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Abstract

In apreference aggregation setting group of agents must jointly make a decision, based on the
individual agents’ privately known preferences. To do so, the agents need some protocol that will
elicit this information from them, and make the decision. Examples include voting protocols, auc-
tions, and exchangeblechanism desigis the study of designing preference aggregation protocols
in such a way that they work well in the face of strategic (self-interested) agents. In most real-world
settings, mechanism design is confronted with various computational issues. One is the complex-
ity of executinghe mechanism. Particularly expressivereference aggregation settings (such as
combinatorial auctions), many mechanisms become hard to execute. Another is the complexity of
designingthe mechanism. When general mechanisms do not apply to, or are suboptimal for, the
setting at hand, a custom mechanism needs to be designed for it, which is a nontrivial problem
that is best solved by computeautomated mechanism desjgirinally, there is the complexity of
participatingin the mechanism. In complex settings, agents with limited computational capabilities
(bounded agenjswill not necessarily be able to act optimally, which should be taken into account
in the mechanism design process.

My thesis statement is thate can employ the study of computational aspects of the mecha-
nism design process to significantly improve the generated mechanisms in a hierarchy of ways
leading to better outcomes (and a more efficient process). The dissertation outlines this hierarchy,
and illustrates and addresses representative issues at various levels of the hierarchy with new re-
sults. It also serves as a significant step towards a longer-term research goal: realizing a mechanism
design approach that addresses all of these issues simultaneously, comprehensively, and optimally,
in settings with real-world complexity.
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Chapter 1

Introduction

There are many important settings in which multiple partieagent3 must jointly make a decision—

to choose oneutcome&rom a space of many possible outcomes—based on the individuals’ prefer-
ences (and potentially other privately held information). For example, individual persons may need
to decide how to allocate various tasks and resources among themselves; firms may need to decide
on how to structure the supply chain to efficiently bring a product to the consumer; the governments
of nations may need to decide on what form, if any, an international treaty will &tke;Such
preference aggregation settingse pervasive in human (and perhaps even animal) life, and have
long been studied, especially in economics and political science. In recent years, computer science
has joined the set of fields with significant interest in preference aggregation. As computer systems
become increasingly interconnected, more and more problems come to the forefront that are fun-
damentally about selecting good outcomes in the face of conflicting preferences. Examples include
scheduling multiple users’ jobs; routing network traffic for multiple users; choosing which compa-
nies’ advertisements to display on a webpage; ranking the webpages of multiple authors in response
to a search quengtc. In addition, software agents have the potential to aid humans in, or poten-
tially even take over, some preference aggregation tasks, such as trading items over the Internet.
The interest of computer scientists in preference aggregation is driven in part by such applications;
however, another driver is the fact that computationally nontrivial problems must be solved in al-
most all complex preference aggregation settings, so that computer scientists can contribute even to
settings that are not otherwise related to computer science.

To aggregate their preferences effectively, the agents need to usgsaoml that will elicit
the agents’ preferences (and other pertinent information) from them, and select the outcome. There
are two great challenges in designing a good protocol. First, a good protocol should, when provided
with accurate information, arrive at an outcome that is considered good for the agents. Finding
such a good outcome may require significant communication and computation, especially when
the outcome and preference spaces are combinatorial in nature. Second, when the agents are self-
interested, they will misreport their information to the protocol (also knowmasipulating when
it is beneficial for them to do so. Thus, a good protocol should take this strategic behavior into
account, and select outcomes in such a way that a good outcome is reached even though the agents
are strategic (for instance, by making sure the agents have no incentive to misreport). The theory of
mechanism desigstudies how to make protocols strategy-proof in this sense.

13



14 CHAPTER 1. INTRODUCTION

Computation plays a significant role in both the execution and the design of good protocols.
This role is clearly apparent in some cases—for instance, selecting a good outcome, even with all the
agents’ true information in hand, may require the solution of a computationally hard optimization
problem. However, computation can also have more subtle roles in the design of protocols—for
instance, when anticipating the extent of an agent’s strategic manipulation of the mechanism, it can
be helpful to have a good assessment of the agent’s computational limits in manipulating.

1.1 A hierarchy of uses for computation in preference aggregation

| propose the following hierarchy (Figure 1.1) for categorizing various needs for computational tools
in preference aggregation settings. Computational tools may improve the aggregation of the agents’
preferences over outcomes through:

(1) The straightforwardptimization of the outcome (choosing the outcome that maximizes
the sum of the agents’ utilities, also known as sloeial welfare or some other objective), given all
the agents’ preferences and other information, in potentially complex allocation or other outcome
selection tasks—without consideration of strategic behavior.

(2) Enabling the use of mechanismfor the selection of the outcome, where the mechanism is
designed so that a good outcome will be chosen in spite of strategic behavior by the agents.

(3a) Rather than enabling a known general mechanism, computingtammechanism on the
fly for the setting at handaitomated mechanism desigh

(38b) Making use of the agents’ computational limits pmunded rationality, in the mechanism
design process to reach better outcomes.

(4) Generalizing all of the previous tools to enahléomated mechanism design for bounded
agents

Section 1.2 introduces the nodes of the hierarchy using an example application setting. Sec-
tion 1.3 discusses the meaning and use of the hierarchy itself (that is, the relationships represented
by the directed edges). Section 1.4 discusses research directions in preference aggregation that are
orthogonal to this hierarchy. Finally, Section 1.5 gives an outline of the remainder of the disserta-
tion.

1.2 The hierarchy’s nodes illustrated by example

In this section, | will introduce the nodes of the hierarchy using the examplearh&inatorial auc-
tion. Combinatorial auctions have recently become a popular research eopiRothkopfet al.,,
1998; Sandholm, 2002a; Nisan, 2000; Sandhetral., 2005c; Gonen and Lehmann, 2000; Nisan
and Ronen, 2000; Lehmam al,, 2002; Bartakt al., 2003; Laviet al,, 2003; Yokoo, 2003; Parkes,
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"] Outcome optimization

2| Mechanism design |

34 Automated 3dMechanism design for
mechanism design bounded agents

A Automated mechanism design
for bounded agents

Figure 1.1: The hierarchy of uses for computational tools in preference aggregation.

1999a; Wurman and Wellman, 2000; Ausubel and Milgrom, 2002]). They are arguably the canon-
ical example of a preference aggregation domain that is expressive enough to introduce a variety
of nontrivial computational issues, and they have increasing practical importance. (In fact, some of
the results to be presented in this dissertation strictly concern combinatorial auctions.) Neverthe-
less, these issues occur in many other important preference aggregation domains, and combinatorial
auctions here only serve as an (important) illustrative example.

In a combinatorial auction, a seller has multiple items for sale, and bidders can bichdles
(subsets) of items. For example, suppose Sally has an apple and an orange for sale. Al would en-
joy eating the apple and places a bid of $2 on the apple (more precisely, the bundle consisting of
the apple alone). The orange by itself is worth nothing to Al. However, he would prefer having
both the apple and the orange, to make a fruit salad; and so, Al bids $3 on the bundle of the apple
and the orange together. Meanwhile, Bill is only interested in the orange, and bids $2 on the or-
ange. Thus the bids can be represented as follew${apple) = 2, va({apple, orangp) = 3,
vp(({orangg) = 2. (For the purposes of this example, | will assume that all bids are submitted
simultaneously—a so-calleskaled-bidauction. This contrasts with, for instance, the more com-
monly knownEnglish auctiorfor a single item in which bidders can continue to improve their bids.)

We are now ready to start introducing the nodes of the hierarchy using this example.
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1.2.1 Node (1): Outcome optimization

In our example, who should win which items? Giving Al both items will generate a value of $3,
but giving the Al the apple and Bill the orange will generate a value of $2 + $2 = $4. So, given the
information that we have, the latter is the most sensible outcome of the auction. This problem of de-
termining which of the bids win is known as thenner determinatioror clearingproblem. In spite
of its apparent simplicity, once the numbers of items and bids become large, this problem becomes
computationally hard: it is NP-complete [Rothkaogifal,, 1998], even to approximate [Sandholm,
2002a].

The clearing problem is a good example of a problem at the shallowes{hddéhe hierarchy:
the straightforwardptimization of the outcome, without consideration of strategic behavior. At
this node, we assume that we have a full characterization of each agent’s preferences over the out-
comes (in our example, this characterization is given by the bids), and we take this characterization
at face value. That is, we do not worry about whether the estimates of the agents’ preferences that
we have are inaccurate (for instance, perhaps the agents reported their preferences to us directly,
and they may have misrepresented them to effect a better outcome for themselves). This approach
is appropriate when, for instance, we obtained our estimates of the agents’ preferences from a dis-
interested source (not the agents themselves). The optimization algorithm may also be used as a
subroutine in a mechanism that does take strategic behavior into consideration—we will discuss
this in more detail later.

1.2.2 Node (2): Mechanism design

The ability to solve the clearing problem well is necessary for reaching good outcomes in combi-
natorial auctions, but, as we will see in this subsection, it is not sufficient. So far, we have not yet
discussed what the bidders in the auction should pay. Let us suppose that the audiimt-fwiae
auction, in which bidders simply pay the values of their winning bids. In first-price auctions, bidders
typically do not bid their true valuations, because if they did, they would gain nothing from having
their bids accepted. Rather, bidders will bid lower than their true valuations, to have a chance of
making some profit in the auction. To decide how much lower they will bid, they will take into
account their perceived chances of winning for each amount that they may bid. In our example,
perhaps Al's true marginal value for having the orange (in addition to the apple) was much higher
than $3 - $2 = $1; perhaps it was $10, but Al (in retrospect, incorrectly) thought it was extremely
unlikely that Bill would place a bid higher than $1. Meanwhile, perhaps Bill’s true value for the
orange was $9, but Bill (in retrospect, correctly) thought that Al would think that bidding $3 on the
bundle of the apple and orange would in all likelihood be enough to win that bundle, and therefore
Bill chose to bid only $2. Now, even though we solved the clearing problem optimally with respect
to the bids provided, a number of things still went wrong. First, from the perspective of economic
efficiency, the orangshouldhave ended up with Al rather than Bill, because Al's marginal value
$10 for it is greater than Bill's marginal value $9 for it. Second, Sally received a total revenue of
only $4, whereas it would seem that there was enough competition on the orange alone for her to
receive at least $9.

These problems are the result of the auction format (a sealed-bid first-price auction). For ex-
ample, arascending-pricauction in which bidders can continue to raise their bids may have been



1.2. THE HIERARCHY'’S NODES ILLUSTRATED BY EXAMPLE 17

more successful here. (Various research has been devoted to the implementation of ascending-price
or iterative auctions and exchanges in multi-item settings [Parkes, 1999a; Wurman and Wellman,
2000; Ausubel and Milgrom, 2002; Parketsal., 2005]. Such protocols are themselves special cases

of a more general framework in which the auctioneer is enhancetiditpr softwarethat incremen-

tally and adaptively elicits the bidders’ preferences using specific queries until enough information
has been elicited to determine the final allocation and payments[Conen and Sandholm, 2001].) An
ascending-price auction, however, can run into a variety of other problems in other settings. Yet
another approach may be to apply a typese€ond-priceauction. In a second-price (&fickrey)

auction for one item, the winner pays the value of the second highest bid. (The generalization of
the second-price auction to multiple items is known asi@& mechanisrjVickrey, 1961; Clarke,

1971; Groves, 1973].) (Generalizations of) second-price auctions have the nice property that bidders
are motivated to bid their true value for an item.

Different formats for auctions (or other preference aggregation domains) are knawechs
anisms and the process of constructing them is knownmeechanism designThe mechanism
specifies—for each combination of preferencesypeg that may be reported—what the outcome
should be, as well as additional variables, such as payments to be made. Over the past several
decades, economists have put together a limited library of mechanisms that motivate agents to re-
port their preferences.¢€., bid) truthfully, pursue some objective under this constraint (for instance,
social welfare), and that can be applied in settings with varying levels of generality. For example,
mechanisms have been discovered that, under some assumptions, will motivate agents to report
truthfully in any preference aggregation setting, while still always choosing the socially optimal
outcome. These are the VCG mechanism mentioned previously, and the dAGVA [d’Aspremont and
Gérard-Varet, 1979; Arrow, 1979] mechanism.

Even when these general mechanisms are known, applying them to complex combinatorial set-
tings (such as combinatorial auctions) is typically highly nontrivial, sometimes requiring the solu-
tion to multiple winner determination problems. For example, to apply the VCG mechanism to a
setting, one typically requires the solution to (#bidders+1) outcome optimization problem instances:
the original one, as well as each one in which one of the bidders is omitted from the instance. More-
over, using approximation approaches that are effective for the outcome optimization pparlem
seto execute the mechanism can destroy the strategic properties of the mechanism: agents will no
longer be motivated to tell the truth [Nisan and Ronen, 2001; Sandholm, 2002b]! Thus, the agents
will report their preferences strategically rather than truthfully. Moreover, there is no guarantee that
the resulting strategic equilibrium will produce an outcome that is anywhere close to the socially
optimal one. The resulting challenge is to design special approximation algorithms that do incent
the agents to report truthfully. Or, put differently, the challenge is to design special truthful mecha-
nisms whose outcomes are at least reasonably good, and can be computed in polynomial time. This
is known asalgorithmic mechanism desigNisan and Ronen, 2001].

Node(2) in the hierarchy is concerned with the issues described in this subsection: designing
mechanisms that encourage agents to tell the truth in (expressive) preference aggregation settings,
as well as designing efficient algorithms for computing the outcomes of these mechanisms, thereby
enabling their use.
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1.2.3 Node (3a): Automated mechanism design

Depending on her goals, Sally will prefer some mechanisms to others. Which mechanism is the
optimal one? To make this more concrete, suppose Sally assesses the situation as follows:

| want to maximize my expected revenue, but | want to cap my revenue at 6. As
a secondary objective, | want to maximize Al and Bill's social welfare (combined
utility), but | do not want Al’s utility for the outcome to exceed Bill's by more than

3. I think Bill's utility for the orange alone is probably (80%) 9, but maybe (20%)
itis 1. As for Al's utilities, ...

Et cetera.When Sally looks into the library of general mechanisms, she will make some troubling
discoveries. First of all, nobody has ever studied what to do under exactly her idiosyncratic goals
(presumably because her goals lack simplicity and elegance). She will likely discover some relevant
facts, though:

1. Many people have actually studied the problem of how to maximize expected revenue when
selling two items, but there is still no general characterization of how to do this [Avery and
Hendershott, 2000; Armstrong, 2000; Vohra, 2001].

2. When two parties are negotiating over an item, it is in general not possible to design a mecha-
nism such that the item always ends up with the party who likes it best without money flowing
in or out of the system consisting of the two parties [Myerson and Satterthwaite, 1983]. This
is relevant to Sally in cases where she is clearly going to make her revenue cap, from which
point on money can only flow between Al and Bill. (Alternatively, money can flow outside of
the system consisting of Al, Bill, and Sally, which is not desirable.)

It may seem at this point that Sally is in over her head and should simply choose one of the
known mechanisms that she thinks comes at least somewhat close to what she is looking for. But,
while her situation may seem overwhelming, Sally does have a leg up on the economists studying
these problems. Rather than being concerned with a general characterization for all settings in the
domain of combinatorial auctions, Sally is only concerned with her own setting, which involves an
apple, an orange, two buyers Al and Bill, Sally’s objective, and specific prior probabilities for the
buyers’ preferences. If she finds the mechanism that is the best for her particular setting, she will not
care whether or not (or to what extent) it generalizes to all possible settings. Still, Sally, who wants
to get back to growing apples and oranges, may not be patient or qualified enough to solve even
this restricted problem by hand. To address this, we introducedutuenated mechanism design
approach [Conitzer and Sandholm, 2002b], in which we solve the mechanism design problem for a
given setting by computer, as an optimization problem. This is the topic of (@a}ecomputing a
custommechanism on the fly for the setting at hand.

1.2.4 Node (3b): Mechanism design for bounded agents

It is the nature of mechanism design to assume that agents are strategic in how they interact with the
mechanism. However, assuming fully strategic agents implies assuming perfectly rational agents.
As a result, traditional mechanism design may often be too conservative in the extent to which it
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expects the agents to manipulate. To make this concrete, consider a mechanism designer that is con-
sidering Sally’s mechanism design problem (and suppose that the setting is a little more complex,
involving a larger variety of fruits). The designer’s analysis may proceed as follows.

... In the case where Al bidg3 on the apple$4 on the apple and the orang#l

on the banana, ... And Bill bids... Then, it would be very good for the objective |
am pursuing if | can give Al the apple only, and charge $x50. Unfortunately,

if I did this, Al would have an incentive to misreport his preferences as follows: bid
$3.50 on the apple$6 on the banana and the grapefru3 on the tangerine... —
because for this bid we already decided on an outcome that would be better for Al.
So, | have to do something else...

(Of course, most of this analysis would not be done explicitly, but rather implicitly in the mathemat-
ical analysis—although the optimization-based approach of automated mechanism design would be
closer to this in terms of how explicit the analysis is.) This analysis would be overly conservative

if Al was too computationally limited to ever discover the beneficial misreport of his preferences
“$3.50 on the apple, $6 on the banana and the grapefruit, $3 on the tangerine...”, and thus it may
leave money (more precisely, objective value) on the table. Ideally, mechanism design should take
into account such computational limitations. This is the topic of n@l§: making use of the
agents’bounded rationality in the mechanism design process to reach better outcomes.

The way this plays out technically is as follows. The classical theory of mechanism design tells
us that there is no benefit to using mechanisms in which the agents have incentives to make insincere
revelations (that ispon-truthful mechanismsas opposed to truthful mechanisms): if the agents
behave strategically, then for every non-truthful mechanism, there is another truthful mechanism
that performs just as well. This result is known as tieelation principle[Gibbard, 1973; Green
and Laffont, 1977; Myerson, 1979, 1981], and the basic idea behind its proof is remarkably simple.
Suppose we envelop a non-truthful mechanism witingerface layer to which agents input their
preferences. Then, the interface layer interacts with the original mechanism on behalf of each agent,
playing strategically in the agent’s best interéstsed on the reported preferences. (Compare, for
example, proxy agents on eBay [eBay UK, 2004].) The resulting mechanism is truthful: an agent
has no incentive to misreport to the interface layer, because the layer will play the agent’s part in
the original mechanism in the agent’s best interest. Moreover, the final outcome of the new, truthful
mechanism will be the same, because the layer will play strategically optimally—just as the agent
would have. However, in complex settings, the last step in this argument may be incorrect: it is
possible that the agent, due to computational limitations (bounded rationality), would not have been
able to play optimally in the original, non-truthful mechanism. If this is so, then the outcome for
the non-truthful mechanism would have been different—perhaps better. Thus, mechanism design
for computationally bounded agents should not focus strictly on truthful mechanisms, but rather try
to construct better, non-truthful mechanisms based on models of the computational boundedness of
the agents. The advantage of doing so is that strictly better outcomes may be obtained than by any
truthful mechanism, because (only) by using a non-truthful mechanism, we can exploit the agents’
computational inability to always act in a strategically optimal way.
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1.2.5 Node (4): Automated mechanism design for bounded agents

Finally, ideally, Sally would like to maintain the benefits of automated mechanism design while
also making use of the agents’ bounded rationality. This is certainly nontrivial, because the settings
in which the agents’ bounded rationality comes into play tend to be the same as those that are too
complex for current automated mechanism design techniques to handle. Specifically, bounded ra-
tionality becomes relevant mostly in settings where agents can have exponentially many possible
preferences (types), and automated mechanism design usually does not scale to very large num-
bers of types. Nevertheless, towards the end of this dissertation, we will present one approach to
automated mechanism design for bounded agents.

1.3 How to use the hierarchy

Whereas the previous section introduced the individual nodes, in this section, | will focus on the
meaning and intended use of the hierarchy itself.

1.3.1 Interpretation

I will first discuss how the hierarchy (that is, the relationship between the nodes represented by the
directed edges in Figure 1.1) should be interpreted. Each node inherits the computational complex-
ities typically associated with its ancestor nodes. For instance, a nontrivial mechanism may need
to be created for a complex allocation task whose outcome optimization problem is already hard.
The computational issues that each node introduces thus become closely intertwined with those of
nodes at shallower levels. Throughout this dissertation, for clarity, | will try as much as possible
to separate out the computational issues specific to the node under consideration from those of the
shallower levels, but the reader should bear in mind that some of the most valuable future research
will be done in settings where computational issues from multiple levels are nontrivially present
simultaneously.

A related point is that in order for the hierarchy to make sense, the underlying setting (for
instance, a combinatorial auction) should be assufixed—rather than assuming that the setting
has a level of complexity that is of “appropriate” difficulty to the node in the hierarchy at hand. This
precludes misleading arguments such as the following: “Outcome optimization is only interesting
in complex combinatorial settings. Automated mechanism design, on the other hand, is nontrivial
even in small, flatly represented settings, and should thus be studied there first. Therefore, automated
mechanism design does not necessarily address issues associated with outcome optimization.” If the
setting is fixed beforehand, then either outcome optimization is trivial, and automated mechanism
design may be manageable; or outcome optimization is nontrivial, and automated mechanism design
is likely to be difficult for current techniques. Nevertheless, in either case, automated mechanism
design must deal with the optimization issues presented by the setting.

1.3.2 Complexity of node vs. complexity of setting

Many (but not all) of the computational issues to be discussed in this thesis are in part the result of
the complexity of the setting. For example, single-item auctions do not introduce many computa-
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tional questions because of the simplicity of the setting, whereas structured auctions are a source of
numerous difficult computational questions. The complexity of the setting is closely tied¢p-ts
resentation Simple settings can be flatly represented (that is, all possible outcomes and preferences
can be explicitly listed), whereas more complex settings requseugturedrepresentation. For
example, in a large combinatorial auction, it is not feasible to simply list all possible allocations and
read through them one by one to find the best one. Rather, we have a combinatorial description of
the space of possible allocations, and require sophisticated algorithms to search through this space.

The following table shows how the complexity of each node in the hierarchy depends on whether
the setting is flat (that is, all possible outcomes and preferences can be explicitly listed) or structured
(that is, all possible outcomes and preferences cannot be explicitly listed, but there is a way of
representing all of them in a more concise way, as in a combinatorial auction). The entries in the
table without special emphasis do not introduce any (additional) questions related to computation.
The entries intalics do introduce such questions, and the dissertation will address them in detail.
The entries irbold are mostly beyond the scope of this dissertation and represent important agendas
for future research.

| Node | Flat Settings | Structured Settings |
(1) Outcome optimization | trivial sometimes computationally hard
(2) Mechanism design standard setting for need to balance computation,

classical mechanism desigroptimality, and incentives
(3a) Automated mechanism sometimes computationally some approaches for special classe

12}

design hard no known (computationally

efficient) general approaches
(3b) Mechanism design fory bounded rationality is design mechanisms to beneficially
bounded agents irrelevant place computational burden on agents

no known general theory

(4) Automated mechanism| coincides with automated | incrementally make mechanisms
design for bounded agent§ mechanism design more strategy-proof

no known general theory

The complexity of each node vs. the complexity of the setting.

The fact that these issues are harder in structured settings than in flat settings should, of course, not
be interpreted to imply that it is a bad idea to find good concise representations of settings of interest
by using their inherent structure. The issues described in the table are harder for structured settings
than for flat settingsf the same description lengthlowever, a good structured representation can
significantly reduce the problem’s description length (and in many cases writing the problem down
is not even feasible without some structured representation). Moreover, the special structure of a
setting can often be used to help solve the problem.

1.3.3 Are the shallow nodes outdated?

| should emphasize that it it my opinion that research strictly focused on the shallower levels of
the hierarchy (such as solving complex outcome optimization problems without taking questions of
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mechanism design into account) is outdated or pointless, for the following three reasons.

First, sometimes issues deeper down in the hierarchy do not apply to the setting at hand. For
instance, if all agents’ preferences are commonly known beforehand, there is no need for mechanism
design. Or, if we need to design the mechanism ahead of time for a general domain without any
knowledge of the instances that will actually arise, automated design cannot contributé much.
Finally, we may not want to assume that the agents are in any way computationally restricted, for
instance because we know the stakes are high enough that the agents will spare no effort in finding
the most beneficial manipulation. Nevertheless, it is not typical that some of these issues can be
assumed away at no cost, and thus perhaps the following two reasons are more important.

The second reason is that at least in the short run, some of the research most valuable to the world
will consist of findingnew domainsn preference aggregation where computer science techniques
can be fruitfully applied. Some very recent examples of new domains include the following:

e Fortnowet al.[2003] introduce an expressive framework for trading securities that generate
payoffs in certain states of the world (where the states of the world are represented by Boolean
formulas).

e Porter [2004] studies mechanism design for the scheduling of different agents’ jobs on a
processor.

e We [Conitzer and Sandholm, 2004€] study the domain of donations to charitable causes, and
introduce an expressive bidding language for arriving at complex contracts over who pays
what to which charities—a generalization of so-called “matching offers”. (This topic will be
discussed in upcoming chapters, Sections 2.3, 3.3, and 5.2.)

New domains such as these are most naturally studied first at the shallower levels of the hierarchy,
and later deeper down in the hierarchy. Attempting to immediately study the new domain in the
deepest levels of the hierarchy may leave important issues at shallower levels underinvestigated.

Third, better solutions for problems shallower up in the hierarchy can have significant impli-
cations for problems deeper down in the hierarchy. For instance, new algorithms for solving out-
come optimization problems (such as clearing a combinatorial auction) to optimality may reduce
the need for designing mechanisms that implement easily computable approximations. (For exam-
ple, the VCG mechanism is always sufficient to implement the social welfare maximizing outcome,
if optimal outcomes can be computed.) Also, deriving (possibly partial) general characterizations
of mechanisms with desirable properties may help automated mechanism design, by reducing the
search space to the set of mechanisms consistent with the characterization.

Thus, there is significant motivation for studying problems strictly at the shallower levels of
the hierarchy (especially in new domains); but eventually, as this research matures, the benefits of
additional research in the shallower levels will decrease, and we should shift to deeper levels of the
hierarchy to create greater value for the world.

Though perhaps it could still be used by running it on some random instances in the domain, and attempting to extract
general principles from the mechanisms generated in these experiments.
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1.4 Orthogonal research directions

While the hierarchy is useful in classifying much of the research on computational aspects of prefer-
ence aggregation, there are also research directions that are orthogonal to the topics in the hierarchy.
Perhaps the most important such direction is thatreference elicitationln preference elicitation,

the idea is to not have each agent reveal its entire preferences in one step, but rather to selectively
and incrementally query the agents for aspects of their utility functions, in the hope that the outcome
can be determined while having the agents reveal only a fraction of their preference information.
There are several benefits to reducing the amount of preferences that the agents need to reveal. First,
determining one’s utility for any specific outcome can be computationally demanding [Sandholm,
1993a, 2000; Parkes, 1999b; Larson and Sandholm, 2001b]. Second, in many settings, the utility
functions of agents are exponentially sized objects that are impractical to communicate. Finally,
agents may prefer not to reveal their utility information for reasons of privacy or long-term compet-
itiveness [Rothkopét al.,, 1990].

As an example, variougscendingombinatorial auction protocols have been proposed [Parkes,
1999a; Wurman and Wellman, 2000; Ausubel and Milgrom, 2002; de \atied.,, 2003]. Such
auctions maintain current prices for the items/bundles, which allows bidders to focus their bidding
efforts on bundles on which they are competitive. Conen and Sandholm [2001] have proposed a
more general framework where the auctioneer is enhanced by elicitor software that incrementally
and adaptively elicits the bidders’ preferences using specific queries until enough information has
been elicited to determine the final allocation and payments. This framework was experimentally
evaluated for general combinatorial auctions by Hudson and Sandholm [2004] (building on work by
Conen and Sandholm [2002]), showing that the amount of preference information that needs to be
elicited is only a small fraction of the total amount of preference information. Another direction of
interest with close ties to computational learning theory is the identification of classes of preferences
for which elicitation requires only a polynomial number of queries [Zinkegthl., 2003; Blumet
al., 2004; Lahaie and Parkes, 2004; Sattal,, 2004; Conitzeet al, 2005]. Negative results have
also been obtained: for instance, [Nisan and Segal, 2005] shows that in general, obtaining a better
approximation than that generated by auctioning off all objects as a bundle requires the exchange of
an exponential amount of information.

Preference elicitation is a direction that is orthogonal to the hierarchy because preference elic-
itation can be separately studied at each node of the hierarchy. For example, one may simply wish
to elicit enough information to compute an optimal allocation with respect to revealed preferences
(node(1)); alternatively, one may wish to elicit enough information to choose outcomes in a manner
that discourages untruthful bidding [Conen and Sandholm, 2001; Hyafil and Boutilier, 2006] (node
(2)); one may even attempt to automatically design the preference elicitation protocol along with
(the rest of) the mechanism [Sandhadtral, 2005a] (nod€3a)); etc.

Another orthogonal objective is the following: rather than having all (relevant) information
communicated to a center that then computes the outcome, have the agents compute the outcome
themselves in a distributed (and possibly privacy-preserving) manner [Parkes and Shneidman, 2004;
Brandt and Sandholm, 2004b,a, 2005b,c,a; Izma#tasl., 2005; Petciet al, 2006]. Moreover, in
real-world implementation of preference aggregation, many other orthogonal issues come up. For
example, when aggregating the preferences of humans, human-computer interaction issues must be
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considered.

In this dissertation, | will not cover research on topics that are orthogonal to the hierarchy. This
is only for the purpose of coherence: it is certainly my opinion that such orthogonal topics concern
crucial components of practical preference aggregation systems.

1.5 Outline

The rest of this dissertation is layed out as follows. In Chapter 2, we discuss various settings
for expressive preference aggregation, including elections, allocations of tasks and resources using
combinatorial auctions and exchanges, donations to (charitable) causes, and settings with external-
ities. Subsequently, in Chapter 3, which corresponds to fibdie the hierarchy, we analyze the
complexity of the outcome optimization problem in all of these settings. In Chapter 4, we briefly
review some of the basic concepts in (classical) mechanism design, as well as some famous mech-
anisms and impossibility results. In Chapter 5, which corresponds to(@pdethe hierarchy, we
present some difficulties and challenges for classical mechanism design in expressive preference
aggregation settings. In Chapter 6, which corresponds to (8&jén the hierarchy, we introduce
automated mechanism design. In Chapter 7, we review basic concepts from game theory, as well as
the basic argument for restricting attention to truthful mechanisms when all agents act in a strate-
gically optimal way (which implies that they have no computational limitations). Chapters 8 and 9
correspond to nodéb) in the hierarchy—mechanism design for bounded agents. In Chapter 8,
we display a setting in which there is non-truthful mechanism that always does at least as well as
the best truthful mechanism, and, in the face of computational boundedness, does strictly better. In
this chapter, we also show that in some voting settings, it is computationally hard to find beneficial
manipulations (even given the other voters’ votes); however, in the final section of the chapter, we
show that under some reasonable restrictions on the voting setting, finding a successful manipula-
tion remains easy in most manipulable instances. In Chapter 9 we take a first step towards rebuilding
the theory of mechanism design in the face of computational limitations, by examining how hard
various game-theoretic solution concepts are to compute—and hence, which concepts can serve as a
reasonable basis for a theory of mechanism design for computationally bounded agents. (Being able
to compute game-theoretic solutions is of interest for other reasons as well, as will be discussed in
that chapter.) Finally, in Chapter 10, we introduce the first approach that combines aspects of both
automated mechanism design and mechanism design for bounded agents. Rather than optimizing
the entire mechanism in a single step, this approach incrementally identifies opportunities for the
agents to successfully manipulate, and changes the mechanism to remove these opportunities.

To keep the dissertation coherent and of a reasonable length, much of the research that | have
done as a Ph.D. student is excluded. The excluded material includes:

e A few topics that would have fit in the dissertation quite well but were excluded to keep the
length reasonable. Topics excluded from Chapter 3 include work on computing optimal Ke-
meny rankings in voting [Conitzet al,, 2006], and solving the winner determination problem
in combinatorial auctions witlk-wise dependent valuations [Conitztral,, 2005]. Topics
excluded from Chapter 9 include a preprocessing technique for computing a Nash equilib-
rium [Conitzer and Sandholm, 2006g], mixed integer programming techniques for comput-
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ing Nash equilibria [Sandholrat al, 2005b], and computing the optimal strategy to commit
to [Conitzer and Sandholm, 2006c].

All work on learning in gamegwhich could be considered relevant to nd@b) in the hier-
archy) [Conitzer and Sandholm, 2006a, 2003d, 2004b].

All work on preference elicitatior{reducing the communication necessary for choosing the
outcome) in combinatorial auctions [Saetial, 2004; Conitzeet al., 2005], voting [Conitzer

and Sandholm, 2002c, 2005b], and mechanism design [Conitzer and Sandholm, 2004c; Sand-
holm et al,, 2005a].

All work on cooperative(also known agoalitional) game theory [Conitzer and Sandholm,
2004d; Yokocet al, 2005; Ohteet al,, 2006; Conitzer and Sandholm, 2006b].

A few other individual topics, including the complexity of metareasoning [Conitzer and Sand-
holm, 2003f], interpreting voting rules as maximum likelihood estimates of the “correct” out-
come [Conitzer and Sandholm, 2005a], and learning algorithms for online principal-agent
settings [Conitzer and Garera, 2006].

Some of the less-relevant results in papers that are otherwise covered.
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Chapter 2

Expressive Preference Aggregation
Settings

Freedom is, first of all, the chance to formulate the available choices, to argue over
them — and then, the opportunity to choose.
C. Wright Mills

When the preferences of multiple agents need to be aggregated to choose an outcome (such as
an allocation of resources), we require some process for doing so. One opttbhdsnegotiation,
where the agents controlling the relevant resources attempt to improve the outcome locally, by
proposing and accepting deals to each other as they see fit. The upsides of this approach are that
no centralized computation is needed, and that the lack of constraints associated with this type of
negotiation potentially allows the agents some amount of creativity in adapting to circumstances.
The downside is the lack of guidance and oversight that the agents are confronted with. When
deciding what deal to propose next (or whether to accept another agent’s proposal), an agent needs to
assess what is likely to happen in future negotiation. However, the unstructured appraddioof
negotiation makes this exceedingly difficult. In addition, the contract language needs to be complex
to avoid getting stuck in local optima, making the process even less overseeable. As a result, in all
but the simplest of settings, agents will likely only make ineffective deals and not come anywhere
close to reaching the optimal outcome. (Early work by Sandholm and others [Sandholm, 1993b;
Sandholm and Lesser, 1995; Sandholm, 1997; Andersson and Sandholm, 1999, 2000; Sandholm
and Lesser, 2002] provides a more formalized version of such a distributed process.)

Another approach is to have a clgaptocolthat elicits information about the agents’ prefer-
ences in a predictable, transparent, and commonly known manner to arrive at an outcome. Well-
known examples include auction protocols (such diss&price sealed-bid auctignwhere every
agent submits a bid for the good for sale in a sealed envelope, and the highest bidder wins the
item for the price she specifies), as well as voting protocols (such @uhality protocol, where
everyone submits her most preferred candidate, and the candidate with the most votes wins). The
clarity, transparency, and predictability of such protocols make it possible for agents to assess the
likelihoods of future events and act in accordance. Unfortunatelyehadesigned protocols run
the risk of being overly restrictive in the negotiation that they allow. For instance, suppose there are

27
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two items for sale, and we auction them off individually and sequentially. One bidder may consider
the items complementary: neither item by itself would be useful to her, but together they are worth
something. This bidder may be hesitant to bid high in the first auction, for fear that another bidder
will win the second item—Ieaving her stuck with only the firstitem. This hesitancy may prevent her
from winning the first item, even if the economically efficient outcome is for her to win both items.
A likely event in this scenario is that the bidder seeks to strike a deal with the seller to buy both
items outside of the auction, thereby revertingtbhocnegotiation and the problems it entails.

The solution, of course, is to make sure that the protocols are not deemed too restrictive by the
agents. In the example, the two items could be auctioned off simultaneously in a combinatorial
auction, allowing bids on the bundle of both items. Protocols such as combinatorial auctions that
allow the agents to express their full preferences, and that act on that information, are known as
expressive preference aggregatimmotocols. In recent years, billions of dollars have been saved by
applying such protocols to strategic sourcing [Sandhet@ml., 2006; Sandholm, 2006].

This dissertation will not consider arad-hocapproaches to preference aggregation. Rather,
it will focus on clear protocols that allow the agents to provide their preference information in
expressive languages. The remainder of this chapter will introduce some preference aggregation
settings, together with corresponding languages in which agents can express their preferences and
criteria according to which the outcome can be selected. We will discuss computational aspects of
these settings in later chapters. For example, Chapter 3 will discuss the computational complexity
of and algorithms for choosing the optimal outcome in these settings. Some of the results in later
chapters will not be specific to any particular setting, but the settings introduced in this chapter can
serve as example domains.

The rest of this chapter is layed out as follows. In Section 2.1, we dis@misx) (or rank ag-
gregatior) as an approach to preference aggregation. Here, each agent simply ranks all possible
outcomes, and the outcome is chosen based on these rankings according votiogile(some
example voting rules will be given). In Section 2.2, we discaifscation of tasks and resources
and the use of combinatorial auctions and exchanges for doing so. In Section 2.3, we introduce
a new application: letting multiple potential donors negotiate over who gives how much to which
of multiple (say, charitable) causes [Conitzer and Sandholm, 2004e]. Finally, in Section 2.4, we
study preference aggregation in settings with externalities and introduce a representation, a lan-
guage for expressing agent preferences, and criteria for choosing an optimal outcome [Conitzer and
Sandholm, 2005d].

2.1 \oting over alternatives (rank aggregation)

A very general approach to aggregating agents’ preferences over outcomes is the following: let
each agent rank all of the alternatives, and choose the winning alternative based on these rankings.
(In some settings, rather than merely producing a winning alternative, one may wish to produce
an aggregate ranking of all the alternatives.) This approach is often referreddtiragover the
alternatives, and hence, in this context, agents are referredteas the rankings that they submit
asvotes and the alternatives @sindidates

For example, in a setting with three candidates, ¢, voter 1 may voter >~ b >~ ¢, voter 2
b= a > ¢, and voter 31 - ¢ > b. The winner (or aggregate ranking of the candidates) depends on
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whichvoting ruleis used. Formally, letting’ be the set of candidateB(C') the set of all possible
rankings of the candidates, andthe number of voters, a voting rule is a mapping fré(C)"

to C (if one only wishes to produce a winner) or R{C') (if one wishes to produce an aggregate
ranking). One example rule is thpdurality rule, where candidates are ranked simply according to
how often they are ranked first by voters. In the example,ranked first twiceb once, ana: never,

so that the aggregate ranking produced by the plurality ruexisb = ¢. Under the plurality rule,

the voters effectively vote only for a single candidate (how the voter ranks the candidates below the
top candidate is irrelevant).

Rules such as plurality may leave candidates tied, and typically these ties will need to be broken
somehow (especially to choose a winning alternative). Throughout, we will make as few assump-
tions as possible on how ties are broken, but where we do make assumptions, we will make this
clear. One may also wonder if we can allow for candidates to be tied indtes It is typically
not difficult to extend voting rules and results to allow for this, but we will assume throughout that
rankings are total orders on the candidates they have no ties. (Some recent work has addressed
extending voting theory to settings in which voters sulpaittial orders[Pini et al, 2005; Rosset
al., 2006]; this is significantly more involved than merely allowing for ties.)

But why should one use the plurality rule? Perhaps it would be desirable to give a vote’s second-
ranked candidate some points, or even to use a rule that is not based on awarding points to the
candidates at all. We will see examples of such rules shortly. First, however, let us consider if
perhaps there exists an “ideal” rule. If there are only two candidates, it is clear what the voting rule
should do: the candidate that is ranked higher more often should win. This leads us to the following
idea: for any pair of candidates, we can see which one is ranked more often. For instance, in the
above examples is ranked above twice, wherea$ is ranked above only once—hence we say
thata wins thepairwise electiorbetweern andb. Similarly, o defeats: in their pairwise election,
andb defeats:. Hence, naturally, the aggregate ranking should beb > ¢ (which agrees with the
plurality rule).

However, this line of reasoning is not always sufficient to produce a ranking (or even a winner).
Consider a modified example in which voter 1 votes- b > ¢, voter 2b = ¢ > a, and voter 3
¢ = a = b. Now, a defeatd in their pairwise electior defeats:, andc defeatsi—that is, we have
a cycle, and our aggregate ranking cannot be consistent with the outcomes of all pairwise elections.
This is known as a&ondorcet paradoxand it shows that, unfortunately, in deciding whether
should be ranked higher thann the aggregate ranking, we cannot simply ignore the positian of
in the rankings.

Indeed, a famous theorem by Arrow [1963] states that there is no deterministic voting rule (for
producing an aggregate ranking) that has all of the following properties:

e The rule isnon-dictatorial that is, at least two voters have the potential to affect the outcome.

e The rule is consistent withnanimity that is, if all voters prefen to b, then the aggregate
ranking must rank aboveb as well.

e The rule satisfiegxdependence of irrelevant alternativelsat is, which of two alternatives is
ranked higher in the aggregate ranking should be independent of how the other alternatives
are ranked in the votes.
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Arrow’s theorem and the possibility of Condorcet paradoxes depend on the voters’ being unre-
stricted in how they order the candidates. One well-known restriction that makes these problems
disappear isingle-peakedness the voters’ preferences. We say that preferences are single-peaked
if there is a total ordex on the candidates, and for any votemnd any three candidates< b < ¢,

a=; b=>b=; cande =; b = b =; a. In words, the candidates are arranged on a spectrum
from left to right, and a voter never prefers a candidate that is further from the voter's most pre-
ferred candidate (the voter's “peak”) to a closer one. (Note that this definition does not compare
candidates on the left side of a voter's peak with those on the right side in terms of closeness, that
is, the notion of “closer to the peak” only applies to pairs of candidates that are on the same side of
the peak. Also note that the ordermust be thesamefor all voters.) If the voters’ preferences are
single-peaked, then there are no Condorcet cycles. If we order the voters by their peaks, then the
peak of the voter in the middle of this ordering (thedianvoter) will win all pairwise elections,

that is, it is aCondorcet winner (This is assuming that a median voter exises, the number of

voters is odd.)

Nevertheless, in many settings the votes do not have any (apparent) structure, so that it is still
important to define voting rules for the general case. Next, we review the most common voting
rules. We will define them according to how they rank candidates; the winner is the top-ranked
candidate.

e Scoring rules Letd = (ay,...,q,) be a vector of integers. For each vote, a candidate
receivesy; points if it is ranked first in the votey, if it is ranked secondgtc. Candidates are
ranked by their scores. Thgordarule is the scoring rule witlé = (m — 1,m — 2,...,0).
Theplurality rule is the scoring rule witté = (1,0,...,0). Thevetorule is the scoring rule
witha = (1,1,...,1,0).

e Single transferable vote (STVJhis rule proceeds through a seriesrof— 1 rounds. In
each round, the candidate with the lowest plurality score (that is, the fewest votes ranking it
first among the remaining candidates) is eliminated (and each of the votes for that candidate
“transfers” to the next remaining candidate in the order given in that vote). The candidates
are ranked in reverse order of elimination.

e Plurality with run-off In this rule, a first round eliminates all candidates except the two with
the highest plurality scores. Votes are transferred to these as in the STV rule, and a second
round determines the winner from these two. Candidates are ranked according to Plurality
scores, with the exception of the top two candidates whose relative ranking is determined
according to the runoff.

e Maximin(aka.Simpsoh For any two candidatesandb, let N(a, b) be the number of votes
that prefera to b. The maximin scoreof a is s(a) = miny., N(a,b)—that is,a’s worst
performance in a pairwise election. Candidates are ranked by their scores.

e Copeland For any two candidatesandb, let C(a,b) = 1if N(a,b) > N(b,a), C(a,b) =
1/2if N(a,b) = N(b,a), andC(a,b) = 0if N(a,b) < N(b,a). TheCopeland scoref
candidater is s(a) = 3, C(a,b). Candidates are ranked by their scores.
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e Bucklin For any candidate and integerl, let B(a,l) be the number of votes that rank
candidatex among the topg candidates. For each candidatdet /(a) be the lowest such
that B(a,l) > n/2. Candidates are ranked inversely l0y). As a tiebreakerB(a,l(a)) is
used.

e Slater The Slater rule produces a ranking that is inconsistent with the outcomes of as few
pairwise elections as possible. That is, for a given ranking of the candidates, each pair of
candidates:, b such that is ranked higher thah, butb defeats: in their pairwise election,
counts as an inconsistency, and a ranking is a Slater ranking if it minimizes the number of
inconsistencies.

e Kemeny This rule produces a ranking that minimizes the number of times that the ranking is
inconsistent with a vote on the ranking of two candidates. That is, for a given rankihg
the candidates, each combination of a pair of candidateand a vote, such that- ranks
a higher thanb, butr; ranksb higher thana, counts as an inconsistency, and a ranking is a
Kemeny ranking if it minimizes the number of inconsistencies.

We define one additional rule, tkaprule, which runs a single-elimination tournament to decide
the winning candidate. This rule does not produce a full aggregate ranking of the candidates, and
additionally requires achedulgor matching up the remaining candidates.

e Cup This rule is defined by a balancetinary treeT’ with one leaf per candidate, and a
schedulethat is, an assignment of candidates to leaves (each leaf gets one candidate). Each
non-leaf node is assigned the winner of the pairwise election of the node’s children; the
candidate assigned to the root wins. Tegular cuprule assumes that the assignment of
candidates to leaves is known by the voters before they vote. matidomized cupule, the
assignment of candidates to leaves is chosen uniformly at random after the voters have voted.

Sometimes votes amgeighted a vote of weight/K counts ask’ votes of weightl. Different
possible interpretations can be given to weights. They may represent the decision power of a given
agent in a voting setting where not all agents are considered equal. The weight may correspond to
the size of the community that the voter represents (such as the size of the state). Or, when agents
vote in partisan group(g, in parliament), the weights may correspond to the size of the group
(each group acts as one voter).

We will sometimes use the term “voting protocol” rather than “voting rule”; the meaning is
roughly the same, except the word “protocol” is intended to encompass not only the mapping from
rankings to outcomes.¢., aggregate rankings or winners), but also procedural aspects such as the
manner in which the voters report their rankimgg, whether all voters submit their rankings at the
same time or not).

The general applicability of voting makes it an appealing approach to preference aggregation in
unstructured domains. However, in more structured settings, this generality becomes a weakness,
as using a voting approach does not exploit the structure of the domain. For example, many settings
allow paymentgo be made by or to the agents. In principle, we can model these payments as part
of the outcome, so that voteis vote may be something like:

l“Balanced” here means that the difference in depth between two leaves can be at most one.
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“alternativea is chosen, votet pays $10, vote? pays $5"~ “alternativeb is chosen, votet pays
$0, voter2 pays $3" “alternativea is chosen, voter pays $10, vote? pays $6”- . ..

Needless to say, this approach is extremely cumbersome (in principle the votes have infinite
length!), and it does not exploit any of the knowledge that we have (or assumptions that we are
willing to make) about how agents feel about payments. For example, we know that agents prefer
smaller payments to larger ones; we may know that they do not care about other agents’ payments;
we may know that each dollar is as valuable as the next to an agent;

Another drawback is that the voting approach does not allow us to make statements about how
strong or weak agents’ preferences over outcomes are, and hence how they fedisitibutions
over outcomes. For example, suppose an agent prefers to c. Which does the agent prefér;
or a coin flip betweem andc? It is impossible to tell from the information given—we do not even
know whether the agent’s preferencexaiverb is stronger than that éfoverc. Again, in principle,
voters can vote over distributions over outconeeg;

P(a) = 4,P(b) = 3,P(c) = .3 = P(a) = .5,P(b) = .2,P(c) = .3 = P(a) = .5,P(b) =
3,P(c)=2» ...

but again this is impractical (if not impossible). Again, we can make very reasonable assumptions
about agents’ preferences over distributions: for example, Dutch book theorems [MaseColell
al., 1995] suggest that agents will maximize their expected utility, because otherwise they will be
susceptible to accepting a sequence of bets that is guaranteed to leave them worse off.

In the remainder of this chapter, we focus on utility-based approaches; we will return to voting
(specifically, computing aggregate rankings using the Slater rule) in the next chapter, Section 3.1.

2.2 Allocation of tasks and resources

Some of the most common domains in which multiple agents’ preferences must be aggregated in-
volve the allocation of resources or tasks to the agents. | will restrict my attention to settings in
which payments can be made, that is, agents can pay for resources allocated to them and tasks
performed for them, or be compensated for resources they supply and tasks they perform. (Not all
research on resource/task allocation makes the assumption that payments are possible: for exam-
ple, Liptonet al.[2004] and Bouveret and Lang [2005] consider the problem of findimgy-free
allocatons, that is, allocations under which no agent would prefer the share of another agent to its
own.)

We will refer to distinct resources d@&ms the performance of a task can be thought of as an
item as well, so from now on we can, without loss of generality, focus strictly on the allocation and
provision of items.

Earlier, we discussed combinatorial auctions as a method for allocating a fixechsmtaifable
items,I. Here, agent (obidder) : will have a valuation function; : 2/ — R, mapping each bundle
of items that could be allocated to that bidder to a real value. This is making the assumptmn of
externalities given that a bidder does not win an item, that bidder does not care which (if any) other
bidder receives the item instead. This is usually realistic, but not always: for example, a country
may prefer certain other countries not to obtain certain weapons. We will discuss externalities in the
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next sections. Lettingl; C I denote the subset of the items that we allocate to biddaur goal
n
is to find an allocation of items to thebidders that maximize§  v;(A4;), under the constraint that

i=1
foranyi # j, A; N A; = 0 (we do not award an item twice). (Note that we do not require all items
to be awarded—this is known as tfiee disposal assumptignThis optimization problem is called
thewinner determination problem

Typically, we can assume (()) = 0, but any other restriction on the agents’ valuation function
will come at a loss in what the agents can express. For example, if we were to assumgsthat

> vi({s}), then we can no longer model complementarity (multiple items being worth more than
sES
the sum of their individual values) or substitutability (multiple items being worth less than the sum of

their individual values), which is what gives combinatorial auctions their advantage over sequential
or parallel auctions of individual items. On the other hand, an arbitrary valuation function requires
2™ —1 real values to describe, which corresponds to an infeasibly large amount of communication by
a bidder if the number of items is reasonably large. This leads us to the stbaidadig languages

that the bidders can use to express their valuations. The earliest-studied langua@aRdildding
language in which bidders simply submit valuations for multiple bundles [Rothketpél, 1998;
DeMartiniet al, 1999]. An example bid i§{a}, 3) OR ({b, c},4) OR ({¢, d}, 2), which expresses

that the bidder is willing to pag for the bundle consisting ef alone 4 for the bundle consisting of

b andc, and2 for the bundle consisting afandd. In addition,any numbeiof the bidder’s bundles

may be awarded simultaneously, at the sum of the values of the individual bundles. For example, the
example bid implies that;({a, b, c}) = 7. Multiple bundles cannot be awarded simultaneously if

the items overlap. For example, the example bid daesnply thatv; ({b, ¢, d}) = 6. Hence, under

the OR bidding language, from the perspective of winner determination, we may as well imagine
that each bundle-value pair came from a separate bidder. (A bidder that is only interested in a single
bundle is called aingle-mindedidder.)

The OR bidding language is not fully expressive. For example, imagine a combinatorial auction
in which two carsa andb are for sale. Now imagine a bidder that values cat $4,000 and car
b at $6,000. However, the bidder only requires one car, so that winning both cars would still be
worth only $6,000 to the bidder, because the bidder would simply not use(aad we will assume
that re-selling the car is impossible). This type of bidder is known asiademandidder, and it
is impossible to capture these preferences using the OR bidding language. For example, bidding
({a},4000) OR ({b},6000) would imply v;({a,b}) = 10000. The subtitutability of the items is
what causes the problem here. To address this, we can introdReconstraintbetween differ-
ent bundles, indicating that only one of these bundles can be accepted [Sandholm, 2002a,b]. For
example, the above valuation function can be expresséddyy 4000) XOR ({b}, 6000). Bidding
with XOR constraints is fully expressive, that is, we can model any valuation function with them
(even without using any ORs). To reduce the size of the bids, however, we may still wish to use
ORs in addition to XORs [Nisan, 2000; Sandholm, 2002b]. The presence of XORs prevents us
from pretending that each bundle-value pair was submitted by a separate bidder for the purpose of
winner determination. A commonly used trick to circumvent this problem is the following: for a
set of bundle-value pairs that is XORed together, createnramy itenthat is added to all of these
bundles [Fujishimaet al, 1999; Nisan, 2000]. Since the dummy item can only be awarded once,
the dummy item effectively encodes the XOR-constraint, so that we can still imagine that each bid
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comes from a separate bidder (for the purposes of winner determination).

Combinatorial auctions do not capture all possible resource/task allocation settings (even those
in which payments are possible). For example, rather than having a set of items available for sale,
one may instead seek fwocurea set of items which are distributed across multiple bidders (or
supplierg. This is especially natural in the context of task allocation, where the items to be procured
correspond to tasks that must be performed. In such a setting, one cancooidbeatorial reverse
auction[Sandholmet al., 2002], in which a set of item$ needs to be procured, and each bidder
i has a cost function; : 2/ — R, wherec;(S) indicates the cost of providing bundfe Letting
A; C I denote the subset of the items that we award to bid@arthe sense that we require bidder

m
i to provide them), our goal is to minimizg, ¢;(A;), under the constraint thdt= {J,.;.,, A;.

(Again, there is a free disposal assumptioln 1here in that we allow an item to be provided by multiple
bidders.)

The free disposal assumption is not always realistic: for example, one may not be able to dispose
of radioactive material freely. A combinatorial forward auctigithout free disposdlSandholmet
al., 2002] is exactly the same as one with free disposal, with the exception that every item must be
allocated to some bidder. Here, bids withegativevalue may be useful, as they allow us to remove
some of the items—which may allow us to accept better bids for the remaining items. Similarly, a
combinatorial reverse auction without free disposal is exactly the same as one with free disposal,
with the exception that no additional items can be procured. Here, bids withativevalue may
occur—the (nondisposable) item may be a liability to the bidder. In both cases, we seek to identify a
subset of the bids that constitutes an exact cover of the items (no item covered more than once), and
to maximize the bidders’ total utility under this constraint. Therefore, the settings are technically
identical, and we can without loss of generality restrict our attention to forward auctions without
free disposal.

In general, it is not the case that either all agents are seeking only to procure items, or all agents
are seeking only to provide items. Rather, some agents may be seeking to procure items; others, to
provide items; and yet others, to do both simultaneously. This leads to the mod=mbénatorial
exchangdgSandholmet al., 2002], in which there is a set aof items/ for sale, and biddet has a
valuation functions); : Z™ — R. Here,v;(\1,. .., A,,) is bidderi’s value for receiving\; units of
item j. (If \; is negative, that means that the bidder is providing units of that item.)

It should be noted that the notion of bidding for multiple units of the same item can be applied
to combinatorial auctions and reverse auctions as well. However, there it is not strictly necessary,
in the sense that we can re-model a combinatorial (reverse) auction with multiple units as one with
single units, by describing each individual unit of an item that is for sale or to be procured as a
separate item. The “sameness” of some of these new items will then be implied by the fact that
the bidders’ valuation or cost functions treat these items symmetrically. (This may, however, be
grossly inefficient from a representational and computational standpoint.) In an exchange, however,
the number of units of each item that is for sale/to be procured is not kegwante which prevents
this trick.

We will return to combinatorial auctions (specifically, to the complexity of the winner determi-
nation problem) in the next chapter, Section 3.2. In the remainder of this chapter, we will focus on
settings where an agent’s utility depends on more than his own items, tasks, and payments—that is,
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we will drop theno externalitiesassumption.

2.3 Donations to (charitable) causes

When money is donated to a charitable (or other) cause (hereafter simply referreddioaaity,
often the donating party givesiconditionally a fixed amount is transferred from the donator to the
charity, and none of this transfer is contingent on other events—in particular, it is not contingent on
the amount given by other parties. Indeed, this is currently often the only way to make a donation,
especially for small donating parties such as private individuals. However, when multiple parties
support the same charity, each of them would prefer to see the others give more rather than less to
this charity. In such scenarios, it is sensible for a party to use its contemplated donation to induce the
others to give more. This is done by making the donation conditional on the others’ donations. The
following example will illustrate this, and show that the donating parties as well as the charitable
cause may simultaneously benefit from the potential for such negotiation.

Suppose we have two parties,and 2, who are both supporters of charity. To either of
them, it would be worth $0.75 ifi received $1. It follows neither of them will be willing to give
unconditionally, because $0.%5$1. However, if the two parties draw up a contract that says that
they will each give $0.5, both the parties have an incentive to accept this contract (rather than have
no contract at all): with the contract, the charity will receive $1 (rather than $0 without a contract),
which is worth $0.75 to each party, which is greater than the $0.5 that that party will have to give.
Effectively, each party has made its donation conditional on the other party’s donation, leading to
larger donations and greater happiness to all parties invélved.

One method that is often used to effect this is to maksatching offer Examples of matching
offers are: “I will give = dollars for every dollar donated.”, or “I will give: dollars if the total
collected from other parties exceed$In our example above, one of the parties can make the offer
“I will donate $0.5 if the other party also donates at least that much”, and the other party will have
an incentive to indeed donate $0.5, so that the total amount given to the charity increases by $1.
Thus this matching offer implements the contract suggested above. As a real-world example, the
United States government has authorized a donation of up to $1 billion to the Global Fund to fight
AIDS, TB and Malaria, under the condition that the American contribution does not exceed one
third of the total—to encourage other countries to give more [Tagliabue, 2003].

However, there are several severe limitations to the simple approach of matching offers as just
described.

1. It is not clear how two parties can make matching offers where each party’s offer is stated
in terms of the amount that the other pays. (For example, it is not clear what the outcome
should be when both parties offer to match the other’s donation.) Thus, matching offers can

2The preferences given in this example do not consider the possibility that an agent’s utility depends not only on how
much the charity receives but also on the extent to which that agent feels responsible for it. For example, an agent may
feel better about the scenario in which the agent gives $1 to a charity than about the scenario in which the agent loses $1
gambling and another agent gives $1 to the charity. However, we will not consider such preferences and assume that an
agent only cares about the final amount received by each charity (as well as about the agent’s own final budget).
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only be based on payments made by parties that are giving unconditionally (not in terms of a
matching offer)—or at least there can be no circular dependefcies.

2. Given the currentinfrastructure for making matching offers, it is impractical to make a match-
ing offer depend on the amounts givermtaltiplecharities. For instance, a party may wish to
specify that it will pay $100 given that charity receives a total of $1000, but that it will also
count donations made to chariBy, at half the rate. (Thus, a total payment of $500 to charity
A combined with a total payment of $1000 to charywould be just enough for the party’s
offer to take effect.)

In contrast, in this section we propose a new approach where each party can express its relative
preferences for different charities, and make its offer conditional on its own appreciation for the
vector of donations made to the different charities. Moreover, the amount the party offers to donate
at different levels of appreciation is allowed to vary arbitrarily (it does need to be a dollar-for-dollar
(or n-dollar-for-dollar) matching arrangement, or an arrangement where the party offers a fixed
amount provided a given (strike) total has been exceeded). Finally, there is a clear interpretation of
what it means when multiple parties are making conditional offers that are stated in terms of each
other. Given each combination of (conditional) offers, there is a (usually) unique solution which
determines how much each party pays, and how much each charity is paid.

In short, expressive preference aggregation for donations to charities is a new way in which
electronic commerce can help the world. A web-based implementation of the ideas described in
this section can facilitate voluntary reallocation of wealth on a global scale.

2.3.1 Definitions

Throughout, we will refer to the offers that the donating parties maksdss and to the donating
parties asidders In our bidding framework, a bid will specify, for each vector of total payments
made to the charities, how much that bidder is willing to contribute. (The contribution of this
bidder is also counted in the vector of payments—so, the vector of total payments to the charities
represents the amount given Al donating parties, not just the ones other than this bidder.) The
bidding language is expressive enough that no bidder should have to make more than one bid. The
following definition makes the general form of a bid in our framework precise.

Definition 1 In a setting withm charitiescy, ca, . . . , ¢, abid by bidderb; is a functionw; : R™ —
R. The interpretation is that if charity; receives a total amount af.,, then bidder; is willing to
donate (up toy; (e, , Ty, - - - 5 e, )-

We now define possible outcomes in our model, and which outcomes are valid given the bids
that were made.

Definition 2 An outcomeis a vector of payments made by the bidders , 7,, ..., ,), and a
vector of payments received by the charities, , 7.,, ..., 7., ). A valid outcome is an outcome
where

3Typically, larger organizations match offers of private individuals. For example, the American Red Cross Liberty
Disaster Fund maintains a list of businesses that match their customers’ donations [Goldburg and McElligott, 2001].
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n m
1. > m, > > 7, (atleastas much money is collected as is given away);
j=1 i=1
2. Foralll <j <mn, mp, < Vj(Tey s Teys - - -, ey, ) (NO bidder gives more than she is willing to).

Of course, in the end, only one of the valid outcomes can be chosen. We choose the valid
outcome that maximizes thabjectivethat we have for the donation process.

Definition 3 Anobjectiveis a function from the set of all outcomesRd* After all bids have been
collected, a valid outcome will be chosen that maximizes this objective.

n m
One example of an objective &irplus given by > m,. — > m,. The surplus could be the
j=1 i=1
profits of a company managing the expressive donation marketplace; but, alternatively, the surplus
could be returned to the bidders, or given to the charities. Another objectataismount donated

given by > m... (Here, different weights could also be placed on the different charities.)
=1

2.3.2 A simplified bidding language

Specifying a general bid in our framework (as defined above) requires being able to specify an
arbitrary real-valued function ov@&®™. Even if we restricted the possible total payment made to
each charity to the sd0, 1,2, ..., s}, this would still require a bidder to specify + 1)™ values.

Thus, we need a bidding language that will allow the bidders to at least sperifgbids more
concisely. We will specify a bidding language that only represents a subset of all possible bids,
which can be described concisély.

To introduce our bidding language, we will first describe the bidding function as a composition
of two functions; then we will outline our assumptions on each of these functions. First, there
is autility functionu; : R™ — R, specifying how much biddej appreciates a given vector of
total donations to the charities. (Note that the way we define a bidder’s utility function, it does not
take the payments the bidder makes into account.) Then, theréasadion willingnesgunction
w; : R — R, which specifies how much biddgris willing to pay given her utility for the vector
of donations to the charities. We emphasize that this function doeseed to be linear, so that
utilities should not be thought of as expressible in dollar amounts. (Indeed, when an individual is
donating to a large charity, the reason that the individual donates only a bounded amount is typically
not decreasing marginal value of the money given to the charity, but rather that the marginal value
of a dollar to the bidder herself becomes larger as her budget becomes smaller.) So, we have
W (Ui (e, Tegs -+ Tep)) = Vi (Tey, Tens - - -5 ey, )» @Nd We let the bidder describe her functians
andw; separately. (She will submit these functions as her bid.)

“In general, the objective function may also depend on the bids, but the objective functions that we consider do not
depend on the bids. The techniques presented in this dissertation will typically generalize to objectives that take the bids
into account directly.

S0Of course, our bidding language can be trivially extended to allow for fully expressive bids, by also allowing bids
from a fully expressive bidding language, in addition to the bids in our bidding language.
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Our first restriction is that the utility that a bidder derives from money donated to one charity is
m .
independenbf the amount donated to another charity. Thuge,, mc,, ..., m,,) = > uj(me,).

(We observe that this doe®timply that the bid functiorv; decomposes similarly, 6e%:ause of the
nonlinearity ofw;.) Furthermore, eacb;ﬂ must be piecewise linear. An interesting special case
which we will study is when each;ﬂ is a line: ué-(wci) = aéﬂ'ci. This special case is justified in
settings where the scale of the donations by the bidders is small relative to the amounts the charities
receive from other sources, so that the marginal use of a dollar to the charity is not affected by the
amount given by the bidders.

The only restriction that we place on the payment willingness functionss that they are
piecewise linear. One interesting special casetisr@shold bid wherew; is a step function: the
bidder will providet dollars if her utility exceeds, and otherwisd). Another interesting case is
when such a bid ipartially acceptablethe bidder will provide dollars if her utility exceeds; but
if her utility is u < s, she is still willing to provide%t dollars.

One might wonder why, if we are given the bidders’ utility functions, we do not simply maxi-
mize the sum of the utilities rather than surplus or total donated. There are several reasons. First,
because affine transformations do not affect utility functions in a fundamental way, it would be pos-
sible for a bidder to inflate her utility by changing its units, thereby making her bid more important
for utility maximization purposes. Second, a bidder could simply give a payment willingness func-
tion that isO everywhere, and have her utility be taken into account in deciding on the outcome, in
spite of her not contributing anything.

2.3.3 Avoiding indirect payments

In an initial implementation, the approach of having donations made out to a center, and having a
center forward these payments to charities, may not be desirable. Rather, it may be preferable to
have apartially decentralizedsolution, where the donating parties write out checks to the charities
directly according to a solution prescribed by the center. In this scenario, the center merely has to
verify that parties are giving the prescribed amounts. Advantages of this include that the center can
keep its legal status minimal, as well as that we do not require the donating parties to trust the center
to transfer their donations to the charities (or require some complicated verification protocol). It is
also a step towards a fully decentralized solution, if this is desirable.

To bring this about, we can still use the approach described earlier. After we clear the mar-
ket in the manner described before, we know the amount that each donator is supposed to give,
and the amount that each charity is supposed to receive. Then, it is straightforward to give some
specification of who should give how much to which charity, that is consistent with that clearing.

Nevertheless, with this approach, a bidder may have to write out a check to a charity that she
does not care for at all. (For example, an environmental activist who was using the system to
increase donations to a wildlife preservation fund may be required to write a check to a group
supporting a right-wing political party.) This is likely to lead to complaints and noncompliance
with the clearing. We can address this issue by letting each bidder specify explicitly (before the
clearing) which charities she would be willing to make a check out to. These additional constraints,
of course, may change the optimal solution.
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The setting of expressive preference aggregation for donations to charities is a special case of a
more general phenomenon, namely that agents’ actions may indirectly affect other agents’ utilities.
We study this more general setting in the next section. We will return to the more specific setting
of expressive preference aggregation for donations to charities (specifically, to the complexity of
computing optimal outcomes in this setting) in the next chapter, Section 3.3.

2.4 Public goods and externalities

A pervasive assumption in the research on combinatorial auctions and exchanges has been that
there areno allocative externalitiesno agent cares what happens to an item unless that agent itself
receives the item. This is insufficient to model situations where there are certain items (such as nu-
clear weapons) that are such that bidders who do not win the item still care which other bidder wins
it [Jehiel and Moldovanu, 1996]. More generally, there are many important preference aggregation
settings where decisions taken by a few agents may affect many other agents. For example, many
agents may benefit from one agent taking on a task such as building a bridge (and the extent of their
benefit may depend on how the bridge is built, for example, on how heavy a load it can support).
Alternatively, if a company reduces its pollution level, many individuals may benefit, even if they
have nothing to do with the goods that the company produces. A decision’s effect on an otherwise
uninvolved agent is commonly known as externality[Mas-Colell et al,, 1995]. In designing a

good preference aggregation protocol, externalities must be taken into account, so that (potentially
complex) arrangements can be made that are truly to every agent’s benefit.

In this section, we define a representation for combinatorial preference aggregation settings
with externalities. We will mostly focus on restricted settings that cannot nadefully general
combinatorial auctions and exchanges, so that we do not inherit all of the complexities from those
settings.

We formalize the problem setting as follows.

Definition 4 In a setting with externalitieghere aren agentsl, 2, . .., n; each agent controlsm;
variablesz!, z? " € R2%; and each agent has a utility functionu; : RM — R (where

GoLg by

n’ rrn

n
M = > mj). (Here,u;(zf,...,2" ...z} ... 27") represents agents utility for any given
=1

J
setting of the variables.)

In general, one can also impose constraints on which valuegxfor .., z"") agenti can
choose, but we will refrain from doing so in this section. (We can effectively exclude certain set-
tings by making the utilities for them very negative.) We say thatdidult outcomes the one
where all thez! are set ta,® and we require without loss of generality that all agents’ utilitiesbare
at the default outcome. Thus, the participation constraint states that every agent’s utility should be
nonnegative.

5This is without loss of generality because the variahi{asan be used to represent tbieangesn the real-world
variables relative to the default outcome. If these changes can be both positive and negative for some real-world variable,
we can model this with two variables/®, z/2, the difference between which represents the change in the real-world
variable.
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Without any restrictions placed on it, this definition is very general. For instance, we can model
a (multi-item, multi-unit) combinatorial exchange with it. Recall that in a combinatorial exchange,
each agent has an initial endowment of a number of units of each item, as well as preferences
over endowments (possibly including items not currently in the agent’'s possession). The goal is
to find some reallocation of the items (possibly together with a specification of payments to be
made and received) so that no agent is left worse off, and some objective is maximized under this
constraint. We can model this in our framework as follows: for each agent, for each item in that
agent’s possession, for each other agent, let there be a variable representing how many units of that
item the former agent transfers to the latter agent. (If payments are allowed, then we additionally
need variables representing the payment from each agent to each other agent.) We note that this
framework allows forallocative externalitiesthat is, for the expression of preferences over which
of the other agents receives a particular item.

Of course, if the agents can have nonlinear preferences over bundles of items (there are comple-
mentarities or substitutabilities among the items), then (barring some special concise representation)
specifying the utility functions requires an exponential number of vaiuae need to make some
assumption about the structure of the utility functions if we do not want to specify an exponential
number of values. For the most part, we make the following assumption, which states that the effect
of one variable on an agent’s utility is independent of the effect of another variable on that agent’s
utility. We note that this assumption disallows the model of a combinatorial exchange that we just
gave, unless there are no complementarities or substitutabilities among the items. This is not a
problem insofar as our primary interest here is not so much in combinatorial exchanges as it is in
more natural, simpler externality problems such as aggregating preferences over pollution levels.
We note that this restriction makes the hardness results on outcome optimization that we present in
the next chapter (Section 3.4) much more interesting (without the restriction, the results would have
been unsurprising given known hardness results in combinatorial exchanges). However, for some of
our positive results we will actually not need the assumption, for example for convergence results
for an algorithm that we will present.

Definition 5 u; decomposes (across variablés); (z1,..., 2", ... 2k, ... 2"n) =

n mk . . ’ w "
S 3wl (a]).

When utility functions decompose, we will sometimes be interested in the special cases where
the ufj are step functions (denoted>,, which evaluates t0 if + < a and tol otherwise), or
piecewise constant functions (linear combinations of step functfons).

In addition, we will focus strictly on settings where the higher an agent sets its variables, the
worse it is for itself. We will call such settingsoncessions setting$o, if there is no preference
aggregation, each agent will selfishly set all its variablds (thhe defaultoutcome).

"Thus, the fact that finding a feasible solution for a combinatorial exchange is NP-complete [Sartlhb|2002]
does not imply that finding a feasible solution in our framework is NP-complete, because there is an exponential blowup
in representation.

8For these special cases, it may be conceptually desirable to make the domains of the \mj'idtﬂerete, but we
will refrain from doing so in this dissertation for the sake of consistency.
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Definition 6 A concessions setting a setting with externalities for which for any

(x%,...,le,...,x}l,i..,x?”) € RM foranyi,1 < j < mj, and for anyz] > x;, we have
1 m ~J 1 n (Al m J 1 n
Wiy, 2]t E Xy, ) S ug(ey, . xt L x]x,ap).

In parts of this dissertation, we will be interested in the following additional assumption, which
states that the higher an agent sets its variables, the better it is for the others. (For instance, the more
a company reduces its pollution, the better it is for all others involved.)

Definition 7 A concessions setting hasly negative externalitiei§ for any

(@], 2)™ @y, o) € RM foranyi, 1 < j < my, foranyi] > 2], and for anyk # 4,
1 m - 1 n 1 m j 1 n
wp(xy, .,y T, ap) > (e, 2 ), ).

We definetrivial settings of variables as settings that are indistinguishable from setting them to
0.

Definition 8 The valuer is trivial for variable :cf if it does not matter to anyone’s utility function
whetherz! is set tor or to 0. (That is, for anyz], ..., 21", . .. ,:cfl, x{“ xh ... 2™ and
Jj—1 Jj+1 1

R o
for anyk, we haveu(z1, ..., 2", ... ol o2l gk, ) =

i s My

wp(ad, a0, gl ). A setting of all the variables isivial if each

) n’
variable is set to a trivial value.

Say that an outcome feasibleif no agent prefers the default outcome to it (and would therefore
try to block the preference aggregation process). Our goal is to find a good feasible outcome. As
in the setting of expressive preference aggregation for donations to charities, there can be multi-
ple objectives. Interesting objectives include social welfare and total concessions (the sum of the
variables). A more modest, but nevertheless interesting goal is to simply discover a nontrivial fea-
sible solution. We will study how hard these problems are computationally in the next chapter,
Section 3.4.

2.5 Summary

In this chapter, we reviewed four different settings for preference aggregation. We also reviewed
corresponding languages in which agents can express their preferences, and criteria according to
which the outcome can be selected.

In Section 2.1, we reviewedbting settingswhere agents (or voters) can rank the alternatives
(or candidates) in any order, and the winner or aggregate ranking of the alternatives is chosen based
on the rankings (or votes) submitted by the voters. We reviewed some basic concepts from social
choice theory (Condorcet cycles, Arrow’s impossibility result, and single-peaked preferences), as
well as a number of specific rules for choosing the outcome based on the submitted votes.

In Section 2.2, we reviewed allocation of tasks and resources, using combinatorial auctions,
reverse auctions, and exchanges. We defined the winner determination problem and reviewed basic
bidding languages, including OR- and XOR-based languages.

In Section 2.3, we introduced a new application: expressive preference aggregation for dona-
tions to charities. The idea here is that when donating money to a charity, it is possible to use
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the contemplated donation in negotiation to induce other parties interested in the charity to donate
more. We introduced a bidding language for expressing very general types of matching offers over
multiple charities, and formulated the corresponding clearing problem (deciding how much each
bidder pays, and how much each charity receives).

Finally, in Section 2.4, we introduced a framework for negotiating in general settings with exter-
nalities. Again, we introduced a language in which agents can express their preferences, and criteria
according to which to select the final outcome.

So far, we have not yet assessed how difficult it is computationally to solve the outcome opti-
mization problemj.e. to select the optimal outcome according to the given criteria based on the
preferences submitted by the agents, in any of these settings. This is the topic of the next chapter.



Chapter 3

Outcome Optimization

The more alternatives, the more difficult the choice.
Abbé D’Allanival

Perhaps surprisingly, expressive preference aggregation has only recently started to be adopted
in practice (mostly in the form of combinatorial auctions and combinatorial reverse auctions). One
of the reasons for this is that in expressive preference aggregation protocols, the problem of choosing
the best outcome once the preferences have been collected is typically computationally hard. For
instance, in combinatorial auctions, the winner determination problem is NP-complete [Rothkopf
et al,, 1998] (even to approximate [Sandholm, 2002a]). The computational tools for solving such
outcome selection problems have only recently reached the maturity necessary to make some of
these protocols feasible in practice [Sandhelral, 2006; Sandholm, 2006].

This chapter will discuss the outcome optimization problem for the domains discussed in Chap-
ter 2. While computing the aggregated ranking is easy under most voting rules, there are some voting
rules for which this is not the case [Bartho#dial,, 1989b; Hemaspaandeaal,, 1997; Coheret al.,,

1999; Dworket al,, 2001; Rotheet al,, 2003; Davenport and Kalagnanam, 2004; Aitral., 2005],
including the Kemeny and Slater rules. In Section 3.1, we introduce a powerful preprocessing tech-
nique for computing optimal rankings according to the Slater rule [Conitzer, 2006]. In Section 3.2,
we give new conditions under which the winner determination problem in combinatorial auctions
can be solved efficiently [Conitzet al., 2004]. In Section 3.3, we study computing optimal out-
comes under the framework for negotiating over donations introduced in Section 2.3 [Conitzer and
Sandholm, 2004e]. Finally, in Section 3.4 we study computing optimal outcomes under the frame-
work for negotiating in settings with externalities introduced in Section 2.4 [Conitzer and Sandholm,
2005d].

3.1 A preprocessing technique for computing Slater rankings

This section describes work done at IBM Research, with guidance and advice from Andrew Daven-
port and Jayant Kalagnanam.

In voting, we would like our aggregate ranking to be consistent with the outcome of each pair-

43
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wise election: if more voters preferto b than vice versa, the aggregate ranking should tesifvead
of b. Unfortunately, Condorcet cycles can prevent us from being able to achieve this consistency for
all pairs of candidates. TH&latervoting rule is arguably the most straightforward resolution to this
problem: it simply chooses a ranking of the candidates that is inconsistent with the outcomes of as
few pairwise elections as possible. Unfortunately, as we will discuss later in this section, computing
a Slater ranking is NP-hard. This in stark contrast to the computational ease with which most voting
rules can be executed (most rules require only a simple computation of a score for each candidate,
or perhaps one score per candidate for every round of the rule). An exception is the related Kemeny
rule, which is also NP-hard to compute (in fact, as we will show later in this section, this hardness
is implied by the Slater rule’s hardness). The hardness of computing Slater ranking suggests using
a tree search-based algorithm to compute Slater rankings.

In this section, we introduce areprocessindgechnique that can reduce the size of an instance
of the Slater problem before the search is started. We say that a subset of the candidates consists
of similar candidatesf for every candidate outside of the subset, all candidates inside the subset
achieve the same result in the pairwise election against that candidate. Given a set of similar candi-
dates, we can recursively solve the Slater problem for that subset, and for the original set with the
entire subset replaced by a single candidate, to obtain a solution to the original Slater problem. In
addition, we also make the following contributions:

e We show that if the results of the pairwise elections have a particular hierarchical structure,
the preprocessing technique is sufficient to solve the Slater problem in linear time.

e For the general case, we give a polynomial-time algorithnfifmlinga set of similar candi-
dates (if it exists). This algorithm is based on satisfiability techniques.

e We exhibit the power of the preprocessing technique experimentally.

e We use the concept of a set of similar candidates to give the first straightforward reduction
(that is, not a randomized reduction or a derandomization thereof) showing that the Slater
problem is NP-hard in the absence of pairwise ties.

3.1.1 Definitions

Recall that the Slater rule is defined as follows: find a rankingn the candidates that minimizes
the number of ordered paifs, b) such thau > b butb defeats: in their pairwise election. (Equiv-
alently, we want to maximize the number of pairs of candidates for whichconsistent with the
result of the pairwise election—we will refer to this number asSteer scorg We will refer to the
problem of computing a Slater ranking as tlater problem. An instance of th8later problem
can be represented by a “pairwise election” graph whose vertices are the candidates, and which has
a directed edge from to b if and only if « defeats in their pairwise election. The goal, then, is to
minimize the number of edges that must be flipped in order to make the graph acyclic.

Most elections do not have any ties in pairwise elections. For example, if the number of votes is
odd, there is no possibility of a pairwise tie. (We note that in many real-world elections, the number

*Another approach is to look for rankings that agproximatelyoptimal in the Slater sense [Ailoet al, 2005;
Coppersmittet al,, 2006]. Of course, this is not entirely satisfactory as it is effectively changing the voting rule.
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of voters is intentionally made odd to prevent ties.) Hence, we will restrict our attention to elections
without pairwise ties (in which case the pairwise election graph becomes a tournament graph). For
our positive results, this is merely for simplicity—they can easily be extended to deal with ties as
well. Our one negative result, the NP-hardness of computing Slater rankings, is made stronger by
this restriction (in fact, without the restriction the hardness has effectively been known for a long
time).

3.1.2 Sets of similar candidates

We are now ready to give the formal definition of a set of similar candidates.

Definition 9 We say that a subsét C C' consists oSimilar candidated for any s, s € .S, for
anyc € C — S, sy — cifand only ifs, — ¢ (and hence: — s; if and only ifc — s3).

We emphasize that in this definition, itn®t required thatveryvote preferss; to c if and only
if that vote preferssy to ¢. Rather, the condition only needs to hold on the aggregated pairwise
election graph, and hence it is robust to a few voters who do not perceive the candidates as similar.

There are a few trivial sets of similar candidates: 1. the set of all candidates, and 2. any set of at
most one candidate. We will be interested in nontrivial sets of similar candidates, because, as will
become clear shortly, the trivial sets have no algorithmic use.

The following is the key observation of this section:

Theorem 1 If S consists of similar candidates, then there exists a Slater rankinmg which the
candidates inS form a(contiguous) blocKthat is, there do not exist, so € S andc € C — S such
thats; = ¢ > s9).

Proof: Consider any ranking-; of the candidates in which the candidatesiare split intok > 1
blocks; we will show how to transform this ranking into another rankingvith the properties that:

¢ the candidates ii§ are split intok — 1 blocks in>-, and
¢ the Slater score of, is at least as high as that e, .

By applying this transformation repeatedly, we can transform the original ranking into an ranking
in which the candidates if form a single block, and that has at least as high a Slater score as the
original ranking.

Consider a subsequencesef consisting of two blocks of candidates$h {s!} and{s?}, and
a block of candidates i6" — S that divides them{c;}: s} =1 sl =1 ... =1 sll1 —1¢1 =1 C2 >1
... >1¢ =187 =155 -1 ... =1 s,. Becauses consists of similar candidates, a given candidate
¢; has the same relationship in the pairwise election gra;aiveaoysg. Hence, one of the following
two cases must apply:

1. For at least half of the candidatesfor everysf, ci — s

7

2. For at least half of the candidatesfor everys?, s/ — c;.
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In case 1, we can replace the subsequence by the subsequenges = ... =2 ¢; =2 s1 =2

sh 9 ... > sl =1 87 =2 s3 =2 ... =2 s}, to join the blocks without any loss to the Slater
score of the ranking. Similarly, in case 2, we can replace the subsequence by the subsequence
S1 =2 8y =9 ... =2 8] =151 =285 = ... =2 8, =2 €1 =2 C2 =2 ... =2 ¢ to join the blocks

without any loss to the Slater score of the rankings

Hence, if we know thab' consists of similar candidates, then when we try to compute a Slater
ranking, we can without loss of generality restrict our attention to rankings in which all the candi-
dates inS form a (contiguous) block. The optimal internal ranking of the candidateéswrithin
the block is independent of the rest of the ranking, and can be computed recutsBatause of
this, we can think o5’ as a single “super-candidate” with weigl§§. RankingS above a candidate
¢ such thats — ¢ for all s € S, or below a candidatesuch that: — s for all s € S, will increase
the Slater score b}5|.

Consider the following pairwise election graph:

4

In this graph{b, d} is a set of similar candidates. Thus, we recursively solve the instance in which
b andd are aggregated into a single candidate:

a —>-bd

1 2
C

Some of the edges now represent multiple edges in the original graph; this is indicated by the
weights on these edges. It is easy to see that the optimal Slater ranking for this grapthds- c.
In addition, we need to solve ti&later problem internally for the set of similar candidates:

2Note that ifS is a trivial set of similar candidates, there is little use to this: if it is a set of at most one candidate, then
the statement that that candidate will form a block by itself is vacuous, and if it is the set of all candidates, we need to
recurse on the set of all candidates.
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b—sd

The optimal Slater ranking for this graph is (of courgée} d. So the solution to the original
problemisa >~ b > d > c.

It is possible to have multiple disjoint sefg, each consisting of similar candidates. In this case,
we can aggregate each one of them into a single super-candidate. The following lemma will clarify
how to compute the Slater scores for such pairs of super-candidates:

Lemma 1l If S; and S, are disjoint sets of similar candidates, then for anys; € S; and any
s, 8h € S, s1 — s ifand only ifs} — ). (That is, the same relationship holds in the pairwise
election graph for any pair of candidates % x S»2.) Hence, ranking super-candidatg above
super-candidate, such thats; — s, forall s; € 51, s5 € 59, or below a super-candidate, such
thatss — s1 forall s; € Sy, s9 € Sy, will increase the Slater score b, | - | S2|.

Proof: BecauseS; consists of similar candidates, — s» if and only if s; — s2. And, becausés
consists of similar candidates, — sy ifand only if s — s;. =

Similar sets that overlap cannot be simultaneously turned into super-candidates. However, the
following lemma shows that turning one of them into a super-candidate will (in a sense) preserve
the structure of the other set: after aggregating one of the sets into a super-candidate, the other set
will, in a sense, coincide with the union of the two sets, and we now show that this union must
consist of similar candidates.

Lemma 2 If S; and S, each consist of similar candidates, afgn Ss is nonempty, thel§; U S
consists of similar candidates.

Proof: Lets € S1 N Sy. Foranys’, s” € S; U Ss and anyc € C' — (S1 U Ss), we have that’ — ¢
ifand only if s — ¢, ands — cifandonly ifs” —c. m

3.1.3 Hierarchical pairwise election graphs can be solved in linear time

In this subsection, we show that if the pairwise election graph has a certain hierarchical structure,
then theSlater problem can be solved efficiently using the techniques from the previous subsection.

Definition 10 Avalid candidate tre&s a tree with the following properties:
e The leaves are each labeled with a candidate, with each candidate appearing exactly once.

e For every internal vertex, there is a tournament graph», over its children such that for
any two distinct childrenv; # w- of v, for any descendant$ of wy andds of wo, dy — ds
if and only ifw; —, wo.



48 CHAPTER 3. OUTCOME OPTIMIZATION

Put alternatively, to find out the direction of the edge between any two candidates in the pairwise
election graph, we can simply compare the vertices directly below their least common ancestor.
There is always a trivial valid candidate tree, which simply connects every candidate directly to the
root nodeR and uses the pairwise election graphas the graph—g. This tree does not give us
any insight. Instead, we will be interested in trees whose vertices have small degree (that is, each
vertex has only a few children).

Figure 3.1 shows an example candidate tree, and Figure 3.2 shows the corresponding graph of

N
d—
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B
/|

\
gobec e+—f

Figure 3.1: A valid candidate tree.

RN

b

Figure 3.2: The pairwise election graph corresponding to the valid candidate tree.

The following observation will allow us to use the structure of the tree to solveSthater
problem efficiently:

Lemma 3 For any vertex in a valid candidate tree, the sét, of candidates that are descendants
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of v constitutes a set of similar candidates.

Proof: For anyd,,ds € D, andc € C — D,, the least common ancestordfandc, or of ds ande,

must be a (strict) ancestor of Hence, this least common ancestor must be the same in both cases,
and moreover, so must the child of that ancestor from whiclndd, (andv) descend. Hence

di — cifandonlyifds —c. =

Hence, we can solve ti&ater problem using the following very simple algorithm:

1. For every child of the roaR, generate a super-candidate with weight equal to the number of
candidates that descend from it.

2. Solve theSlater problem for the graph—pr over these super-candidates (using any algo-
rithm).

3. Solve theSlater problem recursively for each subtree rooted at a child of the Root

4. Order the candidates, first according to the ranking of the super-candidates that they are in,
and then according to the recursive solutions.

Step2 may be computationally expensive, depending on the number of super-candidates. How-
ever, if the degree of each vertex is small, then so is the number of super-candidates in this step. In
particular, if the degree is bounded by a constant, ther2step be performed in constant time, and
the running time of the entire algorithm is linear.

The algorithm produces the Slater rankifig- e = ¢ > a > b > d on the example given
above.

3.1.4 An algorithm for detecting sets of similar candidates

In general, we do not know in advance whether there is a nontrivial set of similar candidates in a
pairwise election graph. Rather, we need an algorithm that will take as input a pairwise election
graph, and discover a nontrivial set of similar candidates if it exists. In this subsection, we present
such an algorithm. The algorithm relies on transforming the problem of detecting a set of similar
candidates into a Horn satisfiability problem.

Specifically, for every candidatewe generate a variablen(c) which indicates whether the
candidate is in the set of similar candidates. Then, for every ordered triplet of candidates; €
C, if eitherc; — c3 andes — ca, Or ca — ¢3 andes — c¢1, then we generate the clause(c;) A
In(cg) = In(c3) (or, equivalently(—In(c1) V —In(c2) V In(cs3)).

The instance described two subsections earlier produces the following clauses In(b) =
In(c), In(a) A In(c) = In(b) A In(d), In(a) A In(d) = In(b) A In(c), In(b) A In(c) =
In(a) A In(d), In(c) A In(d) = In(a).

