= 4 b (compiler)i(includes)g(the)e(ra)o(y)149 1391 y(that)f(is)h(p)q(ositive)f(= with) h(resp)q(ect)g(to)f(the)g(dep)r(endence)i(set,)e(if)h(there)f(is)h(one)g(= (if) f(b)r(oth)g(ra)n(ys)g(are)g(p)r(ositiv)o(e,)149 1476 y(only)g(one)f(is)g(= included,)j(and)d(the)g(c)o(hoice)h(is)f(made)g(arbitrarily).)1246 1460 y fq= (3) 1285 1476 y f2(The)g(ra)n(y)g(is)g(scaled)h(to)e(b)r(e)h(as)f(small)i(as)= 149 1561 y(p)r(ossible)f(while)h(still)g(ha)n(ving)f(all)g(integer)e(en)o(tri= es.) 19 b(Note)11 b(that)f(giv)o(en)i fv(n)f f2(linearly)i(indep)s(endent)e(v)= o (ectors,)149 1645 y(the)18 b(compiler)h(can)e(�nd)i fv(n)e f2(p)r(erp)= q (endicular)j(v)n(ectors)d(sim)o(ultaneously)i(b)o(y)f(putting)f(the)h(v)o= (ectors)f(in)h(a)149 1730 y(matrix)i fv(Q)f f2(and)g(solving)i(for)d fv(Q)716= 1714 y fk(-1)744 1730 y f2(.)32 b(The)20 b fv(i)p f2(th)f(v)o(ector)g(of)g fv(= Q) 1198 1714 y fk(-1)1245 1730 y f2(is)h(p)q(erp)r(endicular)h(to)e(all)h(bu= t)g (the)f fv(i)p f2(th)149 1815 y(v)o(ector)e(of)g fv(Q)g f2((the)g(inner)i= (pro) q(duct)e(of)g(the)h fv(i)p f2(th)f(v)n(ector)g(of)g fv(Q)g f2(with)h(the)= f fv (i)g f2(v)o(ector)g(of)g fv(Q)1688 1798 y fk(-1)1733 1815 y f2(is)g(one;)= i (the)149 1900 y(inner)g(pro)q(duct)e(with)h(an)n(y)f(other)g(v)o(ector)g(= is)g (zero).)26 b(The)17 b(v)o(ectors)f(forming)h(the)h(in)o(v)o(erse)f(matri= x)g (are)149 1984 y(then)f(scaled)g(to)f(mak)n(e)g(them)g(integral.)220 2069 = y (The)e(v)n(ectors)f(constructed)h(with)g(this)g(metho)q(d)f(form)g(the)g(= set) h(of)f(p)q(erp)r(endicular)i(v)o(ectors)e(for)g(eac)n(h)149 2154 y(stream= ,)i fv(V)347 2137 y fj(?)377 2154 y f2(.)19 b(Because)d(they)e(span)h(the)f(n= )o (ull)i(space)f(of)f(the)g(reference)h(matrix,)f fv(V)1592 2137 y fj(?)163= 5 2154 y f2(spans)h(the)f(space)149 2238 y(of)g(dep)r(endences)h(which)f(p)= q (oint)f(out)h(a)f(n)o(um)o(b)r(er)g(of)h(reuses)g(prop)q(ortional)g(to)f(= the) h(size)h(of)e(the)h(iteration)149 2323 y(space.)31 b(These)19 b(v)n(ector= s)f (are)h(constructed)f(to)g(b)r(e)h(used)g(as)f(normal)g(v)o(ectors)g(to)g(= tiling)i(h)o(yp)r(erplanes)149 2408 y((tiling)e(is)f(discussed)h(in)f(Sectio= n)g (1.4),)e(ho)o(w)o(ev)n(er,)i(and)f(not)g(as)g(constrain)o(ts)g(on)g(the)= h (ordering)g(of)f(the)149 2492 y(iterations.)21 b(The)15 b(v)o(ectors)f(of= )h fv (V)706 2476 y fj(?)750 2492 y f2(are)g(alw)o(a)o(ys)g(in)o(teger-v)n(alue= d,)g (while)i(dep)r(endences)g(are)e(not.)149 2573 y 718 2 v 201 2631 a fk(3)2= 19 2646 y fx(A)8 b(vector)f fa(~)-17 b(v)10 b fx(is)g(p)q(ositiv)q(e)f(with)= h (resp)q(ect)f(to)g(the)h(dep)r(endence)g(set)f(if)h(and)f(only)i(if)e(eve= ry)g (element)g(of)f fa(~)-18 b(v)q(D)10 b fx(is)f(nonnegativ)r(e.)p eop %%Page: 18 34 bop 0 50 a f2(18)1061 b ft(CHAPTER)15 b(1.)35 b(INTRODUCTION)0 195 y fm(= 1.3.6)55 b(Cones)0 309 y f2(F)l(or)15 b(an)o(y)h(matrix)f fv(M)5 b f2(,)16 b(= the) f(set)h(of)f(v)o(ectors)g fo(C)s f2(()p fv(M)5 b f2())13 b(=3D)h fo(f)o= fv (~)-22 b(x)13 b fo(2)h fb(R)1062 293 y fr(n)1086 309 y fo(j)p fv(M)1147 2= 93 y fk(T)1170 309 y fv(~)-22 b(x)14 b(>)g f2(0)p fo(g)h f2(is)h(called)h(the)= f (cone)g(of)g fv(M)5 b f2(.)0 394 y(This)18 b(set)f(is)g(the)h(in)o(tersec= tion) g(of)e(the)i(half-spaces)g(de�ned)g(b)o(y)f(h)o(yp)r(erplanes)h(passin= g)f (through)g(the)0 479 y(origin)d(and)g(orien)o(ted)g(p)r(erp)q(endicular)i= (to) c(eac)o(h)i((column))g(v)o(ector)f(of)g fv(M)5 b f2(.)19 b(In)14 b(the)= g (case)g(of)f(dep)r(endence)0 563 y(v)o(ectors,)k fo(C)r f2(()p fv(D)q f2= ()) g(is)h(exactly)f(the)h(set)f(of)g(p)q(ossible)i(legal)f(ordering)g(v)n(ec= tors=2E)26 b(F)l(or)17 b(a)g(v)o(ector)f fv(~)-22 b(x)17 b f2(to)g(b)q(e)h(a)= 0 648 y (legal)i(ordering)f(v)n(ector,)g fv(D)485 631 y fk(T)508 648 y fv(~)-22 b= (x) 19 b(>)f f2(0)h(m)o(ust)f(hold,)i(and)f fo(C)s f2(()p fv(D)p f2())g(is)= g (the)g(set)f(of)h(v)n(ectors)g(satisfying)g(this)0 733 y(requirement.)71 = 817 y (The)d(union)h(of)e(a)h(cone)g(and)g(its)g(b)q(oundary)g(is)g(called)i(th= e)e fl(closur)m(e)k f2(of)15 b(the)h(cone.)22 b(The)16 b(closure)h(of)0 902 y= fo (C)s f2(()p fv(M)t f2())c(is)g fo(C)193 885 y fj(�)213 902 y f2(()p= fv (M)5 b f2())12 b(=3D)h fo(f)o fv(~)-22 b(x)12 b fo(2)h fb(R)492 885 y fr= (n)516 902 y fo(j)p fv(M)578 885 y fk(T)601 902 y fv(~)-23 b(x)13 b fo(�)g f2= (0)p fo(g)p f2(.)18 b(The)13 b(di�erence)h(b)q(et)o(w)o(een)f fo(C)r f2(()= p fv (D)q f2())f(and)h fo(C)1456 885 y fj(�)1475 902 y f2(()p fv(D)q f2(= ) is explained in Section 1.4.2.

For matrix M of full rank, a ray of cone is a vector ~

� 2 Z = n that is on the boundary

of the con= e and is the intersection of at least k 1 of the hyperplanes M �;j � ~ � =3D 0. The

se= t of rays of the cone of a matrix M is = denoted by rays(M ). Figure 1.10 graphical= ly

shows two cones. The left side of = the �gure shows a two-dimensional cone. Each = vector is

p erpendicular to a hyperplane; t= he side of this hyperplane away from the ve= ctor is not in

the cone (p oints not in the c= one are shown shaded in the �gure). In three d= imensions, a

cone can have an in�nite num= ber of rays. In the right side of � 1.10, eight hyperplanes

are shown, h p erpendicular to one of eight lines. In thi= s case the set of points in the

cone are th= e set of p oints inside what looks like an ice c= ream cone.

When M is not of full rank, t= here is a non-trivial null space N . In thi= s case, we follow

the method of Schreib e= r and Dongarra[48], who de�ne the set of rays eac b e a basis for the

null space of , plus the set of rays for the space spanned b= y M . The particular set of

vector= s in the basis for the null space is determined usin= g QR factorization. The details are

unimp t to the development here.

1.4 Intro ductio= n to tiling

1.4.1 Hyperplane tiling

All of the data referenced by a program is tolarge to �t into M 1 at (otherwise

there would be nothing for the compil= er to do). The compiler must �nd a way t= o chop

the iteration space of the program inonce pieces that do �t into M 1 . A variant of hyperplane

1.4. INTRODUCTION TO TILING o

6

= -x y

� � � � � � � :=

�

�

�

�

�

�

�

�

~ v 1

~ v 1

= P P P P P P P P P P P P P

P

P P P

C

C

= C

C

C

C

C

C

C

C

C

C

C

C

C

C

Figure 1.10: Rays of a cone i= n 2-D and 3-D.

tiling[29] is used.

A ector ~ v in the iteration space I ca= n be used to split the computation by dividing the computation along hyp erplanes perp endicular to= ~ v, as in Figure 1.11. In this �g= ure,

hyp erplanes perp endicular to each of = the two vectors (4,1) and (2,6) are spaced ev= enly by

the length of the vectors. The yp erplanes can b e spaced by the length of de�ning

vector, or we can use the vector= for direction only and give a separate spacing the

along each vector. This would b e the = case, for example, if we used the vector (1,3) inst= ead

of (2,6); we would then have to sp= ecify that the planes are to b e spaced with distanc= e p

40

measured along the = normal vector (2 2 + 6 =3D 40). We will �nd it more conv= enient to scale

the dividing vectors to have u= nit length and use explicit scaling factors.

We w= ill not necessarily tile the full iteration space. W= e use the term dividing to mean

tiling a s= ubspace of the iteration space. A dividing (of t= he iteration space) is generated by a

set of � linearly indep endent unit-length vectors B= 1;� ; � � = 001 ; B �;� , and set of spacing factors

along those vectors, �= 1 ; � � � ; �

�

. The vectors form the roof a dividing basis, denoted by

the matrix ws . B is called a dividing basis b ecaus= e B must form a basis for the tiled space= =2E

The compiler’s goal is to tile the space a. This guarantees that the compiler can the data required by a tile to a compiler-selected = amount. Linear indep endence guarantees

that �= 25 � n, the dimensionalit y of the iteration = space I . The iteration subspaces that result from a dividing are called divisions of the iterat= ion space. In the case � =3D n, vectors

20 CHAPTER 1. INTRODUCTION

6

- � = � � � : � � � � : � � �= 0 � : � � � : � � � �= : � � � � :

�

�

�

� a �

�

�

�

�

� �

�

�

�

� �

= �

�

�

�

� �= 2�

1 2 3 4 5 6 = 7 8 9 10 11

12

13 15 16 17 18 19 20 22

1

2

3

4

5

6

7

8

9

10

11

13

14

15

16

18

19

20

21

22

P

P P P P P P P P P P = P P P P P P

P P P P P P P

P

P P P P P = P P P P P P

P

P P

P P P P P P P P = P P P P P P P= P P P P P

P

P P P P P = P P P P P P P P P

C

C

C

C

C

C

C

C

= C

C

C

C

C

C

C C C

C

C

C

C

C

C

C

C

C

= C

C

C

C

C

C

C

C

C

C C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

= C

C

C

C C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

Figure 1.11: Using vectors to= de�ne cutting hyperplanes

form a basis the iteration space, and the resulting dividing is a til= ing of the iteration

space.

In general, ho= wever, it is not necessary to have a tiling of= I if we are only interested

in data moti= on; a dividing will su�ce, so long as we hava tiling of D . This is b ecause

a di= vision of the iteration space with unlimited length in some= dimension is acceptable

so long as the data requi= rements for lo calized streams of the division are e to some

controllable amount. In 1.12, a one-dimensional stream A[j] is referenced in a=

two-dimensional iteration space, consisting of = an i-loop and a j-loop. Tiling the j lo op is

su�cient to limit the data required= for each tile, at least for this stream. Tiling the= i loop

does not help at all.

6

- i j

6 reference v

6 dividing direction

divi= ding hyperplanes � @

@=

@ @ I

�

�

� �

H H

H

H Y

� � � � �

6

?=

interplanar spacing

A[0]

A[1]=

A[2]

A[3]

A[4]

divisions are= unlimited in the i lo op

but the stream is limited

with a single dividing vector

Figure 1.12: Unbounded divisions may not pose = problems

1.4. INTRODUCTION TO TILING The amount of data referenced by the iterati= ons of a division must b e limited to a �nite

(compiler-controllable) size. This will be case if no reference vector is perp endicular to all dividing vectors, that is, if 8i 9j R

i;� � B � 6=3D 0 (the reference matrix R= v:k is abbreviated

R her= e for notational purp oses).

To tile a j; of I , the compiler must �rst transform the lo op nest so that D is

spanned b� lo ops, and n � � lo ops yve their direction vectors orthogonal to D. If p ossible,

the orthogonal lo ops be moved innermost, increasing the amount of compu= tation

p erformed in each tile. Because is not always p ossible, and b ecause it is notati= onally

more convenient, in the rest of this the= sis the entire iteration space is tiled. From thisw on,

B is a n � n matri= x.

1.4.2 Dependence constraints

= A division of the iteration space is completely executed = b efore another division is worked on;

so for= this (sequential) case we have an atomicity= constraint on the divisions: each division must b e such that once all its inputs are rea= dy, it can be executed start-to-�nish interruption. We can ensure this by requiring that= dividing basis vectors B

i;� satisfy the

�ltering equation: 4

8j: B

i;� �= 01 D �;j � 0 (1:1)

We can re-write this as B � 0. We are choosing B from the= set of legal sequential

ordering vectors. Thi= s ensures that we could safely execute along each b= asis vector B i;� b ecause every entry of every dep endence Dector will b e p ositive in the new basis (the

transformed dep endences are given by B ). The lo ops of the new basis are therefore ful= ly

p ermutable (and thus tilable). Thus we want to choose dividing vectors from= the set C � (D).

C

� (D) di�ers fro= mC (D)in that while we cannot cho= ose legal sequential ordering vectors

fro= m C � (D) � (D), we can choose partitioni= ng directions from that set. If the partitioning direction is in C

� (D= ) and not in C (D), there will b = e a dep endence along the border of a

partitio= n as in Figure 1.13. The partitioning direction is = (1,-1), which means the tile bound-

aries C along (1,1). There are dep endence vectors also= along (1,1). These dep endences

do not cr= oss the partition b oundaries, but run along it. Thisdoesnotprecludealinear

4= Theconditiongivenissu�cienttoprevent= dependenceviolationsbutisnotstrictlynecessary;th= ere

aresomedividingsthatarevalidandyshoulddonotmeetthisconstraint[29].

22 CHAPTER 1. INTRODUCTION

= scheduling of either the iterations within a partition = or of the partitions themselves.

- i j

�= � �

� � �

�= � �

� � �

� � �

� � �

�

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

�

� �

� � �

�

� �

� � �

�

� �

� � �

� �

� � �

�

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

� �

� � �

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

� � p= artitioning

direction @

@

@ R

Figure 1.13: Dep endence vectors parallel to par= titioning hyp erplanes

1.5 Approach

Th= e goal of the compiler is to transform a lo op written for an in�nitely large memory

into a lo op nest that uses the memory hierarchy to advantage, by copying

data from one to another when needed, but using lo cality to the total number

of copies required.

reduce basic tool used in this thesis is tiling. Substant= ial e�ort is sp ent to �nd the tiling

th= at minimizes execution time. First, a set of candidate t= iling basis vectors is formed. For

every ossible basis that can b e formed from this set, the b= est schedule is selected, the

b est tile p e is computed (i.e., the hyp erplane spacing factors= are selected to minimize

execution time), and level execution time is estimated. The tiling with the s= mallest cost is

selected from all p ossibilities given= the candidate set.

A prototyp e compiler was= implemented, which automates most of the work inv= olved.

Sp eci�cally, the prototype gener= ates the candidate set, selects each p ossible basis, �= 4nds a

schedule for the basis, and builds the cost= model from which the tile size factors are chosen.=

Building the cost model requires then to transforms the lo op nest, �nding new

lo op bounds in the new basis.

Due to time constrai= nts, the cost model solver was not implemented, = nor was the �nal

mechanical step of strip-minin= g the lo op bounds given the tile size factors (w= hich are the

blo cking factors for the loops). In later chapters, we discuss the numerical st= ability of the

cost model, showing that if compiler has complete information, an optimal solution

1.6. OUTLINE OF THE THESIS 23

is easily obtained. If the compiler cannot deter= mine the lo op bounds at compile time,

the cos= t model can be solved using approximations of th= e lo op b ounds without signi�cant

degradation of= solution quality.

Care is taken in sevareas to ensure that execution time is minimized. The= bu�ering

schemes for moving the data bac= k and forth between M 1 = and M 2 are chosen to be as

e�cient as possible in terms of storage requi= red. The order in which the tiles are executed is chosen to maximize the amount of data that ca= n stay resident in M

1 , y minimizing

the slow memory bandwidth Finally, the relative fraction of M = 1 used for bu�ering

each stream is = not �xed, but is decided by the compiler to provid= e the maximal amount of

computation per slomemory access.

1.6 Outline of the thesis

This chapter describ ed the problem to b= e solved, and laid a foundation for its solution. Th= e

reader should have a fundamental grasp of= iteration spaces, reference matrices, dep endence

v= ectors, and tiling. This theory is more or less= common to all works in data motion

t using tiling.

Chapter 2 discusses earlier wo= rk at solving similar problems. Some general work in=

compiler theory is discussed �rst. Approache= s to managing data motion not based on tiling

ar= e discussed, and �nally earlier work using tiling describ ed.

Chapter 3 develops the basic cost mo= del used throughout the thesis. The cost of moving

data is simply the amount of data to b e mo= ved for each tile times the number of tim= es that

amount of data must be moved= =2E Both of these parameters are expressed in terms the

vector of tile sizes.

Chapter 4 dev= elops the �rst part of the cost model: how m= uch data must b e moved for

a tile.= This includes developing the address translation of the memory space of the full

data set in M= 2 to the bu�er memory space in = M 1 .

Chapter 5 develops = the other part of the cost model: how many t= imes the data must b e

moved. It addre= sses scheduling the tiles to minimize data motion taking = advantage of the

lo cality b etween tiles.= Finally, it describ es how to �nd a formu= la for the numb er of times

data will bis moved in terms of the tile size vChapter 6 describ es how the cost model is ev= aluated to �nd the optimal value for the

24 CHAPTER 1. INTRODUCTION

= tile size vector. This requires detailing how the= loop bounds are transformed from the

source sp= ace to the new basis space. Once the loop b ound= s are transformed, polynomial

arithmetic needed to ev= aluate the loop b ounds is discussed. A complet= e example is given

showing how the cost mo= del is develop ed from source code to �nished tran= sformed code,

and the chapter concludes with discussion of the optimality of the techniques Chapter 7 evaluates the techniques used by applyi= ng them to several well-known sci-

enti�c some op bounds. Sp eci�c comparisons betwthis work and previous work is given,

showin= g sp eci�cally what problems the new techniques addre= ss that the old techniques did

not.

Chapter 8= reiterates the contributions made by this work, a= nd the conclusions that can

b e drawn from it.It also p oints out several new areas of rese= arch that have been identi�ed

as a result= of the work of this thesis.

25

Chapter 2

work

The related work is divided three parts. The �rst section describ es general intoork in

compiler theory. The second part = describ es approaches to compiler management of other than tiling, and the last section describ es th= e b ody of related tiling work.

2.1 Com= piler theory

The �rst two parts of t= his section describ e work in dep endence analysis code generation

techniques that are used later= in the thesis. The last part describ es several= approaches to

parallelization that have b = een taken by di�erent researchers, for contrast = to the method of

parallelization by tiling and in this work.

This work is done in the = context of optimizing compilers for imp erative languages= =2E The

reader who is not familiar with compilers should become familiar with them

b efore= proceeding. Wolfe’s book[58] is a gooptimizingd place to start. In particular, the reader should be familiar with loop transformations as unrolling, jamming, strip-mining, and

interchanging= =2E The reader should also be familiar with standard = data ow analysis (Aho,

Sethi, and Ullman’s b= ook[3] is good) and data dep endence analysis (se= e b elow).

2.1.1 Dependence Tiling cannot b e accomplished without e�ective = dep endence analysis. The standard refer-

ence such dep endence analysis is the b ook by ]. This standard baseline has been

improved= in di�erent ways by other researchers. Rib= as[47] describ es adding rebounding

26 CHAPTER 2. RELATED WBannerjee[7

facets to turn non-constant dep endences int= o constant ones in some loops. Wolf and Lam

represent dep endences as lexicographically p ositive= vectors, which simpli�es transformation

theory for= non-constant vectors.

Pugh[40, 41] develop= ed an algorithm called the Omega test for solving een integer linear

programming problem that is at the= core of dep endence analysis. This test serves = as the

basis for the dep endence analyzer of the Fx= compiler, of which this work is a part.

2= =2E1.2 Co de generation

When a tiling basis is= chosen, we need to transform the source iteration = space into the new

iteration space, and then applyin= g strip-mining to the resulting nest. Li and Pingali[3= 5]

describ e exactly the transformation In Section 6.1 we describ e the results of paper in detail. Ancourt and Irigoin[4] describ e= techniques for scanning the integer points a p olyhedra using DO lo ops, which could be us= ed to p erform the same task. For lo op b ounds in the tiled code, Ancourt and Irig= oin’s method is inferior to Li and Pingali’s,

b e= cause Li and Pingali scan exactly the points in while Ancourt and Irigoin scan

the convex ull of the points required. When generating fetcand store lo ops, however,

copying the vex hull of the data may b e b e cheaper,= b ecause Li and Pingali’s method

visits eaccon iteration p oint once, while Ancourt and Irigoin’= s method visits each data point

When the same data is referenced several times bdi�erent iterations, fetching the

convex hu= ll may b e preferable.

Part of the lo op tr= ansformation process is p erforming Fourier-Motzkin elimina= tion[13].

We use a slightly modi�ed version= of Du�n’s methods for eliminating extra inequalities[1= 4 ].

2.1.3 Parallelization

Tseng[52]automatesmappingofprogramstodistributed memorymac= hines,byusingpro-

grammer hints to the y in the form of distributed arrays called DARRAYs. He also

uses programmer hints to simplify de= p endence analysis, but this could be automated as well. The programming language shows a strong res= emblance to Fortran D[23].

Ribas[47] once. the feasibility of automatically generating co de systolic ar-

rays from nested lo op The mathematical approach to compilation in that walgorithms.

was the inspiration for this work.

2.2. OTHER APPROACHES 27

Kung[32] describ es nine di�erent computational models= for linear processor arrays.

Some of them, s= uch as the pip eline model, are well-suited to int= ratile parallelism. Us-

ing such a model, t= he entire array is used as a single powprocessor. All the processors

work on the same= tile simultaneously. Because systolic arrays can mo= ve data directly from

the communication erfulare (the \systolic pathway") into the arithme= tic units, systolic

parallelism can increase the net = data bandwidth into the arithmetic units, turning a pro-

gram whose execution time is limited by memory bandw= idth into one that is limited by

computation = bandwidth. Removing the memory b ottleneck in for way is a p owerful tool.

One imp= ortant criterion for the techniques develop ed in= this thesis is that they do not

prohibit the u= se of systolic parallelism within a tile.

Moldov= an and Fortes[16] discuss other methods of h systolic algorithms from

nested lo ops. transformation techniques they use are incorp orated The and surpassed

by, the code generation hhniques of Li and Pingali discussed in Section 2.1.2.

Sussman[51] describ es techniques that allow = a compiler to choose among several exe-

cuti= on models for mapping programs onto distributed memory = machines. He shows that

a compiler can hoose among data partitioning techniques and partitioning

techniques, including blo ck and int= erleaved data partitioning, and lo op b ody pip el= ining.

Since these techniques cannot b e exactly = modeled on a complex machine, he uses an upp er b ound and a lower bound function for modele= d execution time.

Pingali and Rogers[38] use pr= ogrammer-supplied data decompositions to drive parallelization. They try to compile the program so computation is executed on the proces-

sor the data is resident. Their compiler supp orts data d= istributions using wrapped

rows, wrapped columns,= and square blo cks. They use compile-time when p os-

sible, and rely on run-time when necessary.

2.2 Other approaches

This section describ es approaches to compiler man= agement of the memory hierarchy other

tiling. First some general array-handling tecare discussed. The next sec-

tion examines wo= rk on compiler cache management: �rst cache b= ypass and then software

prefetching techn= iques.

28 CHAPTER 2. RELATED Whniques

2.2.1 Array management

Callahan than Kennedy describ e scalar replacement, a metho= d that allows register allo cators

that do resolution handle arrays to keep some array elements in re= gisters. They also describ e using

lo op unroll-a= nd-jam to improve the e�ectiveness of their d. They hint that tiling to

improve lo = cality may surpass the performance of their method.= Scalar replacement is only

necessary when the com= piler’s ow analysis is insu�cient to perform re= gister allo cation of

subscripted variables. Mayda= n et al.[36] describ e a method for impro= ving standard data-

ow analysis that is more gene= ral.

Gupta and Ka jiya[21] describ e tecmetho for laying out data in memory so that exe-

cu= ting the code results in accessing sequential addresses information memory. They provide evidence

that compiler can usually determine which axis of an arrathe is scanned fastest. Organiz-

ing data to matcthe scanning order of lo ops increases spatial locality= =2E This method does

not improve temporal = lo cality for lo ops whose data do es not �t to the lowest level of the

memory hierarciny, b ecause the accesses themselves are not reorde= red, just the mapping of

addresses is changed.

Wholey investigates trade-o�s b etween parallel= ism and lo cality in mapping data onto

h machines. Array axes that are aligned in iteration space are bundled together

at compile at run time, a search is performed that computes the= b est distribution of

data elements to processor= s. A cost model that takes into account bo= th parallelism and

communication costs is used. Th= e techniques for �nding tiles sizes presented in t= his thesis

are more exact since they do not rely o= n data sizes b eing p owers of two. cost model

used in this thesis also takes i= nto account lo cality within each processor. Data mapping

is the primary goal addressed by Wholey’= s work. In our work, data mapping is done b= y

scheduling the tiles onto the processors, and= by cho osing tile sizes.

Balasundaram et = al[6] describ e an interactive system for partitioni= ng and distributing

data. This approach donot address data locality within a processor, but could= b e ex-

tended with tiling for lo cality. The general approach of interactively advising t= he user to

make changes in his program is a = �ne idea for tuning a program to a particular archite= cture,

but makes the code less portable. ully automatic techniques are necessary for p Fy.

Jalby et al[18, 17, 15] d= escrib e a method for computing the numb er of e= lements that

would have to be held in fast= memory for re-use to occur. This could b e us= ed to compute

2.2. OTHER APPROACHES 29

the number of unrolls needed in Callahan Kennedy’s method. The term \uniformly

generated"= , used to describ e array accesses with the same and e�cients but possibly di�erent

constant te= rms, originates in the work describ ed by these pap= ers.

2.2.2 Cache work

This section= describ es work on cache bypass and cache pr= efetching strategies for compilers.

Cache bkeeps the cache from being ushed by large ar= rays. This forces accesses to

arrays to = operate at slow memory speeds, but has the advypasstage of leaving in the cache those

items that do exhibit lo cality. Software prefe= tching attempts to hide slow memory

latency by= prefetching data items b efore they are needed. Pr= efetching does not reduce the

slow memory = bandwidth requirement of a lo op nest. If the dataw memory is a b ottleneck,

software pref= etching will not b e e�ective.

Chi and Dietz[1= 1] describ e the generation of cache-bypass Some processors

allow various control ver cachability: pages can be marked uncach= able, address spaces can

b e marked uncaco or individual references can be marked uncachabl= e. 1 A compiler can

scan thro= ugh instruction traces generating cache/don’t cache informa= tion for each reference.

Bypassing the cache f= or references that are known to b e p oor candidate= s for caching can

greatly improve p erfor= mance. Bypassing avoids pollution of the cache.This keeps cachable

references present, a= nd it increases the e�ective size of the cache sin= ce many references

never go into it.

esorter�eld et al[39, 9] discuss using prede= cessors of tiling (peel-and-jam and time;

skew and interchange ) for reducing the nu= mber of cache misses, and software prefetching=

for reducing the e�ective cost of cache mis= ses that are not eliminated. The tiling part of this work is improved on by that of Wthe and Lam (see below).

Gornish, Granston, and = Veidenbaum[19] investigate prefetching in where pro-

cessors. In particular, they compute the= earliest point at which a data item can b e prefetched. They also give simulation results to= evaluate the e�ectiveness of their method.

1 No current processors computation known to provide cachabilit y on a per refer= ence basis, but there is enough

instruction enco ding= space to implemen t it on Hewlett-Packard’s Preci= sion Architecture, version 1.1[22].

30 CHAPTER 2. RELATED Wc

2.3 Tiling

Tiling is a lo op restructur= ing transformation. Usually it is aimed at increasing the l= o cality

of a lo op nest. Kung and required.] show that the computation-to-I/O rate of a managemen

can b e b ounded. Kung later uses this to show that increasing the computation rate

of processor array without increasing its I/O rate a more memory p er processor to

maintain full = utilization[31]. The b ounds on the rate are a fundamental

limit on the e�ective= ness of tiling for locality. In particular, in computation-to-I/Oaluating the new tiling

techniques in Chapter theory these bounds help to explain why the new techni= ques succeed

when they do. The b ounds can also b= e used to explain why in some cases, only a const= ant

factor improvement is possible.

2.3=2E1 General tiling work

Tiling for lo c= ality has b een extensively develop ed in compilers. The origins are

found in Abu-Sufah’s w= ork to increase lo cality in paging systems[1This work split and

fused loops to minimize= the number of page frames required to execute a= program with only

a few page faults. Strip-minin= g was applied to loops so that once a page w]. brought into

memory, as much computation = as possible was done on that page before it was= returned to

disk.

The next advance in ti= ling work was Irigoin and Triolet’s use of hyp e= rplanes to partition

the iteration space[29]. This optimizinghanged a lo op transformation problem into a one:

choosing a basis for the iteration space s= uch that all basis vectors are positive with resp= ect

to each dep endence vector. This lead = to a concept called a dependence cone, which i= s the set

of all legal scheduling vectors. W= olfe[59] describ es roughly equivalent functionality = in terms

of loop transformations instead of the mor= e theoretical approach of Irigoin and Triolet.

C= arr and Kennedy[10] studied tiling (they call it cking) loops for linear algebra

algorithms. Thekeyinsightofthisworkisthatmanylinear= algebraalgorithmsthatuse

pivoting have dep e= ndences that prevent adequate tiling. Blo cking = these algorithms requires

more than simple lo op trans= formations.

Schreib er and Dongarra[48] advtiling by suggesting a new method of choosing the lo op transformation: they pick a basis for the= transformed iteration space from vectors

lying ins= ide the dep endence cone. More sp eci�cally, they = start with a subset of the rays of

2.3. TILING 31

the dep e= ndence cone, and modify this basis to make it orthogo= nal. While their argument

for orthogonality is= convincing, and it certainly holds for matrix multip= ly, orthogonality

of the tiling basis is not ge= nerally optimal; in the next chapter we will show = that having

scheduling vectors p erpend= icular to the basis vectors is the right We note,

however, that for many com= mon linear algebra programs, the two ideas Note that Schreib er and Dongarra’s method of c= hoosing the rays of the dep endence

cone abstraction. a new basis for the iteration space requires dep enden= ces which are distance vectors;

the method can= not b e directly applied to lo ops with direction vect= ors. They choose the

basis to maximize reuse= based on a simple model of the program. In th= eir model, the

amount of data accessed by anced tile is prop ortional to the surface area of a tile.= This is

certainly true of (n 1)-dimensional arrays in n-dimensional lo ops,= such as are found in

matrix multiply (thei= r primary example), but it do es not hold in general.They do choose

non-square tile shapes u= sing a method similar to the one we present. Theyalsodiscuss

lo calitybetweentiles. T= heir work is largely restricted to unipro cessors, altho= ugh they do

discuss wavefronting tiles parallelism.

2.3.2 Tiling for cache locali= ty

Wolf and Lam have done work on the problem of tiling nested lo ops for ma-

chines with caches[33, 54, 55, 56, 57].The best reference is Wolf ’s thesis[57]; althoug= h long,

it contains everything that the pape= rs contain, plus more space is devoted to clari�cati= on

and examples. An imp ortant considerable contribution of this work is an advance in for

p endence representation. Dependences are re= presented as a combination of distance and

direc= tion vectors, and are required to be lexicographically p= ositive. They use unimo dular

matrices � model lo op transformations. Loop nests are tr= ansformed to get sequences of

fully permutable l= oops. Fully p ermutable lo ops can be free= ly interchanged b ecause all de-

p endences satis�ed regardless of the nesting order of the loare (b ecause the dep endences

are p ositive in= every loop, not just in the outermost lo op).

They strip-mine fully p ermutable nests to form tile= s. They choose the tile size so that

th= ere is no cache interference within a tile. This t= ypically results in using a small fraction

of t= he cache space. They always use square tiles.Square tiles are not generally the optimal

hoice, but changing the lo op nest from one that u= sually misses in the cache to one that

32 CHAPTER 2. RELATED Wc

almost always hits is such a signi�cant sp= eedup that a sub optimal shape choice is not a

critical consideration: tiling for lo cality blo square tiles can reduce execute time by orders

= of magnitude; relative to square tiles, optimally-shap ed = tiles result in a slight p erformance

increase of small constant factor.

Wolf and Lam tiles in parallel using DO-ACROSS parallelism[12]. T= hey do not

consider scheduling tiles to optimize = lo cality between tiles.

In contrast, in thi= s work we target RAM memories instead of caches:lo cal (private)

memories in a distributed m= emory machine, or on-chip RAMs in machines like execute Trans-

puter. There is no cache interfe= rence p ossible. We therefore choose tile a as large as

p ossible sub ject to the size = of lo cal memory. We choose tile es to minimize the number

of non-lo cal acce= sses=2E

Wolf and Lam suggest copying data i= nto a linear bu�er to reduce cache interference.

Skewed rectangular bu�ering, discussed in section 4= =2E5, is closely related to this problem;

fetching shap skewed bu�er is essentially a gather operatio= n, copying data into consecutive

lo cations in f= ast memory.

This work also addresses scgeometric tiles for intertile locality, which Wolf and do

not. Intertile locality is a secondary e�e= ct compared to intratile locality.

2.3.3 Ti= ling for minimal communication

Ramanujam an= d Sadayappan[42, 43, 44, 45, 46] tile to redu= ce communication in distributed

memory parallel compute= rs. They target machines with high communication la= tency, as

opposed to systolic arrays, which ve low communication costs. They choa subset

of the rays of the dep endence cone a= s tiling vectors (they call the rays extreme ve= ctors ),

which requires constant dep endences.= They use simple wavefronting for parallelism. They

o�eraformulafordetermining theoseoftilesin2-dimensional iterationspaces. also develop a test for determining if there is a com= munication-free partition of data to

processors.

Since their ob jective is solely to minimize commu= nication, they use a much more abstract

model ofdatamotion: they measure communication by = taking the dot product of the

dep endence vec= tors and the tiling vectors. Because they assume cons= tant dep endences, this

is a good approximat= ion. In our work, we do not attempt to choose= tiling vectors directly

2.3. TILING 33

to communication. Since we are targeting multipro ce= ssor systems with memory

hierarchies, we �nd tiles= small enough to �t in the fast memory of a single= processor.

We reduce communication by heduling these tiles onto the processors in the wscy that

maximizes locality. Since we make= our �nal selection based on the total execution cost,= our

method is always at least as d as theirs. Because we also include slow memory= fetch

costs in our model, our results should= surpass theirs in cases where memory lo cality within

a processor is more imp ortant than minimizing co= mmunication.

2.3.4 Tiling for locality gi= ven a data distribution

Li and Pingali[34] re= structure loops for lo cality in Fortran D. The us= er describ es how to

decomp ose data among goocessors. Rather than directly applying the \oreduce computes"

rule, the compiler restructures lo ops = so that executing the outermost lo op in parallel results

in maximal locality within each processor. The inner loops are tiled if necessary so that

non-lo cal accesses are blo ck accesses. The t= ransformed iteration space is chosen directly

from = the data access matrix, that is, from the set o= f �ltered reference vectors.

In this thesis, Theye tile for data lo cality even for streams are held entirely within a

single proLi and Pingali’s work does not address this, ointing out instead Wolf

and Lam’s w= ork on data locality within a processor. Their em= phasis is on problem decom-

p osition.

In t= his work, b oth inter-processor and intra-processor lo= cality are addressed, simulta-

neously, the tiling as the mechanism for achieving both. W=e therefore keep a more

detailed model o= f the reference stream: rather than simply generating = the set of all refer-

ence vectors, we keep= a reference matrix associated with each array refere= nce. This allows

us to compute the numb e= r of nonlo cal accesses required by a transformed lo = op nest exactly.

Li and Pingali describ e a = method for completing a tiling basis given a partial = basis.

The work describ ed in this thesis aoids this problem by tiling the data space rather v

the iteration space. We are guaranteed tha= t there are enough reference vectors to span the data space, so completion is not required.

34 CHAPTER 2. RELATED Wusing

2.4 Contributions of this work

thesis investigates compiler techniques for managing da= ta motion through memory

hierarchies without supp This (or interference) from the hardware. This prob= lem is more

di�cult than simply tiling to improe lo cality, because the compiler must also erform all

the duties of a cache: it mp decide what data to bring into fast memory, whe= re to put it,

and when it should be returned slow memory.

The problem is also more d= i�cult than that of standard overlays, bit requires

lo ops in the program to be re= structured. Furthermore, this restructuring should bdone in

a way that maximizes lo cality of refe= rence. Standard overlaying techniques do not ad= dress

these issues.

The tradeo� betwe parallelism and locality is also investigated. I= n our work, b oth

parallelism and lo cality = contribute to reduction of execution time. By using = a cost model

that incorp orates b oth, and by= selecting a tiling basis to minimize this cost function,= the

tradeo� b etween parallelism and lo ca= lity can be neatly addressed.

This work solves the problem of automatically choosing optimal = tile sizes in each

dimension. This alleviates th= e problem of deciding which lo ops to tile, because a= ll loops

can b e tiled, and the tile will be set so that lo ops which need not hae have

b een tiled can b e returned to t= heir source from with a simple p ost-tiling optimization ste= p.

To manage data motion, data accesses mv b e carefully modeled by the compiler writer.

The model of data streams generated by di�eren= t array references in loops is simple and

p o= werful. Reference matrices are an e�ective wa= y to capture exactly the lo cality needed by a compiler. The following cshow how this p owerful model of how data

spaces relate to the iteration space can be used i= n a methodology for managing data motion

in mac= hines with software-controllable memory hierarchies.=

Chapter 3

Cost m= o del fundamentals

The goal of this is to produce a set of compiler techniques for manag= ing data motion

through the memory hierarchy. This chapter and the next three are devoted thesis the devel-

opment of the techniques. Th= is chapter gives an overview of the approach= =2E The �rst section

discusses the approachapters in general terms. The next section describ es information execution model

describing where data resides, h= ow it is moved, and how the computation is erformed.

Based on this execution model, cost criteri= a are develop ed for comparing di�erent lo op nests. Finally, a sp eci�c cost mois develop ed.

3.1 Overview

The goalofanoptimizing compiler istogeneratetheb = estcodep ossible withoutspending an

unreasona= ble amount of time. Any tiling will result in i= ntratile locality. A simple compiler

can ho ose any legal tiling basis, and choose the til= e size to b e the largest rectangular tile

�ts in M 1 . An optimizin= g compiler should expend a little extra e�ort to hoose the

b est tiling basis and then to ch= oose the b est tile size in each The space of all possible legal tiling bases is in�ni= te, so we cannot p ossibly search the

space. The criterion used to evaluate the basis hoice, execution time, is not simple

enough to allo= w analytical choice of a basis from this space. The compiler instead

constructs a set of = candidate tiling vectors, and evaluates each p ossible= combination of

those vectors.

36 CHAPTER 3. COST MODEL FUND= AMENTALS

3.1.1 Candidate tiling vectors

There are several obvious choices for c vectors. Loop index vectors are the entire

p ossibility. Tiling on loop index vcorresponds to strip-mining each loop in the original=

nest, and interchanging the controlling loops= outwards. The set of lo op index vectors = is

always the set of rows of the identity = matrix, and so is written I .

Dependence v= ectors are another possible source of tiling basis vect= ors. For the purposes

of choosing candi= date vectors, the compiler includes input dep endences well as ow-,

anti-, and output-dep as The set of dep endence vectors of the latter thr= ee types is

written D. When augmenectors with input dep endences, the set is written D

+

. Dep endences

p oint out reus= e in the iteration space. Choosing dep endences wil= l allow the maximum

p ossible lo cality b= etween di�erent tiles, as will be shown = in Chapter 5.

There are two problems with using= dep endences as candidate basis vectors. The �= rst

problem is that the rank of the dep endence se= t is often less than n, even when input dep = en-

dences are included. This does not preve= nt us from using dep endences in the candidate set, but the dep endence vectors are not su�cient dimension.y themselves for tiling, even though they p oint out all the available reuse.

second problem with using dep endences as candidate vecto= rs is that tiling basis

vectors must be in= teger-valued. When dep endences are distance vec= tors (i.e., every entry

is a range consisting of= a single integer), or can b e represented using di= stance vectors, the

dep endences can b e used = directly as candidate basis vectors. Non-constant dep= endences

(direction vectors) cannot b e used a= s candidate vectors unless they can be convinto

integer-valued vectors.

Reference vecto= rs are another good choice for candidate vectors. Since they point in the

direction of incre= asing subscripts for each dimension of an array, cut= ting with hyperplanes

p erpendicular to them res= ults in tiles that reference rectangular subarrays. Thesetofall

referencevectorsiscalledV .

The class of extreme vectors, or = rays of the dep endence cone, are also guaranteed The be

legal. We denote this set of vect= ors E . Ramanujam and Sadayappan[42, 43, 4= 4, 45, 46] use

these vectors for tiling, c Schreib er and Dongarra b egin with a subset of thes= e vectors,

modifying them to get an orthogonal = basis. Including these vectors in the candidate allows the extremes of the space of legal that to b e searched.

3.2. EXECUTION MODEL 37

Th= e last class of vectors to consider as candidate ve= ctors is V ? . These are ve= ctors

which are p erpendicular to all the referenc= e vectors of a stream. The vectors of ? are

essentially (augmented) dep e= ndence vectors, but they are much easier to derive, a= nd are

always constant integer vectors.

Unfortunately, of the above classes (I c D

+ ; V ; E ; V ? ), only I and E are necessarily legal

vectors; the vectors of D + , V , and V ? mbe �ltered against the dep endence set.

3.1.2= An example

Since the compiler will evaluate= every linearly indep endent subset of the candidate v= ector

set, including so many di�erent kinds= of vectors may seem costly. Fortunatelyust in most real

programs several of the sets di= scussed above overlap considerably. the example of

matrix-matrix multiply, shown= in Figure 3.1.

for i =3D 1 to n for j =3D 1 to n do

for k =3D 1 to n = do

c[i,j] =3D c[i,j] + a[i,k] * b[k,j];

Fig= ure 3.1: Matrix-matrix multiply

The index vset in any program is I , the identity ector For matrix multiply, I

consists tiled the three vectors i; j; kThe dep endence vector set of matrix multiply c= ontains

the single vector (0; 0; p 1), a ow-dep endence in the k-lo op dimensions c. The augmented dep endence

set also f(1; 0; 0); (0; 1= ; 0); (0; 0; 1)g, b ecause there are input dep endences in the i direction for

b[k,j], in the j direction= s for a[i,k], and in the k direction for c[i,j]. The reference

vector set of the three vectors i; j; k= =2E Since the dep endence matrix is not of full rank, the rays of the dep endence cone include a = basis for the space spanned by D (in case, k), and a basis for the null space = of D (in this case, i and j). The ectors of V

? =3D I

= b ecause V =3D I . All of these ar= e legal vectors; the union of all the sets is just I . There is

only one tiling basis hoice in this case, I .

3.2 mo del

The �nal code must iterate = over the all the iterations in the original c space. The

iterations are divided into gro= ups called tiles using the methods describ ed in the p= revious

38 CHAPTER 3. COST MODEL FUND= AMENTALS

chapter. A set of outer lo ops (c= alled controlling lo ops) will iterate from tile to til= e. The loop

b ody of these outer lo will �rst fetch from M 2 into= M 1 the data required to execute t= he

division (or a superset of the data required).Inner loops perform the computations of tile. Finally, the data that has changed is stor= ed back. Data motion that is lo op-invarianthe

in the innermost controlling loop is moved ou= tward to the �rst controlling loop in which i= t

is not invariant.

When there is more = than one write-reference to a single variable, a problem

b ecomes apparent. Since each s= tream is bu�ered separately, we must ensure that = writes to a

particular array element are copied into= each bu�er that currently holds that element. = The

dep endence vectors give us precisely the inf= ormation that we need. We must b e certain t= hat

any dep endences from one stream to another s= tream are satis�ed either by the ordering of

the= computations, so that there is never any element i= n common b etween any two bu�ers

the same variable, or else we must insert co= de to p erform the necessary up dates to

each s= tream when they do overlap. For the time b e= ing, we will ignore this problem, since

it seems e= asily solvable; instead we concentrate on the costs execution that lead us to

choose our basis.

Once the tiling basis is chosen, we can= generate code in terms of symb olic interplane spacing factors. The tiled code for matrix-multiply = is shown in Figure 3.2.

for i =3D 1 to = n by � i do

for j 1 to n by � j do

for = k =3D 1 to n by � k do for ii =3D i to min (n, ii+�

i -1) do

for jj =3D j to min (n, jj+� j -1) do

for kk =3D to min (n, kk+� k -1) do

c[ii,jj] =3D c[ii,jj] + a[ii,kk] * b[kk,jj];

= Figure 3.2: Tiled matrix-matrix multiply

3.3 Cost= criteria

Execution time, or at least k execution time, is always the �nal arbiter in c= ompiler

decisions. In tiling, however, the = computation time remains the same, since the same

amou= nt of computation will be p erformed by antiled lo op nest. Furthermore, since all

3.3. COST CRITERIA 39

y lo ops will b e tiled regardless of basis cthe overhead of each tiled lo op nest is the same. Di�erent tiling bases can therefore b e c= ompared solely on the amount of time sp ent

d= oing slow memory accesses.

Furthermore, in the mac= hine model of Figure 1.2, data cannot be operat= ed on in M 2 ,

so evdata item accessed in a loop must be brought i= nto M 1 at least once. Thi= s cost

will be the same for any tiled lo = op also. The di�erence b etween two di�= erent tiling bases is

then the sum of two t= erms: the numb er of times a data item is bro= ught into fast memory

after the �rst = time, and the number of times a data item is bro= ught into M 1 and not at all. The �rst kind of access is called refetch. The latter is called an overfetch.

Refetching is often necessary for at least some= data items. In matrix-matrix multiply,

fo= r example, each row of the a matrix must ev= entually b e co-resident with every column of b, and every column of b must evatually be co-resident with every row of a. If M

1 is too

= small to contain an entire matrix, some refetching m= ust occur.

Overfetching results when the compil= er for some reason fetches data that is not used.

Data might be overfetched by the hardwa= re that requires accesses to have a minimum size

(like a cache line, or a disk sector), or it mi= ght b e overfetched b ecause of code generatio= n

tradeo�s. Since the source code lo ops can= be very complex, using the same lo op structure

as the computation loops to fetch or store d= ata may be ine�cient. We can instead const= ruct

a new set of loops, which have ery as many lo ops as the data has dimensions, to fet= ch

the data. In doing so, some is of course lost. Following Irigoin’s method [= 4],

we will fetch the convex hull o= f the data elements referenced. This can introduce verfetch.

If data is fetched that will er be used in the division for which it was hed, that data

is said to have been ofetcerfetched. This can happ en, for instance, if t= he convex hull of data

used in a contains data items that are not used in that (see Figure 4.5).

The compiler has the choice = of fetching the convex hull of the data division using a simple

lo op guaranteed to fetch = each data item only once, or using the source lo op. The source

lo op will fetch exactly division data needed, but may fetch the same element sev= eral times. The

cost of the savings in not fe= tching the same data multiple times is that some data= may b e

fetched that are never used.

One last cost that must be incorp orated is indirect cost: the cost of overallo cation.

Whe= n space is allo cated in fast memory that is not an for data used in a tile, that space

is = overal located. The cost of overallo ca= ted space is the numb er of cycles of slow memor= y

40 CHAPTER 3. COST MODEL FUND= AMENTALS

access that must b e performed nev would not have to be p erformed given more e�cient

allo cation.

3.4 Cost mo= del

Since the cost of the computation is the = same for any tiling, the relative cost of eactiling can be compared by measuring the time sp = ent accessing slow memory. Each contributes its own p ortion to the total cost. Th= e cost of a stream s is the numb er of ti= mes

a blo ck of data must be fetched (or= stored) for that stream, denoted � s , times the amount

of time sp ent hing the blo ck. The fetch time p er blo k is modeled as a �xed access time

p er blo= ck, plus a linear cost per word. Letting c b be the cost p er blo k, c w the cost per

wo= rd, and � s the number c words allo cated in M 1 s, the total cost is

X

s= 2streams

� s � = (c b + c w � � s ) (3:= 1)

The size of the tiles is dep endent on the= bu�ering mechanism used by the compiler, and on the relative fraction of fast memory dedicated to e= ach stream. The bu�ering mechanism

determines = the e�ciency with which data is packed into fetc 1 . The relative fraction of M 1

spent on each tile deter= mines the size of each blo ck. The numbe= r of blo ck fetches per stream

dep ends pr= imarily on how the tiles are scheduled for execution.

Chapter 4 describ es bu�ering techniques, and = de�nes � s as a function stream the tile size

vector ~ � a . Scheduling is discussed in Chapter 5; the schedu= le determines � s , also as function

of ~ � . Chapter = 6 describ es how the cost model is evaluated once= � s and � s are known in

terms of the tile sizes.

Chapter 4

Bu�ering= schemes

In this chapter we describ e= the techniques used to store data in M a1 . This requires deciding,

for = each tile in the iteration space, which data is used b= y that tile and must b e fetched, and

w= here in M 1 that data will bstored. Two facets of the cost model are explain= ed in this

chapter: the amount of data f= etched for a tile and the amount of M 1 space dedicated to

each stream. Both= are computed in terms of the symbolic tile size = vector ~ � . The subscript

functions needed for code generation are also = describ ed. The compiler needs a subscript

funct= ion for the full-size arrays in M , and another subscript function for the temp arrays in M

1 .

The = �rst section of this chapter describ es how the it= eration space is transformed prior

to generate e The second section introduces the machinery requ= ired to discuss bu�ering

techniques. In third section, the mechanism for choosing among bu�= 3ering methods is

discussed, and �nally there is= a section on each method.

4.1 Tra= nsformation theory

The compiler has to generate= co de to execute a tiled loop nest from the sourc= e lo op nest.

Rather than trying to directly solv= e for the loop b ounds given arbitrary normal theectors to

the cutting hyp erplanes, the com= piler transforms the iteration space so that the normal vectors are elementary vectors (they p oint alon= g the axes). Each lo op can then b e strip-

mined, and the inner lo ops of each new o are interchanged inwards to form tile lo ops.

The n-dimensional vector ~ p i= denotes a p oint in the source iteration = space. A point ~ p t

42 CHAPTER 4. BUFFERING in the transformed space is related to the original = iteration space by

~ p t = =3D B ~ p i (4:1) which can be rewritten ~ p

i

=3D B

-1 ~ p . It is clearer for exp ository purp oses if information new set of loop

index variables is used i= n the transformed lo op, at least in the general case. The vector

of lo op index variables in th= e source code is denoted ~

{; in transformed space the loop

index variable vthe is ~ t. Note that ~ t =3D B~{ must hold for these ectors.

4.2 Bu�ering theory

Bu�ering = techniques are applied indep endently to each For each stream, a size

requirement in ter= ms of ~ � is computed. These s= ize requirements are used together to

compute the rela= tive fraction of M 1 to be dedicat= ed to each stream after scheduling is

p erformed= =2E The rest of this chapter deals with size function= s and address generation for

a particular stream.

1

The stream is generated by the kv th reference to v in the lo op nest,

hoice, is denoted v:k. The reference matrix as= sociated with this stream is normally denoted

R v:k , but since bu�ering deals =3D a single stream, R v:k abbreviated for the rest of the

chapter as R.

The matrix R is a � � = n-dimensional matrix, where � is the numb= er of dimensions of

v. R maps ite= rations in the source loop nest to p oints in data space of the referenced

array. The ele= ment of v used by an iteration point ~ the i is ~ s, a -dimensional vector. The

relationship betw= een ~ p i and ~ s is given by

~ s =3D p i (4:2)

Com� 4.1 and 4.2 results in

~ s =3D = RB -1 ~ p t :3)

The matrix R maps source iterati= ons to array elements. The iteration-to-array (4t

transformation in the transformed space is giv= en by the matrix S =3D RB -1

, which is also a

1 I= f the target M 1 memory is a reg= ister �le which cannot be referenced via indexing, op unrolling mustb e

applied since each register m= ust be sp eci�cally named. Wolf[57] describ es = this pro cess in detail.

4.2. BUFFERING THEORY � � n-dimensional matrix. In the = transformed co de, references to v:k[Rlo{ + ~ c] are replaced

with v:k[S ~ t + ~ c= ]. The matrix S is called a subscript mat= rix. Rows of S are called vectors. Subscript matrices and subscript vare the transformed-space counterparts

of reference matri= ces and reference vectors.

While subscripting function= s for the source arrays are easily given in terms = of the it-

eration space vector ~ i (~ s =3D R~ p p ) or the transformed iteration space vector = ~ p t (~ s =3D S = ~ p t ),

it is much = more convenient to give the bu�er-array subscrip= ts in terms of the iteration

space vector wi= thin a tile, which is denoted ~

� . ectors example will help to illustrate the point.

F= igure 4.1 shows a two-dimensional lo op nest. The= grey area represents the extent of the

b subscript matrix; the iteration space is limited to the lowe= r triangle. The n-vector ~

{ i= s the source

iteration space vector; for the de in the �gure, ~

{ =3D

2

6 4 i

k

3

7 5 .

for i =3D = 1 to 12 do

for k =3D 0 to i-1 do

w[i= ] =3D w[i] + b[i,k]*w[i+k];

6

- k

i 1 2 3 4 5

6 7 8 9 11 12

1

2

= 3

4

5

6

7

8

9

= 10

�

�

�

�

�

�

�

�

�

�

Figure 4.1: A two-dimensional loop nest

Whe= n transformed by B , ~

{ b~ t, which is also an nector. Imagine that the

compiler will skew t= he inner lo op prior to tiling so that all references t= o the variable w are

expressions inv-v only a single lo op index variable. The new b= asis is B =3D

2

6 4

1 0

�1 1

3

= 7 5 .

For this choice = of B , ~ t =3D

2

6

4 u

v

3

7= 5 =3D

2

6 i

�i + k

7

5 . The transformed code shown in Figure 4.2.

The grey area represents = the b matrix as b efore, now skewed along wi= th the iteration space.

After transformation, the l= o op nest is strip-mined, and the controlling lo ops = are in-

terchanged so that they are The inner n lo op indices then form the tile-space=

iteration vector ~

� . The til= ed code for the example program is shown in Figure = 4.3. Each tile

can be considered to have = its own coordinate system, with its origin in the outermost.wer left corner

of the tile (in n dim= ensions, in the corner of the tile closest to the is in the transformed

44 CHAPTER 4. BUFFERING SCHEMES

for u =3D 1 to 12 do

for v =3D 0 to= 12-u do

w[u] =3D w[u] + b[u,u-v]*w[v];

6

-

v

u 1 2 3

4

5 6 7 8

9

10 11 12

1

2

3

4

5

6

7

8

9

10 @

@

@

@

@

@

@

@

@

@

Figure 4.2: The same= loop nest skewed

space). In the co de, ~ t is the vector (; vv), and ~

� is the ve= ctor (uu � u; vv � v= As

an example, the iteration ~ p i

=3D (9; 5) in the origina= l source lo op is the iteration ~ p uu =3D (5; 5)

in the transform= ed space. After tiling, this iteration lies in the ti= le that has its origin at

~ p t

=3D (4; 3). Within that tile, it tile co ordinates ~ p

� =3D @; 2).

for u =3D 1 to 12 by �= 4 u do

for v =3D 0 to 12-u b= y � v do

for uu =3D u to= min(12, u+� u -1)

for = vv =3D v to min(12-u, v+� v -= 1)

w[u] =3D w[u] + b[u,u-v]*w[v];

6

- v

u 1 2 3 4 5

6 7 8 9 11 12

1

2

= 3

4

5

6

7

8

9

= 10 @

@

@

@

@

@

@

@

@

@

Figure 4.3: The examp= le lo op nest skewed and then tiled

4.3 = Two bu�ering methods

Bu�ering is handle= d by cases. If rows of R are in B , the corresponding rows of S will be elementary vectors, that is, rows of I . = In this case, a method called rectangular is applied. If S =3D I , bu�ering = is trivial. Each tile uses a rectangular submatrix o= f v. The

space requirement is the prod= uct of the tile dimensions. The data can be bu�= ered in an

array in M 1 tha= t has the same dimensionality as the tile. The bu= �er subscript is ~

� , and

the so= urce array subscript is ~ p t = =2E

4.4. RECTANGULAR BUFFERING If S has less than full rank, but the rows= of S are rows of I , the same basic m= ethod

applies. If the j th row of is the kth row of I , the size requi= rement in dimension j of the

bu�er array = is � k . The bu�er array subsc= ript function in the j th dimension is given b� k .

When S a sp ecial form describ ed in Section 4.5, the tile re= ferences a skewed n-

rectangle (a paralle= lepip ed) of data. While rectangular bu�ering b e applied in this

situation, it is much could space-e�cient to use a method called skewed re= ctangular bu�er-

ing. In this method, a hasewed n-rectangle of data is copied into M 1 . The data is unskewed as it is copied in, so that a rectangular array i= s used as bu�er space.

In fact, skewed rect= angular bu�ering is a generalization of rectangular bu�er= ing. How-

ever, rectangular bu�ering is useful for two reasons. First, it serves as= a gentle intro-

duction to the kind of ad= dressing mechanism required for the more general case. = Second,

rectangular bu�ering is more or less for= ced on the compiler when the M 2 memory is strongly

blo ck-oriented. If the M= 2 memory intrinsically deals with yte blo cks, for example, the

compiler mab e forced to deal with such blo cks (b ecaus= e, for example, the memory may

not supp ort difying a partial blo ck, but may require that t= he entire blo ck b e written

back if y p ortion is modi�ed).

4.4 Rectangularbu�ering

To simplify code generation, = the compiler could require the blo cks allo cated in, = and p ossibly

moved into, M 1 to be rectangular subarrays of the data stored i= n M

2 . It was pout

earlier that when S =3D I , space = requirements and subscripts functions are trivial. In ointed

section, rectangular bu�ering for general S an is discussed. When S 6=3D I , o= verallo cation

results, and overfetching b = ecomes a p ossibility (recall that overallo cation mea= ns space is

allo cated in M for data that is not required for a tile, and oerfetching means data is

copied from M

2

into M 1 that wi= ll not be used in a tile; space can be overal= lo cated even if

no data is ever copied into= that space). For this reason, the prototyp compiler uses skewed

rectangular bu�ering wh= en necessary. Rectangular bu�ering may be a r= easonable choice for

other compilers (for if M 2 access time signi�cantly re= wards rectangular blo cks),

and so some genera= l analysis is included here.

Since the range of d= ata needed by a division can be other than rectangula= r, the smallest

rectangular sup erset of the data = required by a division will b e allo cated in M 1 . The convex

46 CHAPTER 4. BUFFERING hull [5, pageref ?] of the data required w= ill be fetched prior to execution of the This

can lead to overallo cation and overfet= ching. In Figure 4.4, the iteration space is divide= d

by vectors lying at �45 �= , that is, B =3D

2

6

4

1 �1

1 1

3

7 5 . A data stream with re= ference matrix

R =3D I (i.e., a tdivision.o-dimensional array oriented in the obvious waywith the �rst dimension

parallel to the i axis an= d the second parallel to the j axis) will require extra= data to be

allo cated p er tile. Twtiles are highlighted in light grey, marked \A" an= d \B". The data

space allo cated for these tiles = include the tiles themselves and also the darker grey re= gions.

Note that not only is data allo cated that i= s not used for a particular tile (like the lower lef= t

corner of \A"), but data can be allo cated t= hat is not even referenced by the iteration (the upp er left corner of the allo cation for \A"= ).

6

-

i j

�

�

�

�

�

�

� �

�

�

�

�

�

�

� �

= 000

�

�

�

�

�

�

� @

@

@

@

@ @

@

@

@

@ @

@

@

@

@

@ @ @

A

B

Figu= re 4.4: Overallo cation of data required for bu�ering

Figure 4.5 shows how overfetch= ing can occur. On the left side of the a division

of a larger iteration space is shown. This division consists of four iterations of the k= -lo op.

The convex hull of the data used= in the division include several p oints that �gure, not be

fetched (open circles). On th= e right hand side of the �gure, we can see that = this problem

can b e made arbitrarily bad; by i= ncreasing the coe�cient of k in the lo op b o= und expressions

for the i loop, the ratio rectangular data fetched to data used can be made high. In real

programs, access patterns are dense, but it is not uncommon for the iteration space to b e of higher dimensionalit y than the data space= =2E In both examples in the �gure, the

iterat= ion space is three dimensional (the \k" dimension= extends outward from the page),

while the da= ta space is two-dimensional. Pro jecting a higher-d= imensional iteration space

onto a lower-dimensional= data space is often a cause of non-dense access patter= ns.

Reference vectors show directions of increasing= subscripts for each dimension of an arrayIf we use reference vectors as dividing vwe are dividing the iteration space into

ectors, that reference rectangular sub-blo cks of the data. T= his eliminates overallo cation

4.4. RECTANGULAR BUFFERING

6

-

1 2 4 5 = 6 7 8 9 10 11 12 13

1

2

3

4

5

6

i j

q q q q

q q q q

q q q

a a a a a a

q q q q

q q q

q q q q

a a a a a

q q q

q q q q

q q q q

a a a a a a

q q q q

q q q q

q q q q

� �

� � �

for k =3D 0 to 3 do

i =3D 3k+1 to 3k+3 do

for j =3D i-3k to i-3k+3=

. . . A[i,j]. . .

6 -

1 2 3

4 5 6 7 8

9 10 11 12 13

1

2

= 3

4

5

6

i j

q q q

a a

a q q

q q

a a a

q q

q a a

a a

q q q

for k =3D 0 to 3 do

for =3D 4k+1 to 4k+2 do

for j =3D 1 to 2 do

. . . A[i,j]. . .

Figure 4.5: erfetch of data using convex hull methofor those streams that have all of their referenc= e vectors in the dividing basis, assuming

dense = data access. If there are exactly n distinct refer= ence vectors (and they are linearly

indep endent),= we can use the reference vectors as tiling vectors and the resulting tiles

will have no= overallo cation. 2

Note that basis is not necessary to choose exactly the referen= ce vectors of a stream to lower

the memo= ry requirements: if vector ~ a is to a reference vector than vector b (the

relative angle between a and the reference vector is smaller than angle b etween ~ b and the reference vector), then choosing ~ areduces theoverallo cationin comparisontocosing

~ b, as shown in 4.6. In the �gure, b oth tiles encompass the sam= e area, so b oth have

the same numb e= r of computations and the same number of data ele= ments (because of the

orthogonality of R

1;�

and R 2:� ). However, the ovcated areas (shown by the dashed

are much larger when the partitioning vector is ved farther from the reference

vector.

2 Recall that we made the assu= mption in Chapter 1 that the dimensionalit y of the da= ta space equals

the dimensionalit y of the iterat= ion space. If a dividing of the data space is be= ing sought, rather than a

tiling of the entire ite= ration space, only � linearly indep endent vectors are required, where � is the

dime= nsionalit y of the data space.

48 CHAPTER 4. BUFFERING SCHEMES

- 6 R ;�

R 2;�

- B 1;� B

B BM B 2;� =3D ~ a

� � �

� � �

-6 R = 1;�

R 2;

- B 1;� J J ]

B 2;=3D ~ b

�

�

� = � �

Figure 4.6: Overfe= tch varies inversely with the closeness of dividing= vectors to reference

vectors

4.4.1 Sel= ection of basis vectors

Rectangular bu�ering le= ads us to choose reference vectors (elements of = V ) as dividing

vectors, b ecause this res= ults in no overallo cation for the streams whose refer= ence vectors

are in the dividing basis. If are many reference vectors to choose from, pri= ority goes

to the vectors of high-dimensioned ar= rays, since much more fast memory space is wasted=

when they are overallo cated.

Space allocation

The memory requirement � v s for a stream v s

can b e found by taking the produc= t of the

memory requirements for each of the = dimensions of the associated variable. As an 4.4.2 a

one-dimensional array will require enough memory= to store every element from the smallest-

indexe= d element referenced to the largest. A two-dimensi= onal array will require the product

of its range and its y range. Let ~ s min i be the smallest subscript v= alue of data referenced

by a tile in dimension= i. Similarly, let ~ s max i

be the largest referenced subscript v= alue along

dimension i. The formula for memor= y required can b e written:

� Y

i=3D1

�

~ s max i � ~ s min i

+ 1

�

Wnowneedaformulaforthenumberofpetslyinginaparticulardivisionofthe

iteratio= nspace. Consider a generic tile. We can cons= ider the corner that occurs �rst in the

sequentia= l order to be the origin. In order for a poi= nt ~ p i in the original ite= ration space to

lie within the tile, it must b = e that 8j : ~ p i = 001 B j;� � 0 and als= o 8j : ~ p i �B j;� � � j . That is, for

4.4. RECTANGULAR BUFFERING ~ p

i to lie within the til= e, we must have

0 � B ~ p i � ~ �

This set of inequalities gives a b ound on p oints that can lie in a tile. This in turn

allows us to compute the parts of an array that = can b e referenced by that division. Each

di= mension i of variable v has an assothe subscript vector in the new basis space i;� .

The maximum and S referenced elements are given by ~ max i =3D max(S i;� � ~ p t = and

~ s min i =3D= min(S i;� � ~ p t ) over the division 0 � ~ p t < ~

� . Thus, our earlier expression for the

amount of memory required by the stream p er di= vision b ecomes:

� v:k =3D

� Y

i=3D1 s 2

6 4

0

B @ max S

i;� � ~ = p t

sub ject to 0 � ~p t < ~ �

1

C A �

B

@ min S i;�= � ~ p t

sub = ject to 0 � ~ p t < ~ �

1

C A + 1

3

7 5

(4:4)

Note that every corner of division has the form (~ p t

1

; ~ p t 2 ; . . . ; ~ p t n

) where either ~ p i =3D 0

or ~ t i =3D � � 1. We can �nd the maximum value b= y summing S i;j (� j

� 1) if S i;j is p ositive,

and zero if it is not. Con= versely, we can �nd the minimum by summi= ng S i;j (� j � 1) if S i;j

is n= egative, and zero if it is not. This allows us to �= 14nd the maximum and minimum values

in linear t= ime in n. The memory requirements are expressed s= ymbolically, as a p olynomial

in the unkno= wn � i ’s. A more general di= scussion of �nding b ounds of a linear function in i

iteration space can be found in Chapter 4 of = Banerjee’s book on dep endence analysis[7].

6

-

v

u 1 2 3

4 5 = 6 7 8 9 10 11 12

= 1

2

3

4

5

6

7

8

�

� �

@

@ S

1;�

S 2= ;�

Figure 4.7: Nonlinearity in the tile size expression

If the vectors of R are in B , an= d the vectors of B which aren’t in R are = perp endicular to

50 CHAPTER 4. BUFFERING the vectors of R, then S is a p er= mutation of � rows of the identity matrix. In this case, �

v:k

is a= simple product of the tile size factors (i.e., �= 26 v:k =3D � i

�

j � k )= =2E This is not true in general,

however, a= s is shown in Figure 4.7. A tile with dimension ~ � =3D (9; 3) is sho= wn as a solid box.

An array is referenced w= ith subscript vectors S 1;and S 2;�

. dark grey area corresponds

to the size of da= ta that must b e allo cated for the tile using recta= ngular bu�ering. When

the tile size is increased= to ~ � =3D (12; the increase in � u causes an incr= ease in the size

requirement for both dimensions the array (the allo cation requirement is shown as a=

lighter grey area). Increasing the single dimension increases the data requirement for

the tile = in b oth the R 1;� and R 2;� directions. size requirement is proportional to the

square of � u in this case.

4.5 = Skewed rectangular bu�ering

When S h= as a particular form, the range of data accessed by of tile has the shap e of a skewed

3), Rather than allo cating a bu�er that corresp� to a rectangular part of the

source array, = the compiler can allo cate a bu�er that corresponds t= o a skewed-rectangular

section of the source arra= y. This results in little or no overallo = cation (overallo cation is only

p ossible for p= artial tiles at the edges of the iteration Skewed rectangular bu�ering is a linear transformati= on from a k-dimensional paral-

lelepip ed skewed k-rectangle) to an orthogonal k -re= ctangle. Section 4.5.1 de�nes pre-

cisely what = is meant by a parallelepip ed. Section 4.5.2 desc= rib es the form the subscript

matrix S mus= t have in order for the set of data referenced y the iterations of a tile to form

a ed in the data space. Section 4.5.3 derives the t= ransformation itself, using the

idea of rep eatable parallelepipernels. Finally, Section 4.5.4 describ es the all= o cation used for skewed

rectangular and derives the M 1 size in terms of the tile size vector

~ requirement .

4.5.1 Skewed rectangles

Ske= wed rectangles can be used for two di�erenbu�ering, purp oses by the compiler. Tiles in the

= iteration space can b e represented as skewed rec= tangles, and sometimes the data accessed

by the ite= rations of a tile can b e represented as a skewrectangle. When the data accessed

does form ed skewed rectangle, the compiler can use a linear tr= ansformation to unskew the

4.5. SKEWED RECTANGULAR BUFFERING 51

data, so that it can be stored with n= o waste. We now de�ne precisely what is me= ant by a

skewed rectangle.

De�nit= ion 1 Given a integer basis K =3D (~ e 1 ; ~ e 2 ; ~ e 3 ; . . . ; ~ e k ) for k-= space, the unit paral-

lelepip ed P (= K ) is the set of vectors which are onvex linear combinations of the basis

ctors. Speci�cal ly,

P (K )= =3D n

~ v j~ v 2 R k and ~ v =3D v

1

~ e 1 + v 2 ~ e 2 + . .= . + v k ~ e k o

where 0 � v i � 1 for al l i.

Geometrica= lly, a unit parallelepip ed is a region of real spa= ce (i.e., the k-dimensional

space of real umb ers). There is a corresponding structure in t= he integers:

De�nition 2 Given an inte= ger basis K =3D (~ e 1

; ~ e

2 ; ~ e

3

; . . . ; ~ e = k ) for k-space, the int= eger paral-

lelepip ed � (K ) is= the set of integer-valued vectors which are onvex linear combinations of

the basis ctors. Speci�cal ly,

�(= K ) =3D n

~ vj~ 2 Z k and ~ v =3D a 1 ~ e 1 + a 2 ~ e 2 + . . . + a k ~ = e k o

where 0 = 024 a i < 1 for al l i.

-

6 i

j

1 2 3 4 5 6 7 8 = 9 10

1

2

3

4

5

6

7

8

�

�

�

� �

~ e

1

� � = � � � � : ~ e 2 � � � � � � � �= 30 � �

�

� � � �= � � � � �

� � � � � � � �= 30 � � � �

�

� � � �= � � � � �

� � � � � � � = 030� � � � � � � �= 0� � � � �

� � � � � � � �= 02 � � � �

� � � �

� � � � �= � � � �

� � � �= 2 � � �

�

� � � �= 2 � � � �

� � � �= 2 � �

c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c= c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c s

s s

s s s s

s s

s s

Figu= re 4.8: Example of unit parallelepip ed b orders

An imp ortant di�erence in the de�nitions is t= hat � (K ) does not contain all c its border.

The b order hyp erplanes whi= ch do not pass through the origin are excluded. In = this way,

52 CHAPTER 4. BUFFERING when k-space is tessellated with copies of integer parallelepip ed, the excluded b orders

will an e included in other parallelepip eds. Each p oi= nt b elongs to exactly one copy. As example, examine the parallelepip eds of Figure 4.8.The set of points b elonging to the

parallel= epip ed at the origin are shown with solid dots. Ite= rations not belonging to that tile

are shown u= sing open circles. As the set of iterations is copi= ed to �ll 2-space, each integer

p oint in 2-= space will belong to exactly one copy.

set of iterations executed by a tile can now b e = describ ed as simply the set of

p oints belongi= ng to some copy of an integer parallelepip ed. Theleftside ofFigure4.9

shows two The vectors in a 2-dimensional iteration space. is a pair of hyperplanes

p erpendicular to ea= ch basis vector; one de�nes the lower extent= of the tile with respect to

the basis vecto= r, and the other de�nes the upp er extent of the = tile with respect to the basis

vector. The = result is a parallelepip ed with one corner at the origin= =2E The parallelepip ed is

subtended by a set = of vectors denoted , as shown on the right of the �gure. The set

of iterations in tile is then � ( ).

-=

6

i j

1 2 3= 4 5 6 7 = 8 9

1

2

3

4

5

6

7

P P P P P q B 1;�

C

C

C CO

B

2;�

C C C

C C C C

�= 2

P P P P

P

P P P P P

P

P P P P P

P

P P

� �

� � � � � � � � � � � � � �= 30� � � � � � � � � � � � � � � �

�

�= 02

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�= 02

�

�

�

�

b b b b b b b b b b b= b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b

r r r r

r r

r r r r

r r

r r

r r

r

r r r

r r

-

6

i j

1 2 3

4

5 6 7 8 9 10

1

2

3

4

5

�= 02

�

�

� �

� � � � � � � � � � � : 2 1

� � � � �= � � � � � � � �= 0� � � � � � � �= 0 � � � � � � � �= � � � � � � � �= 0 � � � � � � � �= 0 � � � � � � � �= 0 � � �

�

� � � �= 2 � � � �

� � � �= 2 � � � �

� � � �= 2 � � � �

� � � �= 2 � � � �

� �

b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b

= b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b r

r r

r r r

r r r

r r r r

r r r

r r r

r

Figure 4.9: Tiles are unit parallelepip eds

Once the lo ops are transformed to the new basis spa= ce, they are simply strip-mined to

form tiles. I= n the transformed space, tiles are therefore n-dimen= sional rectangles with edges

parallel to the axes n-orthorectangles). The set of rays an n-orthorectangle in the

transformed The rays which subtend this n-orthorectangle space. the diagonal matrix

=3D diag( ~ � ). 3 In the original ite= ration space, the tiles form parallelepip eds subtended = by

the vectors of B -1 = 011. This is the matrix B -1 form row i scaled by � .

3 The diagonal array= diag( ~ � ) has zero es ev= erywhere except the diagonal; the ith diagonal element= is � i .

4.5. SKEWED RECTANGULAR BUFFERING 53

The subscript matrix S maps in the transformed space into elements in the

space of an array. When the image under S of the orthorectangle P ( ) is P = (�))16 b(for)149 364 y(some)f(�,)f(the)g(data)g(accessed)h(b)o(y)g(= the) f(iterations)h(in)g fv(�)r fy(( ))f(form)g(a)g(unit)h(parallelepi= p)t (ed)g(in)h(the)e(data)149 449 y(space)f(of)e(the)i(referenced)g(arra)m(y)= m (.)18 b(This)13 b(parallelepip)t(ed)g(is)f(what)g(the)g(compiler)h(m)o(us= t)f (store)f(e�ciently)149 534 y(in)16 b fv(M)246 541 y fr(1)266 534 y fy(= =2E)k (Section)c(4.5.2)e(describ)r(es)i(the)f(conditions)h(necessary)g(for)e(th= is)i (to)e(b)r(e)h(the)h(case.)149 683 y fo(4.5.2)56 b(What)18 b fb(S)k fo(m)m= (ust) d(b)r(e)149 797 y fy(The)f(follo)o(wing)g(theorems)f(describ)s(e)g(the)h(= form) f fv(S)j fy(m)n(ust)d(ha)o(v)o(e)g(in)i(order)e(for)g fv(S)r fy(()p fv(P= )6 b fy(( )))17 b(to)g(b)q(e)h fv(P)6 b fy((�))149 882 y(for)14 b(s= ome) g(�,)f(that)h(is,)g(in)h(order)f(for)f fv(S)j fy(to)e(map)g(an)g fv(n)= p fy (-orthorectangle)g(in)o(to)g(a)f fv(�)r fy(-parallelepip)5 b(ed.)19 b(= The) 149 966 y(k)o(ey)14 b(insight)f(is)i(that)e(the)g(set)h(of)f(iterations)h= (in) g(a)g(tile)g(is)h(a)e(con)o(v)o(ex)g(com)o(bination)i(of)e(the)h(v)n(ecto= rs)g (of)f( .)149 1051 y(Since)19 b fv(S)g fy(is)e(a)g(linear)h(transformat= ion,) d(the)i(image)g(of)f(a)g(tile)i(under)g fv(S)h fy(is)e(the)g(set)g(of)f(v= )o (ectors)g(whic)o(h)149 1136 y(are)f(a)g(con)o(v)o(ex)g(com)o(bination)h(o= f)f (the)g(images)g(of)g(eac)o(h)g(v)o(ector)g(of)g( )g(under)h fv(S)s fy(= =2E) 149 1258 y fw(Theorem)h(1)23 b fn(The)16 b(set)f fv(V)610 1265 y fs(C)655= 1258 y fn(of)h(ve)m(ctors)g(forme)n(d)g(by)g(c)n(onvex)f(line)m(ar)h(c)n(ombin= ations)f(of)h(a)g(set)f fv(V)1808 1265 y fs(L)1850 1258 y fn(of)h fv(m)149 13= 43 y fn(ve)n(ctors)f(in)g fv(k)q fn(-sp)n(ac)n(e,)h fv(k)d fp(�)g fv(m)p fn= (,)j (forms)f(a)h(p)n(ar)n(al)r(lelepip)m(e)n(d)g(with)g(one)f(c)m(orner)h(at)= g (the)f(origin)h(if)f(ther)n(e)g(is)g(a)149 1427 y(subset)g fv(V)310 1434 = y fs (B)356 1427 y fn(of)g fv(V)435 1434 y fs(L)476 1427 y fn(which)h(forms)g(= a)f (b)n(asis)g(for)h fv(k)q fn(-sp)m(ac)n(e,)g(and)f(al)r(l)g(ve)n(ctors)g(i= n)g fv(V)1508 1434 y fs(L)1542 1427 y fp(�)9 b fv(V)1613 1434 y fs(B)1658 = 1427 y fn(ar)n(e)15 b(either)h(zer)m(o)149 1512 y(or)h(a)g(p)n(ositive)e(multi= ple) i(of)f(some)g(ve)n(ctor)g(in)g fv(V)972 1519 y fs(B)1002 1512 y fn(.)149 = 1634 y fw(Pro)q(of:)26 b fy(W)l(e)19 b(m)n(ust)f(sho)o(w)g(that)f(if)i fv(V)80= 3 1641 y fs(L)847 1634 y fy(can)f(b)r(e)g(partitioned)h(into)f fv(V)1359 16= 41 y fs(B)1407 1634 y fy(and)g fv(V)1525 1641 y fs(L)1563 1634 y fp(�)12 b = fv (V)1637 1641 y fs(B)1685 1634 y fy(as)18 b(describ)s(ed,)149 1719 y(ev)o(= ery) d fv(k)q fy(-v)o(ector)g(whic)o(h)g(is)h(a)e(con)o(v)o(ex)h(com)n(binatio= n)h (of)f(the)g(v)n(ectors)g(of)f fv(V)1427 1726 y fs(L)1468 1719 y fy(is)h(a= )f (con)o(v)o(ex)h(com)o(bination)149 1803 y(of)g(the)g(elemen)q(tary)f(v)o(= ectors)g(of)h(some)g(basis)h(�.)j fv(P)7 b fy((�))14 b(is)i(the)f(par= allelepip)t(ed)h(formed.)220 1888 y(Here)e(is)g(ho)o(w)g(to)f(construct)h(�= 1:) 19 b(order)13 b(the)h(set)g fv(V)1078 1895 y fs(L)1117 1888 y fy(so)g(tha= t)f (the)h(basis)g(v)o(ectors)f((mem)o(b)q(ers)h(of)f fv(V)1895 1895 y fs(B)= 1925 1888 y fy())149 1973 y(are)i(n)o(um)o(b)q(ered)g fv(V)462 1980 y fr(1)48= 1 1973 y fv(;)8 b(V)529 1980 y fr(2)548 1973 y fv(;)f fy(.)g(.)h(.)f fv(;)g= (V) 676 1980 y fs(k)697 1973 y fy(;)14 b(the)h(v)o(ectors)f(not)g(in)i(the)e(= basis)h(are)g(n)o(um)o(b)q(ered)g fv(V)1590 1980 y fs(k)q fr(+1)1656 1973 y f= v (;)7 b(V)1703 1980 y fs(k)q fr(+2)1769 1973 y fv(;)g fy(.)h(.)f(.)g fv(;)= g (V)1897 1980 y fs(m)1930 1973 y fy(.)149 2057 y(De�ne)769 2160 y fv(m)= p fy (()p fv(i;)g(j)r fy())12 b(=3D)962 2062 y fg(8)962 2099 y(>)962 2111 y(= <)962 2186 y(>)962 2199 y(:)1020 2123 y fv(a)41 b fy(if)16 b fv(V)1154 2130 y f= s (j)1185 2123 y fy(=3D)d fv(aV)1284 2130 y fs(i)1020 2208 y fy(0)42 b(othe= rwise) 149 2315 y(so)21 b(that)f fv(m)p fy(()p fv(i;)6 b(j)r fy())22 b(=3D)g(0= )e(if) h fv(V)643 2322 y fs(j)683 2315 y fy(=3D)h(0)e(or)g(if)i fv(V)919 2322 y = fs(j) 957 2315 y fy(is)f(not)f(a)h(p)q(ositive)f(m)o(ultiple)j(of)d fv(V)1579 2= 322 y fs(i)1593 2315 y fy(.)36 b(Note)20 b(that)g(it)h(is)149 2399 y(not)c(p)r(= ossible)h(that)e fv(a)g(<)g fy(0,)g(b)r(ecause)h(then)h(there)f(are)f(p)r(oin= )o (ts)h(along)g(the)g(ra)n(y)g fv(V)1568 2406 y fs(i)1598 2399 y fy((and)g= fv (V)1733 2406 y fs(j)1751 2399 y fy())g(on)g(b)q(oth)149 2484 y(sides)e(o= f)d (the)i(origin;)g(the)f(parallelepip)t(ed)h(formed)f(w)n(ould)h(ha)o(v)o(e= )f (to)g(include)i(the)e(origin,)h(which)f(w)o(ould)149 2569 y(preclude)j(it= s)f (b)q(eing)g(a)f(corner.)19 b((The)14 b(theorem)g(can)h(b)q(e)f(extended)= i (to)d(allow)g(negativ)o(e)i fv(a)p fy(’s;)e(w)o(e)h(w)o(ould)149 2653 y(t= hen) i(w)o(an)n(t)f fv(m)p fy(()p fv(i;)7 b(j)r fy())12 b(=3D)h fp(j)p fv(a)= p fp (j)i fy(or)f(0.)20 b(See)c(footnote)f(4)g(on)g(page)g(55)g(for)f(a)h(sk)o= (etc) o(h)g(of)g(the)g(extension.))220 2738 y(The)20 b(set)f(of)g(column)i(v)o= (ectors)e(�)810 2745 y fs(i)844 2738 y fy(=3D)h(()917 2706 y fg(P)961 271= 9 y fs (m)961 2750 y(j)r fr(=3D1)1031 2738 y fv(m)p fy(()p fv(i;)7 b(j)r fy()= )V

i for i =3D 1; 2; . . . ; k form a basis for

k -space. Any vector ~ v whicis a convex linear combination of the vectors of= V L is a convex

54 CHAPTER 4. BUFFERING linear combination of the columns of �, and v= ice versa. Thus P (�) is a parallel= epip ed

which is exactly the set of vectors form= ed by a set of convex linear combinations of V L . �

Theorem 2The set V C of vectors hd by convex linear combinations of a set V L of m

vectors in k -space, k � m, forms a paral lele= piped with one corner at the origin only if e

is a subset V B of V

L

which forms a basis for k-spac= e, and al l vectors in V L � V B are either

z= ero or a positive multiple of some vector in ther B .

Proof: If V

L

has rank less than k, the space = spanned by V L is lower-dimensi= onal than

k-space, so V can’t b a k-parallelepip ed; therefore, V L has rank k, and there is a set of = k

vectors V B � V

L

which forms a basis for kAll that is left is to show that the vof V

L � V B= are either zero vectors, or positive mu= ltiples of some vector in V B .=

Let basis which induces the ked b e the set of vectors �. All the vectors= in

V L must have elem= ents in the range [0,1] when written in basis �, bec= ause each vector of

V L trivially a convex combination of all the vis in V L (so each vector i= n V L must lie in

the pa= rallelepip ed formed). From now on, consider vectors in this new basis. There are k

corners of the parallelepip ed which are elementary ve= ctors � i . � i is a convex combination

of some = of the vectors in V L , and sin= ce the V L are everywhere non-negat= ive, � i can be

expressed= as the sum of all the vectors in V L= with non-zero entries in the ith positi= on. But

since � i is an el= ementary vector, it is zero everywhere else, which impl= ies that the vectors

that were summed to form = it are also zero everywhere else. Thus there all exactly k + 1

equivalence classes of -parallelepipectors in V L : one class consi= sts of the zero vectors, and the other k

cl= asses consist of p ositive multiples of � i , for i =3D 1; 2; = =2E . . ; k. Each class must havat least

one entry. Any basis for k-space must necessarily contain at least one entry fro= m each of

the classes other than the zero class.= Any set of k vectors, one chosen from = each class, can

form V B e required. �

Theorem 3 Given a= basis for n-space and a line= ar transformation S of rank � from n= -

space to � -space, � = � n, S (P ( )) is a un= it paral lelepiped P (�) for basis � of � -space

if and= only if the columns of S can be sepated into two set of vectors S B =3D fS 1 ; 2 ; . . . ; S g

and S A =3D f= S �+1 ; S �+2 ; . . . ; S n g, where S B forms a = basis for � -space and the vectors of S A

are either zero vectors = or positive multiples of some vector in S B .

Proof: Follows immedia= tely from the previous two theorems, by noting since P ( )

is formed by taking thatvex combinations of the vectors in 0 , S (P ( )) will a= lso b e formed

4.5. SKEWED RECTANGULAR BUFFERING 55

by taking convex combinations of a= set of vectors (in this case, the images under = S of the

vectors in ). �

Now we can state the form S must ha= ve in order for the data used by a tile to b e= a

skewed rectangle. The columns of S must be partitionable into two sets; one set= of � vectors

forms a basis for the d= ata space. The other columns must b e zero, or p = ositive multiples of

one of the basis columns. 4

If the tiling basis B is cfrom the set of reference vectors, the subscript matr= ix

S =3D RB -1 of anstream whose reference vectors are in B will ba p ermutation of vectors

from the identitmatrix. Reference vectors therefore are good c= hoices for candidate vectors.

To see that the p= ro jection of a parallelepip ed onto a lower-dimensi= onal space does not

always yield a parallelepi= p ed, imagine a three-dimensional cub e, as it is y depicted in

a two-dimensional medium (see th= e left side of Figure 4.10). The pro jection e the

viewer’s central axis yields a �gure (on the right side of the same

Figure 4.10: A cub e and its pro j= ection into 2-space

4.5.3 Transforming a= parallelepiped to a cub e

In the iteration space, a tile is an n-orthorectangle, subte= nded by the rows of

the matrix =3D

56 CHAPTER 4. BUFFERING number of integer vectors in the k -cu= b e it is mapp ed into.

If S is not unimo= dular, the accesses of the stream aren’t dense: transformed items which lie in

the parallelepip ed may n= ot actually b e accessed by any iteration in the ti= le. In particular, if

S i S j ; S k ; . . are multiples of one another, data is not = densely accessed unless the multiples

are relatively p= rime (ignoring the possibility of multiple streams ref= erencing the same arrays

resulting in a dense pat= tern overall). In this work, no e�ort is ma= de to coalesce p ossible

non-dense accesses; the ent= ire parallelepip ed of data is stored, assuming every da= ta element

in the parallelepip ed is 4.5.4 Allocation and space requirements

In order to understand the linear transformation a parallelepip ed to a cub e of the

same size, = the reader must �rst understand how the hyp erpla= nes which are used to index

into the data are s= paced and numb ered. The next section describ from hyperplane spacing.

The section after that desc= rib es an allo cation procedure for the data. �nal section

describ es the linear transformati= on that results.

Hyperplane spacing

section describ es how hyperplanes p erpendicula= r to normal vectors are numb ered, and

ws how to ensure that enough hyperplanes are sho but not too many.

An illustrative example wi= ll b e helpful in the discussion. The left side Figure 4.11

shows two normal vectors a two-dimensional space. In the middle diagram, herplanes

normal to the �rst vector are shoyp In the rightmost diagram, hyperplanes p erpen= dicular

to the second normal vector are shoThe hyp erplanes are regularly spaced so that ery

integer lattice point intersects some hyp erpl= ane. It is possible that a few hyp erplanes will=

not intersect lattice points if the tile is = very small, but every lattice point must lie ev some

hyperplane.

De�nition 3 Let= ~ n be a normal vector. The vec= tor ^ n is the smal lest multiple of ~ n with al l

integer entries. The isctor ^ n is cal led a GCD-1 ector, because the greatest common of the elements of ^ n is 1, and ^= n has al l integer entries.

The vyp erplanes are numb ered so that the plane thro= ugh the origin is numb ered 0, and

numb= ers increase in the direction of ^ n. number of the plane in which a p oint ~ p lies is

4.5. SKEWED RECTANGULAR BUFFERING 57

-

1 2 = 3 4 5

1

2

3

4

C

C

C

C

C

CO

~ n 1

P P P P P q

~ n 2 r r r r r r r r r r r r r r r r r r r r r r = r r r r r r r

-

6

1 2= 3 4 5

1

3

4

C

C

C

C CO

~= n 1

r r r r r r r r r r r r r r r r r r r r r = r r r r r r r r

� �

�

� � � �

� � � � � � �

� � � � � �

� � � � � �

� � � � � �

� �

�

� � � �

� � � � � � �

� � � � � �

� � � � � �

� � � � � �

� �

�

� � � �

� � � � � � �

� � � � �

� �

�

� � � �

�

� �

� �

�

� � �

� � � � � � � � � � -

6

= 1 2 3 4 5

1

2

3

4

P P P P P q

~ n 2 r r r r r r r r r r r r r r r r r r r r r r r r r r r r

�

�

�

�

� �

�

�

�

�

� �

�

�= 2

�

�

� �

�

�

�

� �

�

�

�

�

� �

�

�

�= 2

�

� �

�

�

�

� �

�

�

�

�

� �

�

�

�

�= 2

� �

�

�

�

� �

�

�

�

�

� �

�

�

�

�

�= 2 �

�

�

�

�

�

�

� � �

�

�

�

� �

�

�

�= 2

� �

Figure 4.11: Hodata relates to the transformed iteration space

given by ^ n � ~ p. The set of solutions ~ x to ^ n �= 01 ~ x =3D k for integer k corresp= ond to the set

of hyp erplanes p erpto ^ n with ^ n � ~ =3D 0 being the hyperplane passing through the

origin. There is clearly a hyp erplane that pas= ses through any given integer-valued p oint ~= p,

b ecause ^ n and p are integer-valued (so ^ n ~ p must b e integer-valued). The f= ollowing theorem

shows that there is alwaat least one integer-valued p oint in plane k= :

Theorem 4 For any GCD-1 vector ^ n, ^ n � ~ =3D k has at least one integer-valued solut= ion ~ p 0 .

Proof:Let ~ a be the vector of non-zero = elements of ~ n. There is at least one n= on-zero

element. Consider the set of integer= s T that can expressed as the dot product of= some

vector ~ x with ~ a, that is, T =3D fcjc =3D ~ x � ~ ag. Let T + b e the p ositive part of = T , i.e.,

T + =3D fcjc =3D ~ x � ~ aandc > 0g. We know + is non-empty b ecause (1; = 0; 0; :::; 0) � ~ a endicular T

and also (�1; 0then 0; :::; 0) � ~ a 2 T . By the Well-Ordering Theorem of modern algebra[49],= any

non-empty set of positive integers has= a non-zero least element l. So l > = 0 and l =3D ~ x 0 w ~ a for

some ~ x 0

. Dividing each element a

i of ~ a by l, we have = a i =3D lq i + r i (q i is the quotient and r

i

th= e remainder), and 0 � r i l for all i. Then

r i =3D a i � li

=3D a i �= 0 q i (~ x 0 � ~ a)

=3D a i

+ k X

j =3D= 1

�q i x 0 j a j

a i (1 � q i x i 0 ) k

X

j =3D1;j 6=3D= i

�q i x

0

j a j

Th= us, r i can be written as =3D dot product of an integer vector with ~

, so r i 2 T a for all

i. Since r i < l and l is the least element = in T + , it follows that i =3D 0 for all i, so l = =3D ~ a � ~ x 0

div= ides a i for all i. Sinc= e the greatest common divisor of the elements of ~a is 1, it follows

58 CHAPTER 4. BUFFERING that l =3D 1 so ~ a � x

0 =3D 1. Obviously then ~n � ~ p =3D 1 has a solution whe= re p i =3D 0 if the

correspond= ing element of ~ n is zero, and an elemenof ~ x 0 otherwise. If ~= p 0 is a solution to

t p � ~ n =3D 1, then ~ p 0 =3D k~ p 0 i= s a solution to ~ n � ~ p =3D= k. �

Theorem 4 states that ther= e is at least one integer point in every plane whe= n the normal

vectors are GCD-1 vectors. It has already b een shown that every integer p= oint lies on a

plane. Thus without a ~ knowledge of the size of the parallelepip ed, this = spacing of

normal hyp erplanes is both necessary = and su�cient.

A set of k linearly indep enden= t normal vectors form a basis for k-space. An= y integral

p oint ~ p in k-space can b e written in the new basis as p new =3D N ~ p wh= ere N is the basis

matrix formed from the norm= al vectors. The position of point ~ in dimension i of the

new basis is simply= ~ n � ~ p. If ~ n is a GCD-1 vector, this p osition is also the n= umb er of the

hyperplane which passes t= hrough the p oint in the system of hyperplanes des= crib ed earlier.

For our parallelepip ed subtende= d by the columns of �, the normal vectors are g= iven by

the rows of �

. The numb er of planes in direction i is given by � �;i = � GCD-1(� -T �;i

), where

GCD-1(~ n) ^ n is a function mapping any integer ve= ctor to its GCD-1 multiple.

As parallelepip eds are= used to tessellate n-space, each parallelepip ed= abutting the next,

each parallelepip ed has integer-valued point for each corner. It is eas= y to see that each

parallelepip ed must therefo= re contain the same numb er of integer-valued oints, and that

the number of p oints m= ust equal the volume of the parallelepip ed. The= volume of the

parallelepip ed subtended by th= e vectors of � is simply jdet �j.

A similar argument can be used to sho= w that the number of integer points p a tile

lying on each hyperplane p endicular to a given normal vector must be same, and

that in fact, each hyp erplane mus= t have the same numb er of points on it.The numb er of

p oints in the paralle= lepip ed which lie on any hyp erplane perp endi= cular to the ith normal

vector is the the number of p oints in the parallelepip ed= divided by the numb er of planes,

or jdet �j

� �;i �GCD-1(� �;i ) .

This obser= vation is key to the allo cation procedure, but i= t is not su�cient. The same

integral p t lies on a di�erent plane in each dimension, but = the intersection of di�erent

planes does not ge= nerally lie at an integer point (see Figure 4.13). Usi= ng GCD-1 spacing in

each direction overallo cat= es space b ecause it allo cates an entry for every i= ntersecting point

whether it is integral or An e�cient allo cation allo cates only enough space = for the

integral-valued p oints, as describ ed b= elow.

4.5. SKEWED RECTANGULAR BUFFERING 59

Allo cation

We need to assign= to each dimension i of the parallelepip ed a = numb er alloc i that evenly=

divides the total numb er of points in = the parallelepip ed and the number of planes in di= rection

i. The product of the all= oc i ’s must be equal to the olume of the repeatable kernel. One

way to accomplish this is demonstrated by the pseudo-co d= e of Figure 4.12.

v =3D jdet �vj;

for i =3D 1 to � do

f=

allocation[i] =3D GCD (� �;i � GCD-1(� -T �;i ), v);

v =3D v/all= ocation[i];

g

Figure 4.12: Pseudo-code f= or performing allo cation

Figure 4.13 shows example of allo cation. The parallelepip ed is subtend= ed by � 1 =3D

(12an 3) and � 2 =3D (2; 6). In this case, there are 33 planes in the � 1 direction and 22 planes

in th= e � 2 direction (taking the inver= se matrix and p erforming the inner products). The

volume of the parallelepip ed is 66 integral p= oints. This can either be allo cated using a

33�2 array, as shown on right, or using a 22�3 array, as wn on the left (each line

represents a new ro= w or column). The code above would gene= rate the 33�2 solution.

= -

6

i j

1 2 3= 4 5 6 7 = 8 9 11 12

13

14

1

2

3

4

5

6

7

8

9

� � � � � � � � �= 30 � � � � �

� � � � � � � � � � � � �= 30 � �

�

�

�

�

�

� �

�

�

�

�

�

�

� �

c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c s

s s s

s s s

s s

s s s s

s s

s s s s

s s

s s s s

s

s s s s s

s s s s s s

s s s s s s

s s s s s s

s s s s

s s

s s s s

s s

s s s

s s

�

� � � � � � � � �= 30 � � � �

� � � � � � � � � � � � � �= 30�

� � � � � � � � � � � � � �

� � �= 30 � � � � � � � � � � �

� � � � � � �= 30 � � � � � � �

� � � � � � � � � � �= 30 � � � �

� � � � � � � � � � � � � �= 30

� � � � � � � � � � � � � �

� � � �= 30 � � � � � � � � � �

� � � � � � � �= 30 � � � � � �

� � � � � � � � � � � �= 30 � � �

� � � � � � � � � � � � � �

�= 30 � � � � � � � � � � � � �

� � � � �= 30 � � � � � � � � �

� � � � � � � � �= 30 � � � � �

� � � � � � � � � � � � �= 30 � �

� � � � � � � � � � � � � �

� �= 30 � � � � � � � � � � � �

� � � � � �= 30 � � � � � � � �

� � � � � � � � � �= 30 � � � �

� � � � � � � � � � � � � �= 30�

� � � � � � � � � � � � � �

�

�

�= 02

�

�

�

�

�

�

�

�

�

�

� �

�

�

�

�

�

�= 02

� �

-

6

i j

1 2

3

4 5 6 7 8 9

10

11 12 13

1

2

3

4

= 5

6

7

8

9

�= � � � � � � � �= 0 � � � �

� � � �= 0 � � � � � � � �= 0 � �

�

�

�

�

�

�= 2 �

�

�

�

�

�

� �= 2

c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c

c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c c

s s s

s s s s

s s s s s

s

s s s s s

s s s s

s

s s s s

s s s s s

s

s s s s s

s s s s

s

s s s s

s s s s s

s

s s s s s s

�

�=

�

�

�

�

�

�

�

�= 2

�

�

�

�

�

�

�

�= 2

�

�

� �

�

�

�

�= 2

�

� �

�

�

�

�

�= 2

� �

�

�

�

�

�

�= 2 �

�

�

�

�

�

� �= 2

�

�

�

�

�

� �

�= 2

�

�

�

�

� �

�

�= 2

�

�

�

�

�

�

�

�= 2

�

�

�

�

�

�

�

�= 2

�

�

� �

�

�

�

�= 2

�

� �

�

�

�

�

�= 2

� �

�

�

�

�

�

�= 2 �

�

�

�

�

�

� �= 2

�

�

�

�

�

� �

�= 2

�

�

�

�

� �

�

�= 2

�

�

�

�

�

�

�

�= 2

�

�

�

�

�

�

�

�= 2

�

�

� �

�

�

�

�= 2

�

� �

�

�

�

�

�= 2

� �

�

�

�

�

�

�= 2 �

�

�

�

�

�

� �= 2

�

�

�

�

�

� �

�= 2

�

�

�

�

� �

�

�= 2

�

�

�

�

�

�

�

�= 2

�

�

�

�

�

�

�

�= 2

�

�

� �

�

�

�

�= 2

�

� �

�

�

�

�

�= 2

� �

�

�

�

�

�

�= 2 �

� � � � � � �= 0 � � � � � � � �= 0 � � � � � � � �= 0 � � � �

Figure 4.13: Examples of allo cations

In gen= eral, we need

Q � i=3D= 1 alloc i equal to the vo= lume of the parallelepip ed, and we need

a= lloc i to divide � ;i � GCD-1(� �;i ) for all i.

60 CHAPTER 4. BUFFERING Transforming array subscripts to bu�er subscripts

The matrix � -1 maps the parall= elepip ed of data referenced by a tile into a uni= t k-cub e.

The allo cation mechanism e�ect= ively changes this mapping into a k-cub e some speci-

�ed dimension. Let T b = e the transformation from the parallelepip ed to the desi= red rect-

angular allo cation. The matrix satis�es diag(allo c) =3D T �. Thiscanbere-written

T=3D diag(allo c)�= 1 -1 . In e�ect, the vectors of= the inverse matrix are scaled by the allo catio= n

in each dimension.

In the example of T the parallelepip ed is subtended by the columns = of

� =3D

2

6 4

12 2

3 6

3

7 5

The inverse matrix is

� -1

=3D

2

6 4

6=3D= 66 �2=3D66

�3=3D= 66 12=3D66

3

7 5=

The GCD-1 vectors are (3; �of and (�1; 4). There are (12; 3) � (3; �1) =3D hyp erplanes in

dimension 1 and (2; � (�1; 4) =3D 22 hyp e= rplanes in dimension 2. Using the 33�2 allo c= ation,

the transformation matrix T is given= by

T =3D

2

6 4=

33 0

0 2

3

5

2

6 4

6=3D= 66 �2=3D66

�3=3D6= 6 12=3D66

3

7 5

=3D

2

6 4

3 �1

�1=3D11 411

3

7 5

The transf= ormation T has b een develop ed for parallelep= ip eds at the origin. When

generating the lo o= ps to copy data into or out of bu�ers, the compiler= can easily �nd the

transformed iteration vec= tor ~ t 0 which =3D the origin of the tile (this is trivial in the gene= rated

code; ~ t 0 is just the index vector of the controlling ops). A reference v[R~{ + ~ r] in the

source code is [S ~ t + ~ r] = in the transformed space. This can b e re-written = v[S ~ t 0 += S~

� + ~ r]

to em= phasize the origin of the tile in the data In general, the compiler can generate lo ops to copy = data into and out of the bu�er space

by loop= ing over each element of the bu�er and copying= in or out the appropriate element.

The lo op fo= r copying data from M 2 into = M 1 is of the form

~ k =3D ~ 0 ~ �

buffer[ ~ k+~ r] =3D source-array[S

~

t + T

-1 ~ k + ~ r]

4.6. CONCLUSIONS 61

where ~

� =3D (alloc 1 = � 1; alloc 2 � 1. . .). Recall that ~ t ; the origin of the tile in the transformed

iterat= ion space (at least outside of the innermost computation l= o op), so S ~ t is the origin space.

the parallelepip ed of data referenced by the ti= le. If the array is modi�ed (written), the

bu�er must b e copied back into 2 . The loop for this takes the form

for ~ k =3D ~ 0 to ~ �

source-array[~ t + T

-1 ~

= k + ~ r] =3D buffer[ ~ k + ~ r]

In our running exa= mple, the following code would b e generated to y the data in the

parallelepip ed (see cop 4.13) into a bu�er in M 1 m= emory:

Temporary Array buf[33,2];

for a =3D= 0 to 33-1

for b =3D 0 to 2-1

buf[a,b] =3D= source-array[4a/11+b,-a/11+3b];

The matrix T has determinant 1 but is not unimo dular, because = the entries are not

generally integer (\unimodular"= is used to describ e integer matrices with S of

+1 or -1). The entries of T can be directly used as subscript coe�cients a= ssuming that

integer division p erforms In the execution lo op itself, references to the s= ource array are replaced with refer-

ences to the= bu�er array. Since an element v[= S ~ t 0 + ~ � ] in the source array corresp onds to an element v[T ~

� ] the bu�er array, the �nal variable reference in v buf[T S ~

� + ~ r].

In our example, references to = source-variable[i; j ] would b e replaced wit= h references to

buf[3i-j,-i/11+4j/11].

4.6 Conclusions

This chapter has develop = ed the machinery necessary to implement bu�ering techn= iques

required for software management of th= e memory hierarchy. The easiest mechanism use