Theorem 2 A setting of the variable$n(c) satisfies all the clauses if and onlySf= {c € C :
In(c) =true} consists of similar candidates.
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Proof: First, suppose that the setting satisfies all the clauses. Fornany< S andc € C — S, if
there were a clauskx(s1) A In(s2) = In(c), it would not be satisfied. It follows that this clause
was not generated, and hence either- c andsy — ¢, orc — s1 ande — so. HenceS consists
of similar candidates.
Next, suppose that the setting does not satisfy all the clauses. Then, there must be some unsat-
isfied clause/n(ci) A In(c2) = In(cs), which means that;,co € S andes ¢ S. Because the
clause was generated, eithgr— c3 andecg — c¢o, Orca — ¢3 andeg — ¢, and henceS does not
consist of similar candidates. =

There are some settings of the variablegc) that always satisfy all the clauses: setting ev-
erything totrue, and setting at most one variablettae. These settings correspond exactly to the
trivial sets of similar candidates discussed earlier. Hence, our goal is to find a satisfying setting of
the variables in which at least two, but not all, variables are sgtito In the example above, the
only such solution is to setn(b) andIn(d) to true and In(a) and In(c) to false corresponding
to the set of similar candidates that we used earlier in this section. Finding a nontrivial solution
can be done in polynomial time with the following simple algorithm: for a given pair of candidates
c1,c2 € C, setin(c;) andIn(cz) to true, and then follow the implications> in the clauses. If this
process terminates without setting all the(c) variables tarue, we have found a nontrivial set of
similar candidates. Otherwise, restart with a different pair of candidates, until we have tried every
pair of candidates. The algorithm can be improved by keeping track of the initial pairs of candidates
for which we have failed to find a similar set, so that when another initial pair leads to one of these
pairs being set ttrue, we can fail immediately and continue to the next pair.

When we use this algorithm for finding similar sets to help us compute a Slater ranking, after
finding a similar set, we need to compute a Slater ranking both on the instance consisting of the
similar set only, and on the reduced version of the original instance where the similar set has been
replaced by a single super-candidate. Thus, we will be interested in finding similar sets on these
instances as well. It is natural to ask whether some of the computation that we did to find a similar
set in the original instance can be reused to find similar sets in the two new instances. It turns out
that, in the second new instance, this is indeed possible:

Lemma 4 Suppose that, in the process of detecting a similar set, we failed with the pair of initial
candidates:, cs € C, before discovering tha® C C'is a similar set. Then, in the reduced instance
whereS is replaced by a single super-candidatg

1. we will also fail on initial paircy, co if ¢1,c0 ¢ S;

2. we will also fail on initial paircy, cg if ¢1 ¢ S, co € S.

Proof: Supposes, ¢, (or, in the second case;, cg) belong to a nontrivial se$’ of similar can-
didates in the reduced instance. Then, consider the same set in the original instagce (¥,
replace it with all members of); call this setS”. S” does not include all candidates becaigse
does not include all candidates in the reduced instance. More$iVés,a set of similar candidates,
for the following reasons. Take any,s; € S” andc € C — S”; we must show that; — ¢

if and only if s, — ¢. If 51 ¢ S andsy ¢ S, then this follows from the fact that’ consists of
similar candidates (evenife .S, because in that case — c if and only if s; — ¢g in the reduced
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instance). If exactly one of; andss is in S (without loss of generality, say, <€ .S), then it must

be thatcg € S’ & S C S”, so thatc ¢ S. Hence,s; — cif and only if ¢ — ¢, and becausg’
consists of similar candidates this is true if and onlysif— c. Finally, if boths; ands, are inS,
thenc ¢ S becauses € S’ & S C S”, hences; — cif and only if sy — ¢ becauses consists

of similar candidates. But if” consists of similar candidates, then we would not have failed on the
initial pair ¢1, c2 in the original instance. Hence we have the desired contradictiom.

For the first new instance consisting $fonly, such reuse of computation is not possible, be-
cause we cannot have failed on a pair of candidates wikhisince they were in fact in a similar
set). We only know that we will fail on the pair starting with which we fousidbecause this pair
will lead to all candidates it¥ being included in the similar set.

3.1.5 Experimental results

In this subsection, we experimentally evaluate the use of the techniques described above as a prepro-
cessing technique that serves to reduce the sizes of the instances before a search algorithm is called.
We compare two algorithms: a straightforward search technique, and the preprocessing technique
combined with the same search technique. (Instead of the straightforward search technique, we
could also have used a more sophisticated algorithgia commercial solver such as CPLEX. The

goal here, however, is not to show that our technique by itself outperforms any given algorithm, but
rather it is to show that using the preprocessing technique can reduce a given algorithm’s compu-
tation time. Moreover, if adding the preprocessing technique to a straightforward search algorithm
already produces a fast algorithm, that is more impressive than having to add the technique to a
solver such as CPLEX to obtain a fast algorithm.) The straightforward search technique decides, at
every search node, whether a given edge in the graph should be consistent or inconsistent with the
final ranking, and then propagates the effect of this decision to other eglgdsy(transitivity, if it

has been decided that eddesb) and (b, ¢) will both be consistent with the final ranking, then by
transitivity so must the edge, ¢)). There is no sophisticated variable ordering heuristic: we simply
choose the first edge that has not yet been set. As an admissible pruning heuristic, we use the total
number of edges for which it has been decided that the final ranking will be inconsistent with them.

The preprocessing technique uses the algorithm described in the previous subsection to search
for a set of similar candidates. If it finds one, it recursively solves the subproblems; otherwise, the
search algorithm is called to solve the remaining irreducible problem instance. Each data point in
the experiments is an average of 30 instances (the same instances for both algorithms).

In the first set of experiments, instances are generated as follows. Every candidate and every
voter draws a random position A, 1] (this can be thought of as their stance on one issue) and
voters rank candidates by proximity to their own position. The results are in Figure 3.3:

On these instances, even straightforward search scales reasonably well, but when the prepro-
cessing technique is added, all the instances solve immediately. This is not surprising: the voters’
preferences in this domain astngle-peakedand it is well-known that for single-peaked prefer-
ences, there are no cycles in the pairwise election graygii/as-Colellet al, 1995]), so that the
final ranking can be read off directly from the graph. Given this, Amandidates in contiguous
positions in the final ranking always form a set of similar candidates, so that the preprocessing tech-
nique can solve the instances entirely. (No time is spent in search after the preprocessing technique.)
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Figure 3.3: 1issue, 191 voters, 30 instances per data point.

Of course, we do not want to examine only trivial instances. In the next experiment (Figure 3.4),
the candidates and voters draw random position@,itj x [0, 1]; in this two-dimensional setup the
voters’ preferences are no longer single-peaked.
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Figure 3.4: 2 issues, 191 voters, 30 instances per data point.

These instances are much harder to solve, but adding the preprocessing technique significantly
speeds up the search. We note that essentially no time is spent in the preprocessing stage (the
“preprocessing + search total” and “search after preprocessing” curves are essentially identical),
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hence the benefits of preprocessing effectively come for free.

We also considered changing the number of votes to a small number. Figure 3.5 shows the
results with only 3 votes.
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T
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Figure 3.5: 2 issues, 3 voters, 30 instances per data point.

We experimented with introducing additional structure on the set of candidates. In the next
experiment, there aregartiesthat draw random positions [, 1] x [0, 1]; each candidate randomly
chooses a party, and then takes a position that is the average of the party’s position and another
random point in0, 1] x [0, 1]. The results did not change significantly, as shown in Figure 3.6.

We also experimented with having the voters and candidates draw positions on an even larger
number of issues (10 issues). Perhaps surprisingly, here the preprocessing technique once again
solved all instances immediately (Figure 3.7).

3.1.6 NP-hardness of the Slater problem

In this subsection, we use the technique of sets of similar candidates in an entirely different manner:
we show that it is useful in demonstrating the hardness dbthater problem when there are no pair-

wise ties. In the case where pairwise ties between candidates are possible, the hardn&iatef the
problem follows from the hardness of tMinimum Feedback Edge Set problem. However, as

we have already pointed out, most elections do not have pairwise ties (for example, if the number
of votes is odd, then there cannot be any pairwise ties). So, how hard is the problem when there are
no ties? This problem is equivalent to thenimum Feedback Edge Set problem on tournament
graphs, and was conjectured to be NP-hard as early as 1992 [Bang-Jensen and Thomassen, 1992].
The conjecture remained unproven until 2005, when a randomized reduction was givendiiilon

al., 2005]. A later derandomization of this proof finally proved the conjecture completely [Alon,
2006]. Interestingly, the observations about sets of similar candidates made above allow us to give



54 CHAPTER 3. OUTCOME OPTIMIZATION

70

‘ ~ searchonly ——
preprocessing+search total ------
search after preprocessing ------

60 -

time in seconds
w N m
o o o
T T T

N
o
T

[y
o
T

* *

0 5 10

# candidates
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Figure 3.7: 10 issues, 191 voters, 30 instances per data point.

a more direct proof of this result (which does not rely on derandomizing a randomized reddction).

Theorem 3 TheSlater problem is NP-hard (even in the absence of pairwise ties).

3Interestingly, the previous reductions [Ailehal, 2005; Alon, 2006] also use what is effectively an extremely special
case of the results about similar candidates presented in this section. That special case is, however, not sufficient for the
reduction given here.
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Proof: We reduce from the NP-compleidaximum Satisfiability (MAXSAT) problem. We show

how to reduce an arbitralMAXSAT instance, given by a set of claus€sover a set of variableg,

and a target numbei of clauses to satisfy, to an instance of 8later problem and a target score

t2, such that there is an ranking with Slater score at lgaiftand only if there is a solution to the
MAXSAT instance (that satisfies at leastclauses). Lef\/ be a sufficiently large numbefd( >

6|K||V| + |K|?). For every variabler € V, let there be the following super-candidates, each

of size M (that is, representing/ individual candidates)C, = {ay, +v, —v, b, du, €, }.* Let the
individual candidates that any given single super-candidate represents constitute an acyclic pairwise
election graph, so that we can order them perfectly and obtain a Slater scar@\éf— 1)/2. Let

the super-candidates have the following relationships to each other in the aggregated graph:

e Fix some order> over the variables (e.gz1 > z2 > ... > zy|). Then, for any two
super-candidates, € C,, ¢,y € Cp Withv > v/, ¢, — ¢yr.

e Foranyv € V, foranyc, € {ay, 4+, —} andc,, € {b,,dy, ey}, ¢y — ¢,.

e Foranyv € V,a, — 4y, +v — —v, —v — Gy; by — dy, by — €y, dy — €.

+ +
“w I~y LN i
:{'{ ..a-"lﬂ"‘l_i}d HExl_D _bll;{ ﬂﬂx,ﬁ A =Xy
1 X1 vl Xjv)

Figure 3.8: lllustration of part of the reduction.

Additionally, for every claus& € K, let there be a single candidate (not a super-candidate)
with the following relationships to the candidates corresponding to variables. Assume without loss
of generality that opposite literalg-¢ and—wv) never occur in the same clause. Then,

e If +v €k, then+, — ¢, dy — ¢, e, — ¢ andeg, — ay, cp — —u, . — by.
o If —v € k,then—, — ¢, dy — ¢, e, — ¢ ande, — ay, i — +o, i — by.
o If {+v,—v} Nk =0,thenb, — ck,dy, — cg, ey — ¢ @Ndcg — ay, k. — +y, Ck — —y-

The relationships among the are irrelevant. Finally, let the target Slater scorede 6|V |M (M —
1)/2+36M2|V|(|V] —1)/2 + 14M?|V| + t1 M.

We now make some observations about$teter problem instance that we have constructed.
First, by Theorem 1, we can restrict our attention to rankings in which the individual candidates
in any given super-candidate form a (contiguous) block. Recall that within such a block, we can
order the individual candidates to obtain a Slater scord/gf\/ — 1)/2, which will give us a
total of 6|V |M (M — 1)/2 points. Now, if our ranking of two super-candidates is consistent with
the pairwise election graph, according to Lemma 1 this will increase the Slater scafé bRy
contrast, the total number of Slater points that we can obtain albrthe edges in the pairwise

“The letterc is skipped only to avoid confusion with the usecads an arbitrary candidate.
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election graph that involve a candidajecorresponding to a clause is at mgst - 6|V | M + | K |? <
6|K||V|M + |K|?M < M?. Hence, it is never worth it to sacrifice an agreement on an edge
involving two super-candidates to obtain a better result with regard to the remaining candidates,
and therefore we can initially restrict our attention to the super-candidates only as these are our
primary concern. It is clear that far > ' we should rank all the candidates @), above all
those inC,,. Doing this for all variables will increase the Slater score3by/?|V|(|V| — 1)/2.
Moreover, it is clear that for every we should rank all the candidates {n,,, +,, —,} above all
those in{b,, d,, e, }, andb, > d, > e,. Doing this for all variables will increase the Slater score
by (9M? + 3M?)|V| = 12M?|V|. Finally, for everyv, any one of the rankings, = —, = a,
—u > ay = +4, @anda, = +, = —, are equally good, leaving us a choice. Choosing one of these
for all variables increases the Slater score by ancthét|V|.

Now, as a secondary concern, we can analyze edges involving thgreement on an edge
between a; and one of the super-candidates will increase the Slater scaké. [y contrast, the
total number of Slater points that we can obtain fralinthe edges in the pairwise election graph
that involve only candidates, is at most K |(| K| — 1)/2 < |K|?> < M. Hence, it is never worth it
to sacrifice an agreement on an edge involving a super-candidate to obtain a better result with regard
to the edges involving only candidates and hence we can restrict our attention to edges involving
a super-candidate. (In fact, the edges involving only candidatesill turn out to have such a
minimal effect on the total score that we need not consider them at all.) Now, we note that whether
a candidate;, is ranked beforall the candidates i, or afterall of them makes no difference to
the total score, because three of these candidates will have an edgg, iatal three of them will
have have an edge out@f. Nevertheless, a candidatgcould be rankedmongthe candidate€’,
for (at most) oney € V. Becausel, ande, always have edges intq and are always ranked last
among the candidates (,, rankingc, after at least two of the candidatesGf will never make a
positive contribution to the Slater score. Hence, there are only two possibilities to increase the Slater
score (by exacthyM) for a givency: either ranke, directly after somer, such thattv € k£ and—+,
is ranked first among th€,,, or ranke;, directly after some-,, such that-v € k and—, is ranked
first among the”,,. Of course, for each variable we can rank at most one ef, and —, first.
(We can also rank,, first, but this will never help us.) Now we can see that this corresponds to the
MAXSAT problem: say that we setto trueif 4, is ranked first, and téalseif —, is ranked first.
Then, we can obtain an addition&l points for a candidate;, if and only if clausek is satisfied,
and hence we can increase the Slater score by an additidigboints if and only if we can set the
variables in such a way as to satisfy at leastlauses. =

3.1.7 Extension to the Kemeny rule

TheKemenyule [Kemeny, 1959] has significant similarities to the Slater rule. One definition of the
Kemeny rule that makes this clear is the following. Instead of minimizing the number of pairwise
elections that the final ranking disagrees with, the Kemeny rule tries to minimize theveatgtof

such pairwise elections—where the weight of a pairwise election is the number of votes by which
its winner defeated its loser. This also shows that the Kemeny ranking problem is more general than
the Slater ranking problem, because it is easy to create votes that make all weights equal to each
other. (For example, adding the voig@s> co = ... = ¢y ande, = ¢pe1 = ... = c3 = ¢1 = ¢
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givesc; two extra votes in its pairwise election againgt but has a neutral effect on every other
pairwise election.)

The Kemeny rule has an important interpretation as a maximum likelihood estimator of the
“correct” ranking. Condorcet, an early social choice theorist, modeled elections as follows: there
is a correct ranking of the candidates, but every voter only has a noisy perception of this correct
ranking. Specifically, for every pair of candidates, any voter ranks the better candidate higher with
probabilityp > 1/2, independently. Given this noise model, the problem of finding the maximum
likelihood estimate of the correct outcome, given the votes, is well-defined. Condorcet solved this
problem for the cases @ and3 candidates [de Caritat (Marquis de Condorcet), 1785]. Over two
centuries later, Young [1995] observed that the Kemeny rule is in fact the solution to Condorcet’s
problem for arbitrary numbers of candidates. Because of this, the Kemeny rule is sometimes also
referred to as the Kemeny-Young rule. We recently showed that some, but not all, of the other
well-known voting rules can also be interpreted as maximum likelihood estimators, under different
(more complex) noise models [Conitzer and Sandholm, 2005a].

The techniques presented in this section can be extended to apply to the Kemeny rule as well.
However, to apply to the Kemeny rule, the definition of a set of similar candidates must be modified
to state that for any fixed candidate outside the set, all candidates inside the set must receive exactly
the same number of votes in the pairwise election against that candidate (rather than merely obtain
the same overall result). This modified definition is much less likely to apply than the original
version.

This concludes the part of this dissertation studying the complexity of executing voting rules;
we will return to voting, specifically to the hardnessadinipulatingelections, in a few chapters, in
Section 8.2. In the next section, we study the complexity of the winner determination problem in
combinatorial auctions.

3.2 Combinatorial auctions with structured item graphs

This section describes work that we did jointly with Jonathan Derryberry (CMU).

As we mentioned at the beginning of this chapter, the winner determination problem in a general
combinatorial auction (CA) is NP-complete [Rothkagdfal., 1998]. Three main approaches have
been pursued to address this: 1) designing optimal search algorithms that are ofteiyféSahd-
holm, 2002a; Sandholet al,, 2005c; Gonen and Lehmann, 2000; Fujishishal., 1999; Boutilier,
2002]), but require exponential time in the worst case (unless P = NP), 2) designing approxima-
tion algorithms €.g, [Hoos and Boutilier, 2000; Zurel and Nisan, 2001; van Hoesel aiite¥]
2001])—but unfortunately no polytime algorithm can guarantee an approximation (unless ZPP =
NP) [Sandholm, 2002a], and 3) designing optimal polytime algorithms for restricted classes of CAs
(e.g., [Rothkoptet al,, 1998; Tennenholtz, 2000; Penn and Tennenholtz, 2000; Sandholm and Suri,
2003)).

°0f course, the rankings of pairs of candidates cannot actually be completely independent, becsyseiérred to
b, andb to ¢, thena must be preferred te. Nevertheless, all rankings receive some probability under this model, which
is all that is necessary for the maximum likelihood approach.
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This section falls roughly within the third approach: we present hardness and easiness results
for natural classes of CAs. However, we also develop a problem instance parameter (treewidth
of the item graph, described below), such thay CA instance falls within our framework, and
winner determination complexity is exponential in the parameter only. Like almost all of the work
on polynomial-time solvable combinatorial auctions, we restrict our attention to the case where any
two bids on disjoint subsets can be simultaneously accepted—that is, no XOR-constraints between
bids are allowed. (This can be circumvented by adding dummy items that encode these constraints,
as discussed in Section 2.2. However, the additional dummy items may significantly increase the
time required to solve the instance.)

Consider graphs with the auction’s items as vertices, which have the property that for any bid,
the items occurring in it constitute a connected set in the graph. (For instance, the fully connected
graph (with an edge between every pair of items) always has this property.) Such graphs can have
potentially useful structure (for example, the graph may be a tree). For any type of structure, one
can ask the following two questions: 1) how hard is the clearing problem when we are given a valid
item graph with the desired structure? 2) if the graph is not given beforehand, how hard is it to
construct a valid item graph with this structure (if it exists)? We will investigate both questions. 1)
was previously solved for the special case where the graph is a tree or a cycle [Sandholm and Suri,
2003]; 2) was previously solved for the special case where the graph is a line (as pointed out by
Sandholm and Suri [2003], using a result by Korte and Mohring [1989]) or a cycle (as pointed out
by Sandholm and Suri [2003], using a result by Eschen and Spinrad [1993]). In each of these cases,
a low-order polynomial algorithm was presented.

One practical use of such polynomially detectable and solvable special cases is to incorporate
them into optimal search algorithms [Sandholm and Suri, 2003]. At every node of the search tree,
we can detect whether the remaining problem is polynomially solvable, and if it is, we use the
polynomial special-purpose algorithm for solving it. Otherwise the search will continue into the
subtree.

Also, there are two pure uses for graph structures which make questions 1 and 2 easy. First, the
auctioneer can decide on the graph beforehand, and allow only bids on connected sets of items. (In
this case, 1 is most important, but 2 may also be useful if the auctioneer wants to make sure that bids
on certain bundles are allowed.) Second, the auctioneer can allow bids on any bundle; then, once the
bids have been submitted, attempt to construct an item graph that is valid for these bids; and finally,
clear the auction using this graph. Clearly, the second approach is only practical if real instances are
likely to have item graphs with some structure. To a lesser extent, this is also important for the first
approach: if bidders must bid on bundles too different from their desired bundles, economic value
will be lost.

Fortunately, real-world instances are likely to have graphs that are not fully connected. For
instance, an item may receive only isolated bids that do not involve any other items; or an item
may always co-occur with the same other item in bids. As a more detailed example, consider a
combinatorial auction for tourist activities in the Bay Area. One item for sale may be a ticket to
Alcatraz (in San Francisco). Another may be a ticket to the Children’s Discovery Museum (in San
Jose). A third item may be a Caltrain ticket to get back and forth between the twocBigsposing

The reason that this example focuses on the Bay Area is that we published the corresponding paper in the proceedings
of the AAAI-04 conference, which was held in San Jose.
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(for now) that there is no alternative transportation between the two cities, the only bundle that is
unlikely to receive a bid igAlcatraz, Children’s Discovery Museumbecause the bidder will need
transportation (no matter which city she is based out of for the duration of her visit). Thus, a valid
graph for this auction is the line graph in Figure 3.9 (because its only disconnected set is the one we

just ruled out).

N
O—CO—0O
Alcatraz  Caltrain  Children’s

Museum

Figure 3.9: A valid item graph.

To extend the example, suppose that there are alternative modes of transportation which are also
included in the auction: a Rental Car, and a Bus ticket. Now the following bundles are unlikely
to receive a bid{Alcatraz, Children’s Discovery Museun{because the bidder requires a form of
transportation) and any bundle containing more than one mode of transportation. Thus, the graph
in Figure 3.10 is a valid item graph (because we just ruled out all its disconnected sets). This graph

Cdltran

7
\_/ _
Museum

Bus

Figure 3.10: Another valid item graph.

does not fall under any of the previously studied structures (it is not a line, tree, or cycle). Still, it
has interesting structure: for instance, it has a treewidth of

The rest of this section is organized as follows. We first show that given an item graph with
bounded treewidth, the clearing problem can be solved in polynomial time. Next, we show how to
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construct an item tree (treewidth = 1), if it exists, in polynomial time. This answers the proposed
open question of whether this can be done [Sandholm and Suri, 2003]. (We leave open the question
of whether an item graph with small treewidth (s2)can be constructed if it exists.) We show that
constructing the item graph with the fewest edges is NP-complete (even when a graph of treewidth
2 is easy to construct). Finally, we study a variant where a bid is allowed to congistarfnected

sets, rather than just one. We show that the clearing problem is NP-complete even for line graphs
with k£ = 2, and the graph construction problem is NP-complete for line graphsiwitls.

3.2.1 Item graphs

We first formally define item graphs.

Definition 11 Given a combinatorial auction clearing problem instance, the grépk- (I, E),
whose vertices correspond to the items in the instance(vsl&) item graphf for every bid, the
set of items in that bid constitutes a connected sét.in

We emphasize that an item graph, in our definition, dosseed to have an edge connecting
every pair of items that occurs in a bid. Rather, each pair only needs to be connected via a path
consisting only of items in the bid. In other words, the subgraph consisting of each bid must form
only one connected component, but it needs not be a clique.

3.2.2 Clearing with bounded treewidth item graphs

In this subsection, we show that combinatorial auctions can be cleared in polynomial time when an
item graph with bounded treewidth is given. This generalizes a result by Sandholm and Suri [Sand-
holm and Suri, 2003] which shows polynomial time clearability when the item graph is a tree
(treewidth = 1)/ Linear-time approximation algorithms for clearing when the item graph has
bounded treewidth have also been given, where the approximation ratio is the treewidth, plus
one [Akcogluet al,, 2002]. In contrast, we will clear the auction optimally.

First we will give a very brief review of treewidth.

Definition 12 Atree decompositioft’ of a graphG = (I, F) is a tree with the following properties.
1. Eachv € T has an associated sét of vertices inG.
2. Uyer Iv = I (each vertex ofx occurs somewhere ifi).

3. For each(iy,i2) € FE, there is some € T with i;,is € I, (each edge of7 is contained
within some vertex df).

4. Foreachie I,{veT:i€ I,}isconnected i

We say that thevidth of the tree ismax,ecp |I,| — 1.

"The special case of a tree can also be solved in polynomial time using algorithms for perfect constraint matrices [de
Vries and Vohra, 2003], but those algorithms are slower in practice.
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While the general problem of finding a tree decomposition of a graph with minimum width is
NP-complete, when the treewidth is bounded, the tree decompaosition can be constructed in polyno-
mial time [Areborget al,, 1987]. Because we are only interested in the case where the treewidth of
the item graph is bounded, we may assume that the tree decomposition is given to us as well as the
graph itself.

The following (known) lemma will be useful in our proof.

Lemmab If X C Iis a connected set i@, then{v € T': I, N X # {}} is connected ifT".
We are now ready to present our first result.

Theorem 4 Suppose we are given a combinatorial auction problem instance, together with a tree
decompositiorf” with widthtw of an item graphG. Then the optimal allocation can be determined

in O(|T|*(|B| + 1)**+1) using dynamic programming, whefgis the set of bids. (Both with and
without free disposal.)

Proof: Fix a root inT" (the “top” of the tree). At every vertex € T with items1,, consider all
functionsf : I, — B U {0}, indicating possible assignments of the items to the bidéi) (= 0
indicates no commitment as to which bid itenis assigned to.) This set has sigé| + 1)/,
Consider the subsét;, of these functions satisfying: 1. ff(<) = b, b must bid oni; 2. All bids in
the imagef (1,) include items that occur higher up fithanv; 3. If f(i) = b andb also bids on
itemyj € I, thenf(j) = b also.

The interpretation is that each function ki, corresponds to a constraint from higher up in
the tree as to which bids should be accepted. We now compute, for every r(stirting from
the leaves and going up to the root), for every functfos Fj,, the maximum value that can be
obtained from items that occur ihand its descendant vertices (but not in any other vertices), and
that do not occur in bids in the image 6f (We observe that it is the root node, there can be no
constraints from higher up in the tree (that is, there is only pfienction), and the corresponding
value is the maximum value that can be obtained in the auction.) Denoting this vat{e, iy, we
can compute it using dynamic programming from the leaves up in the following manner:

e Consider all assignments: {i € I,, : f(i) = 0} — B U {0},® with the properties that: 1.
If g(¢) = b, b must bid oni; 2. The image ofy does not include any bids that include items
that occur higher irf” thanv. 3. If g(i) = b andb also bids on iteny € I,,, thenf(j) =0
andg(j) = b also. (Thusg indicates which bids concerning the unallocated items, iwe
are considering accepting, but only bids that we have not considered higher in the tree.)

e The value of such an assignmenpis ;) a(b)+ > erp(w)=o T(W: qu(f; 9)), whereg(1,)
is the image of;, a(b) is the value of bidh, p(w) is the parent ofv, andq,,(f, g) : I, — B
maps items occurring in a bid in the image of eitlfesr ¢ to that bid, and everything else to
0.

e The maximum such value over aliis (v, f).

8In the case of no free disposalcannot map ta.
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Because we need to do this computation once for each venteX, the number of assignments
g is at most(| B| + 1)!/*I where|I,| < tw + 1, and for each assignment we need to do a lookup for
each of the children aof, this algorithm has running tim@(|7'|?(| B| + 1)),

The allocation that the algorithm produces can be obtained going back down the tree, as follows:
at the root node, there is only one constraint funcffionapping everything t6 (because no bid has
items higher up the tree). Thus, consider thealue maximizing assignment,.; for the root; all
the bids in its image are accepted. Then, for each of its children, considewvtiiae maximizing
assignment under the constraint imposedjhy;; all the bids in the image of that assignment are
also accepted, etc.

To show that the algorithm works correctly, we need to show that no bids that are accepted high
up in the tree are “forgotten about” lower in the tree (and its items lower in the tree awarded to
other bids). Because the items in a bid constitute a connected set in the itenGgitayphemma 5,
the vertices ifl" containing items from such a bid are also connected. Now, if & scaccepted
at the highest vertex € T containing an item irb (that is, the items in that vertex occurring in
b are awarded td), each ofv’s children must also award all its items occurringbito b; and by
the connectedness pointed out above, for each child, either there is at least one such an item in that
child, or none of its descendants have any items occurridg in the former casdj is also in the
image of the child’s allocation function, and the same reasoning applies to its children, etc.; in the
latter case the fact thathas been accepted is irrelevant to this part of the tree. So, either an accepted
bid forces a constraint in a child, and the fact that the bid was accepted is propagated down the tree;
or the bid is irrelevant to all that child’s descendants as well, and can be safely forgotten alwut.

3.2.3 An algorithm for constructing a valid item tree

So far we discussed question 1: how to clear the augiiieena valid item graph. In this subsection,

we move on to the second questioncohstructingthe graph. We present a polynomial-time algo-

rithm that constructs an item tree (that is, an item graph without cycles), if one exists for the bids.
This closes a recognized open research problem [Sandholm and Suri, 2003], and is necessary if one
wants to use the polynomial item tree clearing algorithm as a subroutine of a search algorithm, as
discussed in the introduction.

First, we introduce some notation. In a combinatorial auction with bidBsand item sefl,
defineitems(b) C I to be the set of items in bitl. Also, letT}, refer to the subgraph of a tree
containing only vertices representeddyms(b) and all edges among elementsafms(b).

With these definitions in hand, we are now ready to present the main theorem of this subsection.
This theorem shows how to give a tree that “minimally violates” the key requirement of an item
graph (namely, that each bid bids on only one component). Thus, if it is actually possible to give a
valid item tree, such a tree will be produced by the algorithm.

Theorem 5 Given an arbitrary set of bid#® for items/, a corresponding tre&’ that minimizes

> the number of connected componentg;n
beB

can be found irO(|B| - |1]?) time.
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Proof: Consider the algorithm MKE TREE(B, I) shown below, which returns the maximum span-
ning tree of the complete undirected weighted graph over verfigesvhich each edgéi, j) has a
weight equal to the number of bidssuch that, j € items(b).

MAKETREE(B, I)

A — An|I| x |I| matrix of 0s

2 for eachbin B

3 do for eachi in items(b)

4 do for eachj # i in items(b)

5

6

=

do A(i,5) «— A(i,j) + 1
return the maximum spanning tree of the grapgh

The running time of MKETREE(B, I) is O(|B| - |I|?) from the triply nestedor loops, plus
the time needed to find the maximum spanning tree. The maximum spanning tree can be found
in O(|1]?) time [Cormenet al,, 1990], so the running time of the algorithm as a whol®{$B| -
1) +O(1)?) = O(1B| - [T]?).

To see that MKETREE(B, I) returns the tre@” with the minimum sum of connected compo-
nents across all, note that the total weight af can be written as

> the number of edges i amongitems(b).
beB

Becausé€l' is a tree, each subgrafi is a forest, and the number of edges in any forest equals
the number of vertices in the forest, minus the number of components in the forest. It follows that
we can rewrite the above expression as

s = Z litems(b)|— the number of components .
beB

Because) ;. s |items(b)| is a constant, maximizing is the same as minimizing the sum of the
number of connected components acrosgall =

In particular, if an item tree exists for the given bids, then in that tree, each bid bids on only one
connected component, so the summation in Theorem 5 is equal to the number of bids. Because each
term in the summation must always be greater than or equathds tree minimizes the summation.

Thus, MAKETREE will return a tree for which the summation in Theorem 5 is equal to the number
of bids as well. But this can only happen if each bid bids on only one connected component. So,
MAKETREEwill return an item tree.

Corollary 1 MAKETREEwWill return a valid item tree if and only if one exists, (| B| - |I|?) time.
(And whether a tree is a valid item tree can be checked(iiB| - |I|) time.)

Implications for bid sets without an item tree

The above result presents an algorithm for constructing aftrifsem a set of bids that minimizes
the sum of the number of connected components acrogs.altven when the tree returned is not
a valid item tree, we can still use it to help us clear the auction, as follows. Suppese TEE
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was “close” to being able to construct an item tree, in the sense that only a few bids were split
into multiple components. Then, we could use brute force to determine which of these split bids
to accept (we could search over all subsets of these split bids), and solve the rest of the problem
using dynamic programming as in [Sandholm and Suri, 2003]. If the number of split bids is
this algorithm take€)(2* - |B| - |I|) time (so it is efficient ifk is small). We note, however, that
MAKETREE(B, I) does not minimize the number of split bids)(as would be desirable for the
proposed search technique. Rather, it minimizes the total number of components (summed over
bids). Thus, it may prefer splitting many bids into few components each, over splitting few bids into
many components each. So there may exist trees that have fewer split bids than the tree returned
by MAKETREE (and it would be interesting to try to come up with other algorithms that try to
minimize the number of split bids).

Also, MAKE TREE does not solve the general problem of constructing an item graph of small
treewidth if one exists. The straightforward adaptation of thexMITREE algorithm to finding an
item graph of treewidtt2 (where we find the maximum spanning graph of treewitlih the last
step) does not always provide a valid item graph, even when a valid item graph of tre2idiits.
To see why, consider an auction instance for which the graph in Figure 3.11 is the unique item graph
of treewidth2 (for example, because for each edge, there is a bid on only its two endpoints). If there

A

Figure 3.11: A counterexample.

are many bids on the bundled, B, D}, and few other bids, the adapted algorithm will draw the
edge(A, D). As a result, it will fail to draw one of the other edges (because otherwise the graph
would have treewidtB), and thus the graph will not be a valid item graph.

For now, we leave open the question of how to construct a valid item graph with tre@nimith
3, 0r4, ...) if one exists. However, in the next subsection, we solve a related question.

3.2.4 Constructing the item graph with the fewest edges is hard

The more edges an item graph has, the less structure there is in the instance. A natural question
is therefore to construct the valid item graph with the fewest edges. It should be pointed out that
this is not necessarily the best graph to work on. For example, given our algorithm, a graph of
treewidth 2 may be more desirable to work on than a graph with fewer edges of high treewidth. On
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the other hand, assuming that the items cannot be disjoint into two separate components (which is
easy to check), a tree is always a graph with the minimum number of edges (and if a tree exists, then
only trees have the minimum number of edges). So in this case, generating a graph of minimum
treewidth is the same as generating a graph with the minimum number of edges.

We next show that constructing the graph with the fewest edges is hard. Interestingly, the
guestion is hard already for instances with treewidth 2. (For instances of treew{ttihests) it
is easy: divide the items into as many separate components (with no bids across more than one
component) as possible, and run ounikE TREE algorithm on each.) Thus, if a graph of treewidth
2 can be constructed in polynomial time (angRP), the algorithm for doing so cannot be used to
get the fewest edges—unlike the case of treewidth

Theorem 6 Determining whether an item tree with fewer thaadges exists is NP-complete, even
when an item graph of treewidthis guaranteed to exist and each bid is on at mpgems, and
whether or not the item tree we construct is required to be of treewidth 2.

Proof: The problem is in NP because we can nondeterministically generate a graph with the items
as vertices and at moktedges, and check whether it is valid item graph. To show that the problem

is NP-complete, we reduce an arbitrary 3SAT instance to the following set of items and bids. For
every variablev € V, let there be two items, ,,i_,. Furthermore, let there be two more items,

iop andiy. Let the set of bids be as follows. For evaerye V, let there be bids on the following
sets:{ig, i4v }, {20y i—v }s {iqv, i—v }, {i+v, i—v, 11 }. Finally, for every clause € C, let there be a

bid on{i;, : +v € ¢} U {i_, : —v € ¢} U {ip, i1} (the set of all items corresponding to literals

in the clause, plus the two extra items—we note that because we are reducing from 3SAT, these are
at most5 items). Let the target number of edgesde- 4|V|. We proceed to show that the two
instances are equivalent.

First, suppose there exists a solution to the 3SAT instance. Then, let there be an edge between
any two items which constitute a bid by themselves; additionally, let there be an edge béfween
andi; whenevew is set totrue in the SAT solution, and an edge between andi; whenevemw is
set tofalsein the SAT solution (for a total of|V'| edges). We observe that all the bids of the form
{i+v,7—y, 11} are now connected. Also, for anye C, because the 3SAT solution satisfigeither
11 is connected to some., with +v € ¢, or iy is connected to some_,, with —v € ¢. (And all
the items besides in the bid corresponding teare clearly connected.) So all the bids constitute
connected subsets, and there exists a valid item graph with atthrgstdges. (Also, this is a series
parallel graph, and such graphs have treewith

Now, suppose there exists a valid item graph with at r¢ist edges. Of course, there must
be an edge between any two items which constitute a bid by themselves; and because of the bids
on three items, for every € V, there must be an edge either betweepandi,, or between_,,
andi;. This already required|V| edges, so there cannot be any more edges. Because each bid
corresponding to a clausemust be connected, there must be either an edge between spmith
+v € candiy, or between somé_, with —v € c andi;. But then, it follows that if we set to true
if there is an edge betweén, andiq, and tofalseif there is an edge betweén, andi,, we have
a solution to the SAT instance.

All that remains to show is that in these instances, a valid item graph of treexaditfays exists.
Consider the graph that has an edge between any two items which constitute a bid by themselves;
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an edge between , andi; for anyv € V; and an edge betweép andi; (for a total of4|V| + 1
edges). This is a series parallel graph, and such graphs have tre2widta

3.2.5 Applications

The techniques in this section can be applied to any combinatorial auction winner determination
instance whose bids happen to be consistent with some (structured) item graph. Specifically, there
is no requirement that there is an item graph that makes sense for the items fopsale (before

the bids arrive), based on the inherent properties of the items. Nevertheless, itis important to identify
settings in which such priori sensible item graphs do exist, for at least the following reasons. First,

as described in the introduction, the auctioneer may wish to guarantee that the techniques described
in this section can be applied by disallowing any bids that are not consistent with a prespecified item
graph. This prespecified item graph should be chosen to be at least approximately consistent with
bidders’ likely valuations to minimize the loss of economic value due to this restriction. Second,
especially in the case where the number of bidders is large, it is unlikely that the bids will be
consistent with any structured item graph, unless the items are fundamentally related to each other
in the manner prescribed by such an item graph.

Some settings for which priori sensible item graphs exist have already been proposed. For
example, Sandholm and Suri propose a web shopping scenario in which webpages describing the
items for sale are structured as a tree, and bidders can, upon deciding that they wish to include the
item on a webpage in their bid, continue to browse to neighboring pages [Sandholm and Suri, 2003].

In this subsection, we lay out two new settings in which the inherent relation between the items
naturally suggests an item graph with the desired properties. In both of these settings, the “items”
for sale do not correspond exactly to the resources under consideration. In the first setting we
discuss, combinatorial renting, an item consists of the permission to use a given resource in a given
time period. In the second setting, an item consists of a given set of conditions under which a
given resource is allocated to the item’s winner. We will make this more precise in the following
subsubsections.

Combinatorial renting

In acombinatorial renting auctionwe have a set of resourc8sand a number of time periodsover
which to rent out these resources. In this context, an “item” for sale is a resource-time period pair
(r,t) € Rx {1,2,...,T}, and abid consists of a subset of such pairs, representing at which times
the bidder wants to rent which resources, together with a value offered for this subset. For example,
a company renting out construction equipment may have a cement mixer, a truck, and a crane, each
of which can be rented out over the course of three periods. A construction company working
on a project may then bid (for examplé)(mixer, 1), (truck, 2), (crane2), (truck, 3)}, $15000),
indicating that it wants to rent the mixer in the first period, the truck and the crane in the second
period, and the truck again in the third period, for a total value of $15,000.

The constraint that we do not rent the same resource to multiple bidders at the same time cor-
responds to the constraint that we do not award the same(itgmto multiple bidders, and thus
the winner determination problem reduces to the standard combinatorial auction winner determi-
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nation problem. Moreover, the combinatorial renting auction winner determination problem is in
general no easier than the standard combinatorial auction winner determination problem: for ex-
ample, if T = 1, we effectively have a standard combinatorial auction in which items correspond
directly to resources. The renting setting becomes more interesting when the multitude of the items
is mostly due to the time dimension rather than the resource dimension. Thus, let us assume that
the number of resources is smalg. bounded by a constakt Additionally, suppose that the bids
satisfy the following restriction: the set of time periods in which a bid demands items is connected.
That is, for a bid on bundlé3, for anyty,ts,t5 € {1,2,...,T},t; < t3 < to,r1,72 € R with
(r1,t1), (r2,t2) € B, there must exist some € R such that(rs,t3) € B. This is a sensible
restriction when each bid corresponds to a project for which resources must be engteithd
construction example above) and the project is scheduled for a particular time interval.

Under this restriction, the following is a valid item graph:

e Foreveryt € {1,2,...,T}, draw a subgrapl; whose vertex set i§(r,t) : » € R}, and
make it fully connected (edges between every pair of vertices).

e Connectthe subgraphs by, foreverg {1,2,...,7—1}, drawing an edge from every vertex
in G to every vertex inG; 1.

Gl G2 Gr

(r1, 1) (r, 2) (r1,T)
)

i ﬁ% @7

(r2,1) (r2,2) (r2,T)

Figure 3.12: Item graph for renting three resourcess, r3.

Moreover, this graph has bounded treewidth as shown by the following tree decomposition (in which
V; is the vertex set of7;):

(VIV2} (V2 V3l (V3 VAl ..

Figure 3.13: Tree decomposition in renting setting.

(In fact, because the tree decomposition is a path, this shows that the original graph has bounded
pathwidth.) The width of this decomposition2R| — 1. This is ana priori bound, and it is possible
that given the actual bids, an item graph with even smaller treewidth exists.

We now turn to a different setting in which our techniques can be applied.

Conditional awarding of the items

In a combinatorial conditional awarding auctionve again have a set of resourd@sin addition,
we have a set of possible future states of the wstl¢For now, we will only concern ourselves with
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a single point in the future, say, the beginning of the next fiscal year.) In this context, an “item” for
sale is a resource-state pairs) € R x S, and abid consists of a subset of such pairs, representing
under which conditions the bidder wants to be awarded which resources. For example, there may be
three states of the world, one in which the price of oil is below $40 per barrel, one in which the price
is between $40 and $60, and one in which the price is above $60. A car dealer may have a sport
utility vehicle (SUV) and a small car for sale. Then, a bidder may(Bi{@®UV, p, < $40), (small

car, p, < $40), (SUV, $40 < p, < $60), (small carp, > $60)}, $30000) indicating that she wants

to receive both cars when the price of oil is low, only the SUV when the price of oil is in the middle
range, and only the small car when the price of oil is in the high range; and that this total package
is worth $30,000 to her. (In reality, the bidder may wish to make different payments depending on
which state of the world materializes; this can be incorporated into the model by using the bidder’s
expectegpayment.) We note that the “items” for sale are effectively securities that bidders can use
to hedge against uncertain future events.

The constraint that we do not award the same resource to multiple bidders in the same state
of the world corresponds to the constraint that we do not award the saméritejrto multiple
bidders, and thus the winner determination problem reduces to the standard combinatorial auction
winner determination problem. Also, in the case whigfte= 1, we effectively have a standard
combinatorial auction in which items correspond directly to resources. Thus, as in the combinatorial
renting setting, the most interesting case to look at is wiieie small butS is potentially large.

One interesting setting to look at is the one in which there is a linear order on the staté'space
example, the “price of oil” state space described above has such an order (higher vs. lower prices).
This case is technically similar to the renting problem studied in the previous subsubsection:; if
the number of items is bounded by a constianand the states in which a bid demands items are
connected (or there are only small gaps), then we can solve the problem in polynomial time. The
connectedness property is likely to hold when the bidder is interested in a set of similar states (for
example, the bidder wishes to hedge against high and very high oil prices).

The state space may also be the cross product of multiple linear orders. For example, a state
could represent a combination of the price of oil and the exchange rate between the US dollar and
the Euro. In this case, we may expect that the set of states in which a bid demands items is connected
in agrid graph such as the following:

We can turn such a grid into a valid item graph by replacing each state with a fully connected
graph (a clique) whose vertices are all items that involve that state (one for every resource), and
drawing edges between any pair of items in adjacent cliques. The treewidth of this graph is at most
|R| times the treewidth of the grid (the graph over states), because given any tree decomposition
of the grid, we can replace each state by all the items involving that state (one for every resource)
to obtain a valid tree decomposition of the item graph. Unfortunately, grids do not have bounded
treewidth; rather, am x n grid has treewidti®(min{m, n}). Of course, this is still much better
than the trivial bound ofnn that would correspond to exhaustive search.

Combining both settings: conditional renting

As a third application, we may wish to combine the applications of the previous two subsubsections
and let the bidderentthe itemsconditionallyon the state of the world at the time of the renting. For
example, the construction company described in the first subsubsection may wish to rent different
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oil price<$40 $40<=oil price<=$60 oail price>$60

Euro<$1.1 O () @

N
()
N
()
N

$1.1<=Euro<=%$1.5 <

Euro>$1.5 Q () Q

Figure 3.14: State space graph based on oil price and US$/Euro exchange rate.

resources depending on the price of oil (or the weather, or anything else) at the times the resources
are to be rented. Hence, thentextin which a resource is awarded now consists ¢firae,statg

pair. If there is a linear order on the state space, we may expect that the set of contexts in which a
bid demands items is connected in a grid graph such as the following:

time period 1 time period 2 time period &

oil price<$40 O () @

$40<=oil price<=$60 () O O

oil price>$60 Q () Q

Figure 3.15: Context space graph based on time and state space (oil price).

Technically, this leads to same problem as the two-dimensional state space described in the
previous subsubsection.

3.2.6 Bids on multiple connected sets

In this subsection, we investigate what happens if we reduce the requirements on item graphs some-
what. Specifically, let the requirement be that for each bid, the items &rmostk connected
components in the graph. (The case whiete 1 is the one we have studied up to this point.) So, to

see if a bid is valid given the graph, consider how many connected components the items in the bid
constitute in the graph; if (and only if) there are at mbsbmponents, the bid is valid. Figure 3.16
shows an example item tree. One bid bids on all the items encapsulated by rect2icglesgcted
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components); the other, on all the items encapsulated by ellipses(iected components). Thus,
if £ = 2, then the first bid is valid, but the second one is not. (Equivalently, the graph is not valid
for the second bid.)

Figure 3.16: An item tree.

As we will see, both clearing when a simple graph is known, and detecting whether a simple
graph exists, become hard for> 1.

Clearing is hard even with 2 connected sets on a line graph

Even ifthe item graphis a line, it is hard to clear auctions in which bidders may bundle two intervals
together. To show this, we prove the following slightly stronger theorem.

Theorem 7 If an item graph is created that consists of two disconnected line graphs, and bidders
are permitted to bundle one connected component from each line, then determining if the auction
can generate revenueis NP-complete.

Proof: The problem is in NP because the general clearing problem is in NP. To show that it is
NP-complete, an arbitrary instance oERTEXCOVER will be reduced to a corresponding auction
problem. In MERTEXCOVER, the goal is to determine whether there exists a set of ver€ices
size at mosk in a graphG = (V, E) such that for each edde, y) € E, eitherx € C ory € C.

To perform the reduction, give@@ = (V, E), create an itema,; for each edge;. Place all of the
u; items into the upper line. In addition, for each vertexc V, create the itemé; for each edge;
thatv; is part of. For eachy, align all of its correspondinj’ items into a contiguous interval on the
lower line. Now, create the following bids: 1. A bid of price 2 for each “edge item {aif’ u;).
2. A bid of price 1 for each “vertex interval bundig];? [for all e; for whichv; is part ofe;}.

We now show that there exists a vertex cover of size at meghactly when the optimal revenue
of the corresponding auction is at least|E| 4+ |V| — k.

Suppose there is a vertex cover of skzior a graphG = (V, E). Then it is possible to sell all
|E| of the edge items breaking up ontyof the vertex interval bundles. The resulting revenue if
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only thosek intervals are rendered unsellable by matching one or more of their members with edge
items isr = 2 - |E| + |V| — k as required; the profit is 2 for each of the edge pairs of the form
(I}, u;) that are sold, plus 1 for each of the vertex interval bundles that have not had any of their
items matched to edges.

Conversely, suppose there is a way to achieve revense2 - |E| + |V| — k. Suppose all of
the edge item pairs were sold in this case. Then, bed&jse k vertex intervals were sold, only
k were spoiled by selling some of their items with edge pairs. Thegertices can be used as a
vertex cover. On the other hand, suppose not all edge pairs were sold. Then the revenue could be
increased by selling the rest of the edge pairs even if it means spoiling additional vertex bundles
because edge pairs carry a price of 2 while vertex interval bundles only have price 1. This implies
that it is possible, by selling all of the edge item pairs, to acheive revénge - |E|+ |V |-k > r
so thatt’ < k, wherek’ represents the size of a possible vertex covem

Corollary 2 The problem of optimally clearing bids that bundle together at most two connected
components of a line item graph is NP-hard because joining the two lines of item graphs of the form
discussed in Theorem 7 constitutes a trivially correct reduction.

Constructing a line graph is hard even with 5 connected sets

We now move on to the task of constructing a simple item graph that is valid when bids are allowed
to consist of multiple components. The graph construction question is perhaps less interesting
here because, as we just showed, clearing remains hard even if we are given an item line graph.
Nevertheless, the graph may still be helpful in reducing the clearing time: maybe the clearing time
bound can be reduced to a smaller exponential function, or maybe it can reduce the clearing time in
practice. In this subsection, we show that unfortunately, detecting whether a valid line graph exists
with multiple (5) components is also NP-complete.

Lemma 6 Suppose a bid is allowed to contain up#aonnected components of items. Then, if
there arem > 2k + 5 items, there exists a set ﬁif(mk) bids such that there is exactly one line
graph (one ordering of the items, up to symmetry) consistent with these bids.

Proof: Label the itemsl throughm. For any subset of + 1 items of which at least two items

are successorg and: + 1), let there be a bid on that set of items. We observe that there are at
most(m — 1)(,™,) such bids (choosing the successive pair of items first, and then the remaining
k — 1—of course we are double-counting some combinations this way, but we only want an upper
bound), which isD(mF*). Ordering the items, 2, ..., m (or equivalentlym, m —1,..., 1), we get

a valid item graph (because any two successive items are adjacent in this graph, there aré at most
components in every bid). What remains to show is that if the items are ordered differently, there
is at least one bid witlt + 1 components. If the items are ordered differently, there is at least one
pair of successive (according to the original labeling) itémist+ 1 which are not adjacent in the
graph. Consider the set of these two items, plus every item that has an odd index in the ordering of
this graph (besides the ones that coincide with, or are adjacent to, the first two). This set has at least
2+ (k+3)—4 = k+1items, two of which are adjacent in the original labeling, and each of which
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is a separate component. It follows that there exists a subset of this set which constituted one of the
bids, and now has + 1 components. =

Lemma 7 Suppose each bid is allowed to contain at mosbnnected components, and we have

a set of bids that forces a unique ordering of the items (up to symmetry). Then suppose we replace
one itemr with two new itemsi; and ns, and let every bid bidding on the original item bid on

both the new items. Then the only valid orderings of the new set of items are the valid orderings for
the original set, where is replaced by, no (where these two can be placed in any order). This
extends to replacing multiple items by pairs.

Proof: First we show that these orderings are indeed valid. Clearly, no bid that did not include
will now have more components. Also, no bid that did includeill now have more components,
because the component including still intact as a single component (since the bid bids on agth
andny). So the new orderings are valid. Now we will show that these are the only valid orderings.
We observe that if we remove one of, ny from a given valid ordering as well as from the bids,
then we must still have a valid ordering. But because mdwas been replaced by a single item,
we know that the valid ordering for this is unique (up to symmetry). It follows thaandn, had
takenr’s place in the unigue valid ordering. The argument extends straightforwardly to replacing
multiple items by item pairs. =

Theorem 8 Given the bids, detecting whether an ordering of the items (a line graph) exists such
that each bidder bids on at most 5 connected components is NP-complete.

Proof: The problem is in NP because we can nondeterministically generate an ordering of the
items, and check whether any bid is bidding on more than 5 components. To show that the problem
is NP-hard, we reduce an arbitrary 3SAT instance to the following sets of items and bids. For every
variablev € V, let there be four items;;, iy, i4+,,7—,. Let the set of bids be as follows. First,
using Lemma 6 and Lemma 7, let there®@n?) bids such that the only remaining valid orderings
are iy, vy, {idvrs w1} s fogy Lidvss Ivg fo e -+ s Gy, s Tuyy 1idon, 0, - (HEre, two items are in
set notation if their relative order is not yet determined.) Finally, for every claus&”, let there
be a bid bidding on any, with v occurring inc (whether it is+v or —v), and on anyi,, with +v
occurring inc, and on any_,, with —v occurring inc. (So,6 items in total.) We show the instances
are equivalent.

First suppose there exists a solution to the 3SAT instance. Then, whenever a vaisadde to
true, leti, be ordered to the left of_,; otherwise, let, be ordered to the right af_,,. Then, for
every clause, for some literalv (or —v) occurring in that clausé,., (ori_,) is adjacent ta,,, and
it follows that the bid corresponding to the clause has at mesnnected components. So, there is
a valid ordering.

Now suppose there exists a valid ordering. Because ofthems, the only items in a bid
corresponding to a clause that can possibly be adjacent aie,aand the corresponding,, or
ani_, and the corresponding. This must happen at least once for every bid corresponding to a
clause (or the bid would havicomponents. But then, if we set a variabléo true if i, andi,
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are adjacent, and tialse otherwise, every clause must have at least-enén it wherew is set to
true, or at least one-v in it wherew is set tofalse It follows that there is a solution to the 3SAT
instance. =

This concludes the part of this dissertation studying the complexity of the winner determination
problem in combinatorial auctions; we will return to combinatorial auctions and exchanges (specif-
ically, to the use of the VCG mechanism in such settings) in the chapter after the next chapter,
Section 5.1. In the next section, we study the complexity of the outcome optimization problem in
the setting of expressive preference aggregation for donations to charities.

3.3 Expressive preference aggregation for donations to charities

In this section, we study the outcome optimization problem for expressive preference aggregation
for donations to charities, as defined in Section 2.3. We will refer to this problem aetireng
problem. The formal definition follows.

Definition 13 (DONATION-CLEARING) We are given a set of bids (each given by a utility
function for each charity, and a payment willingness function) over chaidies, . . ., ¢, as de-
scribed in Section 2.3. Additionally, we are given an objective funceog. (surplus, or total
amount donated). We are asked to find an objective-maximizing valid outcome.

One aspect of the problem is not captured by this definition: if we want a decentralized solu-
tion, in which bidders donate their money to the charity directly (rather than to a center who then
redistributes it), then we also need to specify which bidder donates how much to which charity. As-
suming that we are given the centralized solution, any greedy algorithm that increases the cash flow
from any bidder who has not yet paid enough, to any charity that has not yet received enough, until
either the bidder has paid enough or the charity has received enough, will provide such a specifica-
tion. Recall, however, that we may wish to allow for bidders to state that they do not wish to donate
to certain charities. In general, checking whether a given centralized solution can be accomplished
through decentralized payments when there are such constraints can be modeled as a MAX-FLOW
problem. In the MAX-FLOW instance, there is an edge from the source ntal@ach biddeb;,
with a capacity ofr,; (as specified in the centralized solution); an edge from each bigddereach
charity¢; that the bidder is willing to donate money; teith a capacity obo; and an edge from each
charity ¢; to the target nodewith capacityr,, (as specified in the centralized solution).

In the remainder of this section, we will no longer consider the problem of decentralizing solu-
tions; rather, we focus on the DONATION-CLEARING problem. How difficult the DONATION-
CLEARING problem is depends on the types of bids used and the language in which they are
expressed. This is the topic of the next subsection.

3.3.1 Hardness of clearing the market

In this subsection, we will show that the clearing problem is completely inapproximable, even
when every bidder’s utility function is linear (with slofeor 1 in each charity’s payments), each
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bidder cares either about at most two charities or about all charities equally, and each bidder’s
payment willingness function is a step function. We will reduce from MAX2SAT (given a formula

in conjunctive normal form (where each clause has two literals) and a target number of satisfied
clausesT’, does there exist an assignment of truth values to the variables that makes dt least
clauses true?), which is NP-complete [Gaetwl., 1976].

Theorem 9 There exists a reduction from MAX2SAT instances to DONATION-CLEARING instances
such that 1. If the MAX2SAT instance has no solution, then the only valid outcome is the zero out-
come (no bidder pays anything and no charity receives anything); 2. Otherwise, there exists a
solution with positive surplus. Additionally, the DONATION-CLEARING instances that we reduce
to have the following properties: 1. Everrg is a line; that is, the utility that each bidder derives
from any charity is linear; 2. All ther;. have slope eithed or 1; 3. Every bidder either has at

most 2 charities that affect her utility (with slop® or all charities affect her utility (with slop#);

4. Every bid is a threshold bid; that is, every bidder's payment willingness funatjos a step
function.

Proof: The problem is in NP because we can nondeterministically choose the payments to be made
and received, and check the validity and objective value of this outcome.

In the following, we will represent bids as follows${(cx, ar)}, s, t) indicates thauf(wck)
ay., (this function is0 for ¢, not mentioned in the bid), and; (u;) = t for u; > s, wj(u;) =
otherwise.

To show NP-hardness, we reduce an arbitrary MAX2SAT instance, given by a set of clauses
K = {k} = {(1},12)} over a variable st together with a target number of satisfied clauBgeto
the following DONATION-CLEARING instance. Let the set of charities be as follows. For every
literall € L, there is a charity;. Then, let the set of bids be as follows. For every variabtbere is

abidb, = ({(c4v,1), (=4, 1)},2,1 — 4|V|) For every literal, there is a bid; = ({(¢;,1)},2,1).
For every clausé = {I;,[}} € K, thereis a bichy = ({(c1,1), (¢, 1)}, 2, 8IV||K\)' Finally,
there is a single bid that values all charities equably:= ({(c1, 1), (C2, 1),y (em, D}, 2|V +
SWTHK‘ S 16“}”}{‘ ). We show the two instances are equivalent.

First, suppose there exists a solution to the MAX2SAT instance. If in this solutisrtrue,
then letr,, = 2 + 8\V|2|K| ; otherwiserr., = 0. Also, the only bids that areotaccepted (meaning

the threshold is not met) are thewhere! is false and theb;, such that both of},? arefalse

First we show that no bidder whose bid is accepted pays more than she is willing to. For each
by, eithercy, or c_, receives at leas?, so this bidder’s threshold has been met. For dach
either! is falseand the bid is not accepted, bis true, ¢; receives at leas?, and the threshold

has been met. For eadh, either both of/},/? arefalseand the bid is not accepted, or at least
one of them (sayk) is true (that is, k is satrsfled) and:l;-c receives at leas?, and the threshold

has been met. Finally, because the total amount received by the chariié§ is 8|V||K|’ bo's
threshold has also been met The total amount that can be extracted from the accepted bids is at
o) there is posrtrve surplus. So there exists a solution with positive surplus to the D NATION-
CLEARING instance.

0
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Now suppose there exists a honzero outcome in the DONATION-CLEARING instance. First
we show that it is not possible (for amye V) that bothb,, andb_, are accepted. For, this would
require thatr.,, + 7._, > 4. The bidsb,,b,,,b_, cannot contribute more tha) so we need
anotherl at least. It is easily seen that for any othéraccepting any subset §b,/,b.,/,b_,/}
would require that at least as much is giverrig, andc_,, as can be extracted from these bids,

so this cannot help. Finally, all the other bids combined can contribute at| 1HK| + i +

W < 1. It follows that we can interpret the outcome in the DONATION-CLEARING instance
as a partial assignment of truth values to variableis: set totrue if 4., is accepted, and t@lseif
b_, is accepted. All that is left to show is that this partial assignment satisfies afletstises.

First we show that if a clause big, is accepted, then eithé[i or bzg is accepted (and thus

eitherl} or /7 is set totrue, hencek is satisfied). Ifb, is accepted, at least one qf andc;; must
be receiving at least; without loss of generality, say it iq}{, and sayi; corresponds to variable

vi (thatis, it is+v}, or —oi). If c;p does not receive at lead by is not accepted, and it is easy
to check that the bids,1,b, ,1,b_,1 contribute (at least) less than is paid to, ,» andc, .. But
this is the same situation that we analyzed before, and we know it is impossiBIe. All that remains to
show is that at least clause bids are accepted.

We now show thabg is accepted. Suppose it is not; then one oftthenust be accepted. (The
solution is nonzero by assumption; if only sofeare accepted, the total payment from these bids
is at most|K\m < 1, which is not enough for any bid to be accepted; and if one obthe
accepted, then the threshold for the correspondinig also reached.) For thig bvé, bﬂ;, b*vi

contribute (at Ieast)lﬁ less than the total payments ¢q, andc_,,. Again, the otheb, andb,

cannot (by themselves) help to close this gap; andthean contribute at mo$K|W < ﬁ.
It follows thatbg is accepted.

Now, in order forb, to be accepted, a total afV'| + W must be donated. Because is not
possible (for any € V') that bothb,, andb_, are accepted, it *ollows that the total payment by the
b, and theb, can be at mos2|V'| — 1. Adding by's payment of’ + W to this, we still need

1
T—3

VTR from theb,. But each one of them contributes at m

i so at least’ of them must be
accepted. =

I3

Corollary 3 Unless ZPP=NP, there is no polynomial-time algorithm for approximating DONATION-
CLEARING (with either the surplus or the total amount donated as the objective) within any ratio
f(n), wheref is a nonzero function of the size of the instance. This holds even if the DONATION-
CLEARING structures satisfy all the properties given in Theorem 9.

Proof: Suppose we had such a polynomial time algorithm, and applied it to the DONATION-
CLEARING instances that were reduced from MAX2SAT instances in Theorem 9. It would return
a nonzero solution when the MAX2SAT instance has a solution, and a zero solution otherwise. So
we can decide whether arbitrary MAX2SAT instances are satisfiable this way, and it would follow
that ZPP=NP. =

This should not be interpreted to mean that our approach is infeasible. First, as we will show,
there are very expressive families of bids for which the problem is solvable in polynomial time.
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Second, NP-completeness is often overcome in practice (especially when the stakes are high). For
instance, even though the problem of clearing combinatorial auctions is NP-complete [Rothkopf
et al,, 1998] (even to approximate [Sandholm, 2002a)), they are typically solved to optimality in
practice [Sandholmet al, 2006; Sandholm, 2006].

3.3.2 Mixed integer programming formulation

In this subsection, we give a mixed integer programming (MIP) formulation for the general prob-
lem. We also discuss in which special cases this formulation reduces to a linear programming (LP)
formulation. In such cases, the problem is solvable in polynomial time, because linear programs
can be solved in polynomial time [Khachiyan, 1979].

The variables of the MIP defining the final outcome are the payments made to the charities,
denoted byr.,, and the payments extracted from the biddegs, In the case where we try to avoid
direct payments and let the bidders pay the charities directly, we add variablesindicating
how muchb; pays toc;, with the constraints that for each, 7., < chi,bj; and for eachb;,

bv

J

Ty, > ) Te, p,;- Additionally, there is a constraint,, ,. = 0 whenever biddeb; is unwilling to pay
Ci
charityc;. The rest of the MIP can be phrased in terms oftheandm, .

n m
The objectives we have discussed earlier are both linear: surplus is glv@ oy — Zl Ty
Jj= 1=

m
and total amount donated is given by 7., (coefficients can be added to represent different weights
i=1
on the different charities in the objective).
n
The constraint that the outcome should be valid (no deficit) is given simply Yoy, >
=1

] >
> Te;-
=1

For every bidder, for every charity, we define an additional utility variakéléndicating the
utility that this bidder derives from the payment to this charity. The bidder’s total utility is given by

another variable;, with the constraint that; = - u}.
i=1

Eachué is given as a function of., by the (piecewise linear) function provided by the bidder.
In order to represent this function in the MIP formulation, we will merely place upper bounding
constraints om;i, so that it cannot exceed the given functions. The MIP solver can then pusp the
variables all the way up to the constraint, in order to extract as much payment from this bidder as
possible. In the case where th?are concave, this is easy:(i;, t;) and(s;y1, t;+1) are endpoints

of a finite linear segment in the function, we add the constraintdhat #; + 2= (141 — ).
If the final (infinite) segment starts &, tx) and has slopé, we add the constraint thad; <
tr +d(m, — si). Using the fact that the function is concave, for each value.gfthe tightest upper
bound onu;'. is the one corresponding to the segment above that valag o&nd therefore these
constraints are sufficient to force the correct valua;'of

When the function is not concave, we require (for the first time) some binary variables. First,

we define another point on the functid3y 1, tx+1) = (sx + M, t +dM), whered is the slope of
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the infinite segment andl/ is any upper bound on the.,. This has the effect that we will never be
on the infinite segment again. Now, lelltj be an indicator variable that should bé& 7., is below

koo

the ith segment of the function, aridotherwise. To effect this, first add a constrajntz;” = 1.
1=0

Now, we aim to represent,, as a weighted average of its two neighborifig. For0 <[ <k +1,

o . E+1 .

let \;” be the weight ors;”. We add the constrain} . \;7 = 1. Also, for0 < < k + 1, we
1=0

add the constraim\;” < x;_1 + x; (wherex_, andz,,, are defined to be zero), so that indeed

- k1
only the two neighboring;” have nonzero weight. Now we add the constraint= Y s;” \;”,
=0

y =S
and now the\;” must be set correctly. Then, we cansét= > ¢,” \;7. (This is a standard MIP
I=0

technique [Nemhauser and Wolsey, 1999].)

Finally, eachm,, is bounded by a function of; by the (piecewise linear) function provided
by the bidder {;). Representing this function is entirely analogous to how we represehtasia
function of.,. (Again we will need binary variables only if the function is not concave.)

Because we only use binary variables when either a utility funmj.cmr a payment willingness
functionw; is not concave, it follows that if all of these are concave, our MIP formulation is simply
a linear program—which can be solved in polynomial time. Thus:

Theorem 10 If all functions u; and w; are concave (and piecewise linear), the DONATION-
CLEARING problem can be solved in polynomial time using linear programming.

Even if some of these functions are not concave, we can simply replace each such function
by the smallest upper bounding concave function, and use the linear programming formulation to
obtain an upper bound on the objective—which may be useful in a search formulation of the general
problem.

3.3.3 Why one cannot do much better than linear programming

One may wonder if, for the special cases of the DONATION-CLEARING problem that can be
solved in polynomial time with linear programming, there exist special-purpose algorithms that are
much faster than linear programming algorithms. In this subsection, we show that this is not the
case. We give a reductidrom (the decision variant of) the general linear programming problem
to (the decision variant of) a special case of the DONATION-CLEARING problem (which can be
solved in polynomial time using linear programming). (The decision variant of an optimization
problem asks the binary question: “Can the objective value ex¢®®drhus, any special-purpose
algorithm for solving the decision variant of this special case of the DONATION-CLEARING prob-
lem could be used to solve a decision question about an arbitrary linear program just as fast. (And
thus, if we are willing to call the algorithm a logarithmic number of times, we can solve the opti-
mization version of the linear program.)

We first observe that for linear programming, a decision question about the objective can simply
be phrased as another constraint in the LP (forcing the objective to exceed the given value); then, the
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original decision question coincides with asking whether the resulting linear program has a feasible
solution.

Theorem 11 The question of whether an LP (given by a set of linear const®ihtss a feasible
solution can be modeled as a DONATION-CLEARING instance with payment maximization as the
objective, with2v charities andv + ¢ bids (wherev is the number of variables in the LP, and
is the number of constraints). In this model, each bjchas only linearu) functions, and is a

partially acceptable threshold bid«;(u) = t; for u > s;, otherwisew;(u) = l;ﬁ) Thev bids
J

corresponding to the variables mention only two charities each;ctb@ls corresponding to the

constraints mention only two times the number of variables in the corresponding constraint.

Proof: For every variabler; in the LP, let there be two charities, ., andc_,,. Let H be some
number such that if there is a feasible solution to the LP, there is one in which every variable has
absolute value at mog{.

In the following, we will represent bids as follow${(ck, ax)}, s,t) indicates thau;‘?(wck)
ay., (this function is0 for ¢, not mentioned in the bid), and; (u;) =t for u; > s, w;(u;) =
otherwise.

For every variabler; in the LP, let there be a bib,, = ({(c14;,1), (c—¢;,1)},2H,2H — £).
For every constrainy | fol < sjinthe linear program, let there be a bid= ({(c_,;,, rf)}i:r]_->0 U

z ;

ol
=l

{(cte, _rg)}i:r{<0’ (3| H — s;,1). Let the target total amount donatedzhet

7
Suppose there is a feasible soluti@ti, 3, ..., z}) to the LP. Without loss of generality, we
can suppose that?| < H for all i. Then, in the DONATION-CLEARING instance, for every
letm.,, = H +aj, and letr._, = H — z7 (for a total payment o2H to these two charities).
This allows us to extract the maximum payment from the bids—a total payment oRvH — c.
Additionally, the utility of biddem; isnow > =/ (H—z)+ > —r](H+z}) = |rl|)H -
7

i:r{>0 i <0
S rlzr > (X |r]])H — s, (where the last inequality stems from the fact that constrainust be

slatisfied in tFle LP solution), so it follows we can extract the maximum payment from all the bidders
b;, for a total payment ot. It follows that we can extract the requir@d H payment from the
bidders, and there exists a solution to the DONATION-CLEARING instance with a total amount
donated of at leagv H.

Now suppose there is a solution to the DONATION-CLEARING instance with a total amount
donated of at leastH. Then the maximum payment must be extracted from each bidder. From
the fact that the maximum payment must be extracted from each Higdérfollows that for each
b Teyy, + Moy, = 2H. Because the maximum extractable total paymefvH, it follows that
for eachi, 7., +m_, = 2H. Letz} =7, —H = H —m._,.. Then, from the fact that

the maximum payment must be extracted from each bidgeit follows that ( |r{|)H —5; <

(2
2 Mot X —riTe,, = 2 ri(H-2)+ X —r{(H+az)) = |r])H -]z}
(2 (2

i:r{>0 i:rf <0 i:r{>0 i:rg<0

®These constraints must include bounds on the variables (including nonnegativity bounds), if any.
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Equwalently,z r”m < s;. It follows that thez; constitute a feasible solution to the LP.m

3.3.4 Quasilinear bids

Another class of bids of interest is the classgjofsilinear bids In a quasilinear bid, the bidder’s
payment willingness function is linear in utility: that i®,; = u,. (Because the units of utility are
arbitrary, we may as well let them correspond exactly to units of money—so we do not need a con-
stant multiplier.) In most cases, quasilinearity is an unreasonable assumption: for example, usually
bidders have a limited budget for donations, so that the payment willingness will stop increasing
in utility after some point (or at least increase slower in the case of a “softer” budget constraint).
Nevertheless, quasilinearity may be a reasonable assumption in the case where the bidders are large
organizations with large budgets, and the charities are a few small projects requiring relatively little
money. In this setting, once a certain small amount has been donated to a charity, a bidder will
derive no more utility from more money being donated from that charity. Thus, the bidders will
never reach a high enough utility for their budget constraint (even when it is soft) to take effect, and
thus a linear approximation of their payment willingness function is reasonable. Another reason for
studying the quasilinear setting is that it is the easiest setting for mechanism design, which we will
discuss shortly. In this subsection, we will see that the clearing problem is much easier in the case
of quasilinear bids.

First, we address the case where we are trying to maximize surplus (which is the most natural
setting for mechanism design). The key observation here is that when bids are quasilinear, the
clearing problendecomposeacross charities.

Lemma 8 Suppose all bids are quasilinear, and surplus is the objective. Then we can clear the
market optimally by clearing the market for each charity individually. That is, for each biiger
letm,, = > m,. Then, for each charity;, maximize(}  m,: ) — m,, under the constraint that for

c; J bj J

every biddeb;, m, < ().

Proof: The resulting solution is certainly valid: first of all, at least as much money is collected as is

given away, becausE T, Z Te; = 9. Zwbz Z Te; = Z((E wbz — m, )—and the terms of
bj ¢ ci

this summation are the objectlves of the |nd|V|duaI optlmlzatlon problems, each of which can be set
at least td) (by setting all the variables are set(p so it follows that the expressmn iS nonnegative.
Second, no biddef; pays more than she is willing to, because— m,, = Zu (7¢;) — Zwbz =

Z(uj (me;) — T )—and the terms of this summation are nonnegative by the constralnts we imposed

on the individual optimization problems.

All that remains to show is that the solution is optimal. Because in an optimal solution, we will
extract as much payment from the bidders as possible given.thall we need to show is that the
T, are set optimally by this approach. Let be the amount paid to charity., in some optimal
solution. If we change this amount 4. and leave everything else unchanged, this will only affect
the payment that we can extract from the bidders because of this particular charity, and the difference
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in surplus will be}~ () — u),(w},) — 7., + ;. This expression is, of courseif 7., = =,. But
b, '

now notice that this expression is maximized as a functiom,oby the decomposed solution for
this charity (the terms without,, in them do not matter, and of course in the decomposed solution
we always setr;; = ué-(ﬂci)). It follows that if we changer,, to the decomposed solution, the
changein surplljs will be at lea®(and the solution will still be valid). Thus, we can changethe

one by one to the decomposed solution without ever losing any surplus.

Theorem 12 When all bids are quasilinear and surplus is the objective, DONATION-CLEARING
can be done in linear time.

Proof: By Lemma 8, we can solve the problem separately for each charity. For charityis
amounts to maximizing) _ uz.(wci)) — 7, as a function ofr.,. Because all its terms are piecewise
b,

J
linear functions, this whole function is piecewise linear, and must be maximized at one of the points
where it is nondifferentiable. It follows that we need only check all the points at which one of the
terms is nondifferentiable. =

Unfortunately, the decomposing lemma does not hold for payment maximization.

Proposition 1 When the objective is payment maximization, even when bids are quasilinear, the
solution obtained by decompaosing the problem across charities is in general not optimal (even with
concave bids).

Proof: Consider a single biddeéj placing the following quasilinear bid over two charitigsandcs:
ul(me,) = 27, for0 < .. < 1, ul(me,) = 2+ WT_I otherwiseju?(m.,) = %t. The decomposed
solution ism., = % e, = 0, for a total donation og. But the solutionr,, = 1, 7., = 2 is also

valid, for a total donationof > 2. =

In fact, when payment maximization is the objective, DONATION-CLEARING remains (weakly)
NP-complete in general.

Theorem 13 DONATION-CLEARING is (weakly) NP-complete when payment maximization is the
objective, even when every bid is concerns only one charity (and has a step-function utility function
for this charity), and is quasilinear.

Proof: That the problem is in NP follows from the fact that the more general problem is in NP. To
show NP-hardness, we reduce an arbitrary KNAPSACK instance (givem pairs (ki, v;)1<i<m.

a cost limitK, and a target valu¥), to the following DONATION-CLEARING instance. Let there
bem + 1 charities,cy, c1, . . ., cm. Let there be one quasilinear biddgrbidding uf)(r.,) = 0 for

0 < me <1, ug(%) = K + 1 otherwise. Additionally, for each < j < m, let there be a bidder

b biddingu; (me;) =0for0 < m; < ki, u; (me;) = ev; otherwise (where 122 v; < 1). Let the
>jsm
target total amount donated B&+ 1 + ¢V/. We now show the two instances are equivalent.
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First, suppose there exists a solution to the KNAPSACK instance, that is, a funttion
m m
{1,...,m} — {0,1} sothat)_ f(i)k; < K and)_ f(i)v; > V. Then, letr,, = 1+ €V +
=1 =1

K — > f(i)k;, and fori > 0, ., = f(i)k;, for a total donated of{ + 1 + ¢V/. Because
=1
1+ eV + K — 3 f(i)ki > 1, by's utility is K + 1. Forj > 0, b;’s utility is f(j)ev;, for a
i=1

m
total utility of ) f(j)ev; > €V for thesem bidders. It follows that the total utility is at least
=1

the total amount donated, and the outcome is valid. So there exists a solution to the DONATION-
CLEARING instance.

Now suppose there exists a solution to the DONATION-CLEARING instancef L€tl,...,m} —
{0,1} be given byf (i) = 0if ., < k;, andf(i) = 1 otherwise. Because the total donated is at

m
leastK + 1+ €V, and the amount that is extractable from the bidders is at iiest + > f(j)ev;,
j=1

it follows that > f(j)v; > V. Also, because the total amount donated to charititgoughm
j=1

m
canbeatmosk +e¢ > v < K +1,itfollowsthat)” f(j)k; < K + 1. Because thé; are
1<j<m j=1

m
integers, this meany_ f(j)k; < K. So there exists a solution to the KNAPSACK instancem
j=1
However, when the bids are also concave, a simple greedy clearing algorithm is optimal.

Theorem 14 Given a DONATION-CLEARING instance with payment maximization as the ob-
jective where all bids are quasilinear and concave, consider the following algorithm. Start with
ay’ uﬁ(ﬂ’cl)

m., = 0 for all charities. Then, lettingy,, = I’JT (at nondifferentiable points, these deriva-
tives should be taken from the right), increase (V\7herec;k € arg maxc, Yc;), until either~.: is no
longer the highest (in which case, recompdteand start increasing the corresponding payment),
ory uj =y mg, and~.: < 1. Finally, letm,, = u;.

bj

Ci

Proof: The outcome is valid because everyone pays exactly what she is willing to, and because there
is no budget deficit) Jm,, = > u; = > 7. To show optimality, letr;, be the amount paid to
bj bj &
charity c; in some optimal solution, and lef.. be the amount paid to charityin the solution given
by the greedy algorithm. We first observe that it is not possible that fof,arly > 7. with at least
one of these inequalities being strict. This is because at the solution found by the greedy algorithm,

e,
7cx is less thari; hence, using concavity, iy, > n., then [ ~.dr., < =7, — .. In other words,
the additional payment that needs to be made to the Charity is less than the additional payment
that can be collected from the bidders because of this charity. Because the surplus at the greedy
algorithm’s solution i9), it follows that if for anys, Ta = w;i with at least one of these inequalities

being strict, the surplus at the optimal solution woud be negative, and hence the solution would not
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be valid. Thus, either for all, 7}, < 7. (butin this case the greedy solution has at least as large

a total payment as the optimal solution, and we are done); or thereigkistich thatr, > .

butm; < m . It cannot be the case that, (r,) > ., (r;, ), for then the greedy algorithm would

have increased,, beyondr,., before increasing., beyond7r S0, 7, (.,) < e (m J) Because

w; > ., and using concavity, if we decreasg and simultaneously mcreaséj by the same
amount, we will not decrease the total payment we can extract—while keeping the payment to be
made to the charities the same. It follows this cannot make the solution worse or invalid. We can
keep doing this until there is no Ionger a paiy such thatt; > but7r < m;, and by the
previous we know that for all, 7}, < 7, —and hence the greedy solutlon is optlmal n

(A similar greedy algorithm works when the objective is surplus and the bids are quasilinear
and concave, with as only difference that we stop increasing the payments as spor:as)

This concludes the part of this dissertation studying the complexity of the outcome optimization
problem for expressive preference aggregation for donations to charities; we will study mechanism
design aspects of this setting in the chapter after the next chapter, Section 5.2. In the next sec-
tion, we study the complexity of the outcome optimization problem in more general settings with
externalities.

3.4 Expressive preference aggregation in settings with externalities

In this section, we study the optimization problem for expressive preference aggregation in settings
with externalities, as defined in Section 2.4. We study the following two computational problems.
(Recall that a solution is feasible if no agent prefers the default outcome (all variable$éd to

it.)

Definition 14 (FEASIBLE-CONCESSIONS) We are given a concessions setting (as defined in
Section 2.4). We are asked whether there exists a nontrivial feasible solution.

Definition 15 (SW-MAXIMIZING-CONCESSIONS) We are given a concessions setting (as de-
fined in Section 2.4). We are asked to find a feasible solution that maximizes social welfare (the sum
of the agents’ utilities).

The following shows that if the first problem is hard, the second problem is hard to approximate
to any ratio.

Proposition 2 Suppose that FEASIBLE-CONCESSIONS is NP-hard even under some constraints
on the instance (but no constraint that prohibits adding another agent that derives positive utility
from any nontrivial setting of the variables of the other agents). Then it is NP-hard to approximate
SW-MAXIMIZING-CONCESSIONS to any positive ratio, even under the same constraints.

Proof: We reduce an arbitrary FEASIBLE-CONCESSIONS instance to a SW-MAXIMIZING-
CONCESSIONS instance that is identical, except that a single additional agent has been added
that derives positive utility from any nontrivial setting of the variable(s) of the other agents, and
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to whose variables the other agents are completely indifferent (they cannot derive any utility from
the new agent’s variable(s)). If the original instance has no nontrivial feasible solution, then neither
does the new instance, and the maximal social welfare that can be obtainédnshe other hand,

if the original instance has a nontrivial feasible solution, then the new instance has a feasible solu-
tion with positive social welfare: the exact same solution is still feasible, and the new agent will get
positive utility (and the others, nonnegative utility). It follows that any algorithm that approximates
SW-MAXIMIZING-CONCESSIONS to some positive ratio will return a social welfar® dfthere

is no solution to the FEASIBLE-CONCESSIONS problem, and positive social welfare if there is a
solution—and thus the algorithm could be used to solve an NP-hard problesn.

3.4.1 Hardness with positive and negative externalities

We first show that if we do not make the assumption of only negative externalities, then finding
a feasible solution is NP-complete even when each agent controls only one variable. (In all the
problems that we study, membership in NP is straightforward, so we just give the hardness proof.)

Theorem 15 FEASIBLE-CONCESSIONS is NP-complete, even when all utility functions decom-
pose (and all the componen1$ are step functions), and each agent controls only one variable.

Proof: We reduce an arbitrary SAT instance (given by variableand clauseg’) to the following
FEASIBLE-CONCESSIONS instance. Let the set of agents be as follows. For each variabie
let there be an aget,, controlling a single variable,,. Also, for every clause € C, let there
be an agent., controlling a single variable,_. Finally, let there be a single agemf controlling
T4,. Let all the utility functions decompose, as follows: For ang V, ui®(za,) = —0z,,>1. FOr
anyv € V, ug?(2qy) = 0z,,>1. FOranyc € C, uge(zq,.) = (n(c) — 2|V|)dy, >1 wheren(c) is the
number of variables that occur inin negated form. For any € C, ug®(z4,) = (2[V] — 1)dz,,>1.
For anyc € C andv € V where+v occurs inc, ug’(zq,) = d4,,>1. Foranyc € C and
v € V where—v occurs inc, ug®(zq,) = —0z,,>1- u3(Tay) = —[C|dz,,>1. Foranyc € C,
uge (Zq,) = 0z, >1. All the other functions aré everywhere. We proceed to show that the instances
are equivalent.

First suppose there exists a solution to the SAT instance. Then, et 1 if v is set totrue
in the solution, and,, = 0 if v is set tofalsein the solution. Letz,, = 1 forall c € C, and let
xq, = 1. Then, the utility of every,, is atleast-1+1 = 0. Also, the utility ofag is —|C|+|C| = 0.
And, the utility of everya. isn(c) — 2|V |+ 2|V | — 1 + pt(c) — nt(c) = n(c) — 1 + pt(c) — nt(c),
wherept(c) is the number of variables that occur positivelyciand are set térue, andnt(c) is
the number of variables that occur negativelyiand are set torue. Of coursept(c) > 0 and
—nt(c) > —n(c); and if at least one of the variables that occur positively is set totrue, or at
least one of the variables that occur negatively is set tofalse thenpt(c) — nt(c) > —n(c) + 1,
so that the utility ofa. is at leastz(c) — 1 — n(c) + 1 = 0. But this is always the case, because
the assignment satisfies the clause. So there exists a solution to the FEASIBLE-CONCESSIONS
instance.

Now suppose there exists a solution to the FEASIBLE-CONCESSIONS instance. If it were
the case that,, < 1, then for all thea, we would haver,, < 1 (or a, would have a negative
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utility), and for all thea. we would haver,, < 1 (because otherwise the highest utility possible
for a. is n(c) — 2|V| < 0, because all the,, are belowl). So the solution would be trivial. It
follows thatz,, > 1. Thus, in order for to have nonnegative utility, it follows that for alle C,

xq, > 1. Now, letv be set tarueif z,, = 1, and tofalseif z,, = 0. So the utility of everya,
isn(c) = 2|V|+2|V| — 1+ pt(c) — nt(c) = n(c) — 1 + pt(c) — nt(c). In order for this to be
nonnegative, we must have (for anythat eithernt(c) < n(c) (at least one variable that occurs
negatively inc is set tofalse or pt(c) > 0 (at least one variable that occurs positively:iis set to
true). So we have a satisfying assignment.m

3.4.2 Hardness with only negative externalities

Next, we show that even if we do make the assumption of only negative externalities, then finding a
feasible solution is still NP-complete, even when each agent controls at most two variables.

Theorem 16 FEASIBLE-CONCESSIONS is NP-complete, even when there are only negative exter-
nalities, all utility functions decompose (and all the components are step functions), and each agent
controls at most two variables.

Proof: We reduce an arbitrary SAT instance to the following FEASIBLE-CONCESSIONS instance.
Let the set of agents be as follows. For each variabte V, let there be an agent,, controlling
variablesz; andz, . Also, for every clause € C, let there be an agent, controlling a single
variablez,, . Let all the utility functions decompose, as follows: For ang V, uZiﬁ”L(x;fv) =

—|Cl6,+ 51 andug’ (z,) = —|Clé,- 5. Foranyv € V andc € C, uge (zq,) = d,,>1. FoOr
anyc € C, ul(zq,) = —0s,,>1. Foranyc € C andv € V where+v occurs inc, uiﬁ’*(mf{v) s

d,+ >1; and foranyc € C'andv € V where—uv occurs inc, ugl” (zg,) = 6,- 5, All the other
functions are) everywhere. We proceed to show that the instances are equivalent.

First suppose there exists a solution to the SAT instance. Ther; let 1 if v is set totruein
the solution, and:;; = 0 otherwise; and, Iet:;v = 1if v is set tofalsein the solution, and;;v =0
otherwise. Letr,, = 1 for all ¢ € C. Then, the utility of every., is —|C| + |C| = 0. Also, the
utility of everya. is at least-1 + 1 (because all clauses are satisfied in the solution, there is at least
one+v € cwith 2} = 1, or at least one-v € c with z, = 1. So there exists a solution to the
FEASIBLE-CONCESSIONS instance.

Now suppose there exists a solution to the FEASIBLE-CONCESSIONS instance. At least one
of thexz or at least one of the, must be set nontriviallyX 1), because otherwise ng,, can
be set nontrivially. But this implies that for any clause= C, z,., > 1 (for otherwise theu,
with a nontrivial setting of its variables would have negative utility). So that none of theave
nonnegative utility, it must be the case that for any C, either there is at least onev € ¢ with
xf >1,oratleast one-v € c with z > 1. Also, for no variablev € V can it be the case that
bothxj{v > landz, > 1, as this would leave, with negative utility. But then, letting be set to
trueif 2} > 1, and tofalseotherwise must satisfy every clause. So there exists a solution to the
SAT instance. =
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3.4.3 An algorithm for the case of only negative externalities and one variable per
agent

We have shown that with both positive and negative externalities, finding a feasible solution is hard
even when each agent controls only one variable; and with only negative externalities, finding a
feasible solution is hard even when each agent controls at most two variables. In this subsection
we show that these results are, in a sense, tight, by giving an algorithm for the case where there
are only negative externalities and each agent controls only one variable. Under some minimal
assumptions, this algorithm will return (or converge to) the maximal feasible solution, that is, the
solution in which the variables are set to values that are as large as possible. Although the setting
for this algorithm may appear very restricted, it still allows for the solution of interesting problems.
For example, consider governments negotiating over by how much to reduce their countries’ carbon
dioxide emissions, for the purpose of reducing global warming.

We will not require the assumption of decomposing utility functions in this subsection (except
where stated). The following claim shows the sense in which the maximal solution is well-defined
in the setting under discussion (there cannot be multiple maximal solutions, and under a continuity
assumption, a maximal solution exists).

Theorem 17 In a concessions setting with only negative externalities and in which each agent

controls only one variable, let,zs,...,z, andz},z}, ..., z/ be two feasible solutions. Then
max{x1,x] }, max{xe, 25}, ..., max{z,, 2}, } is also a feasible solution. Moreover, if all the utility
functions are continuous, then, letting; be the set of values fat; that occur in some feasible
solution,sup(X),sup(X2),...,sup(X,,) is also a feasible solution.

Proof: For the first claim, we need to show that every agerdceives nonnegative utility in the
proposed solution. Suppose without loss of generalityithat =;. Then, we have,;(max{z1, z}},
max{xy, xb},...,max{z;, x}},. .., max{z,, z,}) = u;(max{x, 2 }, max{xs, x5}, ...,z ...,
max{z,, " }) > u;(x1,22,...,7,...,2,), Where the inequality stems from the fact that there
are only negative externalities. But the last expression is nonnegative because the first solution is
feasible.