is rectangular bu�ering. It can alway= s be applied, but can result in overallo cation = (w)n (asted)149 2384 y(memory)20 b(space))f(when)i(the)f(subscript)g(matrix)g= fw (S)i fz(is)e(not)g(a)f(p)r(erm)n(utation)h(of)f(the)h(v)o(ectors)f(of)h(t= he) 149 2469 y(iden)q(tit)n(y)d(matrix.)24 b(If)17 b(the)g(basis)g(transforma= tion) f fw(B)j fz(is)f(c)o(hosen)f(from)f(the)h(v)n(ectors)g(of)f(the)h(referen= ce) 149 2554 y(v)o(ector)c(set,)g fw(S)j fz(will)e(b)r(e)f(a)g(p)r(erm)n(utat= ion) g(of)g(the)g(identit)o(y)g(matrix)g(for)g(those)g(streams)f(whose)h(refer= ence) 149 2639 y(v)o(ectors)i(are)g(in)h fw(B)s fz(.)220 2723 y(In)21 b(cases)g= (where)g(rectangular)f(bu�ering)h(leads)h(to)e(o)n(v)o(erallo)r(cation,)i(= the) e(compiler)i(can)f(apply)149 2808 y(sk)o(ew)o(ed)d(rectangular)g(bu�er= ing.) 29 b(In)18 b(either)h(case,)f(the)g fw(M)1193 2815 y fr(1)1231 2808 y fz(= memory)f(bu�er)h(size)h(for)e(eac)o(h)h(stream)p eop %%Page: 62 78 bop 0 50 a fz(62)920 b fu(CHAPTER)15 b(4.)35 b(BUFFERING)15 b(SCHEMES)0 = 195 y fz(is)k(giv)o(en)g(b)o(y)f(a)h(form)n(ula)g(in)g(the)g(tile)g(size)h(fact= ors) d fw(�)935 202 y fs(i)949 195 y fz(.)30 b(Using)19 b(sk)n(ew)o(ed)g(re= ctangular)g(bu�ering,)g(the)0 280 y(form)n(ula)f(is)g(linear)g(with)g(resp= )q (ect)g(to)f(an)n(y)h(one)f fw(�)866 287 y fs(i)897 280 y fz(v)n(alue.)= 27 b (With)17 b(rectangular)g(bu�ering,)i(the)e(space)0 364 y(requirement)e= (can) g(b)r(e)g(nonlinear)i(in)f(the)f fw(�)755 371 y fs(i)784 364 y fz(v)m(= alues.)71 449 y(It)i(is)h(imp)r(ortan)n(t)f(to)g(note)g(that)g(using)h(either= )g (bu�ering)g(metho)q(d,)g(a)f(rectangular)g(bu�er)g(arra)n(y)0 534 y= (is) e(referenced)h(in)f(the)g(source)g(co)q(de,)g(using)g(subscripts)h(whic)o= (h)f (are)g(linear)g(in)h(the)f(lo)q(op)g(indices.)22 b(This)0 619 y(kind)d(of= )f (subscript)h(is)g(easily)g(handled)h(b)o(y)e(optimizing)i(compilers)f(whi= ch)f (use)h(strength)e(reduction)0 703 y(and)e(similar)i(optimizations)f(to)e(= impro)o(v)o(e)h(execution)i(time.)p eop %%Page: 63 79 bop 1897 50 a fz(63)149 558 y fo(Chapter)35 b(5)149 828 y ft(Sc)m(heduli= ng) 42 b(the)e(tiles)149 1079 y fz(Chapter)16 b(4)g(sho)n(w)o(ed)g(that)g(the= )g (n)o(um)o(b)q(er)g(of)g(arra)m(y)g(elements)g(allo)r(cated)g(in)h fw(M)15= 19 1086 y fr(1)1555 1079 y fz(p)q(er)f(stream)f(for)h(eac)n(h)149 1164 y(til= e)e (is)f(a)f(simple)i(function)g(of)e(the)h(tile)g(size)h(v)n(ector)1038 115= 2 y fw(~)1035 1164 y(�)s fz(.)19 b(The)12 b(next)h(step)g(is)g(to)f(�nd= )h (a)f(form)n(ula)h((in)g(terms)149 1248 y(of)206 1236 y fw(~)203 1248 y(= 014) r fz())j(for)g(the)h(n)o(um)o(b)r(er)f(of)h(times)g(the)f(data)g(in)i(th= ese) f(bu�ers)g(m)n(ust)g(b)q(e)g(mo)o(v)n(ed)g(from)f(one)h(memory)149 133= 3 y (to)d(the)h(other.)k(The)c(compiler)g(can)g(then)g(�nd)g(the)f(total)g= (cost)g(of)g(data)g(motion)g(for)g(a)g(tiling)i(in)f(terms)149 1418 y(of)204 = 1406 y fw(~)201 1418 y(�)r fz(.)20 b(This)c(will)h(allo)o(w)e(the)g(compile= r)i (to)e(�nd)g(the)h(v)m(alue)g(of)1229 1406 y fw(~)1226 1418 y(�)h fz= (that)e(minimizes)i(data)e(motion.)220 1502 y(A)22 b(na)-5 b(�)-18 b(�v= )o (e)22 b(compiler)h(w)o(ould)f(simply)i(cop)n(y)e(the)g(data)f(from)g fw(M= ) 1349 1509 y fr(2)1391 1502 y fz(into)g fw(M)1534 1509 y fr(1)1575 1502 y = fz (b)r(efore)g(eac)o(h)h(tile)h(is)149 1587 y(executed,)14 b(and)g(cop)n(y)= f (it)h(bac)n(k)f(afterw)n(ards.)19 b(The)13 b(n)o(um)o(b)r(er)g(of)f(times= )h (a)g(bu�er)g(is)g(mo)o(v)n(ed)h(is)f(then)g(t)o(wice)149 1672 y(the)k(= n)o (um)o(b)q(er)g(of)f(tiles)i(in)f(the)g(iteration)g(space.)24 b(A)16 b(sim= ple) i(optimization)g(is)f(to)f(eliminate)i(the)f(cop)o(y)149 1756 y(bac)o(k)e= (into)f fw(M)391 1763 y fr(2)426 1756 y fz(for)h(read-only)g(data.)20 b(This)= 15 b (mak)o(es)g(the)g(n)o(um)o(b)q(er)g(of)g(times)g(a)g(bu�er)g(is)h(copi= ed)g (either)149 1841 y(the)g(n)o(um)o(b)q(er)f(of)g(tiles)h((for)e(read-only= )i (data))f(or)f(t)o(wice)i(that)e((for)g(writable)i(data).)220 1926 y(A)= e (more)g(complex)h(optimization)g(tak)n(es)g(adv)m(an)o(tage)e(of)h(the)g(= fact) g(that)f(sometimes)i(data)e(resident)149 2010 y(in)h(an)e fw(M)304 2017 y= fr (1)336 2010 y fz(bu�er)h(for)e(one)i(tile)h(ma)n(y)e(also)h(need)g(to)= f (b)q(e)h(resident)f(for)g(the)g(next)h(consecutively)g(executed)149 2095 = y (tile.)224 2079 y fr(1)270 2095 y fz(Shared)18 b(data)e(need)i(not)e(b)r(= e)h (mo)n(v)o(ed,)g(but)h(can)f(sta)n(y)g(resident)f(in)i fw(M)1480 2102 y fr= (1) 1517 2095 y fz(un)o(til)g(di�eren)o(t)f(data)f(is)149 2180 y(required.= )34 b (This)20 b(can)g(eliminate)h(a)e(substan)o(tial)h(amoun)o(t)f(of)g(data)g= (motion.)32 b(T)l(o)20 b(determine)g(when)149 2264 y(data)g(ma)n(y)h(b)q(e)g(= shared)f(b)q(et)o(w)o(een)h(consecutiv)o(ely-executed)i(tiles,)f(the)e(compil= er)i (m)n(ust)e(b)r(e)g(able)h(to)149 2349 y(determine)g(the)f(execution)h(ord= er)e (of)g(the)h(tiles.)34 b(F)l(urthermore,)20 b(an)g(optimizing)h(compiler)g= (should)149 2434 y fm(cho)n(ose)h fz(the)c(execution)h(order)f(to)g(maximize)= h (the)f(amoun)o(t)g(of)g(data)f(b)r(eing)i(reused.)29 b(Cho)q(osing)19 b(t= he) 149 2518 y(execution)e(order)e(is)g(called)i fm(sche)m(duling)i fz(the)d(= tiles,)f(and)h(that)e(is)i(the)f(sub)s(ject)g(of)g(this)h(c)o(hapter.)149 260= 0 y 718 2 v 201 2657 a fl(1)219 2673 y fy(It)d(is)h(p)q(ossible)i(for)e(only)= g ff (some)f fy(of)h(the)f(data)i(used)f(b)o(y)g(a)g(tile)g(to)g(b)q(e)g(used)= g (in)h(the)e(next)i(tile.)20 b(The)13 b(tec)o(hniques)j(used)149 2718 y(in= )g (this)f(thesis)g(address)h(only)f(full)h(sharing)g(on)f(a)f(stream)g(basi= s)i ((that)f(is,)g(if)f(all)i(of)e(a)g(stream’s)h(data)f(used)h(in)h(one)e(t= ile) 149 2764 y(is)h(used)f(b)o(y)g(the)f(same)h(stream)g(in)g(the)f(next)h(ti= le)=2E)20 b(P)o(artial)15 b(sharing,)g(in)f(which,)f(for)g(example,)i(half)f= (of)g (the)f(data)h(could)149 2810 y(remain)h(resident,)e(requires)h(more)f(com= plex) h(addressing)i(tec)o(hniques)f(to)e(b)q(e)g(used)h(for)e(accessing)j(the)= e (data)h(in)f fe(M)1845 2814 y fl(1)1863 2810 y fy(.)p eop %%Page: 64 80 bop 0 50 a fz(64)864 b fu(CHAPTER)15 b(5.)35 b(SCHEDULING)15 b(THE)g(TIL= ES) 71 195 y fz(In)23 b(the)g(next)f(section,)j(some)d(basic)i(theory)e(and)h= (notation)f(is)h(introduced.)44 b(Sc)o(heduling)25 b(for)0 280 y(unipro)r(ces= sors) 11 b(is)g(then)g(co)o(v)o(ered.)19 b(F)l(or)10 b(unipro)r(cessors,)h(lo)r= (calit)o(y)g(b)r(et)n(w)o(een)g(tiles)h(is)g(the)f(only)g(signi�can)q(t)0 = 364 y (sc)o(heduling)18 b(goal.)k(Section)17 b(5.3)e(discusses)i(v)n(arious)f(a= pproac)n(hes)h(to)e(integrating)g(tiling)i(for)f(memory)0 449 y(managemen)o(t= )e (and)i(parallelism)h(using)f(a)f(simple)h(form)f(of)g(parallelism.)0 630 = y fv (5.1)70 b(Sc)n(heduling)21 b(issues)0 759 y fz(In)16 b(the)g(�rst)g(pa= rt)f (of)g(this)h(section,)h(in)o(tertile)g(lo)q(cality)f(is)g(describ)s(ed)g(= in)g (detail.)23 b(The)16 b(second)g(part)g(of)0 844 y(this)g(section)h(addres= ses) e(the)h(question)h(of)e(whether)h(the)g(compiler)h(should)g(sc)n(hedule)h= (b)q (efore)e(�nding)0 929 y(a)f(tile)h(size)g(v)o(ector)f(or)f(afterw)n(ar= ds,) h(since)h(the)f(t)o(w)n(o)g(problems)h(are)f(closely)h(interrelated.)0 10= 80 y fn(5.1.1)55 b(In)o(tertile)16 b(lo)q(calit)n(y)0 1194 y fz(Recall)j(that)= e (the)g(input)i(program)d(is)i(an)f fw(n)p fz(-deep)i(nested)e(lo)r(op.)26= b (After)17 b(tiling,)i(there)f(are)f(2)p fw(n)g fz(lo)r(ops.)0 1278 y(The)= j (outer)g fw(n)g fz(lo)r(ops)g(select)g(a)g(tile)h(to)f(execute,)h(and)f(t= he)g (inner)h fw(n)g fz(lo)q(ops)f(execute)h(the)f(iterations)0 1363 y(within)= f (that)e(tile.)28 b(The)18 b(outer)f(lo)q(ops)h(are)f(called)i fm(c)n(ontr= )n (ol)r(ling)e(lo)n(ops)p fz(,)h(a)f(term)g(coined)i(b)o(y)e(W)l(olf)h(and)= 0 1448 y(Lam[33)o(,)d(55,)g(56].)21 b(Recall)d(the)e(earlier)g(example)h(of= )e (matrix-matrix)h(m)n(ultiply)o(.)21 b(The)16 b(source)g(co)q(de)h(is)0 15= 32 y (a)e(3-deep)h(nested)f(lo)r(op)g((Figure)g(3.1).)k(The)c(tiled)i(co)q(d= e)f (is)f(a)g(6-deep)h(nested)g(lo)r(op)f((Figure)g(3.2).)71 1617 y(The)c(t= iling)i(basis)f fw(B)i fz(de�nes)f(the)e(shap)r(e)g(of)g(the)h(tiles.)19 b= (It) 12 b(also)f(de�nes)i(a)e(p)q(ossible)i(execution)f(order)0 1702 y(of)1= 8 b (the)g(tiles:)26 b(the)19 b(iteration)f(space)g(can)g(b)r(e)g(transformed= )f (to)h(the)g(new)g(basis,)h(tiled,)h(and)e(the)g(tiles)0 1786 y(executed)g= (in) h(the)e(resulting)i(order.)26 b(The)18 b(innermost)g(con)o(trolling)g(lo)= r (op)f(w)o(ould)h(then)g(b)r(e)f(executing)0 1871 y(along)i(the)f(directio= n)i (of)e(the)h(last)f(basis)h(v)o(ector)f fw(B)914 1878 y fs(n;)p fk(�)96= 6 1871 y fz(.)29 b(It)19 b(is)g(p)r(ossible,)h(ho)o(w)n(ev)o(er,)f(that)f(r= eordering)0 1956 y(the)e(execution)g(of)f(the)h(tiles)g(w)o(ould)g(lead)h(to)= d (additional)j(lo)r(cality)l(,)e(in)h(the)g(form)f(of)g fm(intertile)h(lo)= m (c)n(ality)p fz(.)0 2040 y(In)o(tertile)21 b(lo)r(calit)o(y)f(results)g(w= hen) g(t)o(w)n(o)g(tiles)g(share)g(data,)g(and)g(those)f(tiles)i(are)e(execute= d)i (directly)0 2125 y(after)14 b(one)i(another)f(on)g(the)g(same)g(pro)q(ces= sor,) f(so)h(that)g(the)g(shared)g(data)g(need)h(not)f(b)q(e)h(mo)n(v)o(ed.)71 = 2210 y(In)o(tertile)h(lo)r(calit)o(y)g(is)g(indep)r(endent)f(of)g(the)h(execut= ion) g(order)f(within)i(a)e(tile:)23 b(the)17 b(inner)g fw(n)g fz(lo)q(ops)0 2= 294 y (can)22 b(b)q(e)g(executed)g(in)g(an)o(y)f(order)h(allo)o(w)o(ed)f(b)o(y)= h (dep)r(endences.)40 b(The)21 b(problem)i(addressed)f(in)g(this)0 2379 y(c= )o (hapter)15 b(is)h(ho)n(w)f(to)g(select)h(the)f(ordering)h(of)f(con)n(trol= ling) i(lo)q(ops)e(to)g(minimize)i(data)e(motion.)71 2464 y(A)k(stream)f fw(s)p= fz (,)i(generated)f(b)o(y)h(arra)m(y)f(reference)h fq(v)p fw(:k)g fz(and)f(h= a)o (ving)h(subscript)g(matrix)f fw(S)r fz(,)h(is)g(said)0 2549 y(to)f(b)r(e)= h fm (p)m(erp)n(endicular)25 b fz(to)19 b(a)g(lo)r(op)h(direction)812 2537 y f= w (~)817 2549 y(b)f fz(if)h fw(S)928 2537 y(~)933 2549 y(b)f fz(=3D)i(0,)f(= that)f (is,)i(if)f(ev)o(ery)g(subscript)h(v)n(ector)f(is)0 2633 y(p)r(erp)q(endi= cular)13 b(to)331 2621 y fw(~)336 2633 y(b)e fz((since)i(basis)f(v)n(ectors)= f (are)g(used)i(lo)q(op)f(execution)g(directions,)h fw(S)h fz(is)e(p)r(erp)= q (endicular)0 2718 y(to)g(the)h(basis)g(v)o(ector)f fw(B)406 2725 y fs(i;)= p fk (�)461 2718 y fz(if)h(and)g(only)g(if)g(the)g fw(i)p fz(th)f(column)i(= of)e fw(S)r fz(,)h fw(S)1159 2725 y fk(�)p fs(;i)1201 2718 y fz(,)f(is)i(ze= ro)=2E)k(If)13 b fw(s)g fz(is)g(p)r(erp)q(endicular)0 2803 y(to)i(the)h(inne= rmost) g(con)o(trolling)h(lo)r(op,)f(then)g(the)g(data)f(brough)o(t)g(into)g fw(= M) 1284 2810 y fr(1)1320 2803 y fz(for)g fw(s)h fz(can)g(b)r(e)g(k)o(ept)g(i= n)g fw(M)1773 2810 y fr(1)p eop %%Page: 65 81 bop 149 50 a fu(5.1.)35 b(SCHEDULING)15 b(ISSUES)1164 b fz(65)149 195 y(= o)o (v)o(er)16 b(the)h(en)o(tire)h(innermost)f(lo)q(op.)25 b(If)17 b fw(s)g f= z (is)g(p)r(erp)q(endicular)i(to)d(the)h(next)g(lo)q(op)g(as)g(w)n(ell,)h(t= hen) f(it)h(can)149 280 y(b)r(e)d(held)i(lo)q(cally)g(throughout)d(b)r(oth)h(l= o)q (ops,)g(and)g(so)g(on.)220 364 y(Figure)i(5.1)e(illustrates)j(this)e(p)r(= oin) o(t.)24 b(The)16 b(co)q(de)h(on)g(the)f(left)h(is)g(the)f(source)h(lo)r(o= p.) 23 b(The)17 b(co)q(de)g(on)149 449 y(the)i(righ)o(t)f(is)i(the)e(tiled)i(= co)q (de)f(b)r(efore)f(bu�er-cop)o(ying)h(lo)r(ops)f(ha)o(v)o(e)h(b)q(een)g= (inserted.)31 b(The)19 b(reference)149 534 y(to)d fq(A)g fz(has)g(all)h(its)f= (subscript)h(v)o(ectors)e((the)h(only)h(one)f(is)h((1)p fw(;)6 b fz(0))123= 7 517 y fl(T)1277 534 y fz(corresp)q(onding)17 b(to)e(the)h(subscript)h fq(i)p = fz ())149 619 y(p)r(erp)q(endicular)k(to)d(the)g(innermost)h(con)o(trolling= )g (lo)r(op)f((the)g fq(j)g fz(lo)r(op)g(in)i(the)e(co)q(de)h(on)g(the)f(ri= gh)o (t;)h(its)149 703 y(direction)i(v)o(ector)d(is)i((0,1)).)30 b(As)19 b(= iterations)g(of)g(the)g fq(j)g fz(lo)r(op)g(are)g(executed,)h(the)f(same)g(da= ta)g (sta)n(ys)149 788 y(resident)d(in)g fw(M)418 795 y fr(1)454 788 y fz(for)= f (the)h fq(A)f fz(stream.)21 b(Figure)16 b(5.2)f(depicts)i(the)f(iteration= )g (space)g(geometrically)m(.)21 b(The)149 873 y fq(A)d fz(matrix)f(lies)h(a= long) f(the)h fq(i)p fz(-axis,)g(so)f(it)g(is)h(p)q(erp)r(endicular)h(to)e(the)= g fq (j)g fz(lo)r(op.)26 b(The)18 b(shaded)f(region)h(of)149 957 y(the)f fq(A)= g fz (matrix)f(m)n(ust)h(b)q(e)g(copied)h(in)f(for)f(the)h(�rst)f(tile)i(in= )f (the)g(second)g(column,)h(but)e(it)h(need)h(not)e(b)r(e)149 1042 y(mo)o(v= )o (ed)f(again)g(until)h(the)f(en)o(tire)h(column)g(has)f(b)q(een)h(executed= =2E) 149 1231 y fq(for)24 b(i)g(=3D)f(1)h(to)g(n)f(do)197 1288 y(for)h(j)f(=3D= )h(1)g (to)f(n)h(do)245 1344 y(A[i]=3DA[i]+W[i,j]*B[j];)1107 1159 y(for)g(i)g(=3D= )f(1)h (to)g(n)f(by)h fw(�)1563 1166 y fs(i)1601 1159 y fq(do)1155 1218 y(for= )g (j)f(=3D)h(1)g(to)f(n)h(by)g fw(�)1611 1225 y fs(j)1653 1218 y fq(do)1= 203 1277 y(for)f(ii)h(=3D)g(1)f(to)h(min()p fw(�)1659 1284 y fs(i)1672 12= 77 y fq (,n))g(do)1251 1335 y(for)f(jj)h(=3D)f(1)h(to)g(min()p fw(�)1707 134= 2 y fs (j)1724 1335 y fq(,n))g(do)1298 1394 y(A[ii]=3DA[ii]+W[ii,jj]*B[jj];)571= 1502 y fz(Figure)15 b(5.1:)k(Example)d(of)f(stream)f(p)r(erp)q(endicularit)q(y)2= 20 1637 y(The)h(reference)g(to)e fq(B)h fz(is)h(not)f(p)q(erp)r(endicular)i(= to)e (the)g fq(j)g fz(lo)r(op,)g(b)q(ecause)h(the)f fq(B)h fz(matrix)f(lies)h(= parallel)149 1721 y(to)h(the)g fq(j)o fz(-axis.)23 b(As)15 b(the)h(tiles)h(ar= e)f (executed)g(up)h(columns,)f(the)g fq(B)g fz(matrix)f(m)o(ust)h(b)q(e)g(co= pied) h(into)e fw(M)1923 1728 y fr(1)149 1806 y fz(o)o(v)o(er)h(and)g(o)o(v)o(e= r.) 23 b(One)17 b(of)f(the)g fq(W)p fz(-stream’s)f(subscript)i(v)o(ectors)f(i= s)h (p)q(erp)r(endicular)h(to)e(the)g fq(j)p fz(-axis,)h(but)149 1891 y(since= )g (b)q(oth)e(are)g(not,)f(there)i(is)f(no)h(in)o(tertile)g(lo)r(calit)o(y)g= (a)n (v)m(ailable.)859 2023 y 5920358 5920358 0 0 5920358 5920358 startTexFig= %%BeginDocument: perp.eps save gsave 9 9 scale newpath 0 -1 moveto 10 -1 lineto 10 -2 lineto 0 -2 lineto closepath 0.75 setgray fill 2 -1 moveto 4 -1 lineto 4 -2 lineto 2 -2 lineto closepath 0.45 setgray fill /Times-Roman findfont 1.4 scalefont setfont 4.5 -2 moveto 0 setgray (A) show -1 0 moveto -1 10 lineto -2 10 lineto -2 0 lineto closepath 0.75 setgray fill -2 4.5 moveto 0 setgray (B) show 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath 0.95 setgray fill 4.5 4.5 moveto 0 setgray (W) show showpage grestore restore %%EndDocument endTexFig 858 2398 a 4 411 v 859 2028 a fh(6)859 2399 y 411 4 v 1229 23= 97 a (-)845 1978 y fz(j)1270 2428 y(i)933 2039 y 2 12 v 22 x 2 12 v 23 x 2 12 = v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x= 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v= 23 x 2 12 v 1008 2039 a 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v= 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2= 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 1083 2039 a 2= 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 2= 2 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 1= 2 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 1157 2039 a 2 12 v 22 x 2 12 v 23 x 2= 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 2= 3 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 1= 2 v 23 x 2 12 v 859 2324 a 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12= 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 2= 3 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 859 22= 49 a 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 1= 2 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 2= 3 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 859 2174 a 12 2 v 23 w 12 2 v = 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 1= 2 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 2= 3 w 12 2 v 22 w 12 2 v 859 2100 a 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v = 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 1= 2 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 4= 29 2570 a(Figure)g(5.2:)j(Graphic)c(representation)g(of)f(stream)h(p)q(erp)r= (endicularit)q(y)220 2705 y(As)g(a)f(further)g(example,)h(imagine)h(that)e(th= e)g (compiler)i(sk)o(ew)o(ed)f(the)f(co)r(de)h(in)g(this)g(example.)20 b(The)= 149 2790 y(result)15 b(is)f(sho)n(wn)g(in)h(Figure)f(5.3.)k(No)o(w)13 b(there= )h (is)g(no)g(lo)q(cality)f(a)o(v)m(ailable)j(at)d(all.)20 b(The)14 b(refere= nce) g(v)o(ector)p eop %%Page: 66 82 bop 0 50 a fz(66)864 b fu(CHAPTER)15 b(5.)35 b(SCHEDULING)15 b(THE)g(TIL= ES)0 195 y fz(for)c(the)g fq(A)g fz(matrix)g(is)h(no)o(w)f((1)p fw(;)6 b fp(= 000) p fz(1))12 b((or)e fq(i)r fp(�)s fq(j)p fz(),)h(which)g(is)h(clearl= y)h (not)e(p)q(erp)r(endicular)i(to)e(the)g(innermost)0 280 y(con)o(trolling)= 16 b (lo)r(op.)442 414 y fq(for)24 b(i)f(=3D)h(1)g(to)f(2n)h(do)490 470 y(for)= f(j)h (=3D)g(max(1,i-n+1))e(to)i(min(i,n))e(do)538 527 y(A[i-j+1]=3DA[i-j+1= ]+W[i-j) o(+1,j]*B)o([j];)484 735 y fz(Figure)16 b(5.3:)j(The)c(previous)h(example= )g (sk)o(ew)n(ed)71 867 y(Figure)d(5.4)f(sho)o(ws)h(this)g(graphically)n(.)1= 9 b (Executing)14 b(up)f(the)h(second)f(column)h((the)f(dark)o(er)g(column)= )0 952 y(requires)19 b(fetc)o(hing)g(the)f(shaded)h(p)q(ortion)f(of)g(the)g = fq (A)g fz(matrix.)28 b(Eac)o(h)18 b(tile)h(in)g(the)g(column)g(requires)g(a= )0 1036 y(slightly)d(di�eren)o(t)g(p)q(ortion)g(of)f(the)h(A)f(matrix.)82= 7 1020 y fr(2)868 1036 y fz(New)h(data)f(m)n(ust)h(b)q(e)g(fetc)o(hed)g(for= )f (ev)o(ery)h(tile,)g(so)f(no)0 1121 y(lo)r(calit)o(y)g(is)h(a)o(v)m(ailabl= e.) 568 1251 y 5920358 5920358 0 0 5920358 5920358 startTexFig %%BeginDocument: perpskew.eps save gsave 9 9 scale gsave [0.70710678 -0.70710678 0.70710678 0.70710678 0 0] concat 0.70710678 0.70710678 scale newpath 0 -1 moveto 10 -1 lineto 10 -2 lineto 0 -2 lineto closepath 0.75 setgray fill 0 -1 moveto 4 -1 lineto 4 -2 lineto 0 -2 lineto closepath 0.45 setgray fill /Times-Roman findfont 1.4 scalefont setfont 4.5 -2 moveto 0 setgray (A) show grestore -1 0 moveto -1 10 lineto -2 10 lineto -2 0 lineto closepath 0.75 setgray fill /Times-Roman findfont 1.4 scalefont setfont -2 4.5 moveto 0 setgray (B) show gsave [1 0 1 1 0 0] concat 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath 0.95 setgray fill /Times-Roman findfont 1.4 scalefont setfont 4.5 4.5 moveto 0 setgray (W) show grestore 2 0 moveto 2 2 lineto 4 4 lineto 4 0 lineto closepath 0.8 setgray fill showpage grestore restore %%EndDocument endTexFig 566 1626 a 4 411 v 568 1257 a fh(6)568 1628 y 411 4 v 937 162= 6 a (-)554 1206 y fz(j)979 1656 y(i)642 1626 y 2 6 v -69 x 2 6 v 30 x 2 12 v = 22 x 2 12 v 717 1491 a 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v = 23 x 2 12 v 22 x 2 12 v 74 w 2 6 v -219 x 2 6 v 23 x 2 12 v 22 x 2 12 v 23 x 2= 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 8= 66 1626 a 2 6 v -293 x 2 6 v 30 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v= 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2= 12 v 22 x 2 12 v 941 1267 a 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 = 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 2= 3 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 1015 155= 1 a 2 6 v -293 x 2 6 v 30 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 1= 2 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 2= 2 x 2 12 v 1090 1477 a 2 6 v -219 x 2 6 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 2= 3 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 1165 126= 7 a 2 12 v 23 x 2 12 v 22 x 2 12 v 23 x 2 12 v 22 x 2 12 v 22 x 2 12 v 23 x 2 1= 2 v 1240 1327 a 2 6 v -69 x 2 6 v 30 x 2 12 v 22 x 2 12 v 643 1552 a 12 2 v 2= 2 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 1= 2 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 2= 3 w 12 2 v 22 w 12 2 v 22 w 12 2 v 717 1477 a 12 2 v 23 w 12 2 v 22 w 12 2 v = 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 1= 2 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 2= 2 w 12 2 v 792 1403 a 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v = 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 1= 2 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 867 1328 a 12= 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 2= 3 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 12 2 v 22 w 12 2 v 23 w 12 2 v 22 w 1= 2 2 v 23 w 12 2 v 22 w 12 2 v 23 w 12 2 v 422 1911 a(Figure)f(5.4:)k(Example)d(= of)e (stream)h(p)q(erp)r(endicularit)q(y)71 2043 y(These)j(t)o(w)n(o)g(example= s)h (also)g(serv)n(e)g(to)e(illustrate)j((alb)q(eit)f(in)g(the)g(negativ)o(e= ))f (ho)n(w)h(the)f(compiler)0 2128 y(can)j(con)o(trol)g(lo)q(cality)l(.)37 b= (By) 21 b(c)o(ho)q(osing)h(the)f(prop)q(er)g(basis)g fw(B)s fz(,)h(the)f(compi= ler) h(aligns)g(the)f(iteration)0 2213 y(space)15 b(so)g(that,)f(as)h(m)o(uc)o= (h)g (as)g(p)r(ossible,)h(streams)e(are)h(p)q(erp)r(endicular)i(to)e(the)g(inn= ermost)g(con)o(trolling)0 2297 y(lo)r(op.)k(Using)c(rectangular)f(bu�ering= ,)h (the)f(compiler)i(c)o(ho)q(oses)e(the)g(tiling)i(basis)f(so)f(that)f(stre= ams) h(are)0 2382 y(aligned)g(with)f(the)g(iteration)f(axes,)h(and)g(then)g(c)= o (ho)q(oses)f(the)h(b)r(est)f(axis)h(for)f(the)g(innermost)h(con)o(trollin= g)0 2467 y(lo)r(op.)19 b(Sk)o(ew)o(ed)d(rectangular)f(bu�ering)g((see)h(C= hapter)e(4)h(allows)f(the)i(compiler)g(to)e(c)o(ho)r(ose)h(the)g(tiling)0 255= 1 y (basis)k(from)f(directions)i(whic)o(h)f(result)g(in)h(lo)q(cality)e(for)g= (the) h(most)f(streams)f(directly)n(.)30 b(This)19 b(will)i(b)q(e)0 2636 y(illu= strated)c(in)f(later)f(sections.)0 2704 y 718 2 v 52 2761 a fl(2)69 2777 y fy= (This)f(is)h(an)e(example)j(where)d(there)h(is)g(some)g(re-use)g(of)f(a)h(str= eam,) f(but)h(not)g(full)h(re-use.)k(Half)14 b(of)f(the)h(elements)f(of)0 2823 = y fd (A)f fy(used)i(in)g(one)f(tile)h(are)g(also)g(used)f(in)h(the)f(next)h(ti= le.) p eop %%Page: 67 83 bop 149 50 a fu(5.1.)35 b(SCHEDULING)15 b(ISSUES)1164 b fz(67)149 195 y = fn (5.1.2)56 b(Sc)n(heduling)18 b(v)n(ersus)h(computing)e(tile)g(sizes)149 3= 09 y fz(In)j(�nding)g(a)f(tiling)i(that)d(results)h(in)h(minimal)h(executio= n)f (time,)g(the)f(compiler)h(can)g(v)m(ary)e(sev)o(eral)149 394 y(parameters= :)k (the)16 b(slop)r(e)h(of)f(eac)n(h)h(face)f(of)g(the)h(tile)g((determined= )g (b)o(y)g(the)f(basis)h fw(B)s fz(),)f(the)g(tile)i(size)f(in)149 479 y(e= ac)o (h)j(dimension)h((determined)f(b)o(y)g(the)f(elements)g(of)1133 467 y fw= (~) 1130 479 y(�)s fz(),)g(and)h(the)f(order)h(in)g(whic)o(h)g(the)g(tile= s)g (are)149 563 y(executed)14 b((determined)g(b)o(y)f(the)f(sc)o(hedule).)= 21 b (In)13 b(this)g(thesis,)h(the)f(compiler)h(ev)m(aluates)f(ev)o(ery)g(p)q(= ossible)149 648 y(basis.)29 b(F)l(or)17 b(a)h(giv)o(en)g(basis,)h(the)f(compi= ler) h(�nds)f(a)g(tile)h(size)g(v)o(ector)e(and)h(a)g(sc)o(hedule)h(to)e(mi= nimize)149 733 y(execution)g(time.)j(This)c(pro)q(cess)f(is)h(illustrated)g(i= n)g (Figure)g(5.5.)850 843 y 392 2 v 113 x 2 113 v 879 887 a(Find)g(streams)f= (and) 889 943 y(reference)g(v)o(ectors)1240 956 y 2 113 v 850 958 a 392 2 v 103= 5 989 a fp(#)851 999 y 390 2 v 113 x 2 113 v 999 1043 a fz(select)880 1100 y(ca= ndidate)i(v)n(ectors)1239 1112 y 2 113 v 851 1114 a 390 2 v 1035 1145 a fp(#)= 941 1156 y 211 2 v 113 x 2 113 v 970 1200 a fz(c)o(ho)q(ose)e(a)1005 1256 y(b= asis) 1150 1269 y 2 113 v 941 1271 a 211 2 v 1035 1302 a fp(#)942 1313 y 210 2 = v 113 x 2 113 v 971 1357 a fz(sc)o(hedule)1013 1413 y(tiles)1149 1426 y 2 113 v= 942 1428 a 210 2 v 1035 1459 a fp(#)843 1469 y 407 2 v 122 x 2 122 v 904 1513= a fz (compute)g(bu�er)872 1570 y(sizes)h(in)g(terms)f(of)1210 1558 y fw(~)1= 207 1570 y(�)1248 1591 y 2 122 v 843 1593 a 407 2 v 1035 1624 a fp(#)918 1= 635 y 258 2 v 109 x 2 110 v 961 1675 a fz(construct)947 1732 y(cost)g(model)117= 3 1744 y 2 110 v 918 1746 a 258 2 v 1035 1777 a fp(#)941 1788 y 211 2 v 113= x 2 113 v 971 1832 a fz(solv)o(e)g(for)970 1888 y(tile)h(sizes)1150 1901 y 2 = 113 v 941 1903 a 211 2 v 1035 1934 a fp(#)876 1944 y 341 2 v 113 x 2 113 v 905 = 1988 a fz(sa)n(v)o(e)f(basis)h(with)913 2045 y(minimum)f(cost)1215 2057 y 2 11= 3 v 876 2059 a 341 2 v 640 2207 a(Figure)g(5.5:)k(The)d(order)f(of)f(compiler= )j (phases)220 2341 y(The)f(compiler)h(m)n(ust)f(not)f(c)o(ho)q(ose)h(the)g(= tile) g(size)h(v)o(ector)e(b)q(efore)h(sc)o(heduling.)23 b(Before)16 b(a)f(sc)o= (hedule)149 2426 y(exists)g(streams)f(with)h(lo)r(calit)o(y)g(and)g(streams)f= (without)h(lo)q(cality)f(receive)h(the)g(same)f(consideration)i(in)149 2511 y= (distributing)g(v)m(aluable)f fw(M)616 2518 y fr(1)650 2511 y fz(space.)k(Aft= er) 14 b(lo)q(cality)g(is)g(tak)n(en)g(into)f(accoun)o(t,)g(the)h(n)o(um)o(b)= q (er)g(of)f fw(M)1836 2518 y fr(2)1856 2511 y fz({)p fw(M)1923 2518 y fr(1= )149 2595 y fz(copies)j(drops)f(signi�can)q(tly)g(for)f(streams)h(with)g(in= tertile)g(lo)r(cality)l(.)20 b(This)15 b(c)o(hange)g(in)h(the)f(cost)g(mo)q(d= el) 149 2680 y(allows)i(the)h(compiler)i(to)d(b)q(e)h(m)o(uc)o(h)g(smarter)f(= in)i (c)o(ho)q(osing)f(the)g(tile)h(size)g(v)n(ector.)28 b(F)l(or)17 b(this)h(= reason,)149 2765 y(the)e(compiler)g(p)r(erforms)e(sc)o(heduling)j(�rst,)e(= and) g(c)o(ho)q(oses)g(the)h(tile)g(size)g(v)o(ector)e(giv)o(en)i(the)f(sc)o(h= edule.)p eop eos end TeXDict begin bos 300 @start /fa df[<FFF0FFFC381E380E380= 73807 38073807380E381E3FFC3FFC381E380E38073807380738073807380E381EFFFCFFF8>16 2= 3 1 0 20]66 dc dfe /fb df[<01FC0007F0003C000F00003C000F00003C001700005C002E0000= 4E00 2E00004E004E00004E004E00008E009C00008E011C00008E011C00008E021C00010E02380= 0010E 043800010E083800010E0838000207107000020710700002072070000207407000040740E= 00004 0780E000040780E0000C0700E0001C0601C000FF861FFC00>36 26 2 0 37]77 dc dfe /= fc df [<01E006181C08380870087010FFE0E000E000E000E000E0086010602030C01F00>13 16 = 4 0 18]101 dc[<000700001980001B80003B0000300000300000700000700000700000700007= FF00 00E00000E00000E00000E00000E00001C00001C00001C00001C00001C0000380000380000= 38000 038000038000070000070000070000660000E40000CC0000700000>17 33 -1 7 12]102 = dc[< 1F80000380000380000380000700000700000700000700000E00000E00000E7C000F86001= E0700 1E07001C07001C0700380E00380E00380E00381C00701C80701C80703880703900E019006= 00E00 >17 26 2 0 20]104 dc[<30F059189E389C189C009C00380038003800380070007000700= 07000 E0006000>13 16 4 0 16]114 dc[<03E004300830187018601C001F801FC00FE000E0006= 0E060 E06080C041803E00>12 16 3 0 16]115 dc dfe /fd df[<FFFCFFFCFFFCE000E000E000= E000 E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E= 000E0 00E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E00= 0E000 E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E= 000E0 00E000E000E000E000E000E000E000E000>14 74 13 73 28]50 dc[<FFFCFFFCFFFC001C= 001C 001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C0= 01C00 1C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001= C001C 001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C0= 01C00 1C001C001C001C001C001C001C001C001C001C001C>14 74 0 73 28]51 dc[<E000E000E= 000E0 00E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E00= 0E000 E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E= 000E0 00E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E00= 0E000 E000E000E000E000E000E000E000E000E000FFFCFFFCFFFC>14 74 13 72 28]52 dc[<00= 1C00 1C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001= C001C 001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C0= 01C00 1C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001= C001C 001C001C001C001C001C001C001C001C001C001C001CFFFCFFFCFFFC>14 74 0 72 28]53= dc[< E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0>3 27 13 26 28]54 d= c[<E0 E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0E0>3 27 11 26 28]55 dc[= <FFFF FFFFE0FFFFFFFFF07000001FF078000001F03C000000781C000000180E0000000C0F00000= 00407 00000004038000000203C000000001E000000000E00000000070000000007800000000380= 00000 001C000000001E000000000F0000000007000000000380000000038000000003000000000= 70000 000006000000000C000000001800000000380000000030000000006000000000C00000000= 1C000 00000180000002030000000406000000040E0000000C0C00000018180000007830000001F= 07000 001FF07FFFFFFFF0FFFFFFFFE0>39 42 2 42 44]80 dc[<FFFFFFFFFFFFC0FFFFFFFFFFF= FE07F 00000001FFE07F000000001FE03F8000000003F01FC000000000F00FC000000000380FE00= 00000 001807F0000000000C03F8000000000403F8000000000401FC000000000200FE000000000= 0007F 0000000000007F0000000000003F8000000000001FC000000000000FC000000000000FE00= 00000 000007F0000000000003F8000000000003F8000000000001FC000000000000FE000000000= 0007E 0000000000007F0000000000003F8000000000001FC000000000001FC000000000000FC00= 00000 00000780000000000003800000000000070000000000000E0000000000001C00000000000= 03800 00000000007000000000000070000000000000E0000000000001C00000000000038000000= 00000 070000000000000E0000000000000E0000000000001C00000000020038000000000400700= 00000 000400E0000000000C01E0000000001801C00000000038038000000000F8070000000001F= 00E00 0000000FF01C00000001FFF03FFFFFFFFFFFE03FFFFFFFFFFFE07FFFFFFFFFFFE0FFFFFFF= FFFFF C0>55 58 2 58 60]88 dc dfe /fe df[<00000000001800000000003C00000000007C00= 0000 0000F80000000001F00000000003E00000000007C0000000000F80000000001F000000000= 03E00 000000007C0000000000F80000000001F00000000003E00000000007C0000000000F80000= 00000 1F00000000003E00000000007C0000000000F80000000001F00000000003E00000000007C= 00000 00000F80000000001F00000000003E00000000007C0000000000F80000000001F00000000= 003E0 0000000007C0000000000F80000000001F00000000003E00000000007C0000000000F8000= 00000 01F00000000003E00000000007C0000000000F80000000001F00000000003E00000000007= C0000 000000F80000000000F00000000000600000000000>46 46 -2 2 42]0 dc[<0010000018= 0000 3C00003E00003F00007F80007FC000FFE000FFF000FFF801FFFC01FFFE03FFFF03FFFC07F= FE007 FF800FFC000FF0001FC0001F00003C0000300000400000800000>24 24 0 0 42]9 dc[<8= 00000 E00000F80000FF0000FFC000FFF800FFFF00FFFFE0FFFFFEFFFFFEFFFFE0FFFF00FFF800F= FC000 FF0000F80000E00000800000>23 18 17 9 42]45 dc[<00C00000C00000C00000C00001E= 00001 E00001E00003F00003F00003F00007F80007F80007F8000FFC000FFC001FFE001FFE001FF= E003F FF003FFF007FFF807FFF80FFFFC0>18 23 -9 -17 42]54 dc dfe /ff df[<7818183030= 3030 60606060C0C0C8C8D070>5 17 2 0 10]108 dc[<71F09A189C1898181818303030303032= 3062 60646038>15 11 2 0 19]110 dc dfe /fg df[<06000600060006000F000F000F001F80= 1F80 3FC03FC07FE07FE07FE0FFF0>12 15 -6 -25 42]54 dc dfe /fh df[<FFFFF0FFFFF0>2= 0 2 3 -7 27]0 dc[<020002000200C218F2783AE00F800F803AE0F278C218020002000200>13 1= 4 2 -1 18]3 dc[<060F0F0E1E1E1C3C383830707060E0C040>8 17 1 -1 10]48 dc dfe /fi= df[< FCFC>6 2 0 -4 10]45 dc[<0C003C00CC000C000C000C000C000C000C000C000C000C000= C000C 000C00FF80>9 16 2 0 15]49 dc[<1F00618040C08060C0600060006000C001800300060= 00C00 102020207FC0FFC0>11 16 1 0 15]50 dc[<1F00218060C060C000C0008001800F000080= 0040 0060C060C060804060801F00>11 16 1 0 15]51 dc[<0300030007000F000B0013003300= 2300 4300C300FFE003000300030003001FE0>11 16 1 0 15]52 dc dfe /fj df[<00F180038= 9C007 07800E03801C03803C0380380700780700780700780700F00E00F00E00F00E00F00E20F01= C40F0 1C40703C40705C40308C800F0700>19 20 4 0 23]97 dc[<007E0001C1000300800E0780= 1E07 801C07003C0200780000780000780000F00000F00000F00000F00000F0000070010070020= 03004 0018380007C000>17 20 4 0 21]99 dc[<007C01C207010E011C013C013802780C7BF07C= 00F0 00F000F000F0007000700170023804183807C0>16 20 4 0 21]101 dc[<00007800019C0= 0033C 00033C000718000700000700000E00000E00000E00000E00000E0001FFE0001C00001C000= 01C00 001C000038000038000038000038000038000070000070000070000070000070000070000= 0E000 00E00000E00000E00000C00001C00001C0000180003180007B0000F300006600003C0000>= 22 41 -2 9 14]102 dc[<01E0000FE00001C00001C00001C00001C000038000038000038000038= 00007 0000070000071E000763000E81800F01C00E01C00E01C01C03801C03801C03801C0380380= 70038 0700380700380E10700E20700C20701C20700C40E00CC0600700>20 32 3 0 23]104 dc[= <00C0 01E001E001C000000000000000000000000000000E003300230043804300470087000E000= E000E 001C001C001C003840388030807080310033001C00>11 31 4 0 14]105 dc[<1C0F80263= 0C047 40604780604700704700708E00E00E00E00E00E00E00E01C01C01C01C01C01C01C0384380= 38838 03083807083803107003303001C0>22 20 4 0 26]110 dc[<007C0001C3000301800E01C= 01E01 C01C01E03C01E07801E07801E07801E0F003C0F003C0F003C0F00780F00700700F00700E0= 03018 0018700007C000>19 20 4 0 23]111 dc[<01C1E002621804741C04781C04701E04701E0= 8E01E 00E01E00E01E00E01E01C03C01C03C01C03C01C0380380780380700380E003C1C00723800= 71E00 0700000700000E00000E00000E00000E00001C00001C0000FFC000>23 29 0 9 23]112 d= c[<1C 1E002661004783804787804707804703008E00000E00000E00000E00001C00001C00001C0= 0001C 0000380000380000380000380000700000300000>17 20 4 0 19]114 dc[<00FC0302060= 10C03 0C070C060C000F800FF007F803FC003E000E700EF00CF00CE008401020601F80>16 20 3 = 0 19] 115 dc[<018001C0038003800380038007000700FFF007000E000E000E000E001C001C001= C001C 003800380038003820704070407080708031001E00>12 28 4 0 15]116 dc dfe /fk df= [<38 7CFEFFFF7F3B03030706060C1C187020>8 17 4 -18 16]39 dc[<387CFEFEFE7C38>7 7 = 4 0 16]46 dc[<00180000780001F800FFF800FFF80001F80001F80001F80001F80001F80001F= 80001 F80001F80001F80001F80001F80001F80001F80001F80001F80001F80001F80001F80001F= 80001 F80001F80001F80001F80001F80001F8007FFFE07FFFE0>19 32 4 0 28]49 dc[<03FC00= 0FFF 003C1FC07007E07C07F0FE03F0FE03F8FE03F8FE01F87C01F83803F80003F80003F00003F= 00007 E00007C0000F80001F00003E0000380000700000E01801C0180380180700180E00380FFFF= 01FFF F03FFFF07FFFF0FFFFF0FFFFF0>21 32 3 0 28]50 dc[<00FE0007FFC00F07E01E03F03F= 03F0 3F81F83F81F83F81F81F03F81F03F00003F00003E00007C0001F8001FE0001FF000007C00= 001F0 0001F80000FC0000FC3C00FE7E00FEFF00FEFF00FEFF00FEFF00FC7E01FC7801F81E07F00= FFFC0 01FE00>23 32 2 0 28]51 dc[<0000E00001E00003E00003E00007E0000FE0001FE0001F= E000 37E00077E000E7E001C7E00187E00307E00707E00E07E00C07E01807E03807E07007E0E00= 7E0FF FFFEFFFFFE0007E00007E00007E00007E00007E00007E00007E000FFFE00FFFE>23 32 2 = 0 28] 52 dc[<1000201E01E01FFFC01FFF801FFF001FFE001FF8001BC000180000180000180000= 1800 0019FC001FFF001E0FC01807E01803E00003F00003F00003F80003F83803F87C03F8FE03F= 8FE03 F8FC03F0FC03F07007E03007C01C1F800FFF0003F800>21 32 3 0 28]53 dc[<001F8000= FFE0 03F07007C0F00F01F81F01F83E01F83E01F87E00F07C00007C0000FC0800FC7FC0FCFFE0F= D80F0 FF00F8FE007CFE007CFC007EFC007EFC007EFC007E7C007E7C007E7C007E3C007C3E007C1= E00F8 0F00F00783E003FFC000FF00>23 32 2 0 28]54 dc[<387CFEFEFE7C3800000000000000= 0038 7CFEFEFE7C38>7 22 4 0 16]58 dc[<0003FE0080001FFF818000FF01E38001F8003F800= 3E000 1F8007C0000F800F800007801F800007803F000003803F000003807F000001807E0000018= 07E00 000180FE00000000FE00000000FE00000000FE00000000FE00000000FE00000000FE00000= 000FE 000000007E000000007E000001807F000001803F000001803F000003801F800003000F800= 00300 07C000060003F0000C0001F800380000FF00F000001FFFC0000003FE0000>33 34 3 0 40= ]67 dc[<FFFFFFFCFFFFFFFC07F000FC07F0003C07F0001C07F0000C07F0000E07F0000E07F00= 00607 F0180607F0180607F0180607F0180007F0380007F0780007FFF80007FFF80007F0780007F= 03800 07F0180007F0180007F0180307F0180307F0000307F0000607F0000607F0000607F0000E0= 7F000 0E07F0001E07F0003E07F001FCFFFFFFFCFFFFFFFC>32 34 2 0 37]69 dc[<01FC0407FF= 8C1F 03FC3C007C7C003C78001C78001CF8000CF8000CFC000CFC0000FF0000FFE0007FFF007FF= FC03F FFF01FFFF80FFFFC03FFFE003FFE0003FF00007F00003F00003FC0001FC0001FC0001FE00= 01EE0 001EF0003CFC003CFF00F8C7FFE080FF80>24 34 3 0 31]83 dc[<7FFFFFFF807FFFFFFF= 807E 03F80F807803F807807003F803806003F80180E003F801C0E003F801C0C003F800C0C003F= 800C0 C003F800C0C003F800C00003F800000003F800000003F800000003F800000003F80000000= 3F800 000003F800000003F800000003F800000003F800000003F800000003F800000003F800000= 003F8 00000003F800000003F800000003F800000003F800000003F800000003F8000003FFFFF80= 003FF FFF800>34 34 2 0 39]84 dc[<FFFF0FFFF01FFEFFFF0FFFF01FFE0FF000FF0000E007F0= 007F 0000C007F0007F0000C003F8007F80018003F8003F80018003FC003F80038001FC003FC00= 30001 FC003FC0030000FE007FE0060000FE006FE0060000FF006FE00600007F00C7F00C00007F0= 0C7F0 0C00007F80C7F81C00003F8183F81800003F8183F81800001FC383FC3000001FC301FC300= 0001F E301FC3000000FE600FE6000000FE600FE6000000FF600FFE0000007FC007FC0000007FC0= 07FC0 000003FC007F80000003F8003F80000003F8003F80000001F0001F00000001F0001F00000= 000F0 001E00000000E0000E00000000E0000E0000>55 34 1 0 58]87 dc[<07FC001FFF803F07= C03F 03E03F01E03F01F01E01F00001F00001F0003FF003FDF01FC1F03F01F07E01F0FC01F0FC0= 1F0FC 01F0FC01F07E02F07E0CF81FF87F07E03F>24 22 2 0 27]97 dc[<FF000000FF0000001F= 0000 001F0000001F0000001F0000001F0000001F0000001F0000001F0000001F0000001F00000= 01F00 00001F0FE0001F3FF8001FF07C001F801E001F001F001F000F801F000F801F000FC01F000= FC01F 000FC01F000FC01F000FC01F000FC01F000FC01F000FC01F000F801F001F801F801F001FC= 03E00 1EE07C001C3FF800180FC000>26 35 2 0 31]98 dc[<00FF8007FFE00F83F01F03F03E03= F07E 03F07C01E07C0000FC0000FC0000FC0000FC0000FC0000FC00007C00007E00007E00003E0= 0301F 00600FC0E007FF8000FE00>20 22 2 0 25]99 dc[<0001FE000001FE0000003E0000003E= 0000 003E0000003E0000003E0000003E0000003E0000003E0000003E0000003E0000003E0001F= C3E00 07FFBE000F81FE001F007E003E003E007E003E007C003E00FC003E00FC003E00FC003E00F= C003E 00FC003E00FC003E00FC003E00FC003E007C003E007C003E003E007E001E00FE000F83BE0= 007FF 3FC001FC3FC0>26 35 2 0 31]100 dc[<00FE0007FF800F87C01E01E03E01F07C00F07C0= 0F8FC 00F8FC00F8FFFFF8FFFFF8FC0000FC0000FC00007C00007C00007E00003E00181F00300FC= 07003 FFC000FF00>21 22 2 0 26]101 dc[<003F8000FFC001E3E003C7E007C7E00F87E00F83C= 00F80 000F80000F80000F80000F80000F8000FFFC00FFFC000F80000F80000F80000F80000F800= 00F80 000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80000F800= 07FF8 007FF800>19 35 1 0 17]102 dc[<03FC1E0FFF7F1F0F8F3E07CF3C03C07C03E07C03E07= C03E0 7C03E07C03E03C03C03E07C01F0F801FFF0013FC003000003000003800003FFF801FFFF00= FFFF8 1FFFFC3800FC70003EF0001EF0001EF0001EF0001E78003C7C007C3F01F80FFFE001FF00>= 24 33 2 11 28]103 dc[<FF000000FF0000001F0000001F0000001F0000001F0000001F0000001= F0000 001F0000001F0000001F0000001F0000001F0000001F07E0001F1FF8001F307C001F403C0= 01F80 3E001F803E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003= E001F 003E001F003E001F003E001F003E001F003E001F003E00FFE1FFC0FFE1FFC0>26 35 2 0 = 31] 104 dc[<1C003F007F007F007F003F001C000000000000000000000000000000FF00FF001= F001F 001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F00FFE0FFE= 0>11 36 2 0 16]105 dc[<FF00FF001F001F001F001F001F001F001F001F001F001F001F001F0= 01F00 1F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F00F= FE0FF E0>11 35 2 0 16]108 dc[<FF07F007F000FF1FFC1FFC001F303E303E001F403E403E001= F801F 801F001F801F801F001F001F001F001F001F001F001F001F001F001F001F001F001F001F0= 01F00 1F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001= F001F 001F001F001F001F001F001F001F00FFE0FFE0FFE0FFE0FFE0FFE0>43 22 2 0 48]109 d= c[<FF 07E000FF1FF8001F307C001F403C001F803E001F803E001F003E001F003E001F003E001F0= 03E00 1F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001= F003E 00FFE1FFC0FFE1FFC0>26 22 2 0 31]110 dc[<00FE0007FFC00F83E01E00F03E00F87C0= 07C7C 007C7C007CFC007EFC007EFC007EFC007EFC007EFC007EFC007E7C007C7C007C3E00F81F0= 1F00F 83E007FFC000FE00>23 22 2 0 28]111 dc[<FF0FE000FF3FF8001FF07C001F803E001F0= 01F00 1F001F801F001F801F000FC01F000FC01F000FC01F000FC01F000FC01F000FC01F000FC01= F000F C01F001F801F001F801F803F001FC03E001FE0FC001F3FF8001F0FC0001F0000001F00000= 01F00 00001F0000001F0000001F0000001F0000001F000000FFE00000FFE00000>26 32 2 10 3= 1] 112 dc[<FE1F00FE3FC01E67E01EC7E01E87E01E87E01F83C01F00001F00001F00001F000= 01F00 001F00001F00001F00001F00001F00001F00001F00001F0000FFF000FFF000>19 22 2 0 = 23] 114 dc[<0FF3003FFF00781F00600700E00300E00300F00300FC00007FE0007FF8003FFE0= 00FFF 0001FF00000F80C00780C00380E00380E00380F00700FC0E00EFFC00C7F000>17 22 2 0 = 22] 115 dc[<0180000180000180000180000380000380000780000780000F80003F8000FFFF0= 0FFFF 000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80000F80000F818= 00F81 800F81800F81800F81800F830007C30003FE0000F800>17 32 1 0 22]116 dc[<FF01FE0= 0FF01 FE001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003= E001F 003E001F003E001F003E001F003E001F003E001F003E001F007E001F00FE000F81BE0007F= F3FC0 01FC3FC0>26 22 2 0 31]117 dc[<FFE01FE0FFE01FE00F8006000F8006000FC00E0007C= 00C00 07E01C0003E0180003E0180001F0300001F0300000F8600000F86000007CC000007CC0000= 07FC0 00003F8000003F8000001F0000001F0000000E0000000E0000>27 22 1 0 30]118 dc[<F= FE7FF 07F8FFE7FF07F81F007800C00F807801800F807C01800F807C018007C07E030007C0DE030= 007E0 DE070003E0DF060003E18F060001F18F0C0001F38F8C0001FB079C0000FB07D80000FE03D= 80000 7E03F000007E03F000007C01F000003C01E000003800E000001800C000>37 22 1 0 40]1= 19 dc [<FFE07FC0FFE07FC00F801C0007C0380003E0700003F0600001F8C00000F98000007F800= 0003F 0000001F0000001F8000003FC0000037C0000063E00000C1F00001C0F8000380FC0007007= E000E 003E00FF80FFE0FF80FFE0>27 22 1 0 30]120 dc[<FFE01FE0FFE01FE00F8006000F800= 6000F C00E0007C00C0007E01C0003E0180003E0180001F0300001F0300000F8600000F86000007= CC000 007CC000007FC000003F8000003F8000001F0000001F0000000E0000000E0000000C00000= 00C00 000018000078180000FC380000FC300000FC60000069C000007F8000001F000000>27 32 = 1 10 30]121 dc dfe /fl df[<00000FF80000007FFF000003FFFF80000FFC07C0001FE001E00= 03FC0 01F0007F0007F000FF000FF001FE001FF803FC003FF807FC003FF80FFC003FF80FF8003FF= 81FF8 001FF01FF8000FE03FF80007C03FF00000003FF00000007FF00000007FF00000007FF0000= 0007F F07FF000FFF0FFFE00FFF1F7FF00FFF3807F80FFF6003FE0FFFE001FF0FFFC001FF0FFFC0= 00FF8 FFF8000FFCFFF8000FFCFFF8000FFEFFF8000FFEFFF0000FFEFFF0000FFFFFF0000FFFFFF= 0000F FF7FF0000FFF7FF0000FFF7FF0000FFF7FF0000FFF7FF0000FFF3FF0000FFF3FF0000FFE3= FF000 0FFE1FF0000FFE1FF8000FFC0FF8000FFC0FF8001FF807FC001FF003FC001FF001FE003FE= 000FF 80FFC0007FFFFF00001FFFFE000007FFF8000000FFC000>40 57 4 1 49]54 dc[<000000= 1FFF 000030000001FFFFE000F000000FFFFFFC01F000007FFFFFFE03F00001FFFE007F87F0000= 3FFE0 000FCFF0000FFF000003FFF0001FFC000001FFF0003FF80000007FF0007FF00000003FF00= 0FFC0 0000003FF001FFC00000001FF003FF800000000FF007FF000000000FF00FFF0000000007F= 00FFE 0000000007F01FFE0000000003F01FFE0000000003F03FFC0000000003F03FFC000000000= 1F03F FC0000000001F07FFC0000000001F07FF80000000001F07FF80000000000007FF80000000= 00000 FFF8000000000000FFF8000000000000FFF8000000000000FFF8000000000000FFF800000= 00000 00FFF8000000000000FFF8000000000000FFF8000000000000FFF8000000000000FFF8000= 00000 0000FFF80000000000007FF80000000000007FF80000000000007FF80000000000007FFC0= 00000 0000F03FFC0000000000F03FFC0000000000F03FFC0000000000F01FFE0000000000F01FF= E0000 000001E00FFE0000000001E00FFF0000000001E007FF0000000003C003FF8000000003C00= 1FFC0 000000078000FFE00000000F00007FF00000001F00003FF80000003E00001FFC0000007C0= 0000F FF000001F8000003FFE00007F0000001FFFE003FC00000007FFFFFFF000000000FFFFFFC0= 00000 0001FFFFF000000000001FFF000000>60 61 5 1 71]67 dc[<001FFF00000001FFFFF000= 0003 FFFFFC000007F007FE00000FF801FF00001FFC00FF80001FFC007FC0001FFC007FE0001FF= C003F E0000FF8003FF0000FF8003FF00007F0003FF00001C0003FF0000000003FF0000000003FF= 00000 00003FF0000000FFFFF000000FFFFFF000007FF83FF00001FF803FF00007FE003FF0000FF= 8003F F0001FF0003FF0003FE0003FF0007FE0003FF0007FE0003FF000FFC0003FF000FFC0003FF= 000FF C0003FF000FFC0003FF000FFC0007FF0007FE0007FF0007FE000DFF0003FF0039FF8001FF= C0F0F FFF007FFFE0FFFF001FFFC07FFF0003FE000FFF0>44 38 3 0 48]97 dc[<0001FFC00000= 0FFF F800003FFFFE0000FF80FF0001FE003F8007FC001FC00FF8000FE00FF8000FF01FF00007F= 03FF0 0007F83FF00007F87FE00007F87FE00003FC7FE00003FC7FE00003FCFFE00003FCFFFFFFF= FFCFF FFFFFFFCFFFFFFFFFCFFE0000000FFE0000000FFE0000000FFE00000007FE00000007FE00= 00000 7FE00000003FE00000003FF000003C1FF000003C1FF000003C0FF800007807FC0000F803F= E0001 F001FF0007E000FFC03FC0003FFFFF000007FFFC000000FFE000>38 38 3 0 45]101 dc[= <00FF 00000000FFFF00000000FFFF00000000FFFF00000000FFFF0000000007FF0000000003FF0= 00000 0003FF0000000003FF0000000003FF0000000003FF0000000003FF0000000003FF0000000= 003FF 0000000003FF0000000003FF0000000003FF0000000003FF0000000003FF0000000003FF0= 00000 0003FF0000000003FF0000000003FF007FC00003FF01FFF80003FF07FFFC0003FF0F03FE0= 003FF 1C01FF0003FF3001FF8003FF6000FF8003FFE000FFC003FFC000FFC003FF8000FFC003FF8= 000FF C003FF8000FFC003FF0000FFC003FF0000FFC003FF0000FFC003FF0000FFC003FF0000FFC= 003FF 0000FFC003FF0000FFC003FF0000FFC003FF0000FFC003FF0000FFC003FF0000FFC003FF0= 000FF C003FF0000FFC003FF0000FFC003FF0000FFC003FF0000FFC003FF0000FFC003FF0000FFC= 003FF 0000FFC003FF0000FFC003FF0000FFC003FF0000FFC0FFFFFC3FFFFFFFFFFC3FFFFFFFFFF= C3FFF FFFFFFFC3FFFFF>48 60 4 0 55]104 dc[<00FF01FF8000FFFF0FFFF000FFFF3FFFFC00F= FFFFE 03FF00FFFFF000FF8003FFC0007FC003FF80003FE003FF00003FF003FF00001FF803FF000= 01FFC 03FF00000FFC03FF00000FFE03FF00000FFE03FF000007FE03FF000007FF03FF000007FF0= 3FF00 0007FF03FF000007FF03FF000007FF03FF000007FF03FF000007FF03FF000007FF03FF000= 007FF 03FF000007FE03FF000007FE03FF00000FFE03FF00000FFC03FF00000FFC03FF00001FF80= 3FF00 001FF803FF00003FF003FF80003FE003FFC0007FC003FFF001FF8003FFFC07FF0003FF3FF= FFC00 03FF0FFFF00003FF01FF000003FF0000000003FF0000000003FF0000000003FF000000000= 3FF00 00000003FF0000000003FF0000000003FF0000000003FF0000000003FF0000000003FF000= 00000 03FF0000000003FF00000000FFFFFC000000FFFFFC000000FFFFFC000000FFFFFC000000>= 48 55 3 17 55]112 dc[<00FE03F000FFFE0FFE00FFFE1FFF00FFFE3C3F80FFFE707FC007FE60F= FE003 FEE0FFE003FEC0FFE003FFC0FFE003FF807FC003FF807FC003FF803F8003FF800E0003FF0= 00000 03FF00000003FF00000003FF00000003FF00000003FF00000003FF00000003FF00000003F= F0000 0003FF00000003FF00000003FF00000003FF00000003FF00000003FF00000003FF0000000= 3FF00 000003FF00000003FF00000003FF00000003FF000000FFFFFE0000FFFFFE0000FFFFFE000= 0FFFF FE0000>35 38 3 0 41]114 dc[<0007800000078000000780000007800000078000000F8= 00000 0F8000000F8000000F8000001F8000001F8000003F8000003F8000007F800000FF800001F= F8000 07FF80001FFFFFF0FFFFFFF0FFFFFFF0FFFFFFF001FF800001FF800001FF800001FF80000= 1FF80 0001FF800001FF800001FF800001FF800001FF800001FF800001FF800001FF800001FF800= 001FF 800001FF800001FF800001FF800001FF800001FF803C01FF803C01FF803C01FF803C01FF8= 03C01 FF803C01FF803C01FF803C00FF807800FFC078007FC070003FE0E0001FFFC00007FF80000= 1FF00 >30 55 2 0 38]116 dc dfe /fm df[<FFFFFFC0FFFFFFC0>26 2 4 -10 35]0 dc[<400= 004C0 000C6000183000301800600C00C006018003030001860000CC00007800003000003000007= 80000 CC000186000303000601800C00C0180060300030600018C0000C400004>22 24 6 1 35]2= dc[< 000000C0000003C000000F0000003C000000F0000003C00000070000001C0000007800000= 1E000 00078000001E00000078000000E0000000780000001E0000000780000001E000000078000= 0001C 0000000700000003C0000000F00000003C0000000F00000003C0000000C00000000000000= 00000 000000000000000000000000000000000000007FFFFF80FFFFFFC0>26 36 4 7 35]20 dc= [<7F E0FFE0C000C000C000C000C000C000C000C000C000C000C000C000C000C000C000C000C00= 0C000 C000C000C000C000C000C000C000C000C000C000C000C000C000C000C000C000C000C000C= 000C0 00C000C000C000C000C0004000>11 46 8 12 20]100 dc[<FFE0FFE00060006000600060= 0060 0060006000600060006000600060006000600060006000600060006000600060006000600= 06000 6000600060006000600060006000600060006000600060006000600060006000600060006= 00020 >11 46 0 12 20]101 dc[<000F0038006000E001C001C001C001C001C001C001C001C001= C001 C001C001C001C001C001C0038007001E00F8001E000700038001C001C001C001C001C001C= 001C0 01C001C001C001C001C001C001C001C000E000600038000F>16 45 3 11 23]102 dc[<F8= 001E 000700038001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C000E= 00060 0038000F0038006000E001C001C001C001C001C001C001C001C001C001C001C001C001C00= 1C001 C0038007001E00F800>16 45 3 11 23]103 dc dfe /fn df[<007000F001E003C007800= F001E 001C00380038007000700070007000E000E000E000E000E000E000E000E00070007000700= 07000 380038001C001E000F00078003C001F000F00070>12 36 7 4 24]40 dc[<6000F0007800= 3C00 1E000F000780038001C001C000E000E000E000E0007000700070007000700070007000700= 0E000 E000E000E001C001C0038007800F001E003C007800F0006000>12 36 4 4 24]41 dc[<01= C000 01C00001C00001C000C1C180F1C780F9CF807FFF001FFC0007F00007F0001FFC007FFF00F= 9CF80 F1C780C1C18001C00001C00001C00001C000>17 20 3 -4 24]42 dc[<00600000F00000F= 00000 F00000F00000F00000F00000F0007FFFC0FFFFE0FFFFE07FFFC000F00000F00000F00000F= 00000 F00000F00000F000006000>19 20 2 -4 24]43 dc[<1C3E7E7F3F1F070E1E7CF860>8 12= 8 6 24]44 dc[<3078FCFC7830>6 6 9 0 24]46 dc[<01800380038007800F803F80FF80FB80= 4380 03800380038003800380038003800380038003800380038003800380038003807FFCFFFE7= FFC> 15 28 5 0 24]49 dc[<183C7E7E3C180000000000000000183C7E7E3E1E0E1C3C78F060>= 7 26 8 6 24]59 dc[<7FFFC0FFFFE0FFFFE0FFFFE0000000000000000000000000FFFFE0FFFFE= 0FFFF E07FFFC0>19 12 2 -8 24]61 dc[<00700000F80000F80000D80000D80001DC0001DC000= 1DC00 018C00038E00038E00038E00038E000306000707000707000707000707000FFF800FFF800= FFF80 0E03800E03801C01C01C01C07F07F0FF8FF87F07F0>21 28 1 0 24]65 dc[<FFFC00FFFF= 00FF FF801C03C01C01C01C00E01C00E01C00E01C00E01C01E01C01C01C07C01FFF801FFF001FF= FC01C 03C01C00E01C00F01C00701C00701C00701C00701C00F01C00E01C03E0FFFFC0FFFF80FFF= E00> 20 28 1 0 24]66 dc[<00F8E003FEE007FFE00F07E01E03E03C01E03800E07000E07000E= 07000 00E00000E00000E00000E00000E00000E00000E00000E000007000007000E07000E03800E= 03C00 E01E01C00F07C007FF8003FE0000F800>19 28 2 0 24]67 dc[<7FF800FFFE007FFF001C= 0F80 1C03C01C03C01C01E01C00E01C00E01C00F01C00701C00701C00701C00701C00701C00701= C0070 1C00701C00F01C00E01C00E01C01E01C01C01C03C01C0F807FFF00FFFE007FF800>20 28 = 1 0 24]68 dc[<FFF8FFF8FFF8E000E000E000E000E000E000E000E000E000E000E000E000E00= 0E000 E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000FFF8FFF8F= FF8> 13 36 9 4 24]91 dc[<FFF8FFF8FFF800380038003800380038003800380038003800380= 03800 3800380038003800380038003800380038003800380038003800380038003800380038003= 8FFF8 FFF8FFF8>13 36 1 4 24]93 dc[<1FE0003FF8007FFC00781E00300E0000070000070000= FF00 07FF001FFF007F0700780700E00700E00700E00700F00F00781F003FFFF01FFBF007E1F0>= 20 20 3 0 24]97 dc[<01FE0007FF001FFF803E0780380300700000700000E00000E00000E0000= 0E000 00E00000E000007000007001C03801C03E03C01FFF8007FF0001FC00>18 20 3 0 24]99 = dc[< 001F80003F80001F8000038000038000038000038000038003E3800FFB801FFF803C1F803= 80F80 700780700380E00380E00380E00380E00380E00380E00380700780700780380F803C1F801= FFFF0 0FFBF803E3F0>21 28 2 0 24]100 dc[<001F80007FC000FFE000E1E001C0C001C00001C= 00001 C0007FFFC0FFFFC0FFFFC001C00001C00001C00001C00001C00001C00001C00001C00001C= 00001 C00001C00001C00001C00001C0007FFF007FFF007FFF00>19 28 1 0 24]102 dc[<03800= 007C0 0007C00007C0000380000000000000000000000000007FC000FFC0007FC00001C00001C00= 001C0 0001C00001C00001C00001C00001C00001C00001C00001C00001C00001C00001C000FFFF0= 0FFFF 80FFFF00>17 29 4 0 24]105 dc[<0038007C007C007C003800000000000000000FFC1FF= C0FFC 001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C001C0= 01C00 1C001C001C6038F078FFF07FE03F80>14 39 2 10 24]106 dc[<FE0000FE0000FE00000E= 0000 0E00000E00000E00000E00000E3FF00E7FF00E3FF00E07800E0F000E1E000E3C000E78000= EF000 0FF8000FFC000F9C000F0E000E0F000E07000E03800E03C0FFC7F8FFC7F8FFC7F8>21 28 = 1 0 24]107 dc[<7CE0E000FFFBF8007FFFF8001F1F1C001E1E1C001E1E1C001C1C1C001C1C1C= 001C 1C1C001C1C1C001C1C1C001C1C1C001C1C1C001C1C1C001C1C1C001C1C1C001C1C1C007F1= F1F00 FFBFBF807F1F1F00>25 20 -1 0 24]109 dc[<7E3E00FEFF807FFFC00FC1C00F80E00F00= E00E 00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E07FC3FCFFE= 7FE7F C3FC>23 20 0 0 24]110 dc[<01F0000FFE001FFF003E0F803803807001C07001C0E000E= 0E000 E0E000E0E000E0E000E0F001E07001C07803C03C07803E0F801FFF000FFE0001F000>19 2= 0 2 0 24]111 dc[<7F87E0FF9FF07FBFF803F87803F03003E00003C00003C00003800003800003= 8000 0380000380000380000380000380000380007FFE00FFFF007FFE00>21 20 1 0 24]114 d= c[<01 80000380000380000380000380007FFFC0FFFFC0FFFFC0038000038000038000038000038= 00003 80000380000380000380000380400380E00380E00380E001C1C001FFC000FF80003E00>19= 25 1 0 24]116 dc[<7F8FF0FF8FF87F8FF01E03C00E03800E03800E0380070700070700070700= 038E 00038E00038E00038E0001DC0001DC0001DC0000F80000F800007000>21 20 1 0 24]118= dc[< 7F8FF07F9FF07F8FF0070700078E00039E0001DC0001F80000F80000700000F00000F8000= 1DC00 039E00038E000707000F07807F8FF0FF8FF87F8FF0>21 20 1 0 24]120 dc dfe /fo df= [<07 C018303018701C600C600CE00EE00EE00EE00EE00EE00EE00EE00EE00E600C600C701C301= 81C70 07C0>15 21 1 0 18]48 dc[<03000700FF00070007000700070007000700070007000700= 0700 07000700070007000700070007007FF0>12 21 2 0 18]49 dc[<0F8030E040708030C038= E038 4038003800700070006000C00180030006000C08080810183FF07FF0FFF0>13 21 2 0 18= ]50 dc[<0FE030306018701C701C001C00180038006007E000300018000C000E000EE00EE00EC= 00C40 1830300FE0>15 21 1 0 18]51 dc[<00300030007000F001F00170027004700870187010= 7020 704070C070FFFE0070007000700070007003FE>15 21 1 0 18]52 dc[<FFFFFCFFFFFC00= 0000 000000000000000000000000000000FFFFFCFFFFFC>22 10 2 -3 27]61 dc dfe /fp df= [<60 F0F070101020204040>4 10 3 6 10]59 dc[<1F0006000600060006000C000C000C000C0= 018F0 1B181C08180838183018301830306030603160616062C022C03C>16 23 2 0 20]104 dc[= <0300 038003000000000000000000000000001C002400460046008C000C0018001800180031003= 10032 0032001C00>9 23 1 0 12]105 dc[<1F0006000600060006000C000C000C000C00181C18= 6618 8E190C32003C003F00318060C060C460C460C8C0C8C070>15 23 2 0 18]107 dc[<3E0C0= C0C0C 181818183030303060606060C0C8C8C8D070>7 23 2 0 11]108 dc[<383C1E0044C66300= 4702 8100460301008E0703000C0603000C0603000C060600180C0600180C0620180C0C20180C0= C4030 18044030180780>27 14 1 0 31]109 dc[<383C0044C6004702004602008E06000C06000= C0600 0C0C00180C00180C40181840181880300880300F00>18 14 1 0 21]110 dc[<07C00C201= 01020 186018C018C018C01880308030C060C0C061803E00>13 14 2 0 17]111 dc[<1C3C22462= 38223 0346030603060306030C060C060C0C0C081A3019E018001800300030003000FC00>16 20 = 0 6 18]112 dc[<1C0200260600460600460600860C000C0C000C0C000C0C0018180018188018= 1880 1838800C5900078E00>17 14 1 0 20]117 dc[<1C04260E4606460686040C040C040C041= 80818 08181018100C600780>15 14 1 0 17]118 dc[<0F1F0011A18020C38020C300418000018= 00001 8000018000030000030200C30200E70400C5080078F000>17 14 1 0 20]120 dc[<1C022= 60646 064606860C0C0C0C0C0C0C18181818181818380C7007B000300060706070C021801E00>15= 20 1 6 17]121 dc[<07840FCC1878101000200040018002000400080810083C3043E081C0>14 = 14 1 0 16]122 dc dfe /fq df[<000000003FFE00000E0000000FFFFFC0001E0000007FFFFFF= 8003E 000003FFFFFFFE00FE00000FFFFFFFFF81FE00003FFFF800FFC3FE0000FFFF80000FF7FE0= 001FF FC000003FFFE0007FFF0000001FFFE000FFFC00000007FFE001FFF800000003FFE003FFF0= 00000 001FFE007FFE000000000FFE00FFFC0000000007FE01FFF80000000007FE03FFF00000000= 003FE 03FFF00000000001FE07FFE00000000001FE07FFE00000000000FE0FFFC00000000000FE0= FFFC0 00000000007E1FFFC000000000007E1FFF8000000000007E3FFF8000000000007E3FFF800= 00000 00003E3FFF8000000000003E7FFF8000000000003E7FFF0000000000003E7FFF000000000= 00000 7FFF00000000000000FFFF00000000000000FFFF00000000000000FFFF00000000000000F= FFF00 000000000000FFFF00000000000000FFFF00000000000000FFFF00000000000000FFFF000= 00000 000000FFFF00000000000000FFFF00000000000000FFFF00000000000000FFFF000000000= 00000 FFFF000000000000007FFF000000000000007FFF000000000000007FFF000000000000007= FFF80 00000000003E3FFF8000000000003E3FFF8000000000003E3FFF8000000000003E1FFF800= 00000 00003E1FFFC000000000003E0FFFC000000000007C0FFFC000000000007C07FFE00000000= 0007C 07FFE00000000000F803FFF00000000000F803FFF00000000001F801FFF80000000001F00= 0FFFC 0000000003E0007FFE0000000007E0003FFF000000000FC0001FFF800000001F80000FFFC= 00000 003F000007FFF0000000FE000001FFFC000001FC000000FFFF80000FF80000003FFFF8007= FF000 00000FFFFFFFFFC000000003FFFFFFFF00000000007FFFFFFC00000000000FFFFFE000000= 00000 003FFE000000>71 73 7 1 86]67 dc[<0007FFFC000000007FFFFFC0000001FFFFFFF800= 0003 FFFFFFFE000007FE001FFF000007FF0003FFC0000FFF8001FFE0000FFF8000FFF0000FFF8= 0007F F0000FFF80007FF8000FFF80007FF80007FF00003FFC0007FF00003FFC0003FE00003FFC0= 000F8 00003FFC00000000003FFC00000000003FFC00000000003FFC00000000003FFC00000007F= FFFFC 000000FFFFFFFC000007FFFFFFFC00003FFFE03FFC0000FFFE003FFC0003FFF0003FFC000= 7FFC0 003FFC000FFF00003FFC001FFE00003FFC003FFC00003FFC007FF800003FFC007FF800003= FFC00 FFF000003FFC00FFF000003FFC00FFF000003FFC00FFF000003FFC00FFF000003FFC00FFF= 00000 7FFC007FF80000FFFC007FF80001EFFC003FFC0003EFFC003FFF0007CFFF000FFFC03F8FF= FF807 FFFFFF07FFFC01FFFFFC03FFFC007FFFF001FFFC0003FF80007FF8>54 46 3 0 58]97 dc= [<00 000000007FC00000000000FFFFC00000000000FFFFC00000000000FFFFC00000000000FFF= FC000 00000000FFFFC0000000000003FFC0000000000001FFC0000000000001FFC000000000000= 1FFC0 000000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC0000000000= 001FF C0000000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC00000000= 00001 FFC0000000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC000000= 00000 01FFC0000000000001FFC00000000FFC01FFC0000000FFFF81FFC0000007FFFFE1FFC0000= 01FFF FFF9FFC000007FFC03FFFFC00000FFF0007FFFC00001FFC0001FFFC00003FF80000FFFC00= 007FF 000007FFC0000FFE000003FFC0000FFE000003FFC0001FFC000003FFC0001FFC000003FFC= 0003F FC000003FFC0003FFC000003FFC0007FF8000003FFC0007FF8000003FFC0007FF8000003F= FC000 FFF8000003FFC000FFF8000003FFC000FFF8000003FFC000FFF8000003FFC000FFF800000= 3FFC0 00FFF8000003FFC000FFF8000003FFC000FFF8000003FFC000FFF8000003FFC000FFF8000= 003FF C0007FF8000003FFC0007FF8000003FFC0007FF8000003FFC0003FF8000003FFC0003FFC0= 00003 FFC0003FFC000003FFC0001FFC000003FFC0001FFC000003FFC0000FFE000007FFC00007F= F0000 0FFFC00003FF00001FFFC00001FFC0003FFFC00000FFE000FFFFE000007FF807FBFFFF800= 01FFF FFF3FFFF800007FFFFC3FFFF800001FFFF03FFFF8000001FF803FFFF80>57 72 4 0 66]1= 00 dc [<00001FFE00000001FFFFE0000007FFFFF800001FFFFFFE00007FFC07FF0000FFE001FF8= 001FF C0007FC003FF80003FE007FF00003FF00FFE00001FF01FFE00000FF81FFC00000FF83FFC0= 0000F FC3FFC000007FC7FFC000007FC7FF8000007FC7FF8000007FE7FF8000007FEFFF8000007F= EFFF8 000007FEFFFFFFFFFFFEFFFFFFFFFFFEFFFFFFFFFFFEFFFFFFFFFFFCFFF800000000FFF80= 00000 00FFF800000000FFF8000000007FF8000000007FF8000000007FFC000000003FFC0000000= 03FFC 000000003FFC0000001C1FFE0000003E0FFE0000003E07FF0000007E07FF000000FC03FF8= 00001 F801FFC00003F0007FF0001FE0003FFE00FFC0001FFFFFFF800007FFFFFE000000FFFFF80= 00000 0FFF8000>47 46 3 0 54]101 dc[<00FC0001FF0003FF8007FFC00FFFC01FFFE01FFFE01= FFFE0 1FFFE01FFFE01FFFE00FFFC007FFC003FF8001FF0000FC000000000000000000000000000= 00000 000000000000000000000000000000000000007FC0FFFFC0FFFFC0FFFFC0FFFFC0FFFFC00= 3FFC0 01FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC00= 1FFC0 01FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC00= 1FFC0 01FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC0FFFFFFFFFFFFFFFFFFFFFFFFF= FFFFF >24 73 4 0 32]105 dc[<007FC000FFFFC000FFFFC000FFFFC000FFFFC000FFFFC00003F= FC000 01FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC0000= 1FFC0 0001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00= 001FF C00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC= 00001 FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001F= FC000 01FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC0000= 1FFC0 0001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00= 001FF C00001FFC000FFFFFF80FFFFFF80FFFFFF80FFFFFF80FFFFFF80>25 72 4 0 32]108 dc[= <007F C001FFC00000FFE00000FFFFC00FFFF80007FFFC0000FFFFC03FFFFE001FFFFF0000FFFFC= 0FFFF FF007FFFFF8000FFFFC1FC07FF80FE03FFC000FFFFC3E003FFC1F001FFE00003FFC7C001F= FC3E0 00FFE00001FFCF0001FFE78000FFF00001FFDE0000FFEF00007FF00001FFDC0000FFEE000= 07FF0 0001FFFC0000FFFE00007FF80001FFF80000FFFC00007FF80001FFF00000FFF800007FF80= 001FF F00000FFF800007FF80001FFF00000FFF800007FF80001FFE00000FFF000007FF80001FFE= 00000 FFF000007FF80001FFE00000FFF000007FF80001FFE00000FFF000007FF80001FFE00000F= FF000 007FF80001FFE00000FFF000007FF80001FFE00000FFF000007FF80001FFE00000FFF0000= 07FF8 0001FFE00000FFF000007FF80001FFE00000FFF000007FF80001FFE00000FFF000007FF80= 001FF E00000FFF000007FF80001FFE00000FFF000007FF80001FFE00000FFF000007FF80001FFE= 00000 FFF000007FF80001FFE00000FFF000007FF80001FFE00000FFF000007FF80001FFE00000F= FF000 007FF80001FFE00000FFF000007FF80001FFE00000FFF000007FF80001FFE00000FFF0000= 07FF8 0001FFE00000FFF000007FF80001FFE00000FFF000007FF80001FFE00000FFF000007FF80= 001FF E00000FFF000007FF80001FFE00000FFF000007FF800FFFFFFC07FFFFFE03FFFFFF0FFFFF= FC07F FFFFE03FFFFFF0FFFFFFC07FFFFFE03FFFFFF0FFFFFFC07FFFFFE03FFFFFF0FFFFFFC07FF= FFFE0 3FFFFFF0>92 46 4 0 99]109 dc[<007FC001FFC00000FFFFC00FFFF80000FFFFC03FFFF= E0000 FFFFC0FFFFFF0000FFFFC1FC07FF8000FFFFC3E003FFC00003FFC7C001FFC00001FFCF000= 1FFE0 0001FFDE0000FFE00001FFDC0000FFE00001FFFC0000FFF00001FFF80000FFF00001FFF00= 000FF F00001FFF00000FFF00001FFF00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE= 00000 FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001F= FE000 00FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF0000= 1FFE0 0000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00= 001FF E00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF= 00001 FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF000FFFFFFC07FF= FFFE0 FFFFFFC07FFFFFE0FFFFFFC07FFFFFE0FFFFFFC07FFFFFE0FFFFFFC07FFFFFE0>59 46 4 = 0 66] 110 dc[<00000FFF0000000000FFFFF000000007FFFFFE0000001FFFFFFF8000003FFC03F= FC000 00FFE0007FF00001FF80001FF80003FF00000FFC0007FE000007FE000FFE000007FF000FF= C0000 03FF001FFC000003FF803FFC000003FFC03FF8000001FFC03FF8000001FFC07FF8000001F= FE07F F8000001FFE07FF8000001FFE0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF0FFF80= 00001 FFF0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF= 0FFF8 000001FFF07FF8000001FFE07FF8000001FFE07FF8000001FFE07FF8000001FFE03FFC000= 003FF C03FFC000003FFC01FFC000003FF801FFE000007FF800FFE000007FF0007FF00000FFE000= 3FF80 001FFC0001FFC0003FF80000FFE0007FF000007FFC03FFE000001FFFFFFF80000007FFFFF= E0000 0000FFFFF0000000000FFF000000>52 46 3 0 59]111 dc[<000FFF00E0007FFFF3E001F= FFFFF E007FFFFFFE00FF800FFE01FC0001FE03F80000FE03F000007E07F000003E07F000003E0F= F0000 03E0FF000003E0FF800003E0FFC0000000FFF0000000FFFE000000FFFFF800007FFFFFC00= 07FFF FFF0003FFFFFFC001FFFFFFF000FFFFFFF8007FFFFFFC003FFFFFFE000FFFFFFF0003FFFF= FF000 03FFFFF800001FFFF8000000FFFC0000001FFC7800000FFCF8000007FCF8000003FCFC000= 003FC FC000003FCFE000003F8FE000003F8FF000003F8FF800007F0FFC0000FF0FFF0001FE0FFF= C00FF C0FFFFFFFF80FC7FFFFE00F81FFFF800E003FF8000>38 46 4 0 47]115 dc[<0001F0000= 00001 F000000001F000000001F000000001F000000001F000000003F000000003F000000003F00= 00000 07F000000007F000000007F00000000FF00000000FF00000001FF00000003FF00000003FF= 00000 007FF0000001FFF0000003FFF000000FFFFFFFC0FFFFFFFFC0FFFFFFFFC0FFFFFFFFC0FFF= FFFFF C000FFF0000000FFF0000000FFF0000000FFF0000000FFF0000000FFF0000000FFF000000= 0FFF0 000000FFF0000000FFF0000000FFF0000000FFF0000000FFF0000000FFF0000000FFF0000= 000FF F0000000FFF0000000FFF0000000FFF0000000FFF0000000FFF0000000FFF0000000FFF00= 00000 FFF001F000FFF001F000FFF001F000FFF001F000FFF001F000FFF001F000FFF001F000FFF= 001F0 00FFF001F0007FF001E0007FF803E0003FF803E0003FFC07C0001FFE0F80000FFFFF80000= 7FFFE 000001FFFC0000001FF000>36 66 2 0 46]116 dc[<007FE000003FF000FFFFE0007FFFF= 000FF FFE0007FFFF000FFFFE0007FFFF000FFFFE0007FFFF000FFFFE0007FFFF00003FFE00001F= FF000 01FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE0000= 0FFF0 0001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00= 000FF F00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE= 00000 FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001F= FE000 00FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF0000= 1FFE0 0000FFF00001FFE00000FFF00001FFE00001FFF00001FFE00001FFF00001FFE00001FFF00= 001FF E00003FFF00000FFE00007FFF00000FFE0000F7FF000007FE0001F7FF000007FF0003E7FF= 80000 3FFC00FC7FFFE0001FFFFFF87FFFE00007FFFFE07FFFE00001FFFF807FFFE000003FFE007= FFFE0 >59 46 4 0 66]117 dc[<FFFFFF8001FFFFFFFFFF8001FFFFFFFFFF8001FFFFFFFFFF800= 1FFFF FFFFFF8001FFFF01FFE000001FC001FFF000001F8001FFF000001F8000FFF800001F0000F= FF800 003F00007FF800003E00007FFC00007E00003FFC00007C00003FFE0000FC00001FFE0000F= 80000 1FFF0001F800000FFF0001F000000FFF8003F0000007FF8003E0000007FFC007E0000007F= FC007 E0000003FFE007C0000003FFE00FC0000001FFE00F80000001FFF01F80000000FFF01F000= 00000 FFF83F000000007FF83E000000007FFC7E000000003FFC7C000000003FFEFC000000001FF= EF800 0000001FFFF8000000001FFFF8000000000FFFF0000000000FFFF00000000007FFE000000= 00007 FFE00000000003FFC00000000003FFC00000000001FF800000000001FF800000000000FF0= 00000 000000FF0000000000007E0000000000003C000000>56 46 3 0 63]118 dc dfe /fr df= [<30 78F87870>5 5 4 0 13]46 dc[<000C001C00FC0F38003800380038003800380070007000= 7000 700070007000E000E000E000E000E000E001C001C001C001C001C001C0038003C0FFFE>15= 30 4 0 23]49 dc[<003F8000C1E00100F00200780400780400780F007C0F807C0F807C0F00780= 60078 0000F80000F00001E00001C0000380000700000E00001C0000380000600000C0000180000= 30020 0600200800401000403FFFC07FFF80FFFF80>22 30 2 0 23]50 dc[<007F000183C00201= E004 00F00700F00F00F00F01F00F01F00001E00001E00003C0000380000700000E0000F800000= E0000 07000007800007C00003C00007C03007C07807C0F807C0F807C0F00780800F00400E00201= C0018 780007E000>20 31 3 1 23]51 dc[<01803001FFE003FFC003FF0003FC00020000020000= 0200 00040000040000040000047C000587000603800C01800801C00001C00001E00001E00001E= 00001 E07003C0F803C0F003C0E00380800780400700400E00201C0018700007C000>20 31 3 1 = 23] 53 dc[<000F8000704000C0200180E00301E00701E00E00C01E00001C00003C00 may be classi�ed into two basic ty= pes of parallelism: intertile parallelism, where the = iteration space is tiled,