For the second claim, we will find a sequence of feasible solutions that converges to the proposed
solution. By continuity, any agent’s utility at the limit point must be the limit of that agent’s utility
in the sequence of feasible solutions; and because these solutions are all feasible, this limit must
be nonnegative. For each ageplet { (=}, z57, ..., z7)} e be a sequence of feasible solutions
with lim; a:;J = sup(X;). By repeated application of the first claim, we have that (for gny
max; {7}, max;{z%’}, ..., max;{z’} is a feasible solution, giving us a new sequence of feasible
solutions. Moreover, because this new sequence dominates every one of the original sequences, and
for each agent there is at least one original sequence wheretthelement converges top(X;),
the sequence converges to the solutiop(X),sup(Xa),...,sup(X,). =

We are now ready to present the algorithm. First, we give an informal description. The algorithm
proceeds in stages: in each stage, for each agent, it eliminates all the values for that agent’s variable
that would result in a negative utility for that agent regardless of how the other agents set their
variables (given that they use values that have not yet been eliminated).
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ALGORITHM 1
l.fori:=1ton{
2. X :=R=Y (alternatively,X? := [0, M] whereM is some upper bound)

3.t:=0
4. repeat until ((vi) X! = X7 {
5.t =t+1

6. fori:=1ton {

7. Xt={x e XM 3m o€ Xl € XU mi € XIT mi €
1 _

X o€ X ui(wy, @0, . m, . a) 201 )

The set updates in step 7 of the algorithm are simple to perform, because &}l gheays take the

form [0, 7], [0,7), or R=C (because we are in a concessions setting), and in step 7 it never hurts to
choose values fory, o, . .., ¢;—1, 41, - - - , Ty, that are as large as possible (because we have only
negative externalities). Roughly, the goal of the algorithm isfipi( X! ), sup(X}), ..., sup(X})to
converge to the maximal feasible solution (that is, the feasible solution such that all of the variables
are set to values at least as large as in any other feasible solution). We now show that the algorithm
is sound, in the sense that it does not eliminate values of;tieat occur in feasible solutions.

Theorem 18 Suppose we are running Algorithm 1 in a concessions setting with only negative ex-
ternalities where each agent controls only one variable. If for some ¢ Xf, then there is no
feasible solution witlx; set tor.

Proof: We will prove this by induction om. Fort = 0 the theorem is vacuously true. Now suppose
we have proved it true far= k; we will prove it true fort = k& + 1. By the induction assumption,
all feasible solutions lie withitk ¥ x ... x X*. Butif » # X+, this means exactly that there is no
feasible solution inX¥ x ... x X* with z; = r. It follows there is no feasible solution withy = r
atall. =

However, the algorithm is not complete, in the sense that (for some “unnatural” functions) it
does not eliminate all the values of thethat do not occur in feasible solutions.

Proposition 3 Suppose we are running Algorithm 1 in a concessions setting with only negative
externalities where each agent controls only one variable. For some (discontinuous) utility functions
(even ones that decompose), the algorithm will terminate with nontrXfagven though the only
feasible solution is the zero solution.

Proof: Consider the following symmetric example:

o ul(zy) = —x forz; < 1, ul(z;) = —2 otherwise;
o u}(x9) = (z2)? for zo < 1, u?(z2) = 1 otherwise;
o ud(z1) = (z1)? for z1 < 1, ud(z1) = 1 otherwise;
° u%(mg) = —xo forzy < 1, u%(mg) = —2 otherwise.
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There is no solution withx; > 1 or o > 1, because the corresponding agent'’s utility would
definitely be negative. In order for agent 1 to have nonnegative utility we must(kaye > z;.
Unless they are both zero, this implies > x,. Similarly, in order for agent 2 to have nonnegative
utility we must have(z1)? > x5, and unless they are both zero, this impligs> 5. It follows
that the only solution is the zero solution. Unfortunately, in the algorithm, we firskget X1 =
[0,1); then also, we geX? = X2 = [0, 1) (for anyz; < 1, we can set» = /(1) < 1 and agent
1 will get utility 0, and similarly for agent 2). So the algorithm terminatesm

However, if we make some reasonable assumptions on the utility functions (specifically, that
they are either continuous or piecewise constant), then the algorithm is complete, in the sense that
it will (eventually) remove any values of the that are too large to occur in any feasible solu-
tion. Thus, the algorithm converges to the solution. We will present the case of continuous utility
functions first.

Theorem 19 Suppose we are running Algorithm 1 in a concessions setting with only negative
externalities where each agent controls only one variable. Suppose that all the utility functions
are continuous. Also, suppose that all th&’ are initialized to[0, M]. Then, all theX! are
closed sets. Moreover, if the algorithm terminates afterttheiteration of therepeat loop, then
sup(X?t),sup(X%),...,sup(X}) is feasible, and it is the maximal solution. If the algorithm does
not terminate, thetim;_. o, sup(X?), lim;_o sup(X%), . . ., lim;_, sup(X}) is feasible, and it is

the maximal solution.

Proof: First we show that all thé(f are closed sets, by induction en Fort = 0, the claim is
true, becaus®, M] is a closed set. Now suppose they are all closed ferk; we will show them
to be closed fot = k£ + 1. In the step in the algorithm in which we sth“, in the choice of
T1,. .. Ti1, Tit1, - - - Tn, WE May as well always set each of theseo sup(Xj’?) (which is inside
Xj’? because’(]’-c is closed by the induction assumption), because this will maximize ageritlity.
It follows that Xf“ = {x; : ui(sup(XY),...,sup(X}F ), 2, sup(XF,),...,sup(XF)) > 0}.
But because; is continuous, this set must be closed by elementary results from analysis.
Now we proceed to show the second claim. Because Eadhclosed, it follows thatup(X}) €

X!. Thisimplies that, for every ageitthere exist; € X' mo € X471 .. 29 € X! w41 €
Xf;ll, ooy Ty € XL such thatu; (21, 22, . . ., sup(XY), ..., x,) > 0. Because for every ageit

X! = X! (the algorithm terminated), this is equivalent to saying that there exist X!, x5 €

XL wi € X! wi € X;?H, ...,y € X! such thatu; (z1, 22, . .., sup(X}),...,z,) > 0.

Of course, for each of thesg, we haver;; < sup(X},). Because there are only negative externali-

ties, it follows thatu; (sup(X?}),sup(X%), ... ,sup(X}),...,sup(X})) > wi(z1, z2, ..., sup(X}),

oy 2n) > 0. Thus,sup(X}), sup(X3}), . .., sup(X}) is feasible. Itis also maximal by Theorem 18.
Finally, we prove the third claim. For any agéntor anyt, we haveui(sup(Xf‘l), sup(Xé‘l),

o dimyp o sup(XE), L sup(XETD) > wg(sup(X ), sup(XETY), ... sup(XD), ...,

sup(X!~1)) (because th&(! are decreasing ity and we are in a concessions setting). The last ex-

pression evaluates to a nonnegative quantity, using the same reasoning as in the proof of the second

claim with the fact thasup(X?) € X?. But then, by continuity) < lim;_, (u; (sup(Xi™),

sup(X51), ... limy oo sup(XY), ..., sup(XE)) = wi(limy_ o sup(Xi1),

limg_, o0 sup(Xé_l), e limy oo sup(XZ-t/), ooy limy oo sup(XET1)) = w;(limy—, o0 sup(XY),
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limy o, sup(X.

)y oo limyoo sup(XY), . . ., limy— oo sup(X}). It follows thatlim; . sup(X?),
limy—, 00 sup(X3), .

t
2
5, ... limoo sup(X})) is feasible. Itis also maximal by Theorem 18.m

We observe that piecewise constant functions are not continuous, and thus Theorem 19 does not
apply to the case where the utility functions are piecewise constant. Nevertheless, the algorithm
works on such utility functions, and we can even prove that the number of iterations is linear in
the number of pieces. There is one caveat: the way we have defined piecewise constant functions
(as linear combinations of step functiofis-,), the maximal solution is not well defined (the set of
feasible points is never closed on the right, i.e. it does not include its least upper bound). To remedy
this, call a feasible solutioquasi-maximalf there is no feasible solution that is larger (that is, all
thex; are set to values that are at least as large) and that gives some agent a different utility (so it is
maximal for all intents and purposes).

Theorem 20 Suppose we are running Algorithm 1 in a concessions setting with only negative exter-
nalities where each agent controls only one variable. If all the utility functions decompose and all
the componentzzéC are piecewise constant with finitely many steps (the range m‘f’d’rﬁaﬁnite), then

the algorithm will terminate after at mo§t iterations of therepeatloop, whereT is the total num-

ber of steps in all the self-components(i.e. the sum of the sizes of the ranges of these functions).
Moreover, if the algorithm terminates after thhn iteration of therepeat loop, then any solution

(z1, 22, ..., 2y) With for all i, z; € argmax, ¢ x ; ué(wi), is feasible and quasi-maximal.

JF

Proof: If for some: andt, Xf #* Xffl, it must be the case that for some vatui the range of

ut, the preimage of this value is iﬁf‘l — X! (it has just been eliminated from consideration).
Informally, one of the steps of the functiarj has been eliminated from consideration. Because
this must occur for at least one agent in every iteration ofrépeat loop before termination,

it follows that there can be at mo$t iterations before termination. Now, if the algorithm ter-

minates after theth iteration of therepeat loop, and a solutior{zy, zo, . .., x,) with for all i,
T; € argmax, .yt y, u; (x;) is chosen, it follows that each agent derives as much utility from
b

the other agents’ variables as is possible with the Xétébecause of the assumption of only neg-
ative externalities, any setting of a variable that maximizes the total utility for the other agents also
maximizes the utility for each individual other agent). We know that for each agémere is at

least some setting of the other agents’ variables within}f@ehat will give agenti enough utility

to compensate for the setting of its own variable (by the definitiopfand using the fact that

Xj? = X;*l, as the algorithm has terminated); and thus it follows that the utility maximizing setting
is also enough to mak#és utility nonnegative. So the solution is feasible. It is also quasi-maximal
by Theorem 18. =

Algorithm 1 can be extended to cases where some agents control multiple variables, by inter-
preting z; in the algorithm as theector of agenti’s variables (and initializing theX? as cross
products of sets). However, the next proposition shows how this extension of Algorithm 1 fails.

Proposition 4 Suppose we are running the extension of Algorithm 1 just described in a concessions
setting with only negative externalities. When some agents control more than one variable, the al-
gorithm may terminate with nontriviat’! even though the only feasible solution is the zero solution
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(all variables set td)), even when all of the utility functions decompose and all of the components
uf’] are step functions (or continuous functions).

Proof: Let each of three agents control two variables, with utility functions as follows:

o upt(zf) = —30,1>1
o u?(a}) = —30,2>1
o 03! (23) = =305
o uy?(23) = —30,2>1
o uy(2}) = —30,1>1
o “32(95%) = —30,2>1

2,2
® U (23) = 25x§21

Increasing any one of the variables to a value of at least 1 will decrease the corresponding agent’s
utility by 3, and will raise only one other agent’s utility, by 2. It follows that there is no feasible
solution besides the zero solution, because any other solution will have negative social welfare (total
utility), and hence at least one agent must have negative utility.

In the algorithm, after the first iteration, it becomes clear that no agent can set both its variables
to values of at least 1 (because each agent can derive atimodt utility from the other agents’
variables). Nevertheless, for any agent, it still appears possible at this stage to set either (but not
both) of its variables to a value of at least 1. Unfortunately, in the next iteration, this still appears
possible (because each of the other agents could set the variable that is beneficial to this agent to
a value of at least 1, leading to a utility of> 3 for the agent). It follows that the algorithm gets
stuck.

These utility functions are easily made continuous, while changing neither the algorithm’s be-
havior on them nor the set of feasible solutions—for instance, by making each function linear on
the intervall0,1]. =

In the next subsection, we discussiximizing social welfarander the conditions under which
we showed Algorithm 1 to be successful in finding the maximal solution.
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3.4.4 Maximizing social welfare remains hard

In a concessions setting with only negative externalities where each agent controls only one variable,
the algorithm we provided in the previous subsection returnsrthgimalfeasible solution, in a

linear number of rounds for utility functions that decompose into piecewise constant functions.
However, this may not be the most desirable solution. For instance, we may be interested in the
feasible solution with the highest social welfare (that is, the highest sum of the agents’ utilities).
In this subsection we show that finding this solution remains hard, even in the setting in which
Algorithm 1 finds the maximal solution fast.

Theorem 21 The decision variant of SW-MAXIMIZING-CONCESSIONS (does there exist a feasi-
ble solution with social welfaree K?) is NP-complete, even when there are only negative external-
ities, all utility functions decompose (and all the componefitare step functions), and each agent
controls only one variable.

Proof: We reduce an arbitrary EXACT-COVER-BY-3-SETS instance (given by & setd subsets
S1,52,...,54(1Si| = 3) to coverS with, without any overlap) to the following SW-MAXIMIZING-
CONCESSIONS instance. Let the set of agents be as follows. For Syéngre is an agentg, .
Also, for every element € S there is an agent,. Every agent: controls a single variable,. Let
all the utility functions decompose, as follows: For asty uzg <masi) = —75%5 . For anys;

and for anys, ugs, (Ta,) = Tz, ,>1. FOranys, ugs(x,,) = —d,,,>1. Foranys and for anys; with

s € S;, ugs (xasi) = ﬁé >1, Whereg(s) is the number of setS; with s € S;. Let the target

xasi
social welfare b&q(|S| —1) + 7@. All the other functions aré everywhere. We proceed to show

that the two instances are equivalent. First, suppose there exists a solution to the EXACT-COVER-
BY-3-SETS instance. Then, let,; = 0if .S; is in the cover, and,,,. = 1 otherwise. For alk, let

xzs = 1. Thenag, receives a utility of7|S|if S; is in the cover, and’(\S] — 1) otherwise. Further-

more, for alls € S, as receives a utility of ¢(s) — 1)W 1 = 0 (because for exactly(s) — 1 of

the¢(s) subsetsS; with s in it, the corresponding agent has its variable sdt tihe only exception

is the subseb; that contains and is in the cover). It follows that all the agents receive nonnega-
tive utility, and the total utility (social welfare) igq(|S| — 1) + 7@. So there exists a solution to

the SW-MAXIMIZING-CONCESSIONS instance. Now, suppose that there exists a solution to the
SW-MAXIMIZING-CONCESSIONS instance. We first observe that if for sosne S, z,, < 1,

the total utility (social welfare) can be at mast(|S| —1)+2|S| < 7¢(|S|— )+7|S| (because each

ag, can receive at most|S|—1), and eacla, can receive at mosqt(s)q % , and becausg(s) > 2

this can be at most). So it must be the case that, > 1 forall s € S. Itfollows that, in order for

none of these, to have nonnegative utility, for evegye S, there are at leasgt(s) — 1 subsetsS;
withz,, > 1ands € S;. In other words, for every € S, there is at most one subsgtwith s € S;

with fﬂasz- < 1. In other words again, the subsétswith s € S; with Tag, < 1 are disjoint (and so

there are at moéé' of them. However, if there were only < @ — 1 subsetsS; with z,, < 1,
then the total utility (social welfare) can be at mdgt|S| — 1) + 7k + | S| — 3k (eachasg; receives at
least7(|S|—1), and they receive no more unless they are among,ttrewhich case they receive an
additional7; and everyu, received unless it is in none of thk disjoint subsets;, in which case it
will receive at most (because(s) > 2, SO——— G ) 7 < 1)—but of course there can be at most—3k
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such agents). Buy(|S|—1)+7k+|S|—3k < Tq(|S|—1)+|S|+4(15l - 1) = 7¢(|| - 1)+ 7151 —4,
which is less than the target. It follows there are exa@wllsuomt subsets; with Tag, < 1—an
exact cover. So there exists a solution to the EXACT-COVER-BY-3-SETS instanaee.

3.4.5 Hardness with only two agents

So far, we have not assumed any bound on the number of agents. A natural question to ask is whether
such a bound makes the problem easier to solve. In this subsection, we show that the problem of
finding a feasible solution in a concessions setting with only negative externalities remains NP-
complete even with only two agents (when there is no restriction on how many variables each agent
controls).

Theorem 22 FEASIBLE-CONCESSIONS is NP-complete, even when there are only two agents,
there are only negative externalities, and all utility functions decompose (and all the components
’7 are step functions).

Proof: We reduce an arbitrary KNAPSACK instance (givenrbgairs(c;, v;), a cost constraint’
and a value objectiv&’) to the following FEASIBLE-CONCESSIONS instance with two agents.
Agent 1 controls only one variabley}. Agent2 controlsr variables,z3, 22, ... z5. Agentl’s

T
utility function is uy (z1, 2, 23,...,2%) = Vs + 2 50,5, Agent2's utility function
21 2 00>

T
is ug (21, 23,23, ... ,25) = Co,5q — Y ¢;0,5.,. We proceed to show that the instances are
= I>

equivalent.

Suppose there is a solution to the KNAPSACK instance, that is, a sgbsetN such that
> < Candd v, > V. Then, letz] = 1, and for anyl < j < r, letz} = d;es. Then
JES j€S
wi(z}, 23,23, .. 2h) = =V + 3 v; > 0. Also, ug(z},xd,23,...,25) = C — > ¢; > 0. So

j€S jes

there is a solution to the FEASIBLE-CONCESSIONS instance.

Now suppose there is a solution to the FEASIBLE-CONCESSIONS instance, that is, a honzero
setting of the variablegri, z3, 23, . . ., 2%) such that (=1, x5, 23, ..., 2%5) > 0 and
ug(z}, 2, 23, ... a%) > 0. If it were the case that] < 1, then either all of agerit’s variables are
set smaller than (in which caser} must be nonzero and agengets negative utility), or at least
one of agen®’s variables is nonzero (in which case agewgets negative utility because the setting
of 21 is worthless to it). It follows that} > 1. Thus, in order for ageritto get nonnegative utility,
we must havez v i>1 2 V. LetS = {j : #} > 1}. Then it follows that>" v; > V. Also,

j=1 jES

in order for agen® to get nonnegative utility, we must have c; Z c;0 2i>1 < C. Sothereis a
Jes =1
solution to the KNAPSACK instance. =
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3.4.6 A special case that can be solved to optimality using linear programming

Finally, in this subsection, we demonstrate a special case in which we can find the feasible outcome
that maximizes social welfare (or any other linear objective) in polynomial time, using linear pro-
gramming. (Linear programs can be solved in polynomial time [Khachiyan, 1979].) The special
case is the one in which all the utility functions decompose into piecewise linear, concave compo-
nents. For this result we will need no additional assumptions (no bounds on the number of agents
or variables per agengic).

Theorem 23 If all of the utility functions decompose, and all of the componefﬂ"sare piecewise
linear and concave, then SW-MAXIMIZING-CONCESSIONS can be solved in polynomial time us-
ing linear programming.

Proof: Let the variables of the linear program be &’{eand theuf’j. We use the following linear
n mg .
constraints: (1) For any, we require)_ > uf” > 0; (2) For anyi, k, j, for any linear function
k=1j=1
I(x]) that coincides with one of the segments of the functifvi(z? ), we requireu,” < I(x]).
The key observation is that for any valuesf, the constraints allow one to set the variainifé
to the valueu!”’ (z7,), but no larger: because the functiafi’ (z},) is concave, only the constraint
corresponding to the segment thdtis on is binding, and the constraints corresponding to other
segments are not violated.

n mg .
For the linear program’s objective, we use > ufJ which is the social welfare. =

n
i=1k=1j=1

<

3.5 Summary

In this chapter, we studied the complexity of the outcome optimization problem for the four settings
introduced in Chapter 2. While most voting rules are easy to execute, a few are not, including the
Slater and Kemeny rules. In Section 3.1, we gave a powerful preprocessing technique for computing
Slater rankings, showing that if a subset of the candidates consists of similar candidates, this subset
can be solved recursively. We also gave an efficient algorithrirfdingsuch a set of similar candi-

dates, and provided experimental results showing the effectiveness of this preprocessing technique.
Finally, we used the technique of similar sets to show that computing an optimal Slater ranking is
NP-hard, even in the absence of pairwise ties.

In Section 3.2, we turned to the winner determination problem in combinatorial auctions. We
studied the setting where there is a graph (with some desired property), with the items as vertices,
and every bid bids on a connected set of items. Two computational problems arise: 1) clearing
the auction when given the item graph, and 2) constructing an item graph (if one exists) with the
desired property. We showed that given an item graiph bounded treewidththe clearing problem
can be solved in polynomial time (and every combinatorial auction instance has some treewidth;
the complexity is exponential in only that parameter). We then gave an algorithm for constructing
an item tree (treewidth) if such a tree exists. We showed why this algorithm does not work for
treewidth greater than, but left open whether item graphs of (say) treewilttan be constructed



3.5. SUMMARY 93

in polynomial time (although we did show that finding the item graph with the fewest edges is NP-
complete (even when a graph of treewidtbxists). We showed that the problems become hard if a
bid is allowed to have more than one connected component.

In Section 3.3, we studied the outcome optimization problem for the setting of expressive ne-
gotation over donations to charities. We showed that this problem is NP-complete to approximate
to any ratio even in very restricted settings. Subsequently, we gave a mixed integer program for-
mulation of the clearing problem, and show that for concave bids, the program reduces to a linear
program. We then showed that the clearing problem for a subclass of concave bids is at least as hard
as a linear feasibility problem. Subsequently, we showed that the clearing problem is much easier
when bids are quasilinear—for surplus, the problem decomposes across charities, and for payment
maximization, a greedy approach is optimal if the bids are concave (although this latter problem is
weakly NP-complete when the bids are not concave).

Finally, in Section 3.4, we studied the outcome optimization problem for the setting of expres-
sive negotation in settings with externalities. The following table gives a summary of our results in
that domain.

Restriction Complexity

one variable per agent NP-complete to find nontrivial feasible solution
negative externalities;| NP-complete to find nontrivial feasible solution
two variables per agent
negative externalities; | Algorithm 1 finds maximal feasible solution (linear time fo
one variable per agent utilities that decompose into piecewise constant functions
NP-complete to find social-welfare maximizing solution
negative externalities;| NP-complete to find nontrivial feasible solution

two agents

utilities decompose;
components piecewise linear programming finds social welfare maximizing solution
linear, concave

—

~—

Complexity of finding solutions in concessions settings. All of the hardness results hold even if the
utility functions decompose into step functions.

One issue that we have not yet considered is that the agents will report their prefesteaizes
gically, that is, they will report them truthfully if and only if it is in their best interest to do so. This
will be addressed in the deeper levels of the hierarchy, which will be the focus of the remainder of
this dissertation. To prepare us for this, the next chapter reviews some basic concepts and results
from mechanism desigrwhich is the study of creating preference aggregation methods that are
robust to this strategic behavior.
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Chapter 4

Mechanism Design

Honesty is the best policy - when there is money in it.
Mark Twain

In order for a preference aggregator to choose a good outcome, she needs to be provided with the
agents’ (relevant) preferences. Usually, the only way of learning these preferences is by having the
agents report them. Unfortunately, in settings where the agents are self-interested, they will report
these preferences truthfully if and only if it is in their best interest to do so. Thus, the preference
aggregator has the difficult task of not only choosing good outcomes for the given preferences, but
also choosing outcomes in such a way that agents will not have any incentive to misreport their
preferences. This is the topic ofechanism desigrand the resulting outcome selection functions
are callednechanisms

This chapter gives an introduction to some basic concepts and results in mechanism design.
In Section 4.1, we review basic concepts in mechanism design (although discussions of the game-
theoretic justifications for this particular framework, in particular tieclation principle will be
postponed to Chapter 7). In Section 4.2, we review the famous and widely-sWidieey-Clarke-
Grovesmechanisms and their properties. In Section 4.3, we briefly review some other positive
results (mechanisms that achieve particular properties), while in Section 4.4, we briefly review
some key impossibility results (combinations of properties that no mechanism can achieve).

4.1 Basic concepts

If all of the agents’ preferences were public knowledge, there would be no need for mechanism
design—all that would need to be done is solve the outcome optimization problem. Techniques
from mechanism design are useful and necessary only in settings in which agentgrivate
informationabout their preferences. Formally, we say that each agesd a privately knowitype

; that corresponds to that agent’s private information, and we dendte the space of all of agent

i's possible types. In general, it is possible to have private information that has implications for how
other agents value outcomes—for example, one agent may privately know that the painting that is
being auctioned is a forgery, which would be relevant to other agents that may not know this [Ito
et al, 2002, 2003, 2004]. In this dissertation, as is most commonly done in the mechanism design

95
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literature, we will only consider private information about the agent’s own preferences (which is the
most common type of private information). We model these preferences by saying that each agent
i has a utility functionu; : ©; x O — R, whereu;(6;,0) gives the agent’s utility for outcome

when the agent has tyge. The utility functionu; is common knowledge, but it is still impossible

for other agents to precisely assess agsnttility for a given outcome without knowing agent's

type. For example, in an auction for a single item, an agent’s éypeuld be simply that agent’s
valuation for the item. Then, the agent’s utility for an outcome in which he receives the item will
be f; (not counting any payments to be made by the agent), and the utilitptiserwise. Hence,

the utility function is common knowledge, but one still needs to know the agent’s type to assess the
agent’s utility for (some) outcomes.

A direct-revelation mechanisasks each agent to report its private information, and chooses an
outcome based on this (and potentially some random bits). It will generally be convenient not to
consider payments imposed by the mechanism as part of the outcome, so that the mechanism also
needs to specify payments to be made by/to agents. Formally:

Definition 16

e Adeterministic direct-revelation mechanism without paymentssists of an outcome selec-
tion functiono : ©1 x ... x ©,, — O.

e Arandomized direct-revelation mechanism without paymeosists of a distribution selec-
tion functionp : ©; x ... x ©,, — A(O), whereA(O) is the set of probability distributions
overQO.

e A deterministic direct-revelation mechanism with paymeaissists of an outcome selection
functiono : ©; x ... x ©,, — O and for each agent, a payment selection function :
O; X ... x ©, — R, wherer;(60,,...,60,) gives the payment made by ageémwhen the
reported types aré,...,0,.

e Arandomized direct-revelation mechanism with paymeaotssists of a distribution selection
functionp : ©; x ... x 0,, — A(O), and for each agent, a payment selection function
w01 x...x0, —R.

In some settings, it makes sense to think of an agent’sttype being drawn from a (commonly
known) prior distribution ove®;. In this case, while each agent still only knows its own type, each
agent can use the commonly known prior to make probabilistic assessments of what the others will
report.

So, what makes for a good mechanism? Typically, there @bgattive functiorthat the designer
wants to maximize. One common objective is social welfare (the sum of the agents’ utilities with
respect to theitrue, not reported, types), but there are many others—for example, the designer
may wish to maximize revenue (the sum of the agents’ payments). However, there are certain
constraints on what the designer can do. For example, it would not be reasonable for the designer
to specify that a losing bidder in an auction should pay the designer a large sum: if so, the bidder
would simply not participate in the auction. We next present constraints, qadieitipation or
individual rationality (IR) constraints, that prevent this. Before we do so, we note that we will
assumejuasilinear preferenceshen payments are involved.
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Definition 17 An agent hasquasilinear preferencéghe agent’s utility function can be written as
’U,Z(Ql, 0) — ;.

We are now ready to present the IR constraints.

Definition 18 Individual rationality (IR)is defined as follows.

¢ A deterministic mechanisméx post IRif for any agent, and any type vectdif, ..., 60,) €
O X...x0,,we havaLi(Gi, 0(91, ey Gn)) — 7'('2'(91, ey Qn) > 0.
A randomized mechanismes post IRif for any agenti, and any type vectais, ... ,0,) €

@1 X ... X @n, we haveEowh_,g [uz(ez,o) — 7T1'(91, ,Qn)] > 0.

n

e A deterministic mechanism & interim IRif for any agent;, and any typd,; € ©,;, we have
Ey,.0,1,6041,00)0: i (05,0001, .., 0)) — mi (61, ..,0)] > 0.
A randomized mechanismeég interim IRif for any agenti, and any typd,; € 0;, we have
E91,..001,0001,,00)10: Polor,...0, [wi(0i, 0) — i (61, .., 0n)] > 0.

The terms involving payments are left out if payments are not possible.

Thus, participating in aex postindividually rational mechanism never makes an agent worse
off; participating in arex interimindividually rational mechanism may make an agent worse off in
the end, but not in expectation (assuming that the agent’s belief over the other agents’ reported types
matches the common prior).

Still, as long as these are the only constraints, all that the designer needs to do is solve the
outcome optimization problem (perhaps charging the agents’ their entire utility as payment, in case
revenue maximization is the objective). But we have not yet considered the agmmistives
Agents will only report their preferences truthfully if they have an incentive to do so. We willimpose
incentive compatibility (ICtonstraints that ensure that this is indeed the case. Again, therexs an
postand anex interimvariant; in this context, these variants are usually callechinant-strategies
incentive compatiblandBayes-Nash equilibrium (BNE) incentive compatilbéspectively. Given
the (potential) difference between true and reported types, we will use the standard ritétion
refer to agent’s reported type.

Definition 19 A mechanism idominant-strategies incentive compatifde strategy-prodfif telling

the truth is always optimal, even when the types reported by the other agents are already known.
Formally, for any agent, any type vectoffy,...,0;,...,0,) € ©1 X ... X O; X ... X Oy,

and any alternative type repoﬁil- € 0O, in the case of deterministic mechanisms we require
’LLZ(QZ, 0(01, ey 01‘, ey Qn)) — 7T1'(91, N ,Gi, cey Qn) Z ul(él, 0(91, e ,él', ey Gn))—

mi(01,. .. 0;, .. -,0n). In the case of randomized mechanisms we hayg o, g, [ui(0i,0) —

7TZ'(91, e ,Qi, ceey Hn)] Z EO\917~-,éi7--,9n [uz(ez, O) — TI'i(Hl, e ,92', e ,Gn)]

The terms involving payments are left out if payments are not possible.

Definition 20 A mechanism i8ayes-Nash equilibrium (BNE) incentive compatilifieelling the
truth is always optimal to an agent when that agent does not yet know anything about the other
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agents’ types, and the other agents are telling the truth. Formally, for any ageanty type

f; € ©;, and any alternative type repoéti € O, in the case of deterministic mechanisms we
haVEE(gl’._791._1’91._%1’._79")‘91. [uz(Gl, 0(01, ey Gi, ceey Qn)) — 7[‘1'(91, R ,Oi, ceey Gn)] >

Eor.. 6510001000 6: i (03,0001, .., 05, ..., 00))=73(01,...,0;,...,6,)]. Inthe case of random-
ized mechanisms we ha¥®y, g, . 9,.....0.)6: Eolor,...601,...0, [1i(0i;0) — (01, ..., 0. 00)] >

E(917~-»9i7179i+17~-,9n)\Gz‘Eo\Gl,,,,éngn [Ui(9i7 0) - m(ela ol an)]
The terms involving payments are left out if payments are not possible.

One may wonder whether it is possible to obtain better outcomes by using a direct-revelation
mechanism that is not truthful—perhaps the cost of the resulting strategic misreporting is not as
great as the cost of having to honor the incentive compatibility constraints. Or, perhaps we could
do even better using a mechanism that is not a direct-revelation mechanism—that is, a mecha-
nism under which agents have other actions to take besides merely reporting their preferences. A
famous result called theevelation principle[Gibbard, 1973; Green and Laffont, 1977; Myerson,
1979, 1981] shows that, when agents are perfectly strategic (unboundedly rational), the answer to
both of these questions is “no”: there is no loss in restricting attention to truthful, direct-revelation
mechanisms. For now, we do not yet have a definition of strategic behavior in non-truthful or in-
direct mechanisms, so we will postpone detailed discussion of the revelation principle to Chapter 7
(and we will question the assumption of unbounded rationality in Chapters 8 and 9). However, the
intuition behind the revelation principle is simple: suppose we envelop a non-truthful mechanism
with aninterface layey to which agents input their preferences. Then, the interface layer interacts
with the original mechanism on behalf of each ag@idying strategically in the agent’s best in-
terestbased on the reported preferences. (Compare, for example, proxy agents on eBay [eBay UK,
2004].) The resulting mechanism is truthful: an agent has no incentive to misreport to the interface
layer, because the layer will play the agent’s part in the original mechanism in the agent’s best in-
terest. Moreover, the final outcome of the new, truthful mechanism will be the same, because the
layer will play strategically optimally—just as the agent would have.

In the next section, we will define the famous Vickrey-Clarke-Groves mechanisms.

4.2 Vickrey-Clarke-Groves mechanisms

The most straightforward direct-revelation mechanism for selling a single item isrshgrice
sealed-bidauction, in which each bidder submits a bid for the item in (say) a sealed envelope, and
the highest bidder wins and pays the value that he bid. This is certainly not an incentive-compatible
mechanism: in fact, bidding one’s true valuation guarantees a utility(e¥en if the bid wins, the
bidder will pay his entire valuation). Rather, to obtain positive utility, a bidder needs to reduce (or
shave his bid, ideally to the point where it is only slightly higher than the next highest bid. Another
direct-revelation mechanism is théckrey[Vickrey, 1961] orsecond-price sealed-biauction, in

which the highest bidder still wins, but pays the value ofdbeonchighest bid. The Vickrey auction

is strategy-proof. To see why, imagine a bidder that knows the other bids. This bidder has only two

1The result requires that we can use randomized truthful mechanisms. Moreover, if there are multiple strategic equilib-
ria in the original non-truthful mechanism, then we can choose any one of them to be preserved in the truthful mechanism,
but notall the equilibria are necessarily preserved.
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choices: bid higher than the highest other bid, to win and pay the value of that other bid; or bid
lower, and do not win the item. The bidder will prefer to do the former if his valuation is higher
than the highest other bid, and the latter otherwise. But in fact, bidding truthfully accomplishes
exactly this! Hence, bidding truthfully guarantees one the same utility that an omniscient bidder
would receive, and therefore the mechanism is strategy-proof.

It turns out that the Vickrey mechanism is a special case of a general mechanism called the
Clarke mechanism (or Clarke tax) [Clarke, 1971], which can be applied to combinatorial auctions
and exchanges, as well as other preference aggregation settings. The Clarke mechanism works
as follows. First, choose the optimal outcome based on the bidders’ reported preferences; call
this outcomeo*. Then, to determine agetis payment, remove agentfrom the preference ag-
gregation problem, and solve this problem again to obtain Agent: will be required to pay

S u;(6,0%,) — S uj(6;,0%). Informally, agenti’s payment is exactly the amount by which
7 7
%rfe other agentsJ 7;re worse off due to agemtpresence—thexternalitythat : imposes on the
other agents. The Clarke mechanism is strategy-proof, for the following reason. Ageeks
to maximizeu;(6;, 0*) + - u;j(6;,0*) — 3" u;j(6;,0* ;). Sinceo*; does not depend on ageis
J# J#
report, agent cannot affect the tern) uj(éj,o*_i), so equivalently, agentseeks to maximize
J#i
ui(0;,0%) + 3 u;(6;,0"). Agenti can only affect this expression by influencing the choice*of
J#
n
and the mechanism will selegt to maximize) - u; (éj, o*). Butthen, if the agent reports truthfully,
j=1
thatis,d; = 6;, then the mechanism will choosé precisely to maximize; (6;, 0*) + 3 u;(6;, 0*),
1

thereby maximizing agerits utility. 7

The Clarke mechanism is alea postindividually rational,if 1) the presence of an agent never
makes it impossible to choose some outcome that could have been chosen without that agent, and
2) no agent ever has a negative utility for an outcome that would be selected if that agent were not
present. Note that if either 1) or 2) does not hold, then the Clarke mechanism may require a payment
from an agent that receives a utility @ffor the chosen outcome, and is therefore not individually
rational. Both 1) and 2) will hold in the remainder of this dissertation.

Additionally, the Clarke mechanism vgeak budget balancethat is, the sum of the payments
from the agents is always nonnegatiifehe following condition holds: when an agent is removed
from the system, the new optimal (welfare-maximizing) outcome is at least as good for the remain-
ing agents as the optimal outcome before the first agent was removed. That is, if an agent leaves,
that does not make the other agents worse off in terms of the chosen outcome (not considering pay-
ments). This condition does not hold in, for example, task allocation settings: if an agent leaves, the
tasks allocated to that agent must be re-allocated to the other agents, who will therefore be worse
off. Indeed, in task allocation settings, the agents must be compensated for taking on tasks, so we
do not expect weak budget balance. Green and Laffont [1977] show that it is not possible to obtain
strongbudget balance—the sum of the payoffs always being zero—in addition to choosing optimal
outcomes and having dominant-strategies incentive compatibility.

Finally, the Clarke mechanism is just one mechanism among the cl&@®weésmechanisms
[Groves, 1973]. To introduce this class of mechanisms, we note that in the Clarke mechanism, agent
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i's type reportd; does not affect the terms. uj(éj, o* ;) in agenti’s payment; short of colluding

1
with the other agents, there is nothing]t?at ageoan do about paying these terms. Hence, if
we removed these terms from the payment function, the mechanism would still be strategy-proof.
Moreover,anyterm that we add to agefis paymenthat does not depend dhwill not compromise
strategy-proofness. The class of Groves mechanisms consists precisely of all mechanisms that can
be obtained in this manner. Additionally, Groves mechanisms are in faontiienechanisms that
are efficient (.e. the mechanism chooses the optimal outcome) and dominant-strategies incentive-
compatible, given that there is no restriction on what the agents’ types can be [Green and Laffont,
1977] or even only given that agents’ type spaces are smoothly connected [Hom$879]. It
should be noted that the Clarke mechanism is often referred to as “the” VCG mechanism, and we
will follow this convention.

In the next section, | survey some other positive results in mechanism design (without presenting
them in full detail).

4.3 Other possibility results

Interestingly, in some settings, there are Groves mechanisms that require a smaller total payment
from the agents than the Clarke mechanism, while maintaining individual rationality and never
incurring a deficit. The idea here is tedistributesome of the Clarke surplus back to the agents.

To maintain incentive compatibility, how much is redistributed to an agent cannot depend on that
agent’s type. Nevertheless, if the other agents’ reported types are such that a certain amount of
Clarke surplus will be obtainegtgardlessof the given agent’s report, then we can redistribute a
share of that guaranteed surplus (most naturafiy,) to the agent. For example, in a single-item
auction, each agent receive&: of the second-highest bid among the other bids [Cavallo, 2006].

It turns out that if we are willing to use Bayes-Nash incentive compatibility rather than dominant-
strategies incentive compatibility, then we can obtain (strong) budget balance, using the dAGVA
[d’Aspremont and @rard-Varet, 1979; Arrow, 1979] mechanism. This mechanism is similar to a
Groves mechanism, except that, instead of being paid the sum of other agents’ utilities according
to their reported types, an agent is paid #@xpectedsum of other agent’s utilities given only the
agent’s own report. In addition, payment terms that do not depend on the agent’s own report can be
set in such a way as to obtain budget balance.

As noted before, maximizing social welfare is not always the objective. Another common ob-
jective is to maximize revenue. In the context of auctions, this is often referred to as the problem
of designing an “optimal” auction. The Myerson auction [Myerson, 1981] is a general mechanism
for maximizing the expected revenue of an auctioneer selling a single item. The Maskin-Riley auc-
tion [Maskin and Riley, 1989] generalizes this to the case of multiple units of the same item. Only
very limited characterizations of revenue-maximizing combinatorial auctions (with more than one
item) are known [Avery and Hendershott, 2000; Armstrong, 2000].

Another positive result exists in the context of voting: if preferences are single-peaked, then
choosing the median voter’s peak as the winner (as we did in Chapter 2) is a strategy-proof mecha-
nism.
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4.4 Impossibility results

In the previous sections, we saw mechanisms that achieve certain sets of desirable properties. In this
section, we discuss a few negative results, that state that certain sets of desirable properties cannot
be obtained by a single mechanism.

Possibly the best-known impossibility result in mechanism design is the Gibbard-Satterthwaite
theorem [Gibbard, 1973; Satterthwaite, 1975]. This result shows a very strong impossibility in very
general preference aggregation settings (voting settings). Specifically, it shows that when there are
three or more possible outcomes (candidates), two or more agents (voters), and there is no restric-
tion on the preferences that can be submitted (such as single-peakedness), then a (deterministic)
mechanism (voting rule) cannot have the following properties simultaneously:

e For every outcome, there exist preference reports by the agents that will make this outcome
win.

e The mechanism is non-dictatorial, that is, the rule does not simply always choose a single,
fixed voter's most-preferred candidate.

e The mechanism is strategy-proof.

Gibbard [1977] later extended this impossibility result to encompass randomized voting rules
as well: a randomized voting rule is strategy-proof only if it is a probability mixturardfateral
andduplerules. (A rule is unilateral if only one voter affects the outcome, and duple if only two
candidates can win.) It is not difficult to see that this result implies the Gibbard-Satterthwaite
impossibility result.

As we have seen in the previous section, this impossibility result does not apply in settings
where the agents’ preferences are more restriced—single-peaked, or quasilinear in settings
where payments are possible (in which case VCG can be used). Nevertheless, impossibility results
exist in these more restricted settings as well. For example, the Myerson-Satterthwaite impossibility
theorem [Myerson and Satterthwaite, 1983] states that even in simple bilateral trade settings with
quasilinear utility functions, where we have a single seller with a single item (and a privately held
valuation for this item), and a single buyer who may procure the item (and has a privately held
valuation for the item), it is impossible to have a mechanism that achieves the following properties
simultaneously:

o efficiency (trade takes place if and only if the buyer’s valuation for the item is greater than the
seller’s);

e budget-balance (money may flow between the buyer and the seller, but not from/to other
places);

e Bayes-Nash incentive compatibility;

e ex-interim individual rationality.

We will show another, similar impossibility result in Chapter 5.
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4.5 Summary

This chapter reviewed basic concepts and results from mechanism design. We first reviewed various
types of mechanisms, as well as individual-rationality and incentive-compatibility concepts. We
then reviewed Vickrey-Clarke-Groves mechanisms and their properties in detail, and we briefly
reviewed some other positive results (that is, mechanisms that achieve certain sets of properties),
including Cavallo’s redistribution mechanism, the dAGVA mechanism, Myerson and Maskin-Riley
auctions, and single-peaked preferences. Finally, we briefly reviewed the Gibbard-Satterthwaite and
Myerson-Satterthwaite impossibility results.

Armed with a basic understanding of mechanism design, we are now ready to move on to
deeper levels of the hierarchy. The next chapter studies difficulties for classical mechanism design
in expressive preference aggregation settings.



Chapter 5

Difficulties for Classical Mechanism
Design

The classical study of mechanism design has not directly concerned itself with the more computa-
tional questions of the process, such as the representations of the outcome and preference spaces,
or the complexity of choosing the optimal outcome. Some of the computational implications of
the classical mechanisms are clear and direct. For example, to execute the VCG mechanism, we
typically need to solve the optimization problem instance with all agents included, as well as, for
each agent, the instance where that agent is removed. (However, in some cases, the structure of the
domain can be used to solve all these instances simultaneously with an asymptotic time complex-
ity that is the same as that of a single optimization [Hershberger and Suri, 2001].) But the issues
run deeper than that. When the setting is complex and computation is limited, the optimizations
must be approximated. This effectively results in a different mechanism, which may no longer be
truthful—and its strategic equilibrise(g, Nash equilibria) may be terrible even when the approx-
imation algorithmper seis very good. The resulting challenge is to design special approximation
algorithms that do motivate the agents to report their preferences truthfully. Viewed differently, the
challenge is to design special truthful mechanisms whose outcomes are at least reasonably good, and
can be computed efficiently. This line of research, which has been atiedthmic mechanism
design[Nisan and Ronen, 2001], has produced a number of interesting results [Nisan and Ronen,
2001, 2000; Feigenbaust al., 2001; Lehmanret al, 2002; Mu’alem and Nisan, 2002; Archet

al., 2003; Bartakt al., 2003].

There have been various other directions in the study of mechanism design from a computer
science perspective. One direction close to algorithmic mechanism design is the desigtiraé
mechanisms, which produce better outcomes as they are given more time to compute, but never-
theless maintain good incentive properties [Parkes and Schoenebeck, 2004]. Another goal that has
been pursued idistributing the mechanism’s computation across the agents [Parkes and Shneid-
man, 2004; Brandt and Sandholm, 2004b,a, 2005b,c,a; Izmalkal, 2005; Petciet al,, 2006].

A different direction is the design of mechanisms in task-allocation settings where the agents may
fail to accomplish the task, and the failure probabilities need to be elicited from the agents, as well
as the costs [Portat al, 2002; Dastet al., 2004]. Rather than specifying a complete mechanism,
another approach that has been considered is to provide the agents with limited data from a cen-
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tralized optimization, and let the agents work out the remainder of the transactions. Specifically,
the optimal allocation is given, as well as some bounds on reasonable prices, in such a way that the
agents do not have an incentive to misreport [Bagtadl,, 2004]. (This has the advantage of cir-
cumventing, or at least delaying until later, results such as the Myerson-Satterthwaite impossibility
theorem mentioned previously.)

This chapter provides some results on mechanism design in expressive preference aggregation
settings. Unlike some the results mentioned above, these results are not inherently computational:
rather, they are pure mechanism design results that are driven by the expressive nature of the pref-
erence aggregation problems under study. (Of course, computational advances are what has made
running mechanisms in such expressive domains possible.) In Section 5.1, we study two related
vulnerabilities of the VCG (Clarke) mechanism in combinatorial auctions and exchanges: low rev-
enue/high cost, and collusion. Specifically, it will show how much worse these vulnerabilities are
in these settings than in single-item settings [Conitzer and Sandholm, 2006d]. In Section 5.2,
we study mechanism design for expressive preference aggregation for donations to (charitable)
causes [Conitzer and Sandholm, 2004e].

5.1 VCG failures in combinatorial auctions and exchanges

The VCG mechanism is the canonical payment scheme for motivating the bidders to bid truthfully
in combinatorial auctions and exchanges; if the setting is general enough, under some requirements,
it is the only one [Green and Laffont, 1977; Latial., 2003; Yokoo, 2003]. Unfortunately, there are

also many problems with the VCG mechanism [Rothkep#l., 1990; Sandholm, 2000; Ausubel

and Milgrom, 2006]. In this section, we discuss two related problems: the VCG mechanism is vul-
nerable to collusion, and may lead to low revenue/high payment for the auctioneer. It is well-known
that these problems occur even in single-item auctions (where the VCG mechanism specializes to
the Vickrey or second-price sealed-bid auction). However, in the single-item setting, these problems
are not as severe. For example, in a Vickrey auction, it is not possible for colluders to obtain the
item at a price less than the bid of any other bidder. Additionally, in a Vickrey auction, various
types of revenue equivalence with (for example) first-price sealed-bid auctions hold. As we will
show, in the multi-item setting these properties do not hold and can be violated to an arbitrary ex-
tent. Some isolated examples of such problems with the VCG mechanism in multi-item settings
have already been noted in the literature [Ausubel and Milgrom, 2006; Yekab 2004; Archer

and Tardos, 2002] (these will be discussed later in the section). In contrast, our goal in this section
is to give acomprehensiveharacterization of how severe these problems can be and when these
severe problems can occur. For the various variants of combinatorial auctions and exchanges, we
study the following single problem that relates both issues under consider@tizen some of the

bids, how bad can the remaining bidders make the outcomé&®mally, “bad” here means that

the remaining bidders are paid an inordinately large amount, or pay an inordinately small amount,
relative to the goods they receive and/or provide. This is closely related to the problem of making
revenue guarantees to the auctioneer. But it is also the collusion problem, if we conceive of the
remaining bidders as colluders. (The collusion problem can become more difficult if the collusion
is required to beself-enforcing A collusion is self-enforcing when none of the colluders have an
incentive to unilaterally deviate from the collusion. We will also study how this extra requirement
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affects our results.)

As it turns out, the fundamental problem of deciding how bad the remaining bidders can make
the outcome is often computationally hard. Computational hardness here is a double-edged sword.
On the one hand, if the problem is hard, collusion may not occur (or to a lesser extent) because the
colluders cannot find a beneficial collusion. On the other hand, if the problem is hard, it is difficult
to make strong revenue guarantees to the auctioneer. Of course, in either case, the computational
hardness may be overcome in practice if the stakes are high enough.

All the results in this section hold even when all bidderssingle-mindegdthat is, they bid only
on a single bundle of items. Hence, we do not need to discuss bidding languages.

5.1.1 Combinatorial (forward) auctions

We recall that in a&ombinatorial auctionthere is a set of items = {s1, s2, ..., s, } for sale. A

bid takes the fornb = (B, v), whereB C [ andv € R. The winner determination problem is to

label bids as accepted or rejected, to maximize the sum of the values of the accepted bids, under the
constraint that no item occurs in more than one accepted bid. (This is assnedmtisposalitems

do not have to be allocated to anyone.)

Motivating example

(A similar example to the one described in this subsubsection has been given before [Ausubel
and Milgrom, 2006], and examples of vulnerability to false-name bidding in combinatorial auc-
tions [Yokooet al, 2004] can in fact also be used to demonstrate the basic point. We include this
subsubsection for completeness.) Consider an auction with two itgrasds,. Suppose we have
collected two bids (from different bidders), boths;, s2 }, V). If these are the only two bids, one
of the bidders will be awarded both the items and, under the VCG mechanism, will have . pay
However, suppose two more bids (by different bidders) comé{isy:}, N + 1) and({s2}, N + 1).
Then these bids will win. Moreover, neither winning bidder will have to pay anything! (This is be-
cause a winning bidder’s item would simply be thrown away if that winning bidder were removed.)
This example demonstrates a number of issues. First, the addition of more bidders can actually
decrease the auctioneer’s revenue from an arbitrary amount$econd, the VCG mechanism is
not revenue-equivalent to the sealed-bid first-price mechanism in combinatorial auctions, even when
all bidders’ true valuations are common knowletigainlike in the single-item case. Third, even
when the other bidders by themselves would generate nonnegative revenue for the auctioneer under
the VCG mechanism, it is possible that two colluders can bid so as to receive all the items without
paying anything.

Consider the above example wilfi > 9 and suppose that the four bids reflect the bidders’ true valuations—since
bidding truthfully is a weakly dominant strategy in the VCG mechanism. Running a first-price sealed bid auction in
this setting, when all bidders’ valuations are common knowledge, will not generate expected revenue Iéfsstban
suppose the expected revenue is less than this. Then the probability that the revenue isﬁ}atﬂeasbe less thaé by
Markov's inequality. So, bidding{ A, B}, &) will win any bidder both items with probability at least leading to an
expected utility of at least (N — §') = 2. Because at most one of the three bidders with valuati¢dg, N + 1)
or ({A, B}, N) can win its desired bundle, it follows that at least one of these bidders has a probability of & ofost
winning its desired bundle, and thus has an expected utility of at %@ét BecauseV > 9, % > % so this bidder

N

would be better off bidding{ A, B}, 5 )—contradicting the assumption that we are in equilibrium.
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The following sums up the properties of this example.

Proposition 5 In a forward auction (even with only 2 items), the following can hold simultaneously:

1. The winning bidders pay nothing under the VCG mechanism; 2. If the winning bids are removed,
the remaining bids generate reveniyeunder the VCG mechanism; 3. If these bids were truthful
(as we would expect under VCG), then if we had run a first-price sealed-bid auction instead (and
the bidders’ valuations were common knowledge), any equilibrium would have generated revenue
O(N).

Characterization

We now characterize the settings where, given the noncolluders’ bids, the colluders can receive all
the items for free.

Lemma 9 If the colluders receive all the items at cost 0, then for any positive bid on a biihdfe
items by a noncolluder, at least two of the colluders receive an item Bom

Proof: Suppose that for some positive liebn a bundleB by a noncolludei, one of the colluders

c receives all the items i3 (and possibly others). Then, in the auction where we remove that col-
luder’s bids, one possible allocation gives every remaining bidder all the goods that bidder received
in the original auction; additionally, it givesall the items in bundle3; and it disposes of all the
other itemsc received in the original auction. With this allocation, the total value of the accepted
bids by bidders other thanis at leastv(b) more than in the original auction. Because the total
value obtained in the new auction is at least the value of this particular allocation, it follows that
imposes a negative externality of at lea&t) on the other bidders, and will pay at leagb). But

this contradicts the fact that no colluder pays anything; and hence it follows that for any positive bid
b on a bundleB by a noncolludet, at least two of the colluders receive an item fréin =

Lemma 10 Suppose all the items in the auction can be divided among the colluders in such a way
that, for any positive bid on a bundle of itenisby a noncolluder, at least two of the colluders
receive an item fronB. Then the colluders can receive all the items at cost O.

Proof: For the given partition of items among the noncolluders, let each colluder place a bid with
an extremely large value on the bundle consisting of the items assigned to him in the partition.
(For instance, twice the sum of the values of all noncolluders’ bids.) Then, the auction will clear
awarding each colluder the items assigned to him by the partition. Moreover, if we remove the
bids of one of the colluders, all the remaining colluders’ bids will still win—and thus none of the
noncollu ders’ bids will win, because each such bid requires items assigned to at least two colluders
by the partition (and at least one of them is still in the auction and wins th ese items). Thus, each
colluder (individually) imposes no externality on the other biddersa

Combining these two lemmas, we get:

Theorem 24 The colluders can receive all the items at cost and only if it is possible to divide
the items among the colluders in such a way that, for any positivé3lgl a noncolluder, at least
two colluders receive an item froim.
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Self-enforcing collusion

It turns out that requiring that the collusion is self-enforcing (i.e., no colluder has an incentive to
unilaterally deviate) is no harder for the colluders:

Theorem 25 Whenever the colluders can receive all the items for free, they can also receive them
all for free in a self-enforcing way.

Proof: Let each colluder bid on the same bundle as before; but, increase the bid value of each
colluder by an amount that exceeds the utility that any colluder can get from any bundle of items.
The colluders will continue to receive all the items at a cosf.ofNow, the only reason that a
colluder may wish to deviate from this is that the colluder wishes to obtain items outside of the
colluder’s assigned bundle. However, doing so would prevent one of the other bundles from being
awarded to its designated colluder. This would cause a decrease in the total value of bids awarded
to bidders other than the deviating colluder that exceeds the utility of the deviating colluder for any
bundle, and the deviating colluder would have to pay for this decrease under the VCG mechanism.
Therefore, there is no incentive for the colluder to deviatem

Complexity

In order to collude in the manner described aboveritieelluders must solve the following compu-
tational problem.

Definition 21 (DIVIDE-SUBSETS) Suppose we are given a sktas well as a collectiom? =
{S1,...,8,} of subsets of it. We are asked wheth@an be partitioned inta parts7y,7», ..., T,
so that no subsef; € R is contained in one of these parts.

Theorem 26 DIVIDE-SUBSETS is NP-complete, even whes 2.

Proof: The problem is technically identical to HYPERGRAPH-2-COLORABILITY, which is NP-
complete [Garey and Johnson, 1979].m

This hardness result only states that it is hard to identifyntlestbeneficial collusion, and one
may wonder whether it is perhaps easier to fammebeneficial collusion. It turns out that the
hardness of the former problem implies the hardness of the latter problem: the utility functions of
the colluders can always be such that only the most beneficial collusion actually benefits them, in
which case the two problems are the same. This observation can also be applied to hardness results
presented later in this section.

5.1.2 Combinatorial reverse auctions

We recall that in @ombinatorial reverse auctignhere is a set of itembs= {s1, s2, ..., s, } to be
procured. A bid takes the forin= (B, v), whereB C I andv € R. (Here,v represents the value
that the bidder must be compensated by in order to provide the g®ddshe winner determination
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problem is to label bids as accepted or rejected, to minimize the sum of the values of the accepted
bids, under the constraint that each item occurs in at least one accepted bid. (This is assuming free
disposal.)

Motivating example

Consider a reverse auction withitems, sy, s, . . ., $;,. Suppose we have collected two bids (from
different bidders), bott{s1, s2,...,sm}, N). If these are the only two bids, one of the bidders
will be chosen to provide all the goods, and, under the VCG mechanism, will bé\pditbwever,
supposemn more bids (by different bidders) come iri{s1},0), ({s2},0),..., ({sm},0). Then,
thesem bids will win. Moreover, each bidder will be paid under the VCG mechanism. (This is
because without this bidder, we would have had to accept one of the original bids.) Thus, the total
payment that needs to be maderigV.?

Again, this example demonstrates a number of issues. First, the addition of more bidders may
actually increase the total amount that the auctioneer needs to pay. Second, the VCG mechanism
requires much larger payments than a first-price auction in the case where all bidders’ valuations
are common knowledge. (The first-price mechanism will not require a total payment of more than
N for these valuations in any pure-strategy equilibri)niThird, even when the other bidders by
themselves would allow the auctioneer to procure the items at a low cost under the VCG mechanism,
it is possible form colluders to get paid. times as much for all the items.

The following sums up the properties of this example.

Proposition 6 In a reverse auction, the following can hold simultaneously: 1. The winning bidders
are paidmN under the VCG mechanism; 2. If the winning bids are removed, the remaining bids
allow the auctioneer to procure everything at a cost of oNlyunder the VCG mechanism; 3. If
these bids were truthful (as we would expect under VCG), then if we had run a first-price sealed-bid
reverse auction instead (and the bidders’ valuations were common knowledge), any equilibrium in
pure strategies would have required total payment of at Mas{However, there are also mixed-
strategy equilibria with arbitrarily large expected tot al payment.)

2similar examples have been discovered in the context of purchasing paths in a graph [Archer and Tardos, 2002].
However, in that setting, the buyer does not seek to procure all of the items, and hence the examples cannot be applied
directly to combinatorial reverse auctions.

3Consider the above example and suppose thaithe2 bids reflect the bidders’ true valuations—since bidding
truthfully is a weakly dominant strategy in the VCG mechanism. Supposing that a pure-strategy equilibrium is being
played, let the total payment to be made in this equilibriumrbe(We observe that the final allocation can still be
uncertain, e.g. if there is a random tie-breaking rule.) SupposeN. Then, the expected utility for either one of the
bidders interested in providing the whole bundle can never exceedV (because the bidder will be paidwhenever
none of its bids are accepted, and providing any items at all will cas?)it Moreover, it is not possible for both of
these bidders to simultaneously have an expected utility-ofV (as this would mean that both are paiavith certainty,
contrary to the fact that the total paymentris It follows at least one has an expected utilityiof N — e for somee > 0.

But then this bidder would be better off bidding- 5 for the whole bundle, which would be accepted with certainty and
give an expected utility of — N — 5. It follows that the total payment in a pure-strategy equilibrium cannot exteed
Perhaps surprisingly, the first-price combinatorial reverse auction for this example (with commonly known true valuations
corresponding to the given bids) actually has mixed-strategy equilibria with arbitrarily high expected payments.
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Characterization

Letting N be the sum of the values of the accepted bids when all the colluders’ bids are taken out,

it is clear that no colluder can be paid more thén(With the colluder’s bid, the sum of the values

of others’ accepted bids is still at ledstwithout it, it can be at mosV, because in the worst case

the auctioneer can accept the bids that would be accepted if none of the colluders are present.) In
this subsubsection, we will identify a necessary and sufficient condition for the colluders to be able
to each receivev.

Lemma 11 If a colluder receivesV, then the items that it has to provide cannot be covered by a
subset of the noncolluders’ bids with cost less than

Proof: If they could be covered by such a set, we could simply accept this set of bids (including
those that were accepted already) rather than the colluder’s bid, and increase the total cost by less
thanN. Thus, the colluder's VCG paymentis lessthsn =

Thus, in order for each of the colluders to be able to receivé, it is necessary that there exist
n disjoint subsets of the items, each of which cannot be covered with a subset of the noncolluders’
bids with total value less thalN. The next lemma shows that this condition is also sufficient.

Lemma 12 If there aren disjoint sets of item#4, ..., R,, each of which cannot be covered by a
subset of the noncolluders’ bids with cost less tharthenn colluders can be paidv each.

Proof: Let colluder; (for i < n) bid (R;,0), and let colluder. bid (R,, U (S —J, R;),0). Then the
total cost of all accepted bids with all the colluderg§;iut when one colluder is omitted, the items
it won cannot be covered at a cost less thafbecause its bid contained one of tRg. Thus, each
colluders VCG paymentisv. =

The next lemma shows that the necessary and sufficient condition above is equivalent to being
able topartition all the items inton sets, so that no element of the partition can be covered by a
subset of the noncolluders’ bids with total value less thanThat is, we can restrict our attention
to the case where the subsets exhaust all the items.

Lemma 13 The condition of Lemma 12 is satisfied if and only if it is possible to partition the items
into T4, ..., T, such that ndl; can be covered by a subset of the noncolluders’ bids with cost less
thanN.

Proof: The “if” part is trivial: givenT; that satisfy the condition of this lemma, simply &t = T;.

For the “only if” part, givenR; that satisfy the condition of Lemma 12, [Et = R; for i < n, and

T, = R, U (S —J,; Ri). We observe that this last set can also not be covered at a cost of less than
N because it containg,. =

Combining all the lemmas, we get:

“We assume, as is commonly done in settings such as these, that a feasible solution still exists when all the colluders’
bids are removed.
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Theorem 27 Then colluders can receive a payment 8f each (simultaneously), wherg is the

sum of the values of the accepted bids when all the colluders’ bids are removed, if and only if it
is possible to partition the items infB,, . .., T}, such that ndl’; can be covered by a subset of the
noncolluders’ bids with cost less thav.

Self-enforcing collusion

Unlike the case of combinatorial forward auctions, in reverse auctions, a stronger condition is re-
quired if the collusion is also required to be self-enforcing.

Theorem 28 Then colluders can receive a payment 8f each (simultaneously), wherg is the

sum of the values of the accepted bids when all the colluders’ bids are removed, if and only if it is
possible to partition the items inth,, . .., T}, such that 1) ndl; can be covered by a subset of the
noncolluders’ bids with cost less thaw, 2) for no colluderi, the following holds: there exists a
subsetl! C T; such thatZ] can be covered by a set of noncolluders’ bids with total cost less than
v;i(T;) — vi(T; — T)) (the marginal savings to colluderof not having to provid€?).

Proof: For the “if” part, each colludei can bid onT; with a value of0. As in the above, this will
give each colluder a payment 8f. Moreover, no colludei has an incentive to deviate, for the
following reasons. Under the VCG mechanism, it is not possible to change a bgltet in such
a way that the allocation tbremains the same, but the payment thanges. Therefore, we only
need to consider what happens if colludéids on a different bundle. Bidding on items outside
cannot increase the paymenttoecause the other colluders are bidding on these items with a value
of 0. Therefore, the only deviation that can possibly be advantageous is to bid on aElib$€f.
LetT/ = T; — T/ . If the colluder bids orT}” (with, say, valud), then the payment to colludéwill
decrease by the total cost of coverifigwith noncolluder bids. By the assumption in the theorem,
this total cost is at least;(7;) — v;(7)), the marginal savings to colludéof not having to provide
T}/. It follows that the bid does not make the colluder better off.

For the “only if” part, we already know by Theorem 27 that in order forttulluders to receive
a payment ofV each (simultaneously), it must be possible to partition the itemdinta . , T;, such
that noT; can be covered by a subset of the noncolluders’ bids with cost leséiifamthat colluder
1 can bid onT; with a value of0 to achieve the desired outcome). But if for some collugéhere
exists a subsef! C T; such thatl] can be covered by a set of noncolluders’ bids with total cost
less thany; (T;) — v;(T; — T7), then this colluder would be better off bidding a valué@dér T; — T/
instead, because this would decrease the payment to collbgidess than the marginal savings to
colluder: of not having to providd. Hence the collusion would not be self-enforcing.m

Complexity

In order to collude in the manner described abovertieelluders must solve the following compu-
tational problem.

Definition 22 (CRITICAL-PARTITION) We are given a set of itenisa collection of bidg.S;, v;)
whereS; C I andv; € R, and a number. Say that theostof a subset of these bids is the sum of
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their v;; and that the cost(T") of a subsef” C I is the lowest cost of any subset of the bids whose
S; coverT. We are asked whether there exists a partitioh ofto » disjoint subsetd’, 15, ..., T,
such that for anyl <1 <mn, ¢(T;) = ¢(I).

Theorem 29 Even when the bids are so that a partiti@h, . . ., 7;, is a solution if and only if no
setl — T; covers all items in a bid, CRITICAL-PARTITION is NP-complete (evenmwith2).

Proof: The problem is in NP in this case because given a partifign. ., T,,, it is easy to check if
any set/ — T; covers all items in a bid.

To show NP-hardness, we reduce an arbitrary NAESIAStance (given by a set of clausés
over a set of variablek’, with each variable occurring at most once in any clause) to the following
CRITICAL-PARTITION instance withn = 2 (where we are trying to partition intf; and13). Let
I be as follows. For every variable e V, there are two items labeled , ands_,,. Let the bids
be as follows. For every variablec V, there is a bid{s;,, s—,},2). For every clause € C,
there are two bidé{s; : | € c},2m. — 1) and({s; : =l € ¢}, 2m,. — 1) wherem, is the number of
literals occurring inc.

First we show that this instance satisfies the condition that a parfitian . , T;, is a solution if
and only if no setl — T; covers all items in a bid. First, we observe that) = |I| (we can use all
the bids of the forn{{s., s_. }, 2), getting a per-item cost df, no other bid gives a lower per-item
cost).

Now, if some setl — T; covers all the items in a bid of the for§s..,, s_ },2), thenc(T;) <
2|I| — 2 (because we can simply omit this bid from the solution for all the items). If some set
I — T, covers all the items in a bid of the fori{s; : | € ¢},2m. — 1), thenc(T;) = |I] — 1.
(This is because we can now accept the “complement’(bigd : —I € c},2m,. — 1), and we
will have covered all the items, , ands_,, in T; such thatv occurs inc (precisely2m,. items,
because variables do not reoccur within a clause); for any othersitgror s_,,, we can accept the
bid ({s+v,s-v},2), and we need to accept at m¢Bt| — m,. such bids, leading to a total cost of
2me — 14 2(|V|—m,) = |I] = 1.)

On the other hand, suppose there is nalsetT; that covers all the items in a bid. Then, either
T; must include at precisely one of ands_,. (Otherwise oné; would include neither and — T;
would cover all items in the bid{s.., s_.},2).) Thus, when we are trying to covét, covering
items in it with bids of the form({s,, s_,},2) would result in a per-item cost @ On the other
hand, covering items in it with bids of the for(s; : [ € ¢},2m. — 1) or ({s; : =l € ¢},2m. — 1)
would result in a per-item cost of at Ie%i‘— > 2 (because at most,. — 1 of them, items in
the bid can be T}, otherwis€el; would cover aII the items in the bid; biff = I — T3_; which by
assumption does not cover all the items in any bid). It follows @l;) = 2|V| = |I| = ¢(I).

Now we show that the two instances are equivalent. First suppose there exists a solution to the
NAESAT instance. Then partition the elementsias= {s; : | =true} andTy = {s; : | =false},
according to this solution. Clearly neitherbf T; = T3_; covers a bid of the forn{s..,,, s_, }, 2).
Also, because no clause has all its literals set to the same value (we have a NAESAT solution), the
items in a corresponding bids; : I € ¢},2m. — 1) or ({s; : =l € c¢},2m. — 1) are not all in

5The goal in NAESAT is to assign truth values to all variables in such a way that there is no clause with all its literals
set totrue, and no clause with all its literals setf@se
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the same set. By the previously proved property, it follows that this partition is a solution to the
CRITICAL-PARTITION instance.

On the other hand, suppose that there exists a solution to the CRITICAL-PARTITION instance.
Then label a literatrue if s; € T7, andfalseotherwise. By the previously proved property, because
({84v,5-41},2) isabid, only one 0§, ands_,, can be inl; = I —T5, so this provides a consistent
setting of the literals. Additionally, becauégs; : I € ¢}, 2m,. — 1) is a bid, not all thes; in that bid
can beinl} = I —T5. It follows that some of the literalse ¢ are set tdalse Similarly, not all the
s; in that bid can be i, = I — T4, so some of the literalse ¢ are set tdrue. It follows that this
assignment of truth values to variables is a solution to the NAESAT instanae.

5.1.3 Combinatorial forward (or reverse) auctions without free disposal

We recall that a combinatorial forward auctistithout free disposak exactly the same as one with
free disposal, with the exception that every item must be allocated to some bidder. Recall from
Section 2.2 that since we are looking for an exact cover of the items, and negative bids may be of
use, combinatorial forward auctions are technically identical to combinatorial reverse auctions.

Motivating example

Consider a forward auction with two nondisposable itesnsnds,. Suppose we have collected two
bids (from different bidders), botf{ s1, s2}, N). If these are the only two bids, one of the bidders
will be awarded both the items and, under the VCG mechanism, will have taVpaldowever,
suppose two more bids (by different bidders) come(ifx; }, N + M) and({s2}, N + M), with

M > 0. Then these bids will win. Moreover, because without free disposal, we cannot accept either
of these bids without the other, each of these bidders wilildid A/ under the VCG mechanism!

Again, this example demonstrates a number of issues. First, additional bidders may change
the auctioneer’s revenue from an arbitrarily large positive amount to an arbitrarily large negative
amount (an arbitrarily large cost). Second, the VCG mechanism may require arbitrarily large pay-
ments from the auctioneer even in cases where a first-price auction would actually generate revenue
for the auctioneer, in the case where all bidders’ valuations are common knowledge. (The first-price
mechanism will generate a revenue of at lgdsior these valuations in any pure-strategy equilib-
rium.®) Third, even when the other bidders by themselves would generate positive revenue for the

Consider the above example and suppose that the four bids reflect the bidders’ true valuations—since bidding truth-
fully is a weakly dominant strategy in the VCG mechanism. Supposing that a pure-strategy equilibrium is being played,
let the total revenue to the auctioneerdevherep is possibly negative. (We observe that the final allocation can still be
uncertain, e.g. if there is a random tie-breaking rule.) SuppoeseN. Then the expected utility for either of the bidders
interested in providing the whole bundle is at mdst- p. (If the bidder receives a singleton item, its utility-isx; if it
receives nothing, its utility i8; if it receives both items, its utility i8V — p.) Moreover, it is not possible for both of these
bidders to both have an expected utility/§f— p, as this would mean they both receive both items with probakility
follows that at least one of them has an expected utilitiVof p — e wheree > 0. But then this bidder would be better off
biddingp + 5, as this bid would be accepted with certainty and give an expected utility-efp — 5. It follows that the
expected revenue in a pure-strategy equilibrium cannot be lesg\th&imilarly to the case of the combinatorial reverse
auction with free disposal, there are mixed-strategy equilibria in the first-price auction where the auctioneer is forced to
make arbitrarily large payments.
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auctioneer under the VCG mechanism, it is possible that two colluders can make the auctioneer pay
each of them an arbitrarily large amount.
The following sums up the properties of this example.

Proposition 7 In a forward auction without free disposal (even with only two items), the following
can hold simultaneously: 1. Each winning bidder is paid an arbitrary amddninder the VCG
mechanism (wher&/ depends only on the winners’ bids); 2. If the winning bids are removed, the
remaining bids actually generate revenpeto the auctioneer under the VCG mechanism; 3. If
these bids were truthful (as we would expect under VCG), then if we had run a first-price sealed-bid
auction instead (and the bidders’ valuations were common knowledge), any equilibrium in pure
strategies would have generated revemiie (However, there are mixed-strategy equilibria with
arbitrarily large cost to the auctioneer.)

Characterization

In this subsubsection, we will identify a necessary and sufficient condition for the colluders to be
able to each receive an arbitrary amount. 1@f) denote the value of bibl

Lemma 14 If each colluder receives a payment of more than |v(by)| (Whered ranges over the

d
noncolluders), then for each colluder the set of all items awarded to either that colluder or a
noncolluder (that iss. U |J, sa, Wheres; is the set of items awarded to biddeandd ranges over
the noncolluders) cannot be covered exactly with bids from the noncolluders.

Proof: Say that the sum of the values of accepted noncolluder bif)s(ishich may be negative).
Suppose that for one colluder the set of all items awarded to either her or a noncolluder (that
is, s. U |J,sq) can be covered by a set of noncolluder bids of combined v@lgehich may be
negative). Then removing colludercan make the allocation at most — C' worse to the other
bidders (relative to their reported valuations), because we could simply accept the bids of combined
valueC and no longer accept the bids of combined valueand keep the rest of the allocation the
same. Thus, under VCG, that colluder should be rewarded atbhesC < 25 |v(bg)|. =

d

Thus, in order for each colluder to be able to receive an arbitrarily large payment, it is neces-
sary that there are disjoint subsets of the items such that no such subset taken together with the
remaining items can be covered exactly by the noncolluders’ bids. Also, the set of remaining items
must be exactly coverable by the noncolluders’ bids (otherwise we cannot accept all the colluders’
bids). The next lemma shows that this condition is also sufficient.

Lemma 15 Ifitis possible to partition the items intBy, . .., R,,, R,1 such thatfornd <i <mn,
R; U R,+1 can be covered exactly with bids from the noncolluders; and suchRhat can be
covered exactly with bids from the noncolluders; then for ay> 0, n colluders can place
additional bids such that each of them receives at lédst

Proof: Let colluder: place a bid R;, M +3 ) |v(bg)|) (Whered ranges over the noncolluders). All
d

these bids will be accepted, because itis possible to do so by also accepting the noncolluder bids that
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cover R, exactly; and these noncolluder bids will have a combined value of atdeastv(by)|,
d
so that the sum of the values of all accepted bids is at (8ast 1) > |v(bg)| + nM . (We observe

d
that if we do not accept all of the colluder bids, the sum of the values of all accepted bids is at most
(3(n—1)+1) Z |v(bg)|+(n—1)M = (3n—2) Z |v(bg)| + (n—1)M, which is less.) Now, if the

bid of coIIuderz is removed, it is no longer possmle to accept all the remainingl colluder bids,
becauser; U R, .1 cannot be covered exactly with noncolluder bids. It follows that the total value
of all accepted bids whei’s bid is removed can be at most(n — 2) + 1) > |v(bg)| + (n — 2) M.

d

Wheni's bid is not omitted, the sum of the values of all accepted bids otherithads at least

(3(n —1) — 1) > |v(bg)| + (n — 1)M. Subtracting the former quantity from this, we get that the
d

VCG paymentta is atleasd [v(by)|+ M. =
d

The next lemma shows that the necessary and sufficient condition above is equivalent to being
able to partition all the items inte sets, so that no element of the partition can be covered exactly by
a subset of the noncolluders’ bids. That is, we can restrict our attention to the caseiyhere (.

Lemma 16 The condition of Lemma 15 is satisfied if and only if the items can be partitioned into
T1,...,T, such that ndl’; can be covered exactly with bids from the noncolluders.

Proof: For the “if” part: givenT; that satisfy the condition of this lemma, |8 = T; for i < n,
andR,+1 = 0. Then noR; U R,,.1 = T; can be covered exactly with bids from the noncolluders,
andR,,,1 = () can trivially be covered exactly with noncolluder bids. For the “only if” part: given
R; that satisfy the condition of Lemma 15, I&f = R; for i < n, and letT,, = R, U R,11.
ThatT,, cannot be covered exactly by noncolluder bids now follows directly from the conditions of
Lemma 15. But also, n@; with i < n can be covered exactly: because if it could, then we could
coverR; U R, 11 = T; U R, 11 using the bids that covér; exactly together with the bids that cover
R, 11 exactly (which exist by the conditions of Lemma 15).m

Combining all the lemmas, we get:

Theorem 30 Then colluders can receive a payment of at leAdsteach (simultaneously) whefd
is an arbitrarily large number, if and only if it is possible to partition the items ifi{o. . ., T,, such
that noT; can be covered exactly with bids from the noncolluders.

Self-enforcing collusion

Again, a stronger condition is required if the collusion is also required to be self-enforcing.

Theorem 31 Then colluders can receive a payment of at ledsteach (simultaneously), whend

is an arbitrarily large number, if and only if it is possible to partition the items if{o. . . , T,, such
that 1) noT; can be covered exactly with noncolluder bids, 2) for no collugére following holds:
there exists a subs&} C T; such thatl’ can be covered exactly by a set of noncolluders’ bids with
total value greater tham;(7;) — v;(T; — 1) (the marginal value to colluderof receivingT?).
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Proof: For the “if” part, each colludercan bid onl; with a sufficiently large value. As in the above,

this will give each colluder a payment of at leddt Moreover, no colludef has an incentive to
deviate, for the following reasons. Under the VCG mechanism, it is not possible to change a bidder
i's bid in such a way that the allocation foremains the same, but the payment;tohanges.
Therefore, we only need to consider what happens if collutdds on a different bundle. Bidding

on items outsidd; will prevent one of the other colluders’ bids from being accepted, leading to

a severe reduction in the total value of the allocation, and therefore to a severe reduction in the
payment to colludei. Therefore, the only deviation that can possibly be advantageous is to bid on
a subsefl!’ of T;. LetT] = T; — T". If the colluder bids orf}’ (with a sufficiently large value),

one of two things may happen. First, it can be the case that it is not possible to exactlytover
with noncolluder bids. If so, then it must be the case that one of the other colluders’ bids cannot be
accepted, leading again to a severe reduction in the payment to call®&brond, it can be the case

that it is possible to exactly covér’ with noncolluder bids. In this case, the payment to colluder

i will increase by the total value of this cover @f. By the assumption in the theorem, this total
value is at most; (7;) — v;(7)"), the marginal value to colluderf receivingZ}. It follows that the

bid does not make the colluder better off.

For the “only if” part, we already know by Theorem 30 that in order for theolluders to
receive an arbitrarily large payment of at leddt each (simultaneously), it must be possible to
partition the items intd71, . . ., T;, such that nd’; can be covered exactly with noncolluder bids (so
that colluderi can bid onT; with a sufficiently large value to achieve the desired outcome). But
if for some colluderi, there exists a subs&} C T; such thatl can be covered exactly by a set
of noncolluders’ bids with total value greater theytZ;) — v;(T; — 17), then this colluder would
be better off bidding a sufficiently large value f6r — 77 instead, because this would increase the
payment to collude by more than the marginal value to colludesf receivingZ; as well. Hence
the collusion would not be self-enforcing. =

Complexity

In order to collude in the manner described aboventielluders must solve the following compu-
tational problem.

Definition 23 (COVERLESS-PARTITION) We are given a sdtand a collection of subsefs, So,
..., 84 C I. We are asked whether there is a partition/ohto subsetd, 715, ... T, C I such that
no T; can be covered exactly by some of the

Theorem 32 Evenifthere is a singletos; for all but two elements andb, andn = 2, COVERLESS-
PARTITION is NP-complete.

Proof: The problem is in NP in this case because given a partifioiis, either one of thel;
contains bothz andb, in which case the other can be covered exactly with singleton sets; or they
each contain one of andb (sayT, containse andT;, contains). In the latter case, there is a cover

of T if and only if it contains a subset containirgthe other elements ifi; can be covered with
singleton sets), which can be checked in polynomial time.
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To show that the problem is NP-hard, we reduce from SAT. Given an arbitrary SAT instance
(given by a set of clauseS over variabled’), let S be as follows. It containa andb; for each
variablev € V, it contains an element,; and for each clausec C, it contains an element. Let
the collection of subsets be as follows. For everythere is a subset, = {s, }. For everys,, there
is a subsef. = {s.}. Finally, for every clause € C, there are two more subsets: one consisting
of b, s., and all the variables that occur positivelydrfS.. = {b,s.} U {s, : +v € c¢}), and one
consisting ofs, s., and all the variables that occur negativelyib.— = {a, s.} U {s, : —v € ¢}).

We now show that the instances are equivalent.

First suppose there is a solution to the SAT instance, given by a labeliig— {true, falsg.
Then let{a} U {s, : t(v) =true} C T7 and{b} U {s, : t(v) =false} C T». Furthermore, if one of
the variables occurring positively inis set totrue, let s, € Ts; otherwise, lets, € T;. First, we
claim that no subsei.... is contained in som&;. It is not contained iV} because it hakin it. If ¢
is satisfied because of one of the variahl@gcurring positively in: is set totrue, thens,, € T3, and
because, € S.+, S+ is not contained iff;. Otherwises. € T, and agairnsS,.; is not contained
in T5. Next, we claim that no subs#t_ is contained in som&;. It is not contained ir¥, because
it hasa init. If cis satisfied because of one of the variahlexcurring positively irc is set totrue,
se € Ty, andS._ is not contained iA}. Otherwise, one of the variablesoccurring negatively i
must be set tdalse sov € Ty, and because, € S._, againS._ is not contained if7;. Because
only bids of the formS,. or S._ containa or b, it follows that there is no exact cover of eithEr
or Ty, and we have a solution to the COVERLESS-PARTITION instance.

Now suppose there is a solution to the COVERLESS-PARTITION instance, given by a partition
T1,T>. Because andb cannot occur in the samig, suppose without loss of generality that T
andb € T». Then, set to trueif s, € T3, and tofalse otherwise. Suppose that a given clause
is not satisfied with this assignment. This means that for all variabtbat occur positively irt,
sy € Th, and for all variables that occur negatively in, s, € Ty. If s. € T1, thenS._ is contained
in T1; and thus we can covér; exactly with this set and singleton sets for the remaining elements.
On the other hand, i§. € Ty, thenS,, is contained irl5; and thus we can covdr, exactly with
this set and singleton sets for the remaining elements. It follows that all clauses are satisfied with
this assignment, and we have a solution to the SAT instance.

An easier collusion problem

So far in this subsection, we have formulated the collusion problem se@#thicolluder should
receive M, whereM is an arbitrary amount. An easier problem for the colluders is to make sure
thattogether they receivell, wherelM is an arbitrary amount. Such a collusion may be less stable
(because some of the colluders may be receiving very little). Nevertheless, as we will show, this
type of collusion is possible whenever a weak (and easily verified, given the noncolluders’ bids)
condition holds: at least one item has no singleton bid on it. (A singleton bid is a bid on only one
item.) We first show that this condition is necessary.

Lemma 17 If at least one colluder receives a payment of more thah(b,)| (whered ranges over

d
the noncolluders), then there is at least one iteon which no noncolluder places a singleton bid.
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Proof: If each item has a singleton noncolluder bid placed on it, then when we remove a colluder’s

bid, we can simply cover all the items in it with singleton bids (with a combined value of at least

— > |v(bg)|), and leave the rest of the allocation unchanged. It follows that the VCG payment to
d

the colluder can be at moSt |v(bg)[). =
d

We now show that the condition is sufficient.

Lemma 18 If there is at least one item on which no noncolluder places a singleton bid, then if
one colluder bidg{s},0), and the other colluder bid&el — {s}, M + 2> |v(bg)|) (for M > 0),
d

then the total payment to the colluders is at le&ét

Proof: The colluders’ bids will be the only accepted ones (because colluder 2's bid has a greater
value than all other bids combined). If we removed colluder 2’s bid, the total value of the ac-
cepted bids would be at moSt |v(by)]), so colluder 2 will pay at most this much under the VCG

d

mechanism. If we removed colluder 1's bid, colluder 2’s bid could no longer be accepted (because
{s} cannot be covered by itself), and thus the total value of the accepted bids could be at most
> |v(bg)l]). It follows that colluder 1 is paid at leadtf + > |v(bg)|). So the total payment to the

d

d
colludersis atleast/ =

Combining the two lemmas, we get the desired result:

Theorem 33 Two (or more) colluders can receive a total paymentbfwherelM is an arbitrarily
large number, if and only if there is at least one item that has no singleton bid placed on it by a
noncolluder.

5.1.4 Combinatorial exchanges

We recall that in @ombinatorial exchangehere is a set of itemb = {s1, s9, ..., s, } that can be
traded. A bid takes the for = (A1,..., A, v), Wheredy, ..., A\, v € R (possibly negative).
(Each); is the number of units of théh item that the bidder seeks to procure, arid how much

the bidder is wi lling to pay.) The winner determination problem is to label bids as accepted or
rejected, under the constraint that the sum of the accepted vectors has its éntties< 0, to
maximize the last entry of the sum of the accepted vectors. (This is assuming free disposal.) We
will also use the notatiof{ (si,, Ai, ), (Siys Niy), - - -, (Sir, iy, ) }, v) for representing a bid in which

Ai; units of items;, are demanded (artdunits of each item that is not mentioned).

Characterization

In a combinatorial exchange with at least two itespsandss, let ¢; (respectivelyg.) be the total
number of units ofs; (respectively,ss) offered for sale in bids so far (by noncolluders). Now
consider the following two bids (by colluders}{(s1,q1 + 1),(s2,—q2 — 1)}, M + > |v(bg)])

d

and({(s1,—q1 — 1), (s2,¢2 + 1)}, M + > |v(ba)|), whereM > 0 andd ranges over the original
d
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(noncolluding) bids. Both these bids will be accepted (for otherwise, the total value of the accepted
bids could be at mos¥/ +2 3 |v(bg)| < 2(M +>_ |v(bg)|)). Moreover, if we remove one of these
d d

two bids, the other cannot be accepted (because its demand cannot be met), so the total value of
the accepted bids can be at mdstv(by)|). It follows that the VCG payment to each of these two
d

bidders is at least/. This proves the following:

Theorem 34 In a combinatorial exchange with at least two items, for any set of bids by noncol-
luders, two colluders can place bids so that each of them will receive at Masthere M is an
arbitrary amount. Moreover, each one receives exactly the items that the other provides, so that
their net contribution in terms of items is nothing.

This concludes the part of this dissertation analyzing problematic outcomes of the VCG mech-
anism in combinatorial auctions and exchanges. We will return to combinatorial auctions briefly in
the next chapter, Section 6.5. In the next section, we consider mechanism design for negotiating
over donations to charities.

5.2 Mechanism design for donations to charities

In this section, we study mechanism design for the setting of expressive preference aggregation
for donations to charities described in Section 2.3. The rules that we described in that section for
deciding on outcomes turn out not to be strategy-proof, as we will see shortly. This is not too
surprising, because the mechanism described so far is, in a sdirsépaice mechanism, where

the mechanism will extract as much payment from a bidder as her bid allows; and such mechanisms
are typically not strategy-proof. In this section, we consider changing the rules to make bidding
truthfully strategically optimal.

5.2.1 Strategic bids under the first-price mechanism

We first point out some reasons for bidders to misreport their preferences under the first-price mech-
anism described up to this point. First of all, even when there is only one charity, it may make sense
to underbid one’s true valuation for the charity. For example, suppose a bidder would like a charity
to receive a certain amouf but does not care if the charity receives more than that. Additionally,
suppose that the other bids guarantee that the charity will receive at:leasnatter what bid the
bidder submits (and the bidder knows this). Then the bidder is best off not bidding at all (or submit-
ting a utility for the charity of0), to avoid having to make any payment. (This is an instance of the
free riderproblem [Mas-Colelkt al.,, 1995].)

With multiple charities, another kind of manipulation may occur, where the bidder attempts
to steer others’ payments towards her preferred charity. Suppose that there are two charities, and
three bidders. The first bidder biag(r.,) = 1if 7., > 1, ul(m.,) = 0 otherwise;u?(r.,) = 1
if 7, > 1, u?(me,) = 0 otherwise; andoy(ug) = wy if up < 1, wi(w) = 1+ 1h5(ug — 1)
otherwise. The second bidder bid¥(r.,) = 1if 7., > 1, ui(w.,) = 0 otherwise;u3(m.,) = 0
(always);wa(uz) = Fug if ug < 1, we(uz) = 3 + 155 (uz — 1) otherwise. Now, the third bidder's
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true preferences are accurately represehtegthe bidul(r.,) = 1if 7., > 1, ui(n,) = 0
otherwise;u}(m.,) = 3 if m., > 1, uj(m,,) = 0 otherwise; andus(us) = us if uz < 1,
ws(uz) = + + 155(us — 1) otherwise. Now, it is straightforward to check that, if the third bidder
bids truthfully, regardless of whether the objective is surplus maximization or total donated, charity
1 will receive at least, and charity2 will receive less thai. The same is true if bidde€rdoes not
place a bid at all (as in the previous type of manipulation); hence bizislettility will be 1 in this
case. But now, if biddes reportsu}(m.,) = 0 everywhereu3(m.,) = 3 if 7., > 1, u3(7e,) = 0
otherwise (this part of the bid is truthful); anes(us) = 2us if ug < 1, ws(uz) = % otherwise;
then charity2 will receive at least, and bidde3 will have to pay at mos%. Because up to this
amount of payment, one unit of money corresponds to three units of utility to biddtefollows

his utility is now at leasB — 1 = 2 > 1. We observe that in this case, the strategic bidder is not
only affecting how much the bidders pay, but also how much the charities receive.