and tiles are doled out t= o single processors to be executed; and intratile para= llelism, where

all the processors work on a sin= gle tile at the same time. 4

can b e p erformed with the goal of increasing lo calit= y, or it can be p erformed

with the goal o= f creating parallelism between tiles. For para= llelism, the compiler’s goal is

to generate enough ti= les to guarantee all pro cessors can b e kept Tiling without introducing

too much overhead.For locality, the compiler’s goal is to gen= erate tiles which �t into a

faster level of the= memory hierarchy. The tiles should maximize t= he ratio of computation

to secondary memory to consumed. These goals can con ict, since the dire= ctions

in the iteration space in which there i= s reuse may also b e the directions in which there

is parallelism. As an example, consider 5.8=2E This two-dimensional lo op four matrices. The matrices A, B, and C are read-only, while the matrix D is both = read and

written. This results in dep endences = in the j-direction. The i-direction can b= e executed in

parallel, but the most data lo = cality exists in the i-direction.

- i

6 j

66666666666666666

66666666

6 66666666

66666666

66666666

666 666666

66666666

66666666

for= i =3D 1 to n do

for j =3D 1 to n do

D[i] =3D D[i] + A[j]+B[j]*i+C[j]*i*i;

Figure = 5.8: Parallelism can exist in the preferred locality dire= ction.

There are several possible approacto the problem: the compiler could tile twice, tiling the loop nest once to obtain parallelism, hes then tiling the tiled lo ops a second

4 Intertile parallelism and intratile= parallelism can b e combined, resulting in a sc= heme where groups of

pro cessors co operate to e= xecute single tiles, and multiple groups work in parall= el. This thesis considers only

the two sim= pler cases.

74 CHAPTER 5. SCHEDULING THE TIL= ES

time, scheduling the second set of tiles for= intertile lo cality. The second approach is to=

tile only once, and schedule the tiles to obtain= b oth parallelism and intertile lo cality. The=

third approach is to tile and schedule for in= tertile lo cality assuming that the tiles will be parallelized for the entire pro cessor set using intr= atile parallelism. This is the only way to

= integrate tiling for data-motion management with g methods which introduce

complex communication= patterns: bidirectional communication among tiles cannot= b e al-

lowed unless a new scheduling met= hodology is develop ed, but any method can bused to

execute the iterations within a tile least as far as the tile scheduler is 5.3.1 Tiling twice: Wolf ’s In his thesis[57], Wolf discusses combining par= allelism and lo cality by �rst tiling the space to �nd coarse-grain parallelism and then ti= ling the coarse-grain tiles to obtain sub-tiles

which = 014t into the memory hierarchy level of interest. Thi= s technique has the advantage that

it allo= ws up to n � 1 degrees of parallelism t= o be extracted from an n-deep nested lo op. If=

the iteration space is so large that the proble= m will not �t in the machine, however, a si= ngle

degree of parallelism may well be su�cie= nt. Further, tiling for coarse-grain parallelism intertile locality to that available a coarse-grain tile as opp osed to that avwithin the iteration space.

5.3.2 Schedu= ling for intertile parallelism

This thesis estigates the possibility of tiling once, and sch= eduling the tiles to obtain

parallelism in some dir= ections and intertile lo cality in other directions. In= this approach, it is

assumed that there is eno= ugh parallelism in any one parallel direction in the ite= ration space

to keep all the processors busy. The concentration is not on producing all the para= llelism

p ossible, but rather on producing enough p= arallelism to keep the processors busy; the of the directions in the iteration space are used to resthedule for intertile lo cality.

Scheduling = for intertile lo cality and intertile parallelism require= s the scheduler to sepa-

rate the lo op nest i= nto a set of lo ops to be executed in parallel, a set to be executed

sequentially. Iteration= s of a parallel lo op may be executed on anprocessor, but all itera-

tions of a sequential y op are executed on the same processor.

The co= mpiler �rst marks every lo op as potentially para= llel or necessarily sequential. If

5.3. APPROACHES TO PAND LOCALITY 75

there is only a single para= llel lo op, it is always placed outermost. Next, ea= ch lo op is marked

with how many stre= ams are left local if that loop is innermost. ARALLELISM lo op that leaves the

most streams lo is placed innermost. The next outermost lo op is ch= osen by determining

how many streams are lo c= al to b oth the inner most loop and the next outermo= st, and so

on.

If there are multiple paral= lel loops, each one is a candidate for b eing outer= most=2E In

this case, the lo op with the most= intertile lo cality is selected as the innermost loop.= The

compiler proceeds as before, adding ops to the outside of the loop nest, except b efo= re a

lo op is added, the compiler checks w many potential parallel lo ops are left unassigne= d.

When there is only one parallel loop, it ho placed outermost.

In the matrix multiply example= , the i and j lo ops are fully parallel, they are both

candidates for the outermost = p osition. The k lo op is not considered paral= lel, since the

dep endence analyzer does not e the associativity of addition into account. Eachlo op

leaves one stream lo cal, but the k lo op leaves the writable stream c[i,j] loca= l, which

represents twice as many memory t= ransactions. The compiler puts the k lo op innerm= ost.

Since there are still two choices for a= parallel outermost lo op, the compiler tries to cose

another loop with intertile lo cality. hot this point, there is no lo cality left. The= compiler

can arbitrarily pick either the i or j lo op to be outermost.

Finding transformed lo op with no parallelism is rare; there a= re no such loops in our

examples in Chapter = 7. In the case that there is no parallel loop i= n the lo op nest, the

controlling lo ops �rst skewed until there is a parallel lo (an n-deep tilable lo op nest

can bop transformed to code containing at least n = 000 1 degrees of parallelism[29 ]). This

com= plicates the expression for the number of refetc= hes. The expression in Equation 5.1 is

based on= the fact that the numb er of tiles in lo op = direction x is simply the size of the lo divided by the size of the tile. Skewing = changes the number of iterations executed in a

direction.

Note that when lo ops are executed= in parallel, the refresh op erations happ en in parall= el

(b ecause writable data is not shared, so areerything can happen lo cally). The numb er= of

refreshes computed by Equation 5.1 is there= fore divided by the numb er of processors.

76 CHAPTER 5. SCHEDULING THE TIL= ES

5.3.3 Scheduling for intratile parallelism

The compiler can tile for locality and intratile = parallelism; the resulting tiles are to be

executed = by the entire array working as a unit. tiling, the tiled lo ops are passed on

to a pa= rallelization phase. Arbitrary communication b etwee= n processors is allowed during

the execution of= a tile; the tiling software places a barrier hronization b efore and after

the execution of eac= h tile. This allows maximum exibilit y in c= ho osing tiles, since forms of

parallelism using c= ommunication can b e used. The scheduler op erate= s in almost the same

way for intratile paralleli= sm as it does for a unipro cessor, so optimal inter= tile lo cality is

available.

Some coop= eration b etween the tiler and the phase are required, however.

The scmust be able to obtain cost metrics for executing heduler parametric-sized tile

on the entire set of cessors. The scheduler models the parallel machin= e as a single

processor with a single fast me= mory, but which may have nonlinear execution cost= measures

for di�erent tiles sizes or shapes.=

Determining what �ts in a distributed memory isn’= t quite the same as determining what

�ts in a = single memory|it may be better to trade data replica= tion for communication, and

this would decrease the= e�ective memory size. The compiler can handle = this in two di�erent

ways: it can targe= t a fraction of the available memory, assuming that= the resulting tile will

�t even after data = replication; or it can complicate the expressions giving tile= size.

When the cost model is evaluated, pro compiler is attempting to minimize the number of slow memory accesses, expressed in terms of the = tile sizes, sub ject to a memory b ound

constraint= : the sum of the M 1 memory parallelization cations can not exceed the physical size of M

1

.

When intratile parallelism is appl= ied, however, the real constraint is that the M= 1 memory

allo cation in e= ach processor must not exceed the M

1

size of that processor. Dat= a placement

for intratile parallelism is done by = the intratile parallelizer, which may choose to replic= ate

some data across the memories of each proces= sor, e�ectively reducing the aggregate M 1

size. This requires replacing our memory constrain= t with a new constraint smaller than

M

1

, based on how much data is repl= icated.

5.3. APPROACHES TO PAND LOCALITY 77

5.3.4 Comparison of appro= aches

Tiling for intertile parallelism can be combined with tiling for locality by tiling t= wice.

An alternative approach is to tile onl= y once, and schedule the resulting tiles for easily

in one dimension while scheduling for intertile lo= cality in other directions.

Tiling for ARALLELISM parallelism is somewhat more complex, in that the compil= er must

target the full processor arrayData replication has the e�ect of shrinking the a.ailable

memory, but the compiler cannot determine= the exact degree of replication until after has decided on the tile sizes.

78 CHAPTER 5. SCHEDULING THE TIL= ES

Chapter 6

Cost m= o del evaluation

In previous chapters, v= arious pieces of the cost model were describ ed = in some detail. This

chapter explains the det= ails of evaluating the cost model, solving for the alue of the tile

size vector

� , and computing the total cost of the v

The development thus far has shown how t= o compute the size of the bu�er used by

eac= h stream in terms of ~ � , an= d roughly how to compute the number of times t= hese bu�ers

are �lled and emptied, also in term= s of ~ � . To complete the= cost model, the number of

refreshes req= uired must b e computed. This requires the lo b ounds in the transformed

space. The next se= ction describ es the techniques used to generate the new= lo op b ounds.

First, the techniques of and Pingali for generating the new lo op b ounds are re= viewed.

Next, several improvements to stand= ard Fourier-Motzkin elimination are discussed; this

i= s the process used to solve the transformed lo b ounds into expressions acceptable in a

standard i= mp erative language.

The two pieces of the = cost model are then combined into a single optimization p= roblem.

The solution to this optimization problem the correct tile size vector ~ � . The second sec-

tion of this chapter is = devoted to examining di�erent approaches to this optimization

problem.

The last of this chapter is devoted to a complete example loo= p, showing how

it is transformed at each st= age, so that the reader can get a feel for how all = the pieces of

theory �t together.

80 CHAPTER 6. COST MODEL ALUATION

6.1 Co de generation

The tra= nsformation required has already been discussed in terms: the iteration

space is �rst transformed = to have the new basis B , and then the lo o= ps are strip-mined to

produce tiles. The new b= asis B is chosen so that tiling is always leg= al. Chapter 4 describ ed

the transformation applied= to subscript expressions; transforming expressions using the= old

lo op indices to equivalent expressions in= the new basis is straightforward. Generating new=

lo op bounds, however, is complex; that i= s the sub ject of this section.

The code generat= ion algorithm is based on the work of Li and Pingali[3= 5]. The problem

is to transform a source op nest to a target loop nest that executes an loalent set of

iterations in a new basis B . The index variable set in the source loop n= est is given by ~

{; in

the ta= rget space we will use ~

|. Each inde= x point in the source space is related a point EV

the target space by the equation ~

| =3D B~

{. The compiler transforms subs= cript expressions by

replacing expressions in { with an equivalent expression in ~ solving. A variable reference v[R~

{ + ~ r]

is replaced by v[Li RB -1 ~ | + ~ rop].

The loop b ounds expressions be as easily replaced, b ecause while the inner loop=

b ounds are allowed to be functions of th= e outer lo op indices, the reverse is not true. Th= e

lo op b ounds are therefore transformed in t= wo stages. First, the b ounds are translated to a= n

auxiliary space and simpli�ed. The second = step translates the lo op nest in auxiliary space

int= o a lo op nest in the target space.

6.1.1 T=ransforming original loop bounds to auxiliary space=

We re-write the lo op nest bounds in cannot original space as matrices:

for ~

{ =3D L~ { + ~ l to M~

{ + ~ m do fg

This corresp onds to the inequalities

L~ { +

~ l � ~{ � M~

{ + ~ which can b e re-written as

2

= 6 4

L � I

I M

3

7 5 ~ �

2

6 4

� ~ l

~ m

3

7

5

~ { integer

6.1. CODE GENERATION Letting A =3D

2

6 4

L � I

I � M

3

7 5 and ~ b =3D

2

6 4

� ~ l

81 m

3

7 5 , we can= write the system of inequalities as

A{ � ~ b

~ { integer

Our job is to �nd the loop bound= s in the space transformed by the new basis matrix B .

The new index vector will be ~

= |. Since B has full rank, it represents a on= e-to-one mapping

of points in the old iteration sp= ace into points in the new iteration space. We = thus have

~ | =3D B~{. We can �nd a solution by letting B =3D H U where U is unimo dular, and H = is

lower-triangular with positive diagonal ts. Let ~ k =3D U~

{sothat~

| =3D H ~ elemen. We can

re-write these as

~ { =3D U -1 ~ k

and

~ k =3D H -1 ~ j

Letting A 0 =3D AU -1 , we can re= -write our system of inequalities as

A 0 ~ k � ~ ~

k integer

Any solution

~

k o to the new is a solution to the original system because U is=

unimo dular (and so is U

). We can solve the system in 0

by using Fourier-Motzkin

-1 elimination. We then need to translate the systemop bounds for ~ k into lo� bounds for

~ |.

6.1.2 = Transforming auxiliary space loop b ounds to space

After Fourier-Motzkin elimination, the lo= op for variable k m is of = the form

for k m =3D ma= x( � p 1 � k;= � p 2 � k;= . . . ; � p x �= 26

k) to min( � q 1 � k; � 2 � k; . . . � q y � k) do f. . . g

� k =3D (k 1 where ; k 2 ; . . . ; k m�1 ), � p = z =3D (p z 1

; p

z 2 ; . . ; p z m�1 ),= and � q z =3D (q= z 1 ; q z 2 ; . . . ; q z m�1

). We can

�= 4nd b ounds for j m by . � k by its equivalent in terms= of � |.

Since H is non-sin= gular and lower-triangular, H -1 is also lower triangular. This allows

82 CHAPTER 6. COST MODEL ALUATION

us to replace � k with a linear combination of �

| and = vice-versa. Since ~

| =3D H ~ k, it must be

that �

| =3D= � H � k and

�

k =3D � H = -1 � |.

Now j EV =3D H m;m k m

+

P m�1 i=3D= 1 H m;i k i Letting v =3D � H m � k =3D � H m � H � |, where H m is the mth

row of H , we hae j m =3D v + H m;= m k m . Here v remains= constant; so we need to determine

how j m relates to k m . Since k m steps from max� p 1 � k � p 2 � k;...; � p x �=

k) to min( � q ;1 �

k; � q

2

� k; . . . ; = � q y � kH

m;m k m shouldstepfromH m;m max( � p= 1 � k; � p 2 � k; . . . � p x � k= ) to H m;m min( � q= 1 � k; q 2 � k ; . . = =2E ; � q y � �k) by

steps of H . Once again, we replace � ; with � H -1 �|; this is accomplished by multiplying �= 6 q z

and � p z by � H -1 for all z .

The lo op for vj m is of the form

j m =3D � H m

� H -1 �| + H m;m max(d for p 1 H -1 � |e; d � p 2 H= -1 � |e; . . .= ; d � p x -1 � |e)

to H � H m � H -1 � | + H min(b � q 1 = H -1 � |c; b �= 6 q 2 H -1 � |c; . . . ; b q y H -1 � |c) step H m;m

do= f. . . g

Note that � H m � H -= 1

is not zero. The (m � = 1)-element vector � H m= is the mth row of H its diagonal element.

6.1.3 Improvemento Fourier-Motzkin pairwise elimination

Fo= urier-Motzkin pairwise elimination is a general method of= solving systems of inequalities.

The basic idea = is to eliminate variables one at a time until only = a single variable is left.

Du�n’s paper[14is the b est introduction to the sub ject. A ] rigorous approach is

taken by Dantzig and= Eaves[13].

Eliminating redundant inequali= ties

Pairwise elimination can cause the numb= er of inequalities to grow exp onentially. Du�n[= 14]

describ ed how to minimize the numb er = of inequalities by applying some simple rules for

c= hoosing which variable to eliminate and for eliminat= ing redundant inequalities. Since

the outer lo bounds cannot b e expressed in a procedural langua= ge as a function of the

inner loop indices, compiler must eliminate variables starting with the inne= rmost loop

index and proceeding outwards. T= he compiler can apply Du�n’s rules for elimination the

redundancy introduced by pairwise In Du�n’s work, each original inequality has i= ts own parametric term �

i

(his notation).

Inequalities are eliminated y adding p ositive multiples of inequalities so every

resulting inequality will have all together, ositive parametric terms. Du�n’s Rule (b) stat= es that

6.1. CODE GENERATION any inequality can b e eliminated that has more t= han t + 2 positive parametric terms t variables have been \actively eliminat= ed." The phrase \active elimination" refers eliminating a variable for which there is at least o= ne inequality with a non-zero coe�cient;

vari= ables that have zero coe�cients in all inequalit= ies can be \passively eliminated" at any

time= , preferably as soon as p ossible.

In to loop b ounds, the compiler is not dealing with para= metric inequalities, but

Du�n’s method can be = easily adopted: b efore pairwise elimination is b egun,= the original

inequalities are numb ered 1 to= 2n (there are 2n inequalities, an upp e= r and lower bound

for each loop). A= 2n-element vector is kept for each ineq= uality. Initially, these vectors are

zero = everywhere except the ith position is set to 1= for the ith inequality. As inequalities

are multiplied and added, the extra vectors ar= e multiplied and added the same way. vectors simulate the parametric terms in Du�n’s = method. After t variables have bactively eliminated, the compiler can eliminate an= y inequalities with t + 2 non-zero entries in its \parameter" vector. In the prototypafter compiler, this is made esp ecially fast by the

observation that there are only two imp ortant= states in the parameter vector: zero non-zero. Once a parameter is made non-zero, it b e non-zero in every inequality it is

added i= nto. Since the maximum lo op nest depth is alw= ays less than 16, there are always

will than 32 initial inequalities. The prototype ther= efore represents the parameter vectors

as bit andectors using a single word of storage per inequali= ty.

Du�n’s Rule(c) for eliminating dominance = can also be easily applied using the bit-

vect= or representation. An inequality a dominates an= other inequality b unless there is at

one i for which the ith element of least’s parameter vector is set while b’s ith element is

clear. Rule (c) states that a= ny dominated inequality can b e eliminated; in the p= rototyp e

this is implemented with bitwise ar= ithmetic: the parameter vector of a is 83 and-ed

with the one’s complement of b’s = parameter vector; a dominates b if and only if= the result

is zero (in all bits). The symm= etric operation is used to compute whether b dominat= es a.

Back-propagation

Classic Fou= rier-Motzkin elimination is a forward-only process; once = the outer loop bounds

are determined, the pro= cess stops. Du�n’s methods help eliminate introduced

by pairwise elimination, but it certai= nly does not eliminate all redundancy in the system

84 CHAPTER 6. COST MODEL ALUATION

of inequalities. This can lead EV unnecessarily complex expressions for inner lo op bound= s.

Since the compiler uses these loop b ound exp= ressions to compute the cost model, it is

wwhile to simplify these expressions by propagating constrai= nts on the outer loop in-

dices inward to e= liminate redundant constraints on the inner lo op b ound= s. This process of

using outer lo op bound= s to simplify inner lo ops b ounds propagates orth inwards,

whereas Fourier-Motzkin elimination prop= agates information outwards; for this reason the

pr= ocess is referred to as back-propagating constraints.

Back-propagating constraints is di�c= ult in the general case. Fortunately, the practical=

situations that cause the need for bacthe are simple enough that a simple, fast

algorithm ca= n handle the common cases easily. Rectangular loop= s never require back-

propagation. Triangular lo= ops can cause the need for back propagation, as wil= l b e seen in

the QR decomp osition example b e= low. This covers nearly all the lo ops used = in scienti�c

codes that have linear lo op = b ounds.

In the prototype compiler, the loredundancy b ounds are scanned from outermost to innermost.

= When a loop is found with multiple upp er (or er) b ound inequalities, the compiler tries

to lowve that all but one of the inequalities is redundan= t, given the outer lo op bounds. The

coe�= 16cients in each lo op b ound expression are searc= hed for a non-zero coe�cient in an outer

lo op= index. A non-zero co e�cient means that the out= er loop bounds a�ect the inequality,

so prop= agating information inward may help.

Once an o= pp ortunity for back-propagation has been found, compiler must �nd an

outer lo op inequality the add in. Either the upp er or lower lobound inequality for the

non-zero coe�cient will= be added in. Which it will b e is determin= ed by the sign of the

coe�cient and by w= hether an upp er or lower b ound is b eing eliminate= d. When an upp er

lo op b ound is b op eliminated, the lower loop bound of the b lo op is added in if the

coe�cient is = negative, otherwise the upp er loop b ound of outer loop is added in. When

eliminating a = lower lo op bound, the upp er outer loop b ou= nd is added for a negative sign,

and the loer for a positive sign.

As an example, the QR-decomp osition co de of Figure 6.1. In this = case, ~

{ =3D

(k,i,j), L =3D

2

6 6 6 6

4

0 0 0

1 0 0

1 0 0

3

7 7 7 5 , ~ l =3D (0w 0; 0), M =3D

2

6

6

6 6 4

0 0 0 0 0

0 0 0

3

7

7

7 7 5

, and~ m =3D (119; 119; 119). = The

6.1. CODE GENERATION for k =3D 0 to 119

for i =3D k to 119

for j =3D k to 119

if (i =3D=3D k) then

r[k,j] =3D a[i,j];

else

if (j =3D=3D 85 then

c =3D r[k,j]/SQRT(r[k,j]*r[k,j]+a[i,j]*a[i,j])s =3D a[i,j]/SQRT(r[k,j]*r[k,j]+a[i,j]*a[i,j])r[k,j] =3D c*r[k,j] + s*a[i,j];

else

rt =3D r[= k,j];

r[k,j] =3D s*a[i,j] + c*rt;

a[i,j] =3D c*= a[i,j] - s*rt;

endif

endif

Figure 6.= 1: QR-decomp osition

system of inequalities A; { � ~ b is given by

2

6 6 6 6

6 6 6 6 6

6

6 6 6 4

�= 1 0 0

1 �1 0

1 0= �1

1 0 0

0 1 0

0 1

3

7 7 7

7

7 7 7 7 7

7 7 7 7

5

2

6 6 6 4 k

i

j

3

7 7 7 7 5

�

2

6 6 6

6

6 6 6 6 6

6 6 6 6

4

0

0

0

119

119

119

3

7 7

7

7 7 7 7 7

7 7 7 7

7

5

The dep endences in QR decomp= osition are (�; 0; 0) and = (0; �; 0). Supp ose the compiler

wishes to move the i-lo op by interchanging the k loop inwards over= the i lo op.

For clarity, the transfo= rmed lo op index variables will be called u, v, and w. The desired

transforma= tion corresponds to choosing a new basis B 2

6 6 6 4

0 1 0

1 0 0

0 1

3

7 7 7 0 5

. The transformed

86 CHAPTER 6. COST MODEL ALUATION

inequality set is: 6

6 6 6 6 6 6 6 6 6 6 6 6

6

4

0 �1 0

1 1 0

0 1 �1

0 1 �

1 0 0

0 0 1

3

7 = 7 7 7 7 7 7 7 7 7 7 7 7 7

5

2

6 6 6 6 = 4 u

v

w

3

7

7

7 7 5

�

2=

6 6 6 6 6

6

6 6 6 6 6

6 6 4

0

0

0

119

119

119

3

7 7 7 7 7 7 7 7 7 7 7 7 7 7 5

To apply Fourier-M= otzkin elimination, the �rst step is to solve for the= innermost loop

b ounds. This involves r= eading o� the inequalities that have non-zero w2 -coe�cients. The

result is v � w � 119. Once the bounds for w hav= e b een saved, w is eliminated from the inequalities. All variables must b e actively= eliminated; passive elimination implies there are

= no loop bound inequalities for an index vThis cannot occur in practice. Actively

elimi= nating a variable means every equation with a pos= itive coe�cient for the variable to

b e = eliminated must b e added to every inequality with ariable. negative coe�cient. At each step, if the numb er of inequalities b efore elimination is= N , after elimination there can b e as many as (N � 1)

2 inequali= ties=2E This could theoretically lead to an exp onen= tial increase in the

number of inequalities; practice this rarely occurs.

Eliminating w from= the previous system of inequalities results in

2

6 6 6 6 6

6

6 6 6 6 6

4

0 �1

�1 0 1

1 0

0 1

3

7= 7 7 7 7 7 7= 7 7 7 7 5

2=

6 4 u

v

3

7

5 �

2

6

6

6 6 6 6 in 6 6 6 6 4

0

0

119

119

119

3

7 7 7 7 = 7 7 7 7 7 7 7 5

Note that the last rohas the same coe�cients as the third row; when wo inequalities

have the same coe�cients,= the tighter bound is kept and the looser ound can be eliminated

(assuming the compiler detect which b ound is tighter). In this case, they= are equivalent,

so either inequality can b can dropp ed. This is called equal-cob redundancy elimination;

Du�n does not di= scuss this form of redundancy elimination but it is straigh= tforward and

easy to implement in a compiler.

After dropping the bottom inequality, there is o= ne inequality with a negative coe�cient

6.1. CODE GENERATION for v; that is, there is one lower b ound= inequality. There are two upp er b 87 inequalities.

Both upp er b ounds must hold, = so the upp er b ound for v is the minimum of th= e two. The

next set of lo op b ounds is= therefore 0 � v � min(u119). Eliminating v from the new set

; inequalities leaves

2

6 6

6

6 4

1

�1

0

3

7 7 7 7

5

�

u

�

�

2

6 6 6 4

119

0

119

3

= 7 7 7 7 5

The th= ird row has all zero coe�cients; in a general F= ourier-Motzkin elimination proce-

dure, such ro6 would be checked for non-negative right-hand = sides; negative right-hand

sides indicate that the= original system of inequalities has no solutions. t corresp onds

to lo op nests whose b odies = are never executed, as in \for i =3D 1 to 0 body". The

right-hand side may b= e an expression that cannot be evaluated at compil= e-time; in this

case the check is skipp ed (th= e compiler has to assume the lo op nest will be exe= cuted if it

cannot prove otherwise).

The= outer lo op bounds can b e found by insp ectio= n: 0 � u � 119. Traditional F=ourier-

Motzkin elimination ends at this p oin= t. By back-propagating constraints, however, = the

compiler can show that the loop b ounds= for the v lo op can b e simpli�ed to 0 � v � u.

6.1.4 Computingthe numb erof refreshes

Theoutputcodegenerationrequiresustosumoutwardswheret= heupp erboundisthe

minimumofseveralli= nearfunctions,andthelowerb oundsaremaximums= ofseveralinear

functions. If we can det= ermine where these minimums and maximums occur at compi= le

time, we can split the summations into pie= ce-wise summations; in e�ect, we generate several consecutive loops to execute the code, and eac= h consecutive lo op can b e summed.

In however, the problem of computing the numbof iterations of a lo op nest

is equivalento �nding the number of solutions to an integ= er linear programming problem.

This problem is very= di�cult; sp eci�cally, it is in a class of pr= oblems called P ] (\P sharp").

This clas= s is more di�cult to solve than N P -class problems.

If a compiler encounters a program i= n which the transformed lo op bounds are only

= piecewise linear, and the lo op b ounds cannot be comp= uted at compile time, that basis can

88 CHAPTER 6. COST MODEL ALUATION

b e dropped from consideration. In= practice, loop b ounds are nearly always linear,

b ecause array subscripts are almost alwpurelyys simple lo op indices, and the compiler choEV

transformations from the reference vector set.

= 6.2 Evaluating the cost model

In Chapter 4= the number of fetches per tile for eact stream was computed as a function

of the size vector ~ � . In 5, the number of times that data will b e Chapterhed (or

stored) was computed, also in tile of ~ � . The total cost in t= erms of fetches and stores can

now b e expressed= in terms of ~ � . The compi= ler’s task is to minimize this cost by choosing values for

~ � sub ject to t= he constraint that the resulting stream bu�ers must = all �t together

in M 1 .

6.2.1 An example

As an example, take = the matrix multiply example of Figure 3.1. The tiling ba= sis chosen is

I , and the controlling ops are kept in the original order i, j,= k. The amount of data that

must b= e fetched p er tile for each stream is givlo by

� c[i;jer]

=3D � i � j

� a[i;kgeneral,]

=3D � i � k

� b[k;j= ]

=3D � k � j

The numb er of times each will be refreshed is given by

� c[i;j]

=3D n 2

� i of j

� a[i;= k] =3D n 3

� i � j w� k

� b[;j] =3D n 3

�

i � EV � k

The total number= of memory operations for matrix multiply using basis is then

X =3D

22 � i �

� i j + n 3 �= i � k

� i � j �= 4 k

+ n � k � j

� i � j

� k

6.2. EVALUATING THE COST MODEL 89

which simpli�es to

22 + n 3

� j

+ n 3

� i

(6:1)

The compiler now needs to �nd the of 6.1 sub ject to the memory constraint

minimum i � j + i � k + k � j � sizeM 1 )

The tile sizes cannot= b e zero or negative, so the compiler implicitly ha= s the constraints

1 � � (

1 � � j

1 � � k

The problem is a nonlinea= r optimization problem. Fortunately, because symmetry it

is clear the optimal solution has � i =3D � j

. Since �

k does not a= ppear in the cost formula, the

optimal must have � i and �= 14 j as large as possible, and = 014 k =3D 1. Taking � k

=3D 1 and

� i

=3D �

j , from the memory co= nstraint it is clear that � i = =3D � j =3D psize(M

1 ) + 1 � 1.

6.2.2 The general problem

general the total cost of a tiling for a set of st= reams V is

X =3D v2V

� v (c b + c w

� �

v ) (6:= 2)

where c b is the ov= erhead of a blo ck move and c w= is the cost p er word of a blocmove. The

general form of the memory constr= aint is

X

v2V

�= v � size(M 1 ) (6:3)

that is, the s= um of the bu�er sizes must be less than the a= vailable memory size. There are

n constraints which force each element of ~= � to b e p ositive:

~

1 �

~ � (6:4)

90 CHAPTER 6. COST MODEL ALUATION

The numb er of refreshes EV v is an expression in ~

� of the form

c

� 0 � 1 ...�= k where k is the

innermos= t nonlo cal loop, and c here is a constant t= erm re ecting the total number of

iterationsintheloopnest.

Whenallthereferenceve= ctorsareincludedinthetilingbasis,amorespecializ= edformof

thegeneralproblemresults. Since thi= s is the case whenever there is only a single candida= te

basis (which is true for all the scienti�c l= o ops describ ed in Chapter 7), this case deserves special consideration.

When all the reference v= ectors of a stream s are included in the basis, = S will be a

p ermutation of the rows o= f the identity matrix, so the bu�er size v is an expression of the

form �= v =3D � x � y . . . � z Note that in particular, if � v contains �

x , � y

, etc., these vectors must

app= ear in � v as well, bthere cannot be lo cality in directions of ecause subscripts.

In this sp ecial case, the elements= of ~ � in the numerator cancel= out the corresponding

elements in the denominator.= All of the � i ’s in numerator cancel out, although some

may bleft in the denominator. The stream’s contribution to= the cost formula is therefore

of the form

X =3D

c

� = x � y . . . � z

(6:5)

that is, a constan= t (or an expression in program variables) divided b= y several of the elements

of � . The partial derivatives of this ecial form are strictly non-p ositive whenever ~ � � ~ 1;

th= is guarantees that there are no local minima which ar= e not global minima, so numerical

techniques sp easily �nd the global minimum using a simple t search, modi�ed to

search along the b= oundary of the feasible region.

6.2.3 Numerical= techniques

If the lo op b ounds are know= n (or can be estimated) at compile-time, various umerical

techniques can be applied to �nd n optimal ~ � . The general p= roblem is to optimize (6.2)

sub ject to the con= straints (6.3) and (6.4). This is an integer non= linear programming problem

(INLP). It can be app= roximated by a real-valued nonlinear programming problem= (NLP).

Techniques for solving NLP’s are mu= ch more well-develop ed. The mathematics softwa= re

package MATLAB contains an o�-the-shelf N= LP solver. The next section describ es it use.

The section after that discusses properties of the pr= oblem under consideration that may

a�ect the ch= oice of a solution technique if an o�-the-shelf solve= r is not available.

6.2. EVALUATING THE COST MODEL 91

Using MATLAB to solve constrain= ed optimization problems

MATLAB is a program doing mathematics. As part of its Optimization To= olb ox[20],

MATLAB contains the functio= n constr, which implements a constrained optimization

solver. This solver is based on a Quadratic Programming method. The interface

i= s straightforward. The caller must specify the = function to be minimized (in this case, X ), the constraints (bounds are easier to specify ex= plicitly as b ounds than as constraints), and

initial guess. The easiest initial guess to formu= late is ~ � =3D ~ 1, but ~ � =3D (b; b; . . . ; b) is

probably closer to optimal value. The memory constraint can bsolved for the value

of b (a single equ= ation in one unknown).

The solver requires const= raints to be of the form g(~ x)= � 0, so (6.3) is re-written

X

v2V

� v

!

� size(M 1

) � 0

The left side of this inequal= ity is the constraint function g( e � ).

Applying other techniques

A full description of techniques for solving NLP’s = is beyond the scope of this thesis; the

ook by Wismer and Chattergy[53] is a good ref= erence for readers needing background

material. b section discusses particular facets of the problem to e solved which allow

selection of an appropria= te technique.

Both the �rst and second deriva= tives of the cost function are continuous in the f= easible

region, so several types of gradient= descent techniques can b e applied, including \Newt= on"

techniques which use the second derive to achieve faster convergence. Since there ar= e

inequality constraints, a constrained optimizati= on technique is required.

Intuitively, the comp= iler should use up all of the available 1 space, so the optimum

value of= ~ � must lie on the memory cons= traint. That is, (6.3) holds as an equality M the

remaining constraints are all just lowativ bounds). This reduces the solution space by o= ne

dimension. There are two approaches using this information. In the �rst approach, (6.= 3)

is solved for some � k

. The formula for �

k can then be substituted everywhere else and constraint can be dropp ed (but kept around to= reconstruct the optimal �

k )= =2E This method

is excellent for solving prob= lems by hand, but can be di�cult to automate.

92 CHAPTER 6. COST MODEL ALUATION

In the second approach, the equation= is kept as a constraint and gradient pro is

used to �nd an optimal solution by walking= along the (n � 1-dimensional) surface = sp eci�ed

by the equation. In essence, the = chain rule is applied to �nd the gradient of jection cost function

along the surface, and step are EVen along the surface in the direction of steepest d= escent.

As an initial guess, the vector ~ � =3D (b; b; . . . ; b)= can b e used.

Penalty function methods cou= ld also b e used, but must be applied with care.A penalty

function method turns the con= strained optimization problem into an unconstrained optimization problem by introducing new variables to = satisfy the constraints, but adding severe

p enalti= es to the cost whenever the constraints aren’t satis�= 4ed. There are two basic kinds of

p enalt= y methods, classi�ed according to whether the optimal = solution is approached from

within the feasible regio= n, or from outside the feasible region. Methods whic= h approach

the solution from inside the feasible= region are called interior methods. Methods whic= h

approach the solution from outside the feasible r= egion are called exterior methods. For the

part= icular case of the cost model develop ed here, to methods are dangerous in that

there is the ossibility of encountering a singularity if any � i is zero. These singularities do not exist inside the feasible region. It is p= ossible that by choosing the correct starting p oint, the path to a solution can be kept = away from these singularity regions; this is left t= o

future work.

To ensure optimality, t= he lo op bounds must b e known at compile p If some of the

lo op b ounds are not wn at compile time, they can b e approximated with so= me loss of

quality of the �nal result, so long= as the assumption that every loop executes a large= number

of iterations (large with resp to ~ � ) holds. The loop = b ounds change the constant in each

term ect the cost model; they do not change whether a par= ticular ~ � is in the or not. The

~ � values whi= ch appear in the denominator of some term must kno e made large

lest that term contribute too = greatly to the cost. In e�ect, the solution space = is bimo dal;

elements of ~ � = which do not app ear in the denominator of the cost for= mula are set to 1,

while elements of ~= � which do appear in the denominator ust b e made fairly large.

6.3 A complete e= xample

A complete example will help the reader t= o understand how all of the theory �ts together.

Livermore lo op kernel six is the most complex exam= ple in the benchmark set examined,

6.3. A COMPLETE EXAMPLE 93 which includes the Livermore lo ops, the Perfect C= lub, and the FORTRAN SPECmark

co des. It neat= ly illustrates many of the features of the theory develo= p ed in this thesis.

The source co de for Liv= ermore lo op kernel numb er six is shown in F= igure 6.2. There is

a single loop-carried dep ende= nce vector, (+; �). This dep enden= ce prevents tiling, since no

transformation can m= ake this dep endence positive in the k-lo o= p.

for i =3D 1 to n do

for k 0 to i-1 do

w[i] =3D w[i] + b[i,k]*w[i-k-1];

=3D Figure 6.2: Livermore lo op kernel six

If m programmer can take advantage of the of addition, he or she can

re-write the loop= as shown in Figure 6.3; the only di�erence is th= at the k-lo op has been

reversed. new version has constant dep endences, so it can b= e made tilable.

for i =3D 1 to n do for k =3D -i+1 to 0 do

w[i] =3D w[i] + b[= i,-k]*w[i+k-1]

-

6

?

i k

@

@

@

@

@

@

@=

@

@

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

= 6

6

6

= 6

6 @ R

@ R

@= R

@ R

@ R

@ R

@ = R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

= @ R

@ R

@ R

@ R

@ = R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

@ R

Figure 6.3: Livermore lo op kernel six with = k lo op reversed

Three streams are referenced = in a two-dimensional loop nest. Two of the = streams (w[i]

and w[i+k-1]) are one-di= mensional; the third stream (b[i,-k]) is two-= dimensional. Since

only the w[i] stream is wr= itten, the dep endences which restrict the execution order= are

induced by this stream. There is output dep endence in the k direction, and a �= 5ow

dep endence in the i-k direc= tion=2E These dep endences are drawn in the iteratio= n space of the

�gure.

The set of p os= sible candidate vectors is I [ D + [ V [ V ? E =3D fi; kg [ fk;= i � kg [

fi; k= ; i + kg [ fi; k; i � kg [ fi + k; ig. After �ltering against the dep endences, two

94 CHAPTER 6. COST MODEL ALUATION

candidates remain: i and + k. There is only a single possible b= asis, B =3D fi; i + kg. The

compiler �rst determines a schedule computes � v for each stream; i= t then computes � v

the space requi= rement for each stream. Finally, these are combi= ned to compute the cost

model.

6.3.1 Findi= ng � v

Since the basis contai= ns only two vectors, there are only two p os= sible schedules to be

considered. No localit= y is p ossible for the b[i,-k]-stream, a two-= dimensional stream in

a two-dimensional iteration spa= ce. In order for a stream to b e left lo cal, a= ll its subscript

vectors must be perp endi= cular to the direction of lo op execution. This is = the case whenever

a column of the subscript matr= ix is zero. Table 6.1 summarizes the e�ects of = choosing

various schedules. Since the = w[i] stream is b oth read and written, it counts and more total

memory accesses, so the best sched= ule has i outermost.

B

B -1 R w[i]

S

w[i] R w[i+k�1 S w[i+k�1]

Lo cal 1 0

1 1

#

"

1 0

�1 1

= #

[1; 0]

[1; 0] [1; [0; 1] w[i]"

1 1

1 0

# "

0 1

1 �1

#

[1; 0] [0; 1] [1= ; 1] [1; 0] w[i+k-1]

Table 6.1: Summary of scheduling p The next step is to transform the loop bounds s= o that the numb er of refreshes for

each s= tream can b e computed. Rewriting the original lo b ounds as matrices yields

for ~{ =3D

2

6 4

0 0

�1 0

3

7 5

~{ +

~ 1 to

2

6 4

0 0

0 0

3

7 5 ~ { = +

2

6 4

0

3

7 5 This in turns yields the system of inequalities

2

6 6 6 6 6 6 6 4

�1 �1 �1

1 0

0 1

3

7 7 7 7 7 7 7 5

~{ �

2

6 6 6 6

6 6 4

�1

�1

n

0

7

7 7 7 7 7= 7 5

The next step is decomp ose B into a lower-triangular matrix and = a unimo dular

matrix. Since B is already uni= mo dular, the required decomp osition is simply H = =3D I ; U =3D B .

6.3. A COMPLETE EXAMPLE 95

The transformed inequalities are found by multiplyi= ng the coe�cients by B , yielding

= 2

6 6 6 6 6 6 6 4

�1 0

0 �= 1

1 0

�1 1

3

7 7 7 7 7 7 7 5

~ | �

2

6 6 6 6 6 6 6 4

�1

�1

n

0

3

7 7

7

7 7 7 7 5 where ~

| is the new lo op index vec= tor, ~

| =3D [u; v]

to T . Solving for v yields 1 � v � u. Eliminating

the 0 with non-zero v coe�cients yields

2

6 6 6 6 4 n1 0

�1 0

1 0

3

7 7 7 7 ~ | �

2

6 6 6 6 4

�1

n

3

7 7 7 7 5

So it is seen that the outermost loop b ounds are 1 u � n.

The compiler can now = compute the numb er of refetches for each stream.= The w[i]

stream is lo cal to the inner= most lo op, but not the outer lo op. The numer of refetches is

therefore

w[i] =3D 1

� 1 n X

u=3D1

1 =3D n �

1

Both the b[i�k] and w[i+k-1] matrices are nonlo = cal. The number of refetches for each is

therefore

� b[i;�k]

=3D � w[i+k�1] =3D 1

� 1 n X

u=3D1

1

� 2 u X

v1

=3D 1

�

1

� 2 n X

u=3D1 u

n

2 + n

2� 1 � 2

6.3.2 Finding �

v

The �= 14rst step is to compute the subscript matrices for each= stream. The subscript matrices

are then used �nd space requirements for each stream. The sub= script matrices are found

using the formula S =3D RB -1 .

The subscri= pt matrices are summarized in Table 6.2. As an of how the data in

96 CHAPTER 6. COST MODEL ALUATION

Stream Reference matrix Subscript = matrix S

Bu�er size

w[i] h

1 0 i h

1 0 i

[� 1 � 1

b[i,-k]

"

1 0

0 1

# "

1 0

�1 1

# "

� 1 0

�

1 � 2

#

� 1 � 2

w[i+k-1] h

1 1 i h

0 1 i

� 2 � 2

Table 6.2: Summary of streams

the table is c= omputed, examine the w[i] stream. The reference mat= rix is read directly from

the source code. Thesubscriptmatrixiscomputedbymultiplying therefe= rencematrixby

the inverse basis matrix. = To compute the size requirement, the compiler �rst = checks if

skewed rectangular bu�ering can b= e applied. Skewed rectangular bu�ering can e applied

in this case b ecause the �rst col= umn of the subscript matrix is zero. The compiler ust

then compute the � matrix. The columns of= � subtend the parallelepip ed in the space. The tile is a parallelepip ed subtended by = the columns of

=3D

2

6

4

� 1 0

0 data� 2

3

7 5

The image of the tile in the data space is a on= e-dimensional array S =3D

�

�

1 0

�

m . Apply-

ing Theorem 1, the compiler the matrix � which subtends the columns of the parallelepip ed in the data space. In this the parallelepip ed is one-dimensional, and

the case, yields � =3D [� 1 ]. = The space requirement is jdet �j, an= d a trivial application

of the allo cation proc= edure of Chapter 4 yields a one-dimensional bu�er of len= gth � 1 . The

rest Table 6.2 is computed in a similar manner. The total = memory allo cation is

� w[of] + � w[i+k�1] + � b[i;�k]

=3D 1 + � 2 + �= 1 � 2

6.3.3 The cost model

Having computed � v

and � v for �h stream, the compiler is ready to construct the model. For simplicit y, it is that M

2 does not reward blo = ck accesses, so each M 2

assumed costs the same. The cost formula then simpli�e= s to simply the numb er of M 2 accesses.

6.3. A COMPLETE EXAMPLE 97

The total numb er of M

2 accesses is

X =3D 2�

w[= i] � w[i+ � w[i+k�1] � w[i+k= �1] + � b[i];�k] � b[i;�k]

=3D 2� 1 n

� 1

+� 2 n 2 += n

2� 1 �= 14 2

� 1 � 2 n 2 +n

2� 1 2

=3D 2n + n 2= + n

2� 1

+ n 2 + n

2

The compiler attempts to min= imize X sub ject to the memory constraint

� 1 + � 2 + � 1 � � size(M 1 )

T= he minimum occurs when � 1 is = as large as possible. Maximizing � means minimizing � 2 since �

2 appears in th= e memory constraint but not in the cost formula, the= compiler sets

� 2 =3D 1= =2E The memory constraint becomes 2� 1 =3D size(M 1 = ) � 1, so � 1 =3D size(M 1 )�1

2 . The

total number of M 2 memory op= erations is then

X =3D � x � x + 2� w � w + �

A

� A

=3D 2n+ n 2 +n

size(M 1 )1 + n 2 += n

2

If there were an= y other possible bases that could be formed the candidate set, they

would be evaluated in= the same way. First the compiler computes a= formula for the amount

of data fetched.= Then the compiler chooses a schedule. schedule is used to compute

the numb from of refresh operations each stream must The compiler then constructs

a cost model.The basis with the lowest cost is chosen for= the �nal code transformation.