5.2.2 Mechanism design in the quasilinear setting

In the remainder of this section, we restrict our attention to bidders with quasilinear preferences.
There are at least four reasons why the mechanism design approach is likely to be most successful
in the setting of quasilinear preferences. First, historically, mechanism design has been been most
successful when the quasilinear assumption could be made. Second, because of this success, some
very general mechanisms have been discovered for the quasilinear setting (for instance, the VCG
and dAGVA mechanisms) which we could apply directly to the expressive charity donation prob-
lem (although they are not fully satisfactory, as VCG is not budget-balanced, and dAGVA is not
individually rational). Third, as we saw in Section 3.3.4, the clearing problem is much easier in
this setting, and thus we are less likely to run into computational trouble for the mechanism design
problem. Fourth, as we will show shortly, the quasilinearity assumption in some cases allows for
decomposing the mechanism design problem over the charities (as it did for the simple clearing
problem).

Moreover, in the quasilinear setting (unlike in the general setting), it makes sense to pursue
social welfare (the sum of the utilities) as the objective, because now 1) units of utility correspond
directly to units of money, so that we do not have the problem of the bidders arbitrarily scaling
their utilities; and 2) it is no longer possible to give a payment willingness functiénudfile still
affecting the donations through a utility function.

We are now ready to present the result that shows that we can sometimes decompose the problem
over the charities.

Theorem 35 Suppose all agents’ preferences are quasilinear (and, as we have been assuming
throughout, that the utility that an agent derives from one charity is independent of how much
other charities receive). Furthermore, suppose that there exists a single-charity mecdrttsa,

for a certain subclasg’ of (quasilinear) preferences, under a given solution conée(gither im-
plementation in dominant strategies or Bayes-Nash equilibrium) and a given notion of individual

"Formally, this means that if the bidder is forced to pay the full amount that his bid allows for a particular vector of
payments to charities, the bidder is indifferent between this and not participating in the mechanism at all. (Compare this
to bidding truthfully in a first-price auction.)
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rationality R (either ex post, ex interim, or none), satisfies a certain notion of budget balance (ei-
ther ex post, ex ante, or none), and is ex-post efficient. Then, there exists a mechanism with the
same properties for any number of charities—namely, the mechanism that runs the single-charity
mechanism separately for each individual charity.

Proof: As stated in the theorem, the mechanism is simply the following: for each charity, run the
single-charity mechanism on the agents’ preferences for that charity, and let the agents make the
corresponding payments to that charity. (So, each agent’s total payment will be the sum of her
payments to the individual charities.) Because the agents are assumed to be maximizing expected
utility, and the utilities that they derive from different charities are independent, it follows by lin-
earity of expectation that they can separate their truthfulness and participation decisions across the
charities. Thus, the desired properties follow from the fact that the single-charity mechanism has
these properties. =

Two mechanisms that satisfy efficiency (and can in fact be applied directly to the multiple-
charity problem without use of the previous theorem) are the VCG (which is incentive compatible
in dominant strategies) and dAGVA (which is incentive compatible only in Bayes-Nash equilibrium)
mechanisms. Each of them, however, has a drawback that would probably make it impractical in
the setting of donations to charities. The VCG mechanism is not budget balanced. The dAGVA
mechanism does not satisfy ex-post individual rationality. In the next subsection, we will investigate
whether we can do better in the setting of donations to charities.

5.2.3 Impossibility of efficiency

In this subsection, we show that even in a very restricted setting, and with minimal requirements on
incentive-compatibility and individual-rationality constraints, it is impossible to create a mechanism
that is efficient.

Theorem 36 There is no mechanism which is ex-post budget balanced, ex-post efficient, and ex-
interim individually rational with Bayes-Nash equilibrium as the solution concept (even with only
one charity, only two quasilinear bidders, with identical type distributions (uniform over two types,
with either both utility functions being step functions or both utility functions being concave piece-
wise linear functions)).

Proof: Suppose the two bidders both have the following distribution over types. With prob#ility
the bidder does not care for the charity at alli§ zero everywhere); otherwise, the bidder derives
utility g from the charity getting at leadt and utility 0 otherwise. (Alternatively, for the second
type, the bidder can gaﬁin{%, 52@ }—a concave piecewise linear function.) Call the first type the
low type (L), the second one the high typH}.

Suppose a mechanism with the desired properties does exist. By the revelation principle, we
can assume that revealing preferences truthfully is a Bayes-Nash equilibrium in this mechanism.
Because the mechanism is ex-post efficient, the charity should receive elxattbn either bidder
has the high type, and otherwise. Letr;(61,62) be bidderl’s (expected) payment when she

reportsd; and the other bidder reports. By ex-interim IR,71(L, H) + m1(L, L) < 0. Because
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bidder one cannot have an incentive to report falsely when her true type is high, W§ have
m(L,H) —m(L,L) < 3 —m(H,H) + 2 —m(H, L), or equivalentlyr, (H, H) + m(H, L) <

5+ m(L,L)+m(L,H) < 2. Because the example is completely symmetric between bidders,
we can similarly conclude for bidder 2's payments thatH, H) + (L, H) < 2. Of course, in
order to pay the charity the necessary amount whenever one of the bidders has her high type,
we need to have(H, H) + m1(H,L) + mo(H, H) + mo(L, H) + m (L, H) + m2(H, L) = 3, and

thus we can conclude that (L, H) +m2(H, L) > 3— 1 = 1. Because the charity receiv@svhen

both report low,r, (L, L) + m2(L, L) = 0 and thus we can conclude that(L, H) + 71 (L, L) +
mo(H, L) + mo(L, L) > 3. But by the individual rationality constraints; (L, H) + m1 (L, L) < 0
andmy(H, L) + m(L, L) < 0. (Contradiction§

The case of step-functions in this theorem corresponds exactly to the case of a single, fixed-size,
nonexcludable public good (the “public good” being that the charity receives the desired amount)—
for which such an impossibility result is already known [Mas-Coétlal., 1995]. Many similar
results are known, probably the most famous of which is the Myerson-Satterthwaite impossibility
result, which proves the impossibility of efficient bilateral trade under the same requirements [My-
erson and Satterthwaite, 1983].

Theorem 35 indicates that there is no reason to decide on donations to multiple charities under
a single mechanism (rather than a separate one for each charity), when an efficient mechanism with
the desired properties exists for the single-charity case. However, because under the requirements
of Theorem 36, no such mechanism exists, there may be a benefit to bringing the charities under the
same umbrella. The next proposition shows that this is indeed the case.

Proposition 8 There exist settings with two charities where there exists no ex-post budget balanced,
ex-post efficient, and ex-interim individually rational mechanism with Bayes-Nash equilibrium as
the solution concept for either charity alone; but there exists an ex-post budget balanced, ex-post
efficient, and ex-post individually rational mechanism with dominant strategies as the solution con-
cept for both charities together. (Even when the conditions are the same as in Theorem 36, apart
from the fact that there are now two charities.)

Proof: Suppose that each bidder has two types, With probab}lit;ach: for the first type, her
preferences for the first charity correspond to the high type in the proof of Theorem 36, and her
preferences for the second charity correspond to the low type in the proof of Theorem 36. For the
second type, her preferences for the first charity correspond to the low type, and her preferences
for the second charity correspond to the high type. Now, if we wish to create a mechanism for
either charity individually, we are in exactly the same setting as in the proof of Theorem 36, where

8As an alternative proof technique (a proof by computer), we let our automated mechanism design software (described
in Chapter 6) create a mechanism for the (step-function) instance described in the proof, which was restricted to be
implementable in dominant strategies, ex-interim individually rational, and (weak) budget balanced, with social welfare
(counting the payments made) as the objective. The mechanism did not burn any money (did not pay unnecessarily much
to the charity), but did not always give money to the charity when it was beneficial to do so. (It randomized uniformly
between givingl and givingd when player one’s type was low, and player 2's high.) Since an ex-post budget balanced,
ex-post efficient mechanism would have had a higher expected objective value, and automated mechanism design always
finds the mechanism that maximizes the expected objective value under the constraints it is given, we can conclude that
no ex-post budget balanced, ex-post efficient mechanism exists under the given constraints.
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we know that it is impossible to get all of ex-post budget balance, ex-post efficiency, and ex-interim
individually rationality in Bayes-Nash equilibrium. On the other hand, consider the following mech-
anism for the joint problem. If both bidders report preferring the same charity, each bidde%(,pays
and the preferred charity receivegthe other)). Otherwise, each bidder paysand each charity
receivesl. It is straightforward to check that the mechanism is ex-post budget balanced, ex-post
efficient, and ex-post individually rational. To see that truthtelling is a dominant strategy, we need to
check two cases. First, if one bidder reports a high type for the charity that the other bidder does not
prefer, this latter bidder is better off reporting truthfully: reporting falsely will give her utih't%/
(nothing will be donated to her preferred utility), which is less than reporting truthfully by ex-post
IR. Second, if one bidder reports a high type for the charity that the other bidder prefers, this latter
bidder is better off reporting truthfully as well: her preferred charity will receive the same amount
regardless of her report, but her required payment is érilll;she reports truthfully, as opposedto

if she reports falsely. =

This concludes the part of this dissertation studying expressive preference aggregation for do-
nations to charities.

5.3 Summary

In this chapter, we studied problems that classical mechanism design faces in some expressive
preference aggregation settings. In Section 5.1, we studied two related problems concerning the
VCG mechanism: the problem of revenue guarantees, and that of collusion. We studied four set-
tings: combinatorial forward auctions with free disposal, combinatorial reverse auctions with free
disposal, combinatorial forward (or reverse) auctions without free disposal, and combinatorial ex-
changes. In each setting, we gave an example of how additional bidders (colluders) can make the
outcome much worse (less revenue or higher cost) under the VCG mechanism (but not under a first
price mechanism); derived necessary and sufficient conditions for such an effective collusion to be
possible under the VCG mechanism; and (when nontrivial) studied the computational complexity
of deciding whether these conditions hold.

In Section 5.2, we studied mechanism design for expressive preference aggregation for dona-
tions to (charitable) causes. We showed that even with only a single charity, a fundamental impossi-
bility result similar to the Myerson-Satterthwaite impossibility theorem holds; but we also showsed
some positive results, including how mechanisms that are successful in single-charity settings can
be extended to settings with multiple charities, and how combining the aggregation of preferences
over donations to multiple individual charities into a single mechanism can improve efficiency.

The work in this chapter provides some reasons why simply taking a standard mechanism “off
the shelf” is not always satisfactory, especially in domains with complex preferences. Rather, it
may be preferable to design a custom mechanism. The next chapter takes this idea to its extreme:
we will study how an optimal mechanism can be automatically designed (comportéia specific
instance at hand only



Chapter 6

Automated Mechanism Design

Mechanism design has traditionally been a manual endeavor. The designer uses experience and
intuition to hypothesize that a certain rule set is desirable in some ways, and then tries to prove that
this is the case. Alternatively, the designer formulates the mechanism design problem mathemat-
ically and characterizes desirable mechanisms analytically in that framework. These approaches
have yielded a small number of canonical mechanisms over the last 40 years, the most significant of
which we discussed in Chapter 4. Each of these mechanisms is designed for a class of settings and
a specific objective. The upside of these mechanisms is that they do not rely on (even probabilistic)
information about the agents’ preferenceg(Vickrey-Clarke-Groves mechanisms), or they can be
easily applied to any probability distribution over the prefereneas the dAGVA mechanism, the
Myerson auction, and the Maskin-Riley multi-unit auction). However, these general mechanisms
also have significant downsides:

e The most famous and most broadly applicable general mechanisms, VCG and dAGVA, only
maximize social welfare. If the designer is self-interested, as is the case in many electronic
commerce settings, these mechanisms do not maximize the designer’s objective.

e The general mechanisms that do focus on a self-interested designer are only applicable in
very restricted settings. For example, Myerson’s expected revenue maximizing auction is for
selling a single item, and Maskin and Riley’s expected revenue maximizing auction is for
selling multiple identical units of an item.

e Even in the restricted settings in which these mechanisms apply, the mechanisms only allow
for payment maximization. In practice, the designer may also be interested in the outcome
per se For example, an auctioneer may care which bidder receives the item.

e It is often assumed that side payments can be used to tailor the agents’ incentives, but this
is not always practical. For example, in barter-based electronic marketplaces—such as my-
barterclub.com, Recipco, and National Trade Banc—side payments are not allowed. Fur-
thermore, among software agents, it might be more desirable to construct mechanisms that
do not rely on the ability to make payments, because many software agents do not have the
infrastructure to make payments.

123
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e The most common mechanismesd, VCG, dAGVA, the Myerson auction, and the Maskin-
Riley auction) assume that the agents have quasilinear preferences—that is, they assume that
the utility function of each agernite {1, ...,n} can be written ag;(o, 71, ..., m,) = v;(0) —
m;, Whereo is the outcome and; is the amount that agenthas to pay. So, very restrictively,
it is assumed that 1) the agent’s valuatiopn,of outcomes is independent of money, 2) the
agent does not care about other agents’ payments, and 3) the agent is risk neutral.

In sharp contrast to manual mechanism design, in this chapter we introduce a systematic approach—
calledautomated mechanism design (AMB)here the mechanism is automatically created for the
setting and objective at hand [Conitzer and Sandholm, 2002Hjis has at least four important
advantages:

e It can be used in settings beyond the classes of problems that have been successfully studied
in (manual) mechanism design to date.

e It can allow one to circumvent the impossibility results: when the mechanism is designed for
the setting (instance) at hand, it does not matter that it would not work on preferences beyond
those in that settinge(g, for a class of settings). Even when the optimal mechanism—created
automatically—does not circumvent the impossibility, it always minimizes the pain entailed
by impossibility.

¢ It can yield better mechanisms (in terms of better outcomes and/or stronger nonmanipulability
guaranteed than the canonical mechanisms because the mechanism capitalizes on the partic-
ulars of the setting (the probabilistic (or other) information that the mechanism designer has
about the agents’ preferences). Given the vast amount of information that parties have about
each other today, it is astonishing that the canonical mechanisms (such as first-price reverse
auctions), which ignore that information, have prevailed thus far. It seems likely that future
mechanisms will be created automatically. For example, imagine a Fortune 1000 company
automatically creating its procurement mechanism based on its statistical knowledge about
its suppliers (and potentially also the public prices of the suppliers’ inptt3, Initial work
like this is already being conducted at CombineNet, Inc.

e It shifts the burden of mechanism design from humans to a machine.

The rest of this chapter is layed out as follows. In Section 6.1, we define the basic computational
problem of automated mechanism design [Conitzer and Sandholm, 2002b]. In Section 6.2, we illus-
trate the types of mechanism that automated mechanism design can create, using divorce settlement
as an example [Conitzer and Sandholm, 2003a]. In Section 6.3, we show that several variants of the
problem of designing an optimal deterministic mechanism are hard [Conitzer and Sandholm, 2003b,

! Automated mechanism design is completely different fedgorithmic mechanism desigNisan and Ronen, 2001].
In the latter, the mechanism is designed manually with the goaéiteatutinghe mechanism is computationally tractable.
On the other hand, in automated mechanism design, the mechanism itself is designed automatically. Some work on
automatically choosing the mechanism to use that preceded our work was done by Cliff [2001], Byde [2003], and Phelps
et al.[2002]. These works focused on setting a parameter of the mechanism (rather than searching through the space of
all possible mechanisms, as we do here), and evaluated the resulting mechanism based on agents that they evolved with
the mechanism (rather than requiring truthfulness).

2For example, satisfaction ek postC and/or IR constraints rather than theirinterimvariants.



6.1. THE COMPUTATIONAL PROBLEM 125

20041]. In Section 6.4, we show that optimal randomized mechanisms can be designed in polyno-
mial time using a linear programming formulation, and that a mixed integer programming version
of this formulation can be used to design optimal deterministic mechanisms [Conitzer and Sand-
holm, 2002b, 2003b, 2004f]. In Section 6.5, we demonstrate some initial applications of automated
mechanism design [Conitzer and Sandholm, 2003a]. In Section 6.6, we give experimental scala-
bility results for the linear/mixed integer programming techniques Conitzer and Sandholm [2003a].
In Section 6.7, we give and study a special-purpose algorithm for the special case of designing a
deterministic mechanism for a single agent that does not use payments [Conitzer and Sandholm,
20044a]. In Section 6.8, we introduce a representation that can be more concise than the straightfor-
ward representation of automated mechanism design problem instances, and study how using this
representation affects the complexity of the problem [Conitzer and Sandholm, 2003c].

6.1 The computational problem

In this section, we define the computational problem of automated mechanism design. First, we
define an instance of the problem as follows.

Definition 24 In anautomated mechanism design settiwe are given
A finite set of outcome&s,;

A finite set of, agents;

For each agent,

e afinite® set oftypesset of type®;,

e a probability distribution; over ©; (in the case of correlated types, there is a single joint
distribution~y over©; x ... x ©,),

e a utility functionu; : ©; x O — R;

An objective function whose expectation the designer wishes to maximize.

There are many possible objective functions the designer mlght have, for example social welfare
(where the designer seeks to maximize the sum of the agents’ utlgea,(e 0), or Z u;i(0,0) —

m; if payments are taken into account), or the minimum utility of any agent (Where the designer seeks
to maximize the worst utility had by any agentin; u;(0, o), or min; u;(6, o) — m; if payments are

taken into account). In both of these cases, the desighenisvolentbecause the designer, in some
sense, is pursuing the agents’ collective happiness. On the other haelfiirterestediesigner

cares only about the outcome chosen (that is, the designer does not care how the outcome relates
to the agents’ preferences, but rather has a fixed preference over the outcomes), and about the net
payments made by the agents, which flow to the designer. Specifically, a self-interested designer

%It should be noted that in mechanism design, the type space is often continuous. However, the techniques described
in this chapter require a finite number of types. One can approximate a continuous type space with a discretized type
space, but perhaps future research will discover more elegant and better methods for dealing with continuous type spaces.
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n
has an objective functiog(o) + > m;, whereg : O — R indicates the designer’'s own preference

over the outcomes, and is thelpéyment made by agentin the case wherg = 0 everywhere,
the designer is said to gayment maximizingln the case where payments are not possiple,
constitutes the objective function by itself.

We can now define the computational problem of automated mechanism design.

Definition 25 (AUTOMATED-MECHANISM-DESIGN (AMD)) We are given an automated mech-
anism design setting, an IR notioax(interim ex post or none), and a solution concept (domi-

nant strategies or Bayes-Nash equilibrium). Also, we are told whether payments are possible, and
whether randomization is possible. Finally, we are given a target valud\Ve are asked whether

there exists a mechanism of the specified type that satisfies both the IR notion and the solution
concept, and gives an expected value of at |éa&ir the objective’

6.2 Atiny example: Divorce settlement

To get some intuition about the types of mechanism that AMD generates, in this section, we apply
AMD to divorce settlement. We study several variants of the mechanism design problem, and the
optimal solutions (mechanisms) to those variants generated by our AMD implementation (described
later). We first study a benevolent arbitrator, then a benevolent arbitrator that uses payments to
structure the agents’ incentives, and finally a greedy arbitrator that wants to maximize the sum of
side payments from the agents—while still motivating the agents to come to the arbitration.

6.2.1 A benevolent arbitrator

A couple is getting a divorce. They jointly own a painting and the arbitrator has to decide what
happens to the painting. There are 4 options to decide among: (1) the husband gets the painting, (2)
the wife gets the painting, (3) the painting remains in joint ownership and is hung in a museum, and
(4) the painting is burned. The husband and wife each have two possible types: one that implies not
caring for the painting too much (low), and one that implies being strongly attached to the painting
(high). (low) is had with probability .8, (high) with .2, by each party. To maximize social welfare,

the arbitrator would like to give the painting to whoever cares for it more, but even someone who
does not care much for it would prefer having it over not having it, making the arbitrator’s job in
ascertaining the preferences nontrivial. Specifically, the utility function is (for either party)

u(low,get the painting)=2

u(low,other gets the painting)=0

u(low,joint ownership)=1

u(low,burn the painting)=-10 (both parties feel
that burning the painting would be a terrible
thing from an art history perspective)
u(high,get the painting)=100

“For studying computational complexity, we phrase AMD as a decision problem, but the corresponding optimization
problem is clear.
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u(high,other gets the painting)=0
u(high,joint ownership)=50
u(high,burn the painting)=-10

Let us assume (for now) that side payments are not possible, randomization is not possible, and that
implementation in dominant strategies is required. Now we have a well-specified AMD instance.
Our solver generated the following optimal mechanism for this setting:

husband_low husband_high
wife_low husband gets painting husband gets painting
wife_high husband gets painting husband gets painting

That is, we cannot do better than always giving the painting to the husband (or always giving it to
the wife). (The solver does not look for the “fairest” mechanism because fairness is not part of the
objective we specified.) Now let us change the problem slightly, by requiring only implementation

in BNE. For this instance, our solver generated the following optimal mechanism:

husband_low husband_high
wife_low  joint ownership husband gets painting
wife_high wife gets painting painting is burned

Thus, when we relax the incentive compatibility constraint to BNE, we can do better by sometimes
burning the painting! The burning of the painting (with which nobody is happy) is sufficiently
helpful in tailoring the incentives that it becomes a key part of the mechanism. (This is somewhat
similar to the item not being sold in an optimag(, revenue-maximizing) auction—more on optimal
auctions later.) Now let us see whether we can do better by also allowing for randomization in the
mechanism. It turns out that we can, and the optimal mechanism generated by the solver is the
following:

husband_low husband_high
wife_low  .57: husband, .43: wife 1. husband
wife_high 1. wife .45: burn; .55: husband

The randomization helps us because the threat of burning the paivithgome probabilityvhen

both report high is enough to obtain the incentive effect that allows us to give the painting to the

right party in other settings. Interestingly, the mechanism now chooses to randomize over the party
that receives the painting rather than awarding joint ownership in the setting where both report low.

6.2.2 A benevolent arbitrator that uses payments

Now imagine that we can force the parties to pay money, depending on the types reported—that
is, side payments are possible. The arbitrator (for now) is still only concerned with the parties’
welfare—taking into account how much money they lose because of the payment rule, as well as the
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allocation of the painting.Thus, it does not matter to the arbitrator whether the agents’ net payment
goes to the arbitrator, a charity, or is burned, but other things being equal the arbitrator would like
to minimize the payments that the agents make. Now the optimal deterministic mechanism in
dominant strategies generated by the solver has the following allocation rule:

husband_low husband_high
wife_low  husband gets painting husband gets painting
wife_high wife gets painting wife gets painting

The payment function is (wife’s payment listed first):

husband_a husband_high
wife_low 0,0 0,0
wife_high 2,0 2,0

In this mechanism, the allocation of the painting is always optimal. However, the price (in terms of
social welfare) that is paid for this is that the wife must sometimes pay money; the fact that she has
to pay 2 whenever she reports her high type removes her incentive to falsely report her high type.

6.2.3 An arbitrator that attempts to maximize the payments extracted

Now we imagine a non-benevolent arbitrator, who is running an arbitration business. The agents’
net payments now go to the arbitrator, who is seeking to maximize these payments. Of course, the
arbitrator cannot extract arbitrary amounts from the parties; rather, the parties should overall still be
happy with their decision to go to the arbitrator. Thus, we need an IR constraint. If we require ex
post IR and dominant strategies, the optimal deterministic mechanism generated by the solver has
the following allocation rule:

husband_low husband_high
wife_low  painting is burned husband gets painting
wife_high wife gets painting wife gets painting

Now the painting is burned when both parties report their low types! (This is even more similar
to an item not being sold in an optimal combinatorial auction.) As for the mechanism’s payment
function: in this setting, the arbitrator is always able to extedcbf each agent’s utility from the
allocation as her payment (but note that the allocation is not always optimal: the painting is burned
sometimes, in which case the arbitrator obtains no revenue, but rather has to compensate the parties
involved for the loss of the painting).

Many other specifications of the problem are possible, but we will not study them here.

SClassical mechanism design often does not count the payments in the social welfare calcelgtithe(VCG
mechanism), allowing for easier analysis; one of the benefits of automated mechanism design is that the payments made
can easily be integrated into the social welfare calculation in designing the mechanisms.
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6.3 Complexity of designing deterministic mechanisms

This section characterizes the computational complexity of automated mechanism design for the
case where the designed mechanism is required to be deterministic. An interesting special case
is the setting where there is only one agent (or, more generally, onlyypeereportingagent).
In this case, the agent always knows everything there is to know about the other agents’ types—
because there is nothing to know about their types. Saxcpostandex interimIR only differ
on what an agent is assumed to know about other agents’ types, the two IR concepts coincide
here. Also, because implementation in dominant strategies and implementation in Bayes-Nash
equilibrium only differ on what an agent is assumed to know about other agents’ types, the two
solution concepts coincide here. This observation is a useful tool in proving hardness results: if
we prove computational hardness in the single-agent setting, this immediately implies hardness for
both IR concepts, for both solution concepts, and for any constant number of agents.

In this section, we will show that most variants of the automated mechanism design problem are
hard (NP-complete) even in the single-agent settfrthe mechanism is required to be deterministic.
(In contrast, we will show in Section 6.4 that allowing for randomized mechanisms makes the
problem solvable in polynomial time.) Most of the reductions are from the MINSAT problem:

Definition 26 (MINSAT) We are given a formula in conjunctive normal form, represented by a
set of Boolean variable¥” and a set of clause§', and an integerk (K < |C|). We are asked
whether there exists an assignment to the variable® isuch that at mosK clauses ing are
satisfied.

MINSAT was recently shown to be NP-complete [Koétial,, 1994].

We first show that the problem of designing a welfare-maximizing deterministic mechanism
that does not use payments is NP-complete. Of course, this problem is easy if there is only a single
agent: in this case, the welfare-maximizing mechanism is to always give the agent one of its most
preferred outcomes. However, we show that if, in addition to the type-reporting agent, there is an
additional agent that does not report a type (for example, because its type is common knowledge),
then the problem becomes NP-complete.

Theorem 37 The AMD problem for designing deterministic mechanisms without payments is NP-
complete, even when the objective is social welfare, there is only a single type-reporting agent (in
addition to an agent that does not report a type), and the probability distribution@vsmuniform.
(Membership in NP is guaranteed only if the number of agents is constant.)

Proof: The problem is in NP when the number of agents is constant because we can nondeterminis-
tically generate an outcome selection function, and subsequently verify in polynomial time whether
it is nonmanipulable, and whether the expectation of the objective function achieves the threshold.
(We note that if we do not restrict the number of agents, then the outcome selection function will
have exponential size.) To show that the problem is NP-hard, we reduce an arbitrary MINSAT
instance to an automated mechanism design instance as follows.

Let the outcome®) be as follows. For every clausec C, there is an outcome.. For every
variablev € V, there is an outcome, and an outcome_,. Finally, there is a single additional
outcomeoy,.
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Let L be the set of literals, that i€, = {v: v € V} U{—v : v € V}. Then, let the type space
O be as follows. For every clause= C, there is a typd.. For every variable € V, there is a type
0,. The probability distribution ove® is uniform.

Let the utility function be as follows:

o u(0y,0,) =u(by,0_) =|C|+3forallveV;

e u(f.,0/) =1forallc e Candl € ¢ (thatis,/ is a literal that occurs in);
e u(f.,0.,) =1forallce C,

e 1 is 0 everywhere else.

Let g(6,0) = u(f,0) + v(0), wherev(o,) = 2 andw is 0 everywhere else. (Here,represents the

utility of the agent that does not report a type.) Finally(det ‘Vl(‘c“‘jﬁa‘c‘*k (k is the threshold

of the MINSAT instance). We claim that the automated mechanism design instance has a solution
if and only if the MINSAT instance has a solution.

First suppose that the MINSAT instance has a solution, that is, an assignment to the variables
that satisfies at mogt clauses. Then consider the following mechanismv K V' is set totrue
in the assignment, then setf,) = o,; if it is set tofalse then set(d,) = o_,. If c € C'is
satisfied by the assignment, then s@t.) = o; if it is not satisfied, then set(6.) = o,. First we
show that this mechanism is nonmanipulable. If the agent’s type is either any onefpfdhene
of the 6. corresponding to a satisfied clausghen the mechanism gives the agent the maximum
utility it can possibly get with that type, so there is no incentive for the agent to misreport. On the
other hand, if the agent’s type is one of thecorresponding to a nonsatisfied claus¢hen any
outcomep; corresponding to a literdlin ¢, or o., would give utility 1, as opposed to, (which the
mechanism actually chooses #) which gives the agent utilit. It follows that the mechanism
is nonmanipulable if and only if there is no othesuch thab(6) is any outcome; corresponding
to a literall in ¢, or o.. It is easy to see that there is indeed¢hseuch thato(f) = o.. There is
also nof such thab(0) is any outcome,; corresponding to a literdlin c: this is because the only
type that could possibly give the outcomgis 6,,, wherev is the variable corresponding tpbut
because- is not satisfied in the assignment to the variables, we know that actuédly, = o_;

(that is, the outcome corresponding to the opposite literal is chosen). It follows that the mechanism
is indeed nonmanipulable. All that is left to show is that the expected valy&lob(0)) reaches

G. For anyf, we haveg(0,,0(0,)) = |C| + 3. For anyf. wherec is a satisfied clause, we have
g(0.,0(0.)) = 1. Finally, for anyé. wherec is an unsatisfied clause, we hay@., o(6.)) = 2. If

s is the number of satisfied clauses, then, using the facts that the probability distributio® ver
uniform and that < k, we haveE[g(6, o(9))] = "./‘“C'Jﬁ,)mgf(w'_s) > ‘V|(‘ﬂ“jr|?’+)rr02“c‘_k =G.

So there is a solution to the automated mechanism design instance.

Now suppose there is a solution to the automated mechanism design instance, that is, a non-
manipulable mechanism given by an outcome function® — O, which leads to an expected
value ofg(6, o(#)) of at least7. We observe that the maximum value that we can gegféro(9))
is |C| + 3 when@ is one of thef,, and2 otherwise. Thus, if for some it were the case that
o(6y) ¢ {oy,0—,} and henceg(d,0(6)) < 2, it would follow that E[g(6,0(6))] can be at most
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(VI=v(ci+3)+2(C+D) _ (VDICIHD+IC] - [VI(C[+3)+2[Cl=k _
VO] < VTEIC] < V0] = G (becausé: < |C]). (Contra-

diction.) It follows that for allv, o(6,) € {o0,,0_,}. From this we can derive an assignment to
the variables: set to trueif o(6,) = o,, and tofalseif o(,) = o_,. We claim this assignment
is a solution to the MINSAT instance for the following reason. If a clause satisfied by this
assignment, there is some litefaduch that € ¢ ando(6,) = o, for the corresponding variabte
But theno(6.) cannot bey,, because if it were, the agent would be motivated to refyovthen its
true type isd,., to get a utility of1 as opposed to th@ it would get for reporting truthfully. Hence
g(0.,0(0.)) can be at most for a satisfied clause. It follows that E[g(0, 0())] can be at most
|V|(‘C|+|3)+8+2(|C"S) wheres is the number of satisfied clauses. But becali§g6, o(6))] > G,

VI]+|C]
we can concludév‘(|C|+|§’/)‘f'|g|2(‘o|*5) >G= IVI(\Cll;liiZTC?‘\CIfk

there is a solution to the MINSAT instance. m

, Which is equivalent ta < k. So

We note that the previous result is in contrast to the case where payments are allowed: in that
case, the VCG mechanism constitutes an optimal mechanism, and it can be computed in polyno-
mial time. We may wonder if the ability to use payments makes the automated mechanism design
problem easy in all cases. The following theorem shows that this is not the case: there are objective
functions (that do not depend on the payments made) such that designing the optimal deterministic
mechanism is hard even when the mechanism is allowed to use payments.

Theorem 38 The AMD problem for designing deterministic mechanisms with payments is NP-
complete, even when the objective does not depend on the payments made, there is only a single
agent, and the probability distribution oveé¥ is uniform. (Membership in NP is guaranteed only if

the number of agents is constant.)

Proof: First we show that the problem is in NP. When the number of agents is constant, we can
nondeterministically generate an outcome functiobVe then check whether the payment function
m can be set so as to make the mechanism nonmanipulable. Because we have already generated
we can phrase this problem as a linear program with the following constraints: féfatt ©,
w(0,0(0)) +7(0) > u(8, 0(0)) +m(0). If the linear program has a solution, we subsequently check
if the corresponding mechanism achieves the thresidiat F[g(¢, 0(0))].

To show that the problem is NP-hard, we reduce an arbitrary INDEPENDENT-SET instance to
an automated mechanism design instance as follows. For every vefték, let there be outcomes
o} ando?, and a type),. The probability distribution ove® is uniform. Let the utility function be
as follows:

u(By,0L) = 1forallv,w € V with (v,w) € E;

vy Yy

u(fy,0L) = 0forall v, w € V with (v,w) ¢ E (this includes all cases wheve= w as there

vy Yy

are no self-loops in the graph);

u(fy,02) =1forallv € V;

u(fy,02) = 0 forall w € V with v # w.

vy Yy
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Let the objective function bg(f,,,0}) = 1 for all v € V, andg() = 0 everywhere else. Finally, let
G = % (wherek is the threshold of the INDEPENDENT-SET instance). We claim that the auto-
mated mechanism design instance has a solution if and only if the INDEPENDENT-SET instance
has a solution.

First suppose that the INDEPENDENT-SET instance has a solution, that is,/sameof size
at leastk such that no two elements éthave an edge between them. Then consider the following
mechanism. For all € I, leto(6,) = ol. Forallv ¢ V, leto(6,) = o>. Letr be zero everywhere
(no payments are made). First we show that this mechanism is indeed nonmanipulabte. If
andw € I, then (becausé is an independent sety, w) ¢ I, and thusu(6,,0(0,)) + 7(6,) =
u(0y,05) = 0 = u(hy,0L) = u(0y,0(0)) + 7(0y). If v € I andw ¢ I, thenu(f,,0(0,)) +

7(0y) = u(By,08) = 0 = u(hy,02) = u(0y,0(0,)) + 7(0,). Finally, if v ¢ I, thenu(0,, 0(0,)) +
7(0,) = u(f,,0?) = 1, which is the highest possible value the agent can attain. So there is no
incentive for the agent to misreport anywhere. All that is left to show is that the expected value of
g(0,0(0)) reachess. Forv € I, g(6,0(0)) = g(#,0}) = 1, and forv ¢ I, g(6,0(0)) = g(#,02) =
0. Because the distribution ovér is uniform, it follows thatE[g(0, 0(0))] = % > % =G. So
there is a solution to the automated mechanism design instance.

Now suppose there is a solution to the automated mechanism design instance, that is, a nonma-
nipulable mechanism given by an outcome functiar® — O and a payment function: © — R,
which leads to an expected valueg®, o(9)) of atleastG. LetI = {v : 0(d) = ol}. We claimI is
a solution to the INDEPENDENT-SET instance. First, becau8g, o(6,)) is 1 only forv € I, we
know thatﬁ =G < E[g(0,0(0))] = ‘% or equivalently)I| > k. All that is left to show is that
there are no edges between elements @uppose there were an edge betwean € I. Without
loss of generality, say(6,) < 7(6). Thenu(6,,0(0,)) +7(0,) = u(0y,0L) +7(0,) = 7(6,) <
7(0w) < 1+7(0y) = u(ly, 0) + m(0w) = u(0y,0(0)) + m(0y). So the agent has an incentive to
misreport when its type i&,, which contradicts the nonmanipulability of the mechanism. It follows
that there are no edges between elements &o there is a solution to the INDEPENDENT-SET

instance. =

The objective functions studied up to this point depended on the agents’ types. However, this
is not the case for so-callextlf-interestedlesigners, who are concerned only with how the chosen
outcome fits their own goals and the payments collected. Formally, we say that the designer is

self-interested if the objective function takes the fajte) + > m;, whereg : O — R indicates

the designer's own preference over the outcomes,rarnsl thle 1payment made by agentWhile

the previous complexity results did not depend on the presence of an IR constraint, the automated

mechanism design problem is trivial for a self-interested designer without an IR constraint: the

designer can simply choose the outcome that it likes best, and force the agents to pay an unbounded

amount. Hence, the following hardness results depend on the presence of an IR constraint. We first
n

study the case where the objectiveds ;, that is, the designer is only interested in maximizing

=1
the total payment, and show that the problem of designing an optimal mechanism in this case is
NP-complete.

Theorem 39 The AMD problem for designing deterministic mechanisms is NP-complete, even
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when the objective is to maximize total payments made (under an IR constraint), there is only a
single agent, and the probability distribution ov@ris uniform. (Membership in NP is guaranteed
only if the number of agents is constant.)

Proof: The proof of membership in NP for a constant number of agents is similar to previous
proofs. To show NP-hardness, we reduce an arbitrary MINSAT instance to the following automated
mechanism design instance. Let the agent’s type s€tbe{d.: c € C} U {0, : v € V'}, where

C is the set of clauses in the MINSAT instance, dnds the set of variables. Let the probability
distribution over these types be uniform. Let the outcome sé be {0y} U {o. : c € C} U {o; :

l € L}, wherelL is the set of literals, thatis, = {+v : v € V}U{—v : v € V}. Letthe
notationv(!) = v denote thav is the variable corresponding to the litetathat is,l € {+v, —v}.

Let ! € c denote that the literal occurs in clause. Then, let the agent’s utility function be
given byu(f.,0;) = |©| + 1foralll € Lwithl € ¢; u(f.,0;) = 0foralll € L withl ¢ ¢;
u(be,00) = 10| + 1; u(b,00) = 0 forall ¢ € C with ¢ # 5 u(f,,0,) = |©| forall I € L with

v(l) = v; u(By,0;) = 0foralll € L with v(l) # v; u(6y,0.) = 0 forall ¢c € C. The goal of the
automated mechanism design instanc€'is- |0| + ‘C||@_‘K, whereK is the goal of the MINSAT
instance. We show the instances are equivalent. First, suppose there is a solution to the MINSAT
instance. Let the assignment of truth values to the variables in this solution be given by the function
f:V — L (wherev(f(v)) = vforallv € V). Then, for everyv € V, leto(6,) = oy, and

m(0,) = |©]. Foreverye € C, leto(6.) = o.; letw(0.) = |©|+1 if cis not satisfied in the MINSAT
solution, andr(6.) = |©| if ¢ is satisfied. It is straightforward to check that the IR constraint is
satisfied. We now check that the agent has no incentive to misreport. If the agent’s type is some
6., then any other report will give it an outcome that is no better, for a payment that is no less, so
it has no incentive to misreport. If the agent’s type is s@ineherec is a satisfied clause, again,

any other report will give it an outcome that is no better, for a payment that is no less, so it has
no incentive to misreport. The final case to check is where the agent’s type isdsavherec is

an unsatisfied clause. In this case, we observe that for none of the types, reporting it leads to an
outcomey; for a literall € ¢, precisely because the clause is not satisfied in the MINSAT instance.
Because also, no type besidgsleads to the outcome,, reporting any other type will give an
outcome with utility0, while still forcing a payment of at leagd| from the agent. Clearly the agent

is better off reporting truthfully, for a total utility df. This establishes that the agent never has an
incentive to misreport. Finally, we show that the goal is reached. idfthe number of satisfied

clauses in the MINSAT solution (so that< K), the expected payment from this mechanism is

|V||®|+5‘@|+|g|0|‘5)(|@‘+1) > ‘V|‘9|+K|9‘ﬁg‘c|‘m(‘9|+l) — 0]+ 'C]L;lK = G. Sothere is a solution
to the automated mechanism design instance.

Now suppose there is a solution to the automated mechanism design instance, given by an
outcome functioro and a payment function. First, suppose there is somec V such that
o(6,) ¢ {o+y,0-}. Then the utility that the agent derives from the given outcome for this type
is 0, and hence, by IR, no payment can be extracted from the agent for this type. Because, again
by IR, the maximum payment that can be extracted for any other tyj§|is 1, it follows that

the maximum expected payment that could be obtained is at _%{@'“) < 18] < G,

contradicting that this is a solution to the automated mechanism design instance. It follows that in
the solution to the automated mechanism design instance, forewefy, o(6,) € {04y, 0_,}. We
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can interpret this as an assignment of truth values to the variabissset totrue if o(6,) = 0.,

and tofalseif o(6,) = o_,,. We claim this assignment is a solution to the MINSAT instance. By the
IR constraint, the maximum payment we can extract from any éype |©|. Because there can be
no incentives for the agent to report falsely, for any clausatisfied by the given assignment, the
maximum payment we can extract for the corresponding #ype |©|. (For if we extracted more
from this type, the agent’s utility in this case would be less thaand if v is the variable satisfying

¢ in the assignment, so thatd,) = o, wherel occurs inc, then the agent would be better off
reportingd,, instead of the truthful repoft., to get an outcome wortf®| + 1 to it while having to
pay at mostO|.) Finally, for any unsatisfied clauggeby the IR constraint, the maximum payment
we can extract for the corresponding tyjes |©|+1. It follows that the expected payment from our

mechanism is at moé/':'@‘“'@‘*(('f‘_8)(‘(9'“), wheres is the number of satisfied clauses. Because

our mechanism achieves the goal, it follows tAa2=CHICI=IO) > ¢ which by simple
algebraic manipulations is equivalent4o< K. So there is a solution to the MINSAT instance.

Finally, we study the case where the designer is self-interested and is not interested in payments
made (that is, the objective is some functipnO — R). In this case, if the designer is allowed to
use payments, then the designer can always choose her most preferred outcome by giving the agents
an amount large enough to compensate them for the choice of this outcome, thereby not breaking
the IR constraint. However, the case where the designer is not allowed to use payments is more
complex, as the following theorem shows:

Theorem 40 The AMD problem for designing deterministic mechanisms without payments is NP-
complete, even when the designer is self-interested (but faces an IR constraint), there is only a single
agent, and the probability distribution ové is uniform. (Membership in NP is guaranteed only if

the number of agents is constant.)

Proof: The proof of membership in NP for a constant number of agents is similar to previous
proofs. To show NP-hardness, we reduce an arbitrary MINSAT instance to the following automated
mechanism design instance. Let the agent’s type s€tbe{d.: c € C} U {6, : v € V}, where

C is the set of clauses in the MINSAT instance, dnds the set of variables. Let the probability
distribution over these types be uniform. Let the outcome sét be {0y} U {o. : c € C} U {o; :

[ € L} U{o*}, whereL is the set of literals, that id, = {+v:v € V}U{—v: v € V}. Letthe
notationv(!) = v denote that is the variable corresponding to the litetathat is,l € {+v, —v}.

Let! € ¢ denote that the literdloccurs in clause. Then, let the agent’s utility function be given

by u(0.,0;) = 2foralll € Lwith! € ¢; u(f.,0)) = —1foralll € Lwithl ¢ ¢; u(f.,0.) = 2;
u(fe,00) = —1forall ¢ € Cwith ¢ # 5 u(f.,0*) = 1; u(b,,0,) = 1foralll € L withv(l) = v;
u(fy,01) = —1foralll € L with v(l) # v; u(0,,0.) = —1forall c € C; u(f,,0*) = —1. Let the
designer’s objective function be given pyo*) = |©] + 1; g(o;) = |©| forall I € L; g(o.) = |0

for all c € C. The goal of the automated mechanism design instanGe=is|©| + ‘(’]‘(;‘K, where

K is the goal of the MINSAT instance. We show the instances are equivalent. First, suppose there
is a solution to the MINSAT instance. Let the assignment of truth values to the variables in this
solution be given by the functioli : V' — L (wherev(f(v)) = v for all v € V). Then, for
everyv € V, leto(,) = o). Foreveryc € C thatis satisfied in the MINSAT solution, let
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o(6.) = o.; for every unsatisfied € C, leto(6.) = o*. Itis straightforward to check that the IR
constraint is satisfied. We now check that the agent has no incentive to misreport. If the agent’s
type is somd,,, it is getting the maximum utility for that type, so it has no incentive to misreport.

If the agent’s type is som&. wherec is a satisfied clause, again, it is getting the maximum utility

for that type, so it has no incentive to misreport. The final case to check is where the agent’s type
is somef,. wherec is an unsatisfied clause. In this case, we observe that for none of the types,
reporting it leads to an outcomg for a literall € ¢, precisely because the clause is not satisfied

in the MINSAT instance. Because also, no type leads to the outegpikere is no outcome that

the mechanism ever selects that would give the agent utility greater tfartype 6., and hence

the agent has no incentive to report falsely. This establishes that the agent never has an incentive to
misreport. Finally, we show that the goal is reacheds i the number of satisfied clauses in the
MINSAT solution (so thats < K), then the expected value of the designer’s objective function is
IVI|®|+s\®|+|((9|lclfs)(l®\+1) > \VI\®|+K|®\+‘((9\‘C|7K)(\@I+1) _ ‘@H% — (. So there is a solution

to the automated mechanism design instance.

Now suppose there is a solution to the automated mechanism design instance, given by an
outcome functiorv. First, suppose there is somec V such thab(6,) ¢ {o4+,,0_,}. The only
other outcome that the mechanism is allowed to choose under the IR constiginfisis has an
objective value o), and because the highest value the objective function ever tak€s is 1,
it follows that the maximum expected value of the objective function that could be obtained is at
most% < |8] < G, contradicting that this is a solution to the automated mechanism
design instance. It follows that in the solution to the automated mechanism design instance, for
everyv € V, o(6,) € {o4v,0-,}. We can interpret this as an assignment of truth values to the
variables:w is set totrueif o(6,) = o4, and tofalseif o(6,) = o_,. We claim this assignment is a
solution to the MINSAT instance. By the above, for any typethe value of the objective function
in this mechanism will beé®|. For any clause satisfied by the given assignment, the value of the
objective function in the case where the agent reports @ypell be at most|©|. (This is because
we cannot choose the outcomiefor such a type, as in this case the agent would have an incentive
to reportd, instead, where is the variable satisfyingin the assignment (so thaté, ) = o; where
I occurs inc).) Finally, for any unsatisfied clausg the maximum value the objective function
can take in the case where the agent reports #ype |©| + 1, simply because this is the largest
value the function ever takes. It follows that the expected value of the objective function for our
mechanism is at mogt 2 HOHUCI==)OIH) |\yheres is the number of satisfied clauses. Because
our mechanism achieves the goal, it follows tRa2=OHICI=)IOHL) > G which by simple
algebraic manipulations is equivalent4o< K. So there is a solution to the MINSAT instance.
|

6.4 Linear and mixed integer programming approaches

In this section, we describe how the problem of designing an optiam@lomizednechanism can
be cast as a linear programming problem. As we will show, the size of the linear program is ex-
ponential only in the number of agents, and because linear programs can be solved in polynomial
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time [Khachiyan, 1979], this implies that the problem of designing an optinaaldomized mech-
anism is in P if the number of agents is a constant.

Theorem 41 With a constant number of agents, the optimal randomized mechanism can be found
in polynomial time using linear programming, both with and without payments, bo#xfpostand

ex interimIR, and both for implementation in dominant strategies and for implementation in Bayes-
Nash equilibrium—even if the types are correlated (that is, an agent’s type tells him something
about the other agents’ types).

Proof: Because linear programs can be solved in polynomial time, all we need to show is that
the number of variables and equations in our program is polynomial for any constant number of
agents—that is, exponential only in Throughout, for purposes of determining the size of the
linear program, lef” = max;{|0;|}. The variables of our linear program will be the probabilities
(p(01,09,...,6,))(0) (at mostI™|O| variables) and the paymentg(61, 02, . . ., 6,) (at mostnT™
variables). (We show the linear program for the case where payments are possible; the case without
payments is easily obtained from this by simply omitting all the payment variables in the program,
or by adding additional constraints forcing the payments t0.pe

First, we show the IR constraints. Fex posiR, we add the following (at mostI™) constraints
to the LP:

e Foreveryi € {1,2,...,n}, and for every(#,0s,...,60,) € ©1 x O3 X ... x ©,, we add

( Ezo(p(el,HQ, o 0)(0)u(b;,0)) —mi(01,09,...,60,) > 0.

Forex interimIR, we add the following (at mostT’) constraints to the LP:
e Foreveryi € {1,2,...,n}, for everyd, € ©;, we add

Z ’7(91, e 70n|91)(( Z (p(91,92, ey Hn))(o)u(el,o)) — 7I‘i(91, 92, e ,Qn)) Z 0.
61,...,0n 0€0
Now, we show the solution concept constraints. For implementation in dominant strategies, we
add the following (at mostZ7™*!) constraints to the LP:
e Forevery; € {1,2,...,n}, for every
(01,02,...,0;,...,0,) € ©1 X Oy x ... X O,, and for every alternative type rep(ﬁgte 0;, we
add the constraint

( Z (p(01,92, ey 91‘, e ,Qn))(o)u(el, O)) — 7Ti(91, 92, ‘e ,Hi, ey Hn) >

0e0

( Z (p(01,92, oo ,91‘, e ,Qn))(o)u(el, O)) — 7Ti(91, 92, ‘e ,61‘, ey Hn)

0e0

Finally, for implementation in Bayes-Nash equilibrium, we add the following (at ma@g)
constraints to the LP:

®Since linear programs allow for an objective, we can search for the optimal mechanism rather than only solve the
decision variant (does a mechanism with objective value at (g&stist?) of the problem.
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e For everyi € {1,2,...,n}, for every; € ©;, and for every alternative type repeit € ©;,
we add the constraint

Z ’7(91, 70n|92)(( Z (p(91,92, ...,01‘, ,OH))(O)U(@,O)) — 71'1‘((91,92, ...,Hi, ,gn)) 2
917-“791@ 0e0

~ ~

2 O Ol (01, B2 B ) (0)u(05,0)) = (61,0, s O0)

All that is left to do is to give the expression the designer is seeking to maximize, which is:

° Z ’7(01, ceey Hn)(( Z (p(&l, 92, ceey 91', ceny Hn))(O)g(O)) + E 71'1‘(01, 92, PN Hn))
91,...,071 on Z:1
As we indicated, the number of variables and constraints is exponential onlyird hence the
linear program is of polynomial size for constant numbers of agents. Thus the problem is solvable
in polynomial time. =

By forcing all the probability variables to be eith&or 1, thereby changing the linear program
into a mixed integer program, we can solve for the optimal deterministic mechanism. (We note
that solving a mixed integer program is NP-complete.) Our general-purpose automated mechanism
design solver consists of running CPLEX (a commercial solver) on these linear or mixed integer
programs.

6.5 Initial applications

The only example application that we have seen so far is the divorce settlement setting from Sec-
tion 6.2. In this section, we apply AMD to some domains that are more commonly studied in
mechanism design: optimal auctions and mechanisms for public goods.

6.5.1 Optimal auctions

In this subsection we show how AMD can be used to design auctions that maximize the seller’'s
expected revenue (so-callegtimal auctions). In many auction settings, the seller would like to
design the rules of the auction to accomplish this. However, as we briefly mentioned in Chapter 4,
in general settings this is a known difficult mechanism design problem; for one, it is much more
difficult than designing a mechanism that allocates the goods efficiently (among bidders with quasi-
linear preferencesx postefficiency and IR can be accomplished in dominant strategies using the
VCG mechanism).

We first study auctioning off a single good, and show that AMD reinvents a known landmark
optimal auction mechanism, the Myerson auction, for the specific instance that we study. (Of course,
it does not derive the general form of the Myerson auction, which can be applied to any single-
item instance: AMD necessarily only solves the instance at hand.) We then move to multi-item
(combinatorial) auctions, where the optimal auction has been unknown in the literature to date. We
show that AMD can design optimal auctions for this setting as well.
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An optimal 2-bidder, 1-item auction

We first show how automated mechanism design can rederive known results in optimal single-item
auction design. Say there is one item for sale. The auctioneer can award it to any bidder, or not
award it (and say the auctioneer’s valuation for the godi).id here are two bidders,and2. For

each of them, their distribution of valuations is uniform oy@r0.25,0.5,0.75,1}.

In designing the auction automatically, we required ex-interim IR and implementation in Bayes-
Nash equilibrium. Randomization was allowed (although in this setting, it turned out that the prob-
abilities were all 0 or 1). The allocation rule of the mechanism generated by the solver is as follows.
If both bid below 0.5, do not award the item; otherwise, give the item to the highest bidder (a spe-
cific one of them in the case of a tie). This is effectiVetlye celebrateMyerson auctioriMyerson,

1981] (although the Myerson auction was originally derived for a continuous valuation space). So,
AMD quickly reinvented a landmark mechanism from 1981. (Although it should be noted that it
invented it for a special case, and did not derive the general characterization. Also, it did not invent
the questionof optimal auction design.)

Multi-item (combinatorial) auctions

We now move to combinatorial auctions where there are multiple goods for sale. The design of
a mechanism for this setting that maximizes the seller's expected revenue is a recognized open
research problem [Avery and Hendershott, 2000; Armstrong, 2000; Vohra, 2001]. The problem is
open even if there are only two goods for sale. (The two-good case with a very special form of
complementarity and no substitutability has been solved recently [Armstrong, 2000].) We show
that AMD can be used to generate optimal combinatorial auctions.

In our first combinatorial auction example, two iterdisand B, are for sale. The auctioneer can
award each item to any bidder, or not award it (and the auctioneer’s valuatipniisere are two
bidders,1 and2, each of whom has four possible, equally likely typéd:, HL, LH, and HH.

The type indicates whether each item is strongly desired or not; for instance, the fypelicates

that the bidder strongly desires the first item, but not the second. Getting an item that is strongly
desired gives utility2; getting one that is not strongly desired gives utilityThe utilities derived

from the items are simply additive (no substitution or complementarity effects), with the exception
of the case where the bidder has the typ&. In this case there is a complementarity bonug of

for getting both items (thus, the total utility of getting both item8)is(One way to interpret this is

as follows: a bidder will sell off any item it wins and does not strongly desire, on a market where it
is a price taker, so that there are no substitution or complementarity effects with such an item.)

In designing the auction, we required ex-interim IR and implementation in Bayes-Nash equilib-
rium. Randomization was allowed (although in this setting, it turned out that the probabilities were
all 0 or 1). The objective to maximize was the expected payments from the bidders to the seller.
The mechanism generated by the solver has the following allocation rule: 1. If one biddek bid
then the other bidder gets all the items he bid high on, and all the other items (that both bid low on)
are not awarded. 2. If exactly one bidder Wi, that bidder gets both items. If both bidH,
bidder1 gets both items. 3. If both bidders bid high on only one item, and they did not bid high on

"The payment rule generated is slightly different, because CPLEX chooses to distribute the payments slightly differ-
ently across different type vectors.
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the same item, each bidder gets his preferred item. 4. If both bidders bid high on only one item, and
they bid high on the same item, biddegets the preferred item, and biddegets the other item.

LL |LH | HL | HH

LL 1 0,0(0,2|2,0|22
LH | 0,1(1,2|2,1|22
HL | 1,0/1,2]|2,1|22

’ ’

HH|1,1/1,1/1,1|1,1

The allocation rule in the optimal combinatorial auction. The row indicates bidder 1's type, the
column bidder 2’s typei, j indicates that item goes to biddei, and itemB to bidder;. (0
means the item is not awarded to anyone.)

It is interesting to observe that suboptimal allocations occur only when one biddef bidsd
the other other does not bid HH. All the inefficiency stems from not awarding items, never from
allocating items to a suboptimal bidder.

The expected revenue from the mechanism is 3.9375. For comparison, the expected revenue
from the VCG mechanism is only 2.6875. It is interesting to view this in light of a recent result that
the VCG mechanism is asymptotically (as the number of bidders goes to infinity) optimal in multi-
item auctions, that is, it maximizes revenue in the limit [Monderer and Tennenholtz, ?L@Qﬁiar-
ently the auction will need to get much bigger (have more bidders) before no significant fraction of
the revenue is lost by using the VCG mechanism. (Of course, this is only a single instance—future
research may determine how much revenue is typically lost by the VCG mechanism for instances
of this size, as well as determine how this changes when the instances become somewhat larger.)

We now move on to designing a bigger auction, again with 2 items, but now with 3 bidders (for
a total of 16 possible allocations of items) and a bigger type space. Again, the bidders can have a
high or low type for each item, resulting in a utility for that item alone of 3 or 1, respectively; part
of their type now also includes whether the items have complementarity or substitutability to them,
resulting in a total of 8 types per bidder—that83,= 512 type vectors (possible joint preference
revelations by the bidders). In the case where the items have substitutability, the utility of getting
both items is the sum of the items’ individual values, minus 0.2 times the value of the lesser valued
item? In the case of complementarity, 0.2 times the value of the lesser-valued iteidesd

This is the only instance in this section where CPLEX took more than 0.00 seconds to solve
the instance. (It took 5.90 seconds.) The optimal auction generated has an expected revenue of
5.434. The allocation rule generated (an 8x8x8 table) is too large to present, but we point out some
interesting properties of the optimal auction generated nonetheless:

1. Sometimes, items are again not awarded, for example, when two bidders report a low valua-
tion for both items and the remaining bidder does not report a high valuation on both items;

8This result is particularly easy to prove in a discretized setting such as the one we are considering. The following
sketches the proof. As the number of bidders grows, it becomes increasingly likely that for each winning bid, there is
another submitted bid that is exactly identical, but not accepted. If this is the case, the VCG payment for the winning
bid is exactly the value of that bid, and thus the VCG mechanism extracts the maximum possible payment. (This is also
roughly the line of reasoning taken in the more general result [Monderer and Tennenholtz, 1999].)

®Subtracting a fraction from the lesser valued item guarantees free dispasaiditional items cannot make a bidder
worse off.
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2. Randomization nowloesoccur, for instance sometimes (but not always) when one item is
valued lowly by everyone and two of the three value the other item highly (the randomization
is over which of the two gets the desired item);

3. The optimal auction takes the complementarity and substitutability into account, for instance
by doing the following. When one bidder bids high on both items and the other two each bid
high on one item (not the same one), then the mechanism awards the items to the first bidder
if that bidder revealed complementarity, but to the other bidders if the first bidder revealed
substitutability. (Each one gets his/her desired item.)

It turns out, however, that the optimal deterministic mechanism generated for this instance has
the same expected revenue (5.434). Thus, one may wonder if randomization is ever necessary to
create optimal combinatorial auctions. The following example shows that there are indeed instances
of the optimal combinatorial auction design problem where randomized mechanisms can perform
strictly better than any deterministic mechanism.

In this example, there are two iteralsand B for sale, and there is only a single bidder (so that
it does not matter which solution concept and which IR notion we use). There are three types: type
a (occurring with probability0.3) indicates that the bidder has a utility dffor receiving either
{A} or {A, B}, and0 otherwise; type3 (occurring with probability0.3) indicates that the bidder
has a utility of1 for receiving eithe{ B} or {A, B}, and0 otherwise; and type (occurring
with probability0.4) indicates that the bidder has a utility @75 for receiving eithe{ A}, { B}, or
{4, B}, and0 otherwise.

The optimal randomized mechanism generated by the solver allocale® the bidder if the
bidder reportsy; { B} if the bidder reportss; and{ A} with probability0.75, and{ B} with proba-
bility 0.25, if the bidder reports3. The payment in each case is the agent’s entire valuatifor (
typesa and, and0.75 for type ). The resulting expected revenudis.

By contrast, the optimal deterministic mechanism generated by the solver all¢egt¢s the
bidder if the bidder reports; { A, B} if the bidder reports}; and{ A} if the bidder reports,3. The
payment i9.75 for type o, 1 for type 3, and0.75 for type a3. The resulting expected revenue is
0.825.

This example demonstrates how AMD can be used to disprove conjectures in mechanism de-
sign: the conjecture that one can restrict attention to deterministic mechanisms in the design of
optimal combinatorial auctions is disproved by an example where the optimal randomized mecha-
nism produced by the solver is strictly better than the optimal deterministic one.

6.5.2 Public goods problems

As another example application domain, we now turn to public good problerpsiblc goodis a
good from which many agents can benefit simultaneously; the good is saichtmbgcludabléf
we cannot prevent any agents from obtaining this benefit, given that we produce the good. Examples
of nonexcludable public goods include clean air, national defense, pure ressarch,

A typical mechanism design problem that arises is that a certain amount of money is required
to construct or acquire the (nonexcludable) public good, and this money must be collected from the
agents that may benefit from it. However, how much the good is worth to each agent is information
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that is private to that agent, and we cannot obtain a larger payment from an agent than what the agent
claims the good is worth to him (an individual rationality constraint). This leads to the potential
problem offree riderswho report very low values for the good in the hope that other agents will
value the good enough for it to still be produced. Formally, every ageas a type; (the value of

the good to him), and the mechanism decides whether the good is produced, as well as each agent’s
paymentr;. If the good is produced, we must hayér; > ¢, wherec is the cost of producing

the good. Results similar to the Myerson-Satterthv&aite impossibility theorem can be proved here to
show that even in quite simple settings, there is no mechanism #sapissefficient,ex posbudget
balancedex-interimindividually rational, and BNE incentive-compatible. In fact, Theorem 36 from
Chapter 5 shows exactly this.

The advantage of applying AMD in this setting is that we do not desire to design a mechanism
for general (quasilinear) preferences, but merely for the specific mechanism design problem instance
at hand. In some settings this may allow one to circumvent the impossibility entirely, and in all
settings it minimizes the pain entailed by the impossibility.

Building a bridge

Two agents are deciding whether to build a good that will benefit both (say, a bridge). The bridge, if
it is to be built, must be financed by the payments made by the agents. Building the bridge will cost
6. The agents have the following type distribution: with probability .4, agent 1 will have a low type
and value the bridge at 1. With probability .6, agent 1 will have a high type and value the bridge at
10. Agent 2 has a low type with probability .6 and value the bridge at 2; with probability .4, agent
2 will have a high type and value the bridge at 11. (Thus, agent 2 cares for the bridge more in both
cases, but agent 1 is more likely to have a high type.)

We used AMD to design a randomized, dominant-strategies incentive compatibp@stiR
mechanism that is as efficient as possibteking into account unnecessary payments (“money
burning”) as a loss in efficiencyThe optimal mechanism generated by our AMD implementation
has the following outcome function (here the entries of the matrix indicate the probability of building
the bridge in each case):

Low | High
Low | O .67
High | 1 1

The payment function is as follows (heteb gives the payments of agents 1 and 2, respectively):

Low | High
Low | 0,0 | .67,3.33
High | 4,2 | 4,2

The payments in the case where agent 1 bids low but agent 2 bids high agtwed payments

(as we argued before, risk-neutral agents only care about this); the agents will need to pay more than
this when the good is actually built, but can pay less when it is not. (The constraints on the expected
payments in the linear program are set so that the good can always be afforded when it is built.)
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It is easy to see that no money is burned: all the money the agents pay goes towards building the
bridge. However, we do not always build the bridge when this is socially optimal—namely, when
the second agent has a high type (which is enough to justify building the bridge) we do not always
build the bridge.

If we relax our solution concept to implementation in Bayes-Nash equilibrium, however, we get
a mechanism with the following outcome function:

Low | High
Low | O 1
High | 1 1
The payment function is now as follows:
Low | High
Low | 0,0 | 0,6
High | 4,2 | .67,5.33

Again, no money is burned, but now also, the optimal outcome is always chosen. Thus, with
Bayes-Nash equilibrium incentive compatibility, our mechanism achieves everything we hope for in
this instance—even though the impossibility result shows that this is not possilalk iftstances.

Building a bridge and/or a boat

Now let us move to the more complex public goods setting where two goods could be built; a bridge
and a boat. There are 4 different outcomes corresponding to which goods are built: None, Boat,
Bridge, Boat and Bridge. The boat costs 1 to build, the bridge 2, and building both thus costs 3.
The two agents each have one of four different types: None, Boat Only, Bridge Only, Boat or
Bridge. These types indicate which of the two possible goods would be helpful to the agent (for
instance, maybe one agent would only be helped by a bridge because this agent wants to take the
car to work, which will not fit on the boat). All types are equally likely; if something is built which
is useful to a agent (given that agent’s type), the agent gets a utility of 2, otherwise 0.
We used AMD to design the optimal randomized dominant-strategy mechanism that is ex post
IR, and as ex post efficient as possible—taking into account money burning as a loss in efficiency.
The mechanism has the following outcome function, where a véetor c, d) indicates the proba-
bilities for None, Boat, Bridge, Boat and Bridge, respectively.

None Boat Bridge Either
None | (1,0,0,0) | (0,1,0,0)| (1,0,0,0) | (0,1,0,0)
Boat | (.5,.5,0.0)| (0,1,0,0)| (0,.5,0,.5)| (0,1,0,0)
Bridge | (1,0,0,0) | (0,1,0,0)| (0,0,1,0) | (0,0,1,0)
Either | (.5,.5,0.0)| (0,1,0,0)| (0,0,1,0) | (0,1,0,0)

The (expected) payment function is as follows:
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None | Boat | Bridge | Either
None | 0,0 0,1 | 0,0 0,1
Boat | .50 |01 |11 0,1
Bridge | 0,0 0,1 |11 1,1
Either | 5,0 | 0,1 | 1,1 0,1

Again, no money is burned, but we do not always build the public goods that are socially optimal—
for example, sometimes nothing is built although the boat would have been useful to someone.

6.6 Scalability experiments

To assess the scalability of the automated mechanism design approach in general, we generated
random instances of the automated mechanism design problem. Each agent, for each of its types, re-
ceived a utility for each outcome that was uniformly randomly chosen from the inteéders . . . , 99.

(All random draws were independent.) Real-world automated mechanism design instances are
likely to be more structured than this (for example, in allocation problems, if one agent is happy
with an outcome, this is because it was allocated a certain item that it wanted, and thus other agents
who wanted the item will be less happy); such special structure can typically be taken advantage of
in computing the optimal mechanism, even by nonspecialized algorithms. For instance, a random
instance with 3 agents, 16 outcomes, 8 types per agent, with payment maximization as its goal,
ex-interim IR, implementation in Bayes-Nash equilibrium, where randomization is allowed, takes
14.28 seconds to solve on average in our implementation. The time required to compute the last
optimal combinatorial auction from Section 6.5, which had exactly the same parameters (but much
more structure in the utility functions), compares (somewhat) favorably to this at 5.90 seconds.

We are now ready to present the scalability results. For every one of our experiments, we con-
sider both implementation in dominant strategies and implementation in Bayes-Nash equilibrium.
We also consider both the problem of designing a deterministic mechanism and that of designing
a randomized mechanism. All the other variables that are not under discussion in a particular ex-
periment are fixed at a default value (4 agents, 4 outcomes, 4 types per agent, no IR constraint, no
payments, social welfare is the objective); these default values are chosen to make the problem hard
enough for its runtime to be interesting. Experiments taking longer than 6 hours were cancelled,
as well as experiments where the LP size was greater than 400MB. CPLEX does not provide run-
time information more detailed than centiseconds, which is why we do not give the results with a
constant number of significant digits, but rather all the digits we have.

The next table shows that the runtime increases fairly sharply with the number of agents. Also
(as will be confirmed by all the later experiments), implementation in dominant strategies is harder
than implementation in BNE, and designing deterministic mechanisms is harder than designing
randomized mechanisms. (The latter part is consistent with the transition from NP-completeness to
solvability in polynomial time by allowing for randomness in the mechanism (Sections 6.3 and 6.4).)
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#agents| D/DSE | R/IDSE | D/BNE | R/IBNE
2 .02 .00 .00 .00
3 .04 .00 .05 .01
4 8.32 1.32 1.68 .06
5 709.85| 48.19 | 10.47 | .52

The time (in seconds) required to solve randomly generated AMD instances for different numbers
of agents, for deterministic (D) or randomized (R) mechanisms, with implementation in dominant
strategies (DSE) or Bayes-Nash equilibrium (BNE). All experiments had 4 outcomes and 4 types
per agent, required no IR constraint, did not allow for payments, and had social welfare as the
objective.

The next table shows that the runtime tends to increase with the number of outcomes, but not at all
sharply.

#outcomes|| D/DSE | R/DSE | D/BNE | R/BNE
2 .07 .07 .04 .03
3 .36 .08 .46 .05
4 8.32 1.32 1.68 .06
5 10.91 | .59 .69 .07

The next table shows that the runtime increases fairly sharply with the number of types per agent.

#types| D/DSE | R/DSE | D/BNE | R/BNE
2 .00 .00 .00 .00
3 .04 .01 .30 .01
4 8.32 1.32 1.68 .06
5 563.73 | 14.33 | 36.60 | .21

Because the R/BNE case scales reasonably well in each setting, we increased the numbers of agents,
outcomes, and types further for this case to test the limits of our implementation. Our initial imple-
mentation requires the linear program to be written out explicitly, and thus space eventually became
the bottleneck for scaling in agents and types. (“*” indicates that the LP size exceeded 400MB.)
Mature techniques exist for linear programming when the LP is too large to write down, and future
implementations could make use of these techniques.

# agents| outcomes| types
6 4.39 .07 .88

7 33.32 | .07 1.91
8 * .09 4.52
10 || * A1 22.05
12 * 13 67.74
14 * 13 *

100 || * 1.56 *
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The next table shows that the impact of IR constraints on runtime is entirely negligible.

IR constraint|| D/DSE | R/DSE | D/BNE | R/BNE
None 8.32 1.32 1.68 .06
Ex post 8.20 1.38 1.67 A2
Ex interim 8.11 1.42 1.65 A1

The next table studies the effects of allowing for payments and changing the objective. Allowing
for payments (without taking the payments into account) in social welfare maximization reduces
the runtime. This appears consistent with the fact that for this setting, a general (and easy-to-
compute) mechanism exists that always obtains the maximum social welfare—the VCG mechanism.
However, this speedup disappears when we start taking the payments into account. Interestingly,
payment maximization appears to be much harder than social welfare maximization. In particular,
in one case (designing a deterministic mechanism without randomization), an optimal mechanism
had not been constructed after 6 hours!

Objective | D/DSE | R/IDSE | D/BNE | R/BNE
SW (1) 8.20 1.38 1.67 A2

SW(2) | .41 14 92 10
SW(3) || 7.98 | .51 444 | .10
T - 1.80 | 84.66 | 3.47

SW=social welfare (1) without payments, (2) with payments that are not taken into account in
social welfare calculations, (3) with payments that are taken into account in social welfare
calculations;m=payment maximization.

The sizes of the instances that we can solve may not appear very impressive when compared
with the sizes of (for instance) combinatorial auctions currently being studied in the literature. While
this is certainly true, we emphasize that 1. We are studying a much more difficult problem than the
auction clearing problem: we adesigninghe mechanism, rather than executing it; 2. AMD is still
in its infancy, and it is likely that future (possibly approximate) approaches will scale to much larger
instances; and 3. Although many real-world instances are very large, there are also many small
ones. Moreover, the “small” instances may concern equally large dollar values as the large ones.
For example, selling two masterpieces by Picasso in a combinatorial auction could create revenue
comparable to that of selling a million plane tickets in a combinatorial auction.

6.7 An algorithm for single-agent settings

The definitions from Section 6.1 simplify significantly when applied to the setting where a deter-
ministic mechanism without payments must be designed, with a single type-reporting agent. For
one, the different possible IC (truthfulness) constraints differ only in what a type-reporting agent is
assumed to know about other type-reporting agents’ preferences and reports. Because in this set-
ting, there are no other type-reporting agents, the different IC constraints coincide. The same is true
for the IR (participation) constraints. We also do not need distributions over outcomes, or payment
functions. The result is the following formal definition for our special case.
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Definition 27 (AUTOMATED-MECHANISM-DESIGN (AMD)) We are given a set of outcomes
O, and a set of type® for the agent together with a probability distributignover these types.
Additionally we are given a utility function for the agent; © x O — R, and an objective function
for the designerg : ® x O — R. We are asked to find an outcome function © — O (a
deterministic mechanism without payments) such that:

1. Foreven®, 6 € ©, u(6,0(0)) > u(6, o()) (the IC constraint).

2. Ifthere is an IR constraint, for evetyc ©, u(0, 0(0)) > 0. (In this case there typically also
is adefault outcomeq with u(6, op) = 0 for all 6 € ©.19)

3. Subject to the previous constraints, the mechanism maxinizegd)g (9, o(0)).
e)

We note that by Theorem 37, even this specialized problem is NP-complete (even without the IR
constraint, and even when the objective function is a social welfare function including another agent
that does not report a type).

6.7.1 Application: One-on-one bartering

As an interlude, we first present an application. Consider the situation where two agents each have
an initial endowment of goods. Each agent has a valuation for every subset:of goeds that
the agents have together. It is possible that both agents can become better off as a result of trade.
Suppose, however, that the agents cannot make any form of payment; all they can do is swap goods.
This is known ashartering Additionally, suppose that one agent (agent 1) is in the position of
dictating the rules of the bartering process. Agent 1 can credibly say to agent 2, “we will barter
by my rules, or not at all.” This places agent 1 in the position of the mechanism designer, and
corresponds to the following AMD problem. The set of outcomes is the set of all allocations of the
goods (there ar@™ of them). Agent 2 is to report his preferences over the goods (the valuation
that agent has for each subset), and on the basis of this report an outcome is chosen. This outcome
function, which is selected by agent 1 beforehand, must be incentive compatible so that agent 2 has
no incentive to misreport. Also, it must be individually rational, or agent 2 simply will not ttade.
Under these constraints, agent 1 wishes to make the expected value of her own allocation under
the mechanism as large as possible. The revelation principle justifies that restricting agent 1 to this
approach comes at no loss to that agent.

Automatically generated mechanisms for this setting are likely to be useful in barter-based elec-
tronic marketplaces, such as mybarterclub.com, Recipco, and National Trade Banc.

We now return to computational aspects, but we will readdress the bartering problem in our
experiments. We will postpone dealing with IR constraints for a few subections, and then return to
this.

%We can set the utility of the default outcome Gawithout loss of generality, by normalizing the utility function.
(From a decision-theoretic point of view it does not matter how utilities compare across types, because the agent always
knows her own type and will not take utilities for other types into account in making any decision.)

Hif agent 1 actually wants to make the rules so that there is no trade for a certain type report, she can simply make the
original allocation the outcome for this type report; so there is no loss to agent 1 in designing the outcome function in
such a way that agent 2 always wishes to participate in the mechanism.
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6.7.2 Search over subsets of outcomes

In this subsection, we associate with each subset of outcomes a truthful mechanism for that set of
outcomes; we then show that for some subset of outcomes, the truthful mechanism associated with
that subset of outcomes is an optimal mechanism for the setting. Because the mechanism associated
with a subset of outcomes is easy to compute, we can search over subsets of outcomes (of which
there are2|®!) rather than over all possible outcome functions (of which theré@|t8!).12

We first define the outcome function (mechanism)associated with a particular subset of the
outcomes.

Definition 28 For a given subseX C O, letox (6) be (the lowest-indexed element of)
arg MaX {oe X:(vo' e X Ju(f,0)>u(0,0')} 9(0, 0). Letv(X) be given b);Z@ p(0)g(0, 0x(0)).
c

Intuitively, ox (9) is the outcome we wish to pick for tygk if we (somehow) know that the set of

other outcomes used in the mechanism is exakt)yand we wish to pick an outcome froii as

well. v(X) is the expected value of the objective function for the mechawigimpresuming that

the agent reports truthfully. The next lemma shows that indeed, the agent has no incentive to report
falsely.

Lemma 19 Forall X C O, ox is truthful. (Thusp(X) is indeed the expected value of the objective
function for it.)

Proof: For any pair of type#, 6,, we have thabx (f2) € X because all outcomes ever chosen by
ox are inX; and thus that(61,0x(61)) > u(61,0x(02)), because for any, ox () maximizes
u(f,-) among outcomes € X. m

The next lemma shows that for any subagtthe mechanismx dominates all mechanisms that
use exactly the outcomes k.

Lemma 20 For any X C O, suppose that : © — X is a truthful mechanism making use only of
outcomes inX, but using each outcome i at least once—that i$}(©) = X. Let its expected

value of the objective function kg = > p(0)g(0,0(0)). Thenv(X) > v,.
0€0

Proof: For anyd € ©, we must have that for anye X, u(6,0(0)) > u(6, o)—because there exists
somed’ € O such thab(#") = o, and thus the agent can guarantee herself at least ut{lity) by
reportingd’. But ox (6) maximizesg(6, -) among such outcomes. Thugf, ox (6)) > g(6, 0(0)).
It follows thatv(X) = > p(0)g(0,0x(0)) > > p(0)g(0,0(0)) =v,. m

€0 )

It is not necessarily the case thdtX') = v, for some truthfulo making use of all outcomes iX;
for instance, there could be some outcomgithat has both a very low utility value and a very low

2In the case wher&)| is bigger thar©|, we can restrict ourselves to outcome subsets of size at @gstaking
our approach still more efficient than the straightforward brute search approach. For simplicity of presentation, in this
section we will focus on settings whel®@| > |O| (as is commonly the case).
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objective value. Thenx will not use this outcome, and thereby have a higher expected value of the
objective function than any mechanism that does use it.

We are now ready to present the main theorem of this subsection, which states that the best
is indeed an optimal mechanism.

Theorem 42 max xco v(X) is the maximum expected value of the objective altenechanisms
(that are deterministic and use no payments) is an optimal mechanism (among mechanisms
that are deterministic and use no paymentsY it arg maxxco v(X).

Proof: Consider an optimal truthful mechanisnt? and letX be the set of all outcomes it uses
(X = 0(0)). By Lemma 190 is truthful andv(X) is the expected value of the objective function
for it. By Lemma 20, we have(X) > v, whereu, is the expected value of the objective function
foro. =

6.7.3 A heuristic and its admissibility

We now proceed to define an outcome function that is associated with two disjoint sibaats

Y of the outcomes; we will use this outcome function to compute an admissible heuristic for our
search problem. The interpretation is as follows. In the process of constructing a mechanism of
the kind described in the previous subsection, we successively label each outcome as “in” or “out”,
depending on whether we wish to include this outcome in the set that the eventual mechanism is
associated with.X consists of the outcomes that we have already decided areYimwhnsists of

the outcomes that we have already decided are “out”. To get an optimistic view of the mechanisms
we may eventually arrive at from here, we assign to each type the outcoMe-iry” that gives

us the highest objective value for that type (the mechanisms certainly will not use any outcome in
Y’), under the constraint that this outcome will make that type at least as well off as any outcome in
X (because we have already decided that these are certainly “in”, so we know this constraint must

apply).

Definition 29 For given subsetX, Y C O, letox y () be (the lowest-indexed element of)

arg Max,cO—y: (Vo' € X)u(6,0)>u(8,0') 9(9, O)' LetU(X7 Y) be given b%% p(9>g(07 OX,Y(Q))
€

Outcome functions of this type dwt necessarily constitute truthful mechanisms. (For instance, if

X andY are both the empty set, ther y will simply choose the objective-maximizing outcome

for each type.) Nevertheless, because we are merely trying to obtain an optimistic estimate, we
computev(X,Y") as before, presuming the agents will report truthfully. The following theorem
shows thatv (X, Y) is indeed admissible.

Theorem 43 For any subsetsX,Y C O, foranyZ C O — X — Y, for anyd € O, we have
g9(0,0xy(0)) > g(0,0xuz(9)), andv(X,Y) > v(X U Z).

3which, by the revelation principle, is an optimal mechanism.
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Proof: Using the facts thak C X U Z andX U Z C O — Y, we can conclude thdb € X U Z :
(Vo' € X U Z)u(f,0) > u(d,0)} C{oe XUZ: (Vo' € X)u(f,0) > u(f,0)} C{oecO-Y:
(\V/OI S X)’LL(H, O) > ’LL(97 0)} It follows thatg(9, 0X7Y(9)) = MaAXoc0—Y: (Vo' € X)u(0,0)>u(0,0') 9(9, O)
> maX,e XUz: (Vo' € XUZ)u(0,0)>u(f,0) 9(07 0) = 9(97 OXUZ(G))' ThUSU(Xa Y) =
9%292?(9)9(9,0)(,1/(9)) > 9%%)1?(9)9(9, oxuz(f)) =v(XUZ). =

The following theorem shows that conveniently, at a leaf node, where we have decided for every
outcome whether it is in or out, the heuristic value coincides with the value of that outcome set.

Theorem 44 For any X C 0,0 € ©, we haveox o_x (0) = ox(#) andv(X,0 — X) = v(X).

Proof: Immediate using) — (O — X)=X. =

6.7.4 The algorithm

We are now ready to present the algorithm.

Basic structure

We first summarize the backbone of our algorithm. A node in our search space is defined by a set of
outcomes that are definitely “in’X()*4 and a set of outcomes that are definitely ady.(For a node
at depthd, X U Y always constitutes the firgt outcomes for some fixed order of the outcomes;
thus, a node has two children, one where the next outcome is addgdated one where it is added
to Y. The expansion order is fixed at putting the nodifirst, and then irt”. The heuristic value
(bound) of a node is given by( X, Y'), as described above.

We can now simply apply A*; this, however, quickly fills up the available memory, so we resort
to more space-efficient methods. We first present branch-and-bound depth-first search (expanding
every node that still has a chance of leading to a better solution than the best one so far, in depth-
first order) for our setting, and then IDA* (in which we maintain a target objective value, and do
not expand nodes that do not have a chance of reaching this value; if we fail to find a solution, we
decrease the target value and try again). (An overview of search methods such as these can be found
in Russell and Norvig [2003].)

14wWe emphasize that this doast mean that the outcome will definitely be used by the mechanism corresponding to
any descendant leaf node; rather, this outconag be used by any descendant leaf node; and for any descendant leaf
node, in the mechanism associated with this node, any type must receive an outcome at least as good to it as this one.
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In the following, v is the heuristic for the current nodéd.is the depth of the current node.
(a global variable) is the number of outcomé&B (another global) is the outcome set correspond-
ing to the best mechanism found so fdr.(another global) is the expected value of the objective
function for the best mechanism we have found sodars outcome:. The other variables are as
described above.

BRANCH-AND-BOUND-DFS()
CB :=NULL
L:=—c
SEARCHI1({}, {},0, 1)
return CB

SEARCHI1(, Y, v, d)
ifd=w+1
CB=X
L=v
else
if v(XU{oq},Y)>L
SEARCHI1X U{o4}, Y, v(X U{04},Y),d+ 1)
if v(X,YU{oq})>L
SEARCHL(X, Y U {og}, v(X,Y U {og}), d + 1)
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Our implementation of IDA* is similar, except we do not initialiZeo —oc. Rather, we initial-
ize it to some high value, and decrease it every time we fail to find a solution—either to a fraction
of itself, or to the highest value that is still feasible (whichevdess). This also requires us to keep
track of the highest value still feasible (given BYF', another global variable), so that we have to
modify the search call slightly.

IDA*()

CB :=NULL

L :=initial-limit

while CB = NULL
HF = —c
SEARCH2(}, {},0, 1)
L :=min{HF, fraction L}
return CB

SEARCH2(X, Y, v, d)
fd=w+1
CB=X
L=v
else
if v(XU{og},Y)>L
SEARCH2(X U {04}, Y, v(X U{04},Y),d+ 1)
else ifo(X U{o4},Y) > HF
HF =v(X U{o4},Y)
if v(X,Y U{o4}) >L
SEARCH2(X, Y U {0}, v(X,Y U{og}), d + 1)
elseifv(X,Y U{oq}) > HF
HF =v(X,Y U{o4})

Efficiently updating the heuristic

Rather than computing the heuristic anew each time, it can be computed much more quickly from
information used for computing the heuristic at the parent node. For instance, when adding an
outcomeo to X, we will not have to changex y (€) unlessu(é,0) > u(f,0x y(#)). As another
example, when adding an outcom Y, we will not have to changey y (6) unlessox y () = o.

In addition to this, maintaining appropriate data structures (such as a list of the outcomes sorted by
objective value for a given type) allows us to quickly find the new outcome when we do need to
make a change.

6.7.5 Individual rationality

We now show how to deal with an individual rationality constraint in this setting.
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Theorem 45 ox is individually rational if and only if for every € ©, there is some € X such
thatu(6,0) > 0.

Proof: If for somef € ©, there is noo € X such thatu(6,0) > 0, ox cannot give the agent
nonnegative utility for type becausery uses only outcomes fronX; so it is not individually
rational. On the other hand, if for evefyc ©, there is some € X such that(0,0) > 0, then
ox Will give the agent nonnegative utility for that tyge becausey is constrained to choose an
outcome that maximizes(6, -) among outcomes fronX, and at least one of the outcomesXn
gives nonnegative utility. So it is individually rational. m

It follows that when we have an individual rationality constraint, in our search procedures, we
do not need to expand nodes where for some tygkere are no outcomes left @ — Y that give
the agent a nonnegative utility fér

6.7.6 Experimental results

In this subsection, we compare the performances of branch-and-bound DFS and IDA* over our
search space with the performance of the mixed integer programming approach described earlier
(using CPLEX 8.0), on random instances drawn from three different distributions. In each case, we
investigate both scalability in the number of types and in the number of outcomes.
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Uniform distribution, no IR

For this distribution, each valug 6, o) and each valug(d, o) is independently and uniformly drawn
from [0, 100]. No IR constraint applies (all utilities are nonnegative).

branch and bound ——
IDA*
CPLEX 8.0 ---%---

onds)

log(time in sec

L L L L L L
10 20 30 40 50 60 70 80 90

Figure 6.1: Performance vs. types for the uniform, no IR case with 20 outcomes.
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Figure 6.2: Performance vs. outcomes for the uniform, no IR case with 30 types.

Both versions of our algorithm outperform CPLEX soundly; our approach is especially more scal-
able in the number of types.
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Uniform distribution, with IR

Now, each value(6, o) and each valug(d, o) is independently and uniformly drawn from 50, 50].
We apply an IR constraint (the agent can never get negative utility).

2
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CPLEX 8.0 ---%--
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Figure 6.3: Performance vs. types for the uniform, with IR case with 20 outcomes.
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Figure 6.4: Performance vs. outcomes for the uniform, with IR case with 30 types.

Both versions of our algorithm still solidly outperform CPLEX, but the gaps are a little tighter;
CPLEX manages to get a greater speedup factor out of the IR constraint.
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Bartering

The final distribution corresponds to the bartering problem described earlier. The designer and
the agent each have /2 goods (for2™ outcomes—each good can end up with either agent); the
designer has a randomly drawn value (frgm10]) for each individual good (constituting which

does not depend ahin this case), and the agent has a randomly drawn value (fyor]) for each
individual good for each type (constituting. The value of a bundle to an agent is the sum of the
values of the individual goodS. If the total number of goods is odd, the agent gets one more good
than the designer.

0.5

branch and bound —+—
IDA* —--x-—-
CPLEX 8.0 -7

Figure 6.5: Performance vs. types for the bartering case with 32 outcomes.
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Figure 6.6: Performance vs. outcomes for the bartering case with 50 types.

The gaps here are much tighter, and it appears that CPLEX may in fact get the upper hand on even
larger instances. (Space limitations prevented us from taking the experiments further) CPLEX
apparently makes very good use of the additional structure in this domain, whereas our algorithm

5There is nothing preventing our approach from having more complicated values over bundles; we simply felt it was
nice to present the simplest example.
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is not geared towards exploiting this structure. Also, IDA* seems to outperform branch-and-bound
DFS now.

6.8 Structured outcomes and preferences

So far, we have only studied a flat representation of automated mechanism design problem instances,
e.g.we assumed that all possible outcomes were explicitly listed in the input. However, in expres-
sive preference aggregation, the outcome space is often too large to enumerate all the outcomes.
Nevertheless, in such settings, the outcomes and the agents’ preferences over them usually have
some structure that allows the problem to still be concisely represented. In this section, we study
one particular type of such structure: the agents may have to simultaneously decide on multiple,
otherwise unrelatetdsues In this case, the outcome space can be represented as the cross product
of the outcome spaces for the individual issues. The next definition makes this precise.

Definition 30 O = 01 x 02 x ... x O, is avalid decompositiorof O (wherer is the number of
issue}if the following two conditions hold:

e For each agent, for eachl < k < r there exists a functionéC : ©; x O, — R such that
ui(eiv(olw")ar)) = Z u"f(e’laok),

1<k<r

e For eachl < k < r there exists a functiogg’f : O X ... x 0, x O, — R such that

g(01,...,0,, (0", ....0")) = > g*(01,...,00,0").
1<k<r

We observe that whepis a social welfare function, the first condition implies the second, because
if the first condition holdsg (61, . .., 0,, (o',...,0") = > wi(6;, (o',...,0")) =

1<i<n

S0 wWk0,08) = 3 ST Wk (6;,0%), so that we can defing® (61, . . ., 0,,0%) =
1<i<n 1<k<r 1<k<r 1<i<n

> ub(0;,0").
1<i<n
We call automated mechanism design with a valid decomposgitioti-issue automated mecha-
nism design It may seem that we can solve a multi-issue AMD instance simply by solving the
AMD problem for each individual issue separately. However, doing so will in general not give the
optimal mechanism. The reason is that in general, the designer may use one issue to tailor the in-
centives to get better results on another issue. For example, in an auction setting, one could think
of the allocation as one issue, and the payments as another issue. Even when the designer is only
concerned with bringing about the optimal allocation, the payments are still a useful instrument to
give the bidders an incentive to bid truthfully. (We caution the reader that apart from this minor
deviation, we do not consider the payments to be part of the outcome &phaeee.) As another
example, we saw in Chapter 5 that using a single mechanism to decide on the donations to multiple
charities can be more efficient than using a separate mechanism for each charity (Proposition 8).
The hardness results later in this section will also imply that solving the AMD problem separately
for each issue does not give the optimal solution. (The multi-issue AMD problem is NP-complete
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even in settings where the corresponding single-issue AMD problem is in P, so if the approach of
solving the problem separately for each issue were optimal, we would have showa-tigt)P

6.8.1 Example: Multi-item auctions

Consider auctioning a set of distinguishable items. If each ofnthigems can be allocated to
any of n agents (or to no agent at all), the outcome sp@ckas size(n + 1)™ (one for each
possible allocation). If, for every bidder, the bidder’s valuation for any bundle of items is the
sum of the bidder’s valuations of the individual items in the bundle, then we can decompose the
outcome space &3 = O; x Oz x ... x O,,, whereOy, = {0, 1,2,...,n} is the set of all possible
allocations for itenk (0 indicating it goes to no agent). Agei utility function can be written as
ui((0',0%, ..., 0™) = Yheqr,.my i (0°) whereu is given byuj (i) = v;(k) anduf(j) = 0 for
J # i, wherev; (k) is agent’s valuation for itemk.

Two extensions of this that also allow for decomposable outcome spaces are the following:

e Anagent, ifit does not receive an item, still cares which agent (if any) receives that item—that
is, there arexternalities(as discussed in Chapter 2, Section 2.4). Here we no longer always
haveu?(j) = 0 for j # i. For example, John may prefer it if the museum wins the painting
rather than a private collector, because in the former case he can still see the painting.

e Some items exhibit substitutability or complementarity (so an agent’s valuation for a bundle
is not the sum of its valuations of the individual items in the bundle), but the items can be par-
titioned into subsets so that there are no substitution or complementarity effects across subsets
in the partition. In this case, we can still decompose the outcome space over these subsets.
For example, a plane trip, a hotel stay, a cell phone and a pager are all for sale. The plane trip
and the hotel stay are each worthless without the other: they are perfect complements. The
cell phone and the pager each reduce the value of having the other: they are (partial) substi-
tutes. But the value of the plane trip or the hotel stay has nothing to do with whether one also
gets the cell phone or the pager. Thus, we decompose the outcome space into two issues, one
indicating the winners of the plane trip and hotel stay, and one indicating the winners of the
cell phone and the pager.

In each of these settings, the approach of this section can be used directly to maximize any
objective that the designer has. (This requires that the vaulations lie in a finite interval and are
discretized.)

6.8.2 Complexity

In this subsection we show that for the multi-issue representation, the three most important variants
of the problem of designing a deterministic mechanism are NP-complete. Of course, the hard-
ness results from Section 6.3 already imply this, because flatly represented problem instances are
a special case of the multi-issue representation. However, it turns out that under the multi-issue
representation, hardness occurs even in much more restricted settings (with small type spaces and a
small outcome space for each issue).
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Theorem 46 The AMD problem for designing deterministic mechanisms without payments is NP-
complete under the multi-issue representation, even when the objective is social welfare, there is
only a single type-reporting agent (in addition to an agent that does not report a type), the prob-
ability distribution over®© is uniform, there are only two possible types, dod| = 2 for all i.
(Membership in NP is guaranteed only if the number of agents is constant.)

Proof: The problem is in NP because we can nondeterministically generate the full outcome se-
lection functiono (as long as the number of agents is constant, because otherwise there are expo-
nentially many type vectors). To show NP-hardness, we reduce an arbitrary KNAPSACK instance
(given by a set of pairg(c;, vj)}jeq1,...m}» @ cost limitC, and a value goal’) to the following
single-agent deterministic multi-issue AMD instance, where payments are not allowed and the ob-
jective is social welfare. Let the number of issues-be m + 1. Foreveryj € {1,...,m+ 1}, we

haveO; = {t, f}. The agent's type set, over which there is a uniform distributio®), is {6!, 6%},

and the agent's utility function =3, ., 4 u* is given by:

e Forallk € {1,...,m}, uf(0',t) = ABwhereA=2 > ¢ andB=2 Y v
je{l,...m} je{1,...m}
andu® (', f) = 0.

° um+1(91,t) — uerl(Hl,f) =0.
o Forallk € {1,...,m}, uF(6%,t) = cx, andu® (62, f) = 0.
° um+1(92,t) =C, andum+1(«92, f)=0.

The part of the social welfare that does not correspond to any agent in the game is giwge=by

> uf where
ke{l,...,r}

e Forallk € {1,...,m}, u(t) = 0, andu*(f) = vz A.

o uL(t) = u L (f) = 0.

The goal social welfare is given lly = w. We show the two instances are equivalent. First

suppose there is a solution to the KNAPSACK instance, that is, a s6lasfefl, ..., m} such that
Y. ¢; <Cand) v; > V. Then consider the following mechanism:
jES jES

e Forallk € {1,...,m}, ") =t.

e Fork e {1,...,m}, o"(6?) = fif k € S, 0*(6?) = t otherwise.

e 0™1(91) = f, ando™*1(6%) = t.

First we show there is no incentive for the agent to misreport. If the agent ha®'typeen it
is getting the best possible outcome for each issue by reporting truthfully, so there is certainly
no incentive to misreport. If the agent has tyfye reporting truthfully gives it a utility ofC' +

> cj, whereas reporting! instead gives it a utility of >~ ¢;; so the marginal utility
je{l,...,m},¢8 je{l,..,m}
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of misreporting is—C + ) ¢; < —C + C = 0. Hence there is no incentive to misreport. Now
j€s
we show that the goal social welfare is reached. If the agent ha®typlee social welfare will be
mAB. If it has type6?, it will be Y v;A + > ¢;+C > > vjA > VA Hence the
JES je{l,...,m},¢8 JES
expected social welfare is at led&# 24 = G. So there is a solution to the AMD instance. Now
suppose there is a solution to the AMD instance. If it were the case that, forseme, ..., m},

0’ (6') = £, then the maximum social welfare that could possibly be obtained (even if we did not
> v A+C AB
worry about misreporting) would b&~2 gBH’]A + e = (o 1)AB+ o AtC

mABVA — @, Thus, forallj € {1,...,m}, o*(¢') = 0 Now, letS = {j € {1 m}

0’ (6%) = f}. Then, if the agent has typ@ and reports truthfully, it will get utility at mostf? +
> cj, as opposed to the atleast Y. ¢; that it could get for this type by reportiré}

GE{1,....m}, ¢S jell,...m}
instead. Because there is no incentive to misreport in the mechanism, it follow3 that< C.
jES
mAB+ Y v; A+ > c;+C
JE{I m},¢S

Also, the total social welfare obtained by the mechanism is at mest €5 gellen
Because )’ c;+C < A, and all the other terms in the numerator are some integer Hmes

it follows that this fraction is greater than or equal to the g@éﬁj—“ (where the numerator is also

an integer timesd) if and only if ) v; > V—and this must be the case because by assumption,
jes

the mechanism is a solution to the AMD instance. It follows ti& a solution to the KNAPSACK

instance. =

Theorem 47 The AMD problem for designing deterministic mechanisms with payments is NP-
complete under the multi-issue representation, even when the objective does not depend on the
payments made, there is only a single type-reporting agent, the probability distributioroiger
uniform, there are only two possible types, d64| = 2 for all i. (Membership in NP is guaranteed

only if the number of agents is constant.)

Proof: Itis easy to see that the problem is in NP. (We can nondeterministically generate the outcome
function as before, after which setting the payments is a linear programming problem and can hence
be done in polynomial time—presuming, again, that the number of agents is constant.) To show NP-
hardness, we reduce an arbitrary KNAPSACK instance (given by a set of{0ajrs;) } jc(1,.... m}

a cost limitC, and a value goal) to the following single-agent deterministic multi-issue AMD
instance, where payments are allowed. Let the number of issuesbem + 1. For every
je{l,...,m+ 1}, we haveO; = {t, f}. The agent's type set, over which there is a uniform
distribution, is© = {#', 6}, and the agent's utility function = =, ., ., u* is given by:

e Forallk € {1,...,m}, uF(0',t) = cx, andu® (', f) = 0.
. um—&-l(gl’t) =C, andum“(@l,f) =0.

e Forallk € {1,...,m}, uF(6%,t) = 0,u* (62, f) = c.
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° um+1(92,t> =0, andu™*! (927 fy=c.

The objective functio = > ¢* is given by
ke{l,...,r}

e Forallk € {1,...,m}, g¥(6',¢t) = 0, andg*(0', f) = AwhereA=2 > ;.

e Forallk € {1,...,m}, g*(6%,t) = vi, g* (62, f) = 0.
o g"HOYt) = g, f) = g™ T (0%, t) = g™ (6%, f) = 0.

The goal for the objective function is given lay = W. We show the two instances are equiv-
alent. We first observe a useful fact about the utility function: when there are no payments, for
any outcome function, the incentive for the agent to misreport when it ha®tyjsethe same as
the incentive for the agent to misreport when it has t§peThat is, for any outcome function
w(0',0(0%)) — u(',0(0%)) = u(6?,0(6')) — u(6?,0(62)). To see why, first consider that if we
(say) set”(9') = o*(#%) = f everywhere, obviously this is true. Then, whenever, for séme
we "flip” o*(#') to ¢, the second term (including the minus sign) on the left hand side decreases by
the same amount as the first term on the right hand side. Similarly, whenever weo*f(i§?") to
t, the first term on the left hand side increases by the same amount as the second term (including
the minus sign) on the right hand side. A corollary of this observation is that for this example,
payments cannot help us make the mechanism trutffor, if without payments, the mechanism
would not be truthful, the agent would have an incentive to lie for both types (without payments).
Then, if the agent needs to pay more for reporting one type than for the other, the agent will still
have an (even bigger) incentive to lie for at least that type. Thus, we may as well assume payments
are not possible. Now, suppose there is a solution to the KNAPSACK instance, that is, a%ubset
of {1,...,m} suchthat) ¢; < Cand}_ v; > V. Then consider the following mechanism:
= j€S

e Forallk € {1,...,m},o"(#") = f.

o Forke {1,...,m},o"(#?) =tif k € S, 0*(6?) = f otherwise.

e om0 =t, ando™ 1 (6?) = f.

(The payment function i8 everywhere.) First we show there is no incentive for the agent to misre-
port. Because we observed that the incentive to misreport is the same for both types, we only need
to show this for one type. We will show it when the agent’s true typ# idn this case, reporting
truthfully gives utility C, and reporting)? gives utility > ¢; < C. Hence there is no incentive to

j€s
misreport. Now we show that the goal value of the objective is reached. If the agent ha&s type
the value of the objective function will be A. If it has typed?, it will be Y~ v; > V. Hence the

jES

expected value of the objective function is at le%s§~" = G. So there is a solution to the AMD
instance. Finally, suppose there is a solution to the AMD instance. As a reminder, payments cannot
help us, so we may assume they are alw@y# it were the case that, for somee {1,...,m},
ok (A') = t, then the maximum social welfare that could possibly be obtained (even if we did not
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worry about misreporting) would be LU < mA < G. Thus, forallj € {1,...,m},
ok (0') = f. Now, letS = {j € {1,...,m} : /(%) = t}. The incentive for the agent to misreport
whenithastyp@'isthenatleastC+ >  ¢;, which should be less than or equabteso that
je{1,...m}
mA+ 2 vj
>, ¢ < C. Additionally, the expected value of the objective functiom’sge—s, which
je{1,...,m}

should be at leagt = W. It follows that ) v; > V. ThusS is a solution to the KNAPSACK
jes
instance. =m

Theorem 48 The AMD problem for designing deterministic mechanisms is NP-complete under the
multi-issue representation, even when the objective is to maximize total payments made (under an
IR constraint), there is only a single type-reporting agent, the probability distribution éver
uniform, there are only two possible types, d64| = 2 for all i. (Membership in NP is guaranteed

only if the number of agents is constant.)

Proof: It is easy to see that the problem is in NP. (We can nondeterministically guess an outcome
function, after which setting the payments is a linear programming problem and can hence be done
in polynomial time.) To show NP-hardness, we reduce an arbitrary KNAPSACK instance (given by
asetof paird(c;j, vj) }jeq1,...m+1}, @ costlimitC’, and a value godr) to the following single-agent
deterministic multi-issue AMD instance, where we seek to maximize the expected payments from
the agent. Let the number of issuesbe m + 1. For everyj € {1,...,m}, we haveO; = {t, f}.

The agent’s type set, over which there is a uniform distributio is- {6, 62}, and the agent’s

utility functionw = 3=, . u* is given by:

e Forallk € {1,...,m}, u*(0,t) = c,AwhereA=4 > v;; andu”*(0, f) = 0.
je{l,...m}

o u™tL(HY ¢) =0, andu™ (01, f) = —CA.
e Forallk € {1,...,m}, u*(6%,t) = vy, andu®(62, f) = 0.

o uH1(62,1) = 0, andu™ (62, f) = 0.

The goal expected revenue is given Gy= AB;V, whereB = {Z }cj. We show the two
Jje{l,...m
instances are equivalent. First suppose there is a solution to the KNAPSACK instance, that is,

a subsetS of {1,...,m} such thatz ¢; < Cand Z v; > V. Then consider the following
mechanism. Let the outcome func%i%?w be e

e Forallk € {1,...,m}, o*(0') =t.

e Fork € {1,...,m},o*(6%) =tif k € S, 0*(6?) = f otherwise.

° 0m+1(91) =1, 0m+1(02) — f
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Let the payment function be(6') = AB, 7(6?) = > v;. First, to see that the IR constraint is
JES
satisfied, observe that for each type, the mechanism extracts exactly the agent’s utility obtained from
the outcome function. Second, we show there is no incentive for the agent to misreport. If the agent
has typed*!, reportingd? instead gives a utility (including payments)et A+ > ¢;A— > v; <
jES jES
—CA+ CA— Y v; < 0, which is what the agent would have got for reporting truthfully. If
jES
the agent has typ@?, reportingd' instead gives a utility (including payments) éf— AB < 0,
which is what the agent would have got for reporting truthfully. Hence there is no incentive to
AB+Z Vj
misreport. Third, the goal expected payment is reached becausg™— > 458 = G. So
there is a solution to the AMD instance. Now suppose there is a solution to the AMD instance. The
maximum utility that the agent can get from the outcome function if it has&%;ire%, and by the IR
constraint this is the maximum payment we may extract from the agent when the reported®ype is
Because the goal is greater théﬁ, it follows that the payment the mechanism should extract from
the agent when the reported typdisis at leastAB — %. Because the maximum utility the agent
can derive from the outcome function in this casd 3, it follows that the agent’s utility (including
payments) for typé* can be at mosf. Now consider the sef = {j € {1,...,m} : o/(6?) = t}.
Then, if the agent falsely reports typé when the true type i8!, the utility of doing so (including

payments) is at leas} | ¢;A — CA — %. This is to be at most the agent’s utility for reporting
jES
truthfully in this case, which is at most. It follows that Zs c;A— CA— 4 < 4, whichis
JE
equivalentto) | ¢; < C + % Because the; andC are integers, this implied | ¢; < C. Finally,
jES JES

because we need to extract at least a paymet tstbm the agent when typé”’ is reported, but
the utility that the agent gets from the outcome function in this case is at ost and we can
JES
extract at most this by the IR constraint, it follows that v; > V. Thus,S is a solution to the
JES
KNAPSACK instance. =

The NP-hardness of automatically designing optimal deterministic mechanisms under the multi-
issue representation was already implied by similar results for the unstructured (single-issue) repre-
sentation. However, the fact that (unlike under the unstructured representation) NP-hardness occurs
even with very small type sets is perhaps discouraging. On the other hand, one can be positive about
the fact that the problem remains in NP (if the number of agents is constant), even though the rep-
resentation is exponentially more concise. In the next subsection, we shqus¢hatopolynomial-
time algorithms do exist for this problem (given a constant number of types). More significantly,
in the subsection after that, we show that optimsdomizednechanisms can still be designed in
polynomial time even under the multi-issue representation. Hence, it seems that this representation
is especially useful when we allow for randomized mechanisms.
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6.8.3 A pseudopolynomial-time algorithm for a single agent

In this subsection we develop a pseudopolynomial-time algorithm that shows that the first two
multi-issue AMD problems discussed in the previous subsection areveedkly NP-complete.

(A problem is only weakly NP-complete if it is NP-complete, but there exists an algorithm that
would run in polynomial time if the numbers in the instance were given in unary, rather than
binary—apseudopolynomial-timalgorithm.) This algorithm only works when there is only one
type-reporting agent. While this is still a significant problem because of the conflict of interest be-
tween the designer and the agent, it is an interesting open problem to see if the algorithm can be
generalized to settings with multiple agents.

Theorem 49 If there is only a single agent, the number of types is a constant, and the objective
does not depend on payments made, then the optimal deterministic mechanism can be found in
pseudopolynomial time under the multi-issue representation using dynamic programming, both with
and without payments, both fex postandex interimIR, and both for implementation in dominant
strategies and for implementation in Bayes-Nash equilibrium.

Proof: The dynamic program adds in the issues one at a time. Forkeac{0, 1, ..., r}, it builds

a matrix which concerns a reduced version of the problem instance where only theifisstes

are included. Let(0%,67) = u(6°,0(67)) — u(#?,0(#?)), that is, the regret that the agent has for

reporting its true typ@’ rather than submitting the false repétt (These regrets may be negative.)

Any outcome function mapping the reported types to outcomes defines a vedo(|6f| — 1) such

regrets, one for each pdi#’, #7). Then, our matrix for the first issues contains, for each possible

regret vectow, a humber indicating the highest expected value of the objective function that can

be obtained with an outcome function over the fikdssues whose regret vector is dominated by

v. (One vector is said to be dominated by another if all entries of the former are less than or

equal to the corresponding ones of the latter.) This entry is deratéd]. We observe that ifi;

dominatess, thenM*[v1] > M*[vy]. If the absolute value of the regret between any two types is

bounded byR, it suffices to considef2R + 1)°1(91-1) regret vectors (each entry taking on values

in{-R,—R+1,...,0,...,R— 1, R}). The matrix fork = 0 (i.e., when no issues have yet been

added) is 0 everywhere. We then successively build up the next matrix as follows. When we add

in issuek, there ardO*|I®! possibilities for setting the outcome functioh from types to elements

of OF. Denoting a possible setting of by a vectorw = (0*(6'), 0%(6?),...,0%(61°!)), letting

g"(w) = 3 ¢*(0, 0"(0)) be the total value gained in the objective function as a result of this vector,
9o

and lettingr(w) = (u*(0%, 0*(67)) —uF (6", 0" (6")) (p:.0s} be the regret vector over this issue alone,

we have the following recursive identity fér > 0: M*[v] = max,,{¢*(w) + M* v — r(w)]}.

It is possible that, when we use this identity to fill in the matrices, the identity refers to an entry

"outside” the previous matrix, that is, one of the entries of r(w) has absolute value greater than

R. If this occurs, one of the following two cases applies:

e One of the entries is greater th&h This means that the regret allowed for one of the pairs
(6%, 67) is greater than the maximum it could be. We may reduce the value of this ey to
without causing a reduction in the highest value of the objective function that can be obtained.
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e One of the entries is smaller thanR. This means that the regret allowed for one of the
pairs(6?, 67) is smaller than the minimum it could be. Hence, it is impossible to construct an
outcome function that satisfies this, and hence we simply\g&y'[v — r(w)] = —oo.

Once we have constructedd”, we can use this matrix to solve any of our deterministic auto-
mated mechanism design problems. If payments are not allowed, we simply look at the entry
M™[(0,0,...,0)], because this is the highest possible expected value of the objective function that
we can obtain without the agent having positive regret anywhere. If payments are allowed, then
we look at all the entried/"[v] where the regret vectaris such that we can set the payments so

as to make every regret disappear—that is, where we cary setch that for any’, §/, we have
r(0,09) +7(67) — 7(6") < 0. (This is a simple linear program and can hence be solved in polyno-
mial time.) Of all these entries, we choose the one with the highest value of the objective function.
If we want to know not only the highest possible expected value of the objective function, but also
a mechanism that achieves it, we need to store at each step not only the highest possible expected
value for each matrix entry, but also a partial outcome function that achievessit.

6.8.4 A polynomial-time algorithm for randomized mechanisms

When we allow randomization in the mechanism, it turns out that an optimal mechanism can be
designed in time that is polynomial in the length of the concise representation, as in the case of
flatly represented instances (Section 6.4).

Theorem 50 With a constant number of agents, the optimal randomized mechanism can be found
in polynomial time under the multi-issue representation using linear programming, both with and
without payments, both faex postand ex interim IR, and both for implementation in dominant
strategies and for implementation in Bayes-Nash equilibrium.

Proof: We cannot simply use the linear program from Section 6.4, because it would have an ex-
ponential number of variables under the multi-issue representation. However, we can reduce the
number of variables to a polynomial number. To this end, we observe:

o Foralli, E(w|(61,...,6,),0:)= S P((0...,0N)|(01,...,6,)) 3 ub(6;,0")

(o1,...,0")€O 1<k<r

= 3 S P((0!, ..., 0)|(01,. .., 60,))uk(8;,0%) =

1<k<r okeOk (ol,...,07):0k =0
1<zk:< kz k P(o" = of|(61,..., 0n))uf (0;, 0F).
SksrofeO

e Similarly, E(g|(61,...,6,) = 2 S P(o* =0oF|(61,....0,)g"(61,...,6,),05).

1<k<rokeOk

It follows that for the purposes at hand, we care only about the quarfitigs= o*|(61, . . ., 6,)),
rather than about the entire distribution. There are precis®ly |O*| [] |©¢| such probabili-
1<k<r 1<i<n

ties, which is a polynomial number when the number of agents a constant. Additionally, only
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n [[ |©! variables are needed to represent the payments made by the agents in each case (or
1<i<n
none if payments are not possible).

The linear program, which contains constraints for the IC notion and IR notion in question,
and attempts to optimize some linear function of the expected value of the objective function and
payments made, is nhow straightforward to construct. Because linear programs can be solved in
polynomial time, and the number of variables and equations in our program is polynomial for any
constant number of agents, the problem is in Fa

6.9 Summary

In this chapter, we introducealitomated mechanism desjgvhich consists of solving for the opti-

mal mechanism for the instance at hand using constrained optimization techniques. We showed that
automatically designing optimal deterministic mechanisms is NP-hard in most cases, but design-
ing the optimal randomized mechanism can be done in polynomial time using linear programming.
Moreover, by requiring the probability variables in these linear programs to take on integer vari-
ables, we obtain a mixed integer programming approach for designing optimal deterministic mech-
anisms. We showed some initial applications, including divorce settlement, optimally auctioning
one or more items, and deciding on whether to build public goods. We presented scalability results
for the mixed integer/linear programming approaches; we also gave a special-purpose algorithm
for a special case that outperforms the mixed integer programming approach. Finally, we studied a
representation for instances of the automated mechanism design problem that is concise when there
are multiple unrelated issues, and studied how this changes the complexity of the problem.

In the next few chapters, we will take a break from automated mechanism design and instead
focus on the effects of agents’ computational limitations on their behavior in (manually designed)
mechanisms. We will return to the topic of designing mechanisms automatically in Chapter 10,
where we automatically design mechanisms for agents with computational limitations.
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Chapter 7

Game-Theoretic Foundations of
Mechanism Design

As mentioned in Chapter 4, a result known asrehelation principles often used to justify restrict-

ing attention to truthful mechanisms. Informally, it states that, given a mechanism (not necessarily
a truthful or even a direct-revelation mechanism) that produces certain outcomes when agents be-
have strategically, there exists a truthful mechanism that produces the same outcomes. Of course,
this informal statement is too unspecific to truly understand its meaning. Which type of truthful-
ness is obtained—implementation in dominant strategies, Bayes-Nash equilibrium, or something
else? More importantly, what exactly does it mean for the agents to “behave strategically”? It turns
out that there are really multiple versions of the revelation principle: different types of strategic
behavior lead to different types of truthfulness. In this chapter, we will review some basic con-
cepts from game theory, which will provide us with basic definitions of strategic behavior. We will
also present two versions of the revelation principle. This will give us a deeper understanding of
the motivation for restricting attention to truthful mechanisms, which will be helpful in the next
two chapters, where we argue that non-truthful mechanisms need to be considered when agents are
computationally bounded.

7.1 Normal-form games

Perhaps the most basic representation of a strategic settings is a gaommal or strategicform.
In such a game, there areagents (oplayerg, and each playerhas a set oftrategiesS; to select
from. The players select their strategies simultaneously, and based on this eacli pagares a
utility w;(s1,...,s,). Inthe case where = 2 and the number of strategies for each agent is finite,
we can represent the game(lm)matrix form To do so, we label one player the row player, and
the other the column player; then, we add a row to the matrix for each row player strategy, and a
column for each column player strategy; finally, in each entry of the matrix, we place the players’
utilities (starting with the row player’s) for the outcome of the game that corresponds to this entry’s
row and column.

For example, the well-known game of rock-paper-scissors has the following normal-form rep-
resentation:

167
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L e P ]S |
R[00 11|11
P 1-1]00 |11
S 11]1-1]00

(Note that here, each row and each column is given a labeP( .S); such labels do not have any
strategic importance, so we will sometimes omit them.) Rock-paper-scissors is what is known as a
zero-sungame, because within each entry of the matrix, the payoffs sum to zero—what one player
gains, the other loses. If the payoffs in each entry of the matrix sum to a constant other than zero,
the game is effectively still a zero-sum game, because affine transformations of utility do not affect
a player’s behavior.

7.1.1 Minimax strategies

How should we play rock-paper-scissors (and other zero-sum games)? Let us suppose, pessimisti-
cally, that the other player has good insight into how we play. Then, having a deterministic strategy
(say, playing “rock” with probability one) is not a good idea, because the other player can play “pa-
per” and win. Instead, it is better to randomize—for example, play each action with probapgity

The set of randomizationAS; over player:’s (original) set of strategies in the game is known as

the set of playef’s mixedstrategies. (For contrast, we will refer $ as the set opure strategies.)

The most conservative way to play a two-player zero-sum game is to assume that the other player
is able to predict one’s mixed strategy perfectly. Then, one should choose one’s mixed strategy to
minimize the maximum utility that the other player can obtain (given that that player knows the
mixed strategy). Formally, using the common notatiarto denote “the player other thayi player
i should choose a strategy framg min,,ca(s,) maxs_,es_; u—i(0s, s—i). (When we give a utility
function a mixed strategy as an argument, it simply produces the expected utility given that mixed
strategy.) This cautious manner of play may appear very favorable to playgiven that that-i
really doesknow playeri’s strategy). However, in rock-paper-scissors, the minimax strategy is to
play each pure strategy with probability3, and in this case, any action that the opponent takes will
result in an expected utility @¢f for both players. So at least in this game, there is no benefit to being
able to choose one’s strategy based on the opponent’s mixed strategy. This is no accident: in fact,
the famous Minimax Theorem [von Neumann, 1927] shows that the players’ expected utilities will
be the same regardless of which player gets to choose last. Formally, we have (if the utilities in each
entry sum td)): arg min,, ea(s,) MaXs,es, 2(01, 52) = — arg ming, ea(s,) Maxs, es; u1(02, 51).

Hence, it is natural to play minimax strategies in two-player zero-sum games.

What if the game is not zero-sum? As will become clear shortly, no perfect generalization of
the Minimax Theorem exists; nevertheless, there are still ways of solving these games. One simple,
but not always applicable notion is thatddminancewhich will be discussed in the next section.

7.1.2 Dominance and iterated dominance

Consider the following game, commonly known as Eresoner’s Dilemma
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L Is [¢ |
S [-1-1]-30
C 03 |22

The story behind the Prisoner’s Dilemma game is as follows. Two criminals are arrested in connec-
tion with a major crime, but there is only enough evidence to convict them of a minor crime. The
criminals are put in separate rooms, and are each given the option of confessing to the major crime
(C) or keeping silent§). If both keep silent, they are convicted of the minor crime and sentenced

to one year in prison. If one confesses and the other does not, no charges at all will be filed against
the criminal that confesses, and the one that does not is convicted of the major crime and sentenced
to 3 years in prison. Finally, if both confess, they are both convicted of the major crime and given a
slightly reduced sentence Biyears in prison.

How should each criminal play? (Note that it is assumed that there is no opportunity for re-
taliation afterwards, nor do the criminals care about each other’s fate—each prisoner’s objective is
simply to minimize the amount of time that he spends in prison.) If the other criminal confesses, it
is better to confess and get rather than-3. But similarly, if the other criminal keeps silent, it is
better to confess and getrather than—1. So, confessing is always better, and both criminals will
confess—even though this will give each of them a worse outcome than if they had kept $ilent.
say that confessing is@ominant strategyFormally:

Definition 31 Playeri’s strategyo’, € A(.S;) is said to bestrictly dominatedy player:’s strategy
o € A(S,;) if for any vector of strategies ; € S_; for the other playersy;(o;, s—;) > u;(o}, s—1i).
Playeri’s strategyo; € A(S;) is said to beveakly dominatedy player:’s strategyo; € A(S;) if

lWhile prisoners’ confessing to a crime may not appear to be such a bad outcome, there are many other real-world
strategic situations with roughly the same structure where we clearly would prefer the agents to cooperate with each other
and obtain the higher utilities. For example, there are settings where both players would be better off if each invested in a
given public good, but if players act selfishly, neither will invest. Perhaps due to the frustrating nature of such outcomes,
many suggestions have been made as to why an agent may still choose to act cooperatively. For example, the agents may
care about each other’s welfare, or bad behavior may cause failed cooperation, or even retaliation, in the future. Such
arguments amount to nothing more than saying that the game structure and its utilities are inaccurate (or at least incom-
plete). Indeed, one should always be careful to model one’s setting accurately, but this does not resolve the problem in the
many settings that really are modeled accurately by a Prisoner’s Dilemma game. A possible exception is the following
argument. Suppose a player believes that the other player reasactlylike him, and will therefore always make the
same decision. Then, if the former player cooperates, so will the other player; if he does not, neither will the other player.
Therefore, the first player should cooperate. This type of reasoning has been called “superrationality” [Hofstadter, 1985],
but it quickly leads to difficult questions of causality (does choosing to cooperate “cause” the other player to cooperate?)
and free will (is one’s decision already pre-ordained given that the other player must do the same?). This is closely related
to Newcomb’s paradofNozick, 1969], in which a superintelligent or even omniscient being presents an agent with two
boxes, each of which contains some nonnegative amount of money. The agent can choose to take either the contents of
the first box only, or the contents of both boxes. The catch is that when filling the boxes, the being predicted whether the
agent would take one or both boxes, and if it predicted that the agent would choose only one box, it placed significantly
more money in that one box than it otherwise would have placed in both boxes together. Moreover, the being has been
absolutely flawless in predicting other, previous agents’ choices. It can be argued that the agent should choose only the
one box, because then the being presumably would have put much more money in that box; or that the agent should
choose both boxes, since the amounts in the boxes are already fixed at this point. In this dissertation, | will not address
these issues and simply follow the standard model in which one can make a decision without affecting one’s beliefs about
what the other players will decide or have decided (which, for most real-world settings, is an accurate model).



170 CHAPTER 7. GAME-THEORETIC FOUNDATIONS OF MECHANISM DESIGN

for any vector of strategies_; for the other playersy;(o;, s—;) > u;(o}, s_;), and for at least one
vector of strategies_; for the other playersy;(o;, s—;) > ui(o}, s—i).

This definition allows the dominating strategy and the dominated strategy to be mixed
strategies, although the restriction where these strategies must be pure can also be of interest (espe-
cially to avoid assumptions on agents’ attitudes towards risk). There are other notions of dominance,
such awery weakdominance (in which no strict inequality is required, so two strategies can domi-
nate each other), but this dissertation will not study those notions.

In iterated dominancedominated strategies are removed from the game, and no longer have
any effect on future dominance relations. For example, consider the following modification of the
Prisoner’s Dilemma in which the District Attorney severely dislikes the row criminal and would
press charges against him even if he were the only one to confess:

L [s [¢ |
S [ 1130
C [ 2322

Now, the dominance argument only works for the column player. However, because (using the
dominance argument) it is clear that the column player will not keep silent, that column becomes
irrelevant to the row player. Thus the row player effectively faces the following game:

L lc |
S [30
C 272

In this remaining game, confessing does once again dominate keeping silent for the row player.
Thus, iterated dominance can solve this game completely.

Either strict or weak dominance can be used in the definition of iterated dominance. We note
that the process of iterated dominance is never helped by removing a dominated mixed strategy, for
the following reason. I&/ gives playet a higher utility tharv; against mixed strategy; for player
J # i (and strategies_y; ;, for the other players), then for at least one pure stratgghat o;
places positive probability om;; must perform better thaw; againsts; (and strategies_g; ;, for
the other players). Thus, removing the mixed strateggloes not introduce any new dominances.

7.1.3 Nash equilibrium

Many games cannot be solved using (iterated) dominance. Consider the following game (commonly
called “chicken”):

L s [D |
S [[2-2] 11
D | -1,1 | 0,0




7.2. BAYESIAN GAMES 171

The story behind this game is the following: to test who has the strongest nerves, two drivers drive
straight at each other, and at the last moment each driver must decide whether to continue straight
(S) or dodge the other car by turning (say) rigit)( The preferred outcome is to “win” by going
straight when the other dodges, but if both drivers continue straight, they collide and both suffer
severely.

This game has no dominated strategies. In fact, the matrix has multiple strategically stable
entries: if one player goes straight, and the other dodges, then neither player has an incentive to
change strategies (the player going straight is winning, and the player dodging does not want to go
straight and collide). This leads to the definition dflash equilibrium

Definition 32 Given a normal-form game,dash equilibriummis vector of mixed strategies, . . .,

o, such that no agent has an incentive to deviate from its mixed strategy given that the others do not
deviate. That is, for anyand any alternative mixed strategy, we haveu;(o1,...,04,...,0,) >

W01, ..., 00, 0p).

Indeed,S, D) and(D, S) are pure-strategy Nash equilibria of “chicken.” There is another Nash
equilibrium where both players play each pure strategy with probabilityEvery finite game has
at least one Nash equilibrium if we allow for mixed strategies [Nash, 1950].

7.2 Bayesian games

The normal-form representation of games assumes that players’ utilities for outcomes of the game
are common knowledge. Hence, they cannot directly capture settings in which the players’ have
private informationabout their utilities, as they would, for example, in an auction. Such settings
can be modeled usirBayesian games

In a Bayesian game, each player first receives privately held preference information (the player’s
type from a distribution, which determines the utility that that player receives for every outcome of
(that is, vector of actions played in) the game. After receiving this type, the player plays an action
based on it

Definition 33 A Bayesian gamés given by a set of playergdl, 2, ..., n}; and, for each playet,

a set of actions4;, a type spac®, with a probability distributionp; over it, and a utility function

u; : ©; x Ay x ... x A, — R (whereu;(6;,ay,...,a,) denotes playei’s utility wheni’s type is

¢; and each playey plays actiona;). A pure strategyn a Bayesian game is a mapping from types
to actions,s; : ©;, — A;, wheres;(6;) denotes the action that playéplays for type);.

As an example, consider an unusual first-price sealed-bid auction with two bidders, in which the
bidders can only bid 1 or 2. If the bids are tied, then the winner is chosen randomly. Each bidder
draws a valuation fron®; = ©, = {2,2.5} uniformly at random. We can represent the utility
function of playerl (the row player) as follows:

2In general, a player can also receive a signal about the other players’ preferences, but we will not concern ourselves
with that in this dissertation.
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\ H bidl\bidQ\
bid1l || .5 0
bid2 || O 0
Row player utilities whef; = 2.
\ H bidl\bidQ\
bidli | .75 |0
bid2 || .5 .25

Row player utilities whed; = 2.5.

The utility function for the column player is similar.

Any vector of pure strategies in a Bayesian game defines an (expected) utility for each player,
and therefore we can simply translate a Bayesian game into a normal-form game. For example, the
auction game above gives (lettingy denote the strategy of biddingwhen one’s type i, andy
when one’s type i8):

12 [ 1,2 | 21 | 2,2 |
1,1] .625,.625 | .3125, .5 |.3125,.375 [0, .25

1,2 .5,.3125 | .3125,.3125 .3125,.1875 .125, .1875
2,1] .375, .3125| .1875, .3125 .1875, .1875| 0, .1875
2,2] .25,0 .1875,.125 | .1875,0 125,.125

Using this transformation, we can take any solution concept that we have defined for normal-
form games (such as dominance or Nash equilibrium), and apply it to Bayesian games. For example,
in the game above, the strategy 2,1 is strictly dominated by 1,2. The strategy 2,2 is weakly dom-
inated by 1,2. After removing 2,2 for both players, 1,1 weakly dominates every other strategy, so
iterated weak dominance can solve this game entirely, leaving only 1,1 for each player. Both play-
ers playing 2,2 is nevertheless a Nash equilibrium so is both players playing 1,2; and both players
playing 1,1. There are no mixed-strategy equilibria.

One remark that should be made is that the normal-form representation of the Bayesian game
is exponentially larger than the original representation, because each pmmm@il distinct
pure strategies. For the purpose of defining solution concepts and other conceptual purposes, this
causes no problem. But, later, when we will be interested in computing Bayesian games’ solutions,
it will not be sufficient to simply apply this transformation and solve the normal form, since this
will require exponential time (and space).

So, one can define solution concepts for Bayesian games by applying normal-form solution
concepts to the normal-form representation of a Bayesian game. In spite of the simplicity of this
approach, the typical approach in mechanism design is nevertheless to define the solution concepts
directly, as is done below. For simplicity of notation, in the remainder of this chapter, | discuss pure
strategies only; the generalizations to mixed strategies (where agents choose a distribution over
actions based on their types) are straightforward.

First, let us consider a direct definition of dominance that is typically used in mechanism design:

Definition 34 Given a Bayesian game, the vector of strategigs. . ., s,,) is adominant-strategy
equilibriumif for every agent, for every typd); € ©;, every alternative action; € A;, and every
action vectora_; € A_; of the other agents, we hawg(0;, s;(0;),a_;) > u;(0;,a;,a_;).
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There are a few differences between this definition and using the normal-form representation
definition of dominance given above. First, this definition only applies to games where each agent
has a strategy that dominates all oth&es, dominance can solve the game entirely (without iter-
ation). Second, none of the inequalities are required to be strict—therysweakdominance. A
third, subtle, minor difference is that in this definition the strategy is supposed to give an optimal
actionfor every type of the agenagainst any opponent actions. The definition that appeals to the
normal-form representation only requires that the strategy maximizesttiexpected utility over
the agent’s typesagainst any opponent actions. The normal-form definition still requires that the
strategy chooses the optimal action for any type with positive probability; the only difference is
that the normal-form definition does not require optimal actions to be chosen on types that have
probability zero. For games with finitely many types, this is an insignificant difference, since it does
not make sense to even bother defining a type that occurs with zero probability. Under continuous
type spaces, the difference is a little more significant since the normal-form definition may choose
to play in a bizarre manner on a set of types with measure zero. Since we will be mainly concerned
with finite type spaces, the difference between the definitions is immaterial.

Now we will consideBayes-Nash equilibriurrunder which agents strategies are optimal only
given the other agents’ strategies, and given that one does not know the other agents’ types.

Definition 35 The vector of strategigs, . . ., s,,) is aBayes-Nash equilibriurif for every agent,
for every typd; € ©;, and every alternative action € A;, we haveFy__ [u;(6;, 5i(0;),s—i(0_;))] >
Ep_,[ui(0i, ai, 5-i(0-4))].

This definition is identical to the one where we simply apply Nash equilibrium to the normal
form of the Bayesian game—uwith the exception that agents can no longer behave arbitrarily for
types that have zero probability.

Now that we have some methods for predicting strategic behavior in arbitrary games, we can
return to mechanism design and begin to assess the quality of mechanisms that are not truthful,
direct-revelation mechanisms. In the next section, we will use this ability to prove two variants of
the revelation principle, showing thiitagents play according to the solution concepts defined here,
then there is no reason not to use a truthful, direct-revelation mechanism.

7.3 Revelation principle

To prove the revelation principle, we first need to assess what outcomes will be produced by a
mechanism that is not a truthful, direct-revelation mechanism, based on the solution concepts for
Bayesian games given above. Such a mechanism can be represented by a set ofl aftirogech

agent:, and an outcome selection function: A; x ... x A, — O. (To minimize notational
overhead, payments should be considered part of the outcome here. Also, the outcome function
may in general produce distributions over outcomes; everything below can be extended to allow for
this as well simply by replacing@ with A(O).)

We first define when a mechanismplements givensocial choice rule

Definition 36 A social choice rulés a functionf : ©1 x...x 0, — O. A mechanism implements
rule f in dominant strategiei$ there is a dominant strategy equilibriugay, .. ., s,,) such that for
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all (61,...,6,) €01 x...x 0Oy, 0(51(601),...,5,(0,)) = f(01,...,0,). Similarly, a mechanism
o implements rulef in Bayes-Nash equilibriunf there is a Bayes-Nash equilibriufa, . .., s,)
such that for all(6;,...,0,) € ©1 X ... X Oy, 0(51(01),...,5.(0n)) = f(O1,...,0n).

One should note that a game may have multiple equilibria, and may therefore implement mul-
tiple social choice rules. For example, consider the two-type first-price auction example in the
previous section: two of its equilibria always allocate the item at random, but the third allocates the
item to the bidder with the higher valuation if the valuations are not equal. If there are multiple equi-
libria, then we will assume that we can choose our favorite equilibrium. This strengthens the power
of indirect/non-truthful mechanisms, and therefore strengthens the revelation principle result below.
(It should be remarked that truthful direct-revelation mechanisms may have multiple equilibria as
well; however, one may argue that the truth-telling equilibrium is “fodad’,the most natural one.)

We are now ready to review two known variants of the revelation principle, corresponding to
dominant-strategies equilibrium and Bayes-Nash equilibrium. Before doing so, recall the simple
intuition behind the revelation principle: the new, truthful direct-revelation mechanism that we con-
struct requests the agents’ types, and then plays “on their behalf” in the old mechanism (according
to the equilibrium of that mechanism) to produce the outcome. There is no reason for an agent to
misreport his type, since this will only result in the new mechanism playing the part of that agent
suboptimally in the old mechanism.

Revelation Principle, version 1 Suppose there is an (indirect/non-truthful) mechanism that imple-
ments social choice rulé in dominant strategies. Then there exists a dominant-strategies incentive-
compatible direct-revelation mechanism with outcome selection funetibat also implementg

in dominant strategies (using the truth-telling equilibrium).

Proof: We show how to transform the given mechanism that implemégritdéo a truthful direct-
revelation mechanism that implemerjts For eachi, let s¢¢ : ©; — A% be the strategy played

by agenti in the equilibrium that implementg in the given mechanism, and let? be the given
game’s outcome selection function, so th&t (s¢'4(6,),...,s%4(0,)) = f(61,...,6,), and the

sgld constitute a dominant strategies equilibrium. Then let our new mechanism have the outcome
function o given byo(6y,...,0,) = o%4(s¢4(0y),...,s%%0,)) = f(b1,...,0,). All we need

to show is that truthtelling is a dominant strategies equilibrium. To show this, we observe that for
any: and#; € ©;, for any alternative typéi € 0,, and for anyd_; € ©_;, u;(0;,0(0;,0_;)) =

i (0;, 0% (s914(6;), s40_3))) > ui(6;, 074 (s94(8;), s%9(0_4))) = wi(6s,0(6:,60_;)), where the
inequality derives from the fact that thﬁld constitute a dominant strategies equilibrium in the
original mechanism. =

Revelation Principle, version 2 Suppose there is an (indirect/non-truthful) mechanism that imple-
ments social choice rulg in Bayes-Nash equilibrium. Then there exists a Bayes-Nash equilibrium
incentive-compatible direct-revelation mechanism with outcome selection fudiiat also im-
plementsf in Bayes-Nash equilibrium (using the truth-telling equilibrium).

Proof: We show how to transform the given mechanism that implemégritéo a truthful direct-
revelation mechanism that implemerjts For eachi, let s¢'¢ : ©; — A% be the strategy played
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by agent: in the equilibrium that implementg in the given mechanism, and let? be the given
game’s outcome selection function, so thdt (s¢!¢(6,),...,s%4(0,)) = f(61,...,0,), and the

sfld constitute a Bayes-Nash equilibrium. Then let our new mechanism have the outcome function
o given byo(6,...,0,) = 0®(s¢14(6y),...,594(0,)) = f(bn,...,0,). All we need to show is

that truthtelling is a Bayes-Nash equilibrium. To show this, we observe that for amgd; € O,,

for any alternative typéz S @Z', Egii [uz(el, 0(92‘, 9_2))] = Egﬂ, [ul(ez, OOld<S?ld(9i), So_lfl((g_l)))] >
Ep_,[ui(6s, 0°(s94(0;), s%40_:)))] = Eo_,[ui(6:,0(6;,0_;))], where the inequality derives from

the fact that thegld constitute a Bayes-Nash equilibrium in the original games

We have assumed that the strategies in the equilibrium of the original mechanism are pure; the
result can be extended to the setting where they are mixed. In this case, though, the resulting truthful
mechanism may become randomized, even if the original mechanism was not.

7.4 Summary

In this chapter we reviewed basic concepts from game theory. We reviewed basic solution concepts
for normal-form games, including minimax strategies, dominance and iterated dominance, and Nash
equilibrium. We then showed how to extend these solution concepts to Bayesian games. Armed with
these concepts, we finally presented the (known) proofs of two variants afwalkation principle

which (informally stated) show that if agents act strategically (according to these solution concepts),
then there is no reason not to use a truthful, direct-revelation mechanism.

Unfortunately, as we will see in the next chapters, the assumption that agents will behave in a
strategically optimal way is often untenable in mechanisms for expressive preference aggregation.
This isin part due to the fact that the agents’ strategy spaces become too large to search exhaustively.
Of course, exhaustive search is not necessarily required to behave in a strategically optimal way—
perhaps there are efficient algorithms that home in on the optimal strategies quickly. In Chapter 8
we show that for some settings, this is unlikely to be the case, because even the problem of finding
a best response to given strategies by the other players is computationally hard (NP-complete or
harder). Additionally, intuitively, the problem of computing a best response is much easier than that
of acting optimally when the other agents’ actions are not yet known, and must be reasoned about
first. In Chapter 9 we show that indeed, standard solution concepts such as (iterated) dominance and
Nash equilibrium can be hard to compute (even when the strategy spaces are much more manageable
in size).



176 CHAPTER 7. GAME-THEORETIC FOUNDATIONS OF MECHANISM DESIGN



Chapter 8

Mechanism Design for Bounded Agents

Any fool can tell the truth, but it requires a man of some sense to know how to lie
well.
Samuel Butler

Mechanism design has traditionally taken the conservative view that agents will always choose
the actions that are in their own best interest—the assumptiperééct rationality Specifically, the
revelation principle discussed in the previous chapter relies heavily on this assumption. However,
this may be an overly conservative assumption in that agents may not always have the computational
resources to find the action that is in their own best interest—their rationallipuaded For
instance, bidding optimally in a reverse auction for trucking tasks may require the bidder to solve
multiple NP-complete vehicle routing problems [Sandholm and Lesser, 1997]. With this in mind,
we can ask questions such as:

e Canimpossibility resultsn mechanism design that rely on the assumption of perfect rational-
ity be circumvented if agents have limited computational resources?

e Given that the revelation principle ceases to apply when agents’ rationality is bounded, are
there benefits to usingon-truthfulmechanisms (even when reasonable truthful mechanisms
exist)?

It is impossible to answer these questions without some characterization of how the agents’ ratio-
nality is bounded. Previous work by Larson and Sandholm relies on explicitly modeling the agents’

computational choices to derive direct tradeoffs between the cost of additional computation and the
benefits of additional computation to the solution [Larson and Sandholm, 2001a, 2005]. In contrast,

various research has proposed the use of mechanisms that amppndximately truthful These can be easier to
execute [Kotharet al, 2003; Archeret al, 2003], or their use can be motivated by impossiblity results that apply to
truthful mechanisms [Parke=t al, 2001; Goldberg and Hartline, 2003]. For approximately truthful mechanisms, the
idea is not that it will necessarily be computationally difficult for agents to act optimally, but rather that the incentives
for the agents to act optimally (rather than simply tell the truth) are somehow too small for the agents to respond to
them. However, if the agents do respond to these slight incentives, the desirable properties of the mechanism may unravel
completely.

177
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this chapter will not require specific models of how the agents do their computation. Rather, it
relies on classic complexity-theoretic notions to determine whether it is hard for the agents to find
strategically optimal actions.

The rest of this chapter is layed out as follows. In Section 8.1, we show that there are settings
where using the optimal truthful mechanism requires the center to solve a hard computational prob-
lem; but there is another, non-truthful mechanism, under which the center does not have to solve
any hard optimization problem, but the problem of finding a beneficial manipulation is hard for one
of the agents. Moreover, if the agent manages to find the manipulation, the produced outcome is
the same as that of the best truthful mechanism; and if the agent does not manage to find it, the
produced outcome is strictlyetter[Conitzer and Sandholm, 2004c]. In Section 8.2, we show that
adding apreroundto voting rules can make manipulation of these voting rules computationally
much harder [Conitzer and Sandholm, 2003g]. However, those hardness results (as well as others)
rely on the number of candidates being unbounded. In Section 8.3, we show that if we consider
coalitional manipulation byweightedvoters, then we can get hardness even with constant num-
bers of candidates [Conitzer and Sandholm, 2002a; Corétzat, 2003]. Unfortunately, all of the
above hardness results only prove hardness in the worst case (as is common in complexity theory).
In Section 8.4, we give an impossibility result that makes it appear unlikely that voting rules can be
constructed that angsuallyhard to manipulate [Conitzer and Sandholm, 2006f].

8.1 A failure of the revelation principle with bounded agents

As we have seen in earlier chapters, in many real-world mechanism design settings, the center faces
an intractable optimization problem in trying to execute the mechanism. In this section, we question
the focus on truthful mechanisms when the setting requires the solution of computationally hard
problems. In particular, we show that there are settings where by abandoning truthful mechanisms,
we can shift a computationally hard problem from the center to one of the agents. Additionally,
whereas not being able to cope with the issue of computational hardness would have hurt the center
in achieving its objective, if the agent is unable to cope with it, this actually helps the designer in
achieving its objective.

We first observe that dominant strategy implementation and Bayes-Nash implementation differ
only on what agents can be expected to know about each other’s types and actions. An interesting
special case is that of games where only one agent needs to choose an action. In this case, the
acting agent always knows everything there is to know about the other agents’ actions (hamely,
nothing). So, both solution concepts coincide here. We prove the remaining two theorems for
this types of game, so the results hold both for dominant strategy implementation and Bayes-Nash
implementation.

Theorem 51 Suppose that the center is trying to maximize social welfare, and neither payments nor
randomization are allowed.Then, even with only two agents (one of whom does not even report a
type, so dominant strategy implementation and Bayes-Nash implementation coincide), there exists
a family of preference aggregation settings such that:

2It is not immediately clear if this result can be extended to cases with payments or randomization; we leave this as a
question for future research.
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e the execution of any optimal truthful mechanism is NP-complete for the center, and

e there exists a non-truthful mechanism which 1) requires the center to carry out only polyno-
mial computation, and 2) makes finding any beneficial insincere revelation NP-complete for
the type-reporting agent. Additionally, if the type-reporting agent manages to find a bene-
ficial insincere revelation, or no beneficial insincere revelation exists, the social welfare of
the outcome is identical to the social welfare that would be produced by any optimal truthful
mechanism. Finally, if the type-reporting agent does not manage to find a beneficial insincere
revelation where one exists, the social welfare of the outcostedsly greatethan the social
welfare that would be produced by any optimal truthful mechanism.

Put in perspective, the mechanism designer would reap two benefits from using the second,
non-truthful mechanism rather than a truthful mechanism:

e Doing so shifts the computational hardness from the center to the agent. This can also be
seen as a statement about how the social welfare that can be obtained by truthful mechanisms
compares to the social welfare that can be obtained by non-truthful mechanisms, as follows.
If it is computationally infeasible to execute the optimal truthful mechanism, the designer
might resort to another truthful mechanism which merely approximates the social welfare
obtained by the optimal truthful mechanism (this approach is often advocated in algorithmic
mechanism design).

e If the agent cannot consistently solve instances of an NP-complete problem, then, even if the
agent is trying to act strategically, using the second mechanism improves social welfare in
some cases (and never decreases it).

Hence, (by the argument under the second bullet) the non-truthful mechanism—which is com-
putationally feasible to execute—outperforms the optimal truthful mechanism, which (by the argu-
ment under the first bullet) in turn outperforms any computationally feasible truthful mechanism.

We emphasize that we dwt require that agents will never be able to solve an NP-complete
problem. Our result is more cautious than that: if agents do solve the NP-complete problem, nothing
is lost; whereas if they do not solve it, something is gained.

Another point is that individual rationality is still maintained under this approach, by making
sure that telling the truth still guarantees an agent nonnegative utility (even if telling the truth is not
strategically optimal).

We are now ready to give the proof.

Proof: We are given a grapty = (V, E) (with at least some edges); the outcome space is the set
of all subsets of sizé of the vertices{X C V : |X| = k}. The type-reporting agent (ageht

has the following type se&b. For eachX C V with | X| = k, there is a typ@x which occurs with
probability1/((}) + 1). The utility function for these types is as follows; (fx, X) = 4 if X is an
independent set (that is, there are no edges wikinu; (fx, X) = 3 if X is not an independent
set;u1(0x,Y) = 1if X # Y andY is an independent set; and(fx,Y) = 0if X # Y and

Y is not an independent set. Additionally, there is a single additional &ypehich occurs with
probability1/((}) + 1), and the utility function for it is given as follows:; (6, X) = 1if X is an
independent set; and (6, X) = 0 if X is not an independent set. Agentwho does not report a
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type, has the following utility functionus(X) = 2 if X is not an independent set; ang( X) = 0
if X is an independent set. Now let us consider creating a mechanism for such a setting that uses
neither payments nor randomization.

First, we claim that all optimatuthful mechanisms are of the following form.

e If agentl reports a typdx, then choose outcomg;

e If agent1 reports type), then 1) if there exists an independent &etC V' with | X| = &,
choose such an independent set; or 2) if no independent set exists, chodseaiy with
| X| = k.

It is straightforward to verify that mechanisms of this form act in agénbest interest, that is, they
always choose one of the outcomes that are optimal for agent 1 given its type. Hence, agent 1 never
has any incentive to misreport its type, so these mechanisms are truthful. All that remains to show
is that all other truthful mechanisms have strictly less expected social welfare than these. We first
observe that the only case in which we get less than the optimal social welfare with the mechanisms
of the given form is when agenthas typedy, and an independent set of sizexists. In this case,

the mechanisms of the given form choose an independent set as the outcome, leading to a social
welfare of1; whereas a social welfare @fcould have been obtained by choosing a set that is not
independent. It follows that the expected social welfare that we get from one of the mechanisms
of the given form is at mo% below the maximal expected social welfare that we could have

obtained if the agents did not play strategically. Now consider an alternative truthful mechanism
that, for someX C V with | X| = &, does not choos& when agent reportsfx. In this case, this
mechanism can obtain a social welfare of at nipsthereas the optimal social welfare in this case
is at least!. It follows that the expected social welfare that we get from this mechanism is at least
# below the maximal expected social welfare that we could have obtained if the agents did not
pfay strategically. Hence, all optimal truthful mechanisms always chdoséen agent reports
fx. But then, if an independent set existsGi an optimal truthful mechanism must choose such
an independent set in the case where ageeportsdy: because if it does not, then when agént
has this type, it would benefit from misreporting its type as a type corresponding to the independent
set—and the mechanism would no longer be truthful. Thus, we have established that all optimal
truthful mechanisms are of the given form. We observe that executing such a mechanism requires
solving an NP-complete problem, because we have to construct an independent set if it exists, which
is NP-complete.

Now consider the following mechanism:

e If agentl reports a typdx, then choose outcomg;

e If agentl reports typd), then choose som& C V' with | X| = & that is not an independent
set.

We observe that this mechanism is computationally easy to execute. Also, this mechanism is not
truthful if there is an independent set, because in this case, if aderd type),, it would be better

off reporting the type corresponding to the independent set. However, there are no other beneficial
insincere revelations. Thus, it is straightforward to verify that if ageatways reports the type
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that is strategically optimal for it, the outcome of this mechanism is always identical to that of one
of the optimal truthful mechanisms. Of course, in order for agetat always report the type that

is strategically optimal for it, agert needs to construct an independent set (if possible) when it
has typefly. Because this problem is NP-complete, it is reasonable to suspect thatlagéht

not always be able to construct such a set even when it exists. If agedéed fails to construct

an independent set in this case, the outcome will be sdme V' with |X| = & that is not an
independent set. This outcome actually has a social welf&gasf opposed to the social welfare of

1 that would have been obtained if agértad managed to construct an independent set. Hence the
social welfare is strictly greater than in the case where agéat unlimited computational power;
and hence it is also a greater than it would have been with an optimal truthful mechaniam.

Given this example setting in which the revelation principle “fails” in the sense that non-truthful
mechanisms can outperform truthful orfesne may wonder whether similar phenomena occur in
other, more standard settings. In the remainder of this chapter, we will study whether this is so for
voting settings.

8.2 Tweaking voting protocols to make manipulation hard

Early, seminal work on the complexity of manipulating elections demonstrated that several voting
rules are hard to manipulate, including the second-order Copeland rule [Baghaldil989a] and

the STV rule [Bartholdi and Orlin, 1991]. In this section we take the next step of designing new
protocols that are especially hard to manipulate. Rather than designing these protocols from scratch,
we show how to tweak existing voting protocols to make manipulation computationally much more
difficult, while leaving much of the original nature of the protocol intact, for the following reasons:

e Results on the computational complexity induced by a tweak typically apply to a large family
of protocols.

e Some of the original protocol’s nice theoretical properties are preserved by the tweak. For
example, if a protocol satisfies ti@ondorcet criteriona candidate that wins all its pairwise
elections always wins the election), the tweak will preserve this property.

e In practice, it will be much easier to replace a currently used protocol with a tweaked version
of it, than with an altogether new protocol.

The type of tweak we introduce is the following. All the candidates are pairegiaraund of
each pair of candidates, only the winner of their pairwise election survives. (Recall that the winner
of the pairwise election between two candidates is the candidate that is ranked above the other more
often in the votes.) After the preround, the original protocol is executed on the remaining candidates.
Theschedulef the preround (i.e., who faces who) can be determined before the votes are collected;
after the votes are collected; or while the votes are collected (the processes are interleaved). We
study these three cases in Subsections 8.2.2, 8.2.3, and 8.2.4, respectively.

30f course, the principle does not fail in the sense that the formal statements of it are wrong; it is merely that the
preconditions of the theorem fail to hold when agents are computationally bounded.
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8.2.1 Definitions
\oting protocols

For the purposes of this section,daterministicprotocol is a protocol of the type that we have
considered earlier in this dissertation, that is, a function from the set of all combinations of votes to
C. (We will only be interested in the winner of the election in this section, not in an entire ranking
of candidates.) Aandomizedprotocol is a function from the set of all combinations of votes to
probability distributions over”. An interleavedprotocol is a procedure for alternating between
collecting (eliciting) parts of the voters’ votes.@. whether they prefer candidateto candidate

b) and drawing and publishing random variables (such as parts of the schedule for an election),
together with a function from the set of all combinations of votes and random varialfles to

Preround

The tweaks we study in this section all involve the addition of a preround. We will now define how
this works.

Definition 37 Given a protocolP, the new protocol obtained by adding a preround to it proceeds
as follows:

1. The candidates are paired. If there is an odd number of candidates, one candidate gets a bye.

2. In each pairing of two candidates, the candidate losing the pairwise election between the two
is eliminated. A candidate with a bye is never eliminated.

3. On the remaining candidate®, is executed to produce a winner. For this, the implicit votes
over the remaining candidates are used. (For example, if a voter voted - ¢ > d > e,
andb andc were eliminated, the voter’s implicit voteds- d > e.)

The pairing of the candidates is also known as siebedulefor the preround. If the schedule is
decided and published before the votes are collected, we hdegaministic preroundl{ PRE),

and the resulting protocol is called PRE + P. If the schedule is drawn completely randomly
after the votes are collected, we havesmdomized preroundi{P RE), and the resulting protocol

is called RPRFE + P. Finally, if the votes are elicited incrementally, and this elicitation process

is interleaved with the scheduling-and-publishing process (which is again done randomly), as de-
scribed in detail in Subsection 8.2.4, we haveiterleaved preround/ (P RE), and the resulting
protocol is calledl PRE + P.

Manipulation

We now define the computational problem of manipulation that we study in this section. Other
definitions of manipulation are possible: in the next section, we will give a more thorough analysis
of the different variants of the manipulation problem, and study some of the other variants.

Definition 38 (CONSTRUCTIVE-MANIPULATION) We are given a protocaP, a candidate
set(C, a preferred candidate, and a set of vote$§' corresponding to all the other voters’ votes.
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The manipulator has yet to decide on its vote, and wants to maki&. Then the constructive
manipulation question is:

o (For deterministic protocols) Can the manipulator cast its vote to makeén underP?

e (For randomized protocols) Can the manipulator cast its vote to make the probability of
winning underP at least some giveh € [0, 1]?

o (For interleaved protocols) Given the initial random choices (if any) by the protocol, is there
a contingency plan (based on the random decisions the protocol takes between eliciting parts
of the votes) for the manipulator to answer the queries to make the probabilitywofing
under P at least some giveh € [0,1]?

8.2.2 NP-hardness when scheduling precedes voting

In this subsection, we examine the complexity induced by the preround when the voters know the
schedule before they vote.

A sufficient condition for NP-hardness

We present a sufficient condition under which adding a preround with a preannounced schedule
makes manipulation NP-hard. The condition can be thought of as an NP-hardness reduction tem-
plate. If it is possible to reduce an arbitrary SAT instance to a set of votes satisfying certain proper-

ties under the given voting protocol, that protocol—with a preround—is NP-hard to manipulate.

Theorem 52 Given a voting protocoP, suppose that it is possible, for any Boolean formgilia
conjunctive normal form (i.e., a SAT instance), to construct in polynomial time a set of votes over
a candidate set containing at lea§p} U C whereCr, = {¢; : | € L} (L is the set of literals

{+v :v € V} U{—v : v € V}, whereV is the set of variables used i), with the following
properties:

e (Property 1a) If we remove, for eache V, one ofc,, andc_,, p would win an election
under protocolP against the remaining candidates if and only if for every clabise K
(where K is the set of clauses in), there is somé € L such thatc; has not been removed,
and!/ occurs ink. This should hold even if a single arbitrary vote is added.

e (Property 1b) Forany € V, ¢y, andc_, are tied in their pairwise election after these votes.

Then CONSTRUCTIVE-MANIPULATION MPRFE + P is NP-hard (and NP-complete # is
deterministic and can be executed in polynomial time).

Proof: Consider the following election undé?PRE + P. Let the candidate set be the set of all
candidates occurring in the votes constructed fep(the "original candidates”), plus one dummy
candidate for each of the original candidates besides thaSg.ifo each of the constructed votes,

add all the dummy candidates at the bottom; let the resulting set of votes be the set of the nonma-
nipulators’ votes. A single manipulator’s vote is yet to be added. Let the schedule for the preround
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be as follows: for each, c;, andc_, face each other in the preround; and every other original
candidate faces (and, because of the dummy candidates’ position in the votes, defeats) a dummy
candidate. Thus, the set of candidates that make it through the preround consists of, foeddch

one ofcy, andc_,; and all the other original candidates. The manipulator’s vote will decide the
winner of everycy, vs. c_, match-up, because by property 1b, all these pairwise elections are
currently tied. Moreover, it is easy to see that the manipulator can decide the winner of each of
these match-ups independently of how it decides the winners of the other match-ups. Thus, we can
think of this as the manipulator giving the variables truth-valuess set totrue if ¢, survives,

and tofalseif ¢_, survives. By property la it then follows thatwins if and only if the manip-
ulator's assignment satisfies all the clauses, i.e. is a solution to the SAT instance. Hence there is
a successful constructive manipulation if and only if there is a solution to the SAT instance, and it
follows that CONSTRUCTIVE-MANIPULATION inDPRE + P is NP-hard. (It is also in NP if

P is deterministic and can be executed in polynomial time, because in this case, given a vote for the
manipulator, it can be verified in polynomial time whether this vote makes). =

Examples

We now show how to apply Theorem 52 to the well-known protocols we discussed, thus showing
that each of these protocols—with a preround—is NP-hard to manipulate.

Theorem 53 There exists a reduction that satisfies properties 1a and 1b of Theorem 52 under the
plurality rule.

When it does not matter for our proofs whether a given votetsb = ¢ or b = a > ¢, we
write {a, b} > c.
Proof: Given the formulap, let the candidate set be the minimally required candidgi¢s) C;,,
plus a set of candidates corresponding to the set of clatiseS¢, Cx = {c; : k € K}. Then,
let the set of votes be as followd} K | + 2 votes ranking the candidates- C, - Ck; for each
k € K, 4|K| votes ranking the candidategs > {c; € Ck : ¢l # k} > Cr > p; and for each
k € K, 4 votes ranking the candidat¢s; € Cr : l € k} = cp = {cg € CL : 1 ¢ k} > {cq €
Cxk : cl # k} = p. Additionally, we require that these votes are such that after counting them, for
eachv € V, ¢y, andc_, are tied in their pairwise election, so that property 1b is satisfied. (This
is possible because the total number of votes is even, and the majority of the votes do not yet have
any restrictions on the order of thig;,.) We now show property la is satisfied. We first observe
that regardless of which of the candidates corresponding to literals are rerpavididyet 4| K| + 2
votes. Now, if for somé& € K, all the candidateg; with [ € L,[ € k are removed, then, will
get at leastt| K| + 4 votes andy will not win. On the other hand, if for each € K, at least one
candidater; with [ € k remains, then each of thg will get precisely4| K| votes. Because each
remainingc; can get at most| K| votes as wellp will win. In both cases there is a "margin” of at
least2, so a single additional vote will not change this. Thus, property 1a is satisfiad.

Theorem 54 There exists a reduction that satisfies properties 1a and 1b of Theorem 52 under the
Borda rule.
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Proof: Given the formulap, let the candidate set be the minimally required candidgiés) C7;

plus a set of candidates corresponding to the set of clakises¢, Cx = {c; : k € K}, which

we order in some arbitrary way to gét;,...,c/k}. Let M be the total number of candidates
this defines. Then, let the set of votes be as follows: for every Ck, 4M votes ranking the
candidates; 11 = ciyo > ... = Clg| = P > Cl > C2 > ... > Ci1 > {g e Cp:1l€c¢}

¢i = {cq € L:1¢ ¢}, (here, the slight abuse of notatidre ¢; means that occurs in the clause
corresponding te;;) 4M votes ranking the candidates > c; > ... = ¢ = p = Cr; one vote

c1 = ¢ = ... = qg| = Cp = p;one votecg| = cjg—1 = ... = c1 = Cp = p; and finally,

4| K |M votes ranking the candidatgs- ¢; > c2 > ... > ¢, = Cr, and4|K|M votes ranking the
candidates,, > c¢,_1 > ...c1 = p = Cp. Additionally, we require that these votes are such that
after counting them, for eache V, ¢, andc_, are tied in their pairwise election, so that property
1b is satisfied. (This is possible because the total number of votes is even, and the majority of the
votes do not yet have any restrictions on the order ot:théMe now show property 1a is satisfied.

It is easy to see that none of thecan win, regardless of which of them are removed. Thus, we only
need to consider the andp. The last8| K| M votes will have no net effect on the relative scores
of these candidates, so we need not consider these here. After thi¢|fitsti- 1) M votes, anyy

for which all thec; with [ € k& have been removed will be tied with and any othee;, will be at
least4M points behindp. Finally, from the last remaining two votes, any (k € K) will gain

2M —2|V| — | K| — 1 points onp. It follows thatp wins if and only if for every clausé € K, there

is somel € L with [ € k such that; has not been removed. In both cases there is a "margin” of at
leastM — |V| points, so a single additional vote will not change this. Thus, property 1a is satisfied.
|

Theorem 55 There exists a reduction that satisfies properties 1a and 1b of Theorem 52 under the
maximin rule.

Proof: Given the formulap, let the candidate set be the minimally required candidgi¢és) C7,
plus a set of candidates corresponding to the set of clakises¢, Cx = {cx : kK € K}. Then,

let the set of votes be as follows] K | votes ranking the candidates>- C1 - Ck, 8| K| votes
ranking the candidateS;, >~ Cx > p, and8| K| votes ranking the candidat€g; > p > Cp; 4| K|
votes ranking the candidatés, - p -~ Ck, 4|K| votes ranking the candidatés; -~ Cr > p,
and, for eactk € K, 4 votes ranking the candidatps- {c; € Cx : cl #k} = {c € Cp : 1 €

k} = ¢, = {a € CL : 1 ¢ k}, and finally,2 votes ranking the candidates- Cx > Cr, and

2 votes ranking the candidatés, >~ p = Cp. Additionally, we require that these votes are such
that after counting them, for eaeche V, c,, andc_, are tied in their pairwise election, so that
property 1b is satisfied. (This is possible because the total number of votes is even, and the majority
of the votes do not yet have any restrictions on the order ottheWe now show property 1a is
satisfied. Regardless of which of the candidates corresponding to literals are repiswedrst
score in a pairwise election is against any of thenamely16| K| + 2. Any ¢ for which all the

c; with [ € k have been removed will get its worst pairwise election score against any 6f;the
namelyl6| K| + 4. Finally, any other;, will get its worst pairwise election score against one of the
¢y with [ € k, namely,16|K|. It follows thatp wins if and only if for every clausé € K, there is
somel € k such that; has not been removed. In both cases there is a "margin” of atdeasta
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single additional vote will not change this. Thus, property 1a is satisfies.

Theorem 56 There exists a reduction that satisfies properties 1a and 1b of Theorem 52 under the
STV rule.

Proof: Given the formulap, let the candidate set be the minimally required candidgiés) C1,

plus a set of candidates corresponding to the set of clalise ¢, {c. : ¢l € K}, which we
order in some arbitrary way to gét, ..., ¢/x|}; plus4[K| additional candidates,, , . . . , cay -
Then, let the set of votes be as follows: for edach K, 4 votes ranking the candidatés; € C7, :
leky=c ={qeCL:1l¢&k} = p>{cy}; foreache,,, 2 votes ranking the candidates
Ca; mC1L>=C1= ... =g =p=CL = {ca; 1 j # i}, and finally,4 votes ranking the candidates

p = Cxg = Cp = {c,,}. Additionally, we require that these votes are such that after counting
them, for each € V, ¢, andc_, are tied in their pairwise election, so that property 1b is satisfied.
(This is possible because the total number of votes is even, and the majority of the votes do not yet
have any restrictions on the order of thg.) We now show property 1a is satisfied. Regardless
of which of the candidates corresponding to literals are remqvedl| have 4 votes initially, and
everyc,; will have 2 votes initially. Anycy, (k € K) for which all thec; (I € L) with [ € k have
been removed will havé votes initially. Any otherc;, will have 0 votes initially, and hence drop
out in the first round. Then, befogeor any morec;. drop out, all thec,; will drop out, because
they have only2 votes initially and no votes will transfer to them. All tR¢K'| votes that the:,,

have initially will transfer either to the; that has the lowest indeéxamong the remaining,, or, if
there are no remaining,, to p. Because thes® K| votes are the majority of votes in the election,

it follows that the candidate to which all of these votes transfer will win the election. It follows that
p wins if and only if for every clausé € K, there is somé € L with [ € k such that; has not
been removed. In both cases there is a "margin” of at [2asevery round, so a single additional
vote will not change this. Thus, property 1a is satisfiedm

Theorem 57 In any of D PRE +plurality, DPRE+ Borda, DPRE+maximin,andDPRE +
STV#, CONSTRUCTIVE-MANIPULATION is NP-complete.

Proof: NP-hardness is immediate from the previous theorems. The problem is in NP because these
protocols can be executed in polynomial time.m

In the next subsections, we will raise the bar and bring the problem of manipulating elections to
higher complexity classes by abandoning the assumption that the schedule for the preround should
be known in advance.

“The NP-completeness of manipulatifgPRE + STV is, in itself, not that interesting, because STV is already
NP-hard to manipulate without the preround as we discussed. Nevertheless, our method highlights a different aspect
of the NP-hardness of manipulatiigPRE + STV. We build on this reduction later to prove PSPACE-hardness of
manipulating STV with a preround when the scheduling of the preround is interleaved with the vote elicitation.
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8.2.3 #P-hardness when voting precedes scheduling

In this subsection, we will examine the complexity induced by the preround when the schedule is
drawn completely (uniformly) randomly after all the votes have been collected.

A sufficient condition for #P-hardness

We present a sufficient condition for a voting protocol to become #PRharthanipulate in this
setting. Again, this condition can be thought of as a reduction template. If it is possible to reduce
an arbitrary PERMANENT instance to a set of votes satisfying certain properties under the given
voting protocol, that protocol is #P-hard to manipulate when a randomized preround is added to it.
(Inthe PERMANENT problem, we are given a bipartite graphwith the same number of vertices

k in both parts, and are asked how many matchings there are. This problem is #P-complete [Valiant,
19791])

Theorem 58 Given a voting protocoP, suppose that it is possible, for any bipartite graptwith
the same number of verticésn both parts (labeled to & in one part,k + 1 to 2k in the other),
to construct in polynomial time a set of votes over the candidatg set. ., cor, p} (Whereg;
corresponds to vertexin B) with the following properties:

e (Property 2a) If we remove of thec;, p would win an election under protocét against the
remainingc; if and only if the removed; are exactly all the:; with & + 1 < i < 2k;

e (Property 2b)p loses its pairwise election against allwith &k + 1 < i < 2k;

e (Property 2c) Foranyt <i < kandk + 1 < j < 2k, ¢; defeats:; in their pairwise election
if and only if in B, there is an edge between verticeand ;.

o (Property 2d) All the previous properties still hold with any additional single vote.

Then CONSTRUCTIVE-MANIPULATION RPRE + P is #P-hard.

Proof: Given the set of votes constructed on the basis of an arbiffatgt us compute the prob-
ability that p wins under the protocaRPRFE + P with only these votes. In the preround, there
arek matches and one bye. By property 2awill win the election if and only if thek candidates
eliminated in this preround are precisely all thewith &£ + 1 < i < 2k. By property 2bp could
not win a preround match against any of thesep 8dll win the election if and only if it gets the
bye, and each of the; with £ + 1 < j < 2k faces one of the; with 1 < i < k that defeats

it in the preround. Then, by property 2c, it follows thatvins if and only if the preround pair-
ing corresponds to a matching . Thus the probability op winning is % wherempg

is the number of matchings iB ande(2k, 2k + 1) is the number of different ways to pal¥ of
the2k + 1 candidates in the preround (which is straightforward to compute). Thus, evalpaing
chances of winning in this election is at least as hard as counting the number of matchings in an
arbitrary B, which is #P-hard. Moreover, because we can compstehances of winning solely

5#P is the class of problems where the task is to count the number of solutions to a problem in NP.
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on the basis of properties 2a, 2b, and 2c¢, and by property 2d, these properties are maintained for
any single additional vote, it follows that a manipulator cannot affisothances of winning. Thus,
CONSTRUCTIVE-MANIPULATION in this case simply comes down to computirgjchances of
winning, which is #P-hard as demonstrated.s

A broadly applicable reduction

In this subsubsection we present a single broadly applicable reduction which will satisfy the pre-
condistions of Theorem 58 for many voting protocols, thus proving them #P-hard to manipulate
when the voting precedes the preround scheduling.

Definition 39 We label the following reductioR;. Given a bipartite graphB with the same num-
ber of vertices: in both parts (labeled to & in one part,k + 1 to 2k in the other), we construct the
following set ofl 2k3 + 2k? votes:

e 6k3 votes that rank the candidateg, ; = cxio > ... = Corp =D > €1 > Co > ... > C};}
e 3k? votes that rank the candidat@s— ¢, = cx_1 > ... = C1 > Cop > Cok—1 > - .. = Chil,

e 6k3 — 3k? votes that rank the candidates = c,_1 > ... = ¢1 = Cop > Cop—1 = ... >
Ck+1 = D,

e Foreachedgdi,j)in B(1 <i <k k+ 1< j<2Ek), one vote that ranks the candidates
Ci=Ci=pr=C »=C > ... C—1>Ci41 > ... = Ck > Ch1 > Cky2 ™ ... = Cj—_1 »
Cj+1 > ... > cgi, and another one that ranks themy, > cop—1 > ... > cj41 > ¢j—1 >
e Gl = Cl > Gl = .. = Cigl = Gl = ... = €1 = D = ¢ = ¢ (i.e., the inverse of
the former vote, apart fromy; andc; which have maintained their order);

e For each pairi, j without an edge between themih(1 < i < k, k+1 < j < 2k), one
vote that ranks the candidates >~ ¢; > p > c¢1 > ¢c2 > ... > Ci—1 > Cit1 > ... >
Ck > Ch1 > Chq2 > -.. > Cj—1 > Cj41 > ... = ca, and another one that ranks them
Cok > C2k—1 > --. > Cjy1 > Cj—1 > .. > Ckt1 > Ckp > Ck—1 > ... > Ciq1 > Ci—1 >
... >=c1 = p > cj > c(i.e, the inverse of the former vote, apart fremand c; which have
maintained their order).

We now have to show that this reduction satisfies the preconditions of Theorem 58. We start
with the properties that are protocol-independent.

Theorem 59 R; satisfies properties 2b and 2¢ of Theorem 58 (under any pro®cbecause these
properties are independent &%), even with a single additional arbitrary vote.

Proof: In the pairwise election betweenand any one of the; with k£ + 1 < ¢ < 2k, p is ranked
higher in only4k? votes, and thus loses the pairwise election. So property 2b is satisfied. For a
pairwise election between somgandc; (1 < i < kandk + 1 < j < 2k), the first12k3 votes’

net contribution to the outcome in this pairwise electiof.i&dditionally, the two votes associated
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with any pairg,r (1 < ¢ < kandk + 1 < r < 2k) also have a net contribution 6f if either

q # i orr # j. The only remaining votes are the two associated with theipgirsoc; wins the
pairwise election by votes if there is an edgg, j) in B, andc; wins the pairwise election by

votes otherwise. So property 2c is satisfied. Because both are satisfied with a "margin” of at least
2, a single additional vote will not change this. m

Finally, because property 2a is protocol-dependent, we need to prove it for our reduction on a
per-protocol basis. This is what the following four theorems achieve.

Theorem 60 R; satisfies property 2a of Theorem 58 under the plurality rule. This holds even when
there is a single additional arbitrary vote.

Proof: If at least one of the; with k + 1 < i < 2k is not removedp can get at mosik? votes,
whereas the lowest-indexed remaining candidate among thigh £ + 1 < ¢ < 2k will get at least
6k3 votes, s does not win. On the other hand, if all thewith & + 1 < i < 2k are removedyp
will get at leas6k? + 3k2 votes, which is more than half the votesswins. In both cases there is
a "margin” of at leas®, so a single additional vote will not change this.m

Theorem 61 R; satisfies property 2a of Theorem 58 under the Borda rule. This holds even when
there is a single additional arbitrary vote.

Proof: If at least one of the; with £ + 1 < i < 2k is not removed, consider the highest-indexed
remaining candidate among thewith k£ + 1 < i < 2k; call it h. The first12k3 votes will puth

at least9k>® — 3k? points ahead of. (12k3 — 3k of them rankh abovep, and the3k? others can
give p an advantage of at mosteach.) The2k? remaining votes can contribute an advantage to
p of at mostk each, and it follows that will still have at leastrk® — 3k? more points thap. So

p does not win. On the other hand, if all thewith & + 1 < i < 2k are removed, then there are
two groups ofk3 — 3k% among the firs12k3 votes which (over the remaining candidates) are each
other’s exact inverses and hence have no net effect on the scores. Also, the lastes, which

are organized in pairs, have no net effect on the score because (over the remaining candidates) the
votes in each pair are each other’s exact inverse. The remaining votes agil nggitest among the
remaining candidates, gowins. In both cases the “margin” is big enough that a single additional
vote will not change this. =

Theorem 62 R; satisfies property 2a of Theorem 58 under the maximin rule. This holds even when
there is a single additional arbitrary vote.

Proof: If at least one of the; with £ +1 < i < 2k is not removed, then in any pairwise election be-
tween such a candidate apdp will get at most5k? votes. However, the lowest-indexed remaining
candidate among the with k& + 1 < i < 2k will get at leasi6k? votes in every one of its pairwise
elections. S does not win. On the other hand, if all thewith & + 1 < i < 2k are removedp

will get at least5k® + 3k votes in every one of its pairwise elections, which is more than half the
votes; s wins. In both cases there is a "margin” of at le2sso a single additional vote will not
change this. =
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Theorem 63 R; satisfies property 2a of Theorem 58 under the STV rule. This holds even when
there is a single additional arbitrary vote.

Proof: If at least one of the; with k + 1 < ¢ < 2k is not removed, consider the lowest-indexed
remaining candidate among thewith & + 1 < i < 2k; call it . [ will hold at least6k> votes
as long as it is not eliminated, apdcan hold at mosbk? votes as long agis not eliminated. It
follows thatp will be eliminated beforé, sop does not win. On the other hand, if all the thevith
k+1 < i < 2k are removedp will hold at least6k® + 3k? votes throughout, which is more than
half the votes; s@ cannot be eliminated and wins. In both cases there is a "margin” of alesst

a single additional vote will not change this. m

Theorem 64 In any of RPRE + plurality, RPRE + Borda, RPRE +maximin, and RPRE +
STV, CONSTRUCTIVE-MANIPULATION is #P-hard.

Proof: Immediate from the previous theorems.m

8.2.4 PSPACE-hardness when scheduling and voting are interleaved

In this subsection, we increase the complexity of manipulation one more notch, to PSPACE-h&rdness,
by interleaving the scheduling and vote elicitation processes.

We first discuss the precise method of interleaving required for our result. The method is detailed
and quite complicated. Nevertheless, this doesmean that the interleaving should always take
place in this particular way in order to have the desired hardness. If the interleaving method used for
a particular election is (say, randomly) chosen from a wider (and possibly more naturally expressed)
class of interleaving methods containing this one, our hardness result still goes through, as hardness
carries over from the specific to the general. Thus, our goal is to find the most specific method of
interleaving for which the hardness still occurs, because this gives us the most information about
more general methods. We only define the method for the case where the number of candidates is a
multiple of4 because this is the case that we will reduce to (so it does not matter how we generalize
the protocol to cases where the number of candidates is not a multip)e of

Definition 40 I PRFE proceeds as follows:

1. Label the matchups (a matchup is a space in the preround in which two candidates can face
each other; at this point they do not yet have candidates assigned to Irtempgh@;

2. For each matchup, assign one of the candidates to play in it, and denote this candidate by
¢(i,1). Thus, one of the candidates in each matchup is known.

3. For somek which is a multiple oft, for each: with 1 < i < k, assign the second candidate
to play in matchupi, and denote this candidat€i,2). Thus, we havé: fully scheduled
matchups.

SPSPACE is the class of problems solvable in polynomsyeice
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4. For each pair of matchup&: — 1, 2¢) with i > % assign two more candidates to face the

candidates already in these two matchups, and denote tfiéh— 1,2i),1) andc((2: —
1,21),2). (Thus, at this point, all that still needs to be scheduled is, for éaaimich of these
two faces:(2i — 1,1) and whiche(24, 1).)

5. Fori="%+1t0l<

e Randomly decide which ef(2: — 1,2i),1) and¢((2¢ — 1, 2i),2) facesc(2i — 1,1), and
which faces:(2i, 1). Denote the formee(2: — 1, 2), the latterc(2i, 2),

e Ask all the voters whether they prefei — £, 1) or c(i — £,2). (We observe that, even if
the number of already scheduled matchups is 0, the elicitation process trails behind the
scheduling process by a fact®r)

6. Elicit the remainder of all the votes.

One important property of this elicitation process is that the voters are treated symmetrically:
when a query is made, it is made to all of the voters in parallel. Thus, no voter gets an unfair
advantage with regard to knowledge about the schedule. Another important property is that the
elicitation and scheduling process at no point depends on how the voters have answered earlier
queries. Thus, voters cannot make inferences about what other voters replied to previous queries on
the basis of the current query or the current knowledge about the schedule. These two properties
guarantee that many issues of strategic voting that may occur with vote elicitation [Conitzer and
Sandholm, 2002c] in fact do not occur here.

We are now ready to present our result.

Theorem 65 Given a voting protocolP, suppose that it is possible, for any Boolean formdila

in conjunctive normal form (i.e., a SAT instance) over varialifes= X U Y with | X| = |Y|

(and corresponding literald.), to construct in polynomial time a set of votes over a candidate set
containing at leas{p} U C, U {c, : y € Y'} with the following properties:

e (Property 3a) If we remove, for eaeche V, one ofc,,, andc_,, p would win an election
under protocolP against the remaining candidates if and only if for every clakse K
(whereK is the set of clauses i), there is somé € L such thatc; has not been removed,
and! occurs ink. This should hold even if a single arbitrary vote is added.

e (Property 3b) Foranyr € X, ¢, andc_,, are tied in their pairwise election after these votes.

e (Property 3c) For anyy € Y, ¢, andc_, are both losing their pairwise elections agaim%t
by at leas® votes (so that they will lose them regardless of a single additional vote).

Then CONSTRUCTIVE-MANIPULATIONI®RE + P is PSPACE-hard (and PSPACE-complete
if P can be executed in polynomial space).

Proof: Consider the following election undéi®RE + P. Let the candidate set be the set of all
candidates occurring in the votes constructed feofthe "original candidates”), plus one dummy
candidate for each of the original candidates besides theandc_,. To each of the constructed
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votes, add all the dummy candidates at the bottom; let the resulting set of votes be the set of the non-
manipulators’ votes, according to which they will answer the queries posed to them. The manipula-
tor has yet to decide on its strategy for answering queries. Afterdsfapcording to Definition 40)

of IPRE + P (up to which point the manipulator will not have had to make any decisions), let the
situation be as follows:

e The number of already fully scheduled matchups is ‘C| —2|Y|. In matchupi (1 <i <

| X1), ¢+, facesc_,,. In the remaining fully scheduled matchups, candidates not correspond-
ing to a literal face a dummy candidate.

e Matchupsk +2i —1 andk +2i (1 < i < |Y|) already have candidates,, andc_,, in them,
respectively. The other two candidates to be assigned to these roum:j;ls anel a dummy
candidate.

Thus, what will happen from this point on is the following. Raranging from1 to | X|, first
the protocol will schedule which ef;,, andc_,, face which ofc;, and the dummy candidate. The
¢; facing the dummy will move on, and the other will be defeated:é)yby property 3c. Second,
everyone will be asked which ef_,, andc_,, is preferred, and because the nonmanipulators will
leave this pairwise election tied by property 3b, the manipulator’s vote will be decisive. Thus,
we can think of this as nature and the manipulator alternatingly giving the variablésaimd X
respectively truth-values: is set totrue if ¢, survives, and tdalseif c_, survives. By property
3a it then follows thap wins if and only if the resulting assignment satisfies all the clauses, i.e. is
a solution to the SAT instance. Thus, the manipulator’s strategy for setting variables should aim to
maximize the chance of the SAT instance being satisfied eventually. But this is exactly the problem
STOCHASTIC-SAT, which is PSPACE-complete [Papadimitriou, 1985].

If P can be executed in polynomial space, the manipulator can enumerate all possible outcomes
for all possible strategies in polynomial space, so the problem is also in PSPAGE.

Because the preconditions of Theorem 65 are similar to those of Theorem 52, we can build on
our previous reductions to apply this theorem to the well-known protocols.

Theorem 66 For each ofplurality, Borda, maximin, and STV, there exists a reduction that
satisfies properties 3a, 3b and 3c of Theorem 65. Thus, In afY&E + plurality, IPRE +
Borda, IPRE +mazimin,and PRE+ STV, CONSTRUCTIVE-MANIPULATION is PSPACE-
complete.

Proof: We can modify the reductions from Subsection 8.2.2 to satisfy the preconditions of Theo-
rem 65. This is done by adding in th% in such a way as to achieve property 3c (ranking them
just above their corresponding andc_, in slightly more than half the votes), while preserving
property 3a (by ranking them as low as possible elsewheres.