6.3.4 Co = de generation

The transformations to produce t= he �nal code are best shown as a series of st= eps. The

source code is �rst transformed in= to the new basis space. The transformed lo op ounds are

copied in, and subscript expressions ar= e replaced by the S =3D RB -1 subscript matrices:

for u =3D 1 to n for v =3D 1 to u

w[u] =3D w[u] + b[u,v-u]*w= [v-1]

Next, strip mining is applied to get a t= iled loop nest:

98 CHAPTER 6. COST MODEL ALUATION

� 1 =3D size(M 1 ) � 1

�= 2 =3D 1

for u =3D 1 to= n by � 1

for v =3D 1 to u by= � 2

for uu =3D u to min(n, EV� 1 -1)

for vv =3D v t= o min(uu, v+� 2 -1)

w[u= u] =3D w[uu] + b[uu,vv-uu]*w[vv-1]

Next, code is added, following the methods of Chapter �

1 =3D size(1 ) � 1

� 2 =3D 1

for u =3D 1 to n by = � 1

for v =3D 1 to u by �

2

begin

for k =3D 0 to �

1

-1

wi buf[k] =3D w[u+k]

for k 1 =3D 0 to �

1

-1

for k 2 =3D= 0 to � 2 -1

b buf[k 1 ; k 2

] =3D b[u+k

1 ,v-u+2 -k 1 ]

for k =3D 0 to � 2 -1=

wikplus1 buf[k] =3D w[v+k-1]

for uu =3D u to min(n, u+� 1 -1)

for vv =3D v to min(n, v+� 2 -1)

wi buf[uu-u= ] =3D wi buf[uu-u] +

b buf[uu-u= ,vv-v]*wikplus1 buf[vv-v]

for k =3D 0 to = � 1 -1

w[u+k] =3D wi buf[k]

end

Finally, a few simpli�catio= ns are made:

for u =3D 1 to n by size(M 1 )-1

for v 1 to u

begin

for k =3D 0 to size(= M 1 )-2

wi = buf[k] =3D w[u+k]

for k 1 =3D= 0 to size(M 1 )b buf[k

1 ,0] =3D b= [u+k 1 ,v-u-k 1

]

wikplus1 buf[0] =3D w[v-1]

f= or uu =3D u to min(n, u+� 1 -1)

wi buf[uu-u] =3D wi buf[uu-= u] +

b buf[uu-u,0]*wikplus1 buf[0]

for k =3D 0 to size(M )-2

w[u+k] =3D wi end

6.4. CONCLUSION 99

6.4 = Conclusion

This chapter completes the development of techniques for managing data motion

using a compiler. A discussion of Fourier-Motzk= in elimination is used to determine the

transformed l= oop b ounds so that the number of refresh erations can b e determined.

Back propagation of = constraints is added to the elimination process to simp= lify the lo op

b ounds.

Once the full cos= t model has b een constructed, it is solved analytically or numer-

ically. The cost del is in general a sum of several terms, where eac= h term takes the form

of a multinomial in th= e elements of ~ � divided by th= e the product of the elements of ~ = 014 . The

�rst and second partial deriv= atives therefore must exist, and are continuous o= ver the region

of interest (� = i > 0 for all i). The existence of= these derivatives in the region of ~ � ’s

allows the use of fast-con= verging modi�ed Newton methods for gradient desc= ent in �nding

numerical solutions to the opti= mization problem.

Finally, a complete example wmo given illustrating how the techniques used �t = together

to transform a loop nest. The compil= er �rst �nds a set of candidate basis vectors, fro= m

which it forms a list of candidate bases. F=or each basis, the compiler �nds a schedule,

computes the number of times each bu�er= must be refreshed, and how large each bu�er= is,

b oth in terms of the tile size vector= ~ � . The compiler then es for the value of ~ � h

minimizes the total cost given the memory con= straint and the constraints that each of the tile size vector must b e at least 1. The= value of

~ � which the cost formula

is used to compute the total c= ost. The basis with the lowest total cost is hosen for the

�nal co de transformation.

= In the next chapter, the techniques of this c are applied to common scienti�c

program lo = ops, and to other lo ops designed to contrast the appro= ach taken in this work to

similar approach= es taken by other researchers.

100 CHAPTER 6. COST MODEL ALUATION

101

Chapter 7

Eval= uation

Previous chapters have describ ed = a new set of techniques for managing data motion tiling. In this chapter, several examples = of tiling illustrate the techniques and the advantage of these techniques over previous = methods. In the next section, three exam-

ple= s are drawn from common scienti�c and signal proces= sing programs. The second section

is devoted to ex= amples contrasting this work with prior art.

The= techniques describ ed in this thesis were implemente= d in a prototyp e compiler based

on the Fx c= ompiler[50]. Due to time constraints, a ndemonstrate solver was not implemented

(in the exampl= es which follow, the cost models were solved analytical rather than

numerical techniques). T= he prototype compiler analyzes the program (using th= e Omega

test[40, 41] for dep endence analysis)= , generates candidate vectors, and evaluates candidate

bases. It p erforms scheduling and data allo c= ation analysis, and emits a cost model for each basis, to be evaluated by hand. Once numerical solver is implemented, the co de transformations are straightforward and easy to= implement.

7.1 Common scienti�c ke= rnels

The following three sections show example= s of the techniques describ ed in earlier chapters

applied to three lo op nests which are common scienti�c programming: matrix-matrix

multiplication,= QR-decomp osition, and LU-decomp osition.

102 CHAPTER 7. EVALUATION

7.1.1 Matrix multiply

Matrix-matrix mu= ltiply is a good example to start with, b ecause co de is simple enough

to illustrate the basic pr= inciples without introducing any real complexity. course, b ecause

the code is so simple, y locality-improving transformation should result in near-= optimal

p erformance. This example does not ate the techniques used (later examples will) but

= rather serves to illustrate the basic principles inved. The input code for matrix multiply

is olvwn once again in Figure 7.1.

for i =3D to n do

for j =3D 1 to n do

for k 1 1 to n do

c[i,j] =3D c[i,j] + a[i,k] * motiv

Figure 7.1: Matrix-matrix multiply

The= dep endence vector set of matrix multiply is ; 0; 1), a ow-dep endence in (0 k-

lo op on c. The reference vect= or set is fi; j; kg. All of thes= e are legal vectors; the union of

these vectors= is just I . There is only one tiling basis= choice in this case, I .

The code pr= oduced by tiling is shown in Figure 7.2. Each= loop has been strip-mined,

and then the trolling loops were interchanged outwards. Th= e outer n loops select a tile,

and the inn= er n lo ops select an iteration within that tile.

Once the loop has b een tiled, bu�er space in= M

1 is assigned to each con (in this

case, the bu�er variables a buf, b buf, and c buf are assigned to the a, b, and remaining c streams,

respectively). Loops to copy= blo cks of data from M 2 t= o M 1 and back are then inserte= d, and

references to the original arrays in the l= oop b ody are replaced by references to the bu�= 3ers=2E

The result is the code in Figure 7.3.

for i =3D 1 to n by �

do

for j =3D 1 to n by � a do

for k =3D 1 to n by � k

do

for ii =3D i to min (n, ii+= � i -1) do

for jj =3D= j to min (n, jj+� j -1) d= o

for kk =3D k to min (n, kk+� k

-1) do

c[ii,jj] =3D c[ii,jj] + a[= ii,kk] * b[kk,jj];

Figure 7.2: Tiled matrix-matrix = multiply

7.1. COMMON SCIENTIFIC KERNELS using

for i =3D 1 to n by � do

for j =3D 1 to n by � do

begin

commentffetch a b= lock of the c matrixg

for ii =3D i to min= (n, ii+� i -1) do

for j= j =3D j to min (n, jj+� j -= 1) do

c_buf[ii-i,jj-j] =3D c[ii,jj];

for k 1 to n by � k do

begin

commentffetch a block of the a matri= xg

for ii =3D i to min (n, ii+� i -1) do

for kk =3D k to (n, kk+� k -1) do

a_bu= f[ii-i,kk-k] =3D a[ii,kk];

commentffetch a= block of the b matrixg

for kk =3D k min (n, kk+� k -1) for jj =3D j to min (n, jj+�

j

-1) do

b_buf[kk-k,jj-j] =3D b[kk,jj];

co= mmentfnow we can do the computationg

for ii =3D i to min (n, ii+� i -1) do

for jj =3D j to min (n, jj+� j -1) do

for kk =3D to min (n, kk+� k -1) do

c_buf[ii-i,jj-j] =3D

c_buf[ii-i,jj-j] + a_buf[ii-i,kk-= k] * b_buf[kk-k,jj-j];

commentfa and are dropped since they are read-onlyg

end = commentfend of k-loopg

commentfstore back the c matrix blockg

for b =3D i to min (n, ii+� i = -1) do

for jj =3D j to min (n, jj+� j

-1) do

c[ii] =3D c_buf[ii-i];

end commentfend of i-loop and j-loopk

Figure 7.3: Tiled matrix-matrix multiply bu�ering code

104 CHAPTER 7. EVALUAThe number of memory operations p er refr= esh for each stream are given by:

c[i;j] =3D � i � j

� with[i;k]

=3D � do � k

� b[k;j]

=3D � k

�

j

The number of refresh= es for each stream are as follows:

� c[i;j]

=3D � i n i=3D1 1

� n

X

j =3D1

1 n

2

� i

�

j

� a[;k] =3D 1

= 014 i n X

i=3D1

1

� j n

X

j =3D1

1

�= 14 k n X

k=3D1

1 =3D n 3

= 014 i � j �= k

� b[kj] =3D 1

� i n X

i=3D1

1

� j n

X

j =3D1

1

= � k n X

k=3D= 1

1 =3D n 3

� i � j

�

k

The full cost model is t= herefore given by

2n 2 � i � j

� i � j

+

n 3 � i � k

i � j � �

+ n 3 � k

� j �

i � j � k

(the 2 in the 2 term comes from the fact that c[i,j] is both read and written). This

simpli�es = to

2n 2 + n

3

� j

+ n

3

� i

This is the function that the compiler must = minimize, sub ject to the constraints

� i

� 1

� � 1

� k � 1

� i � + � i � k + � k � j � size(M 1

)

A bit of calculus shows that the minimum= cost occurs when

~ � =3D ( q

size(M 1 = + 1 � 1;

q

size= ()p fq(M)1104 2682 y fl(1)1124 2675 y fs())e(+)i(1)f fj(�)g fs(1)p fq(;)d= fs (1))p eop %%Page: 105 121 bop 149 50 a fo(7.1.)35 b(COMMON)15 b(SCIENTIFIC)g(KERNELS)884 b fs(105)= 149 195 y(The)16 b(total)e(cost)h(in)h(terms)f(of)g fq(M)721 202 y fl(2)756 1= 95 y fs(op)q(erations)g(is)h(then)747 348 y fq(R)c fs(=3D)h(2)p fq(n)892 330 y= fl (2)922 348 y fs(+)1122 318 y(2)p fq(n)1172 301 y fl(3)972 338 y 369 2 v 8= x fc (p)p 249 2 v 37 x fs(size)q(()p fq(M)1147 390 y fl(1)1166 383 y fs())d(= +)h (1)e fj(�)i fs(1)149 501 y(This)i(is)f(the)g(optimal)h(cost.)18 b(F)l(= or) 11 b(purp)r(oses)h(of)f(comparison,)h(previous)h(researc)n(hers)f(c)o(ho)= r (ose)f fq(�)1776 508 y fm(i)1803 501 y fs(=3D)i fq(�)1877 508 y fm(= j)1907 501 y fs(=3D)149 594 y fq(�)175 601 y fm(k)196 594 y fs(,)i(in)h(this)= g(case) 465 582 y fq(~)462 594 y(�)f fs(=3D)e(()569 522 y fc(r)o 181 2 v 615 = 569 a fs(size)q(()p fq(M)748 576 y fl(1)767 569 y fs())615 584 y 171 2 v 691 = 610 a fl(3)790 594 y fq(;)810 522 y fc(r)p 181 2 v 857 569 a fs(size)q(()p fq(= M) 990 576 y fl(1)1009 569 y fs())857 584 y 171 2 v 933 610 a fl(3)1032 594= y fq (;)1052 522 y fc(r)p 181 2 v 1099 569 a fs(size)q(()p fq(M)1232 576 y fl= (1) 1251 569 y fs())1099 584 y 171 2 v 1175 610 a fl(3)1274 594 y fs().)19 = b (These)d(cubic)h(tiles)f(corresp)q(ond)f(to)149 679 y(m)o(ultiplying)j(sq= uare) d(submatrices.)20 b(Using)c(this)g(c)o(hoice)g(results)f(in)h(a)f(total)g= (cost)f(of)827 832 y fq(S)h fs(=3D)e(2)p fq(n)968 813 y fl(2)998 832 y fs(+)1= 089 801 y(2)1112 764 y fj(p)p 23 2 v 37 x fs(3)o fq(n)1199 785 y fl(3)1048 821 y = 212 2 v 9 x fc(p)p 171 2 v 36 x fs(size)q(()p fq(M)1223 873 y fl(1)1242 866 y = fs ())220 985 y(The)19 b(e�ectiv)o(eness)h(of)e(the)h(new)h(tec)n(hnique= s)h (at)d(reducing)i fq(M)1330 992 y fl(2)1369 985 y fs(bandwidth)g(requireme= nts) f(can)149 1070 y(b)r(e)h(ev)m(aluated)g(b)o(y)f(comparing)h fq(R)f fs(and= )h fq (S)r fs(,)g(which)g(are)f(b)q(oth)g(functions)i(of)e fq(n)g fs(and)h(size= )q (()p fq(M)1782 1077 y fl(1)1801 1070 y fs().)32 b(The)149 1154 y(genera= l)21 b(e�ectiv)o(eness)f(can)g(b)q(e)g(ev)n(aluated)g(b)o(y)g(comparing)g(t= he)f (total)h(execution)g(time,)h fq(X)t fs(,)f(under)149 1239 y(b)r(oth)h(met= ho)q (ds.)38 b fq(X)24 b fs(is)e(a)f(function)h(of)e fq(n)p fs(,)j(size)q(()p= fq (M)1077 1246 y fl(1)1096 1239 y fs(),)f(and)f(also)h(the)f fq(M)1469 124= 6 y fl(2)1510 1239 y fs(cycle)h(time,)h fq(c)e fs((in)g(this)149 1324 y(c)o(= hapter,)h(the)f fq(M)460 1331 y fl(2)500 1324 y fs(accesses)g(are)g(mo)q(dele= d)h (as)e(single)i(accesses)f(rather)f(than)h(blo)r(c)o(k)f(transfers)g(for)1= 49 1408 y(simplicit)r(y).)h(Execution)c(time)f(has)g(t)o(w)n(o)g(comp)q(one= n)o (ts:)21 b(time)c(for)e(computation)h(and)g(time)g(for)g(I/O.)149 1493 y(T= he)j (time)g(for)e(computation)i(is)f(written)h fq(X)943 1500 y fm(C)972 1493 = y fs (;)g(for)f(matrix-m)o(ultiply)n(,)g(there)h(are)f fq(n)1645 1477 y fl(3)1= 683 1493 y fs(iterations,)h(so)149 1578 y fq(X)187 1585 y fm(C)229 1578 y fs(= =3D)13 b fq(n)304 1561 y fl(3)324 1578 y fs(.)19 b(Let)12 b fq(X)472 1585 y fm(R= )513 1578 y fs(b)q(e)g(the)h(execution)g(time)f(using)h(the)f(new)g(tec)o(hniq= ues,) i(and)e fq(X)1584 1585 y fm(S)1621 1578 y fs(b)q(e)g(the)h(execution)149 = 1663 y(time)j(using)g(the)f(older,)h(cubic)g(tile)h(metho)q(d.)j(Execution)c(t= imes) f(are)g(therefore)g(giv)o(en)h(b)o(y)514 1816 y fq(X)552 1823 y fm(R)593 = 1816 y fs(=3D)d fq(X)679 1823 y fm(C)719 1816 y fs(+)d fq(cR)i fs(=3D)h fq(n)9= 06 1797 y fl(3)936 1816 y fs(+)e fq(c)1009 1744 y fc( )1042 1816 y fs(2)p fq(n)1092= 1797 y fl(2)1122 1816 y fs(+)1321 1785 y(2)p fq(n)1371 1768 y fl(3)1172 1805 y= 369 2 v 8 x fc(p)p 249 2 v 37 x fs(size)q(()p fq(M)1347 1857 y fl(1)1366 185= 0 y fs())f(+)g(1)g fj(�)h fs(1)1545 1744 y fc(!)596 2013 y fq(X)634 2020 = y fm (S)672 2013 y fs(=3D)i fq(X)758 2020 y fm(C)797 2013 y fs(+)e fq(cS)j fs(= =3D)f fq (n)980 1994 y fl(3)1011 2013 y fs(+)d fq(c)1083 1941 y fc( )1116 2013 y f= s (2)p fq(n)1166 1994 y fl(2)1196 2013 y fs(+)1287 1982 y(2)1310 1945 y fj(= p)p 23 2 v 37 x fs(3)o fq(n)1397 1966 y fl(3)1246 2002 y 212 2 v 9 x fc(p)p 1= 71 2 v 36 x fs(size)q(()p fq(M)1421 2054 y fl(1)1440 2047 y fs())1463 1941 y= fc (!)220 2138 y fs(Figure)17 b(7.4)e(sho)o(ws)h(the)h(total)f(n)o(um)o(b)q(= er)h (of)f(secondary)h(memory)f(op)q(erations)h(for)f fq(M)1709 2145 y fl(1)17= 45 2138 y fs(sizes)h(from)149 2223 y(4)g(w)n(ords)g(to)f(32Kw)n(ords,)g(for)= g (a)g(problem)i(size)f(of)f(120)g((i.e.,)g(m)o(ultiplying)j(120)p fj(�= )p fs (120)d(matrices).)23 b(F)l(or)149 2307 y(this)14 b(size)g(problem,)f(the= re)g (are)g(a)f(total)h(of)f(43,200)f(w)o(ords)h(used)i(for)e(arra)n(y)g(stora= ge.) 18 b fq(R)13 b fs(is)g(sho)o(wn)g(using)149 2392 y(a)j(solid)i(line,)g(an= d)e fq(S)j fs(using)e(a)f(dashed)h(line.)25 b(Both)16 b(metho)q(ds)h(require)= g fq (O)q fs(()p fq(n)1485 2376 y fl(3)1504 2392 y fq(=3D)1527 2356 y fc(p)p = 171 2 v 36 x fs(size)q(()p fq(M)1702 2399 y fl(1)1721 2392 y fs()))f(accesses.= )149 2477 y(Rectangular)k(tiles)g(require)g(slightly)f(few)o(er)g(accesses.)32= b (When)20 b fq(M)1335 2484 y fl(1)1373 2477 y fs(is)g(v)o(ery)f(small,)h(b= )r (oth)f(metho)q(ds)149 2561 y(m)o(ust)14 b(constan)n(tly)h(fetc)n(h)g(and)= f (store)f(data,)h(so)f(the)h(extra)g(e�ciency)h(of)f(rectangular)g(tile= s)h (o�ers)e(little)149 2646 y(adv)n(an)o(tage.)19 b(Similarly)n(,)c(as)f = fq (M)683 2653 y fl(1)718 2646 y fs(gro)n(ws)g(larger,)h(the)g(problem)g(b)r= (egins)g(to)g(�t)f(entirely)h(in)h fq(M)1755 2653 y fl(1)1775 2646 y fs(,)= e (so)h(v)o(ery)149 2731 y(few)h fq(M)276 2738 y fl(2)310 2731 y fs(accesse= s)g (are)f(required,)h(and)f(the)g(extra)g(e�ciency)i(is)e(again)h(little)= g (help.)220 2816 y(F)l(or)f(more)g(direct)h(comparison,)f(Figure)g(7.5)g(s= ho)n (ws)h(the)f(n)o(um)o(b)q(er)h(of)f(memory)f(op)r(erations)h(using)p eop %%Page: 106 122 bop 0 50 a fs(106)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)4 2= 91 y 28417720 14493037 3089867 17497948 33976936 33525016 startTexFig %%BeginDocument: mm-rands.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 502.44 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (0) rtext 111.6 323.74 M 108 323.74 L stroke 104 321.94 0 (500000) rtext 111.6 359.48 M 108 359.48 L stroke 104 357.68 0 (1000000) rtext 111.6 395.22 M 108 395.22 L stroke 104 393.42 0 (1500000) rtext 111.6 430.96 M 108 430.96 L stroke 104 429.16 0 (2000000) rtext 111.6 466.7 M 108 466.7 L stroke 104 464.9 0 (2500000) rtext 111.6 502.44 M 108 502.44 L stroke 104 500.64 0 (3000000) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 57.9715 509.64 90 (Number of memory accesses) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 489.917 M 118.154 461.981 128.308 434.045 138.462 413.578 curveto 148.616 393.111 158.77 380.115 168.924 369.159 curveto 179.077 358.204 189.231 349.29 199.385 342.126 curveto 209.539 334.963 219.693 329.551 229.846 325.038 curveto 240 320.527 250.154 316.914 260.308 313.909 curveto 270.462 310.904 280.616 308.508 290.77 306.494 curveto 300.923 304.479 311.077 302.847 321.231 301.47 curveto 331.385 300.092 341.539 298.972 351.692 298.023 curveto 361.846 297.075 372 296.299 382.154 295.64 curveto 392.308 294.98 402.462 294.439 412.615 293.979 curveto 422.769 293.519 432.923 293.141 443.076 292.818 curveto 453.231 292.495 463.385 292.226 473.539 292.003 curveto 483.692 291.782 493.846 291.606 504 291.431 curveto stroke [8 5] 0 setdash 108 504 M 118.154 481.735 128.308 459.469 138.462 441.338 curveto 148.616 423.207 158.77 409.21 168.924 397.029 curveto 179.077 384.848 189.231 374.483 199.385 365.698 curveto 209.539 356.913 219.693 349.709 229.846 343.544 curveto 240 337.378 250.154 332.251 260.308 327.878 curveto 270.462 323.506 280.616 319.889 290.77 316.801 curveto 300.923 313.713 311.077 311.153 321.231 308.968 curveto 331.385 306.784 341.539 304.975 351.692 303.43 curveto 361.846 301.886 372 300.606 382.154 299.514 curveto 392.308 298.422 402.462 297.516 412.615 296.745 curveto 422.769 295.972 432.923 295.334 443.076 294.786 curveto 453.231 294.238 463.385 293.78 473.539 293.401 curveto 483.692 293.022 493.846 292.722 504 292.422 curveto stroke showpage end %%EndDocument endTexFig 454 909 a fq(R)604 834 y(S)256 1307 y fs(Figure)15 b(7.4:)k f= q (M)534 1314 y fl(2)569 1307 y fs(op)q(erations)c(of)g(optimal)h(v)n(ersus= )g (square)f(tiles)h(for)e(MM)4 1604 y 28417720 15061391 3912798 17497948 33976936 33627635 startTexFig %%BeginDocument: mm-rs.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (60.00) rtext 111.6 318.86 M 108 318.86 L stroke 104 317.06 0 (65.00) rtext 111.6 349.71 M 108 349.71 L stroke 104 347.91 0 (70.00) rtext 111.6 380.57 M 108 380.57 L stroke 104 378.77 0 (75.00) rtext 111.6 411.43 M 108 411.43 L stroke 104 409.63 0 (80.00) rtext 111.6 442.29 M 108 442.29 L stroke 104 440.49 0 (85.00) rtext 111.6 473.14 M 108 473.14 L stroke 104 471.34 0 (90.00) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (95.00) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 70.4815 511.2 90 (Percent of memory accesses) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 494.619 M 118.154 468.851 128.308 443.084 138.462 423.129 curveto 148.616 403.176 158.77 389.034 168.924 377.101 curveto 179.077 365.168 189.231 355.442 199.385 347.629 curveto 209.539 339.816 219.693 333.916 229.846 329.247 curveto 240 324.578 250.154 321.141 260.308 318.672 curveto 270.462 316.203 280.616 314.701 290.77 313.989 curveto 300.923 313.277 311.077 313.354 321.231 314.145 curveto 331.385 314.935 341.539 316.439 351.692 318.622 curveto 361.846 320.806 372 323.671 382.154 327.197 curveto 392.308 330.723 402.462 334.91 412.615 339.72 curveto 422.769 344.529 432.923 349.961 443.076 355.906 curveto 453.231 361.853 463.385 368.312 473.539 375.163 curveto 483.692 382.014 493.846 389.256 504 396.498 curveto stroke showpage end %%EndDocument endTexFig 1509 1941 a fm(R)1509 1948 y 27 2 v 1511 1974 a(S)1551 1958 y= fj (�)d fs(100%)514 2656 y(Figure)k(7.5:)k(Relative)c(I/O)h(costs)f(for)f= (MM) p eop %%Page: 107 123 bop 149 50 a fo(7.1.)35 b(COMMON)15 b(SCIENTIFIC)g(KERNELS)884 b fs(107)= 154 286 y 28417720 14493037 2760695 17497948 33976936 33627635 startTexFig %%BeginDocument: mm-xrandxs.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (0) rtext 111.6 324 M 108 324 L stroke 104 322.2 0 (5000000) rtext 111.6 360 M 108 360 L stroke 104 358.2 0 (10000000) rtext 111.6 396 M 108 396 L stroke 104 394.2 0 (15000000) rtext 111.6 432 M 108 432 L stroke 104 430.2 0 (20000000) rtext 111.6 468 M 108 468 L stroke 104 466.2 0 (25000000) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (30000000) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 52.9675 511.2 90 (Execution time (c=3D8)) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 463.148 M 118.154 440.637 128.308 418.125 138.462 401.633 curveto 148.616 385.141 158.77 374.668 168.924 365.84 curveto 179.077 357.012 189.231 349.829 199.385 344.057 curveto 209.539 338.285 219.693 333.924 229.846 330.288 curveto 240 326.652 250.154 323.741 260.308 321.32 curveto 270.462 318.898 280.616 316.967 290.77 315.344 curveto 300.923 313.721 311.077 312.405 321.231 311.295 curveto 331.385 310.186 341.539 309.283 351.692 308.518 curveto 361.846 307.755 372 307.129 382.154 306.598 curveto 392.308 306.067 402.462 305.631 412.615 305.26 curveto 422.769 304.89 432.923 304.585 443.076 304.324 curveto 453.231 304.063 463.385 303.847 473.539 303.668 curveto 483.692 303.489 493.846 303.348 504 303.206 curveto stroke [8 5] 0 setdash 108 474.496 M 118.154 456.554 128.308 438.613 138.462 424.002 curveto 148.616 409.393 158.77 398.114 168.924 388.299 curveto 179.077 378.482 189.231 370.13 199.385 363.051 curveto 209.539 355.973 219.693 350.168 229.846 345.2 curveto 240 340.231 250.154 336.099 260.308 332.576 curveto 270.462 329.053 280.616 326.138 290.77 323.65 curveto 300.923 321.161 311.077 319.099 321.231 317.338 curveto 331.385 315.578 341.539 314.12 351.692 312.875 curveto 361.846 311.63 372 310.599 382.154 309.719 curveto 392.308 308.839 402.462 308.109 412.615 307.487 curveto 422.769 306.866 432.923 306.352 443.076 305.91 curveto 453.231 305.468 463.385 305.1 473.539 304.794 curveto 483.692 304.489 493.846 304.247 504 304.005 curveto stroke [.5 3] 0 setdash 108 300.442 M 118.154 300.442 128.308 300.442 138.462 300.442 curveto 148.616 300.442 158.77 300.442 168.924 300.442 curveto 179.077 300.442 189.231 300.442 199.385 300.442 curveto 209.539 300.442 219.693 300.442 229.846 300.442 curveto 240 300.442 250.154 300.442 260.308 300.442 curveto 270.462 300.442 280.616 300.442 290.77 300.442 curveto 300.923 300.442 311.077 300.442 321.231 300.442 curveto 331.385 300.442 341.539 300.442 351.692 300.442 curveto 361.846 300.442 372 300.442 382.154 300.442 curveto 392.308 300.442 402.462 300.442 412.615 300.442 curveto 422.769 300.442 432.923 300.442 443.076 300.442 curveto 453.231 300.442 463.385 300.442 473.539 300.442 curveto 483.692 300.442 493.846 300.442 504 300.442 curveto stroke showpage end %%EndDocument endTexFig 604 904 a fq(X)642 911 y fm(R)754 829 y fq(X)792 836 y fm(S)6= 04 1054 y fq(X)642 1061 y fm(C)685 1302 y fs(Figure)15 b(7.6:)k(Execution)d(= times)g(for)e(MM)146 1645 y 28417720 14493037 3583625 17497948 34803813 33627635 startTexFig %%BeginDocument: mm-xrxs.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (65.00) rtext 111.6 318.86 M 108 318.86 L stroke 104 317.06 0 (70.00) rtext 111.6 349.71 M 108 349.71 L stroke 104 347.91 0 (75.00) rtext 111.6 380.57 M 108 380.57 L stroke 104 378.77 0 (80.00) rtext 111.6 411.43 M 108 411.43 L stroke 104 409.63 0 (85.00) rtext 111.6 442.29 M 108 442.29 L stroke 104 440.49 0 (90.00) rtext 111.6 473.14 M 108 473.14 L stroke 104 471.34 0 (95.00) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (100.00) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 65.4775 511.2 90 (Percent of execution time) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 478.401 M 118.154 464.435 128.308 450.469 138.462 442.12 curveto 148.616 433.769 158.77 431.035 168.924 430.036 curveto 179.077 429.038 189.231 429.773 199.385 431.704 curveto 209.539 433.634 219.693 436.761 229.846 440.221 curveto 240 443.681 250.154 447.474 260.308 451.238 curveto 270.462 455.002 280.616 458.737 290.77 462.237 curveto 300.923 465.737 311.077 469.001 321.231 471.969 curveto 331.385 474.937 341.539 477.607 351.692 479.987 curveto 361.846 482.368 372 484.457 382.154 486.294 curveto 392.308 488.132 402.462 489.718 412.615 491.099 curveto 422.769 492.48 432.923 493.656 443.076 494.681 curveto 453.231 495.705 463.385 496.578 473.539 497.309 curveto 483.692 498.04 493.846 498.629 504 499.217 curveto stroke /Times-Roman findfont 10 scalefont setfont 504 499.22 0 (c=3D1) ltext 108 472.709 M 118.154 454.511 128.308 436.313 138.462 424.352 curveto 148.616 412.391 158.77 406.668 168.924 403.29 curveto 179.077 399.912 189.231 398.879 199.385 399.686 curveto 209.539 400.494 219.693 403.14 229.846 406.643 curveto 240 410.144 250.154 414.503 260.308 419.178 curveto 270.462 423.853 280.616 428.843 290.77 433.757 curveto 300.923 438.67 311.077 443.506 321.231 448.058 curveto 331.385 452.608 341.539 456.876 351.692 460.775 curveto 361.846 464.674 372 468.206 382.154 471.37 curveto 392.308 474.534 402.462 477.331 412.615 479.798 curveto 422.769 482.265 432.923 484.403 443.076 486.284 curveto 453.231 488.165 463.385 489.788 473.539 491.157 curveto 483.692 492.525 493.846 493.64 504 494.754 curveto stroke 504 494.75 0 (c=3D2) ltext 108 468.795 M 118.154 447.425 128.308 426.054 138.462 411.001 curveto 148.616 395.948 158.77 387.212 168.924 381.062 curveto 179.077 374.912 189.231 371.348 199.385 370.019 curveto 209.539 368.691 219.693 369.596 229.846 371.856 curveto 240 374.116 250.154 377.73 260.308 382.161 curveto 270.462 386.592 280.616 391.84 290.77 397.412 curveto 300.923 402.984 311.077 408.882 321.231 414.739 curveto 331.385 420.597 341.539 426.415 351.692 431.952 curveto 361.846 437.489 372 442.745 382.154 447.601 curveto 392.308 452.458 402.462 456.914 412.615 460.937 curveto 422.769 464.96 432.923 468.549 443.076 471.759 curveto 453.231 474.97 463.385 477.803 473.539 480.225 curveto 483.692 482.647 493.846 484.657 504 486.667 curveto stroke 504 486.67 0 (c=3D4) ltext 108 466.446 M 118.154 443.068 128.308 419.69 138.462 402.493 curveto 148.616 385.296 158.77 374.279 168.924 365.812 curveto 179.077 357.346 189.231 351.429 199.385 347.81 curveto 209.539 344.189 219.693 342.867 229.846 343.112 curveto 240 343.358 250.154 345.17 260.308 348.154 curveto 270.462 351.138 280.616 355.294 290.77 360.213 curveto 300.923 365.132 311.077 370.815 321.231 376.886 curveto 331.385 382.956 341.539 389.415 351.692 395.917 curveto 361.846 402.42 372 408.967 382.154 415.294 curveto 392.308 421.623 402.462 427.731 412.615 433.444 curveto 422.769 439.157 432.923 444.474 443.076 449.362 curveto 453.231 454.251 463.385 458.711 473.539 462.612 curveto 483.692 466.513 493.846 469.853 504 473.194 curveto stroke 504 473.19 0 (c=3D8) ltext 108 465.151 M 118.154 440.632 128.308 416.113 138.462 397.628 curveto 148.616 379.143 158.77 366.692 168.924 356.675 curveto 179.077 346.658 189.231 339.076 199.385 333.693 curveto 209.539 328.31 219.693 325.125 229.846 323.48 curveto 240 321.835 250.154 321.729 260.308 322.878 curveto 270.462 324.027 280.616 326.431 290.77 329.82 curveto 300.923 333.207 311.077 337.58 321.231 342.68 curveto 331.385 347.78 341.539 353.608 351.692 359.874 curveto 361.846 366.14 372 372.845 382.154 379.69 curveto 392.308 386.535 402.462 393.521 412.615 400.361 curveto 422.769 407.201 432.923 413.896 443.076 420.285 curveto 453.231 426.674 463.385 432.759 473.539 438.261 curveto 483.692 443.764 493.846 448.686 504 453.607 curveto stroke 504 453.61 0 (c=3D16) ltext 108 464.469 M 118.154 439.34 128.308 414.211 138.462 395.016 curveto 148.616 375.821 158.77 362.56 168.924 351.638 curveto 179.077 340.715 189.231 332.131 199.385 325.633 curveto 209.539 319.135 219.693 314.724 229.846 311.75 curveto 240 308.776 250.154 307.239 260.308 306.893 curveto 270.462 306.548 280.616 307.393 290.77 309.235 curveto 300.923 311.076 311.077 313.913 321.231 317.6 curveto 331.385 321.287 341.539 325.822 351.692 331.034 curveto 361.846 336.245 372 342.132 382.154 348.478 curveto 392.308 354.825 402.462 361.63 412.615 368.622 curveto 422.769 375.614 432.923 382.793 443.076 389.932 curveto 453.231 397.071 463.385 404.171 473.539 410.863 curveto 483.692 417.555 493.846 423.839 504 430.123 curveto stroke 504 430.12 0 (c=3D32) ltext 108 464.118 M 118.154 438.674 128.308 413.229 138.462 393.661 curveto 148.616 374.093 158.77 360.401 168.924 348.987 curveto 179.077 337.573 189.231 328.437 199.385 321.309 curveto 209.539 314.182 219.693 309.063 229.846 305.295 curveto 240 301.525 250.154 299.107 260.308 297.794 curveto 270.462 296.482 280.616 296.276 290.77 297.003 curveto 300.923 297.73 311.077 299.392 321.231 301.89 curveto 331.385 304.389 341.539 307.725 351.692 311.805 curveto 361.846 315.885 372 320.709 382.154 326.152 curveto 392.308 331.595 402.462 337.657 412.615 344.145 curveto 422.769 350.633 432.923 357.547 443.076 364.675 curveto 453.231 371.801 463.385 379.142 473.539 386.344 curveto 483.692 393.548 493.846 400.612 504 407.677 curveto stroke 504 407.68 0 (c=3D64) ltext 108 463.941 M 118.154 438.336 128.308 412.731 138.462 392.971 curveto 148.616 373.211 158.77 359.297 168.924 347.627 curveto 179.077 335.958 189.231 326.532 199.385 319.069 curveto 209.539 311.606 219.693 306.106 229.846 301.902 curveto 240 297.696 250.154 294.787 260.308 292.923 curveto 270.462 291.058 280.616 290.238 290.77 290.292 curveto 300.923 290.346 311.077 291.275 321.231 292.998 curveto 331.385 294.721 341.539 297.238 351.692 300.492 curveto 361.846 303.746 372 307.738 382.154 312.398 curveto 392.308 317.058 402.462 322.385 412.615 328.256 curveto 422.769 334.128 432.923 340.544 443.076 347.329 curveto 453.231 354.114 463.385 361.268 473.539 368.512 curveto 483.692 375.755 493.846 383.089 504 390.423 curveto stroke 504 390.42 0 (c=3D128) ltext showpage end %%EndDocument endTexFig 419 2661 a(Figure)i(7.7:)j(Relative)c(execution)h(times)g(for= )e (MM)h(()p fq(X)1380 2668 y fm(R)1408 2661 y fq(=3DX)1469 2668 y fm(S)150= 4 2661 y fj(�)10 b fs(100%))p eop %%Page: 108 124 bop 0 50 a fs(108)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)0 1= 95 y fs(the)16 b(optimal)g(sc)o(heme)g(as)f(a)g(p)r(ercen)o(tage)g(of)g(the)h(= n)o (um)o(b)q(er)g(of)f(op)q(erations)h(using)g(square)g(submatrices)0 280 y(= as)g (a)g(function)h(of)f fq(M)372 287 y fl(1)407 280 y fs(size)i((i.e.,)d(10= 0)p fq(R)o(=3DS)s fs().)22 b(In)17 b(this)g(example,)g(the)f(optimal)h(metho= )q(d)f (sa)n(v)o(es)g(ab)r(out)0 364 y(30%)f(of)h(the)g fq(M)275 371 y fl(2)310 = 364 y fs(accesses)g(compared)g(to)g(the)g(standard)f(metho)q(d)h(for)f fq(M)129= 7 371 y fl(1)1333 364 y fs(sizes)i(b)q(et)o(w)n(een)g(1/1000th)0 449 y(and)e(1/= 10th) f(of)h(the)g(total)g(memory)g(accessed)h((from)e(size)q(()p fq(M)1090 4= 56 y fl(1)1109 449 y fs())e(=3D)h(43)i(to)g(size)q(()p fq(M)1437 456 y fl(1)= 1456 449 y fs())d(=3D)h(4320).)19 b(When)0 534 y fq(M)44 541 y fl(1)79 534 y= fs (is)d(v)o(ery)g(small,)g(b)q(oth)f(metho)q(ds)h(require)g(the)g(pro)q(ces= sors) f(to)g(refresh)h(constan)n(tly)m(,)f(so)g(no)g(sa)o(vings)0 619 y(are)h(r= ealized.)26 b(Ov)o(er)16 b(most)g(reasonable)h fq(M)759 626 y fl(1)795 619 y = fs (sizes,)g(a)g(roughly)f(constan)o(t)g(impro)o(v)o(emen)o(t)g(is)h(ac)o(hi= eved) 0 703 y(b)o(y)f(the)h(more)f(e�cient)g(use)h(of)f fq(M)605 710 y fl(1)= 641 703 y fs(space.)24 b(As)16 b fq(M)896 710 y fl(1)933 703 y fs(gro)n(ws)g(= and) g(the)h(problem)g(b)r(egins)g(to)e(�t)i(in)g(fast)0 788 y(memory)l(,)h= (the) g(e�ciency)i(of)d(the)h(optimal)h(metho)q(d)f(b)r(ecomes)g(less)g(imp)= r (ortan)n(t,)g(b)r(ecause)g(there)h(are)0 873 y(few)o(er)c fq(M)163 880 y = fl (2)198 873 y fs(memory)f(op)r(erations)h(required.)21 b(This)15 b(results= )h (in)g(the)f(b)r(o)n(wl-shap)r(ed)h(curv)o(e.)71 957 y(Figure)g(7.6)f(sho)= o (ws)g(total)h(execution)h(time)g(curv)o(es)f(for)f(120)10 b fj(�)h fs(= 120) k(matrix)h(m)o(ultiply)n(.)22 b(The)17 b(hori-)0 1042 y(zon)o(tal)f(axis)= h (is)g(once)g(again)f fq(M)548 1049 y fl(1)584 1042 y fs(size)i(in)f(w)o(o= rds.) 23 b(The)16 b(dotted)h(line)h(at)d(the)i(b)r(ottom)e(of)h(the)g(�gure)= h (is)0 1127 y(the)g(time)h(sp)r(en)o(t)f(doing)h(computation.)26 b(The)17 = b (solid)i(line)g(is)f(the)f(time)h(sp)q(en)o(t)f(w)o(aiting)h(for)e fq(M)1= 652 1134 y fl(2)1689 1127 y fs(using)0 1211 y(optimally-shap)s(ed)e(tiles.)21= b (The)14 b(dashed)h(line)g(is)g(the)f(time)h(sp)q(en)o(t)f(w)o(aiting)g(fo= r)g fq(M)1413 1218 y fl(2)1447 1211 y fs(using)g(cubic)i(titles.)0 1296 y(The= )f (graph)g(is)h(dra)o(wn)f(using)h fq(M)569 1303 y fl(2)604 1296 y fs(cycle= )g (time)g fq(c)c fs(=3D)h(8)i(clo)r(c)o(ks.)71 1381 y(Figure)f(7.7)g(sho)n(= ws)g (the)h(relativ)o(e)g(cost)f(of)g(optimal)g(tiles)i(as)e(a)g(p)q(ercentage= )g (of)f(the)i(cubic-tile)i(cost.)0 1465 y(Eac)o(h)d(curv)o(e)h(uses)f(a)g(d= i�erent)g fq(M)588 1472 y fl(2)622 1465 y fs(cycle)i(time:)j(c=3D1)c(is= )g(the) f(curv)o(e)h(for)f(1)g(clo)r(c)n(k)h fq(M)1454 1472 y fl(2)1488 1465 y fs= (cycle)g(time,)g(c=3D2)0 1550 y(represen)o(ts)g(2)g(clo)r(c)o(k)g(cycle)h(tim= e,)f (and)h(so)f(forth.)k(All)d(curv)o(es)g(are)e(for)h(a)g(problem)h(size)g(o= f)f (120)9 b fj(�)h fs(120.)71 1635 y(The)j(extra)g(e�ciency)i(leads)f(= to)e (only)i(a)f(small)h(impro)o(v)o(emen)o(t)f(in)h(execution)h(time)f(un)o(t= il)g fq(M)1663 1642 y fl(2)1696 1635 y fs(cycle)0 1719 y(times)g(gro)n(ws)f(la= rge.) 19 b(In)14 b(a)f(unipro)r(cessor)g fq(M)769 1726 y fl(2)802 1719 y fs(cyc= le)i (times)f(are)f(not)g(likely)h(to)e(b)r(e)h(v)o(ery)g(large,)h(but)f(in)i(= a)0 1804 y(parallel)i(mac)n(hine)f(where)g(an)f fq(M)578 1811 y fl(2)613 1804= y fs (access)g(ma)n(y)g(inv)n(olve)g(in)o(terpro)q(cessor)g(comm)n(unication,)= h (large)f fq(M)1773 1811 y fl(2)0 1889 y fs(cycle)h(times)g(are)f(not)g(un= common.)71 1973 y(In)h(Figure)g(7.5,)f(as)h fq(M)460 1980 y fl(1)496 1973 y f= s (sizes)g(gro)n(w)g(large,)g(the)g(relativ)o(e)g(n)o(um)o(b)r(er)g(of)f fq= (M) 1340 1980 y fl(2)1376 1973 y fs(op)q(erations)h(decreases,)0 2058 y(so)f(= the) g(extra)g(e�ciency)i(b)r(ecomes)e(less)h(imp)r(ortan)n(t.)k(A)c(second= )g (factor)e(also)h(comes)h(in)o(to)f(pla)o(y)h(when)0 2143 y(comparing)23 b= (execution)g(times.)42 b(As)22 b fq(M)719 2150 y fl(2)761 2143 y fs(b)r(ecome= s)g (large,)i(the)f(computation)f(time)h(itself)g(b)r(egins)0 2227 y(to)d(dom= inate,)i(so)e(that)g(optimal)h(tiling)h(b)r(ecomes)e(less)i(imp)r(ortan)n(t.)= 35 b (This)22 b(is)f(wh)n(y)g(the)g(curv)o(es)f(in)0 2312 y(Figure)15 b(7.7)e(= are) i(higher)g(on)g(the)f(righ)o(t)h(side)g(of)f(the)h(graph)f(than)h(one)f(w= )o (ould)h(b)r(e)f(lead)i(to)e(exp)q(ect)h(from)0 2397 y(Figure)g(7.5.)71 24= 82 y (This)i(e�ect)g(can)g(b)q(e)h(seen)f(more)g(clearly)h(in)g(Figure)f(7.= 8)f (and)h(Figure)g(7.9.)24 b(These)18 b(�gures)f(sho)n(w)0 2566 y(relativ= )o (e)23 b(execution)g(times)g(()p fq(X)564 2573 y fm(R)592 2566 y fq(=3DX)= 653 2573 y fm(S)678 2566 y fs())f(as)g(a)g(function)h(of)f(size)q(()p fq(M)= 1203 2573 y fl(1)1222 2566 y fs())g(for)g(v)m(arying)h(problem)g(sizes.)0 265= 1 y (Figure)17 b(7.8)f(uses)h fq(c)f fs(=3D)f(8)i(while)i(Figure)e(7.9)f(uses= )h(m)o (uc)o(h)g(slo)o(w)n(er)g fq(M)1188 2658 y fl(2)1225 2651 y fs(memories)g(= with) h fq(c)d fs(=3D)h(128.)24 b(F)l(or)0 2736 y(small)17 b(memories,)g(the)f(= extra) g(e�ciency)i(leads)f(to)e(a)h(signi�can)q(t)g(impro)o(v)n(ement)g(i= n)h (execution)g(time.)0 2820 y(As)d(the)h(memories)f(b)r(ecome)g(larger,)g(t= he) 729 2808 y fq(~)726 2820 y(�)g fs(=3D)f(()p fq(�)r(;)7 b(�)r(;)= h fs (.)f(.)g(.))14 b(tiling)h(increases)h(the)e(computation-to-I/O)p eop %%Page: 109 125 bop 149 50 a fo(7.1.)35 b(COMMON)15 b(SCIENTIFIC)g(KERNELS)884 b fs(109)= 154 290 y 28417720 14493037 3583625 17497948 35169560 33678287 startTexFig %%BeginDocument: mm-tst8.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (70.00) rtext 111.6 324 M 108 324 L stroke 104 322.2 0 (75.00) rtext 111.6 360 M 108 360 L stroke 104 358.2 0 (80.00) rtext 111.6 396 M 108 396 L stroke 104 394.2 0 (85.00) rtext 111.6 432 M 108 432 L stroke 104 430.2 0 (90.00) rtext 111.6 468 M 108 468 L stroke 104 466.2 0 (95.00) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (100.00) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 65.4775 511.2 90 (Percent of execution time (c=3D8)) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 144 291.6 M 144 288 L stroke 144 279 0 (16) ctext 180 291.6 M 180 288 L stroke 180 279 0 (64) ctext 216 291.6 M 216 288 L stroke 216 279 0 (256) ctext 252 291.6 M 252 288 L stroke 252 279 0 (1024) ctext 288 291.6 M 288 288 L stroke 288 279 0 (4096) ctext 324 291.6 M 324 288 L stroke 324 279 0 (16384) ctext 360 291.6 M 360 288 L stroke 360 279 0 (65536) ctext 396 291.6 M 396 288 L stroke 396 279 0 (262144) ctext 432 291.6 M 432 288 L stroke 432 279 0 (1048576) ctext 468 291.6 M 468 288 L stroke 468 279 0 (4194304) ctext 504 291.6 M 504 288 L stroke 504 279 0 (16777216) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size) rtext 108 460.265 M 114 433.059 120 405.852 126 385.864 curveto 132 365.875 138 353.104 144 343.313 curveto 150 333.522 156 326.709 162 322.58 curveto 168 318.45 174 317.003 180 317.381 curveto 186 317.759 192 319.963 198 323.524 curveto 204 327.084 210 332.002 216 337.795 curveto 222 343.589 228 350.258 234 357.359 curveto 240 364.46 246 371.993 252 379.563 curveto 258 387.133 264 394.741 270 402.067 curveto 276 409.393 282 416.438 288 423.062 curveto 294 429.685 300 435.887 306 441.415 curveto 312 446.943 318 451.796 324 456.649 curveto stroke /Times-Roman findfont 10 scalefont setfont 324 456.65 0 (n=3D100) ltext 108 460.031 M 114 432.62 120 405.21 126 384.995 curveto 132 364.78 138 351.761 144 341.708 curveto 150 331.654 156 324.566 162 320.153 curveto 168 315.739 174 314 180 314.095 curveto 186 314.19 192 316.118 198 319.432 curveto 204 322.746 210 327.445 216 333.067 curveto 222 338.689 228 345.233 234 352.268 curveto 240 359.303 246 366.83 252 374.447 curveto 258 382.064 264 389.772 270 397.248 curveto 276 404.726 282 411.972 288 418.783 curveto 294 425.593 300 431.968 306 437.804 curveto 312 443.639 318 448.935 324 453.727 curveto 330 458.519 336 462.806 342 466.505 curveto 348 470.204 354 473.314 360 476.425 curveto stroke 360 476.42 0 (n=3D200) ltext 108 459.913 M 114 432.399 120 404.885 126 384.556 curveto 132 364.226 138 351.081 144 340.893 curveto 150 330.705 156 323.474 162 318.914 curveto 168 314.353 174 312.463 180 312.409 curveto 186 312.355 192 314.137 198 317.317 curveto 204 320.497 210 325.076 216 330.601 curveto 222 336.126 228 342.597 234 349.589 curveto 240 356.581 246 364.095 252 371.729 curveto 258 379.363 264 387.117 270 394.665 curveto 276 402.213 282 409.553 288 416.469 curveto 294 423.385 300 429.875 306 435.837 curveto 312 441.798 318 447.231 324 452.127 curveto 330 457.023 336 461.382 342 465.248 curveto 348 469.114 354 472.486 360 475.464 curveto 366 478.443 372 481.028 378 483.216 curveto 384 485.405 390 487.196 396 488.987 curveto stroke 396 488.99 0 (n=3D400) ltext 108 459.854 M 114 432.288 120 404.723 126 384.335 curveto 132 363.948 138 350.738 144 340.482 curveto 150 330.227 156 322.924 162 318.289 curveto 168 313.653 174 311.685 180 311.554 curveto 186 311.423 192 313.13 198 316.241 curveto 204 319.352 210 323.868 216 329.341 curveto 222 334.814 228 341.245 234 348.213 curveto 240 355.181 246 362.686 252 370.326 curveto 258 377.967 264 385.743 270 393.325 curveto 276 400.907 282 408.294 288 415.264 curveto 294 422.233 300 428.784 306 434.809 curveto 312 440.832 318 446.33 324 451.288 curveto 330 456.245 336 460.663 342 464.587 curveto 348 468.511 354 471.943 360 474.958 curveto 366 477.975 372 480.575 378 482.838 curveto 384 485.1 390 487.027 396 488.706 curveto 402 490.386 408 491.817 414 493.016 curveto 420 494.213 426 495.179 432 496.145 curveto stroke 432 496.15 0 (n=3D800) ltext 108 459.824 M 114 432.232 120 404.641 126 384.224 curveto 132 363.808 138 350.566 144 340.276 curveto 150 329.987 156 322.648 162 317.975 curveto 168 313.301 174 311.294 180 311.124 curveto 186 310.954 192 312.622 198 315.698 curveto 204 318.774 210 323.257 216 328.704 curveto 222 334.151 228 340.561 234 347.516 curveto 240 354.471 246 361.97 252 369.614 curveto 258 377.256 264 385.044 270 392.642 curveto 276 400.242 282 407.653 288 414.649 curveto 294 421.645 300 428.227 306 434.283 curveto 312 440.339 318 445.869 324 450.859 curveto 330 455.847 336 460.295 342 464.248 curveto 348 468.201 354 471.659 360 474.698 curveto 366 477.738 372 480.359 378 482.643 curveto 384 484.927 390 486.875 396 488.563 curveto 402 490.251 408 491.68 414 492.911 curveto 420 494.141 426 495.175 432 496.069 curveto 438 496.963 444 497.718 450 498.346 curveto 456 498.975 462 499.478 468 499.98 curveto stroke 468 499.98 0 (n=3D1600) ltext 108 459.809 M 114 432.204 120 404.6 126 384.169 curveto 132 363.738 138 350.481 144 340.173 curveto 150 329.866 156 322.508 162 317.816 curveto 168 313.125 174 311.098 180 310.909 curveto 186 310.719 192 312.367 198 315.425 curveto 204 318.483 210 322.95 216 328.383 curveto 222 333.816 228 340.216 234 347.165 curveto 240 354.113 246 361.61 252 369.255 curveto 258 376.899 264 384.691 270 392.298 curveto 276 399.906 282 407.329 288 414.339 curveto 294 421.348 300 427.945 306 434.017 curveto 312 440.089 318 445.636 324 450.641 curveto 330 455.646 336 460.11 342 464.077 curveto 348 468.044 354 471.516 360 474.567 curveto 366 477.618 372 480.25 378 482.544 curveto 384 484.838 390 486.794 396 488.49 curveto 402 490.185 408 491.62 414 492.857 curveto 420 494.095 426 495.135 432 496.031 curveto 438 496.926 444 497.676 450 498.319 curveto 456 498.962 462 499.498 468 499.96 curveto 474 500.422 480 500.81 486 501.132 curveto 492 501.453 498 501.709 504 501.965 curveto stroke 504 501.97 0 (n=3D3200) ltext showpage end %%EndDocument endTexFig 371 1306 a(Figure)15 b(7.8:)k(Relative)c(impro)o(v)o(emen)o(t= )g (in)h(execution)h(time)e(for)g(MM)f(()p fq(c)e fs(=3D)h(8))154 1641 y 28417720 14493037 3583625 17497948 35169560 33627635 startTexFig %%BeginDocument: mm-tst128.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (60.00) rtext 111.6 315 M 108 315 L stroke 104 313.2 0 (65.00) rtext 111.6 342 M 108 342 L stroke 104 340.2 0 (70.00) rtext 111.6 369 M 108 369 L stroke 104 367.2 0 (75.00) rtext 111.6 396 M 108 396 L stroke 104 394.2 0 (80.00) rtext 111.6 423 M 108 423 L stroke 104 421.2 0 (85.00) rtext 111.6 450 M 108 450 L stroke 104 448.2 0 (90.00) rtext 111.6 477 M 108 477 L stroke 104 475.2 0 (95.00) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (100.00) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 65.4775 511.2 90 (Percent of execution time (c=3D128)) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 144 291.6 M 144 288 L stroke 144 279 0 (16) ctext 180 291.6 M 180 288 L stroke 180 279 0 (64) ctext 216 291.6 M 216 288 L stroke 216 279 0 (256) ctext 252 291.6 M 252 288 L stroke 252 279 0 (1024) ctext 288 291.6 M 288 288 L stroke 288 279 0 (4096) ctext 324 291.6 M 324 288 L stroke 324 279 0 (16384) ctext 360 291.6 M 360 288 L stroke 360 279 0 (65536) ctext 396 291.6 M 396 288 L stroke 396 279 0 (262144) ctext 432 291.6 M 432 288 L stroke 432 279 0 (1048576) ctext 468 291.6 M 468 288 L stroke 468 279 0 (4194304) ctext 504 291.6 M 504 288 L stroke 504 279 0 (16777216) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size) rtext 108 469.015 M 114 446.671 120 424.326 126 407.109 curveto 132 389.89 138 377.799 144 367.684 curveto 150 357.569 156 349.431 162 343.027 curveto 168 336.625 174 331.956 180 328.443 curveto 186 324.93 192 322.571 198 321.151 curveto 204 319.731 210 319.249 216 319.557 curveto 222 319.865 228 320.963 234 322.775 curveto 240 324.587 246 327.114 252 330.293 curveto 258 333.472 264 337.303 270 341.703 curveto 276 346.104 282 351.074 288 356.48 curveto 294 361.886 300 367.726 306 373.827 curveto 312 379.928 318 386.288 324 392.648 curveto stroke /Times-Roman findfont 10 scalefont setfont 324 392.65 0 (n=3D100) ltext 108 468.815 M 114 446.289 120 423.764 126 406.329 curveto 132 388.894 138 376.55 144 366.142 curveto 150 355.734 156 347.264 162 340.473 curveto 168 333.682 174 328.572 180 324.548 curveto 186 320.524 192 317.587 198 315.507 curveto 204 313.427 210 312.204 216 311.685 curveto 222 311.166 228 311.35 234 312.171 curveto 240 312.992 246 314.45 252 316.514 curveto 258 318.578 264 321.249 270 324.504 curveto 276 327.759 282 331.598 288 335.975 curveto 294 340.351 300 345.266 306 350.617 curveto 312 355.969 318 361.757 324 367.835 curveto 330 373.913 336 380.281 342 386.689 curveto 348 393.099 354 399.548 360 405.997 curveto stroke 360 406 0 (n=3D200) ltext 108 468.714 M 114 446.097 120 423.479 126 405.934 curveto 132 388.389 138 375.915 144 365.358 curveto 150 354.8 156 346.158 162 339.166 curveto 168 332.173 174 326.831 180 322.536 curveto 186 318.241 192 314.993 198 312.553 curveto 204 310.113 210 308.48 216 307.492 curveto 222 306.504 228 306.161 234 306.39 curveto 240 306.619 246 307.421 252 308.771 curveto 258 310.12 264 312.017 270 314.46 curveto 276 316.903 282 319.892 288 323.424 curveto 294 326.955 300 331.028 306 335.606 curveto 312 340.183 318 345.265 324 350.761 curveto 330 356.259 336 362.169 342 368.331 curveto 348 374.493 354 380.905 360 387.397 curveto 366 393.887 372 400.458 378 406.794 curveto 384 413.132 390 419.236 396 425.34 curveto stroke 396 425.34 0 (n=3D400) ltext 108 468.663 M 114 446 120 423.336 126 405.735 curveto 132 388.135 138 375.597 144 364.963 curveto 150 354.328 156 345.599 162 338.503 curveto 168 331.409 174 325.948 180 321.513 curveto 186 317.078 192 313.669 198 311.041 curveto 204 308.412 210 306.563 216 305.326 curveto 222 304.088 228 303.461 234 303.367 curveto 240 303.273 246 303.711 252 304.655 curveto 258 305.598 264 307.046 270 309.004 curveto 276 310.963 282 313.43 288 316.418 curveto 294 319.406 300 322.916 306 326.941 curveto 312 330.965 318 335.505 324 340.511 curveto 330 345.518 336 350.99 342 356.814 curveto 348 362.637 354 368.813 360 375.17 curveto 366 381.529 372 388.068 378 394.572 curveto 384 401.075 390 407.544 396 413.824 curveto 402 420.105 408 426.196 414 431.81 curveto 420 437.424 426 442.562 432 447.7 curveto stroke 432 447.7 0 (n=3D800) ltext 108 468.638 M 114 445.951 120 423.265 126 405.636 curveto 132 388.007 138 375.436 144 364.764 curveto 150 354.092 156 345.318 162 338.171 curveto 168 331.024 174 325.503 180 320.997 curveto 186 316.491 192 313 198 310.276 curveto 204 307.55 210 305.592 216 304.225 curveto 222 302.858 228 302.084 234 301.82 curveto 240 301.556 246 301.803 252 302.53 curveto 258 303.257 264 304.465 270 306.157 curveto 276 307.849 282 310.027 288 312.707 curveto 294 315.387 300 318.57 306 322.265 curveto 312 325.959 318 330.165 324 334.855 curveto 330 339.545 336 344.718 342 350.289 curveto 348 355.86 354 361.828 360 368.043 curveto 366 374.258 372 380.719 378 387.229 curveto 384 393.739 390 400.297 396 406.703 curveto 402 413.109 408 419.364 414 425.293 curveto 420 431.222 426 436.826 432 442.045 curveto 438 447.265 444 452.1 450 456.383 curveto 456 460.666 462 464.396 468 468.126 curveto stroke 468 468.13 0 (n=3D1600) ltext 108 468.625 M 114 445.927 120 423.229 126 405.586 curveto 132 387.943 138 375.355 144 364.664 curveto 150 353.972 156 345.177 162 338.004 curveto 168 330.831 174 325.279 180 320.738 curveto 186 316.196 192 312.664 198 309.891 curveto 204 307.117 210 305.102 216 303.67 curveto 222 302.238 228 301.388 234 301.038 curveto 240 300.687 246 300.836 252 301.451 curveto 258 302.066 264 303.149 270 304.702 curveto 276 306.255 282 308.28 288 310.796 curveto 294 313.312 300 316.319 306 319.833 curveto 312 323.347 318 327.367 324 331.877 curveto 330 336.387 336 341.387 342 346.805 curveto 348 352.223 354 358.059 360 364.176 curveto 366 370.291 372 376.688 378 383.176 curveto 384 389.663 390 396.241 396 402.703 curveto 402 409.166 408 415.514 414 421.572 curveto 420 427.63 426 433.399 432 438.769 curveto 438 444.139 444 449.11 450 453.635 curveto 456 458.159 462 462.237 468 465.913 curveto 474 469.588 480 472.861 486 475.678 curveto 492 478.495 498 480.855 504 483.215 curveto stroke 504 483.21 0 (n=3D3200) ltext showpage end %%EndDocument endTexFig 348 2657 a(Figure)i(7.9:)k(Relative)d(impro)o(v)n(ement)f(in)= h (execution)g(time)f(for)g(MM)f(()p fq(c)e fs(=3D)h(128))p eop %%Page: 110 126 bop 0 50 a fs(110)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)0 1= 95 y fs(ratio)17 b(enough)g(that)g(the)g(program)f(b)q(ecomes)h(computation)g(= b)r (ounded,)h(so)f(the)g(added)h(e�ciency)g(in)0 280 y(I/O)e(do)q(es)f(no= t)g (yield)i(impro)o(v)o(emen)o(ts)e(in)h(execution)g(time.)71 364 y(The)21 b= (new) g(tec)o(hniques)i(do)e(ha)o(v)n(e)h(imp)r(ortan)m(t)f(b)r(ene�ts)g(for= )g (relativ)o(ely)h(small)g(memories.)38 b(The)0 449 y(added)18 b(e�cienc= y)h (is)f(b)r(ene�cial)h(when)g(the)e(target)g fq(M)968 456 y fl(1)1005 44= 9 y fs(is)h(a)f(large)h(register)f(�le)i((for)e(example,)h(the)0 534 y(iW= )m (arp)f(pro)q(cessor)g(has)h(128)f(registers),)g(or)g(when)h(targeting)f(= an)h (on-c)o(hip)h(bu�er)e(memory)l(,)h(suc)o(h)g(as)0 619 y(those)d(t)n(yp= ically)j(found)d(in)h(T)l(ransputers.)0 769 y fh(7.1.2)55 b(Where)18 b(the)g(= impro)m(v)n(emen)l(t)h(comes)e(from)0 883 y fs(It)12 b(is)h(imp)r(ortan)n(t)e= (to) h(understand)g(where)h(the)f(30%)f(decrease)h(in)h fq(M)1156 890 y fl(2)1= 188 883 y fs(op)q(erations)f(comes)g(from.)18 b(Only)c(a)0 968 y(constan)o(t)= f (factor)f(decrease)i(will)h(ev)o(er)f(b)q(e)g(p)r(ossible,)g(b)r(ecause)g= (the) f(inheren)q(t)g(computation-to-I/O)h(ra-)0 1053 y(tio)e(of)g(matrix)g(m)o= (ultiply)i(is)f fq(O)q fs(()535 1016 y fc(p)o 171 2 v 37 x fs(size)q(()p fq= (M) 709 1060 y fl(1)728 1053 y fs()).)19 b(An)o(y)12 b(tiling)i(m)n(ust)e(p= )r (erform)g(at)f(least)i fq(O)q fs(()p fq(n)1522 1036 y fl(3)1541 1053 y f= q (=3D)1564 1016 y fc(p)o 171 2 v 37 x fs(size)q(()p fq(M)1738 1060 y fl(1= )1758 1053 y fs()))0 1137 y fq(M)44 1144 y fl(2)81 1137 y fs(op)q(erations.)2= 5 b (Among)16 b(tilings)j(p)q(erforming)e fq(O)q fs(()p fq(n)938 1121 y fl(3= )958 1137 y fq(=3D)981 1101 y fc(p)o 171 2 v 36 x fs(size)q(()p fq(M)1155 114= 4 y fl (1)1174 1137 y fs()))g fq(M)1271 1144 y fl(2)1307 1137 y fs(op)r(eratio= ns,) f(there)h(can)h(b)q(e)0 1222 y(at)d(most)f(a)h(constan)n(t)g(factor)f(imp= ro)o (v)o(emen)o(t)h(regardless)h(of)e(the)i(c)o(hoice)g(of)e fq(n)i fs(or)f(s= ize) q(()p fq(M)1550 1229 y fl(1)1569 1222 y fs().)71 1307 y(The)j(standard)= 363 1295 y fq(~)360 1307 y(�)h fs(=3D)f(()p fq(�)r(;)7 b(�)s(;)g(�= 14)r fs ())18 b(tiling)h(is)g(therefore)f(within)h(a)f(constan)o(t)g(factor)f(of= )g (the)i(optimal)0 1391 y(cost.)h(This)c(tiling)h(is)f(illustrated)h(in)f(F= igure)g(7.10.)j(Eac)o(h)c(tile)i(is)f(cubic)h((except)e(tiles)i(whic)o(h)f(a= re)f (cut)0 1476 y(o�)h(b)o(y)g(the)h(b)q(orders)g(of)f(the)g(iteration)h(s= pace),)g(and)f(so)h(is)g(fully)g(symmetric.)25 b(No)16 b(e�ort)f(is)i(mad= e)g (to)0 1561 y(tak)n(e)e(adv)m(an)o(tage)e(of)h(the)g(fact)g(that)f(the)i(c= ompiler)g(will)h(execute)f(the)f(tiles)i(in)f(a)e(sp)r(eci�c)j(order)e((a= long) 0 1645 y(the)h fk(k)g fs(axis)h(in)g(the)f(tiled)i(co)q(de).)772 1838 y 6578176 6578176 0 0 6578176 6578176 startTexFig %%BeginDocument: mm.eps save gsave 10 10 scale /Courier findfont 11 scalefont setfont /mybox { gsave 3 -1 roll concat newpath 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath setgray fill dup stringwidth pop % get width of char 2 div % halve that 5 exch sub % 5-(width/2) =3D xoffset 1.5 moveto % yoffset go 0.2 setgray show grestore } def [1 0 0 1 0 0] (c) 0.8 mybox [1 0 0.5 0.5 -5 -5] (a) 0.6 mybox [0.5 0.5 0 1 -5 -5] (b) 0.5 mybox grestore gsave 2.5 2.5 scale [1 0 0 1 0 0] () 1 mybox [1 0 0.5 0.5 -5 -5] () 0.9 mybox [0.5 0.5 0 1 -5 -5] () 0.7 mybox grestore restore %%EndDocument endTexFig 418 x 457 4 v 1187 2254 a fd(-)1222 2230 y ft(i)770 2255 y 4 = 457 v 772 1839 a fd(6)806 1810 y ft(j)731 2296 y fd(�)689 2338 y(�)648 23= 79 y (�)606 2421 y(�)565 2462 y(�)523 2504 y(�)-42 b( )497 2538= y ft (k)772 2255 y 416 2 v -1 w 2 416 v 731 2296 a fe(�)689 2338 y(�)648= 2379 y(�)606 2421 y(�)565 2462 y(�)771 2255 y 2 104 v 1 w 104 2 v 103= w 2 104 v 772 2152 a 104 2 v 719 2306 a 2 104 v 720 2307 a 104 2 v 823 2306 a= 2 104 v 720 2204 a 104 2 v 731 2296 a(�)720 2306 y(�)834 2296 y(�)= 824 2306 y(�)731 2192 y(�)720 2203 y(�)834 2192 y(�)824 2203 y(�= 00) 538 2651 y fs(Figure)15 b(7.10:)k(The)891 2639 y fq(~)888 2651 y(�)c f= s (=3D)e(()p fq(�)r(;)7 b(�)r(;)g(�)r fs())15 b(tiling)71 2786 y= (Using) e(the)g(tec)o(hniques)h(presen)o(ted)f(in)h(this)f(thesis,)h(the)e(compil= er)j (c)n(ho)r(oses)d fq(�)1411 2793 y fm(k)1445 2786 y fs(=3D)h(1.)19 b(Th= e)13 b (tiles)h(are)p eop %%Page: 111 127 bop 149 50 a fo(7.1.)35 b(COMMON)15 b(SCIENTIFIC)g(KERNELS)884 b fs(111)= 149 195 y( at)15 b(squares,)g(as)g(sho)o(wn)g(in)h(Figure)g(7.11.)j(This)d= (shifts)g(the)f(allo)r(cation)g(of)g fq(M)1516 202 y fl(1)1551 195 y fs(to)g(= fa)o (v)n(or)g(the)h fk(c[i,j])149 280 y fs(stream.)24 b(Since)18 b(the)f(comp= iler) h(kno)o(ws)e(that)g(the)h(tiles)g(will)i(b)q(e)e(executed)h(in)f(the)g fk= (k)g fs(direction,)h(there)149 364 y(is)f(no)f(p)r(oin)o(t)g(in)h(w)o(asting)f= fq (M)645 371 y fl(1)681 364 y fs(memory)g(space)g(bringing)i(in)f(a)f(squar= e)g (of)f(data)h(from)f(the)i fk(a[i,k])e fs(or)149 449 y fk(b[k,j])f fs(stre= ams.) 19 b(Eac)o(h)c(data)f(item)h(will)h(b)q(e)f(used)h(a)e(n)o(um)o(b)q(er)h(= of)f (times)h(prop)q(ortional)g(to)f(the)h(width)149 534 y(or)g(height)g(of)g(= the) g(tile)h(()p fq(�)595 546 y fk(i)636 534 y fs(or)e fq(�)717 546 y = fk (j)743 534 y fs(),)g(and)i(indep)s(enden)o(t)f(of)g(the)g fq(�)1290 5= 46 y fk(k)1331 534 y fs(tile)h(dimension.)922 737 y 6578176 6578176 0 0 6578176 6578176 startTexFig %%BeginDocument: mmopt.eps gsave 10 10 scale /Courier findfont 11 scalefont setfont /mybox { gsave 3 -1 roll concat newpath 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath setgray fill dup stringwidth pop % get width of char 2 div % halve that 5 exch sub % 5-(width/2) =3D xoffset 1.5 moveto 0.2 setgray show grestore } def [1 0 0 1 0 0] (c) 0.8 mybox [1 0 0.5 0.5 -5 -5] (a) 0.6 mybox [0.5 0.5 0 1 -5 -5] (b) 0.5 mybox grestore gsave 4 4 scale newpath 0 0 moveto 0 10 lineto 10 10 lineto 10 0 lineto closepath 1 setgray fill 0 0 moveto 10 0 lineto 9 -1 lineto -1 -1 lineto closepath 0.9 setgray fill 0 0 moveto -1 -1 lineto -1 9 lineto 0 10 lineto closepath 0.7 setgray fill /diagonal { moveto -1 -1 rlineto 0 setgray 0.00277777778 setlinewidth stroke } def 10 10 diagonal 10 0 diagonal 0 10 diagonal grestore %%EndDocument endTexFig 418 x 457 4 v 1337 1153 a fd(-)1371 1129 y ft(i)920 1154 y 4 = 457 v 922 739 a fd(6)956 709 y ft(j)880 1195 y fd(�)839 1237 y(�)797 1278= y (�)756 1320 y(�)714 1361 y(�)672 1403 y(�)-42 b( )647 1437= y ft (k)921 1154 y 2 167 v 922 1155 a 167 2 v 1087 1154 a 2 167 v 922 989 a 16= 7 2 v 900 1175 a 2 167 v 1 w 167 2 v 165 w 2 167 v 901 1009 a 167 2 v 690 1551 = a fs (Figure)15 b(7.11:)k(The)1043 1539 y fq(~)1040 1551 y(�)c fs(=3D)e(()= p fq (�)r(;)7 b(�)r(;)g fs(1))15 b(tiling)220 1674 y(Maximizing)j(these= )g (other)e(dimensions)j(maximizes)f(the)f(reuse)g(of)g(the)g fk(a)g fs(and)= g fk (b)g fs(streams)f(while)149 1759 y(simultaneously)d(minimizing)h(the)e(n)= o (um)o(b)r(er)g(of)f(times)h(the)h(data)e(for)g(these)h(streams)f(will)j(b= )r (e)e(refetc)n(hed.)149 1844 y(This)20 b(is)f(sho)o(wn)g(graphically)h(b)o= (y)e (noting)h(that)g(while)h(the)f(tile)g(in)h(Figure)f(7.10)f(requires)h(the= )g (same)149 1928 y(amoun)o(t)h(of)f(data)g(p)r(er)h(tile)h(as)e(the)h(one)g= (in) h(Figure)f(7.11,)f(the)h( at)g(tile)h(is)f(wider,)i(so)d(it)h(has)g(mo= re) 149 2013 y(iterations)d(in)g(the)g fk(i)f fs(and)g fk(j)h fs(directions.)= 24 b (This)17 b(means)g(it)f(reuses)h fk(b[k,j])e fs(and)i fk(a[i,k])e fs(more= )h (times)149 2098 y(in)22 b(a)f(giv)o(en)g(tile.)39 b(F)-5 b(urthermore,)22= b (these)f(streams)f(are)h(refetc)o(hed)g(a)g(n)o(um)o(b)q(er)g(of)g(time)g= (equal)h(to)e fk(n)149 2182 y fs(divided)f(b)o(y)e(the)g(width)g(of)f(the)h(t= ile) h(in)f(the)g(resp)q(ective)g(directions,)h(so)e(widening)i(the)f(tiles)h(= reduces)149 2267 y(the)e(n)o(um)o(b)q(er)f(of)g(refetc)o(hes)g(as)g(w)o(ell.)= 220 2352 y(Note)f(that)g(the)g(form)n(ulas)h(for)f(the)h(I/O)g(costs)e fq(R)i= fs (and)f fq(S)j fs(are)d(derived)h(parametrically)m(.)k(The)c(only)149 2436= y (assumption)20 b(that)f(m)n(ust)g(hold)i(is)e(that)g fq(n)h fs(is)g(m)n(u= c)o (h)g(larger)f(than)g(size)q(()p fq(M)1469 2443 y fl(1)1489 2436 y fs())= o (,)h(so)f(m)o(ultiple)j(tiles)e(are)149 2521 y(executed)h(in)g(eac)o(h)f(= direction.)36 b fq(R)20 b fs(will)h(alw)o(a)o(ys)f(b)q(e)g(smaller)h(than)f f= q (S)i fs(since)f(the)g(di�erence)g(in)g(the)149 2606 y(form)n(ulas)g(is= )g (essen)o(tially)h(a)d(factor)h(of)847 2568 y fj(p)p 23 2 v 38 x fs(3.)35 = b (In)21 b(fact,)f(w)o(e)g(w)o(ould)h(exp)q(ect)g(theoretically)g(that)f fq= (R)o (=3DS)149 2690 y fs(w)o(ould)e(asymptotically)g(approac)n(h)g(1)p fq(=3D)= 836 2653 y fj(p)o 23 2 v 37 x fs(3)f(as)g fq(n)g fs(gro)n(ws)g(large,)h(or)e(ab)r(= out) h(58%.)25 b(Figure)17 b(7.12)f(sho)o(ws)149 2775 y(that)f(this)h(is)f(ind= eed) i(the)e(case.)p eop %%Page: 112 128 bop 0 50 a fs(112)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)-3 = 154 y 28417720 15061391 3912798 17497948 33976936 33627635 startTexFig %%BeginDocument: nlarge.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (59.00) rtext 111.6 318.86 M 108 318.86 L stroke 104 317.06 0 (60.00) rtext 111.6 349.71 M 108 349.71 L stroke 104 347.91 0 (61.00) rtext 111.6 380.57 M 108 380.57 L stroke 104 378.77 0 (62.00) rtext 111.6 411.43 M 108 411.43 L stroke 104 409.63 0 (63.00) rtext 111.6 442.29 M 108 442.29 L stroke 104 440.49 0 (64.00) rtext 111.6 473.14 M 108 473.14 L stroke 104 471.34 0 (65.00) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (66.00) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 70.4815 511.2 90 (Percent of memory accesses) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (0) ctext 147.6 291.6 M 147.6 288 L stroke 147.6 279 0 (1000) ctext 187.2 291.6 M 187.2 288 L stroke 187.2 279 0 (2000) ctext 226.8 291.6 M 226.8 288 L stroke 226.8 279 0 (3000) ctext 266.4 291.6 M 266.4 288 L stroke 266.4 279 0 (4000) ctext 306 291.6 M 306 288 L stroke 306 279 0 (5000) ctext 345.6 291.6 M 345.6 288 L stroke 345.6 279 0 (6000) ctext 385.2 291.6 M 385.2 288 L stroke 385.2 279 0 (7000) ctext 424.8 291.6 M 424.8 288 L stroke 424.8 279 0 (8000) ctext 464.4 291.6 M 464.4 288 L stroke 464.4 279 0 (9000) ctext 504 291.6 M 504 288 L stroke 504 279 0 (10000) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (N (M1 memory size is 1024 words)) rtext 111.96 500.067 M 113.28 465.729 114.6 431.391 115.92 411.014 curveto 117.24 390.638 118.56 384.223 119.88 377.887 curveto 121.2 371.55 122.52 365.294 123.84 360.591 curveto 125.16 355.887 126.48 352.737 127.8 349.967 curveto 129.12 347.198 130.44 344.81 131.76 342.779 curveto 133.08 340.748 134.4 339.074 135.72 337.592 curveto 137.04 336.11 138.36 334.821 139.68 333.672 curveto 141 332.524 142.32 331.516 143.64 330.606 curveto 144.96 329.696 146.28 328.883 147.6 328.142 curveto 148.92 327.4 150.24 326.732 151.56 326.118 curveto 152.88 325.504 154.2 324.944 155.52 324.427 curveto 156.84 323.909 158.16 323.434 159.48 322.992 curveto 160.8 322.55 162.12 322.141 163.44 321.76 curveto 164.76 321.377 166.08 321.022 167.4 320.689 curveto 168.72 320.356 170.04 320.044 171.36 319.751 curveto 172.68 319.458 174 319.182 175.32 318.922 curveto 176.64 318.662 177.96 318.417 179.28 318.184 curveto 180.6 317.953 181.92 317.733 183.24 317.524 curveto 184.56 317.315 185.88 317.117 187.2 316.929 curveto 188.52 316.74 189.84 316.561 191.16 316.39 curveto 192.48 316.219 193.8 316.056 195.12 315.9 curveto 196.44 315.743 197.76 315.594 199.08 315.451 curveto 200.4 315.308 201.72 315.171 203.04 315.04 curveto 204.36 314.909 205.68 314.783 207 314.662 curveto 208.32 314.541 209.64 314.425 210.96 314.312 curveto 212.28 314.2 213.6 314.092 214.92 313.988 curveto 216.24 313.884 217.56 313.784 218.88 313.687 curveto 220.2 313.591 221.52 313.498 222.84 313.408 curveto 224.16 313.317 225.48 313.23 226.8 313.145 curveto 228.12 313.062 229.44 312.98 230.76 312.901 curveto 232.08 312.822 233.4 312.746 234.72 312.671 curveto 236.04 312.597 237.36 312.525 238.68 312.455 curveto 240 312.385 241.32 312.318 242.64 312.252 curveto 243.96 312.186 245.28 312.122 246.6 312.06 curveto 247.92 311.998 249.24 311.938 250.56 311.879 curveto 251.88 311.82 253.2 311.763 254.52 311.708 curveto 255.84 311.652 257.16 311.598 258.48 311.546 curveto 259.8 311.493 261.12 311.442 262.44 311.392 curveto 263.76 311.342 265.08 311.293 266.4 311.246 curveto 267.72 311.197 269.04 311.151 270.36 311.106 curveto 271.68 311.061 273 311.017 274.32 310.973 curveto 275.64 310.93 276.96 310.888 278.28 310.846 curveto 279.6 310.806 280.92 310.766 282.24 310.726 curveto 283.56 310.687 284.88 310.648 286.2 310.611 curveto 287.52 310.573 288.84 310.537 290.16 310.501 curveto 291.48 310.464 292.8 310.429 294.12 310.394 curveto 295.44 310.359 296.76 310.326 298.08 310.293 curveto 299.4 310.26 300.72 310.227 302.04 310.196 curveto 303.36 310.164 304.68 310.133 306 310.103 curveto 307.32 310.071 308.64 310.042 309.96 310.012 curveto 311.28 309.984 312.6 309.955 313.92 309.927 curveto 315.24 309.898 316.56 309.87 317.88 309.843 curveto 319.2 309.816 320.52 309.789 321.84 309.763 curveto 323.16 309.737 324.48 309.711 325.8 309.686 curveto 327.12 309.661 328.44 309.636 329.76 309.612 curveto 331.08 309.588 332.4 309.564 333.72 309.54 curveto 335.04 309.517 336.36 309.493 337.68 309.471 curveto 339 309.448 340.32 309.426 341.64 309.404 curveto 342.96 309.382 344.28 309.36 345.6 309.339 curveto 346.92 309.318 348.24 309.297 349.56 309.276 curveto 350.88 309.256 352.2 309.236 353.52 309.216 curveto 354.84 309.196 356.16 309.177 357.48 309.157 curveto 358.8 309.138 360.12 309.119 361.44 309.1 curveto 362.76 309.082 364.08 309.064 365.4 309.046 curveto 366.72 309.027 368.04 309.009 369.36 308.992 curveto 370.68 308.974 372 308.957 373.32 308.94 curveto 374.64 308.923 375.96 308.906 377.28 308.89 curveto 378.6 308.873 379.92 308.857 381.24 308.841 curveto 382.56 308.825 383.88 308.809 385.2 308.794 curveto 386.52 308.778 387.84 308.763 389.16 308.748 curveto 390.48 308.732 391.8 308.717 393.12 308.702 curveto 394.44 308.688 395.76 308.674 397.08 308.659 curveto 398.4 308.645 399.72 308.631 401.04 308.617 curveto 402.36 308.602 403.68 308.588 405 308.575 curveto 406.32 308.561 407.64 308.548 408.96 308.535 curveto 410.28 308.522 411.6 308.509 412.92 308.496 curveto 414.24 308.483 415.56 308.47 416.88 308.458 curveto 418.2 308.444 419.52 308.432 420.84 308.42 curveto 422.16 308.408 423.48 308.396 424.8 308.384 curveto 426.12 308.372 427.44 308.36 428.76 308.349 curveto 430.08 308.337 431.4 308.326 432.72 308.314 curveto 434.04 308.303 435.36 308.291 436.68 308.28 curveto 438 308.269 439.32 308.258 440.64 308.247 curveto 441.96 308.236 443.28 308.225 444.6 308.215 curveto 445.92 308.204 447.24 308.194 448.56 308.184 curveto 449.88 308.174 451.2 308.163 452.52 308.153 curveto 453.84 308.143 455.16 308.133 456.48 308.123 curveto 4