This concludes the part of this dissertation studying how to tweak voting protocols to make them
harder to manipulate. In the next section, we focus on existing, untweaked voting rules: although
these rules are easy to manipulate in the sense described in this section (with the exception of STV),
it turns out that there are other manipulation problems that are difficult even for these rules, even
with few candidates.
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8.3 Hardness of manipulating elections with few candidates

We did some of the work in this subsection jointly wighbine Lang (IRIT, France).

The hardness results that we proved in the previous section (as well as similar hardness results
proven by others [Bartholdit al., 1989a; Bartholdi and Orlin, 1991; Elkind and Lipmaa, 2005a])
assume that not only the number of voters but @&&number of candidatés unbounded. Such
hardness results lose relevance when the number of candidates is small, because manipulation al-
gorithms that are exponential only in the number of candidates (and only slightly so) might be
available. In this section, we first give such an algorithm for an individual agent to manipulate the
Single Transferable Vote (STV) rule, which has been shown hard to manipulate in the above sense.
The algorithm applies whether or not the voters are weighted.

This motivates the core of this section, which studies the complexity of manipulating elections
where the number of candidates is a small constant. Restricting the number of candidates to a con-
stant reduces the number of possible votes for a single voter to a constant. If the voters all have equal
weight in the election, the number dé factopossible combinations of votes that even a coalition
can submit is polynomial in the number of voters in the coalition (since the voters have equal weight,
it does not matter which agent in the coalition submitted which vote; only the multiplicities of the
votes from the coalition matter). We thus get the following straightforward result.

Proposition 9 Let there be a constant number of candidates, and suppose that evaluating the result
of a particular combination of votes by a coalition is in P. If there is only one voter in the coalition,
or if the voters are unweighted, the manipulation problem is in P. (This holds for all the different
variants of the manipulation problem, discussed later.)

Proof: The manipulators (an individual agent or a coalition) can simply enumerate and evaluate all
possibilities for their votes (there is a polynomial number of them). Specifically, when thene are
voters in the coalition anth candidates, then there are at most+ 1)”“ possibilities, because for
every one of then! possible orderings of the candidates there must be betveedn voters in

the coalition voting according to this ordering (and, because the voters are unweighted, it does not
matter which voters they are). This expression is polynomial in =

In particular, in the complete-information manipulation problem in which the votes of the non-
colluders are known, evaluating the result of a (coalitional) vote is roughly as easy as determining
the winner of an electioh. This leaves open two avenues for deriving high complexity results
with few candidates. First, we may investigate the complete-information coalitional manipulation
problem when voters hawdifferent weights While many human elections are unweighted, the in-
troduction of weights generalizes the usability of voting schemes, and can be particularly important
in multiagent systems settings with very heterogenous agents. As a second avenue, we may ask
whether there are reasonable settings wiegeduatinga manipulation is NP-hard. For instance, if

"Recall from Chapter 3 that there exist voting rules where determining the winner is computationally hard [Bartholdi
et al, 1989b; Hemaspaandsd al., 1997; Coheret al, 1999; Dworket al, 2001; Rotheet al, 2003; Davenport and
Kalagnanam, 2004; Ailoet al, 2005], including the Slater and Kemeny rules—but this is only so for large numbers of
candidates.
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we merely have probability distributions on the non-colluders’ votes, how does the complexity of
determining the probability that a given candidate wins change?

We devote most of this section to studying the first avenue. We studydooitructivema-
nipulation (making a given candidate win) adestructivemanipulation (making a given candidate
not win). We characterize the exact number of candidates for which manipulation becomes hard for
plurality, Borda, STV, Copeland maximin veta plurality with runoff regular cup andrandomized
cuprules. It turns out that the voting rules under study become hard to manipulate at 3 candidates,
4 candidates, 7 candidates, or never. The remainder of this section is devoted to the second avenue,
by showing that hardness results from the complete-information coalitional weighted manipulation
problem imply similar hardness results in the incomplete-information setirey) without the as-
sumptions of multiple manipulators and weighted votes

8.3.1 Manipulating an election

Due to Proposition 9, we cannot hope to obtain hardness of manipulation in the sense of Section 8.2.
Hence, we will introduce more general manipulation problems. To do so, we first discuss the differ-
ent dimensions of the election manipulation problem:

1. What information do the manipulators have about the nonmanipulators’ vites@incom-
plete informationsetting, the manipulators are uncertain about the nonmanipulators’ votes.
This uncertainty could be represented in a number of ways, for example, as a joint proba-
bility distribution over the nonmanipulators’ votes. In tbemplete informatiorsetting, the
manipulators know the nonmanipulators’ votes exactly. We (initially) focus on the complete
information case for the following reasons: 1a. It is a special case of any uncertainty model.
Therefore, our hardness results directly imply hardness for the incomplete information set-
ting. 1b. As we will demonstrate later in this section, hardness results for manipulation by
coalitions in the complete information setting also imply hardness of manipulagiandi-
vidualsin the incomplete information setting. 2. Results in the complete information setting
measure only thenherentcomplexity of manipulation rather than any potential complexity
introduced by the model of uncertainty.

2. Who is manipulating: an individual voter or a coalition of votef88th of these are important
variants, but we focus on coalitional manipulation for the following reasons: 1. In elections
with many voters it is perhaps unlikely that an individual voter can affect the outcome—even
with unlimited computational power. 2. For any constant number of candidates (even with
an unbounded number of voters), manipulation by individuals in the complete information
setting is computationally easy because the manipulator can enumerate and evaluate all its
possible votes (rankings of candidates) in polynomial time, as we pointed out in the Introduc-
tion2 3. Again, as we will demonstrate later in this section, hardness results for manipulation
by coalitionsin the complete information setting also imply hardness of manipuldtyoin-
dividualsin the incomplete information setting.

8This assumes that the voting rule is easy to execute—as most rules are (including all the ones under study in this
section).
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3. Are the voters weighted or unweighteB8th of these are important variants, but we focus on
weighted voters for the following reasons: 1. In the unweighted case, for any constant num-
ber of candidates (even with an unbounded number of voters), manipulation by a coalition in
the complete information setting is computationally easy because the coalition can enumerate
and evaluate all its effectively different vote vectors, as we pointed out earlier. (We recall that
the number of effectively different vote vectors is polynomial due to the interchangeability of
the different equiweighted voters, see Proposition 9.) 2. As we will demonstrate later in this
section, hardness results for manipulationmightedcoalitions in the complete information
setting also imply hardness of evaluating the probabilities of different outcomes in the in-
complete information setting withnweightedbut correlated) voters. 3. In many real-world
elections, voters are in fact weighted, for example, by their ownership share in the company,
by seniority, or by how many other individuals they represent.

4. What is the goal of manipulationWe study two alternative goals: trying to make a given
candidate win (we call thisonstructivemanipulation), and trying to make a given candidate
not win (we call thisdestructivemanipulation). Besides these goals being elegantly crisp,
there are fundamental theoretical reasons to focus on these goals.

First, hardness results for these goals imply hardness of manipulation under any game-theoretic
notion of manipulation, because our manipulation goals are always special cases. (This holds
both for deterministic and randomized voting rules.) At one extreme, consider the setting
where there is one candidate that would give utility 1 to each of the manipulators, and all
other candidates would give utility O to each of the manipulators. In this case the only sen-
sible game-theoretic goal for the manipulators is to make the preferred candidate win. This
is exactly our notion of constructive manipulation. At the other extreme, consider the setting
where there is one candidate that would give utility O to each of the manipulators, and all
other candidates would give utility 1 to each of the manipulators. In this case the only sensi-
ble game-theoretic goal for the manipulators is to make the disliked candidate not win. This
is exactly our notion of destructive manipulation.

Second, at least for deterministic voting rules in the complete information setting, the easi-
ness results transfer from constructive manipulation to any game-theoretic definitions of ma-
nipulation that would come down to determining whether the manipulators can make some
candidate from a subset of candidates win. For example, one can consider a manipulation
successful if it causes some candidate to win that is preferred by each one of the manipulators
to the candidate who would win if the manipulators voted truthfully. As another example,
one can consider a manipulation successful if it causes some candidate to win that gives a
higher sum of utilities to the manipulators than the candidate who would win if the manipu-
lators voted truthfully. (This definition is especially pertinent if the manipulators can use side
payments or some other form of restitution to divide the gains among themselves.) Now, we
can solve the problem of determining whether some candidate in a given subset can be made
to win simply by determining, for each candidate in the subset in turn, whether that candidate
can be made to win. So the complexity exceeds that of constructive manipulation by at most
a factor equal to the number of candidates.(a constant).

Third, the complexity of destructive manipulation is directly related to the complexity of de-
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termining whether enough votes have been elicited to determine the outcome of the election.
Specifically, enough votes have been elicited if there is no way to make the conjectured winner
not win by casting the yet unknown votes [Conitzer and Sandholm, 2002c].

In summary, we focus on coalitional weighted manipulatiow{MANIPULATION ), in the com-
plete information setting. We study both constructive and destructive manipulation. Formally:

Definition 41 (CONSTRUCTIVE COALITIONAL WEIGHTED (CW) MANIPULATION) We are given

a set of weighted votes (the nonmanipulators’ votes), the weights for a set of v@teshich are

still open (the manipulators’ votes), and a preferred candidatd-or deterministic rules, we are
asked whether there is a way to cast the vote%'iso thatp wins the election. For randomized
rules, we are additionally given a distribution over instantiations of the voting rule, and a number
r, where0 < r < 1. We are asked whether there is a way to cast the votéssa thatp wins with
probability greater than-.

Definition 42 (DESTRUCTIVE COALITIONAL WEIGHTED (CW) MANIPULATION) We are given a

set of weighted votes (the nonmanipulators’ votes), the weights for a set of vétagich are still

open (the manipulators’ votes), and a disliked candidatd-or deterministic rules, we are asked
whether there is a way to cast the votedlirso thath doesnot win the election. For randomized
rules, we are additionally given a distribution over instantiations of the voting rule, and a number
r, where0 < r < 1. We are asked whether there is a way to cast the vot&ssia thath wins with
probability lessthanr.

For deterministic rules, we do not consider a manipulation successful if it leaves candidate
or h tied for the win? One way of viewing this is as follows. If ties are broken randomly, then
technically, we are dealing with a randomized rule. Then, we cans®that a tie for the win does
not givep enough probability of winning (for example,= 2/3), or so that a tie gives too much
probability of winning (for example; = 1/(m + 1)).

Before we start studying these problems, we first complete our justification for requiring hard-
ness even with few candidates. We do so by giving an algorithm for an individual voter to manipulate
the STV rule that is exponential only in the number of candidates, and scales to reasonably large
numbers of candidates. This is the subject of the next subsection (which can be skipped without
affecting the reader’s ability to comprehend the rest of this section).

8.3.2 Algorithm for individually manipulating the STV rule

When the number of candidates is unbounded, the STV rule is known to be NP-complete to con-
structively manipulate, even by a single manipulator when the votes are not weighted [Bartholdi and
Orlin, 1991]. In this subsection we present an algorithm for manipulating STV as a single voter,
when the votes of the others are known. Votes may be weighted.

To study the complexity fundamental to manipulating STV, rather than complexities introduced
by tie-breaking rules, for this algorithm we make the following assumption. We assume that the STV
rule uses some deterministic method for breaking ties (when choosing the loser to be eliminated at

0ur proofs do not depend on this specification, with the exception of Theorem 74.
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the end of a round), where the tie-breaking does not depend on aspects of the votes that the STV
rule has not considered so far (such as who has been réomkedtby the largest number of voters).
However, the tie-breaking can depend on the number of the round, candidates still in the running,
etc. In the algorithm, the tie-breaking rule is used in the min function.

The algorithm simulates the various ways in which the elimination of candidates may proceed
given various votes by the manipulator. It follows the principle of least commitment in deciding
which manipulative votes to consider. It returns the set of candidates that win for some vote by
the manipulator. (It is easy to extend the algorithm so that it also provides a vote to effect such
a victory.) Again, let there be voters, where we index the manipulator Let C' be the set of
remaining candidates. Let be the vote of votei (1 < i < n) and letw; be the weight of voter
i (1 < < n). Lets; be the weight of the voters that rank candidafe'st among the remaining
candidates.

Some stages of the simulation can be reached only if the manipulator has a certain candidate
f ranked first among the remaining candidates. At such stages, we will know precisely how the
elimination will proceed, untilf is eliminated and the manipulator’s vote is freed up again. We say
that f = 0 when there is no constraint on how the manipulator ranks the remaining candidates in
the current stage of the simulation.

The function TRANSFERVOTES takes as input a candidatbe remaining set of candidates
C, the vector(sy, ..., sn), and the votes and weights. It returns what would be the new vector
(s1,...,8m) if cwere eliminated in this round.

Now, we are ready to present the manipulation algorithm, which, when called with the original
set of candidate€’ and f = 0, returns the set of all candidates that will win for some vote by the
manipulator.
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MANIPULATE (C, (81, -+, 8m), (U1, -+, 0n—1), (W1, .., wy), f)
if C ={c}
/ we have eliminated all but a single candidate
return {c}
elseif(f #0)
// the manipulator’s vote is already committed to a candidate at this stage
¢ — argminjec(s;)
(t1,...,tm) < TRANSFERVOTESc, C, (s1,. -, Sm), (V1, ..., Un—1),
(wi,...,wy))
ifc=f
// the manipulator’s vote is freed up
return MANIPULATE (C — {c}, (t1,. -, tm), (v1, .., Un—1),
(w1, ...,wy),0)
else
// the manipulator’s vote remains committed
return MANIPULATE (C — {c}, (t1,- -, tm), (v1, -, Un—1),
(w1, ..., wy), f)
else
// the manipulator’s vote is not committed at this stage
c1 < argminjec(s;)
// which candidate is losing before the manipulator assigns his vote?
S¢p < S¢; + Wy,
co «— argminjec(s;)
/ which candidate loses if the manipulator suppo{®
(t1,...,tm) < TRANSFERVOTESc1, C, (81, .-, 8m), (U1, -+, Un—1),
(w1, . .., wy))
if c1 =co
/l the manipulator cannot rescugat this stage
return MANIPULATE (C — {c1}, (t1, .-y tm), (01, -+, Un—1),
(w1, ...,wy),0)
else
// the manipulator can choose to reseyeat this stage
S1 «— MANIPULATE (C — {c1}, (t1, -« ytm), (V1, -+ .y Un—1),

(wl,. . .,wn),O)
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/l case |: do not rescug
(t1,...,tm) < TRANSFERVOTEScy, C, (S1,. .-, 8m), (U1, .-, Un—1),

(wi,...,wy))
SQ — MANIPULATE (C - {CQ}, (tl, ce ,tm), (1)1, ce ,T)n_l),
(wi,...,wp),c1)

/l case II: do rescue;
return S; U Sy

We now analyze how many recursive calls we will make to this algorithm. 7l(é} be the
maximal number of calls we need for a set of remaining candidates ofsitet 7(k) be the
maximal number of calls we need when the first call lfast 0. Then we have the following
recurrences:

Tk) < 14+Tk-1)+To(k—-1) (8.1)
To(k) < 1+T(k-1) (8.2)

Combining the two we get
Tk)<24+T(k—-1)+T(k-2) (8.3)

The asymptotic bound that we derive from this recurrence is indeed tight for the running time
of MANIPULATE, as the following example shows. In the example, candidates are eliminated
sequentially, but the manipulator can postpone the elimination of any candidate for exactly one
round. Let the candidates loe, . . ., ¢,,,). For candidate, let there be exactly voters that rank it

m
first, for atotal of) i = W voters other than the manipulator, of weight 1 each. All the voters

=1
other than the manipulator that do not rank candidatirst, rank it second. The manipulator has
weight 1 + .10 We claim that the arguments passed to MANIPULATE always satisfy one of the
following two properties:

° (1) C = {ci,cH_l, R ,Cm} andf =0.
i (2) C= {C’iv Ci+2,Ci+3, - - - 7Cm} andf = G-

The initial call is of type (1). If the current call is of type (1), this will lead to two recursive calls:
one of type (1) (the manipulator does not rescue candigatand one of type (2) (the manipulator
does rescue;). (The exception is wheh> m — 1 but this is irrelevant to the asymptotic analysis.)
This makes the recurrence in Equation 8.1 tight. If the current call is of type (2), this will lead to
one recursive call of type (1) becausegets eliminated in spite of the fact that the manipulator

is ranking it first. This makes the recurrence in Equation 8.2 tight. Because the recurrences in
Equations 8.1 and 8.2 are tight, the recurrence in Equation 8.3 is tight.

Olternatively, we can assume unweighted votes and a tie-breaking mechanism that always breaks ties towards lower-
indexed candidates, that is, it breaks a tie betwgemdc;; in favor ofc;.
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The solution to the recurrence@((#)k). Observing that one call to MANIPULATE (not
counting the recursive calls to MANIPULATE, but counting the calls to TRANSFERVOTES) can
be done inD(n) time (assuming thatsy, . . ., s, ) can be stored in an array), we have the following
result.

Theorem 67 The algorithm MANIPULATE runs in tirr(é(n(1+2*/5)m), wherem is the number of
candidates ana is the number of voters.

So, MANIPULATE runs inO(n - 1.62™) time. While this function is exponential im (which
is to be expected given that the problem is NP-complete), it is nevertheless not exceedingly large for
realistic numbers of candidates. For instance, with 10 candic(étéi@)m < 123. Furthermore,
on most instances, the algorithm is likely to terminate much faster than this, since we make two
recursive calls only when the manipulator can rescue a candidate from elimination in a given round.
In large elections where the manipulator’'s weight is relatively insignificant, it is unlikely that this
would happen even more than once.

8.3.3 Complexity of weighted coalitional manipulation with few candidates

We are now ready to present our results on the hardness of coalitional manipulation when there are
few candidates and the votes are weighted. We will study notwhétherany given rule is hard to
manipulate with a constant number of candidates, butlatsomanycandidates are needed for the
hardness to occur. This number is important for evaluating the relative manipulability of different
voting rules (the lower this number, the less manipulable the rule). For each rule that we show is
hard to manipulate with some constant number of candidates, we show this for the smallest number
of candidates for which the hardness occurs, and we show that manipulation becomes easy if we
reduce the number of candidates by one. (Once we have identified this transition point, it is easy to
see that the manipulation problem remains hard for any greater number of candidates, and remains
easy for any smaller number of candidates, for example by adding “dummy” candidates.)

Constructive Manipulation

We first present our results for constructive manipulation.

We begin by laying out some cases where constructive manipulation can be done in polynomial
time. We start with some rules that are easy to manipulate constructively regardless of the number
of candidates. For the plurality rule, showing this is straightforward:

Theorem 68 For theplurality rule, CONSTRUCTIVE CWMANIPULATION can be solved in polyno-
mial time (for any number of candidates).

Proof: The manipulators can simply checkfwill win if all the manipulators vote fop. If not,
they cannot makg win. =

For the cup rule, the proof is a little more involved:

Theorem 69 For thecuprule (given the assignment of candidates to leau@SNSTRUCTIVE CW
MANIPULATION can be solved in polynomial time (for any number of candidates).
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Proof: We demonstrate a method for finding all the potential winners of the election. In the binary
tree representing the schedule, we can consider each node to be a subelection, and compute the set of
potential winners for each subelection. (In such a subelection, we may say that the voters only order
the candidates in that subelection since the place of the other candidates in the order is irrelevant.)
Say a candidateanobtain a particular result in the election if it does so for some coalitional vote.
The key claim to the proof, then, is the following: a candidate can win a subelection if and only if

it can win one of its childrenand it can defeat one of the potential winners of the sibling child in

a pairwise election. It is easy to see that the condition is necessary. To show that it is sufficient, let
p be a candidate satisfying the condition by being able to défeatpotential winner of the other

child (or half). Consider a coalitional vote that makesvin its half, and another one that makes

h win its half. We now let each coalitional voter vote as follows: it ranks all the candidates in

half above all those iik's half; the rest of the order is the same as in the votes that malkel /

win their halves. Clearly, this will make andh the finalists. Alsop will win the pairwise election
againsth since it is always ranked aboveby the colluders; and as we know that there is some
coalitional vote that makes defeath pairwise, this one must have the same result. The obvious
recursive algorithm has running ting(m3n) according to the Master Theorem [Cormenal,

1990]. =

The remaining easiness results that we show in this subsubsection only show easiness up to
a certain number of candidates. For each of these results, we later show that adding one more
candidate causes the problem to become NP-complete.

As a first observation, when there are only two candidates, all the rules are equivalent to the
plurality rule, and hence both types of manipulation (constructive and destructive) are in P for all
of the rules. However, some rules are still easy to manipulate constructively with more than
candidates. In each of the following cases, we prove easiness of manipulation by demonstrating
that if there exists a successful manipulation, there also existevbare all the manipulators vote
the same wayAll such ways of voting can be easily enumerated: because the number of candidates
is constant, the number of different orderings of the candidates is constant. Also, each way of voting
is easy to evaluate in these rules.

Theorem 70 If the Copelandrule with 3 candidates has @QONSTRUCTIVE CWMANIPULATION,
then it has aCONSTRUCTIVE CWMANIPULATION where all of the manipulators vote identically.
Therefore CONSTRUCTIVE CWMANIPULATION is in P.

Proof: Let the 3 candidates bg a, andb. We are given the nonmanipulators’ votgsand the
weights for the manipulators’ vot&s. Let the total vote weight ifi"’ be K.

For a set of weighted votds and two candidates, y, we denote byVy (z,y) the cumulated
weights of the votes iv" rankingx prior toy, and we letDy (z,y) = Ny (z,y) — Ny (y,z). Let
us consider the following four cases which cover all possible situations:

Case 1 K > Dg(a,p) andK > Dg(b, p).

In this caseany configuration of votes fof” such thap is ranked first for all votes makeswin
the election.

Case 2 K > Dg(a,p) andK = Dg(b,p).
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It can easily be shown that it is harmless to assume that all votEgamk p first. Therefore,
what remains to be done in order to havevin is to find who in7" should vote(p, a, b) and who
should vote(p, b, a). What we know so far (before knowing how the voteginvill split between
these two profiles) is: (IPsur(p,a) = K — Dg(p,a) > 0and (2)Dsur(p,b) = K — Dg(p,b) =
0. (1) makesp get +1 anda get —1 while (2) makes botlp andb get 0. Therefore, the partial
Copeland scores (hot taking account of thes. b pairwise election), are-1 for p (which will not
change after taking account of the- b pairwise election);-1 for a and0 for b; hence, the only way
for p to win (with certainty) is to avoid getting a point in the pairwise election against.e., to
ensure thaDgr(a, b) > 0. It can easily be shown that this is possible if and onli{i> Dg(b, a).
Therefore, we have found that there exists a successful manipulatipifffdl’ > Dg (b, a), and in
this case a successful manipulation is the one where all voters in the coalitiofpyvoié).
Case 3 K = Dg(a,p) andK > Dg(b, p).
This is similar to Case 2, switching the rolesacdndb; the condition then ig( > Dg(a, b) and
the successful manipulation is the one where all ypt#é, a).
Case 4 K < Dg(a,p) or K < Dg(b,p) or (K < Dg(a,p) andK < Dg(b,p)).
Here, whatever the votes i, the Copeland score pfis smaller than or equal thand therefore
p cannot be guaranteed to win, so there is no successful manipulation. Thus, in every case, either
there is no successful manipulation, or there is a successful manipulation where all manipulators
vote identically. =

Theorem 71 If the maximinrule with 3 candidates has @ONSTRUCTIVE CWMANIPULATION,
then it has aCONSTRUCTIVE CWMANIPULATION where all of the manipulators vote identically.
Therefore CONSTRUCTIVE CWMANIPULATION is in P.

Proof: Let the 3 candidates g a, andb. We are given the nonmanipulators’ vot€sand the
weights for the manipulators’ voteB. Let the total vote weight iff” be K. Again, it is easy to
show that all the manipulators can ramkirst without harm.

Let us denote bYWk, k2 a vote configuration fof” such that a subsét of 7', whose cumulated
weight isK7, votes(p, a, b) andT, = T'\ T, whose cumulated weight i (with K + Ky = K),
votes(p, b,a). Now all that remains to show is the following: pfwins with the votes irf” being
Pk k- then eithep wins with the votes ir¥” being P o or p wins with the votes irf” being P x .

Let us consider these two cases for the outcome of the whole election (including the vbjes in
Case 1 the uniquely worst pairwise election faris againsth, and the uniquely worst pairwise
election forb is against.. One ofa andb must have got at least half the vote weight in the pairwise
election against the other (say, without loss of generaljtgnd therefore have a maximin score of
at least half the vote weight. Sineedid even better againgt p received less than half the vote
weight in their pairwise election and therefgreloes not win.

Case 2 One ofa andb (say, without loss of generality;) does at least as badly againsts
against the other (s@,’s worst opponent i®). Then all the voters in the coalition might as well
vote (p, a, b), because this will change neith€s score nop’s score, and might decrease (but not
increasep’s score. m
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Theorem 72 If therandomized cupule with 6 candidates has@NSTRUCTIVE CWMANIPULATION,,
then it has aCONSTRUCTIVE CWMANIPULATION where all of the manipulators vote identically.
(This holds regardless of which balanced tree is chosen.) ThereforéSTRUCTIVE CWMANIPULATION
isinP.

Proof: We show how to transform a successful manipulation into a successful manipulation where
all the manipulators cast the same vote, in a number of steps. Observe that swapping two candidates
that are ranked directly after one another in a vote can only affect the outcome of their pairwise
election, and not those of the others. (Throughout the proof, when we talk about swapping two
candidates in a vote, this only means swapping two candidatéed directly behind each othgr

If p is ranked directly behind another candidat¢he only effect that swapping them can have
is to makep the winner of their pairwise election where it was not before; clearly this can never hurt
p’'s chances of winning. Repeated application of this gives us a successful manipwhé&mall
the manipulators rank at the top

We now divide the other candidates into two sefsis the set of candidates that defeain
their pairwise election7 is that of candidates that are defeatedpbyWe now claim that when
a candidatgy € G is ranked directly behind a candiddtec B, swapping them cannot hupts
chances of winning. This is because of the following reason. Again, the only effect that the swap
can have is to make the winner of its pairwise election with where it was not before. We show
that for any schedule (assignment of candidates to leavas)yiis whenb defeatsy, thenp also
wins in the case where this pairwise election is changed to makefeatb (but nothing else is
changed). For any schedule whegrandb do not meet this is obvious. tfandg face each other
in the final,p of course does not win. § and g face each other in a semifinal, ahdiefeatsy,
then agairp cannot win because it cannot deféah the final. So the only case left to check is a
schedule wheré and g meet in a quarterfinal (because the tree is balanced).wlins with this
schedule when defeatsy, that means thdt is defeated by some othef € G in the semifinal (if
b wins the semifinalp could never defeat it in the final; if loses to somé’ € B, p could never
defeatt’ in the final; andp itself cannot defeat in the semifinal either), and thatdefeats thig/’ in
the final. Then if we change the winner of the quarterfina},tcegardless of whetheror ¢’ wins
the semifinalp will win the final. Thus the claim is proven. Repeated application of this gives a
successful manipulatiomhere all the manipulators rankat the top, and all candidates i@ above
all candidates inB.

All that remains is to get the manipulators to agree on the order of the candidatesGuiinic
the order of the candidates withig. We will show how to do this forz; the case of3 is entirely
analogous. If there ai@or 1 candidates ir7, there is only one order for these candidates. If there
are2 candidates irf7, then swapping them whenever the winner of their pairwise election is ranked
below the loser does not affect the outcome of their pairwise election and hence nothing at all.

If there are3 candidates irfz, that means there are oriyin B. SayB = {b1, b2}. Divide the
candidates irG into G, Gy}, G,y Gy, Where a candidate i6's defeats all candidates il
but none inB — S. We first claim that it never hurts to swap when a candidates G is ranked
directly below another candidatec GG. Again we do so by showing that with any schedule where
p wins wheng defeatsyg, p also wins wheryp defeatsy (but everything else is unchanged).gIf
andgp never meet this is obvious; ifandgg meet in a semifinal or the final, it does not matter to
p which one wins. Ifg defeatsgp in a quarterfinal angh wins the election, then one of the three
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following cases applies: 1p defeatsy in the semifinal, 2.g defeats somé € B in the semifinal

and is defeated by in the final, 3. g faces the third candidate; € G in the semifinal, ang

wins the final agaist the winner of this. Now,gf instead had defeateqd then in case } defeats

gp in the semifinal and goes on to win the final as before; in cagg; 2efeatsh as well in the
semifinal and then loses toin the final; and in case 3,faces eithey g or g3 in the final and wins.
Repeated application of this gets all the element§ jnranked above all the other elementsiin

in all the manipulators’ votes, and this rule also allows us to get the elemefts ardered among
themselves in the same way in all the manipulators’ votes. Similarly, we can show that we can
always swap the elements @i, downwards, so that all the elements of this set are ranked below
all other elements id7, and ordered among themselves in a unique manner across all the votes.

Now, if indeed there is some element@ig or G{}, then there are at most two candidates left
in G g whose order might differ across manipulators’ votes. As in the ca8eandidates, we can
simply always swap the winner of their pairwise election up without changing anything, and we
are done. On the other hand suppose there is no elemé#t ior G}, so that all the remaining
elements are iy, or G,y We claim that either it does not hurt to swap all the candidates
from Gy, below all those oGy, or vice versa. In the case where eitltey, } or Gy, is
empty, this claim is vacuous: so suppose without loss of generality@hat has two elements
g1 andgs, andGy,,, one elementgs. Now suppose the contrary, that is, that always swapping
aboveg; andg, decreaseg’s chances of winning the election, but that always swappingelow
g1 and g, also decreasgss chances of winning the election. It follows that always swappifg
aboveg; and g, causegs; to win both pairwise elections, and that always swappgjintelow g;
and g, causesys to lose both pairwise elections. (For otherwise, the manipulators cannot change
the winner of one of these pairwise elections, and because the other pairwise election must have
a winner in the current state, either always swappgin@p or always swappings down will not
affect any pairwise election at all, and hence the probabiligywinning would remain unchanged.)
Hence in the current statg must be winning exactly one of these pairwise elections (without loss
of generality, the one againgt). Now, because always swappingbelow g; andgs only has the
effect of making it lose againgh as well, and because this reduces the probability winning,
it follows that the number of schedules wherevins now is strictly greater than the number of
schedules whernewins if g3 losttog; in its pairwise election but everything else remained the same.
Thus, the number of schedules when@ins now but would not win ify3 lost tog; in their pairwise
election (call this set of schedulégg, )), is strictly greater than the number of schedules where
does not win now but would win ifi3 lost to g, in their pairwise election (call this set of schedules
W(g1)). Similarly we can show that the number of schedules whenéns now but would not
win if g3 defeatedy, in their pairwise election (call this set of schedul&4g,)), is strictly greater
than the number of schedules wherdoes not win now but would win if; defeatedy, in their
pairwise election (call this set of schedule§z)). So,|W (g1)| < |L(g1)|, and|W (g2)| > |L(g2)|.

We now derive the desired contradiction by showifidg;)| > |W(g2)| and|L(g1)| < |L(g2)|.
Consider the mapping from schedules to schedules that simply swaps the positignafidgs in
the schedule. This mapping is one-to-one. We now claim thatdfiW (g2), thenf (o) € W(g1),
thereby demonstrating? (¢1)| > |W(g2)|; the case fofL(g1)| < |L(g2)| is similar.c € W(g2)
means thap wins in o now but would not win ifg; defeatedy, in their pairwise election. It is
straightforward to check that this only happengsifandgs meet in a quarterfinal, and the winner
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goes on to medt, in the semifinal (whong, would defeat bugs would not), whilep goes on to the
final in the other half of the cup. Now we must shg\\w) € W (g1). In f(o), g1 andgs face each
other in a quarterfinal. The semifinal after this quarterfinal will certainly ava it (if b plays
a quarterfinal before thi$; must have the same opponent in this quarterfinal as imecause;
cannot facey; in the quarterfinal irr and still move on to the semifinal in henceb; will defeat its
quarterfinal opponent iri(o) as well). Also, the final will certainly havg in it (even if g; was in
p’s half, since the sets of candidates withia half thatg, andg, defeat are identical, this half will
proceed exactly as ). Now, in the current state of the voteg,will defeatg; in the quarterfinal,
upon whichb; will defeat g3 in the semifinal angh in the final. On the other hand, ifi defeated
g3, itwould defeab, in the semifinal ang would win the final againsj;, and hence win the entire
election. It follows thatf(c) € W(g1), as was to be shown. So either it does not hurt to swap all
the candidates frortry;, ; below all those of7;,,, or vice versa. It remains to be shown that the
manipulators’ rankings of the candidates witldi,, , and withinG;,,, can be made to coincide.
Given (without loss of generality), g2 € Gy, itis straightforward to check that it does not matter
to p which of them would win if they faced each other in the final or semifinal. In case they face
each other in a quarterfinal, thenypifis in the same half of the cup it does not matter whiclyof
andgs wins the quarterfinal, becauggif it reaches the semifinal) would defeat either one i in
the other half, the only thing that matters is whether this half’s finalist 8 or in G. Thus, if the
winner of the quarterfinal between andg; faces the last remaining candidate fré#rthe finalist
will certainly be inG, so who won the quarterfinal does not matter; on the other hand, if the winner
of the quarterfinal betwean andg, faces a candidate iR, then again it does not matter who wins
the quarterfinal, becauge and g, defeat the same set of candidates frémIt follows that it is
irrelevant top’s chances of winning what the outcome of a pairwise election between candidates in
G 1,y Or between candidates @#y,,, is, so we can order them among themselves in whichever way
we like. Hence we can make the manipulators’ votes coincide on the order®téralidates ir.

If there are4 candidates irGG, that means there is only one B. Hence we can patrtitiot
into Gg andG{}. With techniques similar to the case »tandidates iz, we can show that we
can always swap candidatesGi; above those iri-,; and we can show that a vote’s order of the
candidates withirtG s (or Gy) is irrelevant. Hence we can make the manipulators’ votes coincide
on the order of the candidates irt.

Finally, if there areb candidates irz, thenp defeats all other candidates in pairwise elections,
sop is guaranteed to win regardless of how the candidatésane ranked. =

We are now ready to prove hardness results that match the bounds given by the easiness results
above. (That is, for every rule which we showed is easy to manipulate with Lpatodidates, we
now show that it is hard to manipulate with- 1 candidates.) In many of the proofs of NP-hardness,
we use a reduction from tHaRTITION problem, which is NP-complete [Karp, 1972]:

Definition 43 PARTITION. We are given a set of intege{$; }1<;<; (possibly with multiplicities)
summing t@ K, and are asked whether a subset of these integers sufis to

Theorem 73 For any scoring rule other than thaurality rule, CONSTRUCTIVE CWMANIPULATION
is NP-complete for 3 candidates.

Proof: First, note that when there are only 3 candidates, a positional scoring rule is defined by
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a vector of integer& = (aq, ag, az) such thatey > as > «a3. Without loss of generality, we

can assume that; = 0 (since translating the;’s by a constant has no effect on the outcome of
the election). We can also assume that> 2. (If s = 0 then the rule is either meaningless

(if oz = 0) or equivalent to the plurality rule, so we can assume> 0. Then, we can scale

the «; appropriately, which will not affect the rule.) Showing the problem is in NP is easy. To
show NP-hardness, we reduce an arbit&®TITION instance to the followingCONSTRUCTIVE
MANIPULATION instance. The 3 candidates are, andp. In S there arg2a; — o) K — 1 voters

voting (a, b, p) and(2«a; —ag) K —1 voters voting b, a, p). InT', for eachk; there is a vote of weight

(a1 + a2)k;. Suppose there is a partition of the Then, let the votes i’ corresponding to the one

half of the partition bep, a, b) and the votes corresponding to the other halfé, ). Then the

score ofp is 2(a; + a2)a; K while the scores of both andb are(a; + a2)(2a; K — 1), therefore

p is the winner and there is a manipulation. Conversely, suppose there exists a manipulation. Then,
since scoring procedures satisfy monotonicity, we can assume without loss of generality that the
voters in the coalitiorl” rank p first. Letz (resp. y) be the total weight of voters ifi" of the

voters who vote(p, a, b) (resp. (p,b,a)). Note that we have: + y = 2K. Then the score gb

is 2(aq + az)ag K, the score ofy is (a1 + a2)((2a1 — ae) K — 1 4+ xaw), and the score dof is

(a1 +a2)((201 — a2) K — 14+ yas). Sincep is the winner, its score must be at least that,0frhich

is equivalent tacay, < Kas + 1. Becauser, > 0, the latter condition is equivalent to< K + a%

which is equivalent tac < K (becausexy > 2). Similarly, we gety < K, which together with

x + y = 2K enables us to conclude that= y = K, so there exists a partition. =

Corollary 4 For the vetoand Bordarules, CONSTRUCTIVE CWMANIPULATION is NP-complete
for 3 candidates.

(On a historical note, we actually proved Corollary 4 before we discovered its generalization to
Theorem 73; the generalization was independently discovered by us, Hemaspaandra and Hemas-
paandra [2005], and Procaccia and Rosenschein [2006].)

Theorem 74 For the Copelandrule, CONSTRUCTIVE CWMANIPULATION is NP-complete for 4
candidates.

Proof: Showing the problem is in NP is easy. To show it is NP-hard, we reduce an arbitrary
PARTITION instance to the followingcONSTRUCTIVE CWMANIPULATION instance. There are 4
candidatesg, b, c andp. In S there ar K + 2 voters voting(p, a, b, ¢), 2K + 2 voting (¢, p, b, a),

K +1voting(a, b, c,p), andK + 1 voting (b, a, ¢, p). In T, for everyk; there is a vote of weight;.

We show the instances are equivalent. First, every pairwise election is already determined without
T, except for the one betweenandb. p defeatsa andb; a andb each defeat; ¢ defeatsp. If

there is a winner in the pairwise election betweeandb, that winner will tie withp. Sop wins

the Copeland election if and only dfandb tie in their pairwise election. But, after the votesin
alone,a andb are tied. Thus, the votes il maintain this tie if and only if the combined weight of
the votes inl" preferringa to b is the same as the combined weight of the voteB preferringb to

a. This can happen if and only if there is a partition.m
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Theorem 75 For the maximin rule, CONSTRUCTIVE CWMANIPULATION is NP-complete for 4
candidates.

Proof: Showing the problem is in NP is easy. To show it is NP-hard, we reduce an arbitrary
PARTITION instance to the followingcONSTRUCTIVE CWMANIPULATION instance. There are 4
candidatesg, b, c andp. In S there arer K — 1 voters voting(a, b, ¢, p), 7K — 1 voting (b, ¢, a, p),

4K — 1 voting (¢, a, b, p), and5K voting (p, c,a,b). In T, for everyk; there is a vote of weight
2k;. We show the instances are equivalent. Suppose there is a partition. Then, let the votes in
T corresponding to thé; in one half of the partition votép, a, b, ¢), and let the other ones vote
(p, b, c,a). Then,p does equally well in each pairwise election: it always gétspairwise points.

a's worst pairwise election is against getting9K — 1. b’s worst is against:, getting9K — 1.
Finally ¢'s worst is againsh, gettingd K — 1. Hence p wins the election. So there is a manipulation.
Conversely, suppose there is a manipulation. Then, since mpuimthe top of each vote i will

never hurip in this rule, there must exist a manipulation in which all the vot€eE jput p at the top,
andp thus get9 K as its worst pairwise score. Also, the vote§icannot change which each other
candidate’s worst pairwise election i8s worst is against, b's worst is against, andc’s worst is
againsth. Sincec already ha® K — 1 points in its pairwise election againstno vote inT" can put

c ahead ob. Additionally, if any vote inT" putsa right abovec, swapping their positions has no
effect other than to decreasts final score, so we may also assume this does not occur. Similarly
we can show it safe to also assume no vot€ jputsb right aboven. Combining all of this, we may
assume that all the votesTnvote either(p, a, b, ¢) or (p, b, ¢, a). Sincea already ha§ K — 1 points

in the pairwise election againstthe votes iril" of the first kind can have a total weight of at most
2K; hence the correspondirig can sum to at mosk’. The same holds for thie corresponding to

the second kind of vote on the basishisf score. Hence, in both cases, they must sum to exattly
But then, this is a partition. =

Theorem 76 For the STV rule, CONSTRUCTIVE CWMANIPULATION is NP-complete for 3 candi-
dates.

Proof: Showing the problem is in NP is easy. To show it is NP-hard, we reduce an arbitrary
PARTITION instance to the followingCFONSTRUCTIVE CWMANIPULATION instance. There are 3
candidatesa, b andp. In S there are6 K — 1 voters voting(b, p,a), 4K voting (a, b, p), and

4K voting (p,a,b). In T, for everyk; there is a vote of weighk;. We show the instances are
equivalent. Suppose there is a partition. Then, let the votds ¢orresponding to th&; in one

half of the partition votéa, p, b), and let the other ones votg, a, b). Then in the first round; has

6K — 1 points,a has6K, andp has6 K. Sob drops out; all its votes transfer {9 so thatp wins

the final round. So there is a manipulation. Conversely, suppose there is a manipulation. £learly,
cannot drop out in the first round; but alsocannot drop out in the first round, since all its votes

in S would transfer tah, andb would have at leastOK — 1 points in the final round, enough to
guarantee it victory. Sa, must drop out in the first round. Hence, from the vote%'jbotha and

c must get at lea2 K’ weight that puts them in the top spot. The correspondinip either case
must thus sum to at leasf. Hence, in both cases, they must sum to exaktlyBut then, this is a
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partition. =

This also allows us to show that constructively manipulating the plurality with runoff rule is
hard:

Theorem 77 For theplurality with runoffrule, CONSTRUCTIVE CWMANIPULATION is NP-complete
for 3 candidates.

Proof: Showing the problem is in NP is easy. To show it is NP-hard, we observe that with 3
candidates, the plurality with runoff rule coincides with the STV rule, @0tiSTRUCTIVE MANIP-
ULATION for STV with 3 candidates is NP-hard. =

Theorem 78 For the randomized cupule, CONSTRUCTIVE CWMANIPULATION is NP-complete
for 7 candidates.

Proof: The problem is in NP because for any vector of votes, we can check for every one of the pos-
sible schedules for the cup whethewins (because the number of candidates is constant, so is the
number of possible schedules). To show it is NP-hard, we reduce an arlpiiaryriON instance to

the followingCONSTRUCTIVE CWMANIPULATION instance. There afécandidatesy, b, ¢, d, e, f,

andp. InT, for everyk; there is a vote of weigt®k;. LetWW = 4K. Letthe votes irt be as follows:
there are3W votes(d, e, c,p, f,a,b), sW votes(d, e, c,p, f,b,a), W votes(f,d,b,p.e, c,a),

%W votes(f,d,b,p, e, a,c), %W votes(e, f,a,p,d,b,c), %W votes(e, f,a,p,d, c,b), 2W votes
(p,a,c,b,d,e, ), Wvotes(p, c,b, a, f,d, e), Wvotes(c, b, a, f,d, e, p), 2W votes(b, a, ¢, e, f,d, p),
and4 K — 1 votes that we will specify shortly. Since it takes oﬁ%/W votes to win a pairwise elec-
tion, it follows that the outcomes of the following pairwise elections are already determijned:
defeats each ai, b, ¢ (it has9W votes in each of these pairwise elections from the given votes);
each ofd, e, f defeatsp (91 in each case)d defeatse, e defeatsf, f defeatsd (101 in each
case)a defeatsd, b defeatse, c defeatsf (9W in each case)] defeatsh andc, e defeatss andec,

f defeatss andb (9W in each case). So, the only pairwise elections left to be determined are the
ones between, b andc. We now specify the remainirgfk’ — 1 votes inS: there ar&K — 1 votes
(¢,b,a,p,d,e, f) and2K — 1 votes(b,a,c,p,d,e, f), and1 vote (b, c,a,p,d, e, f). As a result,
given all the votes irf, b is 4K — 1 votes ahead af in their pairwise electior is 1 vote ahead of

¢, andc is 1 vote ahead ofi. We claim that the votes i’ can be cast so as to makealefeatd, b
defeatc, andc defeata, if and only if a partition of thet; exists. If a partition exists, let the votes
corresponding to one half of the partition ke b, ¢, p, d, e, f), and those corresponding to the other
half be(c, a, b, p, d, e, f); this is easily verified to yield the desired result. Conversely, suppose there
is a way to cast the votes ifi so as to yield the desired result. Then, since each vdiehas even
weight, all the votes i" ranka aboveb; at least half the vote weight ranksabovec; and at least

half the vote weight ranks abovea. Since, ifa is ranked aboveé, it is impossible to have be
ranked simultaneously both beldvwand above, it follows that precisely half the vote weight ranks

b abovec (and the other half; abovea); and hence, we have a partition. To complete the proof
of the theorem, we claim that makingdefeatb, b defeatc, andc defeata strictly maximizes the
probability thatp wins. From this claim it follows that if we setto a number slightly smaller than



8.3. HARDNESS OF MANIPULATING ELECTIONS WITH FEW CANDIDATES 209

the probability thap winsif a defeatd, b defeats:, andc defeats:, then it is possible for the votes
in T to makep win with probability at least, if and only if there is a partition of thg;. To prove
the claim, we do a careful case-by-case analysis on the structure of the cup.

"bye" position

Quarterfina 1(ql)  Quarterfind 2(q2)  Quarterfinal 3 (g3)
Figure 8.1:The cup used in the proof.

For each situation in which two af, b and ¢ face each other in a round, we analyze whose
winning would be most favorable tp. If p does not get the "bye” position, it can only win by
facing each ofz, b andc¢ in some round, which is impossible if any two of those ever face each
other; so in this case the results of the pairwise elections between them are irrelevant assfar as
chances of winning are concerned. So let us assugets the bye position. If two af, b andc
face each other in{, then the outcome of this round is irrelevantzasould defeat either one in
the final. If two ofa, b andc face each other ing, then the outcome of this round is irrelevantpas
would defeat either one is,. Now suppose andb face each other in;. Then the only way fop
to make it to the final is it: facesf in g3, so let us assume this happens. Théande face each
other ings, which confrontationd will win. If a defeats in ¢, it will win s; againstd, andp will
defeat it in the final. On the other handbiflefeats: in g1, it will lose s; againsud, andd will defeat
p in the final.. It follows that in this case, if we wapto win, we would (strictly) prefen to defeat
b in their pairwise election. Symmetrically, we also predeto defeath if they face each other in
g2. Since we have analyzed all possibilities whermay faceb, and in these is always favorable
to p for a to defeath, sometimes strictly so; it follows that it is strictly favorablejts chances of
winning if a defeatsh in their pairwise election. Analogously (or by symmetry), it can be shown
that it is strictly favorable t@’s chances of winning ib defeats:, andc defeat9 in their pairwise
elections. Hence achieving these pairwise results simultaneously strictly maxpisizggmnce of
winning the election. =
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Recall that the cup rule (without randomization) is easy to manipulate constructively for any
number of candidates. Thus, the previous result showsdnabomizing over instantiations of the
rules(such as schedules of a cug@n be used to make manipulation hard

Destructive Manipulation

We now present our results for destructive manipulation.

We begin by laying out some cases where destructive manipulation can be done in polynomial
time. Itis easy to see that destructive manipulation can never be harder than constructive manipu-
lation (except by a factom) because in order to solve the former, we may simply solve the latter
once for each candidate besidesThus, we immediately know that the plurality and cup rules can
be destructively manipulated in polynomial time, for any number of candidates. Interestingly, for
most of the other rules under study, destructive manipulation turns out to be drastically easier than
constructive manipulation! The following theorem shows a sufficient condition for rules to be easy
to manipulate destructively.

Theorem 79 Consider any voting rule where each candidate receives a numerical score based
on the votes, and the candidate with the highest score wins. Suppose that the score function is
monotone, that is, if voterchanges its vote so théb : a =24 b} C {b: a =7 b} (here,a =; b

means that votef prefersa to b), a’s score will not decrease. Finally, assume that the winner
can be determined in polynomial time. Then for this rule, destructive manipulation can be done in
polynomial time.

Proof: Consider the following algorithm: for each candidatbesidesh, we determine what the
outcome of the election would be for the following coalitional vote. All the colluders pleatethe
top of their votesh at the bottom, and order the other candidates in whichever way. We claim there
is a vote for the colluders with which does not win if and only i, does not win in one of these
m — 1 elections. Thef part is trivial. For theonly if part, suppose there is a coalitional vote that
makesa # h win the election. Then, in the coalitional vote we examine wheiealways placed
on top andh always at the bottom, by monotonicity's score cannot be lower (because for each
manipulatori, {b : a >; b} is maximal) andh’s cannot be higher (because for each manipulator
{b : h >; b} is minimal) than in the successful coalitional vote. It follows that here, dsoscore

is higher tham’s, and hencé does not win the election. The algorithm is in P since werde 1
winner determinations, and winner determination is in Fa

Corollary 5 Destructive manipulation can be done in polynomial time for the veto, Borda, Copeland,
and maximin rules.

Theorem 79 does not apply to the STV and plurality with runoff rules. We now show that
destructive manipulation is in fact hard for these rules, even with only 3 candidates.

Theorem 80 For theSTV rule with 3 candidates)ESTRUCTIVE CWMANIPULATION is NP-complete.
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Proof: Showing the problem is in NP is easy. To show it is NP-hard, we reduce an arlsttary
TITION instance to the followin@ESTRUCTIVE CWMANIPULATION instance. The candidates
area, b andh. In S there are&6 K voters voting(a, h, b), 6 K voters voting(b, h,a), and8K — 1
voters voting(h, a, b). In T, for everyk; there is a vote of weightk;. We show the instances are
equivalent.

We first observe that will not win if and only if it gets eliminated in the first round: for if it
survives the first round, eitheror b gets eliminated in the first round. Hence either all the votes in
S that ranked: at the top or all those that rankédat the top will transfer ta:, leavingh with at
leastl4K — 1 votes in the final round out of a total 8K’ — 1, so thath is guaranteed to win the
final round.

Now, if a partition of thek; exists, let the votes iff’ corresponding to one half of the partition
vote (a, b, h), and let the other ones voté, a, k). Then in the first roundg andb each haves K
votes, andh only has8 K — 1 votes, so thak gets eliminated. So there exists a manipulation.

On the other hand, if a manipulation exists, we know by the above that with this manipulation,
is eliminated in the first round. Hence at leasf — 1 of the vote weight iri” ranksa at the top, and
atleasR K — 1 of the vote weight iril” ranksb at the top. Letd be the set of all thé; corresponding

to votes inT rankinga at the top; then) k; > K — % and since thé; are integers this implies
k€A
> ki > K. If we let B be the set of all thé; corresponding to votes i rankingb at the top,
k€A
then similarly, > k; > K. SinceA andB are disjoint, it follows that > k; = >  k; = K. So
k,eB k€A ki€B
there exists a partition. =

This result also allows us to establish the hardness of destructive manipulation in the plurality
with runoff rule:

Theorem 81 For theplurality with runoffrule with 3 candidateS)ESTRUCTIVE CWMANIPULATION
is NP-complete.

Proof: Showing the problem is in NP is easy. To show it is NP-hard, we observe that with 3
candidates, plurality with runoff coincides with STV, andSTRUCTIVE MANIPULATION for STV
with 3 candidates is NP-hard, as we proved in Theorem 8@

8.3.4 Effect of uncertainty about others’ votes

So far we have discussed the complexity of coalitional manipulation when the others’ votes are
known. We now show how those results can be related to the complexity of manipulation by an
individual voter when only aistributionover the others’ votes is known. If we allow for arbitrary
distributions, we need to specify a probability for each possible combination of votes by the others,
that is, exponentially many probabilities (even with just two candidates). It is impractical to specify
so many probabilitie$! Therefore, we should acknowledge that it is likely that the language used

"Furthermore, if the input is exponential in the number of voters, an algorithm that is exponential in the number of
voters is not necessarily complex in the usual sense of input complexity.
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for specifying these probabilities would not be fully expressive (or would at least not be very con-
venient for specifying complex distributions). We derive the complexity results of this subsection
for extremely restricted probability distributions, which any reasonable language should allow for.
Thus our results apply to any reasonable language. We only present results on constructive manipu-
lations, but all results apply to the destructive cases as well and the proofs are analogous. We restrict
our attention to deterministic rules.

Weighted voters

First we show that with weighted voters, in rules where coalitional manipulation is hard in the
complete-information case, even evaluating a candidate’s winning probability is hard when there is
uncertainty about the votes (even when there is no manipulator).

Definition 44 (WEIGHTED EVALUATION) We are given a weight for each voter, a distribution over
all possible vectors of votes, a candidateand a number, where0 < r < 1. We are asked
whether the probability of winning is greater tham-.

Theorem 82 If CONSTRUCTIVE CWMANIPULATION is NP-hard for a deterministic rule (even
with k& candidates), themEIGHTED EVALUATION is also NP-hard for it (even witk candidates),
even ifr = 0, the votes are drawn independently, and only the following types of (marginal) dis-
tributions are allowed: 1) the vote’s distribution is uniform over all possible votes, or 2) the vote’s
distribution puts all of the probability mass on a single vote.

Proof: For the reduction fronCONSTRUCTIVE CWMANIPULATION t0 WEIGHTED EVALUATION,

we use exactly the same voters, angmains the same as well. If a voter was not a colluder in the
CONSTRUCTIVE CWMANIPULATION instance and we were thus given its vote, in WeIGHTED
EVALUATION instance its distribution places all of the probability mass on that vote. If the voter
was in the collusion, its distribution is now uniform. We set 0. Now, clearly, in thewEIGHTED
EVALUATION instance there is a chance@fvinning if and only if there exists some way for the
latter votes to be cast so as to makein - that is, if and only if there is an effective collusion in the
CONSTRUCTIVE CWMANIPULATION problem. =

Next we show that if evaluating the winning probability is hard, individual manipulation is also
hard.

Definition 45 (CONSTRUCTIVE INDIVIDUAL WEIGHTED (IW)-MANIPULATION UNDER UNCER-
TAINTY ) We are given a single manipulative voter with a weight, weights for all the other voters,
a distribution over all the others’ votes, a candidateand a number, where0 < r» < 1. We are
asked whether the manipulator can cast its vote sothvains with probability greater tham.

Theorem 83 If WEIGHTED EVALUATION is NP-hard for a rule (even with candidates and re-
strictions on the distribution), theDONSTRUCTIVE IW-MANIPULATION UNDER UNCERTAINTY iS
also NP-hard for it (even witlk candidates and the same restrictions).



8.3. HARDNESS OF MANIPULATING ELECTIONS WITH FEW CANDIDATES 213

Proof: For the reduction fronWEIGHTED EVALUATION t0 CONSTRUCTIVE IW-MANIPULATION
UNDER UNCERTAINTY, simply add a manipulator with weight 0. =

Combining Theorems 82 and 83, we find that with weighted voters, if in some rule coalitional
manipulation is hard in the complete-information setting, then even individual manipulation is hard
if others’ votes are uncertain. Applying this to the hardness results from Subsection 8.3.3, this
means that all of the rules of this section other than plurality and cup are hard to manipulate by
individuals in the weighted case when the manipulator is uncertain about the others’ votes.

Finally, we show thatwEIGHTED EVALUATION can be hard even iEONSTRUCTIVE Cw
MANIPULATION is not. If we relax the requirement that a vote is represented by a total order
over the candidates, we can also allow for the following common voting rule:

e approval.Each voter labels each candidate as either approved or disapproved. The candidate
that is approved by the largest number of voters wins.

For the approval rulsGONSTRUCTIVE CWMANIPULATION is trivial: the universally most po-
tent manipulation is for all of the manipulators to approve the preferred candidatel to disap-
prove all other candidates. HoweveIEIGHTED EVALUATION is hard:

Theorem 84 In the approval rule WEIGHTED EVALUATION is NP-hard, even it = 0, the votes
are drawn independently, and the distribution over each vote has positive probability for at most 2
of the votes.

Proof: We reduce an arbitrargyARTITION instance to the followingvEIGHTED EVALUATION in-
stance. There are 3 candidates;, andb. There ar@ K + 1 votes approvingp}. Additionally, for
eachk; in the PARTITION instance, there is a vote of weighi; that approvega} with probability

%, and{b} with probability%. We setr = 0. Clearly,p wins if and only ifa andb are each approved
by precisely2 K of the vote weight. But this is possible (and happens with positive probability) if
and only if there is a partition. =

Unweighted voters

Finally, we study what implications can be derived for the hardness of manipulation in settings with
unweighted voters.

Definition 46 UNWEIGHTED EVALUATION is the special case offEIGHTED EVALUATION where
all the weights arel. CONSTRUCTIVE INDIVIDUAL UNWEIGHTED (IU)-MANIPULATION UNDER
UNCERTAINTY is the special case @ONSTRUCTIVE INDIVIDUAL WEIGHTED (IW)-MANIPULATION
UNDER UNCERTAINTY where all the weights are.

First, we show that for rules for whioWEIGHTED EVALUATION is hard,UNWEIGHTED EVAL-
UATION is also hard. This assumes that the language for specifying the probability distribution is
rich enough to allow for perfect correlations between votes (that is, some votes are identical with
probability oné?).

12Representation of such distributions can still be concise.
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Theorem 85 If WEIGHTED EVALUATION is NP-hard for a rule (even witlk candidates and re-
strictions on the distribution), theaNWEIGHTED EVALUATION is also NP-hard for it if we allow

for perfect correlations (even with candidates and the same restrictions—except those conflicting
with perfect correlations). (This is assuming that a group<gferfectly correlated votes can be
represented using only(log(x)) space.)

Proof. For the reduction fromWEIGHTED EVALUATION to its unweighted version, we replace
each vote of weighk with « unweighted votes; we then make theseotes perfectly correlated.
Subsequently we pick a representative vote from each perfectly correlated group, and we impose
a joint distribution on this vote identical to the one on the corresponding vote iwteHTED
EVALUATION problem. This determines a joint distribution over all votes. It is easy to see that
the distribution over outcomes is the same as in the instance from which we reduced; hence, the
decision questions are equivalent.m

We would like to have an analog of Theorem 83 here, to showtk&tEIGHTED EVALUATION
being hard also implies th@ONSTRUCTIVE IU-MANIPULATION UNDER UNCERTAINTY is hard.
Unfortunately, the strategy used in the proof of Theorem 83—setting the manipulator’'s weight to
0—does not work, because the weight of the manipulator must now bestead, we rely on the
following two theorems, which each require an additional precondition. The first one shows that if
the WEIGHTED EVALUATION problem is hard even in settings where there is no possibility that the
candidatep is tied for winning the election, then trEONSTRUCTIVE IU-MANIPULATION UNDER
UNCERTAINTY problem is also hard.

Theorem 86 If WEIGHTED EVALUATION is NP-hard for a rule even in settings where ties will not
occur (even withk candidates and restrictions on the distribution of the votes), tthensTrRuUG

TIVE IU-MANIPULATION UNDER UNCERTAINTY is also NP-hard (with the same if we allow

for perfect correlations (even with candidates and the same restrictions on the distribution of the
nonmanipulators’ votes—except those conflicting with perfect correlations). (This is assuming that
a group ofx perfectly correlated votes can be represented using Oxilyg(x)) space.)

Proof: We reduce th&VALUATION instance to aMANIPULATION instance by first adding a single
manipulator. Because ties will not occur, there must exist a (rational) weight 0 such that if

the manipulator’s vote has this weight, then the manipulator’s vote will never affect the outcome.
Without loss of generality, we can assume that this weight can be written asﬁ for some
sufficiently large integen/. Now, multiply all the weights by\/ so that the manipulator’s vote has
weight1 and all the weights are integers again. Then, replace each voter of weight perfectly
correlated, unweighted voters. Clearly, the manipulator will still not affect the outcome, and thus
the distribution over outcomes is the same as in the instance we reduced from; hence, the decision
questions are equivalent. m

Theorem 86 applies to most of the rules under study:

Corollary 6 For each one of the following ruleSONSTRUCTIVE I-MANIPULATION UNDER UN-
CERTAINTY is NP-hard: Borda (even with 3 candidates), veto (even with 3 candidates), STV (even
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with 3 candidates), plurality with runoff (even with 3 candidates), and maximin (even with 4 candi-
dates). This holds evensif= 0, the votes are either drawn independently or perfectly correlated,
and only the following types of (marginal) distributions are allowed: 1) the vote’s distribution is
uniform over all possible votes, or 2) the vote’s distribution puts all of the probability mass on a
single vote. (This is assuming that a group«géerfectly correlated votes can be represented using
only O(log(k)) space.)

Proof: To show that we can apply Theorem 86 to each of these rules, we first make the following
observation. For each of these rules, the reduction that we gave to shawothatRUCTIVE CW
MANIPULATION is hard has the property that if there exists no successful manipulation, candidate
p cannot even be tied for winning the election (and, of course, if there is a successful manipulation,
no other candidate will tie witly for winning the election). Because of this, when we apply the
reduction from Theorem 82 to these instances, there is no chance that a tie for winning the election
betweerp and another candidate will occur, and we can apply Theorem 88.

Unfortunately, for the Copeland rule, in the reduction given in Theorem 74, an unsuccessful
manipulation may still leave tied for winning the election. To show thatoNSTRUCTIVE U
MANIPULATION UNDER UNCERTAINTY is hard for this rule as well, we need the following theorem:

Theorem 87 If WEIGHTED EVALUATION is NP-hard for a rule even in settings where= 0 and

one of the voters with a uniform distribution over votes has weldletven withk candidates and
restrictions on the distribution of the votes), theONSTRUCTIVE IU-MANIPULATION UNDER UN-
CERTAINTY is also NP-hard even in settings whetre-= 0 if we allow for perfect correlations (even
with k& candidates and the same restrictions on the distribution of the nonmanipulators’ votes—
except those conflicting with perfect correlations). (This is assuming that a grouppeffectly
correlated votes can be represented using @n{jog(x)) space.)

Proof: We reduce th&VALUATION instance to aMANIPULATION instance by replacing the voter

with a uniform distribution over votes and weightby the manipulator, and using the same dis-
tribution over the other voters’ votes as before. If there is nonzero probabilgyahning in the
EVALUATION instance, then there must exists some vector of votes with nonzero probability for
which p wins with nonzero probability. Then, in theANIPULATION instance, consider the vote in

this vote vector cast by the voter that was replaced by the manipulator. If the manipulator places
this vote, then with nonzero probability, the same vector will occuramdll win with nonzero
probability. Conversely, suppose that in tleNIPULATION instance there exists a vote for the
manipulator such that wins with nonzero probability. Then, in trEeVALUATION instance, there

is some nonzero probability that the voter replaced by the manipulator casts this vote (because that
voter’s distribution over votes is uniform). It follows that there is nonzero probability zitvail

win in the EVALUATION instance. Hence, the decision questions are equivalemt.

Corollary 7 For the Copeland rule (even with 4 candidatesSpNSTRUCTIVE IU-MANIPULATION
UNDER UNCERTAINTY is NP-hard . This holds evenif= 0, the votes are either drawn indepen-
dently or perfectly correlated, and only the following types of (marginal) distributions are allowed:
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1) the vote’s distribution is uniform over all possible votes, or 2) the vote’s distribution puts all of
the probability mass on a single vote. (This is assuming that a grouppeffectly correlated votes
can be represented using orty(log(x)) space.)

Proof: BecauserPARTITION is hard even when one of the integers to be partitioneld ise can
assume that one of the manipulators in the proof of Theorem 74 has wvieighich allows us to
apply Theorem 87. =

As a final remark, we observe that the manipulation questions discussed in this subsection are
not necessarily even in NP. However, wheg= 0, the manipulation question can also be phrased
as saying “does there exist a manipulation thatdmechance of succeeding?” We note that this
guestion is in fact in NP.

The following figure summarizes the flow of the theorems presented in this subsection.

CONSTRUCTIVE CONSTRUCTIVE CONSTRUCTIVE
CW-MANIPULATION IW-MANIPULATION I[U-MANIPULATION
UNDER CERTAINTY UNDER UNCERTAINTY UNDER UNCERTAINTY

Thm. 16 Thm. 1 Thms. 20, 21
WEIGHTED ; UNWEIGHTED
EVALUATION EVALUATION
Thm. 19
Figure 8.2:The flow of the theorems in this subsection.

This concludes the part of the dissertation studying worst-case hardness of manipulation. In the
next section, we move on to a more ambitious goal: voting rules thaisaralyhard to manipulate.

8.4 Nonexistence of usually-hard-to-manipulate voting rules

One weakness that all of the above results have in common is that they onlyvairstvcase
hardness. That is, the results show that it is unlikely that an efficient algorithm can be designed that
finds a beneficial manipulation all instances for which a beneficial manipulation exists. However,
this does not mean that there do not exist efficient manipulation algorithms that find a beneficial
manipulation inmanyinstances. If such algorithms do in fact exist, then computational hardness
constitutes a leaky barrier to manipulation at best (though it is presumably still better than nothing).

A truly satisfactory solution to the problem would be to have a rule that is hard to manipulate
in all instances. However, this is too much to ask for: for example, a manipulation algorithm
could have a small database of instances with precomputed solutions, and it would merely need to
check against this database to successfully manipulate some instances. Still, we may ask whether
it is possible to make (say) 99% of instances hard to manipulate. It is generally agreed that this
would have a much greater impact on the design of voting rules in practice than merely worst-case
hardness [Conitzeet al, 2003; Elkind and Lipmaa, 2005b], but none of the multiple efforts to
achieve this objective have succeeded.
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In this section, we present an impossibility result that makes it seem unlikely that such an ob-
jective can be achieved by any reasonable voting rule. This is not the first such impossibility result:
a previous result [Procaccia and Rosenschein, 2006] shows that a specific subclass of voting rules
is usually easy to manipulate when the number of candidates is constant and a specific distribution
over instances is used (where the distribution is chosen to have certain properties that would appear
to make manipulation more difficult). By contrast, our result does not require any restriction on
the voting rule, number of candidates, or distribution over instances. Our result states that a voting
rule/instance distribution pair cannot simultaneously be usually hard to manipulate, and have certain
natural properties (which depend on the rule and distribution).

8.4.1 Definitions
Manipulation

As we saw in the previous section, the computational problem of manipulation has been defined
in various ways, but typical definitions are special cases of the following general problem: given
the nonmanipulators’ votes, can the manipulator(s) cast their votes in such a way that one candidate
from a given set of preferred candidates wins? In this section, we study a more difficult manipulation
problem: we require that the manipulator(s) find the setllahe candidates that they can make win

(as well as votes that will bring this about). This stronger requirement makes our impossibility result
stronger: we will show that even this more powerful type of manipulation cannot be prevented.

Definition 47 Amanipulation instancis given by a voting rulé?, a vector ohonmanipulator votes
v=(rMM ... rNM) avector ofweightsv® = (M, ... dN¥M) for the nonmanipulators, and a
vector of weights® = (d}7,. .., dM) for the manipulators. A manipulation algoritheucceedsn
this instance if it produces a set of paifgw;,, ¢;, ), . . ., (wy,, ¢;,) } such that 1) if the manipulators
cast the vector of votes; , thenci], wins, and 2) if a candidate does not occur in this set as one

of thec;;, then there is no vector of manipulator voteshat makes: win.

An instance ignanipulableif the manipulators can make more than one candidate win. Non-
manipulable instances are easy to solve: any algorithm that is sound (in that it does not produce
incorrect(w;, , ¢;;) pairs) and that returns at least dne, , c;;) pair (which is easy to do, by simply
checking what the rule will produce for a given vector of votes) will succeed. Hence, we focus on
manipulable instances only.

To investigate whether voting rules arsuallyeasy to manipulate, we also need a probability
distribution over (manipulable) instances. Our impossibility result does not require a specific distri-
bution, but in the experimental subsection of the section, we study a specific family of distributions.

Weak monotonicity

Informally, a rule ismonotonef ranking a candidate higher never hurts that candidate. All the
rules mentioned before, with the exceptions of STV and plurality with runoff, are monotone. In this
subsubsection, we formally define a weak notion of monotonicity that is implied by (but does not
imply) standard notions of monotonicity. We note that we want our definition of monotonicity to be
as weak as possible so that our impossibility result will be as strong as possible. We define when an
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instanceis weakly monotone, so that even rules that are not (everywhere) weakly monotone can be
(and typically are) weakly monotone on most instances.

We will first define a stronger, more standard notion of monotonicity. For rules that produce
a score for every candidate, a natural definition of monotonicity is the following: if a manipulator
changes his vote so that a given candidate is ranked ahead of a larger set of candidates, then that
candidate’s score should not decrease. However, not every rule produces a score. Thus, we use
the following definition of monotonicity, which does not rely on scores. (Monotonicity as defined
above for rules that produce a score implies monotonicity in the sense of the following definition.)

Definition 48 We say that a voting rulg? is monotonefor manipulators with weightsy® and
nonmanipulator votes with weightsv® if for every pair of candidates;, co and every pair of
manipulator vote vectorsn = (r{,...,ri),ws = (r%,...,r}7), the following condition holds: if

e ¢, wins when the manipulators votg , and
¢ for any manipulator, for any candidate such thatc; >, ¢, we have; 2 ¢, and

¢ for any manipulatot, for any candidate such thatc > 1 ¢;, we have: >, 2 cy;
thenc; does not win when the manipulators vaig

Thus, given a monotone instance, if each manipulator decreases the set of candidates that he
prefers to the current winner, and increases the set of candidates that he prefers to a given other
candidate, then the latter candidate cannot become the winner due to this. (It is, however, possible
that a third candidate will win after the change, since we did not restrict how that candidate’s position
in the ranking changed.)

Now we can define our weaker notion of monotonicity:

Definition 49 We say that a voting rul® is weakly monotondor manipulators with weighta®
and nonmanipulator voteswith weightsv® if for every pair of candidates;, ¢, one of the follow-
ing conditions holds: 1}, does not win for any manipulator votes; or 2) if all the manipulators
rank ¢, first andc; last, thenc; does not win.

We now show that our notion is indeed weaker:

Theorem 88 Monotonicity implies weak monotonicity.

Proof: Given a monotone rul&, consider any pair of candidates c2, and votesv, = (r1,...,r?)

for the manipulators in which, is always ranked first ang, is always ranked last. Suppose that
there are votes;, = (r{,... ,ré) that makec, win. Then if the manipulators changed fram to
ws, every manipulator would decrease the set of candidates that he prefeesmbincrease the set
of candidates that he prefers¢p Hence, by monotonicity;; cannot win. =

On the other hand, weak monotonicity does not imply monotonicity. For instance, consider the
scoring rule defined (for four candidates) {3y 1, 2, 0). Ranking a candidate second instead of third
can end up hurting that candidate, so this rule is clearly not monotone. However, under this rule, if
all the manipulators rank candidatgfirst ande; last, andz; still wins, thene; must be at leasik
points ahead of, (not counting the manipulators’ votes), gpdoes not win for any manipulator
votes. Hence, the rule does satisfy weak monotonicity.
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8.4.2 Impossibility result

We now present an algorithm that seeks to identify two candidates that can be made to win. The
algorithm is universal in that it does not depend on the voting rule used, except for the places in
which it calls the rule as a (black-box) subroutine.

Find-Two-Winners(R, C, v, v®, w®)
choosean arbitrary manipulator vote vecter
c1 — R(C,v,v%, wy,w?)
forevery c, € Cyca # 1 {
choosews in which every vote ranks; first ande;
last
¢ — R(C,v,v* we, w®)
if ¢; # creturn {(wy,c1), (wa,¢)} }
return {(wi,c1)}

If voting rule R can be executed in polynomial time, then so Eard-Two-Winners.

Theorem 89 Find-Two-Winners will succeed on every instance that both a) is weakly monotone
and b) allows the manipulators to make either of exactly two candidates win.

Proof: Find-Two-Winners is sound in the sense that it will never output a manipulation that is
incorrect. It will certainly find one candidate that the manipulators can makeagjn Thus, we
merely need to show that it will find the second candidate that can be made to win; let us refer to this
candidate ag'. If the algorithm reaches the iteration of tfeg loop in whichcy, = ¢/, then in this
round, either # c1, in which case we must have= ¢’ because there are no other candidates that
can be made to win, ar= c;. But in the latter case, we must conclude that= ¢/ cannot be made

to win, due to weak monotonicity—which is contrary to assumption. Hence it must be that.

If the algorithm does not reach the iteration of fbe loop in whichc, = ¢, it must have found a
manipulation that produced a winner other tharin an earlier iteration, and (by assumption) this
other winnercanonly bé. =

It is not possible to extend the algorithm so that it also succeeds on all weakly monotone in-
stances in whiclthreecandidates can be made to win. When three candidates can be made to win,
even under monotone rules, it is possible that one of these candidates can only win if some manip-
ulators vote differently from the other manipulators. In fact, as we saw in the previous section, the
problem of deciding whether multiple weighted manipulators can make a given candidate win is
NP-complete, even when there are only three candidates and the Borda or veto rule is used (both
of which are monotone rules). Any algorithm that does succeed on all weakly monotone instances
in which at most three candidates can be made to win would be able to solve this NP-complete
problem, and thus cannot run in polynomial time (or it would show that P = NP).

The impossibility result now follows as a corollary.

Corollary 8 For anyp € [0, 1], there does not exist any combination of an efficiently executable
voting rule R and a distributiond over instances such that
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1. the probability of drawing an instance that is both a) weakly monotone, and b) such that
either of exactly two candidates can be made to win, is at leaend

2. for any computationally efficient manipulation algorithm, the probability that an instance is
drawn on which the algorithm succeeds is smaller than

This impossibility result is relevant only insofar as one expects a voting rule to satisfy Property 1
in the corollary (high probability of drawing a weakly monotone instance in which either of exactly
two candidates can be made to win). Before we argue why one should in fact expect this, it is helpful
to consider how a skeptic might argue that an impossibility result such as this one is irrelevant. At a
minimum, the skeptic should argue that one of the properties required by the result is not sufficiently
desirable or necessary to insist on it. The skeptic could make her case much stronger by actually
exhibiting a voting rule that satisfies all properties except for the disputed one, and that still seems
intuitively desirable. (For example, Arrow’s impossibility result [Arrow, 1963] is often criticized
on the basis that themdependence of irrelevant alternativpsoperty is unnecessarily strong, and
this is the only property that common voting rules fail to satisfy.)

Conversely, we will first argue directly for the desirability of Property 1 in Corollary 8. We will
then provide indirect evidence that it will be difficult to construct a sensible rule that does not satisfy
this property, by showing experimentally that all common rules satisfy it very strongly (that is, a
large fraction of manipulable instances are weakly monotone and such that only two candidates can
be made to win).

8.4.3 Arguing directly for Property 1

In this subsection, we argue why one should expect many manipulable instances to be both a) weakly
monotone and b) such that the manipulator(s) can make either of exactly two candidates win. We
first make a simple observation: if manipulable instances are usually weakly monotone, and they
usually allow the manipulator(s) to make either of exactly two candidates win, then a significant
fraction of manipulable instances have both of properties a) and b). More precisely:

Proposition 10 If the probability of drawing a weakly monotone instance,ignd the probability
of drawing an instance in which either of exactly two candidates can be made to gyithen the
probability of drawing an instance with both properties is at least ¢ — 1.

Proof: The probability of drawing an instance thatist weakly monotone i¢ — p, and the prob-
ability of drawing an instance in which more than two candidates can be made to Wwin ig
From this, it follows that the probability of drawing an instance with both properties is at least

l1-1-p)-(1-¢g)=p+qg-1 =

With this in mind, we will now argue separately for each of the two properties a) and b).

The argument for Property a)—most manipulable instances should be weakly monotone—is
easy to make. The reason is that if the manipulators rank certain candidates higher, this should, in
general, benefit those candidates. If this were not the case, then the manipulators’ votes would lose
their natural interpretation that they support certain candidates over others, and we are effectively
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asking the manipulators to submit a string of bits without any inherent me&hibhghould also be

noted that most common voting rules are in fact monotone (on all instances), and the few rules for
which nonmonotone instances can be constructed are often severely criticized because of this (even
if the rule is in fact monotone on most instances).

Arguing for Property b)—most manipulable instances should be such that the manipulators can
make either of exactly two candidates win—is somewhat more difficult. For simplicity, consider
rules that produce a score for every candidate. As the number of voters grows, typically, candi-
dates’ scores tend to separate. This is especially the case if some candidates systematically tend to
be ranked higher than others by votezgy.because these candidates are intrinsically better. (One
interpretation of voting that dates back at least to Condorcet is the following: everyone has a noisy
signal about the relative intrinsic quality of the candidates, and the purpose of an election is to
maximize the probability of choosing the intrinsically best candidate [de Caritat (Marquis de Con-
dorcet), 1785].) Thus, given a large number of nonmanipulators, it is unlikely that the scores of the
two leading candidates will be close enough to each other that a few manipulators can make either
one of them win; but it is significantly more unlikely that the scores ofttineeleading candidates
will be close enough that the manipulators can make any one of them win. So, even given that
some manipulation is possible, it is unlikely that more than two candidates can be made to win.
This argument suggests that it is likely that most common voting rules in fact satisfy Property b).
But it is also an argument for why we shoutehjuire a voting rule to have this property, because,
especially when we think of voting as being a process for filtering out the noise in voters’ individual
preferences to find the intrinsically best candidatewaatthe candidates’ scores to separate.

In the next subsection, we show experimentally that common voting rules in fact strongly satisfy
properties a) and b).

8.4.4 Arguing experimentally for Property 1

In this subsection, we show experimentally that for all the common voting rules, most manipulable
instances are in fact weakly monotone and such that either of exactly two candidates can be made to
win. Because most of the rules that we study are in fact monotone on all instances, this mostly comes
down to showing that at most two candidates can be made to win in most manipulable instances.
Unfortunately, for quite a few of these rules, it is NP-hard to determine whether more than two
candidates can be made to win (this follows from results in the previous section). Rather than trying
to solve these NP-hard problems, we will be content to provitevar boundon the fraction of
manipulable instances in which either of exactly two candidates can be made to win. We obtain
these lower bounds by characterizing, for each rule that we study, an easily computable sufficient
(but not necessary) condition for an instance to be such that either of exactly two candidates can
be made to win. For at least some rules, the lower bound is probably significantly below the actual
fraction—which only strengthens the relevance of the impossibility result.

One useful property of these lower bounds is that they are independent of how the manipulators’
total weight is distributed. Because of this, only the manipulators’ total weight matters for the

Bincidentally, if this does not bother us, it is easy to design rules that are always hard to manipulate: for example,
we can count an agent’s vote only if part of its vote (represented as a string of bits) encodes the solution to (say) a hard
factoring problem. Of course, this is not a very satisfactory voting rule.
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purpose of our experiments, and we can assume, without loss of generality, that each manipulator
has weight 1.

It should be noted that we can only show results for specific distributions of instances, because
we need a specific distribution to conduct an experiment. Therefore, it cannot be said with certainty
that other distributions would lead to similar results, although for reasonable distributions it appears
likely that they would. One should keep in mind that the vote aggregator typically has no control
over the distribution over voters’ preferences, so that constructing an artificial distribution for which
these results do not hold is unlikely to be helpful. We now present the specific distributions that we
study.

For a given number of candidates, number of nonmanipulators, and nhumber of manipulators,
we generate instances as follows. (This is Condorcet’s distribution, which we discussed in Chap-
ter 3 because the maximum likelihood estimator of the correct ranking under this distribution is the
Kemeny rule [Kemeny, 1959; Young, 1995].) We assume that there is a “correct” ran&frpe
candidates (reflecting the candidates’ unknown intrinsic quality), and the probability of drawing a
given voter is proportional top®™) (1 — p)m(m=1/2-a(rt) ‘wherea(r, t) is the number of pairs
of candidates on whose relative rankingndt agree (they agree if eithef -, co ande; = co,
or cg =, c1 andcy =; c1). pis a given noise parameter;jf = 1 then all voters will produce
the correct ranking, and jf = 0.5 then we are drawing every vote (independently and uniformly)
completely at random. This distribution is due to Condorcet [de Caritat (Marquis de Condorcet),
1785], and one way to interpret it is as follows. To draw a vote, for each pair of candidates
randomly decide whether the vote is going to agree with the correct ranking on the relative ranking
of ¢; andc, (with probability p), or disagee (with probability — p). This may lead to cycles (such
asc; = co = c3 = c1); if so, restart.

These distributions often produce nonmanipulable instances. Ideally, we would discard all non-
manipulable instances, but this requires us to have an algorithm for detecting whether an instance
is manipulable. If we know that the instance is weakly monotone, we can simply use algorithm
Find-Two-Winners for this purpose. However, a few of the rules that we study (STV and plurality
with runoff) are not monotone on all instances. In fact, for these rules, it is NP-hard to tell whether
the instance is manipulable (this follows from results in the previous section). For these rules, we
use simple sufficient (but not necessary) conditions to classify an instance as nhonmanipulable. We
will classify each nonmanipulable instance that does not satisfy this condition as having more than
two potential winners, so that our results are still lower bounds on the actual ratio.

In the experiments below, we draw 1000 manipulable instances at random (by drawing and
discarding instances as described above), and for each voting rule, we show our lower bound on
the number of instances in which the manipulators can make either of exactly two candidates win.
For rules that are not monotone everywhere, we also show a lower bound on the number of such
instances that at@soweakly monotone (indicated byrule> - monotone”). We also consider the
Condorcet criterion—recall that a rule satisfies the Condorcet criterion if any candidate that wins
all of its pairwise elections must win the overall election—and show a lower bound on the number
of instances for which these properties are satisfiedgrule satisfying the Condorcet criterion.

In our first experiment (Figure 8.3), we have three candidates, one manipulator, and significant
noise in the votesp(= 0.6). For all the rules under study, the fraction of instances satisfying the
property approaches 1 as the number of nonmanipulator votes grows.
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Figure 8.3: p = 0.6, one manipulator, three candidates.

Next, we show what happens when we maximize ngise ().5), so that votes are drawn com-
pletely at random (Figure 8.4). Even under such extreme noise, the fraction of instances satisfying
the property approaches 1 or at least becomes very larde?) for every one of the rules. How-
ever, it is no longer possible to say this foryrule satisfying the Condorcet criterion (although the
specific common rules that do satisfy this criterion satisfy the property for a very large fraction of
instances).

Next, we show results when there are multiple (specifically, 5) manipulators (Figure 8.5). The
results are qualitatively similar to those in Figure 8.3, although for smaller numbers of nonmanipu-
lators the fractions are lower. This makes sense: when the number of nonmanipulators is relatively
small, a large coalition is likely to be able to make any candidate win.

Finally, we experiment with an increased number of candidates (Figure 8.6).

Now, the lower bound on the fraction of instances satisfying the property approadtesl|
rules but STV. The lower fraction for STV is probably at least in part due to the fact that the lower
bound that we use for STV is relatively weak. For example, any instance in which the manipulators
can change the eliminated candidate in at least two rounds is counted as having more than two
candidates that the manipulators can make win. This is extremely conservative because changes in
which candidate is eliminated in a given round often do not change the winner.

8.4.5 Can the impossibility be circumvented?

One may wonder whether there are ways to circumvent the impossibility result presented in this
section. Specifically, one may still be able to construct voting rules that are usually hard to ma-
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Figure 8.4: p = 0.5, one manipulator, three candidates.
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Figure 8.6: p = 0.6, one manipulator, five candidates.

nipulate by considering a larger class of voting rules, a class that contains rules that do not satisfy
the preconditions of the impossibility result. In this subsection, we discuss various approaches for
circumventing the impossibility result, and their prospects. (One approach that we will not discuss
is that of constructing distributions over voters’ preferences for which the impossibility result fails
to hold, because, as we mentioned earlier, the distribution over voters’ preferences is typically not
something that the vote aggregator has any control over.)

Allowing low-ranked candidates to sometimes win

The impossibility result is only significant if in a sizable fraction of manipulable instances, only two
candidates can be made to win. One may try to prevent this by using a voting rule that sometimes
chooses as the winner a candidate that in fact did not do well in the votes (according to whatever
criterion), thereby increasing the number of candidates that can be made to win in manipulable
instances. Of course, having such a candidate win is inherently undesirable, but if it occurs rarely,
it may be a price worth paying in order to achieve hardness of manipulation.

If we take this approach, and in addition allow for the rule toreedomized then we can
construct reasonable voting rules that are in fact strategy-proof (that is, no beneficial manipulation
is ever possible). Consider, for example, the following voting rule:

Definition 50 The Copeland-proportionalle chooses candidateas the winner with probability
proportional toc’s Copeland score.
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An alternative interpretation of this rule is the following: choose a pair of candidates at random;
the winner of their pairwise election wins the entire election. (If the pairwise election is tied, choose
one of the two candidates at random.)

Theorem 90 Copeland-proportional is strategy-proof.

Proof: Suppose the manipulator knows which pair of candidates is chosen. Then, any vote in which
he ranks his preferred candidate higher than the other candidate is strategically optimal. But the
manipulator can guarantee that this is the case, even without knowing the pair of candidates, simply
by voting truthfully. =

Recall Gibbard [1977]'s result that a randomized voting rule is strategy-proof only if it is a
probability mixture of unilateral and duple rules, where a rule is unilateral if only one voter af-
fects the outcome, and duple if only two candidates can win. The Copeland-proportional rule only
randomizes over duple rules (namely, pairwise elections).

Of course, the Copeland-proportional rule is still not ideal. For instance, even a Condorcet
winner has a probability of onlym — 1)/(m(m — 1)/2) = 2/m of winning under this rule.
(However, this rule will at least never choose a candidate that loses every pairwise election.) Thus,
it may be worthwhile to try to construct voting rules that are usually hard to manipulate, and that
are more likely to choose a “good” winner than Copeland-proportional.

Expanding the definition of a voting rule

The impossibility result may cease to hold when the rule can choose from a richer outcome space.
As in the previous subsubsection, this may prevent problems of manipulability completely, by al-
lowing the construction of strategy-proof rules. For examiplgayments are possible and the agents

have quasilinear utility functions, then a payment scheme such as the VCG mechanism can induce
strategy-proofness. As another example that does not require these assumptions, suppose that it is
possible to exclude certain voters from the effects of the election—as an illustrative example, in
an election for a country’s president, suppose that it is possilddanshcertain voters to another
country, in which it will no longer matter to those voters who won the election. (It does not matter
whether living in the other country is otherwise more or less desirable than in the original country.)
Then, we can augment any voting rule as follows:

Definition 51 For any voting rule (in the standard sensg&) the banishingrule B(R) always
chooses the same winner & and banishes every pivotal voter. (A votempigotal if, given the
other votes, he can make multiple candidates win.)

Theorem 91 For any rule R, the banishing rulé3(R) is strategy-proof.

Proof: A voter who is not pivotal has no incentive to misreport, because by definition, his vote does
not affect which candidate wins, and he cannot affect whether he is pivotal. A voter who is pivotal
also has no incentive to misreport, because he cannot affect whether he is pivotal, and the winner of
the election will not matter to him because he will be banisheds
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However, this scheme also has a few drawbacks. For one, it may not always be possible to
completely exclude a voter from the effects of the election. Another strange property of this scheme
is that no voter is ever capable of affecting his own utility, so trgtvote is strategically optimal.
Finally, it may be necessary to banish large numbers of voters. In fact, the following lemma shows
that for any rule, the votes may turn out to be such that more than half of the voters must be banished.

Theorem 92 For any responsive voting rul®, it is possible that more than half the voters are
simultaneously pivotal. (We say that a voting rulegsponsivef there are two votes;, r» such
that everyone voting; will produce a different winner than everyone voting)

Proof: Let there ben voters total. Denote by’ the vote vector wheré voters voter;, and the
remainingn — i voter,. Because® andv™ produce different winners undé, there must be some
i such that® andv**! produce different winners. Thus, i, all n — i voters votingr, are pivotal,
and inv'*1, all i + 1 voters voting-; are pivotal. Sincén — i) + (i + 1) > n, at least one ok — i
andi + 1 must be greater tham/2. =

Rules that are hard to execute

The impossibility result only applies when an efficient algorithm is available for executing the rule,
because algorithrrind-Two-Winners makes calls to such an algorithm as a subroutine. Thus,
one possible way around the impossibility is to use a rule that is hard to execute. Indeed, as we
pointed out before, a number of voting rules have been shown to be NP-hard to execute [Bartholdi
et al, 1989b; Hemaspaandet al, 1997; Coheret al, 1999; Dworket al., 2001; Ailon et al,

2005]. Of course, we do actually need an algorithm for executing the rule to determine the winner
of the election; and, although we cannot expect this to be a worst-case polynomial-time algorithm,
it should at least run reasonably fast in practice for the rule to be practical. But if the algorithm does
run fast in practice, then it can also be used by the manipulators as the subrouFind-ifwo-
Winners. Therefore, this approach does not look very promising.

8.5 Summary

In this chapter, we studied mechanism design for bounded agents. Specifically, we looked at how
hard it is computationally for agents to find a best response to given opponent strategies in various
expressive preference aggregation settings.

In Section 8.1, we showed that there are settings where using the optimal (social-welfare max-
imizing) truthful mechanism requires the center to solve an NP-hard computational problem; but
there is another, non-truthful mechanism that can be executed in polynomial time, and under which
the problem of finding a beneficial manipulation is hard for one of the agents. Moreover, if the
agent manages to find the manipulation, the produced outcome is the same as that of the best truth-
ful mechanism; and if the agent does not manage to find it, the produced outcome is lttitetty

In Section 8.2, we showed how tweakexisting voting rules to make manipulation hard, while
leaving much of the original nature of the rule intact. The tweak studied in this section consists of
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adding one preround to the election, where candidates face each other one against one. The surviv-
ing candidates continue to the original protocol. Surprisingly, this simple and universal tweak makes
typical rules hard to manipulate! The resulting protocols are NP-hard, #P-hard, or PSPACE-hard
to manipulate, depending on whether the schedule of the preround is determined before the votes
are collected, after the votes are collected, or the scheduling and the vote collecting are interleaved,
respectively. We proved general sufficient conditions on the rules for this tweak to introduce the
hardness, and showed that the most common voting rules satisfy those conditions. These are the
first results in voting settings where manipulation is in a higher complexity class than NP (presum-

ing PSPACEZ NP).

In Section 8.3, we noted that all of the previous results on hardness of manipulation in elections
required the number of candidates to be unbounded. Such hardness results lose relevance when the
number of candidates is small, because manipulation algorithms that are exponential only in the
number of candidates (and only slightly so) might be available. We gave such an algorithm for an
individual agent to manipulate the Single Transferable Vote (STV) rule, which had been shown hard
to manipulate in the above sense. To obtain hardness-of-manipulation results in settings where the
number of candidates is a small constant, we studgaditional manipulation byweightedvoters.

(We show that for simpler manipulation problems, manipulation cannot be hard with few candi-
dates.) We studied bottonstructivemanipulation (making a given candidate win) atektructive
manipulation (making a given candidate not win). The following tables summarize our results.

| Number of candidates 2 | 3 | 45,6 | >7 |
Borda P | NP-complete| NP-complete| NP-complete
veto P | NP-complete| NP-complete| NP-complete
STV P | NP-complete| NP-complete| NP-complete
plurality with runoff | P | NP-complete| NP-complete] NP-complete
Copeland P|P NP-complete| NP-complete
maximin P|P NP-complete| NP-complete
randomized cup P|P P NP-complete
regular cup P|P P P

plurality P|P P P

Complexity of CONSTRUCTIVE CWMANIPULATION

| Number of candidates 2 | >3 |
STV P | NP-complete
plurality with runoff | P | NP-complete
Borda P|P
veto P|P
Copeland P|P
maximin P|P
regular cup P|P
plurality P|P

Complexity of DESTRUCTIVE CWMANIPULATION

We also showed that hardness of manipulation in this setting implies hardness of manipulation
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by an individual in unweighted settings when there is uncertainty about the others’ votes.

All of the hardness results mentioned above only show hardness in the worst case; they do not
preclude the existence of an efficient algorithm thiaenfinds a successful manipulation (when it
exists). There have been attempts to design a rule under which finding a beneficial manipulation
is usuallyhard, but they have failed. To explain this failure, in Section 8.4, we showed that it is
in fact impossible to design such a rule, if the rule is also required to satisfy another property: a
large fraction of the manipulable instances are both weakly monotone, and allow the manipulators
to make either of exactly two candidates win. We argued why one should expect voting rules
to have this property, and showed experimentally that common voting rules satisfy it. We also
discussed approaches for potentially circumventing this impossibility result, some of which appear
worthwhile to investigate in future research.

The manipulation problems defined in this chapter did not involve sophisticated strategic rea-
soning: we simply assumed that the manipulator(s) knew the others’ votes (or at least a distribution
over them). Acting in a strategically optimal way becomes more difficult when this information is
not available, and the manipulator(s) must reason over how the others are likely to act. This is the
topic of the next chapter.
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Chapter 9

Computing Game-Theoretic Solutions

In the previous chapter, we saw that in certain settings, it is computationally hard for an agent to
act in a strategically optimal way even when the agent already knows the actions of all the other
agents—that is, even theest-responseroblem is hard. There are also many settings in which

this is not the casad,e. in which it is computationally easy to find a best response to specific ac-
tions of the other agents. However, there is much more to optimal strategic behavior than merely
best-responding to given actions of the other agents. In most settings, the agents (1) do not know
each other’s types, but rather only a distribution over them; and (2) must somehow deduce the other
agents’ strategies, which map types to actions, using game-theoretic analysis (such as equilibrium
reasoning). To some extent, we already discussed (1) in the previous chapter: we saw that uncer-
tainty about other agents’ votes makes the manipulation problem more difficult. But those results
assumed that the manipulator(s) somehow knew a probability distribution over the other agents’
votes. This is sweeping (2) under the rug, because to obtain such a distribution, some strategic as-
sessment needs to be made about the strategies that the other agents are likely to use. The traditional
assumption in mechanism design has been that strategic agents will play according to some solution
concept (such as Bayes-Nash equilibrium), and if this assumption is accurate, then by the revelation
principle, we can restrict our attention to truthful mechanisms. But what if such solutions are too
hard for the agents to compute? If that is the case, then the agents cannot play according to these
solutions, and the revelation principle loses its relevanthus, the complexity of computing solu-

tions according to these concepts becomes a key issue when considering how to design mechanisms
for bounded agents. This chapter investigates that issue. (An even more difficult question is how
a mechanism designer should proceed when solutions do turn out to be hard to compute, but that

11t should be emphasized here that it only loses its relevance in the sense that we may be able to achieve better re-
sults with non-truthful mechanisms (due to the agents’ computational boundedness). However, the revelation principle
still holds in the sense that using truthful mechanisms, we can achieve any result that we would have achieved under a
non-truthful mechanism if agentedacted according to game-theoretic solution concepts (even if this would have been
computationally infeasible for them). Thus, if we want to take the perspective that we want to help the agents act strate-
gically optimally, and that we do not want them to feel any regret about having failed to misreport their preferences in the
optimal way, then the revelation principle still applies and we may as well restrict our attention to truthful mechanisms—
thereby relieving the agents of the burden of acting strategically. The view taken in this dissertation, however, is that there
is nothing bad about an agent failing to manipulate the mechanism if the overall outcome is better as a result. This view
is what motivates the interest in non-truthful mechanisms in this chapter.

231
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remains outside the scope of this chapter.)

Certainly, intuitively, it seems that computing an equilibrium is typically much harder than
computing a best response, and we have already seen in the previous chapter that the latter is hard
in some complex settings. This chapter will therefore focus on more basic settings: in fact, it will
focus only on normal-form games and Bayesian games thafteadhe representedall types and
actions are listed explicitly). We note that even in (say) a straightforward voting setting, the type
and action spaces are exponential in size, so that flat representation is not reasonable. (In fact, this is
why finding a best response can be computationally hard in those settings. By contrast, computing
best responses in flatly represented games is easy.) If computing game-theoretic solutions is hard
even under flat representation, this makes it seem even more unlikely that agents will be able to
compute such solutions in the richer settings that we are interested in.

If we are in fact able to compute certain game-theoretic solutions, that is of interest for other
reasons as well. It can be helpful in predicting the outcomes of non-truthful mechanisms. It also
allows us to build computer players for game-theoretically nontrivial games such as poker [Koller
and Pfeffer, 1997; Shi and Littman, 2001; Billings$ al,, 2003; Gilpin and Sandholm, 2006b,a]
or potentially even RoboSoccer. Finally, it can also potentially be helpful in other settings where
computer systems are interacting with other agents (human or computer) whose interests are not
aligned with the computer system, such as surveillance and fraud detection.

The rest of this chapter is layed out as follows. In Section 9.1, we characterize the complexity of
some basic computational questions about dominance and iterated dominance in both normal-form
and Bayesian games [Conitzer and Sandholm, 2005c], and in Section 9.2 we do the same for Nash
equilibrium [Conitzer and Sandholm, 2003e]. In Section 9.3 we provide a parameterized definition
of strategy eliminability that is more general than dominance, and give an algorithm for computing
whether a strategy is eliminable whose running time is exponential in only one parameter of the
definition [Conitzer and Sandholm, 2005e].

9.1 Dominance and iterated dominance

While an ever-increasing amount of research focuses on computing Nash equilibria, the arguably
simpler concept of (iterated) dominance has received much less attention. After an early short
paper on a special case [Knuthal, 1988], the main computational study of these concepts has
taken place in a paper in the game theory community [Gilitoal., 1993]2 Computing solutions
according to (iterated) dominance is important for at least the following reasons: 1) it can be com-
putationally easier than computing (for instance) a Nash equilibrium (and therefore it can be useful
as a preprocessing step in computing a Nash equilibrium), and 2) (iterated) dominance requires a
weaker rationality assumption on the players than (for instance) Nash equilibrium, and therefore
solutions derived according to it are more likely to occur.

In this section, we study some fundamental computational questions concerning dominance and
iterated dominance, including how hard it is to check whether a given strategy can be eliminated by
each of the variants of these notions. We study both strict and weak dominance, by both pure and
mixed strategies, in both normal-form and Bayesian games.

2This is not to say that computer scientists have ignored dominance altogether. For example, simple dominance checks
are sometimes used as a subroutine in searching for Nash equilibria [Eatef004].
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9.1.1 Dominance (not iterated)

In this subsection, we study the notion of one-shot (not iterated) dominance. When we are looking
at the dominance relations for playiethe other players—:) can be thought of as a single player.
Therefore, in the rest of this section, when we study one-shot (not iterated) dominance, we will
focus without loss of generality on two-player garfida.two-player games, we will generally refer

to the players as (row) andc (column) rather than and2.

As afirst observation, checking whether a given strategy is strictly (weakly) dominated by some
purestrategy is straightforward, by checking, for every pure strategy for that player, whether the lat-
ter strategy performs strictly better against all the opponent’s pure strategies (at least as well against
all the opponent’s pure strategies, and strictly better against at least ddext, we show that
checking whether a given strategy is dominated by sonixedstrategy can be done in polynomial
time by solving a single linear program. (Similar linear programs have been given before [Myerson,
1991]; we present the result here for completeness, and because we will build on the linear programs
given below in Theorem 98.)

Proposition 11 Given the row player’s utilities, a subsg. of the row player’s pure strategies,,

and a distinguished strategy; for the row player, we can check in time polynomial in the size of
the game (by solving a single linear program of polynomial size) whether there exists some mixed
strategyo,, that places positive probability only on strategies/iy and dominatesr;, both for

strict and for weak dominance.

Proof: Let p,,. be the probability that, places oni, € D,. We will solve a single linear program
in each of our algorithms; linear programs can be solved in polynomial time [Khachiyan, 1979]. For
strict dominance, the question is whether the can be set so that for every pure strategy for the

column playero,. € ¥., > pag.u,(d.,oc) > u.(0F,0.). Because the inequality must be strict,
dr €Dy
we cannot solve this directly by linear programming. We proceed as follows. Because the game is

finite, we may assume without loss of generality that all utilities are positive (if not, simply add a
constant to all utilities.) Solve the following linear program:

minimize ) pa,

dr€Dy
such that
forallo. € 3., > pa.ur(dy,o0) > ur(of,oc).
dr€D,

If o is strictly dominated by some mixed strategy, this linear program has a solution with ob-

jective value< 1. (The dominating strategy is a feasible solution with objective value exactly

Because no constraint is binding for this solution, we can reduce one of the probabilities slightly

3This player may have a very large strategy space (one pure strategy for every vector of pure strategies for the players
that are being replaced). Nevertheless, this will not result in an increase in our representation size, because the original
representation already had to specify utilities for each of these vectors.

“We note that a restriction to two-player games would not be without loss of generalitgriteddominance. This
is because for iterated dominance, we need to look at the dominated strategies of each individual player, so we cannot
merge any players.

SRecall that the assumption of a single opponent (that is, the assumption of two players) is without loss of generality
for one-shot dominance.
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without affecting feasibility, thereby obtaining a solution with objective vatué.) Moreover, if

this linear program has a solution with objective valué, there is a mixed strategy strictly domi-
natingo;:, which can be obtained by taking the LP solution and adding the remaining probability to
any strategy (because all the utilities are positive, this will add to the left side of any inequality, so
all inequalities will become strict). Thus, we have strict dominance if and only if the linear program
has a solution with objective value 1.

For weak dominance, we can solve the following linear program:

maximize > (( Y. pa.ur(dr,o00)) —ur (o), 0c))
0c€Xe dr€Dy

such that
forallo. € 3., > pa.ur(dy,o0) > ur(o),oc);
dr€D,
> pa, =1
dr€D,

If o is weakly dominated by some mixed strategy, then that mixed strategy is a feasible solution
to this program with objective valug 0, because for at least one strategy € . we have

( > paur(dr,o0)) —ur(of,0.) > 0. On the other hand, if this program has a solution with

dr-€Dy

objective value> 0, then for at least one strategy € ¥. we must have > pg ur(dy, o)) —
dr-€D;

ur (0}, 0.) > 0, and thus the linear program’s solution is a weakly dominating mixed strategs.

9.1.2 lterated dominance

We now move on to iterated dominance. It is well-known that iterated strict dominance is path-
independent [Gilboat al, 1990; Osborne and Rubinstein, 1994]—that is, if we remove dominated
strategies until no more dominated strategies remain, in the end the remaining strategies for each
player will be the same, regardless of the order in which strategies are removed. Because of this, to
see whether a given strategy can be eliminated by iterated strict dominance, all that needs to be done
is to repeatedly remove strategies that are strictly dominated, until no more dominated strategies
remain. Because we can check in polynomial time whether any given strategy is dominated (whether
or not dominance by mixed strategies is allowed, as described in Subsection 9.1.1), this whole
procedure takes only polynomial time. In the case of iterated dominance by pure strategies with two
players, Knuthet al.[1988] slightly improve on (speed up) the straightforward implementation of
this procedure by keeping track of, for each ordered pair of strategies for a player, the number of
opponent strategies that prevent the first strategy from dominating the second. Hereby the runtime
for anm x n game is reduced from®((m + n)*) to O((m + n)?). (Actually, they only study very
weak dominance (for which no strict inequalities are required), but the approach is easily extended.)
In contrast, iterated weak dominance is known to be path-depefdEot. example, in the
following game, using iterated weak dominance we can eliminatérst, and thenD, or R first,
and thenlJ.

There is, however, a restriction of weak dominance catiiee weak dominancerhich is path-independent [Marx
and Swinkels, 1997, 2000]. For an overview of path-independence results, see Apt [2004].
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L [L [M R |
U]11]0,0]10
D|1,1]1,0]0,0

Therefore, while the procedure of removing weakly dominated strategies until no more weakly
dominated strategies remain can certainly be executed in polynomial time, which strategies survive
in the end depends on the order in which we remove the dominated strategies. We will investigate
two questions for iterated weak dominance: whether a given strategy is eliminated in some path,
and whether there is a path to a unique solution (one pure strategy left per player). We will show
that both of these problems are computationally hard.

Definition 52 Given a game in normal form and a distinguished stratedly IWD-STRATEGY-
ELIMINATION asks whether there is some path of iterated weak dominance that elimiriates
Given a game in normal form, IWD-UNIQUE-SOLUTION asks whether there is some path of iter-
ated weak dominance that leads to a unique solution (one strategy left per player).

The following lemma shows a special case of normal-form games in which allowing for weak
dominance by mixed strategies (in addition to weak dominance by pure strategies) does not help.
We will prove the hardness results in this setting, so that they will hold whether or not dominance
by mixed strategies is allowed.

Lemma 21 Suppose that all the utilities in a game are{i6, 1}. Then every pure strategy that is
weakly dominated by a mixed strategy is also weakly dominated by a pure strategy.

Proof: Suppose pure strategyis weakly dominated by mixed strategy. If o gets a utility of1
against some opponent strategy (or vector of opponent strategies if there are mareldngars),
then all the pure strategies thst places positive probability on must also get a utilityladgainst
that opponent strategy (or else the expected utility would be smallerlfhaloreover, at least
one of the pure strategies that places positive probability on must get a utility bfagainst an
opponent strategy thatgets0 against (or else the inequality would never be strict). It follows that
this pure strategy weakly dominates m

We are now ready to prove the main results of this subsection.

Theorem 93 IWD-STRATEGY-ELIMINATION is NP-complete, even with 2 players, and with 0 and
1 being the only utilities occurring in the matrix—whether or not dominance by mixed strategies is
allowed.

Proof: The problem is in NP because given a sequence of strategies to be eliminated, we can easily
check whether this is a valid sequence of eliminations (even when dominance by mixed strategies
is allowed, using Proposition 11). To show that the problem is NP-hard, we reduce an arbitrary
satisfiability instance (given by a nonempty set of clauSesver a nonempty set of variablés

with corresponding literals = {+v : v € V}U{—v : v € V}) to the following IWD-STRATEGY-
ELIMINATION instance. (In this instance, we will specify that certain strategiesiastiminable
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A strategyo, can be made uneliminable, even wiiesnd1 are the only allowed utilities, by adding
another strategy,. and another opponent strategy, so that: 1.0, ando,. are the only strategies
that give the row player a utility of againsto.. 2. o, ando!. always give the row player the same
utility. 3. o, is the only strategy that gives the column player a utilityt @fgainsto,., but otherwise
o. always gives the column player utility This makes it impossible to eliminate any of these three
strategies. We will not explicitly specify the additional strategies to make the proof more legible.)
In this proof, we will denote row player strategies fyyand column player strategies byto
improve legibility. Let the row player’s pure strategy set be given as follows. For every variable
V', the row player has corresponding strategﬂg@ S%rw st , s%,. Additionally, the row player has
the following 2 strategiess{ ands?, wheres3 = o7 (that s, it is the strategy we seek to eliminate).
Finally, for every clause € C, the row player has corresponding strategieguneliminable) and
s2. Let the column player’s pure strategy set be given as follows. For every vatiabl&’, the
column player has a corresponding strategyFor every clause € C', the column player has a
corresponding strategy, and additionally, for every literdle L that occurs irr, a strategy..;. For
every variables € V, the column player has corresponding strategigst_,, (both uneliminable).
Finally, the column player has three additional strategieguneliminable)#2, andt; .
The utility function for the row player is given as follows:

ty Oforallv e V;

1forallv e V;

’U”U

1

+
%o to
1

2

v 1forallveV;
t1) =0forallv eV,

=(QforallveV;

) =
) =
) =
»ty) =0forallv eV,
) =
)
oo t1)
)

2

+

1
s?,,t1) =1foralv e V;

b

+

b

o u (s, t_y)=1forallv e Vandb e {1,2}

e u,(s;,t) = 0 otherwise for all € L andt € So;

e u.(sj,t.) =0forallc e C;

o u.(st,t.)=1forallceC;

o u.(sh,t}) =1forallbe {1,2};

o u(sh )=

o (3 1) =

e u,.(s5,t) = 0 otherwise for alb € {1,2} andt € Sy;
e u,(s%,t) = 0 otherwise for alk € C andb € {1,2};

and the row player’s utility i$) in every other case. The utility function for the column player is
given as follows:
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o uc(sg,tey) =1forallce C,l € L,andb € {1,2};

o u.(s2,t.) = uc(s2,t.;) = 0otherwise foralk € C andl € L;

and the column player’s utility i§ in every other case. We now show that the two instances are
equivalent.

First, suppose there is a solution to the satisfiability instance: that is, a truth-value assignment
to the variables i/ such that all clauses are satisfied. Then, consider the following sequence of
eliminations in our game: 1. For every variabl¢hat is set tdrue in the assignment, eliminatg
(which gives the column player utility O everywhere). 2. Then, for every varialtlat is set to
true in the assignment, eIiminatséH, usingsﬁrv (which is possible becausg has been eliminated,
and becausg has not been eliminated (yet)). 3. Now eliminatéwhich gives the column player
utility O everywhere). 4. Next, for every variablethat is set tdfalsein the assignment, eliminate
52, usings!, (which is possible because has been eliminated, and becauséhas not been
eliminated (yet)). 5. For every clausavhich has the variable corresponding to one of its positive
literals! = +v set totrue in the assignment, eliminate usingt,.;, (which is possible becausé
has been eliminated, and has not been eliminated (yet)). 6. For every clausehich has the
variable corresponding to one of its negative litetats —v set tofalsein the assignment, eliminate
t. usingt.; (which is possible becausg has been eliminated, ang has not been eliminated
(yet)). 7. Because the assignment satisfied the formula, atl. theve now been eliminated. Thus,
we can eliminates? = o7 usings}. It follows that there is a solution to the IWD-STRATEGY-
ELIMINATION instance.

Now suppose there is a solution to the IWD-STRATEGY-ELIMINATION instance. By Lemma 21,
we can assume that all the dominances are by pure strategies. We first observe thfataniglim-
inates3 = o, because it is the only other strategy that gets the row player a utilityaghinst,
andt} is uneliminable. However, becausg performs better than} against thet. strategies, it
follows that all of thet, strategies must be eliminated. For each C, the strategy. can only be
eliminated by one of the strategigg (with the same:), because these are the only other strategies
that get the column player a utility dfagainsts!, ands! is uneliminable. But, in order for some
t., to eliminatet., s? must be eliminated first. Only; can eliminates?, because it is the only
other strategy that gets the row player a utilityladgainst;, andt; is uneliminable. We next show
that for everyv € V only one ofs?,, s%, can be eliminated. This is because in orderdby to
eIiminatesiv, t, needs to have been eliminated apgdnot (sot,, must be eliminated beforg); but
in order fors® , to eliminates? ,, t; needs to have been eliminated apdnot (sot; must be elimi-
nated before,). So, set to trueif s%rv is eliminated, and téalseotherwise Because by the above,
for every clause, one of thes? with I € ¢ must be eliminated, it follows that this is a satisfying
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assignment to the satisfiability instance.m

Using Theorem 93, it is now (relatively) easy to show that IWD-UNIQUE-SOLUTION is also
NP-complete under the same restrictions.

Theorem 94 IWD-UNIQUE-SOLUTION is NP-complete, even with 2 players, and with 0 and 1
being the only utilities occurring in the matrix—whether or not dominance by mixed strategies is
allowed.

Proof: Again, the problem is in NP because we can nondeterministically choose the sequence of
eliminations and verify whether it is correct. To show NP-hardness, we reduce an arbitrary IWD-
STRATEGY-ELIMINATION instance to the following IWD-UNIQUE-SOLUTION instance. Let

all the strategies for each player from the original instance remain part of the new instance, and let
the utilities resulting from the players playing a pair of these strategies be the same. We add three
additional strategies!, o2, o2 for the row player, and three additional strategi¢so?, o2 for the

T 7’7 ’l"

column player. Let the additional utilities be as follows:

. ur(ar, Iy =1forallo, ¢ {o},02,03} andj € {2 3}
o u.(cl,0.)=1foralli e {1,2,3} ando. ¢ {02,0
o (T, o?) =1forallic {2,3};

1 3

o ur(o,00) = 1;

c) C

¢ and the row player’s utility i9 in all other cases involving a new strategy.

o u. (o2 0.)=1forallo, ¢ {o},02% 53};

cr~crrc

o uc(o), ac) = 1forall j € {2,3} (o is the strategy to be eliminated in the original instance);
o u.(ol,0l) =1foralli e {1,2};

o u(ol,0?) = 1;

o ur(o}, o) =1;

¢ and the column player’s utility i8 in all other cases involving a new strategy.

We proceed to show that the two instances are equivalent.

First suppose there exists a solution to the original IWD-STRATEGY-ELIMINATION instance.
Then, perform the same sequence of eliminations to elimiaaten the new IWD-UNIQUE-
SOLUTION instance. (This is possible because at any stage, any weak dominance for the row
player in the original instance is still a weak dominance in the new instance, because the two strate-
gies’ utilities for the row player are the same when the column player plays one of the new strategies;
and the same is true for the column player.) Ontés eliminated, let:! eliminates?. (It performs
better against2.) Then, lets! eliminate all the other remaining strategies for the row player. (It
always performs better against eitleror o3.) Finally, ! is the unique best response against
among the column player’s remaining strategies, so let it eliminate all the other remaining strategies
for the column player. Thus, there exists a solution to the IWD-UNIQUE-SOLUTION instance.

Now suppose there exists a solution to the IWD-UNIQUE-SOLUTION instance. By Lemma 21,
we can assume that all the dominances are by pure strategies. We will show that none of the new
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strategiesd;, 02,02, 0}, 02, 52) can either eliminate another strategy, or be eliminated befpre

is eliminated. Thus, there must be a sequence of eliminations ending in the eliminatgn of
which does not involve any of the new strategies, and is therefore a valid sequence of eliminations
in the original game (because all original strategies perform the same against each new strategy).
We now show that this is true by exhausting all possibilities forfitst elimination befores’ is
eliminated that involves a new strategy. None of thecan be eliminated by a, ¢ {0}, 02, a,i”

because the’ perform better against!. o} cannot eliminate any other strategy, because it always
performs poorer against?. o2 ando? are equivalent from the row player’s perspective (and thus
cannot eliminate each other), and cannot eliminate any other strategy because they always perform
poorer against?>. None of thes can be ellmlnated bya. ¢ {ol,02% 03}, because the! always
perform better against eithett or o2. ¢! cannot eliminate any other strategy, because it always
performs poorer against eithef or o2. o2 cannot eliminate any other strategy, because it always
performs poorer against or o3. o cannot eliminate any other strategy, because it always performs
poorer against! or o2. From this, it follows that there exists a solution to the IWD-STRATEGY-
ELIMINATION instance. =

A slightly weaker version of the part of Theorem 94 concerning dominance by pure strategies
only is the main result of Gilboat al. [1993]. (Besides not proving the result for dominance by
mixed strategies, the original result was weaker because it required ufjliti¢s2, 3,4, 5,6,7,8}
rather than jus{0, 1} (and because of this, our Lemma 21 cannot be applied to the original result
to get the result for mixed strategies, giving us an additional motivation to prove the result for the
case where utilities are if0), 1}).)

9.1.3 (Iterated) dominance using mixed strategies with small supports

When showing that a strategy is dominated by a mixed strategy, there are several reasons to prefer
exhibiting a dominating strategy that places positive probability on as few pure strategies as possible.
First, this will reduce the number of bits required to specify the dominating strategy (and thus the
proof of dominance can be communicated quicker): if the dominating mixed strategy places positive
probability on onlyk strategies, then it can be specified usingeal numbers for the probabilities,
plusk log m (wherem is the number of strategies for the player under consideration) bits to indicate
which strategies are used. Second, the proof of dominance will be “cleaner”: for a dominating
mixed strategy, it is typically (always in the case of strict dominance) possible to spread some of
the probability onto any unused pure strategy and still have a dominating strategy, but this obscures
which pure strategies are the ones that are key in making the mixed strategy dominating. Third,
because (by the previous) the argument for eliminating the dominated strategy is simpler and easier
to understand, it is more likely to be accepted. Fourth, the level of risk neutrality required for the
argument to work is reduced, at least in the extreme case where dominance by a single pure strategy
can be exhibited (no risk neutrality is required here).

This motivates the following problem.

Definition 53 (MINIMUM-DOMINATING-SET) We are given the row player’s utilities of a
game in normal form, a distinguished strategy for the row player, a specification of whether
the dominance should be strict or weak, and a nunib@rot necessarily a constant). We are asked
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whether there exists a mixed strategfor the row player that places positive probability on at most
k pure strategies, and dominates in the required sense.

Unfortunately, this problem is NP-complete.

Theorem 95 MINIMUM-DOMINATING-SET is NP-complete, both for strict and for weak domi-
nance.

Proof: The problem is in NP because we can nondeterministically choose a set of &t stcse-

gies to give positive probability, and decide whether we can domirtateith thesek strategies as
described in Proposition 11. To show NP-hardness, we reduce an arbitrary SET-COVER instance
(given a setS, subsetsSy, So, ..., S,, and a numbet, can all ofS be covered by at mogtof the
subsets?) to the following MINIMUM-DOMINATING-SET instance. For every elemert S,

there is a pure strategy, for the column player. For every subsgt there is a pure strategys,

for the row player. Finally, there is the distinguished pure strategyor the row player. The

row player’s utilities are as followsu, (cs,,05) =t + 1if s € S;; u,(0g;,05) = 0if s ¢ S;;
ur(0*,05) = 1forall s € S. Finally, we letk = t. We now proceed to show that the two instances

are equivalent.

First suppose there exists a solution to the SET-COVER instance. Without loss of generality, we
can assume that there are exaétgubsets in the cover. Then, for eveiythat is in the cover, let the
dominating strategy place exactly% probability on the corresponding pure strategy. Now, if
we letn(s) be the number of subsets in the cover containifge observe that that(s) > 1), then
for every strategy, for the column player, the row player’s expected utility for playingshen the
column player is playing is u(o, o5) = ”Ef)(k +1) > B > 1 = (0%, 0,). Soo strictly (and
thus also weakly) dominates’, and there exists a solution to the MINIMUM-DOMINATING-SET
instance.

Now suppose there exists a solution to the MINIMUM-DOMINATING-SET instance. Consider
the (at mostk) pure strategies of the formg, on which the dominating mixed strategyplaces
positive probability, and |eT” be the collection of the corresponding subsgtsWe claim that7 is
a cover. For suppose there is some S that is not in any of the subsets Then, if the column
player playsss, the row player (when playing) will always receive utility0—as opposed to the
utility of 1 the row player would receive for playing*, contradicting the fact that dominates*
(whether this dominance is weak or strict). It follows that there exists a solution to the SET-COVER
instance. =

On the other hand, if we require that the dominating strategy only places positive probability on
averysmall number of pure strategies, then it once again becomes easy to check whether a strategy
is dominated. Specifically, to find out whether playsrstrategys™ is dominated by a strategy that
places positive probability on only pure strategies, we can simply check, for every subsgtaif
playeri’s pure strategies, whether there is a strategy that places positive probability only ok these
strategies and dominates, using Proposition 11. This requires orh(|%;|*) such checks. Thus,
if k is a constant, this constitutes a polynomial-time algorithm.

A natural question to ask next is whethterated strict dominance remains computationally
easy when dominating strategies are required to place positive probability on at piost strate-
gies, wherek is a small constant. (We have already shown in Subsection 9.1.2 that iterated weak
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dominance is hard even whén= 1, that is, only dominance by pure strategies is allowed.) Of
course, if iterated strict dominance were path-independent under this restriction, computational eas-
iness would follow as it did in Subsection 9.1.2. However, it turns out that this is not the case.

Observation 1 If we restrict the dominating strategies to place positive probability on at most two
pure strategies, iterated strict dominance becomes path-dependent.

Proof: Consider the following game:

Plo|lwl Njo
o|o|o|lr|o

Plw ololo
o|r|olo|o

[olleliel ey

5
0
3
0
1

Let (¢, j) denote the outcome in which the row player playsitherow and the column player
plays thejth column. Becausél, 1), (2,2), and(4, 3) are all Nash equilibria, none of the column
player’s pure strategies will ever be eliminated, and neither will roy2 and4. We now observe
that randomizing uniformly over rows and2 dominates row8, and randomizing uniformly over
rows 3 and4 dominates rows. However, if we eliminate row first, it becomes impossible to
dominate rows without randomizing over at lea3tpure strategies. =

Indeed, iterated strict dominance turns out to be hard even whef.

Theorem 96 If we restrict the dominating strategies to place positive probability on at most three
pure strategies, it becomes NP-complete to decide whether a given strategy can be eliminated using
iterated strict dominance.

Proof: The problem is in NP because given a sequence of strategies to be eliminated, we can check
in polynomial time whether this is a valid sequence of eliminations (for any strategy to be elimi-
nated, we can check, for every subset of three other strategies, whether there is a strategy placing
positive probability on only these three strategies that dominates the strategy to be eliminated, using
Proposition 11). To show that the problem is NP-hard, we reduce an arbitrary satisfiability instance
(given by a nonempty set of claus€sover a honempty set of variablés, with corresponding
literalsL = {+v : v € V} U{—v: v € V}) to the following two-player game.

For every variable € V, the row player has strategies,, s_.,, ., s2, s3, s4, and the column

Uy Cur Cvr Cvur Cur
player has strategig$, 2,3, 4. For every clause € C, the row player has a strategy, and the
column player has a strategy, as well as, for every literdloccurring inc, an additional strategy
t\. The row player has two additional strategigsandss. (s is the strategy that we are seeking to
eliminate.) Finally, the column player has one additional strategy
The utility function for the row player is given as follows (wherés some sufficiently small

number):

o U (siy, 1)) =4if je{1,2},forallv e V;
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o u, s+v,tv)—llfj € {3,4}, forallv € V;
S_o, ) = 1if j € {1,2},forallv e V;
s_y,th) = 4if j € {3,4}, forallv € V;

°
g

r

°
g

(

(

r(

+(840,1) = ur(s_y,t) =0forallv € Vandt ¢ {t1 2 3 ¢11;

~(s8,t) =13forallv € V andi € {1,2,3,4};

~(si,t) =eforallv e V,ie {1,2,3,4}, andt # ¢ ;

r(Se,te) =2forall c € C;
(
(
(
(
(
(

°
£

°
2

°
<

°
g

°
g

r(se,t) =0forall c € C andt # t;
s1,t1) =1+¢

$1 )—6f0r8.||t7ét1,

s2,t1) =

S9 )_1forallceC’

o u,.(so9, )_Oforalltgz{tl}u{t ceC}.

°
£

r

°
S

r

°
S

r

°
g

r

The utility function for the column player is given as follows:

o u.(si,tt)=1forallv e Vandic{1,2,3,4};

o u.(s,tl)=0forallveV,ie {1,234}, ands # s!;

o uc(sc,t.)=1forallce C;

e u.(s;,t.) =1forallc € C'andl € L occurring inc;

o uc(s,t;)=0forallce Cands ¢ {s.} U{s;:1 € c};

o u(se,tl) =1+cforallce C;

e u.(sy,tl) =1+eforallc € Candl’ # 1 occurring inc;

o u.(s,tl) =cforallcc Cands ¢ {s.} U{sy:l' €c,l #1'};
o uc(sg,t1) =

o uc(s,t1) = Ofor all s # so.

We now show that the two instances are equivalent. First, suppose that there is a solution to
the satisfiability instance. Then, consider the following sequence of eliminations in our game: 1.
For every variabley that is set tdrue in the satisfying assignment eliminatge, with the mixed
strategyo,. that places probabilityt /3 on s_,,, probability 1/3 on s., and probabilityl /3 on s2
(The expected utility of playing.,. againstt! or ¢2 is 14/3 > 4; agamstt% ortt itis4/3 > 1,
and against anything else it2/3 > 0. Hence the dominance is valid.) 2. Similarly, for every
variablev that is set tdalsein the satisfying assignment eliminate, with the mixed strategy,
that places probability /3 on s, probability1/3 on s3, and probabilityl /3 on s%. (The expected
utility of playing o, against. ort2is4/3 > 1; againstt% ortd,itis14/3 > 4; and against anything
else itis2¢/3 > 0. Hence the dominance is valid.) 3. For everg C, eliminatet, with anyt', for
which [ was set tdruein the satisfying assignment. (This is a valid dominance becAysaforms
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better thart. against any strategy other thap) and we eliminated; in step 1 or in step 2.) 4.
Finally, eliminatess with s;. (This is a valid dominance becauseperforms better thag, against
any strategy other than those{ity : ¢ € C}, which we eliminated in step 3.) Hence, there is an
elimination path that eliminates.

Now, suppose that there is an elimination path that eliminate3he strategy that eventually
dominatess, must place most of its probability on, becauses; is the only other strategy that
performs well against;, which cannot be eliminated beforkg. But, s; performs significantly
worse thanse against any strategy. with ¢ € C, so it follows that all these strategies must be
eliminated first. Each stratedgy can only be eliminated by a strategy that places most of its weight
on the corresponding strategigswith | € ¢, because they are the only other strategies that perform
well againsts.., which cannot be eliminated before But, each strategy}, performs significantly
worse thart,. againsts;, so it follows that for every clausg for one of the literalg occurring in it,

s; must be eliminated first. Now, strategies of the fafnwill never be eliminated because they are

the unique best responses to the corresponding stratggiehich are, in turn, the best responses to

the corresponding)). As a result, if strategy_, (respectivelys_,) is eliminated, then its opposite
strategys_, (respectivelys.,) can no longer be eliminated, for the following reason. There is no
other pure strategy remaining that gets a significant utility against more than one of the strategies
tL 2,13 2 buts_, (respectivelys ) gets significant utility against adl, and therefore cannot be
dominated by a mixed strategy placing positive probability on at rB@s$tategies. It follows that

for eachv € V, at most one of the strategies,, s_, is eliminated, in such a way that for every
clauser, for one of the literalg occurring in it,s; must be eliminated. But then setting all the literals

I such thats; is eliminated tdrue constitutes a solution to the satisfiability instances

In the next subsection, we return to the setting where there is no restriction on the number of
pure strategies on which a dominating mixed strategy can place positive probability.

9.1.4 (lterated) dominance in Bayesian games

In this subsection, we study Bayesian games. Because Bayesian games have a representation that
is exponentially more concise than their normal-form representation, questions that are easy for
normal-form games can be hard for Bayesian games. In fact, it turns out that checking whether a
strategy is dominated by a pure strategy is hard in Bayesian games.

Theorem 97 In a Bayesian game, it is NP-complete to decide whether a given pure steategy
0, — A, is dominated by some other pure strategy (both for strict and weak dominance), even
when the row player’s distribution over types is uniform.

Proof: The problem is in NP because it is easy to verify whether a candidate dominating strategy
is indeed a dominating strategy. To show that the problem is NP-hard, we reduce an arbitrary
satisfiability instance (given by a set of clauséasing variables fron¥’) to the following Bayesian
game. Let the row player’s action set He = {¢, f,0} and let the column player’s action set be

A. ={a.: c € C}. Letthe row player’s type set ¥, = {0, : v € V'}, with a distributionr, that

is uniform. Let the row player’s utility function be as follows:

e u,(0,,0,a.) =0forallv e Vandc e C;
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e u.(0,,b,a.) =|V|forallveV,ceC,andb € {t, f} such that setting to b satisfies;

e u.(6y,b,a.) = —1forallv € V,c € C, andb € {¢, f} such that setting to b does not
satisfyc.

Let the pure strategy to be dominated be the one that fldgsevery type. We show that the
strategy is dominated by a pure strategy if and only if there is a solution to the satisfiability instance.
First, suppose there is a solution to the satisfiability instance. Therf. ket given by:o¢(6,,) =
t if v is set totrue in the solution to the satisfiability instance, anf{6,) = f otherwise. Then,
against any action. by the column player, there is at least one t¢psuch that eithe#-v € ¢ and
cd(6,) =t, or—v € cando?(6,) = f. Thus, the row player’s expected utility against actigns
at Ieast% — "ﬂ,}l = ﬁ > 0. So,¢? is a dominating strategy.
Now, suppose there is a dominating pure strate@yThis dominating strategy must playor
f for at least one type. Thus, against anyby the column player, there must at least be some type
0, for whichu,.(6,,5%(6,), a.) > 0. That is, there must be at least one variabfich that setting
v to o?(,) satifiesc. But then, setting eachto ¢%(6, ) must satisfy all the clauses. So a satisfying
assignment exists. =

However, it turns out that we can modify the linear programs from Proposition 11 to obtain
a polynomial time algorithm for checking whether a strategy is dominatedrbix@dstrategy in
Bayesian games.

Theorem 98 In a Bayesian game, it can be decided in polynomial time whether a given (possibly
mixed) strategy, is dominated by some other mixed strategy, using linear programming (both for
strict and weak dominance).

Proof: We can modify the linear programs presented in Proposition 11 as follows. For strict dom-
inance, again assuming without loss of generality that all the utilities in the game are positive, use
the following linear program (in whichp¢~ (6., a,) is the probability thav,, the strategy to be
dominated, places an. for typed,.):

minimize > > p.(a,)

9r€@r a'reAr
such that

foralla. € Ac, > > 7(0)ur(Or,ar,ac)pr(Or,ar) > > > w(0p)ur(6r,ar, ac)pir (0, ar);
0-€0 ar€A, 0-€0, ar€Ay

forall 0, € ©,, > pr(6r,a,) <1.
ar€A,
Assuming thatr(6,) > 0 for all 6, € ©,, this program will return an objective value smaller
than|©, | if and only if o, is strictly dominated, by reasoning similar to that done in Proposition 11.

For weak dominance, use the following linear program:
maximize > ( Y. > w(0p)ur(0r,ar,al)pr(Or,ar)— > > w(0)ur(0r, ar,ac)p?r (0, ar))
ac€A: 0,€0, ar €A, 0,€0, arcA,
such that
for a”ac € AC! Z Z 71—(97”)11'7’(97’7a/Taa/C)pT(9T7a/7‘) Z Z Z W(er)ur(ehar:ac)p?T(eryar);
07'697- C’«TGAT 97667 aT‘EAT‘

foralld, € ©,, > py(0y,a,)=1.
a’reAr
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This program will return an objective value greater than O if and onty i§ weakly dominated,
by reasoning similar to that done in Proposition 11.=

We now turn to iterated dominance in Bayesian gamesvéllg one might argue that iterated
dominance in Bayesian gamablvaysrequires an exponential number of steps when a significant
fraction of the game’s pure strategies can be eliminated, because there are exponentially many
pure strategies. However, this is not a very strong argument because oftentimes we can eliminate
exponentially many pure strategigsone step For example, if for some typg. € ©,. we have,
for all a. € A, thatu(f,,al,a.) > u(f,,a2, a.), then any pure strategy for the row player which
plays actiors? for typed, is dominated (by the strategy that plays actigrfor typed, instead)—
and there are exponentially manyl¢|©-1-1) such strategies. It is therefore conceivable that we
need only polynomially many eliminations obllectionsof a player’s strategies. However, the
following theorem shows that this is not the case, by giving an example where an exponential
number ofiterations(that is, alternations between the players in eliminating strategies) is required.
(We emphasize that this is not a result about computational complexity.)

Theorem 99 Even in symmetric 3-player Bayesian games, iterated dominance by pure strategies
can require an exponential number of iterations (both for strict and weak dominance), even with
only three actions per player.

1770

actionsa;, b;, ¢;, and let the utility function of each player be defined as follows. (In the bélewi,
andi + 2 are shorthand foi + 1(mod 3) and: + 2(mod 3) when used as player indices. Also,
—oo can be replaced by a sufficiently negative number. Finalnde should be chosen to be very
small (even compared & (1)), ande should be more than twice as largesas

Proof: Let each playei € {1,2,3} haven + 1 typesf}, 62 ...,9?*1. Let each playef have3

® U 6}; ; Aiy Cig1, Cig2

)=
i 9 az,51+1,31+2)

o u;(0: i Ciy Sit1,Civo) = 0 —e— 1/2forall s;11 whenj > 1;

(0;
o u;(0; = 0for ;11 # ciy1 O siy2 # Ciyo;
. uZ(H biy Sit1, Sive) = —€for s;y1 # aj41 ands;yo # a;42;
° ul(ﬂ b;, Sit1, SH_Q) = —oo for Sit1 = @41 O Sj90 = Q;42;
° ul(e Ciy Sit1, Siv2) = —oo forall s;y1, sito;
° uZ(H aj, Sit+1, Si+2) = —oc forall s;11, s;y2 whenj > 1;
o u; (6 bl, Si+1, Si+2) = —eforall s;11, s;+2 Whenj > 1;

(0 ) =

(% )=

° u; 6’ 5 Ciy 8511, 8i42) = 0 — e forall s;11 ands; o # ¢jio Whenj > 1.

Let the distribution over each player’s types be giverptﬂ{) = 277 (with the exception that
p(6?) = 272+ 271y, We will be interested in eliminating strategies of the following form: play
b; for type 6}, and play one ob; or ¢; otherwise. Because the utility function is the same for any
type 0{ with j > 1, these strategies are effectively defined by the total probability that they place
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one;,” which ist?(272 4+ 2=(n1)) 4 S ¢19=7 wheret] = 1 if playeri playsc; for type¢/, and

0 otherwise. This probability is different for any two different strategies of the given form, and we
have exponentially many different strategies of the given form. For any probapiltyich can be
expressed ag (272 + 27 (") + 3701977 (with all ¢ € {0,1}), letai(q) denote the (unique)
strategy of the given form for playémwhich places a total probability @fon c;. Any strategy that
playsc; for type 6! or a; for some typed! with j > 1 can immediately be eliminated. We will
show that, after that, we must eliminate the strategj¢g) with high ¢ first, slowly working down

to those with loweg.

Claim 1: If ;41(¢’) ando;12(¢") have not yet been eliminated, apd< ¢/, thens;(¢q) cannot
yet be eliminated.Proof: First, we show that no strategy,(¢”) can eliminates;(¢). Against
oi+1(q"), 0iv2(¢""), the utility of playingo;(p) is —e +p- 6 — p- ¢ /2. Thus, wheny” = 0, itis
best to sep as high as possible (and we note that; (0) ando;2(0) have not been eliminated),
but wheng” > 0, it is best to sep as low as possible because: ¢ /2. Thus, whetheg > ¢” or
q < q", 0:(q) will always do strictly better than;(¢”) against some remaining opponent strategies.
Hence, no strategy;(¢”) can eliminates;(¢). The only other pure strategies that could dominate
o;(q) are strategies that play for typed}, andb; or ¢; for all other types. Let us take such a strategy
and suppose that it playswith probability p. Againsto;11(¢’), oi+2(¢") (which have not yet been
eliminated), the utility of playing this strategy is(q')?/2 — ¢/2 +p-J — p - ¢'/2. On the other
hand, playingr;(q) gives—e + ¢ -6 — q - ¢’ /2. Becausey > ¢, we have—(¢')?/2 < —q - ¢'/2,
and becausé ande are small, it follows that;(q) receives a higher utility. Therefore, no strategy
dominatesr;(q), proving the claim.

Claim 2: If for all ¢ > ¢, 0i+1(¢’) and o 42(¢") have been eliminated, then(q) can be
eliminated. Proof: Consider the strategy for playéthat playsa; for type 6}, andb; for all other
types (call this strategy’); we claimo} dominatess;(q). First, if either of the other players
playsay for Qi, theno, performs better tham;(¢) (which receives-co in some cases). Because
the strategies for playérthat playc,, for typed}, or a; for some type9,i with j > 1, have already
been eliminated, all that remains to check is thaperforms better than;(¢) whenever both of
the other two players play strategies of the following form: phayfor type 6}, and play one of
by or ¢, otherwise. We note that among these strategies, there are none left that place probability
greater thary on ¢;. Letting g, denote the probability with which playérplaysc, the expected
utility of playing o/ is —git+1 - ¢i+2/2 — €/2. On the other hand, the utility of playing(q) is
—e+q-9d—q-qi+2/2. Because; < g, the difference between these two expressions is at least
/2 — ¢, which is positive. It follows that; dominatesr;(q).

From Claim 2, it follows that all strategies of the form(q) will eventually be eliminated.
However, Claim 1 shows that we cannot go ahead and eliminate multiple such strategies for one
player, unless at least one other player simultaneously “keeps up” in the eliminated strategies: every
time ao;(q) is eliminated such that;1(¢) ando;;+2(g) have not yet been eliminated, we need to
eliminate one of the latter two strategies before aply/’) with ¢’ > ¢ can be eliminated—that is,
we need to alternate between players. Because there are exponentially many strategies of the form
0i(q), iterated elimination will require exponentially many iterations to completes

"Note that the strategies are still pure strategies; the probability placed on an action by a strategy here is simply the
sum of the probabilities of the types for which the strategy chooses that action.
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It follows that an efficient algorithm for iterated dominance (strict or weak) by pure strategies in
Bayesian games, if it exists, must somehow be able to perform (at least part of) many iterations in a
single step of the algorithm (because if each step only performed a single iteration, we would need
exponentially many steps). Interestingly, Knethal. [1988] argue that iterated dominance appears
to be an inherently sequential problem (in light of their result that iterated very weak dominance
is P-complete, that is, apparently not efficiently parallelizable), suggesting that aggregating many
iterations may be difficult.

This concludes the part of this dissertation studying the complexity of dominance and iterated
dominance. In the next section, we study the complexity of computing Nash equilibria.

9.2 Nash equilibrium

In recent years, there has been a large amount of research on computing Nash equilibria. The
question of how hard it is to compute just a single Nash equilibrium especially drew attention,
and was dubbed “a most fundamental computational problem whose complexity is wide open”
and “together with factoring, [...] the most important concrete open question on the boundary of
P today” [Papadimitriou, 2001]. A recent breakthrough series of papers [Daskatais 2005;

Chen and Deng, 2005a; Daskalakis and Papadimitriou, 2005; Chen and Deng, 2005b] shows that the
problem is PPAD-complete, even in the two-player case. (An earlier result shows that the problem
is no easier if all utilities are required to be{f, 1} [Abbott et al, 2005].) This suggests that the
problem is indeed hard, although not as much is known about the class PPAD as about (say) NP. The
best-known algorithm for finding a Nash equilibrium, themke-Howsomlgorithm [Lemke and
Howson, 1964], has recently been shown to have a worst-case exponential running time [Savani and
von Stengel, 2004]. More recent algorithms for computing Nash equilibria have focused on guessing
which of the players’ pure strategies receive positive probability in the equilibrium: after this guess,
only a simple linear feasibility problem needs to be solved [Dickhaut and Kaplan, 1991; Porter
et al, 2004; Sandholnet al, 2005b]. (These algorithms clearly require exponential time in the
worst case, but are often quite fast in practice.) Also, there has been growing interest in computing
equilibria of games with special structure that allows them to be represented concisely [&earns
al., 2001; Leyton-Brown and Tennenholtz, 2003; Bletral., 2003; Gottlobet al., 2003; Bhat and
Leyton-Brown, 2004; Schoenebeck and Vadhan, 2006].

In this section, we focus mostly on computing equilibsigh certain propertiesfor example,
computing an equilibrium with maximal social welfare, or one that places probability on a given
pure strategy. We also consider the complexity of counting the number of equilibria and computing
a pure-strategy Bayes-Nash equilibirium of a Bayesian game.

9.2.1 Equilibria with certain properties in normal-form games

When one analyzes the strategic structure of a game, especially from the viewpoint of a mechanism
designer who tries to construct good rules for a game, finding a single equilibrium is far from
satisfactory. More desirable equilibria may exist: in this case the game becomes more attractive,
especially if one can coax the players into playing a desirable equilibrium. Also, less desirable
equilibria may exist: in this case the game becomes less attractive (if there is some chance that these
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equilibria will end up being played). Before we can make a definite judgment about the quality of the
game, we would like to know the answers to questions such as: What is the game’s most desirable
equilibrium? Is there a unigue equilibrium? If not, how many equilibria are there? Algorithms that
tackle these questions would be useful both to players and to the mechanism designer.

Furthermore, algorithms that answer certain existence questions may pave the way to designing
algorithms that construct a Nash equilibrium. For example, if we had an algorithm that told us
whether there exists any equilibrium where a certain player plays a certain strategy, this could be
useful in eliminating possibilities in the search for a Nash equilibrium.

However, all the existence questions that we have investigated turn out to be NP-hard. These are
not the first results of this nature; most notably, Gilboa and Zemel [1989] provide some NP-hardness
results in the same spirit. We provide a single reduction which in demonstrates (sometimes stronger
versions of) most of their hardness results, and interesting new results. More significantly, as we
show in Subsection 9.2.2, our reduction shows that the problems of maximizing certain properties of
Nash equilibria arenapproximablgunless ZPP=NP). Additionally, as we show in Subsection 9.2.3,
the reduction shows #P-hardness of counting the number of equilibria.

We now present our reductidn.

Definition 54 Let¢ be a Boolean formula in conjunctive normal form. Lébe its set of variables
(with |[V'| = n), L the set of corresponding literals (a positive and a negative one for each vafable)
and( its set of clauses. The functien L — V gives the variable corresponding to a literal, e.g.
v(z1) = v(—z1) = 1. We defing7(¢) to be the following symmetric 2-player game in normal
form. Let¥ = ¥, = 3y = LUV UC U {f}. Let the utility functions be

o ui (14 1%) = ug(I?,1Y) =n — 1forall I',1? € Lwithi! # —[%;
o ui(l,—1l) =wus(—l,l)=n—4foralll e L;

o ui(l,z) =ug(z,l) =n—4forallle L,x e ¥ - L—{f};
o ui(v,l) =wug(l,v) =nforalveV,l e Lwithv(l) # v;

v,l) =wug(l,v)=0forallveV,l e Lwithv(l) =v;

¢, l) =wus(l,c) =nforallce C,l € Lwithl ¢ ¢;
o ui(c,l) =wus(l,c)=0forallce C,l € Lwithl € ¢;
c,x) =ug(x,c)=n—4forallce C,x e ¥ — L —{f};

.'LLl

(i
(
(
(
(
o ui(v,z) =ug(z,v) =n—4forallve V,z e ¥ - L —{f};
(
(
(
o ui(z, f) =wua(f,z)=0forallz € ¥ - {f},
(

o wi(f,f)=wuaf.f) =€

8The reduction presented here is somewhat different from the reduction given in the 1JCAI version of this work. The
reason is that the new reduction presented here implies inapproximability results that the original reduction did not.
®Thus, ifz; is a variableg; and—z; are literals. We make a distinction between the variabland the literak:;.
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o ui(f,z) =wa(x,f)=n—1forallz € ¥ — {f}.

Theorem 100 If (I1,1lo,...,1,) (Wherev(l;) = x;) satisfiesp, then there is a Nash equilibrium of
G.(¢) where both players pla¥ with probability%, with expected utilityx — 1 for each player.
The only other Nash equilibrium is the one where both players pland receive expected utility
€ each.

Proof: We first demonstrate that these combinations of mixed strategies indeed do constitute Nash
equilibria. If (11,12, ...,1,) (Wherev(l;) = z;) satisfiesp and the other player playswith proba-

bility % playing one of thesg as well gives utilityn — 1. On the other hand, playing the negation

of one of thesé; gives utility%(n —4)+ "T—jl(n —1) < n—1. Playing some variable gives utility

1(0) + 2=1(n) = n — 1 (since one of thé; that the other player sometimes plays hés) = v).
Playing some clausegives utility at most%(o) + "T‘l(n) = n — 1 (since at least one of thethat

the other player sometimes plays occurs in claysince thd; satisfy¢). Finally, playingf gives

utility n — 1. It follows that playing any one of thg that the other player sometimes plays is an
optimal response, and hence that both players playing each ofitheile probability% is a Nash
equilibrium. Clearly, both players playinfjis also a Nash equilibrium since playing anything else
when the other playg gives utility 0.

Now we demonstrate that there are no other Nash equilibria. If the other player alwayg plays
the unique best response is to also pfagince playing anything else will give utility. Otherwise,
given a mixed strategy for the other player, consider a player's expected utility given that the other
player does not play. (That is, the probability distribution over the other player’s strategies is
proportional to the probability distribution constituted by that player's mixed strategy, except
occurs with probability 0). If this expected utility is less than- 1, the player is strictly better off
playing f (which gives utilityn — 1 when the other player does not playand also performs better
than the original strategy when the other player does jfjayo this cannot occur in equilibrium.

As we pointed out, here are no Nash equilibria where one player always playisthe other
does not, so suppose both players pfawith probability less than one. Consider the expected
social welfare £[u; + us]), given that neither player plays It is easily verified that there is no
outcome with social welfare greater thazm — 2. Also, any outcome in which one player plays an
element oft” or C has social welfare at most—4+n < 2n — 2. It follows that if either player ever
plays an element df or C, the expected social welfare given that neither player pfaigsstrictly
below2n — 2. By linearity of expectation it follows that the expected utility of at least one player is
strictly belown — 1 given that neither player plays and by the above reasoning, this player would
be strictly better off playingf instead of its randomization over strategies other thatt follows
that no element oV or C'is ever played in a Nash equilibrium.

So, we can assume both players only put positive probability on strategles/ifif }. Then,
if the other player puts positive probability gfy playing f is a strictly better response than any
element ofL (sincef does as at least as well against any strategy, iand strictly better against
f). It follows that the only equilibrium wheré is ever played is the one where both players always
play f.

Now we can assume that both players only put positive probability on elemehtsSiippose
that for somd € L, the probability that a given player plays eittiar —[ is less than%. Then the
expected utility for the other player of playing!) is strictly greater thar%(o) +2l(n) =n -1,

n
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and hence this cannot be a Nash equilibrium. So we can assume that foe anythe probability
that a given player plays eithéor —[ is precisely%.

If there is an element of such that player 1 puts positive probability on it and player 2 on its
negation, both players have expected utility less than 1 and would be better off switching to
f. So, in a Nash equilibrium, if player 1 playsvith some probability, player 2 must pldywith
probability%, and thus player 1 must pldywith probability%. Thus we can assume that for each
variable, exactly one of its corresponding literals is played with probatj;bilitw both players. It
follows that in any Nash equilibrium (besides the one where both playersfpldigerals that are
sometimes played indeed correspond to an assignment to the variables.

All that is left to show is that if this assignment does not satisfyt does not correspond to a
Nash equilibrium. Let € C be a clause that is not satisfied by the assignment, that is, none of its
literals are ever played. Then playiagvould give utility n, and both players would be better off
playing this. =

Example 1 The following table shows the garGg(¢) whereg = (1 V —x2) A (—x1 V 2).

‘ 21 o2 [4o | —o1 [ +ao [ -2 [ (@ V—x) | (a1 V) [ f ]
1 -2,-21-2-2|0,-2 |0,-2 | 2,-2 | 2,-2 | -2,-2 -2,-2 0,1
o 22| -2,-2|2,-2 | 2-2 |0,-2 |0,-2 | -2,-2 -2,-2 0,1
+x1 20 |22 |11 |-2,-2|11 |11 |-20 -2,2 0,1
—x1 20 |22 |-2-2|111 |11 |11 |-2,2 -2,0 0,1
+x9 22 (-20 |11 |11 |11 |-2,-2|-2,2 -2,0 0,1
—T9 22 (-20 |11 |11 |-2,-2|11 |-2,0 -2,2 0,1
(x1V —x9) || -2,-2| -2,-2] 0,-2 | 2,-2 | 2,-2 | 0,-2 | -2,-2 -2,-2 0,1
(—x1 V) || -2,-2| -2,-2| 2,-2 | 0,-2 | 0,-2 | 2,-2 | -2,-2 -2,-2 0,1
f 10 {20 |10 |10 |10 |10 |10 1,0 €€

The only two solutions to the SAT instance defineé ky/to either set both variables toue
or both tofalse Indeed, the only equilibria of the gandé.(¢) are those where: 1. Both players
randomize uniformly ovef+x1, +x2}; 2. Both players randomize uniformly ovgrxi, —x2}; 3.
Both players playf. So the example is consistent with Theorem 100.

Thus, in general, there exists a Nash equilibriuntrii¢) where each player gets utility— 1 if
and only if¢ is satisfiable; otherwise, the only equilibrium is the one where both players @ag
each of them gets Supposer—1 > ¢. Then, any sensible definition of welfare optimization would
prefer the first kind of equilibrium. So, it follows that determining whether a “good” equilibrium
exists is hard for any such definition. Additionally, the first kind of equilibrium is, in various senses,
an optimal outcome for the game, even if the players were to cooperate, so even finding out whether
such an optimal equilibrium exists is hard. The corollaries below illustrate these points.

All the corollaries show NP-completeness of a problem, meaning that the problem is both NP-
hard and in NP. Technically, only the NP-hardness part is a corollary of Theorem 100 in each case.
Membership in NP follows in each case because we can nondeterministically generate strategies
for the players, and verify whether these constitute a Nash equilibrium with the desired property.
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Alternatively, for the case of two players, we can nondeterministically generate only the supports
of the players’ strategies. At this point, determining whether a Nash equilibrium with the given
supports exists is a simple linear feasibility program (see, for example, Dickhaut and Kaplan [1991];
Porteret al. [2004]), to which we can add an objective to maximize (such as, for example, social
welfare). The resulting linear program can be solved in polynomial time [Khachiyan, 1979].

Corollary 9 Even in symmetric 2-player games, it is NP-complete to determine whether there exists

a NE with expected (standard) social welfafe[( >~ wu;]) atleastk, even wheik is the maximum
1<i<|A|
social welfare that could be obtained in the game.

Proof: For anyg, in G.(¢), the social welfare of a Nash equilibrium corresponding to any satisfying
assignment i€(n — 1). On the other hand, the social welfare of the Nash equilibrium that always
exists is only2e. Thus, fore < 1 andn > 2, G.(¢) has a Nash equilibrium with a social welfare of
atleas2(n — 1) if and only if ¢ is satisfiable. =

Corollary 10 Even in symmetric 2-player games, it is NP-complete to determine whether there
exists a NE where all players have expected utility at I&a¢hat is, theegalitarian social welfare

is at leastk), even wherk is the largest number such that there exists a distribution over outcomes
of the game such that all players have expected utility at least

Proof: For any¢, in G¢(¢), the egalitarian social welfare of a Nash equilibrium corresponding to
any satisfying assignment is— 1. On the other hand, the egalitarian social welfare of the Nash
equilibrium that always exists is onty Thus, fore < 1 andn > 2, G.(¢) has a Nash equilibrium
with an egalitarian social welfare of at least- 1 if and only if ¢ is satisfiable. =

Corollary 11 Even in symmetric 2-player games, it is NP-complete to determine whether there
exists aPareto-optimaNE. (A distribution over outcomes is Pareto-optimal if there is no other
distribution over outcomes such that every player has at least equal expected utility, and at least
one player has strictly greater expected utility.)

Proof: Fore < 1 andn > 2, any Nash equilibrium inG.(¢) corresponding to a satisfying as-
signment is Pareto-optimal, whereas the Nash equilibrium that always exists is not Pareto-optimal.
Thus, a Pareto optimal Nash equilibrium exists if and only i satisfiable. =

Corollary 12 Even in symmetric 2-player games, it is NP-complete to determine whether there
exists a NE where player 1 has expected utility at léast

Proof: For anye, in G¢(¢), player 1's utility in a Nash equilibrium corresponding to any satisfying
assignment ign — 1). On the other hand, player 1’s utility in the Nash equilibrium that always
exists is onlye. Thus, fore < 1 andn > 2, G.(¢) has a Nash equilibrium with a utility for player 1
of at least, — 1 if and only if ¢ is satisfiable. =

Some additional corollaries are:
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Corollary 13 Even in symmetric 2-player games, it is NP-complete to determine whether there is
more than one Nash equilibrium.

Proof: For any¢, G(¢) has additional Nash equilibria (besides the one that always exists) if and
only if ¢ is satisfiable. =

Corollary 14 Even in symmetric 2-player games, it is NP-complete to determine whether there is
an equilibrium where player 1 sometimes plays a given ;.

Proof: For anyg, in G.(¢), there is a Nash equilibrium where player 1 sometimes playsif and
only if there is a satisfying assignmentaawith x, set totrue. But determining whether this is the
case is NP-complete. =

Corollary 15 Even in symmetric 2-player games, it is NP-complete to determine whether there is
an equilibrium where player 1 never plays a giver Y.

Proof: For anye, in G.(¢), there is a Nash equilibrium where player 1 never playisand only if
¢ is satisfiable. =

Corollary 16 Even in symmetric 2-player games, it is NP-complete to determine whether there is
an equilibrium where player 1's strategy has at legspure strategies in its support (even when
k=2).

Proof: For any¢, in G.(¢), any Nash equilibrium corresponding to a satisfying assignment uses a
support ofn strategies for player 1. On the other hand, the Nash equilibrium that always exists uses
a support of onlyl strategy for player 1. Thus, for > 2, G.(¢) has a Nash equilibrium using a
support of at least strategies for player 1 if and only if is satisfiable. =

Corollary 17 Even in symmetric 2-player games, it is NP-complete to determine whether there is
an equilibrium where the players’ strategies together have at leastre strategies in their supports
(even whert = 3).

Proof: For any¢, in G.(¢), any Nash equilibrium corresponding to a satisfying assignment uses
a support ofn strategies for each player, for a totaldf strategies. On the other hand, the Nash
equilibrium that always exists uses a support of angtrategy for each player, for a total of ortly
strategies. Thus, for > 2, G(¢) has a Nash equilibrium using at ledsdtrategies in the supports

of the players if and only i is satisfiable. =

Corollary 18 Even in symmetric 2-player games, it is NP-complete to determine whether there is
an equilibrium where each player’s strategy has at |daptre strategies in its support (even when
k=2).
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Proof: For any¢, in G.(¢), any Nash equilibrium corresponding to a satisfying assignment uses a
support ofn strategies for each player. On the other hand, the Nash equilibrium that always exists
uses a support of only strategy for each player. Thus, far> 2, G.(¢) has a Nash equilibrium
using at leas? strategies in the supports of each player if and onlyig satisfiable. =

Definition 55 A strong Nash equilibriuns a vector of mixed strategies for the players so that no
nonempty subset of the players can change their strategies to make all players in the subset better
off.

Corollary 19 Even in symmetric 2-player games, it is NP-complete to determine whether a strong
Nash equilibrium exists.

Proof: Fore < 1 andn > 2, any Nash equilibrium iz (¢) corresponding to a satisfying assign-
ment is a strong Nash equilibrium, whereas the Nash equilibrium that always exists is not strong.
Thus, a strong Nash equilibrium exists if and onlyifs satisfiable. =

All of these results indicate that it is hard to obtain summary information about a game’s Nash
equilibria. (Corollaries 13, 18, and weak&versions of Corollaries 10, 14, and 15 were first proven
by Gilboa and Zemel [1989].)

9.2.2 Inapproximability results

Some of the corollaries of the previous subsection state that it is NP-complete to find the Nash
equilibrium that maximizes a certain property (such as social welfare). For such properties, an
important question is to ask whether they can be approximated. For instance, is it possible to
find, in polynomial time, a Nash equilibrium that has at least half as great a social welfare as the
social-welfare maximizing Nash equilibrium? Or—the same question, asked nonconstructively—
can we, in polynomial time, find a numbgrsuch that there exists a Nash equilibrium with social
welfare at least, and there is no Nash equilibrium with social welfare greater @¥&h (The
nonconstructive question does not require constructing a Nash equilibrium, so it is perhaps possible
that there is a polynomial-time algorithm for this question even if it is hard to construct any Nash
equilibrium.) We will not give approximation algorithms in this subsection, but we will derive
certain inapproximability results from Theorem 100. In each case, we will show that even the
nonconstructive question is hard (and therefore also the constructive question).

Before presenting our results, we first make one subtle technical point, namely that it is un-
reasonable to expect an approximation algorithm to work even when the game has some negative
utilities in it. For suppose we had an approximation algorithm that approximated (say) social wel-
fare to some positive ratio, even when there are some negative utilities in the game. Then we can
“boost” its results, as follows. Suppose it returned a social welfabe oh a game, and suppose it
were less than the social welfare of the best Nash equilibrium. If we subtfearn all utilities in
the game, the game remains the same for all strategic purposes (it has the same set of Nash equilib-
ria). But now the result provided by the approximation algorithm on the original game corresponds

1%0ur results prove hardness in a slightly more restricted setting. Corollaries 14 and 15 in their full strength can in fact
also be obtained using Gilboa and Zemel's proof technique, even though they stated the result in a weaker form.
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to a social welfare ofl, which does not satisfy the approximation ratio. It follows that running the
approximation algorithm on the transformed game must give a better result (which we can easily
transform back to the original game).

For this reason, we require our hardness results to only use reductions to games istibee
lowest possible utility in the game. To do so, we will simply use the fact¢h&p) satisfies this
property wheneven > 4. (We recall that: is the number of variables i.)

We are now ready to present our results. The first one is a stronger version of Corollary 9.

Corollary 20 Unless ZPP = NP, there does not exist a polynomial-time algorithm that approxi-
mates (to any positive ratio) the maximum social welfare obtained by a Nash equilibrium, even in
symmetric 2-player games. (Even if the ratio is allowed to be a function of the size of the game.)

Proof: Suppose such an algorithm did exist. For any formulgvith number of variablea > 4),
consider the gamé&'(¢) wheree is set so thae < r(2n — 2) (here,r is the approximation ratio
that the algorithm guarantees for games of the siz8 6)). If ¢ is satisfiable, by Theorem 100,
there exists an equilibrium with social welfete — 2, and thus the approximation algorithm should
return a social welfare of at least2n — 2) > 2¢. Otherwise, by Theorem 100, the only equilibrium
has social welfare, and thus the approximation algorithm should return a social welfare of at most
2e. Thus we can use the algorithm to solve arbitrary SAT instances.

The next result is a stronger version of Corollary 10.

Corollary 21 Unless ZPP = NP, there does not exist a polynomial-time algorithm that approxi-
mates (to any positive ratio) the maximum egalitarian social welfare (minimum utility) obtained by
a Nash equilibrium, even in symmetric 2-player games. (Even if the ratio is allowed to be a function
of the size of the game.)

Proof: Suppose such an algorithm did exist. For any formu(gvith number of variables > 4),
consider the gamé'(¢) wheree is set so that < r(n — 1) (here,r is the approximation ratio that
the algorithm guarantees for games of the siz€dp)). If ¢ is satisfiable, by Theorem 100, there
exists an equilibrium with egalitarian social welfate- 1, and thus the approximation algorithm
should return an egalitarian social welfare of at ledst— 1) > e. Otherwise, by Theorem 100,
the only equilibrium has egalitarian social welfateand thus the approximation algorithm should
return an egalitarian social welfare of at mestThus we can use the algorithm to solve arbitrary
SAT instances. =

The next result is a stronger version of Corollary 12.

Corollary 22 Unless ZPP = NP, there does not exist a polynomial-time algorithm that approxi-
mates (to any positive ratio) the maximum utility for playebtained by a Nash equilibrium, even
in symmetric 2-player games. (Even if the ratio is allowed to be a function of the size of the game.)

Proof: Suppose such an algorithm did exist. For any formulgvith number of variablea > 4),
consider the gamé&'.(¢) wheree is set so that < r(n — 1) (here,r is the approximation ratio
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that the algorithm guarantees for games of the siz6 9)). If ¢ is satisfiable, by Theorem 100,
there exists an equilibrium with a utility ef — 1 for player1, and thus the approximation algorithm
should return a utility of at least(n — 1) > €. Otherwise, by Theorem 100, the only equilibrium
has a utility ofe for player1, and thus the approximation algorithm should return a utility of at most
€. Thus we can use the algorithm to solve arbitrary SAT instances.

The next result is a stronger version of Corollary 16.

Corollary 23 Unless ZPP = NP, there does not exist a polynomial-time algorithm that approxi-
mates (to any ratio(|X|)) the maximum number of pure strategies in player 1's support in a Nash
equilibrium, even in symmetric 2-player games.

Proof: Suppose such an algorithm did exist. For any formblaonsider the gamé&'.(¢) where

€ is set arbitrarily. If¢ is not satisfiable, by Theorem 100, the only equilibrium has only one pure
strategy in playet’s support, and thus the algorithm can return a maximum support size of at most
1. On the other hand, ip is satisfiable, by Theorem 100, there is an equilibrium where plager
support has siz€(|X|). Because by assumption our approximation algorithm has an approximation
ratio of o(|X|), this means that for large enougfl|, the approximation ratio must return a support
size strictly greater thah. Thus we can use the algorithm to solve arbitrary SAT instances (given
that the instances are large enough to produce large endijgh =

The next result is a stronger version of Corollary 17.

Corollary 24 Unless ZPP = NP, there does not exist a polynomial-time algorithm that approxi-
mates (to any rati@(|>|)) the maximum number of pure strategies in the players’ strategies’ sup-
ports in a Nash equilibrium, even in symmetric 2-player games.

Proof: Suppose such an algorithm did exist. For any formiyl@onsider the gamé&'.(¢) where

€ is set arbitrarily. If¢ is not satisfiable, by Theorem 100, the only equilibrium has only one pure
strategy in each player’s support, and thus the algorithm can return a number of strategies of at most
2. On the other hand, if is satisfiable, by Theorem 100, there is an equilibrium where each player’s
support has siz€(|X|). Because by assumption our approximation algorithm has an approximation
ratio of o(|X]), this means that for large enougfi, the approximation ratio must return a support

size strictly greater thal. Thus we can use the algorithm to solve arbitrary SAT instances(given
that the instances are large enough to produce large enligh =

The next result is a stronger version of Corollary 18.

Corollary 25 Unless ZPP = NP, there does not exist a polynomial-time algorithm that approxi-
mates (to any ratio(|X|)) the maximum number, in a Nash equilibrium, of pure strategies in the
support of the player that uses fewer pure strategies than the other, even in symmetric 2-player
games.

Proof: Suppose such an algorithm did exist. For any formiylaonsider the gamé&'.(¢) where
e is set arbitrarily. If¢ is not satisfiable, by Theorem 100, the only equilibrium has only one pure
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strategy in each player’s support, and thus the algorithm can return a number of strategies of at most
1. On the other hand, i is satisfiable, by Theorem 100, there is an equilibrium where each player's
support has siz€(|X|). Because by assumption our approximation algorithm has an approximation
ratio of o(|X]|), this means that for large enougfi, the approximation ratio must return a support

size strictly greater thah. Thus we can use the algorithm to solve arbitrary SAT instances(given
that the instances are large enough to produce large endijgh =

9.2.3 Counting the number of equilibria in normal-form games

Existence questions do not tell the whole story. In general, we are interested in characterizing alll
the equilibria of a game. One rather weak such characterization is the number of eddilitia

can use Theorem 100 to show that even determining this number in a given normal-form game is
hard.

Corollary 26 Even in symmetric 2-player games, counting the number of Nash equilibria is #P-
hard.

Proof: The number of Nash equilibria in our garG&(¢) is the number of satisfying assignments
to the variables o, plus one. Counting the number of satisfying assignments to a CNF formula is
#P-hard [Valiant, 1979]. =

It is easy to construct games where there is a continuum of Nash equilibria. In such games, it is
more meaningful to ask how many distinct continuums of equilibria there are. More formally, one
can ask how many maximal connected sets of equilibria a game has (a maximal connected set is a
connected set which is not a proper subset of a connected set).

Corollary 27 Even in symmetric 2-player games, counting the number of maximal connected sets
of Nash equilibria is #P-hard.

Proof: Every Nash equilibrium in7.(¢) constitutes a maximal connected set by itself, so the
number of maximal connected sets is the number of satisfying assignments to the variahles of
plusone. =

The most interesting #P-hardness results are the ones where the corresponding existence and
search questions are easy, such as counting the number of perfect bipartite matchings. In the case of
Nash equilibria, the existence question is trivial: it has been analytically shown (by Kakutani’s fixed
point theorem) that a Nash equilibrium always exists [Nash, 1950]. The complexity of the search
question remains open.

9.2.4 Pure-strategy Bayes-Nash equilibria

Equilibria in pure strategies are particularly desirable because they avoid the uncomfortable re-
guirement that players randomize over strategies among which they are indifferent [Fudenberg and

1The number of equilibria in normal-form games has been studied both in the worst case [McLennan and Park, 1999]
and in the average case [McLennan, 1999].
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Tirole, 1991]. In normal-form games with small numbers of players, it is easy to determine the ex-
istence of pure-strategy equilibria: one can simply check, for each combination of pure strategies,
whether it constitutes a Nash equilibridfiHowever, this is not feasible in Bayesian games, where
the players have private information about their own preferences (represented by types). Here, play-
ers may condition their actions on their types, so the strategy space of each player is exponential in
the number of types.

In this subsection, we show that the question of whether a pure-strategy Bayes-Nash equilibrium
exists is in fact NP-hard even in symmetric two-player games.

We study the following computational problem.

Definition 56 (PURE-STRATEGY-BNE) We are given a Bayesian game. We are asked whether
there exists a Bayes-Nash equilibrium (BNE) where all the strategigsare pure.

To show our NP-hardness result, we will reduce from the SET-COVER problem.

Definition 57 (SET-COVER) We are given a se&f = {si,...,s,}, subsetsS;, S, ..., Sy, of S
with U <;<,, Si = S, and an integek. We are asked whether there ex$t, S, ..., S, such
that{J;<;<; Se; = 5.

Theorem 101 PURE-STRATEGY-BNE is NP-complete, even in symmetric 2-player games where
the priors over types are uniform.

Proof: To show membership in NP, we observe that we can nondeterministically choose a pure
strategy for each type for each player, and verify whether these constitute a BNE.

To show NP-hardness, we reduce an arbitrary SET-COVER instance to the following PURE-
STRATEGY-BNE instance. Let there be two players, With= ©; = 0, = {#',...,6%}. The
priors over types are uniform. Furthermobde,= ¥; = ¥y = {51,52,...,5m, 51,52, -+, Sn}-
The utility functions we choose in fact do not depend on the types, so we omit the type argument in
their definitions. They are as follows:

o ui(S;,5;) = u(S;,5;) = 1forall S; andSj;

o ui(Si,s5) = ua(s;,S;) = 1forall S; ands; ¢ S;;
o ui(S;,s5) = ua(s;,S;) = 2forall S; ands; € S;;
o ui(si,s5) = ua(sy,s;) = —3k forall s; ands;;

o ui(s;,S;) = ua(S;, s;) = 3 forall S; ands; ¢ S;;

° ul(s]-,Si) = ’LL2(S¢,Sj> = -3k for all Sz ande € SZ

2Computing pure-strategy Nash equilibria for more concise representations of normal-form games has been system-
atically studied [Gottloket al., 2003; Schoenebeck and Vadhan, 2006].



258 CHAPTER 9. COMPUTING GAME-THEORETIC SOLUTIONS

We now show the two instances are equivalent. First suppose there exist
SersSesy -5 8¢, suchthat J, ., Se, = S. Suppose both players play as follows: when their type
is 6;, they playsS,,. We claim that this is a BNE. For suppose the other player employs this strategy.
Then, because for any;, there is at least ong,, such thats; € S,, we have that the expected
utility of playing s; is at most%(—?)k) + ’“—;13 < 0. It follows that playing any of theS; (which
gives utility 1) is optimal. So there is a pure-strategy BNE.

On the other hand, suppose that there is a pure-strategy BNE. We first observe that in no pure-
strategy BNE, both players play some element é6r some type: for if the other player sometimes
plays somes;, the utility of playing somes; is at most%(—?)k) + %3 < 0, whereas playing
someSs; instead guarantees a utility of at least 1. So there is at least one player who never plays
any element ofS. Now suppose the other player sometimes plays sgmeWe know there is
somesS; such thats; € S;. If the former player plays this;, this will give it a utility of at least
%2+ ’“;1 1=1+ % Since it must do at least this well in the equilibrium, and it never plays elements
of S, it must sometimes receive utility 2. It follows that there eXdstands; € S, such that the
former player sometimes plays, and the latter sometimes plays But then, playings, gives the
latter player a utility of at mos}%(—?,k) + %3 < 0, and it would be better off playing sonfg
instead. (Contradiction.) It follows that in no pure-strategy BNE, any elemesii®tver played.

Now, in our given pure-strategy equilibrium, consider the set of all%hthat are played by
player 1 for some type. Clearly there can be at niostich sets. We claim they covér For if they
do not cover some elemesy, the expected utility of playing; for player 2 is 3 (because player
1 never plays any element 8%. But this means that player 2 (who never plays any elemest of
either) is not playing optimally. (Contradiction.) Hence, there exists a set covar.

If one allows for general mixed strategies, a Bayes-Nash equilibrium always exists [Fudenberg
and Tirole, 1991]. Computing a single mixed-strategy Bayes-Nash equilibrium is of course at least
as hard as computing a single mixed-strategy Nash equilibrium in a normal-form game (since that
is the special case where each agent has a single type).

This concludes the part of this dissertation studying the complexity of computing Nash equi-
libria. The next section introduces a parameterized strategy eliminability criterion that generalizes
both dominance and Nash equilibrium, and studies how hard it is to apply computationally.

9.3 A generalized eliminability criterion

The concept of (iterated) dominance is often too strong for the purpose of solving games: it cannot
eliminate enough strategies. But, if possible, we would like a stronger argument for eliminating
a strategy than (mixed-strategy) Nash equilibrium. Similarly, in mechanism design (where one
gets to create the game), implementation in dominant strategies is often excessively restrictive,
but implementation in (Bayes-)Nash equilibrium may not be sufficiently strong for the designer’s
purposes. Hence, it is desirable to have eliminability criteria thabateeenthese concepts in
strength. In this section, we will introduce such a criterion. This criterion considers whether a given
strategy is eliminable relative to given dominator & eliminee subsets of the players’ strategies. The
criterion spans an entirgpectrumof strength between Nash equilibrium and strict dominance (in
terms of which strategies it can eliminate), and in the extremes can be made to coincide with either
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of these two concepts, depending on how the dominator & eliminee sets are set. It can also be used
for iterated elimination of strategies. We will also study the computational complexity of applying
the new eliminability criterion, and provide a mixed integer programming approach for it.

One of the benefits of the new criterion is that when a strategy cannot be eliminated by domi-
nance (but it can be eliminated by the Nash equilibrium concept), the new criterion may provide a
stronger argument than Nash equilibrium for eliminating the strategy, by using dominator & elimi-
nee sets smaller than the entire strategy set. To get the strongest possible argument for eliminating
a strategy, the dominator & eliminee sets should be chosen to be as small as possible while still
having the strategy be eliminable relative to these Selterated elimination of strategies using the
new criterion is also possible, and again, to get the strongest possible argument for eliminating a
strategy, the sequence of eliminations leading up to it should use dominator & eliminee sets that are
as small as possibfé.

As another benefit, the algorithm that we provide for checking whether a strategy is eliminable
according to the new criterion can also be used as a subroutine in the computation of Nash equi-
libria. Specifically, any strategy that is eliminable (even using iterated elimination) according to
the criterion is guaranteed not to occur in any Nash equilibrium. Current state-of-the-art algorithms
for computing Nash equilibria already use a subroutine that eliminates (conditionally) dominated
strategies [Porteet al, 2004]. Because the new criterion can eliminate more strategies than dom-
inance, the algorithm we provide may speed up the computation of Nash equilibria. (For purposes
of speed, it is probably desirable to only apply special cases of the criterion that can be computed
fast—in particular, as we will show, eliminability according to the criterion can be computed fast
when the eliminee sets are small. Even these special cases are more powerful than dominance.)

Throughout, we focus on two-player games only. The eliminability criterion itself can be gener-
alized to more players, but the computational tools we introduce do not straightforwardly generalize
to more players. Moreover, we restrict attenton to normal-form games only.

9.3.1 A motivating example

Because the definition of the new eliminability criterion is complex, we will first illustrate it with
an example. Consider the following (partially specified) game.

L Lo [of [0C [oc |
o [ 2.2]22]20]20
021 2,2[2,2(20]20
5310,2/0,2/3,0/03
2710,7[0,2[0,3|3,0

3There may be multiple minimal vectors of dominator & eliminee sets relative to which the strategy is eliminable;
in this dissertation, we will not attempt to settle which of these minimal vectors, if any, constitutes the most powerful
argument for eliminating the strategy.

YHere, there may also be a tradeoff with the length of the elimination path. For example, there may be a path of several
eliminations using dominator & eliminee sets that are small, as well as a single elimination using dominator & eliminee
sets that are large, both of which eliminate a given strategy. (In fact, weakillysbe confronted with this situation,
as Corollary 30 will show.) Again, in this dissertation, we will not attempt to settle which argument for eliminating the
strategy is stronger.
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A quick look at this game reveals that strategigsando are bothalmostdominated byr2—
but they perform better thas? againstr? ando?, respectively. Similarly, strategies andos? are
both almost dominated by?—but they perform better thas? againstr* ando?, respectively. So
we are unable to eliminate any strategies using (even weak) dominance.

Now consider the following reasoning. In order for it to be worthwhile for the row player to
ever playo? rather tharv?, the column player should plas? at least: of the time. (If it is exactly
%, then switching fromy2 to o will cost the row playee exactly% of the time, but the row player
will gain 1 exactly% of the time, so the expected benefiliy But, similarly, in order for it to be
worthwhile for the column player to ever play, the row player should play? at Ieast% of the
time. But again, in order for it to be worthwhile for the row player to ever ptythe column
player should play? at Ieast% of the time. Thus, if both the row and the column player accurately
assess the probabilities that the other places on these strategies, and their strategies are rational with
respect to these assessments (as would be the case in a Nash equilibrium), then, if the row player
puts positive probability on?, by the previous reasoning, the column player should be playing
at Ieast% of the time, andrjf at Ieast% of the time. Of course, this is impossible; so, in a sense, the
row player should not play3.

It may appear that all we have shown is thdtis not played in any Nash equilibrium. But, to
some extent, our argument for not playimgydid not make use of the full elimination power of the
Nash equilibrium concept. Most notably, we only reasoned about a small part of the game: we never
mentioned strategies: andos., and we did not even specify most of the utilities for these strategies.

(It is easy to extend this example so that the argument only uses an arbitrarily small fraction of the
strategies and of the utilities in the matrix, for instance by adding many copiesafds..) The
locality of the reasoning that we did is more akin to the notion of dominance, which is perhaps the
extreme case of local reasoning about eliminability—only two strategies are mentioned in it. So, in
this sense, the argument for eliminatingis somewhere between dominance and Nash equilibrium

in strength.

9.3.2 Definition of the eliminability criterion

We are now ready to give the formal definition of the generalized eliminability criterion. To make
the definition a bit simpler, we define its negation—when a strategypti®liminable relative to
certain sets of strategies. Also, we only define when one abthglayer'sstrategies is eliminable,
but of course the definition is analogous for the column player.

The definition, which considers when a strategjyis eliminable relative to subsefs,, £, of
the row player’s pure strategies (withi € FE,) and subset®,, E. of the column player’s pure
strategies, can be stated informally as follows. To pratg@tom elimination, we should be able to
specify the probabilities that the players’ mixed strategies place oBtlkets in such a way that 1)
e receives nonzero probability, and 2) for every pure stratgdlgat receives nonzero probability,
for every mixed strategyi; using only strategies i;, it is conceivable that playeri's mixed
strategy® is completed so that; is no worse thar;.*® The formal definition follows.

5As is common in the game theory literature;, denotes “the player other thar
15This description may sound similar to the concepiationalizability. However, in two-player games (the subject of
this section), rationalizability is known to coincide with iterated strict dominance [Pearce, 1984].
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Definition 58 Given a two-player game in normal form, subséks E, of the row player’s pure
strategies:,., subsetd.., E. of the column player’s pure strategi&s, and a distinguished strategy
er € F,, we say that} is not eliminable relative td,, E,, D., E., if there exist functions (partial

mixed strategiesp, : F, — [0,1] andp. : E. — [0,1] with p.(e) > 0, > pr(e;) < 1,
er€b,
and > pc(e.) < 1, such that the following holds. For bothe {r,c}, for anye; € E; with
ec€l,
pi(e;) > 0, for any mixed strategy; placing positive probability only on strategies ip;, there is

some pure strategy_; € >_;, — E_; such that (lettingp_; ¢ o_; denote the mixed strategy that

results from placing the remaining probability— >~ p_;(e_;) that is not used by the partial
e_;€E_;

mixed strategy_; ono_;), we havew;(e;, p—; ¢ 0_;) > wu;(d;, p—; 0 0—;). (If p_; already uses up
all the probability, we simply have;(e;, p_;) > wu;(d;, p_;)—noo_; needs to be choset)

In the example from the previous subsubsection, we cabset {02}, D. = {0?}, E, =
{03,062}, E. = {03,0%}, ande’ = o2. Then, by the reasoning that we did, it is impossible to set

ryYr cr~c

pr andp, so that the conditions are satisfied, and hentes eliminable relative to these sets.

9.3.3 The spectrum of strength

In this subsection we show that the generalized eliminability criterion we defined in in the pre-
vious subsection spans a spectrum of strength all the way from Nash equilibrium (when the sets
D., E,, D., E. are chosen as large as possible), to strict dominance (when the sets are chosen as
small as possible). First, we show that the criterion is monotonically increasing, in the sense that
the larger we make the sefs., E., D, E., the more strategies are eliminable.