=3D3;

p

size(1 )=3D3;

p

size(M 1 )=3D). The I/O

cost function for this method = is then

S =3D 2(n 2 + 2 n + 3n 2 + = 2n 3

6( p

size(M 1 )=3D)

)

These are very close to the alues for matrix multiply. Recall that in matrix-m= ultiply the

computation-to-I/O ratio is order p

size(M 1 = The computation cost for LU decomp osition

i= s

X C =3D n

X

k=3D0 n X

i=3Dk n X

j =3D= k

1 =3D

6 + 13n + 9n

2

+ 2 n 3

6

which is O(n 3

), resulting in a computation-to-I/O ratio of (

p

size(M )). The value of

~ �= 4 for the two programs are permutations of one= another, b ecause the cost models are so

7.2. COMPARISON TO WOLF’S WORK= 121

similar. This is re ected in the = graphs for LU-decomp osition, which lo ok just like for

matrix-multiply.

Figure 7.20 shows = the numb er of secondary memory operations for optim= ally shaped

tiles and for cubic tiles in LU decom= p osition. The total number of M 2 operations for cubic

tiles is shown= with a dashed line, while the number of M 2 operations for optimally-shap ed tiles is shown with a solid line. As expecte= d, R and S are very similar.

The plot, in Figure 7.21 is the numb er of M

2

accesses made by the optimal solution as a p ercentage of the numb er of made by the traditional square-tile solution. Note that for M

1 sizes from 1/1000th= to 1/10th of the problem size, the new methods hieve a

30-35% decrease in M 2 ac memory bandwidth.

Figure 7.22 shows the execu= tion time taken by the optimal solution as a p ercen= tage

of the execution time taken by the t= raditional square-tile solution, with the M 2 cycle time

(lab elled \c") varying f= rom 1 clo ck to 128 clo cks. Each accesses is assumed to take 2 clo cks.

Figure 7.23= shows the total execution time for optimally shap next tiles and for cubic tiles

in LU decomposition.= The plot shows the total execution time sp enthose in computation (dotted

line), the time sp en= t waiting for M 2 with cubic til= es (dashed line) and for optimally-shap ed

tiles = (solid)f(line),)g(assuming)f(the)h fq(M)806 1557 y fl(2)841 1550 y fs(cycle)= g (time)f(is)h(8)f(clo)r(c)o(ks.)149 1731 y fp(7.2)70 b(Comparison)23 b(to)= g (W)-6 b(olf)6 b(’s)23 b(w)n(ork)149 1860 y fs(In)14 b(this)f(section,)h(s= ev)n (eral)g(examples)f(demonstrate)f(the)h(con)o(tributions)h(of)e(this)h(the= sis,) h(b)o(y)f(comparing)149 1945 y(it)k(to)f(the)g(w)o(ork)f(of)h(W)l(olf[57]= ,)f (the)i(most)e(thorough)h(w)n(ork)g(on)g(tiling)i(for)e(lo)q(cality)g(to)g= (date.)23 b(Because)149 2030 y(he)15 b(concen)o(trated)e(on)h(tiling)h(for)e(= mac) o(hines)i(with)f(cac)n(hes,)g(W)l(olf)g(made)g(some)f(assumptions)h(which= )g (do)149 2114 y(not)19 b(hold)g(for)g(compiler-controlled)h(memories)f((l= ik)o (e)g(RAMs).)31 b(F)l(urthermore,)18 b(W)l(olf)t(’s)g(tec)o(hniques)149 2= 199 y (for)h(c)o(ho)q(osing)415 2187 y fq(~)412 2199 y(�)i fs(ma)o(y)e(b)q(e= )h (appropriate)f(for)g(cac)o(he-based)h(systems,)g(but)f(it)h(is)f(less)h(t= han) g(ideal)g(for)149 2284 y(soft)n(w)o(are-con)o(trolled)f(memories.)30 b(W)= l (olf)18 b(also)h(do)q(es)f(not)g(address)h(compilation)g(for)f(mac)o(hine= s)h (with)149 2368 y(blo)r(c)o(k-oriented)d(memories;)h(the)f(framew)n(ork)g(= pro) o(vided)h(in)h(this)e(thesis)h(do)r(es)f(handle)i(this)e(problem.)149 245= 3 y (Finally)n(,)21 b(W)l(olf)f(abstracts)f(the)h(reuse)g(space)g(of)g(a)g(pr= ogram)f(to)g(the)h(set)g(of)f(lo)r(ops)h(carrying)g(reuse,)149 2538 y(which)1= 5 b (is)h(unnecessary)g(giv)o(en)g(our)f(tec)o(hniques)h(for)f(c)o(ho)q(osing= )g fq (B)s fs(.)p eop %%Page: 122 138 bop 0 50 a fs(122)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)4 2= 91 y 28417720 14493037 2760695 17497948 33976936 33627635 startTexFig %%BeginDocument: lu-rands.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (0) rtext 111.6 318.86 M 108 318.86 L stroke 104 317.06 0 (2000000) rtext 111.6 349.71 M 108 349.71 L stroke 104 347.91 0 (4000000) rtext 111.6 380.57 M 108 380.57 L stroke 104 378.77 0 (6000000) rtext 111.6 411.43 M 108 411.43 L stroke 104 409.63 0 (8000000) rtext 111.6 442.29 M 108 442.29 L stroke 104 440.49 0 (10000000) rtext 111.6 473.14 M 108 473.14 L stroke 104 471.34 0 (12000000) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (14000000) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 52.9675 511.2 90 (Number of memory accesses) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 463.158 M 118.154 438.736 128.308 414.315 138.462 396.423 curveto 148.616 378.531 158.77 367.17 168.924 357.593 curveto 179.077 348.016 189.231 340.223 199.385 333.961 curveto 209.539 327.699 219.693 322.968 229.846 319.023 curveto 240 315.079 250.154 311.921 260.308 309.295 curveto 270.462 306.667 280.616 304.573 290.77 302.812 curveto 300.923 301.051 311.077 299.623 321.231 298.42 curveto 331.385 297.216 341.539 296.237 351.692 295.408 curveto 361.846 294.578 372 293.899 382.154 293.323 curveto 392.308 292.747 402.462 292.274 412.615 291.872 curveto 422.769 291.47 432.923 291.14 443.076 290.857 curveto 453.231 290.574 463.385 290.339 473.539 290.145 curveto 483.692 289.951 493.846 289.797 504 289.644 curveto stroke [8 5] 0 setdash 108 475.469 M 118.154 456.005 128.308 436.541 138.462 420.691 curveto 148.616 404.841 158.77 392.605 168.924 381.957 curveto 179.077 371.308 189.231 362.247 199.385 354.568 curveto 209.539 346.889 219.693 340.591 229.846 335.201 curveto 240 329.811 250.154 325.329 260.308 321.506 curveto 270.462 317.684 280.616 314.522 290.77 311.822 curveto 300.923 309.122 311.077 306.884 321.231 304.975 curveto 331.385 303.065 341.539 301.483 351.692 300.133 curveto 361.846 298.783 372 297.664 382.154 296.709 curveto 392.308 295.755 402.462 294.964 412.615 294.289 curveto 422.769 293.614 432.923 293.056 443.076 292.577 curveto 453.231 292.098 463.385 291.698 473.539 291.367 curveto 483.692 291.036 493.846 290.773 504 290.511 curveto stroke showpage end %%EndDocument endTexFig 424 909 a fq(R)574 834 y(S)129 1307 y fs(Figure)16 b(7.20:)i = fq (M)430 1314 y fl(2)465 1307 y fs(op)q(erations)d(of)g(optimal)h(and)f(squ= are) g(tiles)i(for)d(LU)i(decomp)r(osition)4 1606 y 28417720 15061391 3912798 17497948 33976936 33627635 startTexFig %%BeginDocument: lu-rs.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (60.00) rtext 111.6 318.86 M 108 318.86 L stroke 104 317.06 0 (65.00) rtext 111.6 349.71 M 108 349.71 L stroke 104 347.91 0 (70.00) rtext 111.6 380.57 M 108 380.57 L stroke 104 378.77 0 (75.00) rtext 111.6 411.43 M 108 411.43 L stroke 104 409.63 0 (80.00) rtext 111.6 442.29 M 108 442.29 L stroke 104 440.49 0 (85.00) rtext 111.6 473.14 M 108 473.14 L stroke 104 471.34 0 (90.00) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (95.00) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 70.4815 511.2 90 (Percent of memory accesses) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 494.328 M 118.154 468.295 128.308 442.263 138.462 421.988 curveto 148.616 401.714 158.77 387.198 168.924 374.825 curveto 179.077 362.453 189.231 352.225 199.385 343.817 curveto 209.539 335.409 219.693 328.822 229.846 323.343 curveto 240 317.864 250.154 313.493 260.308 309.927 curveto 270.462 306.361 280.616 303.6 290.77 301.423 curveto 300.923 299.246 311.077 297.652 321.231 296.523 curveto 331.385 295.394 341.539 294.729 351.692 294.469 curveto 361.846 294.208 372 294.352 382.154 294.883 curveto 392.308 295.414 402.462 296.331 412.615 297.666 curveto 422.769 299.001 432.923 300.754 443.076 302.918 curveto 453.231 305.082 463.385 307.657 473.539 310.874 curveto 483.692 314.091 493.846 317.95 504 321.809 curveto stroke showpage end %%EndDocument endTexFig 1509 2242 a fm(R)1509 2249 y 27 2 v 1511 2276 a(S)1551 2260 y= fj (�)11 b fs(100%)105 2658 y(Figure)k(7.21:)k fq(M)406 2665 y fl(2)441 2= 658 y fs(op)q(erations)c(of)g(optimal)h(v)n(ersus)g(square)f(tiles)h(for)e(LU)i= (decomp)r(osition)p eop %%Page: 123 139 bop 149 50 a fo(7.2.)35 b(COMP)-5 b(ARISON)17 b(TO)f(W)n(OLF’S)g(W)n(ORK= )865 b fs(123)154 291 y 28417720 14493037 3583625 17497948 34803813 33627635 startTexFig %%BeginDocument: lu-xrxs.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 504 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (60.00) rtext 111.6 315 M 108 315 L stroke 104 313.2 0 (65.00) rtext 111.6 342 M 108 342 L stroke 104 340.2 0 (70.00) rtext 111.6 369 M 108 369 L stroke 104 367.2 0 (75.00) rtext 111.6 396 M 108 396 L stroke 104 394.2 0 (80.00) rtext 111.6 423 M 108 423 L stroke 104 421.2 0 (85.00) rtext 111.6 450 M 108 450 L stroke 104 448.2 0 (90.00) rtext 111.6 477 M 108 477 L stroke 104 475.2 0 (95.00) rtext 111.6 504 M 108 504 L stroke 104 502.2 0 (100.00) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 65.4775 511.2 90 (Percent of execution time) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 476.39 M 118.154 460.286 128.308 444.182 138.462 433.55 curveto 148.616 422.918 158.77 417.757 168.924 414.668 curveto 179.077 411.58 189.231 410.564 199.385 411.185 curveto 209.539 411.806 219.693 414.063 229.846 417.097 curveto 240 420.131 250.154 423.941 260.308 428.051 curveto 270.462 432.161 280.616 436.569 290.77 440.925 curveto 300.923 445.28 311.077 449.582 321.231 453.641 curveto 331.385 457.7 341.539 461.516 351.692 465.009 curveto 361.846 468.502 372 471.673 382.154 474.517 curveto 392.308 477.362 402.462 479.88 412.615 482.104 curveto 422.769 484.328 432.923 486.258 443.076 487.956 curveto 453.231 489.655 463.385 491.122 473.539 492.36 curveto 483.692 493.599 493.846 494.608 504 495.617 curveto stroke /Times-Roman findfont 10 scalefont setfont 504 495.62 0 (c=3D1) ltext 108 472.953 M 118.154 454.05 128.308 435.146 138.462 421.764 curveto 148.616 408.38 158.77 400.518 168.924 394.923 curveto 179.077 389.328 189.231 386 199.385 384.643 curveto 209.539 383.286 219.693 383.9 229.846 385.729 curveto 240 387.558 250.154 390.601 260.308 394.397 curveto 270.462 398.193 280.616 402.742 290.77 407.614 curveto 300.923 412.486 311.077 417.681 321.231 422.873 curveto 331.385 428.065 341.539 433.253 351.692 438.213 curveto 361.846 443.173 372 447.906 382.154 452.294 curveto 392.308 456.682 402.462 460.727 412.615 464.387 curveto 422.769 468.049 432.923 471.326 443.076 474.264 curveto 453.231 477.201 463.385 479.8 473.539 482.026 curveto 483.692 484.252 493.846 486.103 504 487.955 curveto stroke 504 487.96 0 (c=3D2) ltext 108 470.892 M 118.154 450.219 128.308 429.546 138.462 414.256 curveto 148.616 398.967 158.77 389.061 168.924 381.37 curveto 179.077 373.679 189.231 368.204 199.385 364.729 curveto 209.539 361.254 219.693 359.78 229.846 359.683 curveto 240 359.586 250.154 360.868 260.308 363.202 curveto 270.462 365.537 280.616 368.925 290.77 373.031 curveto 300.923 377.137 311.077 381.961 321.231 387.188 curveto 331.385 392.415 341.539 398.043 351.692 403.773 curveto 361.846 409.503 372 415.334 382.154 421.021 curveto 392.308 426.708 402.462 432.251 412.615 437.472 curveto 422.769 442.695 432.923 447.596 443.076 452.128 curveto 453.231 456.66 463.385 460.824 473.539 464.484 curveto 483.692 468.143 493.846 471.298 504 474.454 curveto stroke 504 474.45 0 (c=3D4) ltext 108 469.755 M 118.154 448.076 128.308 426.398 138.462 409.964 curveto 148.616 393.529 158.77 382.339 168.924 373.247 curveto 179.077 364.155 189.231 357.16 199.385 352.053 curveto 209.539 346.947 219.693 343.728 229.846 341.826 curveto 240 339.924 250.154 339.34 260.308 339.842 curveto 270.462 340.344 280.616 341.932 290.77 344.399 curveto 300.923 346.867 311.077 350.213 321.231 354.254 curveto 331.385 358.294 341.539 363.028 351.692 368.237 curveto 361.846 373.446 372 379.131 382.154 385.049 curveto 392.308 390.967 402.462 397.117 412.615 403.242 curveto 422.769 409.368 432.923 415.468 443.076 421.374 curveto 453.231 427.28 463.385 432.991 473.539 438.228 curveto 483.692 443.465 493.846 448.229 504 452.992 curveto stroke 504 452.99 0 (c=3D8) ltext 108 469.157 M 118.154 446.941 128.308 424.725 138.462 407.66 curveto 148.616 390.595 158.77 378.681 168.924 368.769 curveto 179.077 358.856 189.231 350.948 199.385 344.809 curveto 209.539 338.67 219.693 334.302 229.846 331.13 curveto 240 327.959 250.154 325.984 260.308 324.991 curveto 270.462 323.999 280.616 323.99 290.77 324.812 curveto 300.923 325.634 311.077 327.287 321.231 329.68 curveto 331.385 332.073 341.539 335.205 351.692 338.984 curveto 361.846 342.761 372 347.186 382.154 352.131 curveto 392.308 357.076 402.462 362.542 412.615 368.343 curveto 422.769 374.145 432.923 380.282 443.076 386.561 curveto 453.231 392.84 463.385 399.262 473.539 405.509 curveto 483.692 411.756 493.846 417.829 504 423.901 curveto stroke 504 423.9 0 (c=3D16) ltext 108 468.85 M 118.154 446.356 128.308 423.862 138.462 406.465 curveto 148.616 389.068 158.77 376.768 168.924 366.412 curveto 179.077 356.056 189.231 347.644 199.385 340.922 curveto 209.539 334.2 219.693 329.169 229.846 325.236 curveto 240 321.304 250.154 318.47 260.308 316.51 curveto 270.462 314.551 280.616 313.464 290.77 313.099 curveto 300.923 312.732 311.077 313.088 321.231 314.098 curveto 331.385 315.108 341.539 316.773 351.692 319.058 curveto 361.846 321.343 372 324.249 382.154 327.743 curveto 392.308 331.237 402.462 335.32 412.615 339.929 curveto 422.769 344.538 432.923 349.674 443.076 355.218 curveto 453.231 360.761 463.385 366.712 473.539 372.902 curveto 483.692 379.091 493.846 385.519 504 391.948 curveto stroke 504 391.95 0 (c=3D32) ltext 108 468.694 M 118.154 446.059 128.308 423.423 138.462 405.856 curveto 148.616 388.289 158.77 375.79 168.924 365.202 curveto 179.077 354.615 189.231 345.939 199.385 338.906 curveto 209.539 331.873 219.693 326.485 229.846 322.135 curveto 240 317.785 250.154 314.475 260.308 311.961 curveto 270.462 309.449 280.616 307.732 290.77 306.648 curveto 300.923 305.562 311.077 305.109 321.231 305.214 curveto 331.385 305.318 341.539 305.981 351.692 307.175 curveto 361.846 308.369 372 310.096 382.154 312.355 curveto 392.308 314.614 402.462 317.404 412.615 320.736 curveto 422.769 324.068 432.923 327.942 443.076 332.306 curveto 453.231 336.67 463.385 341.525 473.539 346.894 curveto 483.692 352.263 493.846 358.146 504 364.03 curveto stroke 504 364.03 0 (c=3D64) ltext 108 468.616 M 118.154 445.909 128.308 423.202 138.462 405.549 curveto 148.616 387.896 158.77 375.296 168.924 364.59 curveto 179.077 353.884 189.231 345.072 199.385 337.879 curveto 209.539 330.686 219.693 325.112 229.846 320.544 curveto 240 315.976 250.154 312.413 260.308 309.603 curveto 270.462 306.793 280.616 304.736 290.77 303.255 curveto 300.923 301.775 311.077 300.869 321.231 300.453 curveto 331.385 300.036 341.539 300.11 351.692 300.641 curveto 361.846 301.173 372 302.161 382.154 303.607 curveto 392.308 305.053 402.462 306.957 412.615 309.351 curveto 422.769 311.745 432.923 314.629 443.076 317.983 curveto 453.231 321.337 463.385 325.162 473.539 329.595 curveto 483.692 334.028 493.846 339.07 504 344.111 curveto stroke 504 344.11 0 (c=3D128) ltext showpage end %%EndDocument endTexFig 246 1307 a(Figure)15 b(7.22:)k(Execution)d(time)f(of)g(optima= l)h (v)n(ersus)g(square)f(tiles)h(for)f(LU)g(decomp)r(osition)154 1660 y 28417720 14208860 2431524 17497948 33976936 33534225 startTexFig %%BeginDocument: lu-xrandxs.eps /spoofdict 25 dict def spoofdict begin /bdf {bind def} bind def /ldf {load def} bdf /xdf {exch def} bdf /M /moveto ldf /RM /rmoveto ldf /L /lineto ldf /RL /rlineto ldf /dbeg {gsave dup scale 2 setlinecap /s 6 def} bdf /dplus {dbeg /s2 s 2 div def 0 s2 RM 0 s neg RL s2 s2 RM s neg 0 RL stroke grestore} bdf /dcross {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 s2 RL 0 s2 neg RM s2 neg s2 RL stroke grestore} bdf /dbox {dbeg /s2 s 1.414 div def s2 2 div neg dup RM s2 0 RL 0 s2 RL s2 neg 0 RL 0 s2 neg RL stroke grestore} bdf /ddiamond {dbeg /s2 s 2 div def 0 s2 RM s2 neg s2 neg RL s2 s2 neg RL s2 s2 RL s2 neg s2 RL stroke grestore} bdf /dstar {dup gsave exch dplus grestore dcross} bdf /ddot {dbeg currentpoint s 2 div 0 360 arc fill grestore} bdf /pnt {gsave 1 setlinecap M 0 0 RL stroke grestore} bdf /xt {gsave 4 2 roll translate exch rotate} bdf /ltext {xt 0 0 M show grestore} bdf /rtext {xt dup stringwidth pop neg 0 M show grestore} bdf /ctext {xt dup stringwidth pop 2 div neg 0 M show grestore} bdf 2 setlinecap 0 setgray 108 288 M 1 setlinewidth [] 0 setdash 108 502.58 L stroke 111.6 288 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 104 286.2 0 (0) rtext 111.6 309.46 M 108 309.46 L stroke 104 307.66 0 (10000000) rtext 111.6 330.92 M 108 330.92 L stroke 104 329.12 0 (20000000) rtext 111.6 352.37 M 108 352.37 L stroke 104 350.57 0 (30000000) rtext 111.6 373.83 M 108 373.83 L stroke 104 372.03 0 (40000000) rtext 111.6 395.29 M 108 395.29 L stroke 104 393.49 0 (50000000) rtext 111.6 416.75 M 108 416.75 L stroke 104 414.95 0 (60000000) rtext 111.6 438.21 M 108 438.21 L stroke 104 436.41 0 (70000000) rtext 111.6 459.66 M 108 459.66 L stroke 104 457.86 0 (80000000) rtext 111.6 481.12 M 108 481.12 L stroke 104 479.32 0 (90000000) rtext 111.6 502.58 M 108 502.58 L stroke 104 500.78 0 (100000000) rtext /Helvetica-BoldOblique findfont 11 scalefont setfont 47.9635 509.78 90 (Execution time (c=3D8)) rtext 108 288 M 504 288 L stroke 108 291.6 M 108 288 L stroke /Helvetica-BoldOblique findfont 9 scalefont setfont 108 279 0 (4) ctext 138.46 291.6 M 138.46 288 L stroke 138.46 279 0 (8) ctext 168.92 291.6 M 168.92 288 L stroke 168.92 279 0 (16) ctext 199.38 291.6 M 199.38 288 L stroke 199.38 279 0 (32) ctext 229.85 291.6 M 229.85 288 L stroke 229.85 279 0 (64) ctext 260.31 291.6 M 260.31 288 L stroke 260.31 279 0 (128) ctext 290.77 291.6 M 290.77 288 L stroke 290.77 279 0 (256) ctext 321.23 291.6 M 321.23 288 L stroke 321.23 279 0 (512) ctext 351.69 291.6 M 351.69 288 L stroke 351.69 279 0 (1024) ctext 382.15 291.6 M 382.15 288 L stroke 382.15 279 0 (2048) ctext 412.62 291.6 M 412.62 288 L stroke 412.62 279 0 (4096) ctext 443.08 291.6 M 443.08 288 L stroke 443.08 279 0 (8192) ctext 473.54 291.6 M 473.54 288 L stroke 473.54 279 0 (16384) ctext 504 291.6 M 504 288 L stroke 504 279 0 (32768) ctext /Helvetica-BoldOblique findfont 11 scalefont setfont 504 266 0 (M1 memory size (problem size is 43200 words)) rtext 108 490.302 M 118.154 463.13 128.308 435.958 138.462 416.051 curveto 148.616 396.144 158.77 383.503 168.924 372.847 curveto 179.077 362.191 189.231 353.521 199.385 346.554 curveto 209.539 339.587 219.693 334.323 229.846 329.934 curveto 240 325.545 250.154 322.031 260.308 319.109 curveto 270.462 316.186 280.616 313.855 290.77 311.895 curveto 300.923 309.937 311.077 308.348 321.231 307.009 curveto 331.385 305.67 341.539 304.58 351.692 303.657 curveto 361.846 302.734 372 301.979 382.154 301.338 curveto 392.308 300.697 402.462 300.17 412.615 299.723 curveto 422.769 299.277 432.923 298.909 443.076 298.595 curveto 453.231 298.279 463.385 298.018 473.539 297.802 curveto 483.692 297.586 493.846 297.415 504 297.245 curveto stroke [8 5] 0 setdash 108 504 M 118.154 482.344 128.308 460.687 138.462 443.052 curveto 148.616 425.417 158.77 411.803 168.924 399.955 curveto 179.077 388.107 189.231 378.025 199.385 369.481 curveto 209.539 360.937 219.693 353.93 229.846 347.933 curveto 240 341.936 250.154 336.949 260.308 332.696 curveto 270.462 328.443 280.616 324.926 290.77 321.922 curveto 300.923 318.917 311.077 316.427 321.231 314.302 curveto 331.385 312.178 341.539 310.418 351.692 308.916 curveto 361.846 307.414 372 306.169 382.154 305.107 curveto 392.308 304.045 402.462 303.164 412.615 302.413 curveto 422.769 301.662 432.923 301.041 443.076 300.508 curveto 453.231 299.975 463.385 299.53 473.539 299.161 curveto 483.692 298.793 493.846 298.502 504 298.21 curveto stroke [.5 3] 0 setdash 108 295.416 M 118.154 295.416 128.308 295.416 138.462 295.416 curveto 148.616 295.416 158.77 295.416 168.924 295.416 curveto 179.077 295.416 189.231 295.416 199.385 295.416 curveto 209.539 295.416 219.693 295.416 229.846 295.416 curveto 240 295.416 250.154 295.416 260.308 295.416 curveto 270.462 295.416 280.616 295.416 290.77 295.416 curveto 300.923 295.416 311.077 295.416 321.231 295.416 curveto 331.385 295.416 341.539 295.416 351.692 295.416 curveto 361.846 295.416 372 295.416 382.154 295.416 curveto 392.308 295.416 402.462 295.416 412.615 295.416 curveto 422.769 295.416 432.923 295.416 443.076 295.416 curveto 453.231 295.416 463.385 295.416 473.539 295.416 curveto 483.692 295.416 493.846 295.416 504 295.416 curveto stroke showpage end %%EndDocument endTexFig 604 2230 a fq(X)642 2237 y fm(R)754 2170 y fq(X)792 2177 y fm= (S) 604 2440 y fq(X)642 2447 y fm(C)246 2658 y fs(Figure)g(7.23:)k(Execution)= d (time)f(of)g(optimal)h(v)n(ersus)g(square)f(tiles)h(for)f(LU)g(decomp)r(o= sition)p eop %%Page: 124 140 bop 0 50 a fs(124)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)0 1= 95 y fh(7.2.1)55 b(Reuse)18 b(spaces)0 309 y fs(W)l(olf)t(’s)g(description)i(o= f)e (reuse)h(spaces)g(in)g(terms)f(of)g(self-temp)r(oral,)h(self-spatial,)i(g= roup-temp)q(oral,)0 394 y(and)c(group-spatial)f(()p fq(R)419 401 y fm(S)r(T)= 469 394 y fs(,)h fq(R)534 401 y fm(S)q(S)582 394 y fs(,)f fq(R)646 401 y fm(G= T) 701 394 y fs(,)g fq(R)765 401 y fm(GS)817 394 y fs(),)g(is)h(concise,)g(= y)o (et)f(captures)h(all)g(the)f(necessary)h(infor-)0 479 y(mation.)i(In)12 b= (this)h(w)o(ork,)e(w)o(e)h(do)g(not)g(attempt)f(to)h(capture)g(spatial)g(lo)r= (cality)g(directly)m(.)19 b(Spatial)13 b(lo)r(calit)o(y)0 563 y(is)k(included= )h (indirectly)h(in)d(the)h(cost)e(mo)q(del)i(b)o(y)f(using)h(a)f(blo)r(c)o(= k-orien)o(ted)g(cost)g(system)f(for)h(memory)0 648 y(accesses.)71 733 y(This)= e (w)o(ork)g(also)g(tak)n(es)h(a)f(di�eren)o(t)g(approac)o(h)g(to)g(deal= ing) i(with)e(dep)r(endence)i(limitations.)21 b(W)l(olf)0 817 y(form)n(ulates)= 16 b (the)g(exp)r(ected)h(reuse)f(con)o(tributed)h(b)o(y)e(tiling)j(eac)o(h)e(= lo)r (op,)f(and)h(then)h(selects)f(the)h(tilable)0 902 y(subset)f(of)f(lo)r(op= s)g (which)h(maximizes)g(lo)r(cality)l(.)21 b(In)16 b(this)g(w)o(ork,)f(the)g= (tiling)i(basis)g(is)f(c)o(hosen)g(to)f(tile)h(all)0 987 y(the)e(lo)r(ops)g(g= iv)o (en)h(the)g(dep)r(endence)h(set.)j(Extreme)14 b(v)o(ectors)g(of)g(the)g(d= ep)r (endence)i(set)e(are)g(included)j(in)0 1071 y(the)f(candidate)h(set)e(to)= g (ensure)i(that)e(ev)o(ery)g(lo)r(op)h(nest)f(can)h(b)r(e)g(tiled.)23 b(In= )16 b (the)g(w)n(orst)f(case,)h(the)g(lo)q(ops)0 1156 y(are)f(sk)o(ew)o(ed)g(to= )g (the)h(p)q(oin)o(t)g(that)e(they)i(are)f(serialized.)23 b(This)16 b(appro= ac)n (h)g(requires)g(that)e(the)i(compiler)0 1241 y(b)r(e)f(able)h(to)e(predic= t)i (the)f(n)o(um)o(b)r(er)g(of)g(iterations)g(in)h(eac)o(h)f(lo)r(op,)f(at)h= (least)g(in)h(terms)f(of)f(lo)r(op-constan)o(t)0 1325 y(program)g(v)n(ariable= s.)0 1476 y fh(7.2.2)55 b(The)19 b(problem)d(with)j(lo)q(calized)f(v)n(ector)g= (spaces)0 1590 y fs(W)l(olf)g(uses)g fg(lo)n(c)m(alize)m(d)h(ve)n(ctor)g(sp)m= (ac) n(es)e fs(to)h(mo)q(del)g(when)h(reuse)f(of)f(data)h(actually)g(results)h= (in) f(lo)r(calit)o(y)m(.)0 1675 y(The)j(lo)r(calized)h(v)o(ector)e(space)h(is= )h (the)e(set)h(of)f(iterations)h(in)h(the)f(inner)h(tile)f(of)g(a)f(tiled)i= (lo) r(op)f(nest,)0 1760 y(coun)o(ting)g(from)e(the)i(innermost)g(lo)q(op)g(ou= t)n (w)o(ards)f(to)f(the)i(�rst)f(lo)r(op)g(the)g(�rst)g(lo)r(op)g(with= )h (a)f(large)0 1844 y(n)o(um)o(b)q(er)c(of)e(iterations)i(()p fg(i.e.,)e f= s (the)h(�rst)g(lo)r(op)g(whose)g(lo)r(op)g(b)q(ounds)h(are)f(not)g(comp= iler-selected).)71 1929 y(This)g(mo)q(del)g(is)g(almost)f(correct)g(for)g(ca= c)o (he-based)i(systems.)j(While)d(it)e(is)h(true)g(that)f(a)g(lo)q(op)h(with= )0 2014 y(a)i(large)f(n)o(um)o(b)r(er)h(of)f(iterations)h fg(c)n(an)f fs(acc= ess) h(a)g(lot)g(of)f(data,)g(and)h(th)o(us)g( ush)g(previously)h(used)g(da= ta)0 2098 y(from)h(the)h(cac)n(he,)h(it)f(is)g(not)f(necessarily)j(true)d(that= )g (it)h(do)q(es)g(so.)33 b(Some)19 b(lo)r(ops)g(p)r(erform)g(rep)q(eated)0 = 2183 y(computation)c(with)h(the)f(same)g(data)f(and)i(do)f(not)g(c)o(hange)g(t= he)g (data)g(held)h(in)g(a)f(cac)o(he.)71 2268 y(F)-5 b(or)21 b(compiler-con)q= (trolled)h(memories,)g(including)i(b)o(ypassable)e(cac)o(hes)g(and)f(RAMs,)i(= lo)q (calized)0 2352 y(v)o(ector)18 b(spaces)g(do)g(not)g(capture)h(lo)q(calit= y)f (correctly)m(.)29 b(In)19 b(mac)n(hines)h(where)f(the)f(compiler)i(con)o(= trols)0 2437 y fq(M)44 2444 y fl(1)64 2437 y fs(,)d(there)g(is)g(e�ectiv)o= (ely) h(a)e(separate)g(cac)o(he)i(for)e(eac)o(h)h(stream;)f(accessing)i(large)f= (amoun)n(ts)f(of)h(data)0 2522 y(for)d(one)g(stream)f(do)q(es)i(not)f( ush= )g (data)g(held)h(for)f(other)g(streams.)k(There)d(can)f(b)r(e)g(signi�ca= nt)g (lo)r(calit)o(y)0 2606 y(outside)i(of)f(the)h(innermost)g(tile.)22 b(This= )17 b (lo)q(cality)e(is)i(called)g(in)o(tertile)g(lo)q(cality)f(and)f(w)o(as)g(= addressed)h(in)0 2691 y(detail)g(in)g(Chapter)f(5.)71 2776 y(T)l(aking)21 b(a= dv)m (an)o(tage)g(of)f(this)i(lo)q(cality)f(requires)h(a)f(computer)g(arc)n(hi= tecture)h(which)f(allo)o(ws)g(the)p eop %%Page: 125 141 bop 149 50 a fo(7.2.)35 b(COMP)-5 b(ARISON)17 b(TO)f(W)n(OLF’S)g(W)n(ORK= )865 b fs(125)149 195 y(compiler)22 b(to)e(exercise)i(con)o(trol)e(o)n(v)o(er)= h (the)f(memory)g(hierarch)o(y)l(.)36 b(The)20 b(compiler)i(can)f(exercise)= g (full)149 280 y(con)o(trol)15 b(o)n(v)o(er)g(RAM)g(bu�ers)f(used)i(in)= f (place)h(of)e(cac)o(hes.)20 b(Ev)o(en)15 b(b)o(ypassable)h(cac)n(hes)g(or= )e (cac)o(hes)h(whic)o(h)149 364 y(allow)d(lines)h(to)e(b)r(e)h(\lo)q(c)o(k= )o (ed)g(in")h(allo)o(w)f(the)g(compiler)h(some)f(amoun)n(t)g(of)f(con)o(tro= l.) 19 b(Another)11 b(p)r(ossibilit)q(y)149 449 y(is)18 b(to)d(include)k(m)o(= ultiple)g(separately)d(addressed)h(data)f(cac)o(hes,)h(so)f(that)g(the)h(comp= iler) h(can)e(assign)h(a)149 534 y(separate)e(stream)f(to)h(eac)o(h)g(cac)o(he.= )220 619 y(W)l(olf)t(’s)d(lo)q(calized)i(iteration)f(spaces)f(force)g(him)h(to= )f (tile)h(lo)r(ops)f(with)h(large)f(iteration)h(coun)o(ts)f(whic)o(h)149 70= 3 y (do)g(not)g(access)g(new)h(data,)f(that)f(is,)i(lo)q(ops)f(which)g(are)g(= in)h (the)f(iterations)h(space)f fj(I)j fs(but)d(not)g(in)h(the)f(data)149 788= y (space)18 b fj(D)q fs(.)25 b(If)17 b(this)h(lo)q(op)f(is)h(part)e(of)h(a)= f (tilable)j(nest,)e(it)g(can)g(b)r(e)g(in)o(terc)o(hanged)g(to)g(b)q(e)g(t= he)g (innermost)149 873 y(lo)r(op,)g(and)f(need)i(not)e(b)q(e)h(tiled)h(at)e(a= ll.) 25 b(The)17 b(tec)n(hniques)h(of)f(this)g(thesis)g(can)f(address)h(this)g= (problem)149 957 y(in)e(one)f(of)g(t)n(w)o(o)g(w)n(a)o(ys:)19 b(the)14 b(comp= iler) h(can)f(recognize)h(suc)o(h)f(lo)r(ops)g(and)g(interc)n(hange)g(them)g(in= nermost)149 1042 y(prior)h(to)e(tiling,)j(or)e(it)g(can)h(add)f(these)g(lo)r(= ops) g(to)g(the)g(set)g(to)g(b)q(e)g(tiled.)21 b(The)15 b(sc)o(heduler)g(will)= h (note)e(that)149 1127 y(these)g(lo)q(ops)f(allow)g(lo)q(cality)l(,)g(and)= g (will)i(mak)n(e)f(them)f(the)g(innermost)g(con)o(trolling)h(lo)r(op;)f(si= nce) h(no)f(data)149 1211 y(is)j(accessed,)e(no)h(v)m(alue)h(will)g(b)q(e)f(as= signed)g(to)f(the)h fq(�)r fs(-v)n(alue)g(for)f(this)h(lo)q(op)g(b)o(y)f(t= he)h (tile)h(size)f(optimizer.)149 1296 y(The)k(compiler)h(can)f(c)o(ho)q(ose)= g (the)f(tile)i(size)f(v)o(ector)f(to)g(b)r(e)h fj(1)g fs(in)g(an)o(y)f(lo)= r (op)h(whic)o(h)g(isn’t)g(assigned)g(a)149 1381 y(v)n(alue)14 b(b)o(y)e(th= e)h (tile)h(size)g(optimizer.)20 b(A)13 b(simple)h(p)r(ost-tiling)g(optimizer= )f (can)g(remo)o(v)n(e)g(con)o(trolling)h(lo)r(ops)149 1465 y(with)i(a)f(til= e)h (size)g(of)f fj(1)p fs(.)149 1616 y fh(7.2.3)56 b(Lo)q(op)19 b(jamming:)j= (a)d (hac)n(k)g(for)f(c)o(ho)q(osing)1208 1603 y fa(~)1205 1616 y(�)149 173= 0 y fs(The)e(previous)g(examples)g(ha)n(v)o(e)g(demonstrated)e(that)h(c)o(ho)= q (osing)1296 1718 y fq(~)1293 1730 y(�)g fs(=3D)e(()p fq(�)r(;)7 b(= �)r (;)g fs(.)h(.)f(.)g fq(;)g(�)r fs())15 b(is)h(not)f(generally)149 181= 5 y (optimal.)20 b(In)15 b(fairness,)f(W)l(olf)g(handles)i(the)e(examples)h(g= iv)o (en)f(so)g(far)f(with)i(a)e(neat)h(tric)o(k:)20 b(he)14 b(coalesces)149 1= 900 y (the)21 b(outermost)f(tiled)i(lo)q(op)f(with)g(the)f(innermost)h(con)o(tr= olling)h(lo)q(op)f((this)g(is)g(the)g(\jam")e(part)h(of)149 1984 y(\unroll= )e (and)f(jam").)23 b(This)18 b(has)e(the)h(same)g(e�ect)f(as)g(c)o(ho)r= (osing)1299 1972 y fq(~)1296 1984 y(�)h fs(=3D)f(()p fq(�)q(;)7 b(�= )s(;)g fs(.)g(.)g(.)g fq(;)h fs(1).)23 b(Of)17 b(course)g(this)149 2069 y(is)i(= not) e(as)h(general)g(as)f(solving)i(for)e(the)h(tile)h(sizes)g(directly)m(.)2= 8 b (The)18 b(follo)o(wing)h(is)f(an)g(example)g(where)149 2154 y(W)l(olf)t(’= s)d (metho)q(d)g(is)h(insu�cien)q(t)f((this)g(example)h(is)g(derived)g(fr= om)e (the)h(QR-decomp)s(osition)h(co)q(de)g(b)o(y)149 2238 y(adding)i(the)f fk= (w)p fs(-stream;)g(the)g(computation)g(p)r(erformed)f(in)i(the)f(lo)r(op)g(b)q= (o)q (dy)g(w)o(as)g(simpli�ed)i(since)f(it)149 2323 y(is)e(irrelev)o(an)o(t= )e (to)h(the)g(lo)r(calit)o(y)h(tiler):)514 2397 y fk(for)23 b(k)h(=3D)f(1)= h(to)g (n)609 2456 y(for)f(j)h(=3D)g(1)g(to)f(n)704 2515 y(for)h(i)g(=3D)f(1)h(t= o)g(n) 800 2573 y(a[i,j])f(=3D)h(a[i,j])f(+)g(r[k,j])g(*)h(w[k];)220 2658 y fs(T= he)15 b (reuse)f(space)h(is)g(the)f(full)i(iteration)e(space.)20 b(W)l(olf)14 b(w= ill) i(tile)g(the)e(en)o(tire)h(space,)f(and)h(then)f(jam)149 2743 y(the)i fk(= i)p fs(-lo)q(op)f(bac)o(k)h(together)e(to)h(pro)q(duce)h(co)q(de)f(like)h(thi= s:)p eop %%Page: 126 142 bop 0 50 a fs(126)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)269= 212 y fk(for)23 b(kk)h(=3D)f(1)h(to)g(n)f(by)h(B)364 271 y(for)g(jj)f(=3D)h(1= )g(to)f (n)h(by)f(B)460 330 y(for)g(i)h(=3D)f(1)h(to)g(n)555 388 y(for)f(j)h(=3D)= g(jj)f (to)h(min)g((n,)f(jj+B-1))650 447 y(for)h(k)g(=3D)f(kk)h(to)g(min)f((n= ,)g (kk+B-1))746 506 y(a[i,j])g(=3D)h(a[i,j])f(+)g(r[k,j])g(*)h(w[k];)71 591= y fs (whic)o(h)17 b(results)g(in)g(1)f(fetc)n(h)h(p)r(er)f(element)g(of)g fk(w= )p fs (,)g(one)g(fetc)o(h)h(p)q(er)f(elemen)q(t)g(of)g fk(r)o fs(,)h(and)f fq(O= )q fs (()p fq(N)1646 574 y fl(3)1666 591 y fq(=3D)1689 552 y fj(p)p 50 2 v 39 = x fq (M)5 b fs())0 675 y(fetc)o(hes)15 b(p)r(er)g(element)g(of)g fk(a)o fs(.)= 71 760 y(Using)f(the)h(tec)o(hniques)g(of)f(this)h(thesis,)g(ev)o(ery)f(lo)q= (op) h(is)f(tiled)i(b)r(ecause)e(the)h(data)e(space)i(spans)f(the)0 845 y(iter= ation)h(space.)21 b(This)15 b(results)h(in)g(the)f(co)q(de)221 916 y fk(for)2= 3 b (kk)h(=3D)g(1)f(to)h(n)g(by)f fq(�)700 928 y fk(k)316 975 y(for)h(jj)f= (=3D)h (1)g(to)f(n)h(by)g fq(�)796 987 y fk(j)412 1039 y(for)f(ii)h(=3D)g(1)f= (to)h (n)g(by)f fq(�)891 1051 y fk(i)507 1097 y(for)h(k)f(=3D)h(kk)g(to)f(mi= n)h ((n,)f(kk+)p fq(�)1130 1109 y fk(k)1155 1097 y(-1))603 1156 y(for)g(= j)h (=3D)g(jj)f(to)h(min)f((n,jj+)p fq(�)1202 1168 y fk(j)1227 1156 y(-1= ) for i =3D ii to min (n,ii+� i= -1)

a[i,j] =3D a[i,j] + r[k,j] * The scheduler selects the lo op ordering which m= inimizes data motion. Table 7.1 rep-

resenthe scheduler’s knowledge. Remember that the sc= heduler decides on a loop nest

ordering b efor= e the tile size vector is chosen, so it uses original lo op nest, and not the

tiled lo op nest= , to estimate the number of M 2 operations required by each ordering of the controlling lo ops.

Lo= op order References for each str= eam Total

a[i,j] r[k,j] w[k]

k,j,i 2n 3 2 n 2n 3 + n 2 + n

,i,j 2n

3

n 3 n 3n 3 + n

,k,i 2n

3

n 2 n 2 2n 3 + 2n 2

j,i,k 2n 2 = n 3 n 2n 3 + 2n 2

,k,j 2n

3

n 3 n 2 3n 3 + n 2

i,j,k 2n 2 3 n 3 2n 3 + 2n= 2

able 7.1: Data motion costs of di�erent scT

The fewest M 2 references = is achieved by the ordering k,j,, so the scheduler selects that

order for controlling lo ops. The cost model is then give= n by

M 2 operations 2n

3

k + n 2 + n (7:1)

7.2. COMPARISON TO WOLF’S WORK= 127

sub ject to the memory constrainsize(M

1 ) � � i � j + j � k + � k

The minimum of Equation 7.1 occurs wh= en � i =3D � =3D 1 and � k

=3D (size= ()p fq (M)1632 508 y fl(1)1651 501 y fs())8 b fj(�)h fs(1))p fq(=3D)p fs(2.= )18 b (After)149 586 y(remo)o(ving)e(the)f(tiled)h(lo)r(ops)f(with)h(tile)g(siz= e)g (1,)e(the)i(co)q(de)g(lo)q(oks)f(like)g(this:)466 658 y fk(for)23 b(kk)h(= =3D)g (1)f(to)h(n)g(by)f fq(�)945 670 y fk(k)561 717 y(for)h(j)f(=3D)h(1)g(t= o)f (n)657 775 y(for)g(i)h(=3D)g(1)f(to)h(n)752 834 y(for)g(k)f(=3D)h(kk)g(to= )f(min)h ((n,)f(kk+)p fq(�)1375 846 y fk(k)1400 834 y(-1))848 893 y(a[i,j])g(= =3D)g (a[i,j])g(+)h(r[k,j])f(*)h(w[k];)220 977 y fs(which)d(results)h(in)f(1)g(= fetc) o(h)g(p)r(er)g(element)g(for)f fk(w)h fs(and)h fk(r)o fs(,)h(but)e(requir= es)h (only)g fq(O)q fs(()p fq(n)1713 961 y fl(3)1732 977 y fq(=3D)p fs(size)q= (()p fq(M)1888 984 y fl(1)1907 977 y fs()))149 1062 y(op)r(erations)14 b(for= )f fk (a)p fs(.)19 b(In)c(essence,)g(w)n(e)g(ha)n(v)o(e)f(jammed)g(the)g fk(j)p= fs (-lo)r(op)g(as)f(w)o(ell)i(as)f(the)g fk(i)p fs(-lo)r(op;)g(W)l(olf)g(can= not) 149 1147 y(do)i(this)f(b)r(ecause)g(of)g(the)g(w)o(a)n(y)h(he)f(mo)q(dels= )h (the)g(lo)q(calized)h(v)o(ector)e(space.)149 1298 y fh(7.2.4)56 b(Blo)q(c= )n (king)149 1412 y fs(W)l(olf)13 b(do)q(es)f(not)g(address)g(blo)r(c)o(king= )g (memory)g(accesses)g(when)h(no)f(lo)q(cality)g(is)h(in)o(v)o(olv)o(ed.)19= b (In)13 b(this)f(thesis,)149 1496 y(w)o(e)i(mo)q(del)g(blo)r(c)o(k-oriente= d)f (memories)h(explicitly)o(.)19 b(By)14 b(tiling)h(all)g(lo)q(ops,)f(and)g(= c)o (ho)q(osing)g(the)f(blo)r(c)o(king)149 1581 y(size)19 b fq(�)h fs(to)d= (b)r (e)h(1)f(in)i(some)e(lo)r(ops,)h(the)g(compiler)h(is,)f(in)h(e�ect,)f(= c)o (ho)q(osing)g(to)f(tile)i(exactly)f(the)g(lo)r(ops)149 1666 y(which)f(min= imize)i(execution)f(time.)24 b(This)18 b(e�ect)e(comes)h(for)f(free;)h(the= )g (compiler)g(do)r(es)f(not)h(need)g(to)149 1750 y(consider)g(separately)e(= whether)g(it)h(should)g(blo)r(c)o(k)f(a)g(giv)o(en)g(lo)r(op)g(or)g(not.)220 = 1835 y(Consider)h(the)f(follo)o(wing)h(co)q(de:)645 1907 y fk(for)23 b(i)h(=3D= )g(1)f (to)h(n)740 1965 y(for)g(j)f(=3D)h(1)g(to)f(n)836 2024 y(for)g(k)h(=3D)g(= 1)f(to)h (n)931 2083 y(a[i])f(=3D)h(f(a[i],)f(j,)h(k);)220 2167 y fs((here)15 b= fk (f(a[i],)23 b(j,)g(k))14 b fs(denotes)h(some)f(function)i(whic)o(h)f(re= ads) f(a[i];)g(for)g(lo)r(calit)o(y)h(purp)r(oses,)f(the)149 2252 y(exact)h(co= mputation)g(is)g(irrelev)o(an)o(t).)k(There)c(are)f fq(n)1050 2236 y fl(2)10= 85 2252 y fs(iterations)h(p)q(erformed)g(b)q(et)o(w)o(een)g(accesses)g(to)f = fk (a)p fs(.)220 2337 y(Using)j(the)g(tec)o(hniques)h(of)e(this)h(thesis,)g(= the) g(lo)q(op)g(nest)g(w)n(ould)g(b)r(e)g(tiled)h(resulting)f(in)h(the)e(co)r= (de:) p eop %%Page: 128 144 bop 0 50 a fs(128)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)292= 212 y fk(for)24 b(ii)g(=3D)f(1)h(to)g(n)f(by)h fq(�)772 224 y fk(i)388 271= y(begin)388 330 y(for)f(i)h(=3D)g(ii)f(to)h(min)f((n,)h(ii+)p fq(�)1011 34= 2 y fk (i)1036 330 y(-1))483 388 y(abuf[ii-i+1])f(=3D)g(a[i];)388 447 y(for)g(i= )h(=3D)g (ii)f(to)h(min)f((n,)h(ii+)p fq(�)1011 459 y fk(i)1036 447 y(-1))483= 506 y(for)g(j)g(=3D)f(1)h(to)g(n)579 565 y(for)f(k)h(=3D)g(1)f(to)h(n)674 623= y(abuf[ii-i+1])f(=3D)g(f(a[ii-i+1],)f(j,)i(k);)388 682 y(for)f(i)h(=3D)g(ii)f(= to)h(min) f((n,)h(ii+)p fq(�)1011 694 y fk(i)1036 682 y(-1))483 741 y(a[i])g(=3D= )f (abuf[ii-i+1];)388 799 y(end)71 884 y fs(Accesses)14 b(to)f fk(a)g fs(are= )h (no)o(w)f(blo)r(c)o(k)o(ed;)h(b)o(y)f(default,)i(the)e(compiler)i(will)h(= c)o (ho)q(ose)d fq(�)1426 896 y fk(i)1465 884 y fs(=3D)g(size)q(()p fq(M)= 1646 891 y fl(1)1665 884 y fs().)19 b(The)0 969 y(tec)o(hniques)c(used)e(in)h= (this)g(thesis)g(could)g(easily)g(b)r(e)f(mo)q(di�ed)i(to)e(c)o(ho)q(ose)g= (tile)h(size)g(v)o(ectors)f(so)g(that)f(the)0 1053 y(blo)r(c)o(k)j(sizes)h(ma= tc)n (h)g(the)f(blo)r(c)o(k)g(sizes)h(supp)r(orted)f(b)o(y)g(hardw)n(are)g(if)= h (necessary)l(.)0 1204 y fh(7.2.5)55 b(Abstracting)19 b(the)f(reuse)g(spac= e)0 1318 y fs(Using)k(reference)f(v)o(ectors)f(to)h(guide)h(the)f(transformat= ion) f(pro)q(cess)h(allo)o(ws)g(a)g(more)f(p)r(o)n(w)o(erful)h(set)0 1403 y(of= )g (transformations)f(to)h(b)r(e)g(applied.)41 b(The)22 b(example)g(of)f(thi= s)h (section)h(illustrates)f(a)f(case)h(where)0 1488 y(this)17 b(added)g(p)q(= o)o (w)n(er)g(is)f(needed.)25 b(This)17 b(example)g(w)o(as)e(delib)t(erately)= h (constructed)h(for)e(its)i(illustrative)0 1572 y(purp)r(oses;)c(programs)= f (that)h(can)h(use)f(the)h(added)g(p)r(o)n(w)o(er)f(of)g(the)h(tec)n(hniqu= es)h (suggested)f(in)g(this)g(thesis)0 1657 y(are)i(rare,)g(b)r(ecause)g(progr= ammers)g(almost)g(alw)n(a)o(ys)g(use)h(simple)h(lo)r(op)e(indices)i(as)f(subs= cripts)g(rather)0 1742 y(than)f(complex)h(linear)g(com)o(binations)g(of)f(lo)= q (op)g(indices.)25 b(The)17 b(tec)n(hniques)h(suggested)e(in)h(this)g(thes= is)0 1826 y(are)c(inexp)r(ensive)g(enough)g(to)g(use)g(in)h(the)f(general)g(ca= se,) g(ho)o(w)n(ev)o(er;)h(a)e(compiler)i(using)g(them)f(will)i(ha)n(v)o(e)0 1= 911 y (the)g(extra)g(p)q(o)o(w)n(er)h(when)f(it)h(is)f(needed.)71 1996 y(The)c(= tec) o(hniques)i(suggested)f(b)o(y)f(W)l(olf)h(and)f(Lam)h(view)g(the)g(transf= ormation)e(as)h(a)g(w)o(a)n(y)h(of)f(creating)0 2080 y(lo)r(calit)o(y)j(in)g(= a)g (lo)q(op)g(nest,)g(without)f(sp)r(eci�c)i(regard)e(for)g(the)h(exact)f= (direction)i(of)f(lo)q(cality)l(.)19 b(This)c(leads)0 2165 y(them)e(to)g(abst= ract) f(from)g(the)i(directions)g(of)f(lo)r(calit)o(y)g(for)g(a)g(giv)o(en)h(st= ream) e(to)h(a)g(set)g(of)f(lo)r(ops)h(carrying)0 2250 y(that)20 b(lo)r(calit)o= (y)l (.)37 b(The)21 b(co)q(de)g(in)h(Figure)f(7.24)e(sho)o(ws)h(an)h(example)g= (where)g(this)h(leads)f(to)f(less)h(than)0 2334 y(optimal)16 b(p)q(erformance= =2E) 495 2452 y fk(for)24 b(i)f(=3D)h(1)g(to)g(n)591 2511 y(for)f(j)h(=3D)g(1)= f(to)h (i)686 2569 y(A[i-j])f(=3D)h(A[i-j])f(+)h(f(i,j);)600 2677 y fs(Figure)= 15 b (7.24:)k(An)c(example)h(lo)r(op)71 2812 y(In)d(this)g(case,)g(there)f(is)= i (lo)q(cality)e(for)h(the)f fk(A)h fs(stream)f(in)h(direction)h fq(i)5 b f= j (�)g fq(j)r fs(.)19 b(W)l(olf)13 b(w)o(ould)g(abstract)f(this)p eop %%Page: 129 145 bop 149 50 a fo(7.2.)35 b(COMP)-5 b(ARISON)17 b(TO)f(W)n(OLF’S)g(W)n(ORK= )865 b fs(129)149 195 y(lo)r(cality)11 b(and)g(consider)h(it)g(to)e(b)r(e)h(ca= rried)h(b)o(y)f(b)q(oth)g(the)g fk(i)g fs(and)h fk(j)f fs(lo)q(ops.)19 b(Sinc= e)12 b(this)g(is)g(the)f(only)h(lo)q(cality)149 280 y(a)o(v)m(ailable,)20 b(an= d)e (the)f(lo)r(cality-carrying)g(lo)r(ops)g(are)h(already)g(in)o(terc)o(hang= eable,)h(no)e(transformations)149 364 y(are)e(necessary)h(b)q(efore)f(tiling.= )22 b (Both)15 b(lo)q(ops)g(are)g(tiled,)h(resulting)h(in)f(the)f(co)q(de)h(of)= e (Figure)i(7.25.)478 482 y fk(for)23 b(i)h(=3D)g(1)f(to)h(n)g(by)f fq(�= )933 494 y fk(i)573 541 y(for)h(j)f(=3D)h(1)g(to)f(i)h(by)g fq(�)1029 553 y= fk (j)669 604 y(for)f(ii)h(=3D)f(i)h(to)g(min(n,i+)p fq(�)1221 616 y fk(= i)1245 604 y(-1))764 663 y(for)g(jj)f(=3D)h(j)g(to)f(min(i,j+)p fq(�)1316 6= 75 y fk (j)1341 663 y(-1))860 726 y(A[ii-jj])f(=3D)i(A[ii-jj])f(+)h(f(ii,jj);)= 626 834 y fs(Figure)16 b(7.25:)j(The)c(example)h(lo)r(op)f(after)f(tiling)220 969= y (Note)e(ho)n(w)o(ev)o(er,)g(that)f(while)i(this)g(do)q(es)f(result)g(in)h= (in) o(tratile)g(lo)q(cality)l(,)f(there)g(is)g(no)g(intertile)h(lo)q(cality)1= 49 1054 y(b)r(ecause)e(the)g(reference)g(v)o(ector)f((1)p fq(;)d fj(�)p = fs (1))k(is)g(not)f(p)r(erp)q(endicular)j(to)d(either)h(lo)r(op)g(direction= )h (v)n(ector)f((1)p fq(;)6 b fs(0))149 1138 y(or)15 b((0)p fq(;)7 b fs(1= ).) 19 b(The)c(n)o(um)o(b)r(er)g(of)g(refreshes)g(is)h(therefore)f(giv)o(en)g= (b)o (y)746 1301 y fq(�)770 1311 y fb(A)p fl([)p fb(i)p ff(�)p fb(j)p fl= (]) 891 1301 y fs(=3D)958 1248 y fm(n)939 1261 y fc(X)940 1352 y fm(i)p fl(=3D= 1)1031 1248 y fm(i)1007 1261 y fc(X)1006 1352 y fm(j)r fl(=3D1)1110 1271 y fs(1)= 1080 1291 y 84 2 v 41 x fq(�)1106 1339 y fm(i)1120 1332 y fq(�)1146 1339= y fm (j)1181 1301 y fs(=3D)1264 1271 y fq(n)1291 1254 y fl(2)1234 1291 y 107 2= v 41 x fs(2)p fq(�)1283 1339 y fm(i)1297 1332 y fq(�)1323 1339 y fm(j)149 = 1467 y fs(The)g(bu�er)f(space)g(required)h(b)o(y)f(a)f fq(�)792 1474 y f= m (i)814 1467 y fj(�)8 b fq(�)883 1474 y fm(j)915 1467 y fs(tile)15 b= (is) f fq(�)1062 1474 y fm(i)1084 1467 y fs(+)8 b fq(�)1153 1474 y fm(j)= 1171 1467 y fs(.)19 b(The)14 b(total)g(cost)f(in)i fq(M)1591 1474 y fl(2)1625 = 1467 y fs(transfers)e(is)h(then)767 1596 y(2)p fq(n)817 1579 y fl(2)836 1596 y= fq (�)862 1603 y fm(i)886 1596 y fs(+)d fq(�)958 1603 y fm(j)767 1616 = y 210 2 v 818 1658 a fs(2)p fq(�)867 1665 y fm(i)880 1658 y fq(�)906 1665= y fm (j)993 1626 y fs(=3D)i fq(O)1085 1554 y fc( )1184 1596 y fq(n)1211 1579 y= fl (2)1123 1616 y 171 2 v 42 x fs(size)q(()p fq(M)1256 1665 y fl(1)1275 165= 8 y fs())1298 1554 y fc(!)149 1784 y fs((the)j(n)o(um)o(b)r(er)g(of)g(trans= fers) f(is)i(t)n(wice)g(the)f(n)o(um)o(b)r(er)g(of)g(refreshes)g(since)h(eac)o(= h)g (refresh)f(op)q(eration)g(is)h(a)149 1869 y(read)f(and)f(a)g(write).)220= 1953 y(Figure)g(7.26)f(sho)o(ws)h(the)g(tiling)i(that)d(results)i(from)e(this)= i (abstraction)f(of)g(the)g(lo)q(cality)g(space.)220 2038 y(By)c(modeling)i= (the) d(lo)r(calit)o(y)h(explicitly)i(for)d(eac)n(h)h(v)n(ariable,)g(b)r(etter)= f (p)q(erformance)h(can)f(b)r(e)g(ac)o(hieved.)149 2123 y(In)15 b(this)g(ca= se,) f(the)g(candidate)h(tiling)h(basis)e(set)g(is)h fj(f)p fq(i;)6 b(j;)h(i)h= fj (�)g fq(j)s fj(g)p fs(.)19 b(Using)c(basis)f fj(f)p fq(i;)7 b(j)r fj(g= )p fs (,)14 b(the)g(total)g(cost)f(is)149 2207 y(the)k(same)f(as)f(ab)r(o)n(v)o= (e.) 23 b(Using)17 b(the)f(basis)h fj(f)p fq(i;)6 b(i)11 b fj(�)g fq(j)r fj= (g)p fs(,)16 b(ho)o(w)n(ev)o(er,)g(the)h(iteration)f(space)h(is)f(�rst)g(sk= )o (ew)o(ed,)149 2292 y(resulting)i(in)g(the)f(co)q(de)g(sho)o(wn)g(in)h(Fig= ure) f(7.27)e(Tiling)k(will)g(no)n(w)e(lea)o(v)o(e)g(intertile)g(lo)r(calit)o(= y)g (in)h(the)f fk(l)149 2377 y fs(lo)r(op.)26 b(In)18 b(fact,)f(since)h(all)= h (data)d(is)i(lo)r(cal)f(to)g(the)g fk(l)g fs(lo)r(op,)g(it)h(can)f(b)r(e)= g (interc)o(hanged)g(outermost,)f(and)149 2462 y(only)g(the)f fk(k)g fs(lo)= r (op)g(need)h(b)r(e)f(tiled.)21 b(The)16 b(tiled)g(co)r(de)f(is)h(sho)n(wn= )g (in)g(Figure)f(7.28.)220 2546 y(In)g(the)g(transformed)f(co)q(de,)h(one)g= fq (M)852 2553 y fl(2)887 2546 y fs(read)f(and)h(one)g fq(M)1202 2553 y fl(2= ) 1237 2546 y fs(write)g(o)q(ccur)g(p)q(er)g(element)g(of)f fk(A)p fs(,)g(s= o)h (the)149 2631 y(total)g(n)o(um)n(b)r(er)g(of)f(memory)g(op)q(erations)h(i= s)g (2)p fk(n)p fs(,)f(which)h(is)g(an)g(order)f(of)h(magnitude)g(smaller)g(t= han) g fq(n)1910 2614 y fl(2)1930 2631 y fs(.)220 2716 y(Figure)h(7.29)f(sho)o= (ws) h(the)g(iteration)g(space)h(for)e(the)h(transformed)g(co)q(de.)23 b(Note)= 16 b (that)f(only)i(a)e(one-)149 2800 y(dimensional)j(tiling)e(is)g(required.)= p eop %%Page: 130 146 bop 0 50 a fs(130)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)714= 282 y 5262540 5262540 0 0 5262540 5262540 startTexFig %%BeginDocument: abstract.eps save gsave 8 8 scale newpath 0 0 moveto 10 10 lineto 10 0 lineto closepath 0.7 setgray fill [0.5 -0.5 0.5 0.5 0 0] concat 0 0 moveto 10 0 lineto 10 -2 lineto 0 -2 lineto closepath 0.8 setgray fill /Courier findfont 1.4 scalefont setfont 5 -1.5 moveto % move to the centerline (A[i-j]) % push the label dup stringwidth pop % find its width 2 div % width/2 neg 0 rmoveto % move left by half the width 0 setgray show grestore restore %%EndDocument endTexFig 712 616 a 4 366 v 714 292 a fd(6)714 617 y 366 4 v 1038 615 a= (-) 700 242 y fs(j)1079 646 y(i)780 616 y 2 5 v -62 x 2 5 v 27 x 2 10 v 20 x = 2 10 v 846 496 a 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2= 10 v 20 x 2 10 v 66 w 2 5 v -195 x 2 5 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 2= 0 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 979 616 = a 2 5 v -261 x 2 5 v 27 x 2 10 v 20 x 2 10 v 19 x 2 10 v 20 x 2 10 v 20 x 2 10 = v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x= 2 10 v 1045 297 a 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x = 2 10 v 20 x 2 10 v 19 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v= 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 780 550 a 5 2 v 26= 1 w 5 2 v -246 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10= 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 8= 47 484 a 5 2 v 194 w 5 2 v -179 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v= 19 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 913 417 a 10 2 v 2= 0 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 20 w 10 2 v 980 35= 1 a 5 2 v 61 w 5 2 v -46 w 10 2 v 20 w 10 2 v 113 963 a(Figure)15 b(7.26:)k(Ite= ration)c(space)g(diagram)g(of)g(tiled)i(co)q(de)e(using)h(abstracted)f(reuse)= g (space)579 1091 y fk(for)23 b(k)h(=3D)g(1)f(to)h(n)674 1150 y(for)g(l)f(=3D= )h(1)g (to)g(n-k+1)770 1209 y(A[k])f(=3D)h(f)g((k+l,)f(l);)348 1313 y fs(Figur= e)15 b (7.27:)k(The)c(example)h(lo)r(op)f(transformed)g(for)f(lo)r(calit)o(y)412= 1441 y fk(for)23 b(l)h(=3D)g(1)f(to)h(n)507 1500 y(for)g(k)f(=3D)h(1)g(to)f(n-= l+1)h (by)f fq(�)1058 1512 y fk(k)507 1559 y(begin)603 1618 y(for)g(kk)h(=3D= )f(k)h (to)g(min(k+)p fq(�)1107 1630 y fk(k)1132 1618 y(,)f(n-l+1))794 1676= y (Abuf[kk-k])f(=3D)i(A[kk];)603 1735 y(for)f(kk)h(=3D)f(k)h(to)g(min(k+)p= fq(�) 1107 1747 y fk(k)1132 1735 y(,)f(n-l+1))794 1794 y(Abuf[kk-k])f(=3D)i(f)= g((kk+l,l);)603 1852 y(for)f(kk)h(=3D)f(k)h(to)g(min(k+)p fq(�)1107 1865 = y fk (k)1132 1852 y(,)f(n-l+1))794 1911 y(A[kk])g(=3D)h(Abuf[kk-k];)507 1970 = y(end) 500 2068 y fs(Figure)16 b(7.28:)i(The)e(tiled)g(transformed)f(lo)q(op)714= 2253 y 5262540 5262540 0 0 5262540 5262540 startTexFig %%BeginDocument: abstract2.eps save gsave 8 8 scale newpath 0 0 moveto 0 10 lineto 10 0 lineto closepath 0.7 setgray fill 0 0 moveto 10 0 lineto 10 -2 lineto 0 -2 lineto closepath 0.8 setgray fill /Courier findfont 1.4 scalefont setfont 5 -1.5 moveto % move to the centerline (A[i]) % push the label dup stringwidth pop % find its width 2 div % width/2 neg 0 rmoveto % move left by half the width 0 setgray % show % and show it centered in the box grestore restore %%EndDocument endTexFig 712 2586 a 4 366 v 714 2262 a fd(6)714 2588 y 366 4 v 1038 25= 86 a (-)700 2212 y fs(j)1079 2616 y(i)780 2586 y 2 5 v -261 x 2 5 v 27 x 2 10 = v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 19 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x= 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 846 2586 a 2 5 v -194 x= 2 5 v 20 x 2 10 v 19 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v= 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 912 2466 a 2 10 v 20 x 2 10 v 20 x 2 10 v = 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 20 x 2 10 v 67 w 2 5 v -62 x 2 5 v 27 x 2 = 10 v 20 x 2 10 v 1045 2586 a 2 5 v 5 x 2 5 v 113 2800 a(Figure)g(7.29:)k(Itera= tion) c(space)g(diagram)g(of)g(tiled)i(co)q(de)e(using)h(abstracted)f(reuse)g(s= pace) p eop %%Page: 131 147 bop 149 50 a fo(7.3.)35 b(CONCLUSIONS)1287 b fs(131)149 195 y fp(7.3)70 = b (Conclusions)149 325 y fs(In)16 b(this)f(c)o(hapter,)f(sev)o(eral)g(examp= le)i (programs)d(w)o(ere)i(giv)o(en.)20 b(Eac)n(h)15 b(one)g(has)f(b)r(een)h(t= iled) h(for)e(lo)q(cality)l(.)149 409 y(In)20 b(eac)o(h)f(case,)h(the)f(tec)o(h= niques)i(suggested)e(in)h(this)f(thesis)h(equal)g(or)f(exceed)h(older)f(tec)o= (hniques)i(in)149 494 y(terms)c(of)f(the)g(n)o(um)o(b)r(er)g(of)h fq(M)675 50= 1 y fl(2)711 494 y fs(op)q(erations)g(required)g(b)o(y)g(the)g(resulting)g(co= )r (de.)24 b(The)17 b(gain)g(is)g(due)g(to)149 579 y(increased)g(e�ciency= )g (in)f fq(M)640 586 y fl(1)675 579 y fs(usage)g(for)f(most)f(programs.)20 = b (This)c(increased)g(e�ciency)h(is)f(imp)r(ortan)n(t)149 664 y(for)e(sm= all) h fq(M)380 671 y fl(1)414 664 y fs(memories,)f(but)h(is)f(less)h(imp)r(or= tan) n(t)f(for)g(larger)g fq(M)1293 671 y fl(1)1327 664 y fs(memories)g(b)r(ec= ause) h(tiling)g(results)149 748 y(in)23 b(computation-b)q(ounded)f(programs)e(= which)i(do)f(relativ)o(ely)h(little)h(I/O.)e(There)h(are)f(some)g(cases)149 8= 33 y (where)d(the)g(n)o(um)n(b)r(er)f(of)g fq(M)629 840 y fl(2)666 833 y fs(op= )r (erations)g(can)g(b)r(e)g(reduced)i(b)o(y)e(a)g(factor)g(whic)o(h)h(incre= ases) g(with)g fq(M)1923 840 y fl(1)149 918 y fs(size.)k(F)l(or)15 b(nearly)h(a= ll)g (programs)f(in)h(the)f(b)r(enc)o(hmark)g(set,)g(the)h(tiling)h(basis)f(ca= ndidate)g(v)o(ector)f(set)g(is)149 1002 y(just)g fq(I)t fs(,)g(so)f(few)i(dec= isions)g(need)h(to)d(b)r(e)h(made)g(on)g(the)h(a)n(v)o(erage.)220 1087 y(W)l(= e)g (ha)o(v)o(e)g(demonstrated)g(that)f(the)i(new)f(tec)o(hniques)i(address)e= (the) g(shortcomings)g(of)g(W)l(olf)g(and)149 1172 y(Lam’s)i(metho)q(ds)f(of)g(= tiling)i(for)e(lo)r(calit)o(y)h(in)g(mac)o(hines)h(with)e(soft)n(w)o(are-con)= o (trolled)h(memory)f(hierar-)149 1256 y(c)o(hies.)24 b(F)-5 b(or)16 b(suc)= o (h)g(mac)o(hines,)h(a)e(new)i(de�nition)g(of)f(lo)r(calit)o(y)g(is)g(r= equired,)h(to)f(tak)n(e)g(into)f(accoun)o(t)h(the)149 1341 y(fact)k(that)g(di= �erent)g(streams)f(cannot)h(interfere)g(with)h(one)g(another)f(as)g(they)g= (do) h(in)g(cac)o(he-based)149 1426 y(memory)15 b(systems.)k(Intertile)c(lo)r(= calit)o(y)g(as)g(de�ned)h(in)g(Chapter)f(5)f(allows)g(the)i(compiler)g(to)= e (sc)o(hedule)149 1510 y(tiles)j(to)d(ac)o(hieve)h(all)h(the)f(lo)r(cality= )g (p)q(ossible.)220 1595 y(In)o(tertile)j(lo)q(cality)f(com)n(bined)h(with)= f (the)g(new)g(tec)o(hnique)h(of)e(solving)h(for)f(the)h(optimal)g(tile)h(s= izes) 149 1680 y(allows)c(the)h(compiler)h(forgo)e(making)h(a)f(decision)j(ab)q= (out) d(which)h(lo)r(ops)f(to)g(tile:)21 b(the)15 b(en)o(tire)g(lo)r(op)g(nest)= 149 1764 y(is)g(tiled,)g(and)f(the)g(tile)h(size)g(is)f(set)g(to)f(b)q(e)h(1)= g (or)f fj(1)h fs(in)h(lo)r(ops)e(which)h(need)h(not)e(ha)o(v)o(e)h(b)q(een= )h (tiled.)20 b(Lo)r(ops)149 1849 y(with)14 b(a)e(tile)i(size)g(of)f(1)f(are= )h (placed)h(outside)g(the)f(innermost)g(tile;)h(e�ectively)m(,)f(they)g(= ha)n (v)o(e)g(a)g(con)o(trolling)149 1934 y(lo)r(op)18 b(but)h(no)f(tiled)i(lo= )r (op.)29 b(Lo)r(ops)18 b(with)h(a)f(tile)h(size)h(of)e fj(1)h fs(are)f(pla= ced) h(inside)i(the)d(innermost)h(tile;)149 2018 y(they)d(ha)n(v)o(e)g(a)e(til= ed)j (lo)r(op)e(but)g(no)g(con)o(trolling)h(lo)r(op.)p eop %%Page: 132 148 bop 0 50 a fs(132)1104 b fo(CHAPTER)15 b(7.)35 b(EV)-5 b(ALUA)m(TION)p e= op %%Page: 133 149 bop 1875 50 a fs(133)149 558 y fi(Chapter)35 b(8)149 828 y fn(Conclusion= s)42 b(and)d(future)i(w)m(ork)149 1079 y fs(The)22 b(illustrations)g(in)g(Chap= ter) e(7)h(sho)o(w)n(ed)h(that)e(the)h(new)g(tec)o(hniques)h(presented)f(in)h(= this) f(thesis)149 1164 y(reduce)g(the)g(execution)g(time)f(of)g(programs)f(com= pared)h(to)f(standard)h(tiling)h(metho)q(ds.)35 b(The)20 b(new)149 1248 y(tec= )o (hniques)i(p)q(erform)d(at)g(least)h(as)g(w)n(ell)i(as)d(previous)i(metho= )q (ds,)g(often)e(b)r(etter,)h(and)g(are)f(no)h(more)149 1333 y(exp)r(ensive= )g (in)i(terms)d(of)h(compilation)i(time)f(in)g(the)f(case)h(where)f(eac)o(h= )h (dimension)h(of)e(eac)n(h)h(arra)n(y)149 1418 y(subscript)c(is)e(a)g(func= tion) h(of)f(only)h(a)f(single)h(lo)r(op)f(index)h(v)n(ariable.)220 1502 y(The)= d (next)g(section)g(reiterates)g(the)g(con)o(tributions)g(of)f(this)i(thesi= s,)f (and)g(the)g(conclusions)h(that)f(can)149 1587 y(b)r(e)18 b(dra)o(wn.)28 = b (The)18 b(last)g(section)h(describ)r(es)f(the)g(limitations)i(of)d(the)i(= approac)n(h)f(tak)n(en)h(in)g(this)f(w)o(ork,)149 1672 y(and)e(describ)r(es)g= (imp) r(ortan)n(t)e(steps)i(that)e(could)i(b)r(e)f(tak)n(en)h(to)e(follow)h(up)= g (this)h(w)o(ork.)149 1852 y fp(8.1)70 b(Con)n(tributions)22 b(of)i(this)e= (w)n (ork)149 1982 y fs(The)d(tiling)g(tec)o(hniques)g(inv)n(estigated)f(in)h(= this) f(thesis)h(are)e(an)h(adv)n(ance)g(in)g(the)g(state)f(of)h(the)g(art)f(in= )149 2067 y(tiling.)k(New)13 b(tec)o(hniques)h(are)f(used)g(for)f(mo)q(deling)= j (the)d(relationship)j(of)d(data)h(to)f(the)h(iteration)g(space.)149 2151 = y (New)i(algorithms)g(are)f(used)i(for)e(tiling,)i(whic)o(h)f(are)g(no)f(mo= re)h (exp)q(ensive)g(than)f(prior)h(metho)q(ds)g(when)149 2236 y(applied)24 b(= to)d (the)g(simple)i(lo)r(ops)e(that)g(predominate)h(scienti�c)g(programs.)= 38 b (The)22 b(new)f(tec)o(hniques)149 2321 y(yield)e(faster)e(co)q(de)h(in)g(= most) f(cases,)g(signi�can)q(tly)g(faster)g(co)q(de)h(in)g(a)f(few)h(cases,)= f (and)h(nev)o(er)f(w)o(orsen)149 2405 y(p)r(erformance)e(in)h(an)o(y)f(cas= e.) 149 2556 y fh(8.1.1)56 b(Mathematical)16 b(to)r(ols)149 2670 y fs(The)11 = b (mathematical)g(foundation)g(of)g(this)g(w)n(ork)g(mak)n(es)g(it)g(easy)f= (to) h(in)o(tegrate)f(parallelism)j(and)e(lo)q(cality)149 2755 y(as)17 b(goals= )h (for)e(the)i(tiling)h(soft)n(w)n(are.)26 b(This)18 b(thesis)g(has)g(thoro= ughly)f(inv)n(estigated)h(tiling)h(for)e(lo)q(cality)p eop %%Page: 134 150 bop 0 50 a fs(134)582 b fo(CHAPTER)16 b(8.)34 b(CONCLUSIONS)17 b(AND)e(F= UTURE)h(W)n(ORK)0 195 y fs(on)f(unipro)s(cessors.)20 b(F)l(or)15 b(m)n(ultipr= o)r (cessors,)g(there)h(are)f(t)n(w)o(o)g(cases.)20 b(In)c(the)g(�rst)f(ca= se,) g(all)i(pro)q(cessors)0 280 y(op)q(erate)j(in)i(parallel)g(to)e(execute)h= (a)f (tile,)j(but)d(only)h(a)f(single)i(tile)g(is)f(b)q(eing)h(executed)f(at)f= (a)g (time.)0 364 y(This)d(is)g(called)h(intratile)e(parallelism.)26 b(In)o(tr= atile)17 b(parallelism)h(is)f(easily)h(captured)e(b)o(y)h(the)f(metho)q(ds)0 = 449 y (used,)e(b)r(ecause)g(the)f(sc)o(heduler)i(do)q(es)f(not)f(consider)h(par= allelism)i(within)e(a)g(tile.)20 b(The)14 b(second)g(parallel)0 534 y(case)j(= is)g (intertile)h(parallelism,)h(in)e(which)g(tiles)h(are)f(executed)h(in)f(pa= rallel)i(on)e(di�eren)o(t)g(pro)q(cessors.)0 619 y(In)i(this)g(w)n(ork,)g(= a)f (simple)h(form)f(of)g(intertile)h(parallelism)h(is)f(com)n(bined)h(with)f= (lo) r(calit)o(y)f(goals;)i(more)0 703 y(complex)c(forms)f(of)g(parallelizatio= n)j (using)e(w)n(a)o(v)o(efron)n(ting)g(will)h(�t)e(into)g(the)g(same)g(fr= amew) n(ork,)g(with)0 788 y(an)g(appropriate)g(adjustmen)o(t)g(in)h(the)f(cost)= g (mo)q(dels.)71 873 y(Reference)j(matrices)g(are)f(a)g(p)r(o)n(w)o(erful)h= (to) q(ol)g(for)f(mo)q(deling)i(arra)m(y)f(accesses)g(within)h(a)e(program.)0 = 957 y (They)k(directly)i(relate)e(ev)o(ery)g(arra)n(y)g(element)f(to)h(the)g(it= erations)g(using)h(that)e(element,)i(and)f(vice)0 1042 y(v)o(ersa.)g(Using)c(= a)e (reference)i(matrix)e(for)g(eac)o(h)h(stream)f(allows)g(the)h(compiler)h(= to)e (ev)n(aluate)h(directions)0 1127 y(of)f(lo)q(cality)g(and)h(directions)g(= of)f (parallelism)i(using)f(linear)g(algebra)f(tec)o(hniques.)71 1211 y(Rectan= gular)k(bu�ering)h(and)g(sk)n(ew)o(ed)g(rectangular)f(bu�ering)h(are)f(= imp) r(ortan)n(t)f(tec)o(hniques)j(for)0 1296 y(use)d(in)g(blo)r(c)o(k-orien)o= (ted) g(systems.)26 b(These)17 b(addressing)h(tec)o(hniques)h(precisely)g(map)e= (arra)n(y)h(elements)0 1381 y(in)13 b(the)g(global)g(program)f(data)g(space)g= (into)g(bu�ered)h(arra)n(y)f(elements)g(in)i fq(M)1313 1388 y fl(1)1333 13= 81 y fs(.)k(Rectangular)c(bu�ering)0 1465 y(describ)s(es)j(this)h(mapping)g= (when)h(rectangular)e(blo)r(c)o(ks)g(of)g(data)g(are)h(in)o(v)o(olv)o(ed;)h(s= k)o (ew)n(ed)f(rectangular)0 1550 y(bu�ering)23 b(generalizes)g(this)g(map= ping) g(to)f(allo)o(w)g(sk)o(ew)n(ed)h(rectangles)g(of)e(the)i(global)f(data)g(= to)g (b)q(e)0 1635 y(bu�ered)17 b(in)g(rectangular)g(arra)m(ys)g(in)g fq(M)= 709 1642 y fl(1)729 1635 y fs(.)24 b(This)17 b(allo)o(ws)f(additional)i( e= xibili)q(t)q(y)e(without)h(increasing)0 1719 y(the)e(address)h(generation)f(c= ost) g(in)h(the)f(innermost)g(lo)r(ops)g(of)g(a)g(tile.)71 1804 y(The)i(cost)h= (models)h(dev)o(elop)r(ed)f(in)h(this)f(thesis)g(are)f(another)h(imp)r(ortan)= n (t)f(to)q(ol.)27 b(When)18 b(tiling)h(an)0 1889 y(iteration)14 b(space,)f= (the) g(n)o(um)o(b)r(er)g(of)g(iterations)g(do)q(es)h(not)f(c)n(hange.)20 b(T)l= (o) 13 b(calculate)h(the)f(relative)g(b)r(ene�ts)0 1973 y(of)k(one)g(tilin= g)i (as)e(compared)g(to)g(another,)g(it)g(is)h(su�cient)f(to)g(coun)o(t)g(= the) g(n)o(um)o(b)q(er)h(of)e(times)i(a)f(data)0 2058 y(item)g(m)o(ust)f(b)q(e= )h (mo)n(v)o(ed)g(from)f fq(M)579 2065 y fl(2)615 2058 y fs(to)g fq(M)716 20= 65 y fl(1)752 2058 y fs(and)h(bac)o(k.)24 b(Since)18 b(eac)o(h)f(item)g(has)f(= to)g (b)q(e)h(mo)o(v)n(ed)g(at)f(least)0 2143 y(once,)d(the)g(�rst)g(time)g= (data)f(is)h(mo)o(v)n(ed)h(in)o(to)f fq(M)802 2150 y fl(1)834 2143 y fs(need)= h (not)e(b)r(e)h(coun)o(ted)g(either.)20 b(The)13 b(concen)o(tration)g(is)0= 2227 y(then)j(on)f(the)g(n)o(um)o(b)r(er)g(of)g(times)g(data)g(is)h fg(r)m(efe= tche) n(d.)21 b fs(Refetc)o(hes)16 b(are)e(a)h(direct)h(cost,)f(adding)h(direct= ly)0 2312 y(to)g(the)h(execution)i(time)e(of)g(a)f(lo)r(op)h(nest.)25 b(Ov)o(e= rallo)r(cation)17 b(is)h(an)f(indirect)i(cost.)24 b(Standard)17 b(square)0 23= 97 y (tiling)h(tec)o(hniques)h(t)n(ypically)g(o)n(v)o(erallo)r(cate)e(one)g(or= )f (more)h(streams,)f(pro)o(viding)i(to)q(o)e(m)o(uc)o(h)h(space)g(in)0 2482= y fq (M)44 2489 y fl(1)64 2482 y fs(.)i(More)13 b(e�cien)q(t)g(use)h(of)g f= q (M)551 2489 y fl(1)584 2482 y fs(reduces)h(the)f(o)o(v)n(erall)h(executio= n)g (time)f(b)o(y)g(reducing)h(the)f(n)o(um)o(b)r(er)g(of)0 2566 y(times)f(da= ta)f (is)i(refetc)n(hed.)20 b(In)13 b(this)h(w)n(ork,)f(the)g(bu�er)f(space= )h (required)h(for)f(eac)n(h)g(stream)f(is)i(calculated)0 2651 y(to)h(minimi= zes) i(the)e(n)o(um)o(b)r(er)g(of)g(refetc)n(hes)h(giv)o(en)f(a)g(particular)h= (basis)g(c)o(hoice)g fq(B)s fs(.)71 2736 y(Di�eren)o(t)10 b(memory)h(syste= ms)f (can)h(b)q(e)h(easily)f(integrated)f(into)g(the)h(cost)f(mo)q(del)i(as)f(= w)n (ell.)20 b(Memories)0 2820 y(that)g(supp)r(ort)g(blo)q(c)o(k)h(transfers)= f (can)g(b)r(e)g(mo)q(deled)i(easily)g(since)g(all)f fq(M)1296 2827 y fl(1)= 1316 2820 y fs(-)p fq(M)1375 2827 y fl(2)1416 2820 y fs(transfers)e(are)h(blo)= r (c)o(k)p eop %%Page: 135 151 bop 149 50 a fo(8.1.)35 b(CONTRIBUTIONS)17 b(OF)e(THIS)h(W)n(ORK)857 b f= s (135)149 195 y(transfers.)23 b(Memory)16 b(systems)g(in)h(which)g(data)e(= can) i(b)r(e)f(mo)o(v)n(ed)h(directly)h(from)e(slo)o(w)n(er)h(lev)o(els)h(of)e= (the) 149 280 y(memory)g(hierarc)o(h)o(y)g(into)f(the)h(pro)q(cessor)g(can)g(b)= r (e)g(handled)i(b)o(y)e(streaming)f(non-lo)r(cal)i(data)e(directly)149 364= y (into)f(the)h(CPU.)f(Lastly)m(,)g(the)h(bu�ering)h(tec)o(hniques)g(of)= e (Chapter)h(4)f(can)h(handle)h(simple)h(rectangular)149 449 y(blo)r(c)o(ks= )d (or)f(more)h(complex)g(sk)o(ew)o(ed)g(rectangular)g(blo)q(c)o(ks)g(of)f(d= ata,) h(maximizing)h(the)f(space-e�ciency)149 534 y(in)i fq(M)246 541 y fl(1= )266 534 y fs(.)220 619 y(Finally)n(,)d(these)h(cost)f(mo)q(dels)h(can)g(b)q(e= )g (applied)i(regardless)d(of)g(what)g(tec)o(hnique)i(is)f(used)g(to)f(to)g(= �nd)149 703 y(the)g(tiling)i(basis.)k(Once)14 b(a)f(tiling)h((and)f(a)f(s= c)o (hedule))i(is)g(c)o(hosen,)f(the)g(n)o(um)o(b)q(er)g(of)f(data)g(items)i= (required)149 788 y(for)k(eac)o(h)g(stream)f(in)h(a)g(tile)h(is)f(easy)g(to)f= (determine.)29 b(The)18 b(n)o(um)o(b)q(er)g(of)g(times)g(that)f(data)g(is)h(f= etc) o(hed)149 873 y fg(given)d(an)h(or)n(dering)g(of)g(the)g(c)m(ontr)n(ol)r(= ling) f(lo)n(ops)f fs(is)i(also)e(easy)h(to)f(determine.)21 b(Th)o(us,)14 b(the= )h (tec)o(hnique)h(of)149 957 y(solving)g(for)f(tile)h(sizes)g(used)g(in)g(t= his) g(thesis)g(can)f(b)q(e)h(applied)h(to)d(an)o(y)h(tiling)i(mec)o(hanism.)1= 49 1108 y fh(8.1.2)56 b(Algorithmic)16 b(costs)149 1222 y fs(Compared)e(to)f= (the) h(b)r(est)f(previous)i(w)n(ork,)f(presen)o(ted)g(b)o(y)g(W)l(olf)g(and)g(= Lam[54)o(],)f(the)h(tiling)h(tec)o(hniques)149 1307 y(inv)o(estigated)f(in)g(= this) h(thesis)f(are)g(exp)q(ensive)g(in)h(the)f(general)g(theoretical)h(case,)= f (but)g(not)f(in)i(practical)149 1391 y(cases.)30 b(W)l(olf)19 b(and)g(Lam= )f (present)g(an)g(algorithm)h(that)f(transforms)f(a)h(lo)r(op)g(nest)h(to)f= (a)g (tilable)i(lo)r(op)149 1476 y(nest)e((if)h(p)q(ossible);)h(their)f(algo= rithm)f(is)g fq(O)q fs(()p fq(n)967 1460 y fl(3)987 1476 y fq(d)p fs())f(wh= ere) h fq(n)g fs(is)h(the)f(n)o(um)o(b)q(er)g(of)g(lo)q(ops)g(and)g fq(d)g fs(= is)h (the)149 1561 y(n)o(um)o(b)r(er)13 b(of)g(dep)r(endences.)20 b(They)14 b(= do)f (not)g(sc)o(hedule)i(tiles)f(for)e(intertile)i(lo)q(cality)l(,)f(they)h(d= o)f (not)g(c)o(ho)q(ose)149 1645 y(optimal)18 b(tile)h(sizes,)g(and)e(they)h(= do)f (not)g(generate)h(bu�ering)g(co)q(de)g((their)f(w)o(ork)g(is)h(for)f(= cac) o(he-based)149 1730 y(systems)e(so)g(bu�ering)h(co)q(de)g(is)f(not)g(r= equired).)220 1815 y(This)h(w)o(ork)f(concentrates)f(on)i(quality)f(of)g(the= )h (co)q(de)h(rather)e(than)g(the)h(compiler)h(e�ort)e(required)149 1900 = y (to)h(ac)n(hieve)g(it.)22 b(W)l(olf)16 b(and)g(Lam)f(a)o(v)o(oid)h(an)g(e= xp)q (onential)g(searc)o(h)g(of)f(the)h(transformed)f(space,)g(but)h(at)149 19= 84 y (the)e(cost)e(of)h(losing)h(e�ciency)n(.)19 b(Since)14 b(the)g(searc)n= (h)f (is)h(exp)r(onen)o(tial)g(in)g(lo)q(op)f(nest)g(depth,)h(and)f(the)h(nest= )149 2069 y(depth)20 b(is)g(almost)f(alw)o(a)n(ys)g(small,)i(the)e(\exp)r(one= n)o (tial")h(searc)n(h)g(can)f(actually)h(b)r(e)f(carried)h(out)f(v)o(ery)149= 2154 y(quickly)m(.)220 2238 y(In)11 b(this)h(w)n(ork,)f(a)g(candidate)g(set)g(= of)f (basis)h(v)o(ectors)f(is)i(generated,)f(and)g(ev)o(ery)g(linearly)h(indep= )s (endent)149 2323 y(subset)17 b(of)f(this)h(candidate)h(set)e(is)h(ev)n(al= uated.)24 b(In)18 b(the)e(general)h(case)g(this)g(approac)n(h)g(is)g(exp)r(on= en)o (tial)149 2408 y(in)k(the)f(n)o(um)o(b)q(er)g(of)f(lo)r(ops)g(and)h(also)= g (in)h(the)e(size)i(of)e(the)h(candidate)h(set.)33 b(F)l(ortunately)l(,)20= b (for)g(most)149 2492 y(programs,)12 b(the)i(candidate)g(set)e(is)i(just)f= fq (I)s fs(,)g(and)h(there)f(is)g(only)h(one)f(candidate)h(basis)g(to)e(b)r(= e)h (ev)n(aluated.)149 2577 y(Ev)n(aluating)19 b(a)g(basis)g(requires)g(compu= ting) h(the)f fq(M)1068 2584 y fl(1)1106 2577 y fs(memory)f(requirement)h(of)f(= eac) o(h)h(stream,)f(and)149 2662 y(computing)13 b(the)f(n)o(um)o(b)q(er)g(of)= f (refresh)h(op)q(erations)g(giv)o(en)g(a)g(sc)o(hedule)h(of)e(the)h(con)o(= trolling)h(lo)r(ops.)18 b(These)149 2746 y(can)j(b)r(e)f(computed)h(in)h(time= )e (linear)i(in)g(the)e(n)o(um)o(b)q(er)h(of)f(lo)r(ops.)35 b(Once)22 b(they= )e (are)h(computed,)h(the)p eop eos end TeXDict begin bos 300 @start /fa df[= <007F C00001FF0007C00003E00007C00005E00007C00005E00009E0000BC00009E0000BC00009E= 00013 C00009E00023C00011E00027800011E00047800011E00047800011E00087800021E0010F0= 00020 F0010F000020F0020F000020F0040F000040F0041E000040F0081E000040F0081E000040F= 0101E 000080F0203C00008078203C00008078403C00008078803C0001007880780001007900780= 00100 7900780001007A00780002007C00F00002007C00F00002003800F00006003800F0000F003= 001F0 00FFE0203FFF00>48 34 2 0 47]77 dc dfe /fb df[<00000200000E00003E0001FE000= 7FE00 3FFE01FFFE0FFFFEFFFFFEFFFFFE0FFFFE01FFFE003FFE0007FE0001FE00003E00000E000= 002> 23 18 2 9 42]27 dc[<800000E00000F80000FF0000FFC000FFF800FFFF00FFFFE0FFFFF= EFFFF FEFFFFE0FFFF00FFF800FFC000FF0000F80000E00000800000>23 18 17 9 42]45 dc[<0= 0C000 00C00000C00000C00001E00001E00001E00003F00003F00003F00007F80007F80007F8000= FFC00 0FFC001FFE001FFE001FFE003FFF003FFF007FFF807FFF80FFFFC0>18 23 -9 -17 42]54= dc[< FFFFC07FFF807FFF803FFF003FFF001FFE001FFE001FFE000FFC000FFC0007F80007F8000= 7F800 03F00003F00003F00001E00001E00001E00000C00000C00000C00000C000>18 23 -9 -2 = 42] 63 dc dfe /fc df[<040C00000000007058989830306064646830>6 18 2 0 11]105 dc= dfe /fd df[<00003FE00000E0100001803800038078000300780007003000070000000700000= 00700 00000E0000000E0000000E000000FFFFE0000E00E0001C01C0001C01C0001C01C0001C01C= 0001C 03800038038000380380003803800038070000380700007007000070071000700E2000700= E2000 700E2000E00E2000E0064000E0038000E0000000C0000001C0000001C0000031800000798= 00000 F3000000620000003C000000>29 41 -2 9 26]12 dc[<000F00000030800C0060401E00C= 0203C 01C0201C0180E0040381E0080303C00807018010070000200700004006000180067802800= 7C40C 4007041020060420200F0440101D0840103CF0581038007C1078007810780030107800001= 0F000 0020F0000020F0000040F0000040700000807000010038000300180004000E0018000780E= 00000 FF0000>31 34 5 1 35]38 dc[<0E1F3F3F1D0102020404081020C0>8 14 9 -18 14]39 = dc[< 000100020004000800100020006000C0018001800300070006000E000C001C00180038003= 80030 007000700060006000E000E000C000C000C000C000C000C000C000C000C000C000C000C00= 0C000 4000600060002000100010000800>16 46 7 12 19]40 dc[<00100000080000040000060= 00002 0000030000030000030000010000018000018000018000018000018000018000018000038= 00003 80000380000300000300000300000700000700000600000600000E00000C00000C00001C0= 00018 0000380000300000700000600000E00000C0000180000100000300000600000C000018000= 03000 00600000800000>17 46 0 12 19]41 dc[<1C3C3C3C3C040408081020204080>6 14 3 9= 14] 44 dc[<7FF0FFE07FE0>12 3 3 -8 16]45 dc[<70F8F8F0E0>5 5 5 0 14]46 dc[<000F= 8000 30E000E07001C0700380300380380700380F00780F00780E00781E00781E00703C00F03C0= 0F03C 00F03C00F07801E07801E07801E07801C07003C0F003C0F00380F00780F00700700700700= E0070 1C003038001870000FC000>21 31 4 1 23]48 dc[<000200020006000E003C00DC031C00= 1C00 38003800380038007000700070007000E000E000E000E001C001C001C001C003800380038= 00380 0780FFF8>15 30 5 0 23]49 dc[<001F800060E000807001003002003804203804203804= 1038 0420700460700380600000E00001C000030000FE00001C000006000007000007800007800= 00780 300780780780780780F00F00800F00401E00401C0040380020E0001F8000>21 31 4 1 23= ]51 dc[<00C06000FFC001FF8001FE00010000010000020000020000020000020000040000047= 80005 8C000606000C0700080700000780000780000780000780000F00700F00F00F00F00E00E01= E0080 1C0080380080300040600061C0001F0000>19 31 5 1 23]53 dc[<0007C0001C20003020= 0060 E000C1E00181E00380C00700000F00000E00001E00001E78001D84003E06003E07003C070= 07C07 80780780780780780780700F00700F00F00F00F00E00F01E00701C00601C0070380030700= 010C0 000F8000>19 31 5 1 23]54 dc[<001F000061800080C001006003006006006006006006= 0060 0E00C00F00800F818007C30007E40003F80001F80003FC00047E00183F00300F002007006= 00700 C00300C00300C00300800600800600C00C00C008004030003060001F8000>19 31 5 1 23= ]56 dc[<001F0000718000C0C00180C00380E00700E00F00E00F01E01E01E01E01E01E01E01E0= 1C01C 03C01C03C01C03C01C07C01C0F800C0F8006378003C700000F00000E00000E00001C00601= C00F0 3800F07000E0600080C0004380003E0000>19 31 5 1 23]57 dc[<070F1F1F0E00000000= 0000 0000000070F8F8F0E0>8 20 5 0 14]58 dc[<00000200000006000000060000000E00000= 01E00 00001E0000003F0000002F0000004F0000004F0000008F0000010F0000010F0000020F000= 0020F 0000040F00000C0F0000080F0000100F0000100F0000200F80003FFF800040078000C0078= 00080 078001000780010007800200078002000780060007801E000F80FF807FF8>29 32 2 0 34= ]65 dc[<01FFFFC0001E00F0001E0078001E0038001E003C003C003C003C003C003C003C003C0= 03C00 78007800780078007800F0007801E000F0078000FFFE0000F00F8000F003C001E001C001E= 001E0 01E001E001E001E003C001E003C001E003C001E003C001C0078003C00780078007800F000= 7801E 000F007800FFFFE000>30 31 3 0 32]66 dc[<0000FE0200078186001C004C0038003C00= 6000 3C00C0001C01C0001803800018070000180F0000181E0000101E0000103C0000003C00000= 07800 0000780000007800000078000000F0000000F0000000F0000000F0000000F000008070000= 08070 000080700001003800010038000200180004000C001800060020000381C00000FE0000>31= 33 6 1 33]67 dc[<01FFFF80001E00E0001E0070001E0038001E001C003C001C003C000E003C0= 00E00 3C000E0078000E0078000E0078000E0078000E00F0001E00F0001E00F0001E00F0001E01E= 0003C 01E0003C01E0003C01E0007803C0007003C0007003C000E003C001C0078001C0078003800= 7800E 0007801C000F007000FFFFC000>31 31 3 0 34]68 dc[<01FFFFFE001E001C001E000C00= 1E00 04001E0004003C0004003C0004003C0004003C00040078080800780800007808000078180= 000F0 300000FFF00000F0300000F0300001E0200001E0200001E0200001E0001003C0002003C00= 02003 C0004003C00040078000800780018007800100078007000F001F00FFFFFE00>31 31 3 0 = 31] 69 dc[<01FFFFFC001E0038001E0018001E0008001E0008003C0008003C0008003C000800= 3C00 080078001000780800007808000078080000F0100000F0300000FFF00000F0300001E0200= 001E0 200001E0200001E0200003C0000003C0000003C0000003C00000078000000780000007800= 00007 8000000F800000FFF80000>30 31 3 0 30]70 dc[<0000FC040007030C001C0098003000= 7800 E0007801C000380380003003800030070000300E0000301E0000201E0000203C0000003C0= 00000 78000000780000007800000078000000F0000000F000FFF0F0000780F0000780F0000F007= 0000F 0070000F0070000F0070001E0038001E0018003E001C002E000E00CC000383040000FC000= 0>30 33 6 1 35]71 dc[<01FFF3FFE0001F003E00001E003C00001E003C00001E003C00003C00= 7800 003C007800003C007800003C007800007800F000007800F000007800F000007800F00000F= 001E0 0000FFFFE00000F001E00000F001E00001E003C00001E003C00001E003C00001E003C0000= 3C007 800003C007800003C007800003C007800007800F000007800F000007800F000007800F000= 00F80 1F0000FFF1FFE000>35 31 3 0 34]72 dc[<01FFF0001F00001E00001E00001E00003C00= 003C 00003C00003C0000780000780000780000780000F00000F00000F00000F00001E00001E00= 001E0 0001E00003C00003C00003C00003C0000780000780000780000780000F8000FFF800>20 3= 1 3 0 18]73 dc[<001FFF0000F80000F00000F00000F00001E00001E00001E00001E00003C0000= 3C000 03C00003C0000780000780000780000780000F00000F00000F00000F00001E00001E00301= E0078 1E00F83C00F83C00F0780080700040E00021C0001F0000>24 32 3 1 24]74 dc[<01FFF8= 0000 1F0000001E0000001E0000001E0000003C0000003C0000003C0000003C000000780000007= 80000 007800000078000000F0000000F0000000F0000000F0000001E0000001E0000001E000000= 1E000 8003C0010003C0010003C0030003C00200078006000780060007800C0007801C000F00780= 0FFFF F800>25 31 3 0 29]76 dc[<01FE00007FC0001E0000FC00001E0000F800001700017800= 0017 0001780000270002F00000270004F00000270004F00000270008F00000470009E00000470= 011E0 0000470021E00000470021E00000870043C00000838043C00000838083C00000838083C00= 00103 810780000103820780000103820780000103840780000203840F00000203880F000002039= 00F00 000203900F00000401E01E00000401E01E00000401C01E00000C01801E00001C01803E000= 0FF81 03FFC000>42 31 3 0 41]77 dc[<01FF007FE0001F000F00001F00040000178004000017= 8004 0000278008000023C008000023C008000023C008000041E010000041E010000041F010000= 040F0 10000080F0200000807820000080782000008078200001003C400001003C400001003C400= 00100 1E400002001E800002001E800002000F800002000F800004000F000004000700000400070= 0000C 000700001C00020000FF80020000>35 31 3 0 34]78 dc[<0001FC0000070700001C01C0= 0030 00E000E0006001C000700380007007800038070000380E0000381E0000381C0000383C000= 0383C 00003878000078780000787800007878000078F00000F0F00000F0F00000E0F00001E0F00= 001C0 F00003C0700003807000070078000F0038001E0038003C001C0070000E00E000078380000= 1FC00 00>29 33 6 1 35]79 dc[<01FFFF80001E00E0001E0070001E0038001E003C003C003C00= 3C00 3C003C003C003C003C0078007800780078007800F0007800E000F003C000F00F0000FFFC0= 000F0 000001E0000001E0000001E0000001E0000003C0000003C0000003C0000003C0000007800= 00007 80000007800000078000000F800000FFF00000>30 31 3 0 31]80 dc[<01FFFF00001E03= C000 1E00E0001E0070001E0078003C0078003C0078003C0078003C0078007800F0007800F0007= 801E0 007801C000F0070000F01E0000FFF00000F0380001E01C0001E01E0001E00E0001E00F000= 3C01E 0003C01E0003C01E0003C01E0007803C0007803C0807803C0807803C100F801C10FFF00C2= 00000 07C0>29 32 3 1 33]82 dc[<0007E040001C18C0003005800060038000C0038001C00180= 0180 01000380010003800100038001000380000003C0000003C0000003F8000001FF800001FFE= 00000 7FF000001FF0000001F800000078000000780000003800000038002000380020003800200= 03000 60007000600060006000E0007000C000E8038000C606000081F80000>26 33 3 1 26]83 = dc[< 0FFFFFF01E0780E0180780201007802020078020200F0020600F0020400F0020400F00208= 01E00 40001E0000001E0000001E0000003C0000003C0000003C0000003C0000007800000078000= 00078 00000078000000F0000000F0000000F0000000F0000001E0000001E0000001E0000001E00= 00003 E00000FFFF0000>28 31 8 0 33]84 dc[<7FFC1FF807C003C00780010007800100078001= 000F 0002000F0002000F0002000F0002001E0004001E0004001E0004001E0004003C0008003C0= 00800 3C0008003C00080078001000780010007800100078001000F0002000F0002000F0002000F= 00040 00F0004000700080007001000030020000380400000C18000007E00000>29 32 9 1 34]8= 5 dc[ <FFF1FFC0FF801F003E001C001F003C0018000F003C0010000F003C0010000F003C002000= 0F00 3C0020000F003E0040000F003E00C0000F005E0080000F005E0100000F009E0100000F009= E0200 000F011E0200000F021E0400000F021E0400000F041E0800000F041E0800000F081E10000= 00F08 1E2000000F101E2000000F101E4000000F201E4000000F601E8000000FC01E80000007801= F0000 0007801F00000007001E00000007001E00000006000C00000006000800000004000800000= 0>41 32 9 1 45]87 dc[<00F1800389C00707800E03801C03803C038038070078070078070078= 0700 F00E00F00E00F00E00F00E20F01C40F01C40703C40705C40308C800F0700>19 20 4 0 23= ]97 dc[<07803F8007000700070007000E000E000E000E001C001C001CF01D0C3A0E3C0E380F3= 80F70 0F700F700F700FE01EE01EE01EE01CE03CE038607060E031C01F00>16 32 5 0 21]98 dc= [<00 7E0001C1000300800E07801E07801C07003C0200780000780000780000F00000F00000F00= 000F0 0000F0000070010070020030040018380007C000>17 20 4 0 21]99 dc[<0000780003F8= 0000 700000700000700000700000E00000E00000E00000E00001C00001C000F1C00389C007078= 00E03 801C03803C0380380700780700780700780700F00E00F00E00F00E00F00E20F01C40F01C4= 0703C 40705C40308C800F0700>21 32 4 0 23]100 dc[<007C01C207010E011C013C013802780= C7BF0 7C00F000F000F000F0007000700170023804183807C0>16 20 4 0 21]101 dc[<0000780= 0019C 00033C00033C000718000700000700000E00000E00000E00000E00000E0001FFE0001C000= 01C00 001C00001C000038000038000038000038000038000070000070000070000070000070000= 07000 00E00000E00000E00000E00000C00001C00001C0000180003180007B0000F300006600003= C0000 >22 41 -2 9 14]102 dc[<003C6000E27001C1E00380E00700E00F00E00E01C01E01C01E= 01C0 1E01C03C03803C03803C03803C03803C07003C07001C0F001C17000C2E0003CE00000E000= 00E00 001C00001C00301C00783800F0700060E0003F8000>20 29 2 9 21]103 dc[<01E0000FE= 00001 C00001C00001C00001C000038000038000038000038000070000070000071E000763000E8= 1800F 01C00E01C00E01C01C03801C03801C03801C0380380700380700380700380E10700E20700= C2070 1C20700C40E00CC0600700>20 32 3 0 23]104 dc[<00C001E001E001C00000000000000= 00000 00000000000E003300230043804300470087000E000E000E001C001C001C0038403880308= 07080 310033001C00>11 31 4 0 14]105 dc[<01E0000FE00001C00001C00001C00001C000038= 00003 80000380000380000700000700000703C00704200E08E00E11E00E21E00E40C01C80001D0= 0001E 00001FC00038E000387000387000383840707080707080707080703100E03100601E00>19= 32 3 0 21]107 dc[<03C01FC0038003800380038007000700070007000E000E000E000E001C00= 1C00 1C001C0038003800380038007000700070007100E200E200E200E20064003800>10 32 4 = 0 12] 108 dc[<1C0F80F0002630C318004740640C004780680E004700700E004700700E008E00E= 01C00 0E00E01C000E00E01C000E00E01C001C01C038001C01C038001C01C038001C01C07080380= 38071 003803806100380380E100380380620070070066003003003800>33 20 4 0 37]109 dc[= <1C0F 802630C04740604780604700704700708E00E00E00E00E00E00E00E01C01C01C01C01C01C= 01C03 843803883803083807083803107003303001C0>22 20 4 0 26]110 dc[<007C0001C3000= 30180 0E01C01E01C01C01E03C01E07801E07801E07801E0F003C0F003C0F003C0F00780F007007= 00F00 700E0030180018700007C000>19 20 4 0 23]111 dc[<01C1E002621804741C04781C047= 01E04 701E08E01E00E01E00E01E00E01E01C03C01C03C01C03C01C0380380780380700380E003C= 1C007 2380071E000700000700000E00000E00000E00000E00001C00001C0000FFC000>23 29 0 = 9 23] 112 dc[<00F0400388C00705800E03801C03803C0380380700780700780700780700F00E0= 0F00E 00F00E00F00E00F01C00F01C00703C00705C0030B8000F380000380000380000700000700= 00070 0000700000E00000E0000FFE00>18 29 4 9 21]113 dc[<1C1E002661004783804787804= 70780 4703008E00000E00000E00000E00001C00001C00001C00001C00003800003800003800003= 80000 700000300000>17 20 4 0 19]114 dc[<00FC030206010C030C070C060C000F800FF007F= 803FC 003E000E700EF00CF00CE008401020601F80>16 20 3 0 19]115 dc[<018001C00380038= 00380 038007000700FFF007000E000E000E000E001C001C001C001C00380038003800382070407= 04070 80708031001E00>12 28 4 0 15]116 dc[<0E00C03300E02301C04381C04301C04701C08= 70380 0E03800E03800E03801C07001C07001C07001C07101C0E20180E20180E201C1E200C26400= 7C380 >20 20 4 0 24]117 dc[<0E03803307802307C04383C04301C04700C08700800E00800E0= 0800E 00801C01001C01001C01001C02001C02001C04001C04001C08000E300003C000>18 20 4 = 0 21] 118 dc[<0E00C1C03300E3C02301C3E04381C1E04301C0E04701C060870380400E0380400= E0380 400E0380401C0700801C0700801C0700801C0701001C0701001C0602001C0F02000C0F040= 00E13 080003E1F000>27 20 4 0 30]119 dc[<0383800CC4401068E01071E02071E02070C040E= 00000 E00000E00000E00001C00001C00001C00001C040638080F38080F38100E5810084C600787= 800> 19 20 3 0 21]120 dc[<0E00C03300E02301C04381C04301C04701C08703800E03800E03= 800E 03801C07001C07001C07001C07001C0E00180E00180E001C1E000C3C0007DC00001C00001= C0000 3800F03800F07000E06000C0C0004380003E0000>19 29 4 9 22]121 dc[<01C04003E08= 007F1 800C1F0008020000040000080000100000200000400000800001000002000004010008020= 01002 003E0C0063FC0041F80080E000>18 20 3 0 19]122 dc dfe /fe df[<FFFCFFFCFFFCFF= FC> 14 4 1 -9 19]45 dc[<387CFEFEFE7C38>7 7 4 0 16]46 dc[<00180000780001F800FF= F800 FFF80001F80001F80001F80001F80001F80001F80001F80001F80001F80001F80001F8000= 1F800 01F80001F80001F80001F80001F80001F80001F80001F80001F80001F80001F80001F8000= 1F800 7FFFE07FFFE0>19 32 4 0 28]49 dc[<03FC000FFF003C1FC07007E07C07F0FE03F0FE03= F8FE 03F8FE01F87C01F83803F80003F80003F00003F00007E00007C0000F80001F00003E00003= 80000 700000E01801C0180380180700180E00380FFFF01FFFF03FFFF07FFFF0FFFFF0FFFFF0>21= 32 3 0 28]50 dc[<00FE0007FFC00F07E01E03F03F03F03F81F83F81F83F81F81F03F81F03F00= 003F0 0003E00007C0001F8001FE0001FF000007C00001F00001F80000FC0000FC3C00FE7E00FEF= F00FE FF00FEFF00FEFF00FC7E01FC7801F81E07F00FFFC001FE00>23 32 2 0 28]51 dc[<0000= E000 01E00003E00003E00007E0000FE0001FE0001FE00037E00077E000E7E001C7E00187E0030= 7E007 07E00E07E00C07E01807E03807E07007E0E007E0FFFFFEFFFFFE0007E00007E00007E0000= 7E000 07E00007E00007E000FFFE00FFFE>23 32 2 0 28]52 dc[<1000201E01E01FFFC01FFF80= 1FFF 001FFE001FF8001BC00018000018000018000018000019FC001FFF001E0FC01807E01803E= 00003 F00003F00003F80003F83803F87C03F8FE03F8FE03F8FC03F0FC03F07007E03007C01C1F8= 00FFF 0003F800>21 32 3 0 28]53 dc[<001F8000FFE003F07007C0F00F01F81F01F83E01F83E= 01F8 7E00F07C00007C0000FC0800FC7FC0FCFFE0FD80F0FF00F8FE007CFE007CFC007EFC007EF= C007E FC007E7C007E7C007E7C007E3C007C3E007C1E00F80F00F00783E003FFC000FF00>23 32 = 2 0 28]54 dc[<00FE0003FFC00703E00E00F01C00F01C00783C00783E00783F00783F80783FE= 0F01F F9E01FFFC00FFF8007FFC003FFE007FFF01E7FF83C1FFC7807FC7801FEF000FEF0003EF00= 01EF0 001EF0001CF8001C7800383C00381F01F00FFFC001FF00>23 32 2 0 28]56 dc[<0003FE= 0080 001FFF818000FF01E38001F8003F8003E0001F8007C0000F800F800007801F800007803F0= 00003 803F000003807F000001807E000001807E00000180FE00000000FE00000000FE00000000F= E0000 0000FE00000000FE00000000FE00000000FE000000007E000000007E000001807F0000018= 03F00 0001803F000003801F800003000F8000030007C000060003F0000C0001F800380000FF00F= 00000 1FFFC0000003FE0000>33 34 3 0 40]67 dc[<FFFFFF8000FFFFFFF00007F003FC0007F0= 007E 0007F0003F0007F0001F8007F0000FC007F00007E007F00007E007F00007F007F00003F00= 7F000 03F007F00003F007F00003F807F00003F807F00003F807F00003F807F00003F807F00003F= 807F0 0003F807F00003F807F00003F807F00003F007F00003F007F00003F007F00007E007F0000= 7E007 F0000FC007F0001F8007F0003F0007F0007E0007F003FC00FFFFFFF000FFFFFF8000>37 3= 4 2 0 43]68 dc[<FFFFE0FFFFE003F80003F80003F80003F80003F80003F80003F80003F80003F= 80003 F80003F80003F80003F80003F80003F80003F80003F80003F80003F80003F80003F80003F= 80003 F80003F80003F80003F80003F80003F80003F80003F800FFFFE0FFFFE0>19 34 1 0 21]7= 3 dc[ <FFFFE000FFFFE00007F0000007F0000007F0000007F0000007F0000007F0000007F00000= 07F0 000007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F0000007F00= 00007 F0000007F0000007F0001807F0001807F0001807F0001807F0003807F0003807F0007007F= 00070 07F000F007F001F007F007F0FFFFFFF0FFFFFFF0>29 34 2 0 34]76 dc[<FFF8001FFEFF= FC00 1FFE07FC0000C007FE0000C006FF0000C0067F8000C0063FC000C0061FE000C0060FE000C= 0060F F000C00607F800C00603FC00C00601FE00C00600FE00C00600FF00C006007F80C006003FC= 0C006 001FE0C006000FF0C0060007F0C0060007F8C0060003FCC0060001FEC0060000FFC006000= 07FC0 0600007FC00600003FC00600001FC00600000FC006000007C006000003C006000003C0FFF= 00001 C0FFF00000C0>39 34 2 0 44]78 dc[<01FC0407FF8C1F03FC3C007C7C003C78001C7800= 1CF8 000CF8000CFC000CFC0000FF0000FFE0007FFF007FFFC03FFFF01FFFF80FFFFC03FFFE003= FFE00 03FF00007F00003F00003FC0001FC0001FC0001FE0001EE0001EF0003CFC003CFF00F8C7F= FE080 FF80>24 34 3 0 31]83 dc[<07FC001FFF803F07C03F03E03F01E03F01F01E01F00001F0= 0001 F0003FF003FDF01FC1F03F01F07E01F0FC01F0FC01F0FC01F0FC01F07E02F07E0CF81FF87= F07E0 3F>24 22 2 0 27]97 dc[<00FF8007FFE00F83F01F03F03E03F07E03F07C01E07C0000FC= 0000 FC0000FC0000FC0000FC0000FC00007C00007E00007E00003E00301F00600FC0E007FF800= 0FE00 >20 22 2 0 25]99 dc[<0001FE000001FE0000003E0000003E0000003E0000003E000000= 3E00 00003E0000003E0000003E0000003E0000003E0000003E0001FC3E0007FFBE000F81FE001= F007E 003E003E007E003E007C003E00FC003E00FC003E00FC003E00FC003E00FC003E00FC003E0= 0FC00 3E00FC003E007C003E007C003E003E007E001E00FE000F83BE0007FF3FC001FC3FC0>26 3= 5 2 0 31]100 dc[<00FE0007FF800F87C01E01E03E01F07C00F07C00F8FC00F8FC00F8FFFFF8FF= FFF8 FC0000FC0000FC00007C00007C00007E00003E00181F00300FC07003FFC000FF00>21 22 = 2 0 26]101 dc[<003F8000FFC001E3E003C7E007C7E00F87E00F83C00F80000F80000F80000F= 8000 0F80000F8000FFFC00FFFC000F80000F80000F80000F80000F80000F80000F80000F80000= F8000 0F80000F80000F80000F80000F80000F80000F80000F80000F80007FF8007FF800>19 35 = 1 0 17]102 dc[<03FC1E0FFF7F1F0F8F3E07CF3C03C07C03E07C03E07C03E07C03E07C03E03C= 03C0 3E07C01F0F801FFF0013FC003000003000003800003FFF801FFFF00FFFF81FFFFC3800FC7= 0003E F0001EF0001EF0001EF0001E78003C7C007C3F01F80FFFE001FF00>24 33 2 11 28]103 = dc[< FF000000FF0000001F0000001F0000001F0000001F0000001F0000001F0000001F0000001= F0000 001F0000001F0000001F0000001F07E0001F1FF8001F307C001F403C001F803E001F803E0= 01F00 3E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003= E001F 003E001F003E001F003E001F003E00FFE1FFC0FFE1FFC0>26 35 2 0 31]104 dc[<1C003= F007F 007F007F003F001C000000000000000000000000000000FF00FF001F001F001F001F001F0= 01F00 1F001F001F001F001F001F001F001F001F001F001F001F00FFE0FFE0>11 36 2 0 16]105= dc[< FF00FF001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001= F001F 001F001F001F001F001F001F001F001F001F001F001F001F001F00FFE0FFE0>11 35 2 0 = 16] 108 dc[<FF07F007F000FF1FFC1FFC001F303E303E001F403E403E001F801F801F001F801= F801F 001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F0= 01F00 1F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001F001= F001F 001F001F001F00FFE0FFE0FFE0FFE0FFE0FFE0>43 22 2 0 48]109 dc[<FF07E000FF1FF= 8001F 307C001F403C001F803E001F803E001F003E001F003E001F003E001F003E001F003E001F0= 03E00 1F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003E00FFE1FFC0F= FE1FF C0>26 22 2 0 31]110 dc[<00FE0007FFC00F83E01E00F03E00F87C007C7C007C7C007CF= C007E FC007EFC007EFC007EFC007EFC007EFC007E7C007C7C007C3E00F81F01F00F83E007FFC00= 0FE00 >23 22 2 0 28]111 dc[<FF0FE000FF3FF8001FF07C001F803E001F001F001F001F801F0= 01F80 1F000FC01F000FC01F000FC01F000FC01F000FC01F000FC01F000FC01F000FC01F001F801= F001F 801F803F001FC03E001FE0FC001F3FF8001F0FC0001F0000001F0000001F0000001F00000= 01F00 00001F0000001F0000001F000000FFE00000FFE00000>26 32 2 10 31]112 dc[<00FE03= 0007 FF87000FC1C7001F006F003F003F007E003F007E001F007C001F00FC001F00FC001F00FC0= 01F00 FC001F00FC001F00FC001F00FC001F007E001F007E001F003E003F001F007F000FC1DF000= 7FF9F 0001FC1F0000001F0000001F0000001F0000001F0000001F0000001F0000001F0000001F0= 00000 FFE00000FFE0>27 32 2 10 30]113 dc[<FE1F00FE3FC01E67E01EC7E01E87E01E87E01F= 83C0 1F00001F00001F00001F00001F00001F00001F00001F00001F00001F00001F00001F00001= F0000 FFF000FFF000>19 22 2 0 23]114 dc[<0FF3003FFF00781F00600700E00300E00300F00= 300FC 00007FE0007FF8003FFE000FFF0001FF00000F80C00780C00380E00380E00380F00700FC0= E00EF FC00C7F000>17 22 2 0 22]115 dc[<01800001800001800001800003800003800007800= 00780 000F80003F8000FFFF00FFFF000F80000F80000F80000F80000F80000F80000F80000F800= 00F80 000F80000F80000F81800F81800F81800F81800F81800F830007C30003FE0000F800>17 3= 2 1 0 22]116 dc[<FF01FE00FF01FE001F003E001F003E001F003E001F003E001F003E001F003E= 001F 003E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F003E001F0= 07E00 1F00FE000F81BE0007FF3FC001FC3FC0>26 22 2 0 31]117 dc[<FFE7FF07F8FFE7FF07F= 81F00 7800C00F807801800F807C01800F807C018007C07E030007C0DE030007E0DE070003E0DF0= 60003 E18F060001F18F0C0001F38F8C0001FB079C0000FB07D80000FE03D800007E03F000007E0= 3F000 007C01F000003C01E000003800E000001800C000>37 22 1 0 40]119 dc[<FFE01FE0FFE= 01FE0 0F8006000F8006000FC00E0007C00C0007E01C0003E0180003E0180001F0300001F030000= 0F860 0000F86000007CC000007CC000007FC000003F8000003F8000001F0000001F0000000E000= 0000E 0000000C0000000C00000018000078180000FC380000FC300000FC60000069C000007F800= 0001F 000000>27 32 1 10 30]121 dc dfe /ff df[<00600000F00000F00000F00000F00000F= 00000 F00000F0007FFFC0FFFFE0FFFFE07FFFC000F00000F00000F00000F00000F00000F00000F= 00000 6000>19 20 2 -4 24]43 dc[<1C3E7E7F3F1F070E1E7CF860>8 12 8 6 24]44 dc[<7FF= F00FF FF80FFFF807FFF00>17 4 3 -12 24]45 dc[<3078FCFC7830>6 6 9 0 24]46 dc[<0180= 0380 038007800F803F80FF80FB804380038003800380038003800380038003800380038003800= 38003 800380038003807FFCFFFE7FFC>15 28 5 0 24]49 dc[<07F8001FFE003FFF0078078078= 03C0 7801C03001C00001C00003C0000380000F0003FF0003FE0003FF000007800003C00001C00= 000E0 0000E00000E0F000E0F000E0F001C0F003C07C07803FFF001FFE0003F800>19 28 2 0 24= ]51 dc[<7FFFC0FFFFE0FFFFE0FFFFE0000000000000000000000000FFFFE0FFFFE0FFFFE07FF= FC0> 19 12 2 -8 24]61 dc[<FFF8FFF8FFF8E000E000E000E000E000E000E000E000E000E000= E000 E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E000E= 000FF F8FFF8FFF8>13 36 9 4 24]91 dc[<FFF8FFF8FFF8003800380038003800380038003800= 3800 3800380038003800380038003800380038003800380038003800380038003800380038003= 80038 00380038FFF8FFF8FFF8>13 36 1 4 24]93 dc[<1FE0003FF8007FFC00781E00300E0000= 0700 00070000FF0007FF001FFF007F0700780700E00700E00700E00700F00F00781F003FFFF01= FFBF0 07E1F0>20 20 3 0 24]97 dc[<7E0000FE00007E00000E00000E00000E00000E00000E00= 000E 3E000EFF800FFFC00FC1E00F80E00F00700E00700E00380E00380E00380E00380E00380E0= 0380F 00700F00700F80E00FC1E00FFFC00EFF80063E00>21 28 0 0 24]98 dc[<01FE0007FF00= 1FFF 803E0780380300700000700000E00000E00000E00000E00000E00000E000007000007001C= 03801 C03E03C01FFF8007FF0001FC00>18 20 3 0 24]99 dc[<001F80007FC000FFE000E1E001= C0C0 01C00001C00001C0007FFFC0FFFFC0FFFFC001C00001C00001C00001C00001C00001C0000= 1C000 01C00001C00001C00001C00001C00001C00001C0007FFF007FFF007FFF00>19 28 1 0 24= ]102 dc[<03800007C00007C00007C0000380000000000000000000000000007FC000FFC0007FC= 00001 C00001C00001C00001C00001C00001C00001C00001C00001C00001C00001C00001C00001C= 00001 C000FFFF00FFFF80FFFF00>17 29 4 0 24]105 dc[<0038007C007C007C0038000000000= 00000 000FFC1FFC0FFC001C001C001C001C001C001C001C001C001C001C001C001C001C001C001= C001C 001C001C001C001C001C001C6038F078FFF07FE03F80>14 39 2 10 24]106 dc[<FE0000= FE00 00FE00000E00000E00000E00000E00000E00000E3FF00E7FF00E3FF00E07800E0F000E1E0= 00E3C 000E78000EF0000FF8000FFC000F9C000F0E000E0F000E07000E03800E03C0FFC7F8FFC7F= 8FFC7 F8>21 28 1 0 24]107 dc[<7E3E00FEFF807FFFC00FC1C00F80E00F00E00E00E00E00E00= E00E0 0E00E00E00E00E00E00E00E00E00E00E00E00E00E00E00E07FC3FCFFE7FE7FC3FC>23 20 = 0 0 24]110 dc[<01F0000FFE001FFF003E0F803803807001C07001C0E000E0E000E0E000E0E0= 00E0 E000E0F001E07001C07803C03C07803E0F801FFF000FFE0001F000>19 20 2 0 24]111 d= c[<7F 87E0FF9FF07FBFF803F87803F03003E00003C00003C000038000038000038000038000038= 00003 80000380000380000380007FFE00FFFF007FFE00>21 20 1 0 24]114 dc[<01800003800= 00380 000380000380007FFFC0FFFFC0FFFFC003800003800003800003800003800003800003800= 00380 000380000380400380E00380E00380E001C1C001FFC000FF80003E00>19 25 1 0 24]116= dc dfe /fg df[<03000700FF000700070007000700070007000700070007000700070007000= 70007 000700070007007FF0>12 21 2 0 18]49 dc[<0F8030E040708030C038E0384038003800= 7000 70006000C00180030006000C08080810183FF07FF0FFF0>13 21 2 0 18]50 dc dfe /fh= df[< 000F0000308000C0C00080400100600200C00400C0040080040180083F00083E000801000= 80180 100180100180100180100180300300300300300600280C0044180043E0004000004000008= 00000 800000800000800000>19 29 1 6 20]12 dc[<0300038003000000000000000000000000= 001C 002400460046008C000C0018001800180031003100320032001C00>9 23 1 0 12]105 dc= [<38 3C0044C6004702004602008E06000C06000C06000C0C00180C00180C40181840181880300= 88030 0F00>18 14 1 0 21]110 dc dfe /fi df[<FFFFFFFFFFFFE00000FFFFFFFFFFFFFE0000= FFFF FFFFFFFFFFC000FFFFFFFFFFFFFFF000FFFFFFFFFFFFFFF800001FFF800001FFFE00001FF= F8000 007FFF00001FFF8000003FFF80001FFF8000001FFFC0001FFF8000000FFFC0001FFF80000= 007FF E0001FFF80000007FFF0001FFF80000007FFF0001FFF80000003FFF0001FFF80000003FFF= 8001F FF80000003FFF8001FFF80000003FFF8001FFF80000003FFF8001FFF80000003FFF8001FF= F8000 0003FFF8001FFF80000003FFF8001FFF80000003FFF8001FFF80000003FFF0001FFF80000= 007FF F0001FFF80000007FFE0001FFF8000000FFFE0001FFF8000000FFFC0001FFF8000001FFF8= 0001F FF8000003FFF00001FFF8000007FFE00001FFF800001FFFC00001FFF800007FFF000001FF= FFFFF FFFFC000001FFFFFFFFFFE0000001FFFFFFFFFFF8000001FFFFFFFFFFFF000001FFF80000= 0FFFC 00001FFF8000003FFF00001FFF8000000FFFC0001FFF80000007FFE0001FFF80000003FFF= 0001F FF80000003FFF8001FFF80000001FFF8001FFF80000001FFFC001FFF80000000FFFC001FF= F8000 0000FFFE001FFF80000000FFFE001FFF80000000FFFE001FFF80000000FFFF001FFF80000= 0007F FF001FFF800000007FFF001FFF800000007FFF001FFF800000007FFF001FFF80000000FFF= F001F FF80000000FFFF001FFF80000000FFFF001FFF80000000FFFE001FFF80000000FFFE001FF= F8000 0001FFFE001FFF80000001FFFC001FFF80000003FFFC001FFF80000007FFF8001FFF80000= 007FF F0001FFF8000001FFFE0001FFF8000003FFFE0001FFF800001FFFF80FFFFFFFFFFFFFFFF0= 0FFFF FFFFFFFFFFFC00FFFFFFFFFFFFFFF000FFFFFFFFFFFFFFC000FFFFFFFFFFFFF80000>72 7= 1 4 0 84]66 dc[<0007FFFC000000007FFFFFC0000001FFFFFFF8000003FFFFFFFE000007FE001= FFF00 0007FF0003FFC0000FFF8001FFE0000FFF8000FFF0000FFF80007FF0000FFF80007FF8000= FFF80 007FF80007FF00003FFC0007FF00003FFC0003FE00003FFC0000F800003FFC00000000003= FFC00 000000003FFC00000000003FFC00000000003FFC00000007FFFFFC000000FFFFFFFC00000= 7FFFF FFFC00003FFFE03FFC0000FFFE003FFC0003FFF0003FFC0007FFC0003FFC000FFF00003FF= C001F FE00003FFC003FFC00003FFC007FF800003FFC007FF800003FFC00FFF000003FFC00FFF00= 0003F FC00FFF000003FFC00FFF000003FFC00FFF000003FFC00FFF000007FFC007FF80000FFFC0= 07FF8 0001EFFC003FFC0003EFFC003FFF0007CFFF000FFFC03F8FFFF807FFFFFF07FFFC01FFFFF= C03FF FC007FFFF001FFFC0003FF80007FF8>54 46 3 0 58]97 dc[<007FC00000000000FFFFC0= 0000 000000FFFFC00000000000FFFFC00000000000FFFFC00000000000FFFFC0000000000003F= FC000 0000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC000000000000= 1FFC0 000000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC0000000000= 001FF C0000000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC00000000= 00001 FFC0000000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC000000= 00000 01FFC00FFC00000001FFC07FFFC0000001FFC3FFFFF0000001FFCFFFFFFC000001FFDFF00= FFF00 0001FFFF8003FF800001FFFE0001FFC00001FFF800007FE00001FFF000007FF00001FFE00= 0003F F80001FFE000001FFC0001FFE000001FFC0001FFE000001FFE0001FFE000001FFE0001FFE= 00000 0FFF0001FFE000000FFF0001FFE000000FFF0001FFE000000FFF0001FFE000000FFF8001F= FE000 000FFF8001FFE000000FFF8001FFE000000FFF8001FFE000000FFF8001FFE000000FFF800= 1FFE0 00000FFF8001FFE000000FFF8001FFE000000FFF8001FFE000000FFF8001FFE000000FFF0= 001FF E000000FFF0001FFE000000FFF0001FFE000001FFE0001FFE000001FFE0001FFE000001FF= C0001 FFE000001FFC0001FFE000003FF80001FFF000003FF80001FFF800007FF00001FFFC0000F= FE000 01FFFE0001FFC00001FFBF0007FF800001FF1FE01FFE000001FE0FFFFFFC000001FC03FFF= FF000 0001F800FFFF80000001F0001FF8000000>57 72 4 0 66]98 dc[<00000000001F800000= 7FF0 00FFE00007FFFF03FFF0001FFFFFC7FFF0007FFFFFFFC7F800FFE03FFE0FF801FF800FFC0= FF803 FF0007FE0FF807FE0003FF07F007FE0003FF07F00FFC0001FF81C00FFC0001FF80000FFC0= 001FF 80001FFC0001FFC0001FFC0001FFC0001FFC0001FFC0001FFC0001FFC0001FFC0001FFC00= 01FFC 0001FFC0000FFC0001FF80000FFC0001FF80000FFC0001FF800007FE0003FF000007FE000= 3FF00 0003FF0007FE000001FF800FFC000000FFE03FF8000001FFFFFFF0000001DFFFFFC000000= 3C7FF FF00000003C07FF000000007C0000000000007C0000000000007C0000000000007C000000= 00000 07E0000000000007F0000000000007F8000000000007FFFFFFF0000007FFFFFFFF000003F= FFFFF FFE00003FFFFFFFFF80001FFFFFFFFFE0001FFFFFFFFFF0000FFFFFFFFFF80007FFFFFFFF= F8003 FFFFFFFFFFC00FFFFFFFFFFFC01FF800001FFFE03FE0000001FFE07FC00000007FF07FC00= 00000 3FF0FF800000001FF0FF800000001FF0FF800000001FF0FF800000001FF0FF800000001FF= 07FC0 0000003FE07FC00000003FE03FE00000007FC03FF0000000FFC01FFC000003FF800FFF000= 00FFF 0003FFF000FFFC0000FFFFFFFFF000003FFFFFFFC0000007FFFFFE000000003FFFC00000>= 53 68 3 21 59]103 dc[<007FC00000000000FFFFC00000000000FFFFC00000000000FFFFC0000= 00000 00FFFFC00000000000FFFFC0000000000003FFC0000000000001FFC0000000000001FFC00= 00000 000001FFC0000000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC= 00000 00000001FFC0000000000001FFC0000000000001FFC0000000000001FFC0000000000001F= FC000 0000000001FFC0000000000001FFC0000000000001FFC0000000000001FFC000000000000= 1FFC0 000000000001FFC0000000000001FFC0000000000001FFC001FFC0000001FFC00FFFF8000= 001FF C03FFFFE000001FFC0FFFFFF000001FFC1FC07FF800001FFC3E003FFC00001FFC7C001FFC= 00001 FFCF0001FFE00001FFDE0000FFE00001FFDC0000FFE00001FFFC0000FFF00001FFF80000F= FF000 01FFF00000FFF00001FFF00000FFF00001FFF00000FFF00001FFE00000FFF00001FFE0000= 0FFF0 0001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00= 000FF F00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE= 00000 FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001F= FE000 00FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF0000= 1FFE0 0000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00001FFE00000FFF00= 0FFFF FFC07FFFFFE0FFFFFFC07FFFFFE0FFFFFFC07FFFFFE0FFFFFFC07FFFFFE0FFFFFFC07FFFF= FE0> 59 72 4 0 66]104 dc[<00FC0001FF0003FF8007FFC00FFFC01FFFE01FFFE01FFFE01FFF= E01F FFE01FFFE00FFFC007FFC003FF8001FF0000FC00000000000000000000000000000000000= 00000 0000000000000000000000000000007FC0FFFFC0FFFFC0FFFFC0FFFFC0FFFFC003FFC001F= FC001 FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001F= FC001 FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001FFC001F= FC001 FFC001FFC001FFC001FFC001FFC001FFC001FFC0FFFFFFFFFFFFFFFFFFFFFFFFFFFFFF>24= 73 4 0 32]105 dc[<007FC000FFFFC000FFFFC000FFFFC000FFFFC000FFFFC00003FFC00001FF= C000 01FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC0000= 1FFC0 0001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00= 001FF C00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC= 00001 FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001F= FC000 01FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC0000= 1FFC0 0001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00001FFC00= 001FF C000FFFFFF80FFFFFF80FFFFFF80FFFFFF80FFFFFF80>25 72 4 0 32]108 dc[<00000FF= F0000 000000FFFFF000000007FFFFFE0000001FFFFFFF8000003FFC03FFC00000FFE0007FF0000= 1FF80 001FF80003FF00000FFC0007FE000007FE000FFE000007FF000FFC000003FF001FFC00000= 3FF80 3FFC000003FFC03FF8000001FFC03FF8000001FFC07FF8000001FFE07FF8000001FFE07FF= 80000 01FFE0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF0FFF8000001F= FF0FF F8000001FFF0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF0FFF8000001FFF07FF80= 00001 FFE07FF8000001FFE07FF8000001FFE07FF8000001FFE03FFC000003FFC03FFC000003FFC= 01FFC 000003FF801FFE000007FF800FFE000007FF0007FF00000FFE0003FF80001FFC0001FFC00= 03FF8 0000FFE0007FF000007FFC03FFE000001FFFFFFF80000007FFFFFE00000000FFFFF000000= 0000F FF000000>52 46 3 0 59]111 dc[<007FC00FFC000000FFFFC07FFFC00000FFFFC3FFFFF= 00000 FFFFCFFFFFFC0000FFFFDFF01FFF0000FFFFFF8007FF800003FFFE0001FFC00001FFF8000= 0FFE0 0001FFF00000FFF00001FFE000007FF80001FFE000003FFC0001FFE000003FFC0001FFE00= 0003F FE0001FFE000001FFE0001FFE000001FFF0001FFE000001FFF0001FFE000001FFF0001FFE= 00000 0FFF0001FFE000000FFF8001FFE000000FFF8001FFE000000FFF8001FFE000000FFF8001F= FE000 000FFF8001FFE000000FFF8001FFE000000FFF8001FFE000000FFF8001FFE000000FFF800= 1FFE0 00000FFF8001FFE000000FFF0001FFE000001FFF0001FFE000001FFF0001FFE000001FFE0= 001FF E000001FFE0001FFE000003FFC0001FFE000003FFC0001FFE000007FF80001FFF000007FF= 80001 FFF80000FFF00001FFFC0001FFE00001FFFE0003FFC00001FFFF0007FF800001FFFFE03FF= E0000 01FFEFFFFFFC000001FFE3FFFFF0000001FFE0FFFF80000001FFE01FF800000001FFE0000= 00000 0001FFE0000000000001FFE0000000000001FFE0000000000001FFE0000000000001FFE00= 00000 000001FFE0000000000001FFE0000000000001FFE0000000000001FFE0000000000001FFE= 00000 00000001FFE0000000000001FFE0000000000001FFE0000000000001FFE00000000000FFF= FFFC0 00000000FFFFFFC000000000FFFFFFC000000000FFFFFFC000000000FFFFFFC000000000>= 57 66 4 20 66]112 dc[<00FF803F8000FFFF80FFF000FFFF83FFFC00FFFF87FFFE00FFFF8FC3F= F00FF FF8F07FF0003FF9E0FFF8001FFBC0FFF8001FFB80FFF8001FFF80FFF8001FFF00FFF8001F= FF007 FF0001FFF007FF0001FFE003FE0001FFE000F80001FFE000000001FFE000000001FFC0000= 00001 FFC000000001FFC000000001FFC000000001FFC000000001FFC000000001FFC000000001F= FC000 000001FFC000000001FFC000000001FFC000000001FFC000000001FFC000000001FFC0000= 00001 FFC000000001FFC000000001FFC000000001FFC000000001FFC000000001FFC000000001F= FC000 000001FFC000000001FFC000000001FFC0000000FFFFFFE00000FFFFFFE00000FFFFFFE00= 000FF FFFFE00000FFFFFFE00000>41 46 4 0 49]114 dc[<7FFFFFC000FFFF807FFFFFC000FFF= F807F FFFFC000FFFF807FFFFFC000FFFF807FFFFFC000FFFF8000FFF000000FE00000FFF800000= FC000 00FFF800000FC000007FFC00000F8000007FFC00001F8000003FFC00001F0000003FFE000= 03F00 00001FFE00003E0000001FFF00007E0000000FFF00007C0000000FFF8000FC00000007FF8= 000F8 00000007FFC001F800000003FFC001F000000003FFE003F000000003FFE003F000000001F= FF003 E000000001FFF007E000000000FFF007C000000000FFF80FC0000000007FF80F800000000= 07FFC 1F80000000003FFC1F00000000003FFE3F00000000001FFE3E00000000001FFF7E0000000= 0000F FF7C00000000000FFFFC00000000000FFFFC000000000007FFF8000000000007FFF800000= 00000 03FFF00000000000 the cost model may not be optimal. In thi= s case,

the compiler could test the size of parameter, and execute di�erent versions of the cothe

dep ending on whether the parameter is large or = small.

A second assumption is that the constano�set vectors are small, so only a minor

= tweaking of the ~ � factors needed. It is possible that the o�set mabe the length of an

138 CHAPTER 8. CONCLUSIONS AND F= UTURE WORK

entire row or column; in this ca= se it should be bu�ered separately, rather than exte= nding

the bu�er size dedicated to the uniformly gene= rated set of streams.

8.1.5 Conclusions

y compiler can manage the memory hierarchy in both p= arallel and sequential machines

for programs that acce= ss large arrays with regular access patterns. In par= allel machines,

interprocessor communication is part= of the memory hierarchy.

The techniques outl= ined in this work allow the compiler to manage data = motion through-

out the memory hierarchy without hardw= are supp ort for this motion. These techniques = can

b e applied to supp ort larger memory on machine like Crays, which do not have

= virtual memory supp ort. The techniques can be us= ed on machines like iWarp, a systolic

array p= rocessor with a programmer-controlled memory hierarchspaces, to increase p erformance

by allowing most ar= ray accesses to use data in the faster memory. Som= e modern shared

memory multipro cessors are b= eing built without hardware for cache coherence, like IB= M’s

POWER/4. The techniques for modeling data m= otion and for selecting tiling bases can be

used = to supp ort software cache coherence in these mac= hines in a high-p erformance optimiz-

ing compiler.

8.2 Future work

There are sev= eral imp ortant ways this work could b e extende= d. Integrating software prefetch

would = allow the compiler to take advantage of more complex= memory systems that allow

pip elined requests. T= he e�ects of distance locality on tiling should e more closely investi-

gated. Machines b allow data to move from the slower of the memory hierarchy

can be supp orted wi= th some minor additional work. In this work compiler assumes that

all lo ops nests are perfect= ; additional work could b e p erformed to allow th= e compiler to pick

b etter schedules for the erfect loop nests. Finally, a ma jor ave= nue of research that has

b een opened blevels this research is developing other ways to tegrate scheduling for lo cality

and

8.2. FUTURE WORK 139

8.2=2E1 Software prefetch

This thesis ha= s shown that the compiler can manage the memory hierarc= hy for linear ac-

cesses to array The next logical step is to integrate software pr= efetching to supp ort

compiler memory management = of all accesses. This problem is an extension of the r= egister

allo cation problem; the biggest unknown data. how to partition M 1 b etparallelism.een scalar and array

data. In this scalar data is assumed to b e small enough that it wil= l �t in the register

�le and need nevthesis, b e present in M 1 . For= the tight lo ops typical of scienti�c programs,

this is often the case, but this will probably no= t hold true for C language programs, for

example.

8.2.2 Distance locality

The tec= hniques used in this thesis ignore distance locality: for example, the locality that

would oc= cur between the references c[i] and c[i-3]. In this thesis, the two accesses considered a single stream. To correctly implementhe accesses, the length of the o�set

would te added to M 1 memory requirement= expression (for multidimensional arrays, o�set distance is added into the expression in eac= h dimension before multiplying the di-

mensio= ns together). In the examples encountered, this are not presented a serious problem,

but a more com= plete cost model could take these distance-accesses in= to account as well.

8.2.3 M 2= streaming

Another imp ortant wa= y this work could b e extended is to allow direct a= ccess from M 2

memory to the CPU = without an intermediate stop in M 1 in. The current cost model do es

supp or= t this typ e of access correctly. Recall the t= iled matrix multiply code of Figure 3.2.

Note t= hat the tiled code is optimal for the target macmodel, which does not allow

data to b= e moved directly from M 2 M 1 . If data can b= e brought from M 2 into M 1 ,

additional saare possible. In this case, the elements of b[k,j= ] brought into M 1 are used �

i times, but only element at a time is used. If data can b e strea= med directly

from M 2 into th= e processor, only one element of the b[k,j] one should be fetched at a

time; it can be= stored in a register. The extra space in M 1 would then be divided b etwee= n

the other two streams.

M 2 streaming can b e incorp orated fairly = easily into the framework provided by this

140 CHAPTER 8. CONCLUSIONS AND F= UTURE WORK

thesis. After scheduling and comp= uting bu�er requirements, the compiler constructs the

= cost model, leaving out any streams which do not ex= hibit signi�cant reuse within a tile.

Streams dropp= ed from the cost model are fetched directly from M= 2 when needed.

Streams with no= reuse within a tile can always b e dropp Streams which exhibit reuse

due to constano�sets are dropped if the reuse can be accommodat= ed in the register �le by

allo cating extra spa= ce. For example, in Figure 8.1, two streams ar= e each reused once due to

constant-o�set access= es. The a stream’s reuse can easily be accommo= dated if the j lo op is

innermost, by s= imply allocating two registers, one for a[i,j] a= nd one for a[i,j-1]. The

b stream’s = reuse is in the i+j direction; accommodating its reu= se requires either allo cating

a numb er of reg= isters prop ortional to the tile size, or transforming t lo op so that the

innermost loop executes the i+j direction.

for i =3D 1 to for j =3D 1 to n

...a[i,j]+a[i,j-1]...b[ini-1,j-1]...

Figure 8.1: Examples of constant-o= �set reuse

8.2.4 Non-p erfect loop The techniques as outlined in previous chapters = do not take into account branching in the

ody of the lo op. In the LU decomp osition prog= ram of Figure 7.18, for example, the last

assignmen= t statement (which writes a[i,j]) will execute m= uch more frequently than the

other twThe compiler should take this into account when sele= cting the loop ordering for

intertile lo cality. Additional work would be required to integrat= e this into the prototype

compiler.

8.= 2.5 Integrating tiling for parallelism and lo calit= y

This thesis develops a framework for consider= ing the trade-o� b etween parallelism and

lo = cality. Sp eci�cally, locality was thorough= ly investigated for unipro cessors, and it was

s= hown that compiling for intratile parallelism requires li= ttle more from the lo cality-optimizer

than compili= ng for a unipro cessor. Intertile parallelism has o. begun to be addressed,

however. In = this thesis, it was argued that many loops in scien= ti�c programs have at least

one fully paralle= l lo op; the compiler can therefore �nd enough parallel= ism to keep all the

8.2. FUTURE WORK 141

pr= ocessors busy, and lo cality can be using the other lo ops in the lo op nest.

imp ortant class of lo ops has no single inherently= parallel direction, but can b e

executed in para= llel along a wavefront. This is equivalent= to skewing the lo op nest, and

then paralleli= zing the resultant loop. If the lo op bounds = are large enough, there will b e

enough tiles to= keep all the processors busy in the steady addressed The compiler does need to

consider the start= -up and tear-down costs of the wavefront bh is e�ectively a pip eline).

These are dependent on the tile size vector � .

The hardest op en question is hoto schedule the tiles, since the optimal schedule y

dep end on the start-up costs, and the start-up= costs dep end on ~ � , which= has not b een chosen

at scheduling time. O= ptimality can be ensured by examining every p= ossible schedule. This

may b e another exampl= e of a theoretically exponential search which in pr= actice can b e

carried out very quickly8.2.6 Compiling for split-memory machines

The techniques of this thesis enable to take new approaches to compiling

for parallel machines. One example of this is a programmable systolic

array can b e viewed= in a new way. Traditionally, systolic a= rrays are treated as an array of

individual pr= ocessors, as shown in Figure 8.2. Each that or processor consists of a processor

(CPU),= a lo cal memory (LM), and a network interface= (systolic pathway segment).

A small sys= tolic array (or a segment of a larger array) can= be treated as a single VLIW

\sup erprocess= or" with many processing elements (Figure 8.3). The e= xtended processor has

a segmented memory system= ; data stored in memory segment one can only be ac= cessed

through memory p ort 1. Howevsince systolic arrays can communicate data b etwee= n

processors at (typically) one word p er= processor p er clo ck, data can be shifted qu= ickly to

the correct functional unit for processing= =2E

The primary bene�t of this approach is = that the size of local memory considered to b \owned" by a pro cessor is much larger, sin= ce the local memories of several processors are treated as a single processor. This is esp ecia= lly imp ortant in machines where there are large secondary memories attached to only a few process= ors. Groups of \superprocessors" can

b e f= ormed around the secondary memories, and scheduled VLIW techniques) as a

single processing unit.

142 CHAPTER 8. CONCLUSIONS AND F= UTURE WORK

Figure 8.2: The traditional view of = a systolic array

functional units s= egmented memory

6 6 6 6 ? ? ? ?

6 6 6

6

? ? ? ?

- - - � � � data paths - -

processor 0 processor1 processor 2 processor 3

8.3: Systolic cells combine to form a \sup erproc= essor"

The principle challenge in this approach w= ill b e handling exceptions. Since MIMD sys-

tolic a= rrays have separate program counters for each ce= ll, an exception in one processor is

not communicated to other processors working on the directly VLIW \superinstruc-

tion" (the concatenation of = instructions issued over several processors). ertheless, the

high communication bandwidth of Nev systolic communication pathway may b e su�= cient

to allow the necessary synchronization.

BIBLIOGRAPHY 143

Bibliograp= hy

[1] Walid Abu-Sufah, David Kuck, an= d Duncan Lawrie. On the performance enhancement

= of paging systems through program analysis and transformations.= IEEE Transactions

on Computers, C-30(5):3= 41{356, May 1981.

[2] Fifth International Co= nference on Architectural Support for Pro= gramming Languages

and Operating SystemsThe Association for Computing Machinery, June 1992.= Also

available as ACM SIGPLAN Notices, = Volume 27, Number 9, September 1992.

[3]= Alfred V. Aho, Ravi Sethi, and Je�rey D. Ullman= =2E Compilers: Principles, Techniques,

and = Tools. Addison-Wesley series in Computer Scie= nce. Addison-Wesley Publishing

Company, 1986.

[4] Corinne Ancourt and Fran� cois Irigo= in. Scanning polyhedra with do lo ops. Third ACM SIGPLAN Symposium on Principles & Pr= actice of Paral lel Programming

(PPOP= P), pages 39{50. The Association for Computing Mac= hinery, April 1991.

[5] Tom M. Ap Calculus. John Wiley and Sons, Inc, second editio= n, 1969. Vol-

ume II, Multi-Variable Calc= ulus and Linear Alegbra, with Applications to Di�erenostol.

Equations and Probability.

[6] Vasant= h Balasundaram, Geo�rey Fox, Ken Kennedy, and Ulri= ch Kremer. An inter-

active environment = for data partitioning and distribution. In The Distributed

Memory Computing Conference [25]= , pages 1160{1170.

[7] Utpal Banerjee. Fifthendence Analysis for Supercomputing. = The Kluwer International

Series in Engineering = and Computer Science: Parallel Processing and Fifth Ge= neration

Computing. Kluwer Academic Publishers,

144 BIBLIOGRAPHY

[8] H. Beyer. CRC Standard Mathematical Tables. CRC Press, Incorp orated, 2000

N.W. 24th Street,= Boca Raton, FL 33431, twenty-sixth edition, 1= 981.

[9] David Callahan, Ken Kennedy, and All= an Porter�eld. Software prefetching. In Fourth=

International Conference on Architectura= l Support for Programming Languages and

Op= erating Systems [27], pages 40{52.

Steve Carr and Ken Kennedy. Blo cking linear = algebra codes for memory hierarchies.

In Prceeding of the Fourth SIAM Conference on Par= al lel Processing for Scienti�c

, pages 400{405. Society for Industrial and Computing Mathematics, December

1989.

[11] Chi-Hung= Chi and Henry Dietz. Improving cache performa= nce by selective cache by-

pass. In o W. Hoevel and Veljko Milutinovic, editors, Pr= oceedings of the Twenty-

Second A= nnual Hawaii International Conference on System Sciences= , pages 277{285.

IEEE Computer Society [10] 1989.

[12] Ron Cytron. Doacross: Beyond v= ectorization for multiprco essors (extended abstract).

In 1986 International Conference on Paral lel = Processing, pages 836{844. IEEE Com-

Society Press, 1986.

[13] George B. Danand Curtis B. Eaves. Fourier-motzkin elimination a= nd its dual.

Journal of Combinatorial Theory,= A(14):288{297, 1973.

[14] R. J. Du�n. On Fourier’s analysis of linear inequality systems. Mathematical Pro-

gramming Study, 1:71{95,= 1974.

[15] Christine Eisenbeis, William tzig, Daniel Windheiser, and Fran� cois Bodin= =2E A strategy

for array management in lo cal = memory. In 3rd Workshop on Programming Langu= ages

and Compilers for Paral lel Computing [37]= , pages 238{253. From preliminary proceed-

issued as a technical rep ort by University of Ca= lifornia, Irvine.

[16] J. A. B. Fortes and D. = I. Moldovan. Parallelism detection and transformatio= n tech-

niques useful for VLSI algorithms. Journal of Paral lel and Distributed Computing,

2:277{301, 1985.

BIBLIOGRAPHY 145

[17] Kyle Ga= llivan, William Jalby, and Dennis Gannon. On the p= roblem of optimizing

data transfers for complex ings, systems. In 1988 International Conference on

Supercomputing, pages 238{253. The Associa= tion for Computing Machinery, July 1988.

[18] D= ennis Gannon, William Jalby, and Kyle Gallivan. Strate= gies for cache and local mem-

ory management = by global program transformation. Journal of Paral le= l and Distributed

Computing, 5:587{616, 1988.

[19] Edward H. Gornish, Elana D. Granston, and Al= exander V. Veidenbaum. Compiler-

directed puter prefetching in multipro cessors with memory hierarc= hies=2E In 1990 Interna-

tional Conference on = Supercomputing, pages 354{368. The Association for= Computing

Machinery, June 1990.

Andrew Grace. Optimization Toolbox For Us= e with MATLAB. The MathWorks,

24 Prime Park Way, Natick, MA 01760, August= 1992. Internet e-mail:

info@mathworks.com.

[21] Ra jiv Gupta and Jim Ka jiya. Compil= er optimization of array data storage. Technical

Rep ort Caltech-CS-TR-90-07, California Institute of T= echnology, April 1990.

[22] Hewlett-Packar= d Company. PA-RISC 1.1 Architecturand Instruction Set Reference

Manual, 1990.= Manual Part Numb er: 09740{90039.

[23] = S. Hiranandani, K. Kennedy, and C.-W. Tseng. Compiler = optimizations for FORTRAN

D on MIMD distributed-me= mory machines. In Supercomputing ’91 [28]= , pages 86{100.

[24] Jia-Wei Hong and H. = T. Kung. I/O complexity: The red-blue p ebble game. I= n Proceed-

ings, Thirteenth Annua= l ACM Symposium on Theory of Computing, 326{333.

The Association for Computing Machinery= , 1981.

[25] The Fifth Distributed Computing Conference. IEEE Computer Society Memory

April 1990.

[26] 1990 International Co= nference on Paral lel Processing. IEEE Com= puter Society Press,

1990.

[27] Fo= urth International Conference on Architectural = Support for Programming Languages

and Ope= rating Systems. IEEE Computer Society Press, Apri= l 1991.

146 BIBLIOGRAPHY

[28] Supe= rcomputing ’91. IEEE Computer Society pages 1991.

[29] F. Irigoin and R. Triolet. Su= p ernode partitioning. In Proceee of the Fifteenth An-

nual ACM SICACT-SIGP= LAN Symposium on Principles of Programming Languag= es,

pages 319{329. The Association for Machinery, January 1988.

[30] Supercomp= uting ’89: Proceedings of the Fourth I= nternational Conference on Supercom-

putingComputing. International Sup ercomputing Institute, Novembe= r 1989. Santa Clara, CA.

[31] H. T. Memory requirements for balanced computer Journal of

Complexity, 1:147{157, 1985.

[32] H. T. Kung. Computational models for paralle= l computers. Technical Rep ort CMU-

CS-88-16= 4, Carnegie Mellon University, August 1988. Prepared f= or the Royal Society

Discussion Meeting on = \Solving Scient�c Problems on Multipro cessors".

1988. Monica Lam, Edward Rothb erg, and Michael W= olf. The cache p erformance and opti-

mizations blo cked algorithms. In Fourth International Con= ference on Architectural

Support for P= rogramming Languages and Operating Systems [2= 7], pages 63{74.

[34] Wei Li and Keshav P= ingali. Access normalization: Loop restructuring for= NUMA

compilers. In Fifth International Confer= ence on Architectural Support for Prog= ram-

ming Languages and Operating Systems [2], pages 285{295. Also available as ACM

SIGPLAN Notices, Volume 27, Numb er 9, Septemb = er 1992.

[35] Wei Li and Keshav A singular lo op transformation framework based non-

singular matrices. In 5th Workshop on Langu= ages and Compilers for Paral lel Comput-

ingpages 249{259. Yale University, August 1992.

[36= ] Cror E. Maydan, Saman P. Amarasighe, and , S. Lam. Array data- ow analysis

and its u= se in array privatization. In Conference Rec= ord of the Twentieth Annual ACM

SICACT-S= IGPLAN Symposium on Principles of Programming Lang= uages, pages 2{15.

The Association for Computing= Machinery, January 1993.

[37] 3rd = Workshop on Programming Languages and Compilers Paral lel Computing. Pit-

man / MIT-Press, = August 1990. From preliminary proceedings, issued as a= technical

rep ort by University of Californ= ia, Irvine.

BIBLIOGRAPHY 147

[38] Keshav= Pingali and Anne Rogers. Compiling for lo cality.= In 1990 International Con-

ference on Pa= ral lel Processing [26], pages II:142{146.

[39] Allan K. Porter�eld. Software Metho= ds for Improvement of Cache Performance on

S= upercomputer Applications. PhD thesis, Rice Unive= risty, May 1989.

[40] William Pugh. The O= mega test: A fast and practical integer programming algorit= hm

for dep endence analysis. In Superc= omputing ’91 [28]. To app ear in Commfor

of the ACM.

[41] William Pugh and Da= vid Wonacott. Eliminating false data dep endences usin= g the

Omega test. In Fifth International Conf= erence on Architectural Support for Prog= ram-

ming Languages and Operating Systems on[2], pages 140{151. Also available as ASIGPLAN Notices, Volume 27, Numb er 9, ber 1992.

[42] J. Ramanujam and PSadayappan. A methodology for parallelizing programs fo= r mul-

ticomputers and complex memory multipro = cessors. In Supercomputing ’89: Proceed= ings

of the Fourth International Conference Supercomputing [30], pages 637{646. SanClara, CA.

[43] J. Ramanujam and P. Sada= yappan. Nested lo op tiling for distributed memor= y ma-

chines. In The Fifth Distributed Memor= y Computing Conference [25], pages 1088{1096.

[44] J. Ramanujam and P. Sadayappan. Ti= ling of iteration spaces for multicomputers. 1990 International Conference on Paral lel Pr= ocessing [26], pages I I:179{186.

[45] J= =2E Ramanujam and P. Sadayappan. Compile-time t= echniques for data distribution in

distributed mem= ory machines. IEEE Transactions on Paral lel and= Distributed Systems,

2(4):472{482, Octob = er 1991.

[46] J. Ramanujam and P. Saday= appan. Tiling multidimensional iteration spaces for onul-

ticomputers. Journal of Paral lel . Distributed Computing, 16:108{120, 1992.

Hudson Ribas. Automatic Generation of Programs From Nested Loops. PhD=

thesis, Carnegie Mellon University, June [48] Rob ert Schreib er and Jack J. Do= ngarra. Automatic blo cking of nested loops. Techni= cal

Rep ort 90.38, Research Institute for Advanc= ed Computer Science, August 1990.

148 BIBLIOGRAPHY

[49] Schrijver. Theory of Linear and InteProgramming. Wiley-Interscience

Series = in Discrete Mathematics and Optimization. Wiley, [50] J. Subhlok, J. Stichnoth, D. O’Hallaron, and Gross. Programming task and data

parallelism on a= multicomputer. In Proc. of the ACM Symp= osium on Principles and

Practice of Paral = lel Programming (PPoPP), pages 13{22, May 199= 3.

[51] Alan Sussman. Model-Driven Mapping of = Computation onto Distributed Memory Par-

al lel Compu= ters. PhD thesis, Carnegie Mellon University, Se= ptemb er 1991.

[52] Ping-Sheng Tseng. A Par= al lelizing Compiler for Distributed Memory Paral le= l Com-

puters. PhD thesis, Carnegie Mellon Uni= versity, May 1989.

[53] David. A. Wismer = and R. Chattergy. Introduction to Nonlinear= Optimization: A

Problem Solving ApproT.. North-Holland Series in System Science and Enginee= ring=2E

North-Holland, 1978.

[54] Michael Wolf= and Monica Lam. A data lo cality optimizing algorith= m. In Proceed-

ings of the AC= M SIGPLAN ’91 Conference on Programming Langua= ge Design and

Implementation, pages 30{44. Association for Computing Machinery, June 1991.

= [55] Michael E. Wolf and Monica S. Lam. Maximizing = parallelism via lo op transformations.

In 3rd = Workshop on Programming Languages and Compilers Paral lel Computing

[37]. From proceedings, issued as a technical rep ort by Univer= sity of

California, Irvine.

[56] MichaelE.WolfandMonicaS.Lam. Alooptheoryandanalgorithm

to maximize IEEE Transactions on Paral lel and Distribute= d Systems,

2(4):452{471, October [57] Michael Edward Wolf. Improving Lo= cality and Paral lelism in Nested Loops. = PhD thesis,

Stanford University, August [58] Michael Wolfe. Optimizing Supercomp= ilers for Supercomputers. University of Ill= inois

at Urbana-Champaign, 1982.

BIBLIOGRAPHY 149

[59] Michae= l Wolfe. More iteration space tiling. In ercomputing ’89: Proceedings of the

Fourth International Conference on Supercomput= ing [30], pages 655{664. Santa Clara,

CA.