Proposition 12 If e} is eliminable relative toD}, E!, D! E!, and D! C D? E! C E? D! C
D? E! C E? thene! is eliminable relative taD?, 2, D?, E2,

Proof: We will prove this by showing that i€* is not eliminable relative t®?2, E2, D2, E?, then

el is not eliminable relative t®}, E}, D!, E!. Itis straightforward that making thB; sets smaller
only weakens the condition on strategigswith p;(e;) > 0 in Definition 58. Hence, ik} is not
eliminable relative taD?, E2, D2, E?, thene is not eliminable relative taD}, E2, D!, E2. All

that remains to show is that making ti#& sets smaller will not make;: eliminable. To show
this, we first observe that, if in its last step Definition 58 allowed for distributing the remaining
probability arbitrarily over the strategies ¥; — E_; (rather than requiring a single one of these
strategies to receive all the remaining probability), this would not change the definition, because we
might as well place all the remaining probability on the strategye > _; — E_; that maximizes
u;i(es, 0_;) — ui(d;, o_;). Now, letp, andp,.. be partial mixed strategies ové® and E? that prove
thate? is not eliminable relative td®}, £2, D!, E2. Then, to show that* is not eliminable relative

to D!, E!, D!, E}, use the partial mixed strategipé and p’, which are simply the restrictions

of p, andp. to E} and E!, respectively. For any; € E} with pi(e;) > 0 and for any mixed
strategyd; over D}, we know that there exists some; € ¥_; — E2 such thatu;(e;, p_;0o_;) >
ui(d;, p—; o o_;) (because the; prove thate? is not eliminable relative td}, E2, D!, E?). But,

"We need to make this case explicit for the case = = _;.
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the distributiorp_; ¢ o_; is a legitimate completion of the partial mixed strategy as well (albeit
one that distributes the remaining probability over multiple strategies), and hengepttave that
el is not eliminable relative t®}, E}, D!, EL. =

Next, we show that the Nash equilibrium concept is weskiéran our generalized eliminabil-
ity criterion—in the sense that the generalized criterion can never eliminate a strategy that is in
some Nash equilibrium. So, if a strategy can be eliminated by the generalized criterion, it can be
eliminated by the Nash equilibrium concept.

Proposition 13 If there is some Nash equilibrium that places positive probability on pure strategy
o, thenc? is not eliminable relative to any,, E,, D., E..

Proof: Let o/. be the row player’'s (mixed) strategy in the Nash equilibrium (which places positive
probability onc’¥), and lets’, be the column player’s (mixed) strategy in the Nash equilibrium. For
anyD,, E., D., E. with ¢ € E,, to prove thav is not eliminable relative to these sets, simply
let p, coincide witho]. on E,—that is, letp, be the probabilities that the row player places on
the strategies i, in the equilibrium. (Thusp, (o)) > 0). Similarly, letp. coincide witho’. on

E.. We will prove that the condition on strategies with positive probability is satisfied for the row
player; the case of the column player follows by symmetry. Forqny E, with p,.(e,) > 0, for

any mixed strategyl,, we haveu, (e, o.) — u,(d,,o.) > 0, by the Nash equilibrium condition.
Now, let pure strategy,. € arg max,ex.—g, (Ur(€r, pe © 0) — ur(dr, pc © 0)). Then we must have
Up(ery e ©0c) — Up(dp, pe© 0c) > ur(er, ol) —ur(d,, ol) > 0 (because, ¢ o. andc’, coincide on

E., and for the former, the remainder of the distribution is chosen to maximize this expression). It
follows thato is not eliminable relative to ang,., ., D., E.. =

We next show that by choosing the séls, E.., D., FE. as large as possible, we can make the
generalized eliminability criterion coincide with the Nash equilibrium conégpt.

Proposition 14 Let D, = E, = ¥, and D, = E. = X.. Thene} is eliminable relative to these
sets if and only if there is no Nash equilibrium that places positive probabilig} on

Proof: The “only if” direction follows from Proposition 13. For the “if” direction, suppases not
eliminable relative taD,, = E,. = ¥, andD,. = E. = X.. The partial distributiong, andp. with
pr(€e}) > 0 that show that} is not eliminable must use up all the probability (the probabilities must
sum to one), because there are no strategies ouiside . and E,. = X, to place any remaining
probability on. Hence, we must have, for any strategye E, = 3, with p,(e,) > 0, that for
any mixed strategy,, u, (e, p.) > ur(d,, p.) (@nd the same for the column player). But these are
precisely the conditions fgy,. andp. to constitute a Nash equilibrium. It follows that there is a

8When discussing elimination of strategies, it is tempting to say that the stronger criterion is the one that can eliminate
more strategies. However, when discussing solution concepts, the convention is that the stronger concept is the one that
implies the other. Therefore, the criterion that can eliminate fewer strategies is actually the stronger one. For example,
strict dominance is stronger than weak dominance, even though weak dominance can eliminate more strategies.

Unlike Nash equilibrium, the generalized eliminability criterion does not discuss what probabilities should be placed
on strategies that are not eliminated, so it only “coincides” with Nash equilibrium in terms of what it can eliminate.
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Nash equilibrium with positive probability o#f. =

Moving to the other side of the spectrum, we now show that the concept of strict dominance is
stronger than the generalized eliminability criterion—in the sense that the generalized eliminability
criterion can always eliminate a strictly dominated strategy (as long as the dominating strategy is in
D,).

Proposition 15 If pure strategyo; is strictly dominated by some mixed stratefyy theno is
eliminable relative to anyD,, E,, D., E. such that 1 € E,, and 2) all the pure strategies on
whichd,. places positive probability are ifv,..

Proof: To show thaw is not eliminable relative to these sets, we muspsgt;) > 0, and thus we
must demonstrate that for some pure straiegy >. — E., u, (0, pc©0¢) > up(dy, pe©o.) (or, if
all the probability is used upy,. (o7, p.) > u.(d,, p.)), becausel, only places positive probability
on strategies irD,.. But this is impossible, because by strict dominangée;, o.) < u,(d,,o.)
for any mixed strategy.. =

Finally, we show that by choosing the séis, F. as small as possible, we can make the gener-
alized eliminability criterion coincide with the strict dominance concept.

Proposition 16 Let E. = {} and E,, = {e,}. Thene, is eliminable relative taD,, E,, D., E. if
and only if it is strictly dominated by some mixed strategy that places positive probability only on
elements oD,..

Proof: The “if” direction follows from Proposition 15. For the “only if” direction, suppose that
e, is eliminable relative to these sets. That means that there exists a mixed sthatbgy places
positive probability only on strategies in,. such that for any pure strategy. € . — E. = X,
u(er,00) < u(d,,o.) (becauser, = {} andE, = {e,}, this is the only way in which an attempt
to prove thate, is not eliminable could fail). But this is precisely the condition &rto strictly
dominatee,. m

We are now ready to turn to computational aspects of the new eliminability criterion.

9.3.4 Applying the new eliminability criterion can be computationally hard

In this subsection, we demonstrate that applying the eliminability criterion can be computationally
hard, in the sense of worst-case compleitjve show that applying the eliminability criterion is
coNP-complete in two key special cases (subclasses of the problem). The first case is the one in
which theD,., E., D., E. sets are set to be as large as possible. Here, the hardness follows directly
from Proposition 14 and a result from Section 9.2.

Theorem 102 Deciding whether a given strategy is eliminable relativellp = F,. = 3, and
D. = E. =X, is coNP-complete, even when the game is symmetric.

2Because we only show hardness in the worst case, it is possible that many (or even most) instances are in fact easy
to solve.
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Proof: By Proposition 14, this is the converse of asking whether there exists a Nash equilibrium
with positive probability on the given strategy. As we saw in Section 9.2, this is NP-complaie.

While this shows that the eliminability criterion is, in general, computationally hard to apply, we
may wonder if there are special cases in which it is computationally easy to apply. Natural special
cases to look at include those in which some of the Betdy,., D.., E. are small. The next theorem
shows that applying the eliminability criterion remains coNP-complete even ihén= |D.| = 1.

Theorem 103 Deciding whether a given strategy is eliminable relative to givgnFE,., D., E. is
coNP-complete, even wheb,.| = |D.| = 1.

Proof: We will show later (Corollary 28) that the problem is in coNP. To show that the problem
is coNP-hard, we reduce an arbitrary KNAPSACK instance (givemlpost-value pairgc;, v;), a
cost constrainC' and a value target’; we assume without loss of generality tiiat= 1 — ¢, for
somee small enough that it is impossible for a subset of th®d sum to a value strictly between

m
and1,2! thate; > 0 for all 4, and that>" v; < 1) to the following eliminability question. Let the
i=1

game be as foIIows The row player hast- 2 distinct pure strategies:, €2, ..., e™ eX, d,. (where
E. = {e} e el ertandD, = {d }). The column player has: + 1 distinct pure strategies:
el e ... el ,d (WhereE ={el e ... em} andD, = {d.}). Let the utilities be as follows:

o u.(el,el) =1foralli+# j;

o uq(el,el)=1-1 for all 4;
e u,(el, d.) = 1forall i

o up(ef,el) =L —1forallg;
i Ur(eﬁadc) = -1,

e u,(d,,el) = 0forall 4

b ur(dradc) =0;

o uc(el,el) = 0foralli# j;
o u(elel) = 1i for all ¢

) =

iy =0 for all 4;
o ucer, d.)=1;

)

o u.(d,,ée

21Because we may assume that theandC are all integers divided by some numbi€r it is sufficient ife < %
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o u(dy,de.) =1

Thus, the matrix is as follows:

el e? ceeoelt de
el -+ 1,0 o 1,0 1,1
2
er 1,0 —E,a 1,0 1,1
em | 1,0 1,0 R i O |
* 1 1 1
67. 7—1,0 V—l,O V—l,O —1,1
d, 0,0 0,0 - 0,0 0,1

We now show that} is eliminable relative tdD,, E,, D., E. if and only if there is no solution
to the KNAPSACK instance.

First suppose there is a solution to the KNAPSACK instance. Then, for égeigh thatc;, v;)
is included in the KNAPSACK solution, let.(e%) = c;; for everyi such tha(cl-, v;) is not included

in the KNAPSACK solution, let,.(el) = 0. Also, letp,(ef) = 1 — Zpr( ¢). (We note that

Zpr( i) < C =1-—¢, sothatp,(e}) > e > 0.) Also, for everyi such that(c;, v;) is included

|n the KNAPSACK solution, lep.(e’) = v;. We now show thap, andp.. satisfy the conditions
of Definition 58. If the column player places the remaining probabilitydgnthen the utility for
the row player of playing any; with p,(e}) > 0is 1 — * = 0; the utility of playinge; is

—1+ > pe(el) > =1+ { = 0; and the utility of playingd, is also0. Thus, the condition

is satisfiédlfor all elements df, that have positive probability. As fdE,., we note that all of the
row player’s probability has already been used up. The utility of playingeamyith p.(e’) > 0 is
o =1, whereas the utility for playing. is alsol. Thus, the condition is satisfied for all elements
of E. that have positive probability. It follows that andp,. satisfy the conditions of Definition 58
ande; is not eliminable relative t®,, E,, D., E..

Now suppose that’ is not eliminable relative t®,, E,, D., E.. Letp, andp. be partial mixed
strategies o, and E.. satisfying the conditions of Definition 58. We must have thdt}) > 0.

The utility for the row player of playing; is —1 + - Z pe(el), which must be at least(the utility

of playing d..); henceZ pe(el) > V. The utility for the column player of playing. is M
which must be at least (the utility of playingd,) if p.(el) > 0; hencep,(el) > ¢; if pc(el) > 0.
Finally, the utility for the row player of playing. is 1 — pc( <) which must be at Ieaﬁt(the utility of

playingd,) if pr(e; ) > 0; hencep.(e) < v; if p.(el) > O Because we must hayg(e ) >e >0
if pc(e’) > 0, it follows that we must always haye(e) < v;. LetS = {i : p.(el) > 0}. We must

have Y v; > Y pe(el) > V. Also, we must have ¢; < 3 p,(el) < 1 (because we must have
€S 1€S €S €S
pr(€f) > 0). Because it is impossible that < > ¢; < 1, it follows that >~ ¢; < C. But then,S
€S i€s
is a solution to the KNAPSACK instance. m



266 CHAPTER 9. COMPUTING GAME-THEORETIC SOLUTIONS

However, we will show later that the eliminability criterion can be applied in polynomial time
if the E; sets are small (regardless of the size of Ihesets). To do so, we first need to introduce an
alternative version of the definition.

9.3.5 An alternative, equivalent definition of the eliminability criterion

In this subsection, we will give an alternative definition of eliminability, and we will show it is
equivalent to the one presented in Definition 58. While the alternative definition is slightly less
intuitve than the original one, it is easier to work with computationally, as we will show in the next
subsection. Informally, the alternative definition differs from the original one as follows: in the
alternative definition, the completion of playet’s mixed strategy has to be choseeforeplayer

i's strategyd; is chosen (but after playeis strategye; with p;(e;) > 0 is chosen). The formal
definition follows.

Definition 59 Given a two-player game in normal form, subsékts E, of the row player’s pure
strategies:,, subsetd.., E. of the column player’s pure strategi&s, and a distinguished strategy
er € E,, we say that is not eliminable relative td,, E,, D., E., if there exist functions (partial

mixed strategies), : E, — [0,1] andp. : E. — [0,1] with p.(ef) > 0, > p.(e,) < 1,
erc€E,
and > pc(ec) < 1, such that the following holds. For bothe {r,c}, for anye; € E; with
ec€l,
pi(e;) > 0, there exists some completion of the probability distribution ev&s strategies, given

by p®; : ¥y — [0,1] (withp®,(e_;) = p_i(e—;) foralle_; € E_;,and > p% (o) = 1),
o_;EX_;
such that for any pure strategy € D;, we haveu;(e;, p®;) > u;(d;, p%,).

We now show that the two definitions are equivalent.

Theorem 104 The notions of eliminability put forward in Definitions 58 and 59 are equivalent.
That is, e} is eliminable relative taD,, E,, D., E. according to Definition 58 if and only # is
eliminable relative to (the samé),., E,., D., E. according to Definition 59.

Proof: The definitions are identical up to the condition that each strategy with positive probability
(eache, € E, with p,.(e,) > 0 and eacle, € E. with p.(e.) > 0) must satisfy. We will show that
these conditions are equivalent across the two definitions, thereby showing that the definitions are
equivalent.

To show that the conditions are equivalent, we introduce another, zero-sum game that is a func-
tion of the original game, the sef3., E.., D, E., the chosen partial probability distributiopsand
pe, and the strategy; for which we are checking whether the conditions are satisfied. (Without loss
of generality, assume that we are checking it for some strategyF, with p,.(e,.) > 0.)

The zero-sum game has two playetsand 2 (not to be confused with the row and column
players of the original game). Playérchooses somé, € D,, and player2 chooses some, <
Y. — E.. The utility to playerl is u,(d,, p. ¢ oc) — ur(er, pc ¢ 0.) (@nd the utility to playee is
the negative of this). (We assume without loss of generalityghdbes not already use up all the
probability, because in this case the conditions are trivially equivalent across the two definitions.)
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First, suppose that playérmust declare her probability distribution (mixed strategy) aber
first, after which playee best-responds. Then, lettidy(X ) denote the set of probability distribu-
tions over setX, playerl will receive max; ca(p,) Ming,es,—g. >, 0r(dr)(ur(dy, pe o oc) —

dr€Dy
ur(er, pe © 0¢)) = Max; eA(p,) MiNg,ex,— B, Ur(0r, e © 0c) — ur(er, pe © o). This expression is
at most0 if and only if the condition in Definition 58 is satisfied.

Second, suppose that playzmust declare his probability distribution (mixed strategy) over
¥ — E. first, after which playet best-responds. Then, playewill receiveming ca (s, —£.)

maxg.ep, ., Oc(oc)(ur(dr,peooc) — ur(er,pe o oc)) = mins, cA(s, - E.) MaXd, eD,
0c€X.—FE.

> pelec)(ur(dryec) —ur(ersec))+ >0 (1= X2 pelec))de(oe)(ur(dr, oc) —ur(er, oc)) =

ec€l. 0c€Xc—Ec ec€l,:
ming, e (s, —E,) MaXd, e D, Ur(dr, Pe©dc) — ur(er, pe©dc). This expression is at mogif and only
if the condition in Definition 59 is satisfied.
However, by the Minimax Theorem [von Neumann, 1927], the two expressions must have the
same value, and hence the two conditions are equivalemt.

Informally, the reason that Definition 59 is easier to work with computationally is that all of the
continuous variables (the values of the functipps., pS-, pSc) are set by the party that is trying to
prove that the strategy is not eliminable; whereas in Definition 58, some of the continuous variables
(the probabilities defining the mixed strategiksd,) are set by the party trying to refute the proof
that the strategy is not eliminable. This will become more precise in the next subsection.

9.3.6 A mixed integer programming approach

In this subsection, we show how to translate Definition 59 into a mixed integer program that deter-
mines whether a given strategyis eliminable relative to given sef3,, E,, D., E.. The variables

in the program, which are all restricted to be nonnegative, arg;tag for all e; € E;; thep " (o;)
foralle_; € E_; and allo; € ¥; — E;; andbinary indicator variable$;(e;) for all e; € E; which

can be set to zero if and onlyif(e;) = 0. The program is the following:

maximize p,(e;) subject to

(probability constraints)for bothi € {r,c}, foralle; € E;, > p_i(e_;)+

_JEE_;
R o
o_,€¥X_,—F_;

(binary constraints)for bothi € {r,c}, foralle; € E;, pi(e;) < bi(e;)

(main constraints)for bothi € {r,c},foralle; € E;andalld; € D;, >  p_i(e—;)(u;(e;,e—;)—
e_;,€E_;

ui(dive—i))+ >0 pZilo—i)(uilei,0-i) —ui(di, 0—)) = (biei) — DU;
o_eX_;,—FE_;

In this program, the constabt is the maximum difference between two different utilities that
playeri may receive in the game, that i$; = max,, o/cs, 0.,0.ex. 6i(0r, 0c) — ui(0), 0F).

Ty cC
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Theorem 105 The mixed integer program has a solution with objective value greater than zero if
and only ife; is not eliminable relative td,, E,, D, E..

Proof: For anye; € E; with p;(e;) > 0, b;(e;) must bel, and thus the corresponding main con-
straints become: forany; € D;, S p_i(e—i)(ui(ei, e—i) — ui(ds, e—i))+
e_;€FE_;
> p%o—i)(ui(ei, 0—;) —ui(di, 0—;)) > 0. These are equivalent to the constraints given

o_€¥_,—F_;
on strategies; € E; with p;(e;) > 0 in Definition 59. On the other hand, for ary € E;
with p;(e;) = 0, b;(e;) can be set td), in which case the constraints become: for @y D,

> poile—i)(ui(es, e—i) —ui(di,e—5)) + > p%i(o—i)(uiles, 0;) — wi(di, 0-4)) >
e_;€eb_; o_i€X_;—FE_;
—U;. Because the probabilities in each of these constraints must sum to one by the probability con-
straints, and/; is the maximum difference between two different utilities that playmay receive
in the game, these constraints are vacuous. Therefore the main constraints correspond exactly to
those in Definition 59. =

We obtain the following corollaries:

Corollary 28 Checking whether a given strategy can be eliminated relative to diver,., D., E.
is in coNP.

Proof: To see whether the strategy can be protected from elimination, we can nondeterministically
choose the values for the binary variablggée,) andb.(e.). After this, only a linear program
remains to be solved, which can be done in polynomial time [Khachiyan, 1974.

Corollary 29 Using the mixed integer program above, the time required to check whether a given
strategy can be eliminated relative to givén, E,., D., E. is exponential only inE,.| + | E.| (and
notin|D,|, |D¢|, |2.|, or |2.|).

Proof: Any mixed integer program whose only integer variables are binary variables can be solved
in time exponential only in its number of binary variables (for example, by searching over all settings
of its binary variables and solving the remaining linear program in each case). The number of binary
variables in this program i€, | + |E.|. =

9.3.7 lterated elimination

In this subsection, we study what happens when we eliminate strategets/ely using the new
criterion. The criterion can be iteratively applied by removing an eliminated strategy from the game,
and subsequently checking for new eliminabilities in the game with the strategy reretwéds in

the more elementary, conventional notion of iterated dominance). First, we show that this procedure
is, in a sense, sound.

Theorem 106 Iterated elimination according to the generalized criterion will never remove a strat-
egy that is played with positive probability in some Nash equilibrium of the original game.
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Proof: We will prove this by induction on the elimination round (that is, the number of strategies
eliminated so far). The claim is true for the first round by Proposition 13. Now suppose it is true up
to and including round:; we must show it is true for rounk + 1. Suppose that the claim is false

for roundk + 1, that is, there exists some gaifieand some pure strategysuch that 1y is played

with positive probability in some Nash equilibrium 6f, and 2) using: elimination rounds( can

be reduced ta:**1, in whicho is eliminable. Now consider the gani# which preceded**! in

the elimination sequence, that is, the game obtained by undoing the last elimination@eéfdre
Also, leto’ be the strategy removed fro6¥ to obtainG**!. Now, in G¥, o cannot be eliminated

by the induction assumption. However, by Proposition 14, any strategy that is not played with
positive probability in any Nash equilibrium can be eliminated, so it follows that there is some Nash
equilibrium of G* in which ¢ is played with positive probability. Moreover, this Nash equilibrium
cannot place positive probability erl (because otherwise, by Proposition 13, we would not be able
to eliminate it). But then, this Nash equilibrium must also be a Nash equilibriu@of: it does

not place any probability on strategies that are naifi!, and the set of strategies that the players
can switch to inG**1 is a subset of those i@*. Hence, by Proposition 13, we cannot eliminate
from G**1, and we have achieved the desired contradictiors

Because (the single-round version of) the eliminability criterion extends all the way to Nash
equilibrium by Proposition 14, we get the following corollary.

Corollary 30 Any strategy that can be eliminated using iterated elimination can also be eliminated
in a single round (that is, without iterated application of the criterion).

Proof: By Proposition 14, all strategies that are not played with positive probability in any Nash
equilibrium can be eliminated in a single round; but by Theorem 1086, this is the only type of strategy
that iterated elimination can eliminate. m

Interestingly, iterated elimination is in a sense incomplete:

Proposition 17 Removing an eliminated strategy from a game sometimes decreases the set of strate-
gies that can be eliminated.

Proof: Consider the following game:

L [z [M[R |
(U] 22][0,1]0,5
I DJ10[11]10

The unique Nash equilibrium of this game(i®, M), for the following reasons. In order for it
to be worthwhile for the row player to play with positive probability, the column player should
play L with probability at least /2. But, in order for it to be worthwhile for the column player to
play L with positive probability (rather than/), the row player should play/ with probability at
leastl /2. However, if the row player play&8 with probability at least /2, then the column player’s
unique best response is to pl&y Hence, the row player must pldy in any Nash equilibrium, and
the unigue best responseiibis M.
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Thus, by Proposition 14, all strategies besidleand M can be eliminated. In particulak can
be eliminated. However, if we remove from the game, the remaining game is:

L e [ ]
U] 22]01
D|10]11

In this game(U, L) is also a Nash equilibrium, and herldeand L can no longer be eliminated,
by Proposition 13. =

This example highlights an interesting issue with respect to using this eliminability criterion as
a preprocessing step in the computation of Nash equilibria: it does not suffice to simply throw out
eliminated strategies and compute a Nash equilibrium for the remaining game. Rather, we need to
use the criterion more carefully: if we know that a strategy is eliminable according to the criterion
we can restrict our attention to supports for the player that do not include this strategy.

The example also directly implies that iterated elimination according to the generalized crite-
rion is path-dependent (the choice of which strategy to remove first affects which strategies can/will
be removed later). As we discussed in Section 9.1, the same phenomenon occurs with iterated
weak dominance. There is a sizeable literature on path (in)dependence for various notions of dom-
inance [Gilboaet al,, 1990; Borgers, 1993; Osborne and Rubinstein, 1994; Marx and Swinkels,
1997, 2000; Apt, 2004].

In light of these results, it may appear that there is not much reason to do iterated elimination
using the new criterion, because it never increases and sometimes even decreases the set of strate-
gies that we can eliminate. However, we need to keep in mind that Theorem 106, Corollary 30,
and Proposition 17 do not pose any restrictions on thel3et&,., D., F., and therefore (by Propo-
sitions 13 and 14) are effectively results about iteratively removing strategies based on whether
they are played in a Nash equilibrium. However, the new criterion is more informative and use-
ful when there are restrictions on the s@ls, F., D., E.. Of particular interest is the restriction
|E.| + |E.| < k, because by Corollary 29 this quantity determines the (worst-case) runtime of the
mixed integer programming approach that we presented in the previous subsection. Under this re-
striction, it turns out that iterated elimination can eliminate strategies that single-round elimination
cannot.

Proposition 18 Under a restriction of the formE, | + |E.| < k, iterated elimination can eliminate
strategies that single-round elimination cannot (even when1).

Proof. By Proposition 16, whet = 1 the eliminability criterion coincides with strict dominance
(and hence iterated application of the criterion coincides with iterated strict dominance). So, con-
sider the following game:

L L [RrR ]
U]10]11
D[ 0,1]0,0
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Strict dominance cannot eliminalg but iterated strict dominance (which can remavéirst)
caneliminatel,. =

Of course, even under this (or any other) restriction iterated elimination remains sound in the
sense of Theorem 106. Therefore, one sensible approach to eliminating strategies is the following.
Iteratively apply the eliminability criterion (with whatever restrictions are desired to increase the
strength of the argument, or are necessary to make it computationally manageable, |gy¢htas
|E.| < k), removing each eliminated strategy, until the process gets stuck. Then, start again with
the original game, and take a different path of iterated elimination (which may eliminate strategies
that could no longer be eliminated after the first path of elimination, as described in Proposition 17),
until the process gets stuckete. In the end, any strategy that was eliminated in any one of the
elimination paths can be considered “eliminated”, and this is safe by Theoref3 106.

Interestingly, here the analogy with iterated weak dominance breaks down. Because there is no
soundness theorem such as Theorem 106 for iterated weak dominance, considering all the strate-
gies that are eliminated in some iterated weak dominance elimination path to be simultaneously
“eliminated” can lead to senseless results. Consider for example the following game:

L [r [M ][R |
U]11]0,0]10
D|1,1]1,0]0,0

U can be eliminated by removing first, andD can be eliminated by removinty first—but
these are the row player’s only strategies, so considering both of them to be eliminated makes little
sense.

9.4 Summary

A theory of mechanism design for bounded agents cannot rest on game-theoretic solution concepts
that are too hard for agents to compute. To assess to what extent this eliminates existing solution
concepts from consideration, the first two sections of this chapter were devoted to studying how
hard it is to compute solutions according to some of these concepts.

In Section 9.1, we studied computational aspects of dominance and iterated dominance. We
showed that checking whether a given strategy is dominated (weakly or strictly) by some mixed
strategy can be done in polynomial time using a single linear program solve. We then showed that
determining whether there is some path that eliminates a given strategy is NP-complete with iterated
weak dominance. This allowed us to also show that determining whether there is a path that leads
to a unique solution is NP-complete. Both of these results hold both with and without dominance
by mixed strategies. Iterated strict dominance, on the other hand, is path-independent (both with
and without dominance by mixed strategies) and can therefore be done in polynomial time. We then
studied what happens when the dominating strategy is allowed to place positive probability on only
a few pure strategies. First, we showed that finding the dominating strategy with minimum support
size is NP-complete (both for strict and weak dominance). Then, we showed that iterated strict

22This procedure is reminiscent of iterative sampling.
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dominance becomes path-dependent when there is a limit on the support size of the dominating
strategies, and that deciding whether a given strategy can be eliminated by iterated strict dominance
under this restriction is NP-complete (even when the limit on the support size is 3). We also studied
dominance and iterated dominance in Bayesian games. We showed that, unlike in normal-form
games, deciding whether a given pure strategy is dominated by another pure strategy in a Bayesian
game is NP-complete (both with strict and weak dominance); however, deciding whether a strategy
is dominated by some mixed strategy can still be done in polynomial time with a single linear
program solve (both with strict and weak dominance). Finally, we showed that iterated dominance
using pure strategies can require an exponential number of iterations in a Bayesian game (both with
strict and weak dominance).

In Section 9.2 we provided a single reduction that demonstrates that 1) it is NP-complete to de-
termine whether Nash equilibria with certain natural properties exist, 2) more significantly, the prob-
lems of maximizing certain properties of a Nash equilibrium are inapproximable (unlessNEdPR
and 3) it is #P-hard to count the Nash equilibria (or connected sets of Nash equilibria). We also
showed that determining whether a pure-strategy Bayes-Nash equilibrium exists is NP-complete.

Since these (and other) results suggest that dominance is a more tractable solution concept than
(Bayes)-Nash equilibrium, but is often too strict for mechanism design (and other) purposes, one
may wonder whether it is possible to strike a compromise between dominance and Nash equilib-
rium, obtaining intermediate solution concepts that combine good aspects of both. The last section
in this chapter, Section 9.3, did precisely that. We defined a generalized eliminability criterion for
bimatrix games that considers whether a given strategy is eliminable relative to given dominator
& eliminee subsets of the players’ strategies. We showed that this definition spans a spectrum of
eliminability criteria from strict dominance (when the subsets are as small as possible) to Nash
equilibrium (when the subsets are as large as possible). We showed that checking whether a strat-
egy is eliminable according to this criterion is coNP-complete (both when all the sets are as large
as possible and when the dominator sets each havé sixie then gave an alternative definition
of the eliminability criterion and showed that it is equivalent using the Minimax Theorem. We
showed how this alternative definition can be translated into a mixed integer program of polynomial
size with a number of (binary) integer variables equal to the sum of the sizes of the eliminee sets,
implying that checking whether a strategy is eliminable according to the criterion can be done in
polynomial time if the eliminee sets are small. Finally, we studied using the criterion for iterated
elimination of strategies.

The results in this chapter provide an initial step towards building a theory of mechanism design
for bounded agents. For such a theory to be complete, it would also require methods for predicting
how agents will act in strategic situations where standard game-theoretic solutions are too hard for
them to compute. Ideally, these methods would not assume any detailed knowlege of the algorithms
available to the agents, but this will undoubtedly be a difficult feat to accomplish. Fortunately, we
do not have to wait for the entire theory of mechanism design for bounded agents to be developed
before we create some initial techniques for designing such mechanisms nonetheless. (The only
downside of not having the general theory is that we will not be able to evaluate how close to
optimal these techniques are.) The next chapter provides one such technigue, which can in fact also
be used to generate mechanisms automatically (albeit in a very different way from that proposed in
Chapter 6).



Chapter 10

Automated Mechanism Design for
Bounded Agents

A long-term goal of this research is to combine automated mechanism design and mechanism design
for bounded agents, so that mechanisms that take advantage of the agents’ limited computational
capacities are automatically designed. However, the approaches that we have seen in previous
chapters cannot be straightforwardly combined to achieve this, for several reasons.

As we saw in Chapter 6, the work on automated mechanism design (ours as well as others’) so
far has restricted itself to producing truthful mechanisms, and appealed to the revelation principle
to justify this. The advantage of this restriction is that it is easy to evaluate the quality of a truthful
mechanism, because the agents’ behavior is perfectly predictable (they will tell the truth). This is
what allows us to come up with a clear formulation of the optimization problem.

However, settings in which the bounded rationality of agents can be exploited are necessarily
ones in which the revelation principle doest meaningfully apply. Specifically, a mechanism that
is truthful (in the sense that no manipulation can be beneficial) can never exploit the agents’ bounded
rationality, because in such a mechanism agents would reveal the truth regardless of their compu-
tational sophistication. It follows that we must extend the search space for automated mechanism
design to include non-truthful mechanismBinding an optimal mechanism in this extended search
space would require us to have some method for evaluating the quality of non-truthful mechanisms,
which needs to be based on a model of how the agents behave in non-truthful mechanisms. More-
over, this modeiusttake into account the agents’ bounded rationality: if we assume that the agents
will play optimally (in a game-theoretic sense), then by the revelation principle there is still never a
reason to prefer non-truthful mechanisms over truthful mecharisms.

!Another aspect of mechanism design for bounded agents is that we may not wish to immediately ask each agent to
provide all of its preferences, as these may be difficult for the agent to compute. Rather, we could conHistege
mechanisms that selectively query the agent only for the needed preferences. These mechanisms can still be truthful in
the sense that it is always strategically optimal to answer queries truthfully. However, as explained before, the efficient
elicitation of agents’ preferences is a topic that is orthogonal to this dissertation.

2Some non-truthful mechanisms may be just as good as truthful mechanisms when agents behave in a game-
theoretically optimal way, so it is possible that our search would fortuitously return a non-truthful mechanism. However,
if this happens, there is still no guarantee that this non-truthful mechanism will perform better than the best truthful mech-
anism when agents are actually bounded, for one of two reasons. First, it may be easy to act optimally in this particular

273
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Creating a good model of the behavior of boundedly rational agents for this purpose is by no
means easy. For one, it is difficult to guarantee that agents will not adapt their reasoning algorithms
to the specific mechanism that they face. The results on hardness of manipulation in Chapter 8
avoided this difficulty, by using the standard complexity-theoretic approach of showing that there
are infinitefamiliesof instances that are hard. This was necessary because in standard formulations
of complexity theory, anyndividual instance of a problem is easy to solve, for example by the
algorithm that has the solution to that particular instance precomputed. Unfortunately, the purpose
of automated mechanism design is precisely to design a mechégrishe instance at handnly!

Thus we cannot refer to hardness over infinite classes of instances for this purpose.

These difficulties prevent us from formulating automated mechanism design for bounded agents
as a clean optimization problem. Nevertheless, in Section 10.1, we do propose a more heuristic
approach by which mechanisms for bounded agents can be designed automatically [Conitzer and
Sandholm, 2006¢€]. In light of the issues discussed above, it should not come as a surprise that
this approach is very different from the approaches described earlier in this dissertation. Rather
than optimizing the entire mechanism in a single step (as in Chapter 6), the idea is to incrementally
make the mechanismorestrategy-proof over time, by finding potential beneficial manipulations,
and changing outcomes locally so that these manipulations are no longer beneficial. Computation-
ally, this is a much more scalable approach. The mechanism may eventually become (completely)
strategy-proof, in which case it will not take advantage of agents’ bounded rationality; however, it
may be that some manipulations remain in the end. Intuitively, one should expect such remaining
manipulations to be more difficult to discover for the agents, as the algorithm for designing the
mechanism has not discovered them yet. Thus, instead of using a complexity-theoretic argument as
in Chapter 8, here the argument for hardness of manipulation depends on the agents not being able
to “outcompute” the designer. (Nevertheless, we will also give a complexity-theoretic argument.)

10.1 Incrementally making mechanisms more strategy-proof

In the approach that we propose in this section, we start withelyadesigned mechanism that is

not strategy-proof (for example, the mechanism that would be optimal in the absence of strategic
behavior), and we attempt to makeribrestrategy-proof. Specifically, the approach systematically
identifies situations in which an agent has an incentive to manipulate, and corrects the mechanism
locally to take away this incentive. This is done iteratively, and the mechanism may or may not
become (completely) strategy-proof eventually.

One can conceive of this as being a new approach to automated mechanism design, insofar as
the updates to the mechanism to make it more strategy-proof can be executed automatically (by a
computer). Indeed, we will provide algorithms for doing so. (These algorithms are computation-
ally much more efficient than the optimization algorithms proposed in Chapter 6, because to ensure
strategy-proofness, those algorithms had to simultaneously decide on the outcome that the mecha-
nism choosefor every possible inpudf revealed preferences, and the strategy-proofness constraints
interrelated these decisions.) It is also possible to think about the results of this approach theoret-
ically, and use them as a guide in more “traditional” mechanism design. We pursue this as well,

non-truthful mechanism. Second (worse), it may the case that it is not easy, and that this difficulty actually leads the
agents to act in such a way thabrseoutcomes are obtained.
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giving various examples. Finally, we will argue that if the mechanism that the approach produces
remains manipulable, then any remaining manipulations will be computationally hard to find.

This approach bears some similarity to how mechanisms are designed in the real world. Real-
world mechanisms are often initially ive, leading to undesirable strategic behavior; once this
is recognized, the mechanism is somehow amended to disincent the undesirable behavior. For
example, some figely designed mechanisms give bidders incentives to postpone submitting their
bids until just before the event closese( sniping); often this is (partially) fixed by adding an
activity rule, which prevents bidders that do not bid actively early from winning later. As another
example, in the 2003 Trading Agent Competition Supply Chain Management (TAC/SCM) game,
the rules of the game led the agents to procure most of their components on day 0. This was deemed
undesirable, and the designers tried to modify the rules for the 2004 competition to disincent this
behavior [Kiekintveldet al., 2005]3

As we will see, there are many variants of the approach, each with its own merits. We will not
decide which variant is the best in this dissertation; rather, we will show for a few different variants
that they can result in desirable mechanisms.

10.1.1 Definitions

In this chapter, we will consider payments (if they are possible) to be part of the outcome. Be-
cause of this, we can identify a mechanism with its outcome selection function. Given a mecha-
nismM : © — O mapping type vectors to outcomesbeneficial manipulatioﬁconsists of an

agenti, a type vector(d;,...,0,) € ©, and an alternative type repait for agent: such that
wi (0, M((01,...,0,))) < ui(6;, M({01,... 0i-1,0i,0i41, .. .,6,))). In this case we say that
manipulatesrom (6y,...,6,,) into (0,...,0;-1,0;,0,11,...,0,). We note that a mechanism is

strategy-proof or (dominant-strategies) incentive compatible if and only if there are no beneficial
manipulations. (We will not consider Bayes-Nash equilibrium incentive compatibility in this chap-
ter.)

In settings with payments, we will enforce ax-post individual rationalityconstraint: we
should not make an agent worse off than he would have been if he had not participated in the
mechanism. That is, we cannot charge an agent more than he reported the outcome (disregarding
payments) was worth to him.

10.1.2 Our approach and techniques

In this subsection, we explain the approach and techniques that we consider in this chapter. We
recall that our goal is not to (immediately) design a strategy-proof mechanism; rather, we start with
some manipulable mechanism, and attempt to incrementally make it “more” strategy-proof. Thus,
the basic template of our approach is as follows:

1. Start with some (manipulable) mechanidin

3Interestingly, thesad-hocmodifications failed to prevent the behavior, and even an extreme modification during
the 2004 competition failed. Later research suggests that in fact all reasonable settings for a key parameter would have
failed [Vorobeychiket al, 2006].

““Beneficial” here means beneficial to the manipulating agent.
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2. Find some sef’ of manipulations (where a manipulation is given by an ageatype vector
(01,...,6,), and an alternative type repaktfor agent:);

3. If possible, change the mechanigihto prevent (many of) these manipulations from being
beneficial;

4. Repeat from step until termination.

This is merely a template; at each one of the steps, something remains to be filled in. Which
initial mechanism do we choose in step 1? Which set of manipulations do we consider in step 2?
How do we “fix” the mechanism in step 3 to prevent these manipulations? And how do we decide
to terminate in step 4? In this dissertation, we will not resolve what is the best way to fill in these
blanks (it seems unlikely that there is a single, universal best way), but rather we will provide a few
instantiations of the technique, illustrate them with examples, and show some interesting properties.

One natural way of instantiating step 1 is to choosaeiaely optimalmechanism, that is, a
mechanism that would give the highest objective value for each type vieeeery agent would
always reveal his type truthfully. For instance, if we wish to maximize social welfare, we simply
always choose an outcome that maximizes social welfare for the reported types; if we wish to
maximize revenue, we choose an outcome that maximizes social welfare for the reported types, and
make each agent pay his entire valuation.

In step 2, there are many possible options: we can choose theadet@inipulations; the set of
all manipulations for a single agent; the set of all manipulations from or to a particular type or type
vector; or just a single manipulation. Which option we choose will affect the difficulty of step 3.

Step 3 is the most complex step. Let us first consider the case where we are only trying to
prevent a single manipulation, frobh= (61,...,6,) to 8 = (64,... 0i1,0;,0;41, .. ., 0n). We
can make this manipulation undesirable in one of three w@jsnake the outcome thdt selects
for 6 more desirable for agerit(when he has typé;), (b) make the outcome that/ selects for
¢’ less desirable for agemt(when he has typé;), or (c) a combination of the two. For the most
part, we will focus on(a) in this chapter. There may be multiple ways to make the outcomé\ihat
selects foil sufficiently desirable to prevent the manipulation; a natural way to select from among
these outcomes is to choose the one that maximizes the designer’s original objective. (Note that any
one of these modifications may introduce other beneficial manipulations.)

When we are trying to prevent a set of manipulations, we are confronted with an additional
problem: after we have prevented one manipulation in the set, we may reintroduce the incentive for
this manipulation when we try to prevent another manipulation. As a simple example, suppose that
we are selling a single item to a single bidder, who may value the item2ator 3. Suppose that
we start with the (niae) mechanism in which we always sell the item to the bidder at the bid that he
places (if he bids: € {1, 2, 3}, we sell the item to him at price(z) = ). Of course, the bidder has
an incentive to shade his valuation. Now suppose that (for some reason) in step 2 we choose the set
of the following two beneficial manipulations: rep@rtvhen the true value i3, and reportt when
the true value i2. Also suppose that we take approdgel) above (for a type vector from which
there is a beneficial manipulation, make its outcome more desirable to the manipulating agent). We
can fix the first manipulation by setting3) = 2, but then if we fix the second manipulation by
settingw(2) = 1, the incentive to repor? when the true value i8 returns. This can be prevented
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by updating all of the type vectors simultaneously in such a way that none of the manipulations
remain beneficial: in the example, this would lead us to find that we should3pt= 7(2) = 1.
However, in general settings, this may require solving a potentially large constrained optimization
problem, which would constitute an approach similar to standard automated mechanism design—
reintroducing some of the scalability problems that we wish to a¥oldstead, we will be less
ambitious: when addressing the manipulations from one type vector, we will act as if we will not
change the outcomes for any other type vector. Thus, in the example above, we will indeed choose
m(3) = 2, 7(2) = 1. (Of course, if we had included the manipulation of reportinghen the true

value is3, we would setr(3) = 7(2) = 1, and there would be no problem. This is effectively what

will happen in some of the examples that we will give later.)

Formally, for this particular instantiation of our approach)ifis the mechanism at the begin-
ning of the iteration and/’ is the mechanism at the end of the iteration (after the update)Fand
is the set of manipulations under consideration, we HdUf) € arg max,co(ir,0,r7) 9(0,0) (here,

0 = (61,...,6,)), whereO(M, 0, F) C O is the set of all outcomessuch that for any beneficial
manipulation(z', él) (Wlth (i, 9, (91) € F), Ul(ez, O) > ’LLZ(QI, M(<91, C ,91',1, 9}', 0i+17 C 79n>))

It may happen tha© (M, 6, F) = ( (no outcome will prevent all manipulations). In this case,
there are various ways in which we can proceed. One is not to update the outcomé et s,
M'(0) = M(6). Another is to minimize the number of agents that will have an incentive to ma-
nipulate fromé after the change, that is, to chood#(6) € argmin,co |{i : (3(i,6,6;) € F :
u;(0;,0) < w;i(6;, M({01,.. .,ei_l,éi,gi_t,_l, ...,0,)))} (and ties can be broken to maximize the
objectiveg).

Many other variants are possible. For example, instead of choosing from the set of all possible
outcomesD when we update the outcome of the mechanism for some type Veact@ can limit
ourselves to the set of all outcomes that would result from some beneficial manipulafidnam
f—thatis, the sefo € O : ((3(i,6;) : (i,0,6;) € F): 0= M({01,...,0;_1,0;,0i11,...,0,)))}—
in addition to the current outcom¥ (¢). The motivation for this is that rather than have to consider
all possible outcomes every time, we may wish to simplify our job by considering only the ones
that cause the failure of strategy-proofness in the first place. (We may, however, get better results
by considering all outcomes.)

In the last few paragraphs, we have been focusing on appi@above (for a type vector
from which there is a beneficial manipulation, make its outcome more desirable to the manipulat-
ing agent); approacfb) (for a type vectoiinto which there is a beneficial manipulation, make its
outcomelessdesirable to the manipulating agent) can be instantiated with similar techniques. For
example, we can redefir@(M, 0, F') C O as the set of all outcomessuch that for any manipula-
tion in F into #, choosing)M’(6) = o prevents this manipulation from being beneficial.

Next, we present examples of all of the above-mentioned variants.

10.1.3 Instantiating the methodology

In this subsection, we illustrate the potential benefits of the approach by exhibiting mechanisms
that it can produce in various standard mechanism design settings. We will demonstrate settings in

SAlthough, if the set of manipulations that we are considering is small, this approach may still scale better than
standard automated mechanism design (in whltmanipulations are considered simultaneously).
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which the approach ends up producing strategy-proof mechanisms, as well as a setting in which the
produced mechanism is still vulnerable to manipulation (but in some sense “more” strategy-proof
than ndwve mechanisms). We emphasize that our goal in this subsection is not necessarily to come
up with spectacularly novel mechanisms, but rather to show that the approach advocated in this
chapter produces sensible results. Therefore, for now, we will consider the approach successful if
it produces a well-known mechanism. In future research, we hope to use the technique to help us
design novel mechanisms as well.

Deriving the VCG mechanism

In this subsubsection, we show the following result: in general preference aggregation settings in
which the agents can make paymerg(combinatorial auctions), (one variant of) our technique
yields the VCG mechanism after a single iteration. We recall from Chapter 4 that the VCG mecha-
nism chooses an outcome that maximizes social welfare (hot counting payments), and imposes the
following tax on an agent: consider the total utility (not counting payments) of the other agents
given the chosen outcome, and subtract this from the total utility (not counting payments) that the
other agentsvould have obtained the given agent’s preferences had been ignored in choosing the
outcome. Specifically, we will consider the following variant of our technique (perhaps the most
basic one):

e Our objectivey is to try maximize some (say, linear) combination of allocative social welfare
(i.e. social welfare not taking payments into account) and revenue. (It does not matter what
the combination is.)

e The setF’ of manipulations that we consider is that of all possible misreports (by any single
agent).

e We try to prevent manipulations according(t) above (for a type vector from which there
is a beneficial manipulation, make its outcome desirable enough to the manipulating agents
to prevent the manipulation). Among outcomes that achieve this, we choose one maximizing
the objective functior.

Because we consider payments part of the outcome in this section, we will use the term “allo-
cation” to refer to the part of the outcome that does not concern payments, even though the result
is not restricted to allocation settings such as auctions. Also, we will refer to the utility thatiagent
with typed; gets from allocatiors (not including payments) as (¢;, s). The following simple ob-
servation shows that theivaly optimal mechanism is tHest-price mechanism, which chooses an
allocation that maximizes social welfare, and makes every agent pay his valuation for the allocation.

Observation 2 The first-price mechanism heely maximizes both revenue and allocative social
welfare.

Proof: That the mechanism (fhaly) maximizes allocative social welfare is clear. Moreover, due
to the individual rationality constraint, we can never extract more than the allocative social welfare;
and the first-price mechanism {maly) extracts all the allocative social welfare, for an outcome that
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(naively) maximizes allocative social welfare.m

Before we show the main result of this subsubsection, we first characterize optimal manipula-
tions for the agents under the first-price mechanism.

Lemma 22 The following is an optimal manipulatiah fromé € © for agenti under the first-price
mechanism:

o for the allocations* that would be chosen under the first-price mechanisntfaeport a
value equal ta’s VCG payment under the true valuationg;(s*)) = VCG;(0;,60_;));

e for any other allocatiorns # s*, report a valuation of).®

The utility of this manipulation is(6;, s*) — VCG;(6;,0—;). (This assumes ties will be broken in
favor of allocations*.)

Without the tie-breaking assumption, the lemma does not hold: for example, in a single-item
first-price auction, bidding exactly the second price for the item is not an optimal manipulation for
the bidder with the highest valuation if the tie is broken in favor of the other bidder. However,
increasing the bid by any amount will guarantee that the item is won (and in general, increasing the
value fors* by any amount will guarantee that outcome).

Proof: First, we show that this manipulation will still result & being chosen. Suppose that allo-
cations # s* is chosen instead. Given the tie-breaking assumption, it followsXhat; (¢;, s) >
J#
ui(0;,5*) + 32 uj(6;,s*), or equivalentlyV CG;(6;,60_;) < 3 uj(8;,s) — u;(0;,s*). However,
J#i J#i
by deflnltlon,VCGl(el, 9_1) = ImaXg** Z uj(Hj, S**) — Uj(ej, 8*) > Z uj(Qj, S) — Uj(@j, S*),
J# J#

so we have the desired contradiction. It follows that ag&ntitility under the manipulation is
ul<91, S*) — VCGZ(HZ, 9_2)

Next, we show that ageritcannot obtain a higher utility with any other manipulation. Sup-
pose that manipulatiofy results in allocatiors being chosen. Because utilities cannot be negative

~

under truthful reporting, it follows that,;(0;,s) + > u;(0;,s) > maxg= »_ u;j(f;,s"). Us-

JFi J#i
ing the fact thatV CG;(6;,0—;) = maxg Y u;(0;,s™) — u;(6;,s*), we can rewrite the pre-
J#i
vious inequality asu;(6;,s) + S uj(0;,s) > VCGi(0;,0_;) + 3 u;(6;,s*), or equivalently
j#i J#i

ui(éi,s) > VCGZ(QZ,H_Z) + Z uj(ﬁj,s*) — Uj(ej,s). BecauseZuj(Hj,s*) > Zuj(ﬁj,s),
J#i J J

we can rewrite the previous inequality a;(@}, s) > VCG;(0;,0-;) — ui(b;,s*) + u;i(0;,8) +

Youi(b),s*) —u;i(05,5) > VCOG;(0;,0-;) — ui(0;,s*) + u;i(6;,s), or equivalently,u;(6;,s) —

J

ui(0;,8) < ui(6;,s*) — VCG;(6;,0—;), as was to be shown. =

®There may be constraints on the reported utility function that prevent this—for example, in a (combinatorial) auction,
perhaps only monotone valuations are allowed (winning more items never hurts an agent). If so, the agent should report
valuations for these outcomes that are as small as possible, which will still lead#&ing chosen.
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Theorem 107 Under the variant of our approach described above, the mechanism resulting after
a single iteration is the VCG mechanism.

Proof: By Observation 2, the rigely optimal mechanism is the first-price mechanism. When up-
dating the outcome faf, by Lemma 22, each agentnust receive a utility of at least; (6;, s*) —
VCG;(0;,0-;), wheres* is the allocation that maximizes allocative social welfare for type vettor
One way of achieving this is to choose allocatidnand to charge agenexactlyV CG;(60;,0_;)—

that is, simply run the VCG mechanism. Clearly this maximizes allocative social welfare. But,
under the constraints on the agents’ utilities, it also maximizes revenue, for the following reason.
For any allocatiors, the most revenue that we can hope to extract is the allocative social welfare
of s, that is,> u;(6;, s), minus the sum of the utilities that we must guarantee the agents, that is,

> ui(bi,s*) — VCG;(60;,0—_;). Becauses = s* maximizes)  u;(0;, s), this means that the most

revenue we can hope to extracdisVCG;(6;,0—;), and the VCG mechanism achieves thism

Deriving an equal cost sharing mechanism for a nonexcludable public good

We now return to the problem of designing a mechanism for deciding on whether or not a single
nonexcludable public good is built. (We studied the automated design of such mechanisms in Chap-
ter 6, Subsection 6.5.2.) Specifically, every agdms a typey; (the value of the good to him), and

the mechanism decides whether the good is produced, as well as each agent’s payrighe

good is produced, we must hayér; > ¢, wherec is the cost of producing the good. An individual

rationality constraint applies: fér eachr; < v; (nobody pays more than his reported value for the
good).

In this subsection, rather than use a single variant of our approach, we actually use two distinct
phases. Throughout, our objective is to maximize the efficiency of the decision (the good should be
produced if and only if the total utility that it generates exceeds the cost of the good); as a secondary
objective, we try to maximize revendeThus, the nively optimal mechanism is to produce the
good if and only if the sum of the reported valuations excegdsd if so, to charge every agent his
entire reported valuation.

An iteration in the first phase proceeds almost exactly as in the previous subsubsection. We try
to prevent manipulations according (@) above: for a type vector from which there are beneficial
manipulations, make its outcome desirable enough to the manipulating agents to prevent the ma-
nipulations, and among outcomes that achieve this, choose the one that maximizes our objective. If
there is no such outcome, then we do not change the outcome selected for this type vector. However,
in each iteration, we consider only a limited set of manipulations: in the first iteration, we consider
only manipulationgo the highest possible tyee. the highest possible value that an agent may
have for the public good); in the second, we also consider manipulations to the second highest pos-
sible type;etc, up until the last iteration, in which we consider manipulations all the way down to a
value of0.

"It is not necessary to have this secondary objective for the result to go through, but it simplifies the analysis.
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Technically speaking, this approach only works on a finite type space. If the type sfR® is
(all nonnnegative valuations), we encounter two problems: first, there is no highest valuation to
start with; and second, there are uncountably infinitely many valuations, leading to infinitely many
iterations. Thus, it would not be possible to run the approach automatically in this case. However,
for the purpose of theoretical analysis, we can (and will) still consider the case where the type space
is R=0: the first problem is overcome by the fact that manipulatinghayaertype is not beneficial
in this domain (free-riders pretend to have a lower valuation); the second problem is overcome by
conceiving of this process as the limit of a sequence of similar processes corresponding to finer and
finer discretizations of the nonnegative numbers. (If we were to actually run on a discretization, the
final resulting mechanism would be close to the mechanism that results in the limit case—and the
finer the discretization, the closer the result will be.)

Before we describe the second phase, we will first analyze what happens in the first phase.

Lemma 23 After considering manipulations to valuethe mechanism will take the following form
(v; is agenti’s reported value):

1. The good will be produced if and onlyMf v; > ¢;
2. Ifthe good is produced, and, min{r, v;} > ¢, then every agentwill pay min{r, v; };

3. If the good is produced, and. min{r, v;} < ¢, then, lettingt > r be the number such that

> min{t, ¥;} = ¢, every agent will pay min{t, v;}.

Proof: Suppose we have proved the result for manipulations ket us prove the result for manip-
ulations to an infinitesimally smallef. Consider an arbitrary type vector= (vy,...,v,) with
> wv; > c. Inthe mechanismd/ that results after considering manipulations-tonly, any agent

(2
with v; < 7’ has no incentive to manipulate tb(after the manipulation, the agent will be made to
pay at least’ > v;), so we will not change such an agent’'s payments. An agentuyithr’, how-

ever, will have an incentive to manipulaterfoif this manipulation does not prevent the production

of the good (the agent will pay rather than the at leasiin{r,v;} > 7’ that he would have paid
without manipulation). If the total payment undf givenv exceeds: (that is, 2. above applies),
then manipulating te’ in fact does not prevent the production of the good, so all such agents have
an incentive to manipulate; but, on the other hand, we can reduce the payment of such agents from
to ' in the new mechanism for type vectarwhich will prevent the manipulation. However, if the
total payment undek/ givenw is exactlye (that is, 3. above applies), then it is impossible to reduce
the payments of such agentsifo because we cannot collect any more money from the remaining
agents and hence we would not be able to afford the gooal.

Corollary 31 After considering all manipulations (including to= 0), the mechanism will take
the following form:

1. The good will be produced if and onIy)f v; > ¢;
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2. Ifthe good is produced, then, lettine the number such that min{¢, v;} = ¢, every agent

i will pay min{¢, v; }.

LB

O =M1~ 0W

agent1 agent2 agent3

Figure 10.1: Example of a public good setting in which there are 3 agents; the public good costs 9 to
produce. The horizontal lines represent the agents’ true valuations (8, 1, and 6), which are sufficient
to produce the good. The circles represent the payments that the agents make for this type vector
after considering manipulations to 7; the crosses represent the payments that the agents make for
this type vector after considering manipulations to 4. At this stage the payments sum exactly to 9,
so the payments remain at this level even after considering manipulations to even lower values.

The mechanism from Corollary 31 (call M) is still not strategy-proof. For example, in the
example in Figure 10.1, suppose that agestvaluation for the good i8 instead. Then); will
charge agen?2 a payment of3 instead ofl. Thus, agen® will be better off reportingl instead.
However, the next phase will make the mechanism strategy-proof.

In phase two, we take approady) above: for a type vectanto which there are beneficial
manipulations, make its outcomexdesirable enough to the manipulating agents to prevent the
manipulations. We will do so by not producing the good at all for such type vectors. We will
perform a single iteration of this, considering all possible manipulations.

Lemma 24 A type vectorvy, ..., v,) for which the mechanism/; produces the good has a ma-
nipulation into it if and only if for some, v; < ¢/n.

Proof: If v; < ¢/n, consider the modified type vectos, ..., v;—1, v}, vit1, ..., v,) With v} =
¢/n. For this modified type vectoi,must pay at least/n (because it must always be the case that
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t > ¢/n), and thus would be better off manipulating into the original type vector. This proves the
“if” part of the lemma.

On the other hand, if for all, v; > ¢/n, thent = ¢/n, and all agents pay/n. Suppose there
exists a beneficial manipulation by some aggeirtto this type vector, from some modified type
vector(vy, ..., vi—1, v}, vit1, . - ., Uy) for which the good is also produced. (It is never beneficial to
manipulate from a type vector for which the good is not produced, as the manipulating agent would
have to pay more than his value for the good.) We must have c/n, for otherwisei would be
at least as well off reporting truthfully. But then, everyone pays in the modified type vector as
well, contradicting the incentive to manipulate. This proves the “only if” part of the lemma.

Thus, we have the following theorem for the mechanisinthat results after one iteration of
the second phase:

Theorem 108 M, produces the good if and only if for all 4; > ¢/n; and if so, M, charges every
agentc/n.

Thus, our approach has produced a very simple mechanism that most of us have encountered at
some point in life: the agents are to share the costs of producing the good equally, and if one of them
refuses to do so, the good will not be produced (and nobody will have to pay). This mechanism may
seem somewhat disappointing, especially if it is unlikely that all the agents will value the good at
at leaste/n. However, it turns out thathis is in fact the best possible anonymous strategy-proof
mechanisnfthat satisfies the individual rationality constraint). (Moulin [1994] has already shown a
similar result in a more general setting in which multiple levels of the public good can be produced;
however, he requiredoalitional strategy-proofness, and he explicitly posed as an open question
whether the result would continue to hold for the weaker notion of (individual) strategy-proofness.)

Deriving the plurality-with-runoff rule for voting

In this subsection, we address voting (social choice) settings. Recall that in such a setting, every
agent (voter)’s type is a complete ranking; over the outcomes (candidates). The mechanism
(voting rule) takes as input the agents’ type reports (votes), consisting of complete rankings of the
candidates, and chooses an outcome.

Recall that under the commonly used plurality rule, we only consider every voter’s highest-
ranked candidate, and the winner is simply the candidate with the highest number of votes ranking
it first (its plurality score). The plurality rule is very manipulable: a voter voting for a candidate
that is not close to winning may prefer to attempt to get the candidate that currently has the second-
highest plurality score to win, by voting for that candidate instead. In the real world, one common
way of “fixing” this is to add a runoff round, resulting in the plurality-with-runoff rule. Recall
that under this rule, we take the two candidates with the highest plurality scores, and declare as
the winner the one that is ranked higher by more voters. By the Gibbard-Satterthwaite theorem
(Chapter 4), this is still not a strategy-proof mechanism (it is neither dictatorial nor does it preclude
any candidate from winning)—indeed, a voter may change his vote to change which candidates are
in the runoff. Still, the plurality with runoff rule is, in an intuitive sense, “less” manipulable than
the plurality rule (and certainly more desirable than a strategy-proof rule, since it would either be
dictatorial or preclude some candidate from winning).
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In this subsubsection, we will show that the following variant of our approach will produce the
plurality-with-runoff rule when starting with the plurality rule as the initial mechanism.

e The setF' of manipulations that we consider is that of all manipulations in which a voter
changes which candidate he ranks first.

e We try to prevent manipulations as follows: for a type (vote) vector from which there is a
beneficial manipulation, consider all the outcomes that may result from such a manipulation
(in addition to the current outcome), and choose as the new outcome the one that minimizes
the number of agents that still have an incentive to manipulate from this vote vector.

e We will change the outcome for each vote vector at most once (but we will have multiple
iterations, for vote vectors whose outcome did not change in earlier iterations).

Theorem 109 For a given type vectof, suppose that candidateis ranked first the most often,
anda is ranked first the second most ofterii) > s(a) > ..., wheres(o) is the number of times
o is ranked first). Moreover, suppose that the number of votes that preters is greater than or
equal to the number of votes that prefér® a. Then, starting with the plurality rule, after exactly
s(b) — s(a) iterations of the approach described above, the outcome éhianges for the first time,
to a (the outcome of the plurality with runoff rul).

Proof: We will prove the result by induction og(b) — s(a). First note that there must be some
voter that prefers to b but did not ranka first. Now, if s(b) — s(a) = 1, a beneficial manipulation
for this voter is to ranks first, which will makea win. No other candidate can be made to win
with a beneficial manipulation (no voter rankihdirst has an incentive to change his vote, hence
no beneficial manipulation will redudés score; any other candidate’s score can be increased by at
most1 by a manipulation; and every candidate besidés at least two votes behirtg. Thus, in
the first iteration, we must decide whether to kéegs the winner, or change it to If we keepb as
the winner, all the voters that preferto b but do not rank first have an incentive to change their
vote (and rank first). On the other hand, if we change the winneut@ll the voters that prefér
to a but do not rank first have an incentive to change their vote (and rafikst), so thath leads
by two votes and wins. So, in which case do we have more voters with an incentive to change their
vote? In the first case, because there are at least as many voters preféortrasb to a, and there
are fewer voters among those preferrintp b that ranka first than there are voters preferribgo
a that rankp first. Hence, we will change the outcomedto

Now suppose that we have proven the resultd@r) — s(a) = k — 1; let us prove it for
s(b) — s(a) = k. First, we note that in prior iterations, there were no beneficial manipulations
from the type vector that we are considering (no voter rankifiggt has an incentive to change his
vote, thus any beneficial manipulation can only reduce the difference betfieand the score
of another candidate by, and by the induction assumption no vote vector that results from such
a manipulation has had its outcome changed in earlier iteratiops-is still b), and thus the
outcome has not yet changed in prior iterations. But, by the induction assumption, any vote vector

8This is assuming that ties in the plurality rule are broken in favar; atherwise, one more iteration is needed. (Some
assumption on tie-breaking must always be made for voting rules.)
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that can be obtained from the vote vector that we are considering by changing one of the votes
rankinga higher tharb but not first, to one that ranksfirst, must have had its outcome changed to

a in the previous round. Thus, now there is a beneficial manipulation that will m#ke winner.

On the other hand, no other candidate can be made to win by such a beneficial manipulation, since
they are too far behind given the current number of iterations. The remainder of the analysis is
similar to the base case(b) — s(a) =1). =

10.1.4 Computing the outcomes of the mechanism

In this subsection, we discuss how to automatically compute the outcomes of the mechanisms that
are generated by this approach in general. It will be convenient to think about settings in which
the set of possible type vectors is finite (so that the mechanism can be represented as a finite table),
although these techniques can be extended to (some) infinite settings as well. One potential upside
relative to standard automated mechanism design techniques (as presented in Chapter 6) is that we
do not need to compute the entire mechanism (the outcomes for all type vectors) here; rather, we
only need to compute the outcome for the type vector that is actually reported.

Let M, denote the (ri@e) mechanism from which we start, and gt denote the mechanism
after¢ iterations. LetF; denote the set of beneficial manipulations that we are considering (and
are trying to prevent) in theth iteration. Thus,M; is a function of F; and M; ;. What this
function is depends on the specific variant of the approach that we are using. When we try to prevent
manipulations by making the outcome for the type vector from which the agent is manipulating more
desirable for that agent, we can be more specific, and say that, for type #iedfg() is a function
of the subseIFf C F; that consists of manipulations that start frétmand of the outcomes that
M;_; selects on the subset of type vectors that would result from a manipulatif iThus, to
compute the outcome thdt; produces or¢, we only need to consider the outcomes thé4t ;
chooses for type vectotbat differ fromé in at most one typéand possibly even fewer, ¢ does
not consider all possible manipulations). As such, we need to congidgrs outcomes on at most

>~ |©;| type vectors to computé/,(0) (for any givend), which is much smaller than the set of
i=1

n
all type vectors [] |9;[). Of course, to comput@/;_;(#') for some type vecto#’, we need to
=1

n
considerM;_,'s outcomes on up tQ _ |O;| type vectorsetc.
i=1
Because of this, a simple recursive approach for computii¢f) for somed will require

O((3 1©;)t) time. This approach may, however, spend a significant amount of time recomputing
i=1

1=

valuesM;(¢’) many times. Another approach is to use dynamic programming, computing and

storing mechanisnd/;_,’s outcomes orall type vectors before proceeding to compute outcomes
n n

for M;. This approach will requir@(¢-([] [6:])-(>_ [©:])) time (for every iteration, for every type

=1 =1
vector, we must investigate all possible manipulations). We note that when we use this approach, we

may as well compute the entire mechanidfp (we already have to compute the entire mechanism
M;_41). If nis large and is small, the recursive approach is more efficient; i small and: is
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large, the dynamic programming approach is more efficient.

All of this is for fully general (finite) domains; it is likely that these techniques can be sped up
considerably for specific domains. Moreover, as we have already seen, some domains can simply
be solved analytically.

10.1.5 Computational hardness of manipulation

We have already demonstrated that our approach can chaingemachanisms into mechanisms
that are less (sometimes not at all) manipulable. In this subsection, we will argue that in addition, if
the mechanism remains manipulaktee remaining manipulations are computationally difficult to
find. This is especially valuable because, as we argued earlier, if it is computationally too difficult
to discover beneficial manipulations, the revelation principle ceases to meaningfully apply, and a
manipulable mechanism can sometimes actually outperform all truthful mechanisms.

In this subsection, we first present an informal, but general, argument for the claim that any
manipulations that remain after a large number of iterations of our approach are hard to find. This
argument depends on the assumption that the agents only use the most straightforward possible
algorithm for finding manipulations. Second, we show that if we add a random component to our
approach for updating the mechanism, then we can prove formally that detecting whether there is a
beneficial manipulation becomes #P-hard.

An informal argument for hardness of manipulation

Suppose that the only thing that an agent knows about the mechanism is the variant of our approach
by which the designer obtains it (the initialima mechanism, the manipulations that the designer
considers, how she tries to eliminate these opportunities for manipulations, how many iterations she
performs.etc). Given this, one natural algorithm for an agent to find a beneficial manipulation is to
simulate our approach for the relevant type vectors, perhaps using the algorithms presented earlier.
However, this approach is computationally infeasible if the agent does not have the computational
capabilities to simulate as many iterations as the designer will actually perform.

Of course, this argument fails if the agent actually has greater computational abilities or better
algorithms than the designer. In the next subsubsection, we will give a different, formal argument
for hardness of manipulation for one particular instantiation of our approach.

Random sequential updating leads to #P-hardness

So far, we have only discussed updating the mechanism in a deterministic fashion. When the mech-
anism is updated deterministically, any agent that is computationally powerful enough to simulate
this updating process can determine the outcome that the mechanism will choose, for any vector of
revealed types. Hence, that agent can evaluate whether he would benefit from misrepresenting his
preferences. However, this is not the case if we add random choices to our approach (and the agents
are not told about the random choices until after they have reported their types).

The hardness result that we show in this subsubsection holds even for a single agent; therefore
we will only specify the variant of our approach used in this subsubsection for a single agent. Any
generalization of the variant to more than one agent will have the same property.
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First, we take the séb of all of the agent’s types, and organize the types as a sequetteg/df
pairs of types* ((011,012), (021,022), ..., (0‘9‘1,9|@|2)). In theth iteration, we randomly choose
betweerd;; andf;,, and consider all the beneficial manipulations out of the chosen type (and no
other manipulations). (We will only nee®|/2 iterations.) Then, as before, we try to prevent these
manipulations by making the outcome for the chosen type more appealing to an agent with that
type (and if there are multiple ways of doing so, we choose the one that maximizes the designer’s
objective).

We are now ready to present our #P-hardness result. We emphasize that, similarly to the hard-
ness results in Chapter 8, this is only a worst-case notion of hardness, which may not prevent
manipulation in all cases.

Theorem 110 Evaluating whether there exists a manipulation that increases an agent’s expected
utility is #P-hard® under the variant of our technique described above.

Proof: We reduce an arbitrary #SAT instance, together with a numiyeo the following setting.
Let there be a single agent with the following types. For every varialdel”, we have type$.,
andf_,; for every clause: € C, we have typeg! and6?; finally, we have four additional types

01, 02,03, 0,4. The sequence of pairs of types is as folloW®:,,,0_, ), ..., (9+U|V| O—vy))s
(6%.0%),..., (92‘0‘ : HE‘C‘ ), (61,62), (63,04)). Let the outcome set be as follows: for every variable

v € V, we have outcomes, , ando_,; for every clause € C, we have an outcomg; finally, we
have outcomes , 0, 03, 04. The utility function is zero everywhere, with the following exceptions:
for every literall, u(6;, 0;) = 2,u(0;,02) = 1; for every clause, u(6.,0.) = 4,u(0.,0;) = 3if [
occurs ine, u(f.,03) = 2,u(f.,02) = 1; for 6 € {61,602}, u(6,04) = %w(e,ol) = 1; for
0 € {03,604}, u(6,04) = 2,u(0,03) = 1. The designer’s objective function is zero everywhere,
with the following exceptions: for ah € ©, g(0,01) = 3; g(03,02) = g(b4,02) = 4; for every
literal I, g(0;, 0;) = 2; for every clause:, g(0.,03) = 2,9(0c,0:) = 1; g(03,04) = g(04,04) = 2.
The initial mechanism, which iixgely maximizes the designer’s objective, choosefor all types,
with the exception ofl; andd,, for which it choose®,.

The mechanism will first update exactly onetof, andé_,, for everyv € V. Specifically, if
0, (wherel is a literal) is updated, the new outcome chosen for that type widj lfe/hich is more
desirable to the agent thag, and better for the designer thag). Subsequently, exactly one 6f
andf? is updated. Specifically, #: is updated, the new outcome chosen for that type wilbpe
if no type #; with [ € ¢ has been updated (and thereforedpavith [ € ¢ is ever chosen by the
mechanism), and, otherwise. ¢3 is more desirable to the agent thas) but less desirable than
someo; with [ € ¢; however,o. is even more desirable than suchaanThe designer would prefer
to prevent the manipulation witby, buto. is the next best way of preventing the manipulationif
will not suffice.) Then, one of; andds is updated, but the outcome will not be changed for either of
them (the only outcome that the agent would prefentfor these types isy, which the mechanism
does not yet choose for any type); finally, onefgfandd, is updated, and the outcome for this

%The hardness result will hold even if the number of types is restricted to be even, so it does not matter how this is
generalized to situations in which the number of types is odd.

Technically, we reduce from a decision variant of #SAT (“Are there fewer fi@olutions?”). An algorithm for this
decision variant can be used to solve the original problem using binary search.
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type will change tm, if and only if outcomeos is now chosen by the mechanism for some t§pe
(that outcome would be preferreddg by the agent for these types; is the next best outcome for
the designer). We note that this updatevtawill nothappen if and only if, for every clause for

at least one literal € ¢, 6; was updated (rather thah ;)—because in this case (and only in this
case), whenever we updated one?pfd?, o. was chosen (rather than). In other words, it will

not happen if and only if the literalsthat were chosen constitute a satisfying assignment for the
formula. The probability that this happensrig(2!V'1), wheren is the number of solutions to the
SAT formula.

Now, let us consider whether the agent has an incentive to manipulate if his fpdisporting
truthfully will lead to outcome»; being chosen, giving the agent a utility bf It only makes sense
to manipulate to a type for whicky may be chosen, becausgis preferred to all other outcomes—
hence, any beneficial manipulation would b&iwr 6,. Without loss of generality, let us consider
a manipulation td;. What is the chance (given that we have done exd@ly2 updates) that
we choosev, for #3? It is 1/2 (the chance thafi; was in fact updated) times — n/(2/V1) (the
chance thab, was chosen), which !V — n)/(2IVI+1). Otherwisep; is still chosen foms, and
manipulating tod3; from #; would give utility 0. Thus, the expected utility of the manipulation is

%% This is greater thah ifand only ifn < K. =

10.2 Summary

In this chapter, we suggested an approach for (automatically) designing mechanisms for bounded
agents. Under this approach, we start with &@dmanipulable) mechanism, and incrementally
make itmorestrategy-proof over a sequence of iterations.

We gave various examples of mechanisms that (variants of) our approach generate, including:
the VCG mechanism in general settings with payments; an equal cost sharing mechanism for public
goods settings; and the plurality-with-runoff voting rule. We also provided several basic algorithms
for automatically executing our approach in general settings, including a recursive algorithm and
a dynamic programming algorithm, and analyzed their running times. Finally, we discussed how
computationally hard it is for agents to find any remaining beneficial manipulation. We argued that
agents using a straightforward manipulation algorithm will not be able to compute manipulations
if the designer has greater computational power (and can thus execute more iterations). We also
showed that if we add randomness to how the outcomes are computed, then detecting whether a
manipulation that is beneficial in expectation exists becomes #P-hard for an agent.



Chapter 11

Conclusions and Future Research

This dissertation set out to investigate the role that computation plays in various aspects of prefer-
ence aggregation, and to use computation to improve the resulting outcomes. In this final chapter,
we will review the research contributions of this dissertation, as well as discuss directions for future
research.

11.1 Contributions

The following are the main research contributions of this dissertation. (Some minor contributions
are omitted.)

¢ A hierarchical framework that categorizes various ways in which computational tools can
improve preference aggregation (Chapter 1). This framework provides an organized view of
much of the work on computational aspects of preference aggregation (and, in particular, of
the research in this dissertation); it also provides a natural guide towards future research (as
we will discuss in Section 11.2).

e New settings for expressive preference aggregatiofChapter 2). Specifically, we intro-
duced expressive preference aggregatiordtorations to (charitable) causgwhich allows
agents to make their donations conditional on how much, and to which charities, other agents
donate. We also introduced expressive preference aggregation in settingxteithalities
where each agent controls variables that affect the welfare of the other agents.

e New techniques for solving outcome optimization problemdn expressive preference ag-
gregation settings (Chapter 3). In the contexwofing we introduced a powerful prepro-
cessing technique for computing Slater rankings: a set of similar candidates can be solved
recursively and replaced with a single super-candidate in the original problencofudni-
natorial auctions we showed that if the items are vertices in a graph, and each bid is on a
connected component of the graph, then the winner determination problem can be solved ef-
ficiently if the graph is known and has bounded treewidth, or if the graph is a tree (in which
case we can discover the graph). For the setting of expressive preference aggregation for
donations to charitieswe showed that the outcome optimization problem is inapproximable,
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but we also provided mixed integer programming techniques for solving this problem in gen-
eral, and exhibited special cases that are easy to solve. Finally, for the setting of expressive
preference aggregation in settings wattternalities we showed that it is typically NP-hard to

find a nontrivial feasible solution, but we also exhibited two special cases in which this is not
the case (in one, the feasible solution with the maximal concessions can be found efficiently,
and in the other, the social-welfare maximizing solution).

An analysis of classical mechanism design techniqués expressive preference aggrega-

tion settings (Chapter 5). We showed that ¥&G mechanisns extremely vulnerable to
collusion, and provides poor revenue guarantees, in combinatorial auctions and exchanges.
We also gave conditions that characterize when these vulnerabilities occur, and studied how
computationally hard it is to decide if these conditions hold. For aggregating preferences
overdonations to charitieswe showed a fundamental impossibility result that precludes the
existence of an ideal mechanism (even with only a single charity), but we also gave some pos-
itive results that show that negotiating over multiple charities simultaneously can be helpful
in designing good mechanisms.

Automated mechanism designChapter 6). We defined the basic problem of automated
mechanism design and determined its computational complexity for a number of special
cases. We introduced a linear programming (mixed integer programming) approach for de-
signing randomized (deterministic) mechanisms in general, and a special-purpose algorithm
for a special case. We gave various applications and presented scalability results. Finally, we
studied a more concise representation of problem instances, and showed how this changes the
complexity of the problem.

Mechanisms that make manipulation computationally hard (Chapter 8). We demon-
strated thathe revelation principle fails when agents are computationally boun@gxcif-

ically, we exhibited a family of settings where a non-truthful mechanism is easier to execute
and harder to manipulate than the best truthful mechanism; moreover, the non-truthful mecha-
nism will perform just as well as the optimal truthful mechanism if it is manipulated nonethe-
less, and otherwise it will perform strictly better. We then showed that in votidding a
preroundcan make manipulation (by an individual voter) significantly harder—NP-hard, #P
hard, or PSPACE-hard, depending on whether the scheduling of the preround precedes, fol-
lows, or is interleaved with the voting, respectively. We also showed that coalitional weighted
manipulation can be hard even for voting settimgth few candidatesand that these results

also imply hardness of manipulation by an individual if there is uncertainty about the others’
votes. Finally, we gave an impossibility result showing that voting rules thaisarally hard

to manipulatedo not exist, if we require the rule and the distribution over instances to satisfy
some other sensible properties.

An analysis of the complexity of computing game-theoretic solutiongChapter 9). We

showed that the basic computational problems relateldoinancecan be solved efficiently,

with a few exceptions: for iterated weak dominance in normal-form games, and dominance by
pure strategies in Bayesian games, these questions are NP-complete; and iterated dominance
in Bayesian games can even require an exponential number of iterations. We also gave a
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single reduction that shows that finding (even approximately) optiash equilibria(for

various notions of optimal), or Nash equilibria with certain other properties, is NP-complete;
and that counting the number of (connected sets of) Nash equilibria is #P-hard. In addition,
we showed that determining whether a pure-strategy Bayes-Nash equilibrium exists is NP-
complete. Finally, we introduced a nguarameterized definition of strategy eliminability

and showed that it generalizes both strict dominance and Nash equilibrium eliminability (in
that these are obtained for some settings of the parameters). We also showed that strategy
eliminability is efficiently computable if and only if the parameter settings are close to those
corresponding to dominance.

¢ A methodology for incrementally making mechanisms more strategy-proofChapter 10).
This work can be interpreted as one methodology for automatically designing mechanisms
for bounded agents, and as such is a first step towards our long-term goal of bringing auto-
mated mechanism design and mechanism design for bounded agents together. The idea of
this methodology is to start with a v@ mechanism, such as the one that maximizes social
welfare without any incentive compatibility constraints, and subsequently to identify oppor-
tunities for manipulation and locally change the mechanism to prevent these. We showed
that this approach can generate certain known mechanisms (including non-truthful ones). We
introduced algorithms for automatically computing outcomes according to this approach, and
argued that the resulting mechanisms are hard to manipulate.

11.2 Future research

The hierarchy introduced in this dissertation provides a natural guide to future research. Typically,

a new domain for expressive preference aggregation will initially be studied at the shallow levels
of the hierarchy, after which research on the domain will gradually move to deeper levels. For
example, the allocation of tasks and resources (using combinatorial auctions and exchanges) was
initially studied at the shallowest node (outcome optimization); in recent years, most research on
this domain has focused on (algorithmic) mechanism design, the second node in the hierarchy; and
most recently, automated mechanism design has started to be applied to these settings. In contrast,
domains that have only recently started receiving serious attention, such as expressive negotation in
settings with externalities, are still being studied exclusively at the level of outcome optimization.
Hence, natural directions for future research include pushing existing domains deeper down the
hierarchy, as well as introducing new domains—or formalizing domains that already exist in the real
world—and (presumably) studying them at the shallowest levels first. Additionally, in the context

of mechanism design for bounded agents (and especially automated mechanism design for bounded
agents), it is not yet completely clear how mechanisms should be evaluated. Thus, future research
at these nodes will also involve developing a general theory for such evaluation. Domain-specific
studies, such as the ones we did on voting, may help in doing so.

Much research also remains to be done on topics orthogonal to the hierarchy, such as preference
elicitation and distributed computation of outcomes (see Section 1.4). These topics can be studied
at each node in the hierarchy, for any domain. However, typically, doing so requires that research on
that domain at that node has already reached a basic level of maturity—specifically, it requires that
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we have a good grasp on how outcomes should be chosen, and how these outcomes can be efficiently
computed given the preferences of the agents. Because of this, these orthogonal topics will usually
not be the first to receive attention, but this is certainly not because they are unimportant.

While the hierarchy proposed in this dissertation provides a high-level guideline to future re-
search, the research contributions at the individual nodes of the hierarchy suggest many more spe-
cific open questions and directions. The remainder of this section will lay out some of these more
immediately accessible avenues for future research.

11.2.1 Node (1): Outcome optimization

In Section 3.1, we saw how the preprocessing technique of finding and aggregating sets of similar
candidates into super-candidates can drastically speed up the search for optimal Slater rankings
(which are NP-hard to find). One may ask whether similar techniques can be applied to other
hard-to-execute voting rules. We already discussed how the technique can be extended to apply
to computing Kemeny rankings, but we do not yet have experimental results on the efficacy of
doing so. It would also be interesting to characterize restrictions on the votes that have the effect of
making the preprocessing technique sufficient to solve the Slater problem in polynomial time. (One
such restriction that we discussed is that of having a hierarchical pairwise election graph, but there
may be other restrictions with this property.) Another possibility is to look for entirely different
preprocessing techniques, or to try to generalize the similar-candidates technique. Finally, given a
good understanding of what makes a voting rule amenable to the use of such techniques, one may
use this understanding in the design of new voting rules—by ensuring that these new rules allow for
the application of such techniques and can therefore be executed fast.

In Section 3.2, we showed how the winner determination problem in combinatorial auctions can
be solved in polynomial timef we know an item graph for the instance that has bounded treewidth;
additionally, we saw how téind an itemtreein polynomial time (if it exists). This left us with a
very specific open question: can we find item graphs with small treewidth (but treewidth greater
than 1) in polynomial time if they exist? For example, can we find an item graph of treewidth 2 in
polynomial time (if it exists)? Alternatively, given that an item graph of treewid#xists, can we
find an item graph of treewidth at most (s&#)? If we can, then the mere fact that an item graph
of bounded treewidtlxistsfor the winner determination problem at hand will guarantee that it can
be solved in polynomial time (whereas now, we additionally require thatvesvthe graph). As
another specific open question (perhaps of less significance), we showed that in the case where bids
are allowed to contain multiple components, constructing a line item graph is NP-complete when 5
components per bid are allowed; but we left open whether this is so for fewer (say, 4) components.
Additional future research directions include comparing the item-graph based algorithms to other
winner determination algorithm®.@. using a solver such as CPLEX), as welliategrating the
item-graph based algorithms into search algorithms (where they can be applied at individual nodes
in the search tree).

As for the framework and algorithms for expressive preference aggregation for donations to
charities (Sections 2.3 and 3.3), one possible future direction is to build a web-based implementation
of these techniques that will allow them to be used in practice. Another direction is to experimentally
test the scalability of the mixed integer and linear programming formulations of the clearing problem
that we proposed. One can also try to characterize other restrictions on the bids that make the
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clearing problem easy to solve. Another possibility is to consider the elicitation problem in this
setting, and to design good iterative mechanisms for addressing this problem. Finally, one can
consider other bidding languages—for example, languages that allow donations to be conditional
on which other donors are donating (and on how much they are donating).

For the outcome optimization problem in settings with externalities (Sections 2.4 and 3.4), we
showed mostly negative (NP-hardness) results. Future research can potentially address this in sev-
eral ways. First, algorithms could be given that require exponential time in the worst case, but run
fast in practice; one possibility for this could be the use of mixed integer programming techniques.
Another possibility is to try to design approximation algorithms, although this does not look very
promising given that even the problem of finding a nontrivial feasible solution is NP-hard in most
settings that we studied. Finally, we may try to simplify the problem, possibly by changing or
restricting the language in which agents express their preferences.

11.2.2 Node (2): Mechanism design

Our research on vulnerability of the VCG mechanism to collusion and low revenue in combinatorial
auctions and exchanges (Section 5.1) suggests a number of future research directions. First, it would
be desirable to create new mechanisms that do not share these weaknesses. These mechanisms
may be truthful mechanisms—perhaps even other Groves mechanisms—but they may also be non-
truthful mechanisms. For example, we saw that (even under strategic behavior by the agents) the
first-price mechanism does not run into trouble in some of the instances that caused problems for
the VCG mechanism, and it would certainly be interesting to characterize more generally how
first-price mechanisms perform in terms of collusion and revenue. As another direction, we only
characterized when certain worst-case scenarios can occur under the VCG mechanism—but there
are certainly other instances in which bad (albeit not worst-case) outcomes can occur. Providing
a more complete characterization that also classifies these instances would give us an even better
understanding of the VCG mechanism’s vulnerabilities.

Mechanisms for expressive preference aggregation in the setting of donations to charities (Sec-
tion 5.2) (or, more generally, for expressive preference aggregation in settings with externalities/public
goods) still leave much to be desired. In part, this is due to fundamental impossibility results such as
the one that we presented. Nevertheless, our results also suggest that such impossibilities can some-
times be mitigated by using a single mechanism to decide on the donations to multiple charities—
although itis not yet clear how to do this in the general case. While difficulties for mechanism design
in these settings occur even when restricting our attention to the case of quasilinear preferences, it
is important that eventually mechanisms will address the case of more general preferences as well.
This is especially so because typically, when donating money to a large charity, the marginal ben-
efit to the charity of another dollar remains roughly constant even when donations are large. Thus,
the main reason why donors give only limited amounts is that larger donations will prevent them
from buying more basic goods for themselveg(food, clothing)—that is, as they donate more,
the marginal utility of keeping a dollar for themselves becomes larger, and thus their utility is not
linear in money. Automated mechanism design may be helpful in creating mechanisms in the face
of non-quasilinear utilities.
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11.2.3 Node (3a): Automated mechanism design

Automated mechanism design is a relatively new research area, and because of this much remains to
be done. Perhaps the most important direction for future research is getting automated mechanism
design to scale to larger instances. There are numerous ways in which this can be achieved. First
of all, better algorithms for the general problem can be developed. This can be done either by
improving the mixed integer/linear programming formulations, or by developing new algorithms
altogether. As examples of the former, we have observed (1) that some of the constraints in our
formulation imply some of the others (similar observations have been made by otherst [@.ui

2004; Lovejoy, 2006]), and omitting these implied constraints (perhaps surprisingly) significantly
decreases the time that CPLEX requires to solve instances; and (2) in settings that are symmetric
with respect to the agents, formulations that are much more concise (and easier to solve) can be
given. As an example of the latter, in Section 6.7 we introduced a special-purpose algorithm for the
case of designing deterministic algorithms without payments for a single agent, and perhaps this
algorithm can be extended to apply to the general problem.

On the other hand, rather than address the general problem, one can also choose to focus on
specific domains. For example, one can restrict attention to the automated design of combinatorial
auction mechanisms, as has been done by Likhodedov and Sandholm [2003, 2004, 2005]. By focus-
ing on such a specific domain, it is possible to make use of theoretical results that characterize (op-
timal) truthful mechanisms in that domain, which can significantly reduce the space of mechanisms
that must be searched. It is also possible to restrict the space of mechanisms under consideration
without such a characterization result. For example, Sandholm and Gilpin [2006] restrict attention
to sequences of take-it-or-leave-it offers for selling items. Such a restriction will potentially exclude
all optimal mechanisms from the search space, but typically there are many reasonable restrictions
of the search space that one would not expect to come at too much of a cost. For example, one can
require that the lowedt bids never win anything. (Such restrictions, besides improving scalability,
also allow us to rule out mechanisms that are intuitively unappealing.) If there is a formal guarantee
that optimal mechanisms in the restricted search space always have objective values that are close
to those of optimal mechanisms in the unrestricted search space, then an algorithm that identifies
an optimal mechanism in the restricted search space constitutes an approximation algorithm for the
unrestricted setting.

There are many other important future directions on automated mechanism design besides im-
proving its scalability. New domains in which AMD can be applied continue to be found (for
example, recommender systems [Jurca and Faltings, 2006]). One can also use AMD as a tool in tra-
ditional mechanism design. For example, by letting the software compute the optimal mechanism
for a number of sample instances in the domain of interest, one can gain intuition about what the
characterization of the optimal mechanism for the general case should look like. It is also possi-
ble to use automated mechanism design software to help disprove general conjectures, by solving
randomly sampled instances until a counterexample is found. For example, a conjecture that opti-
mal mechanisms in a certain domain need never use randomization can be disproved by finding an
instance in the domain where the optimal randomized mechanism performs strictly better than the
optimal deterministic mechanism.

Finally, one can seek to expand the automated mechanism design toolbox, for instance by study-
ing how to model additional solution concepts. For example, one can add constraints to the problem
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to prevent collusion from being beneficial. One can also try to modify the Bayes-Nash equilibrium
constraints so that truthful reporting remains optimal even if the designer’s prior over agents’ types

is slightly inaccurate. Additionally, it may be possible to create tools for cases where the designer
has only partial information about the prior over agents’ types. Finally, it would be useful to have
techniques for the case where the type space (and perhaps also the outcome space) is continuous
rather than discrete. Even if techniques for solving such continuous instances directly remain elu-
sive, it would help to at least know how to discretize them well.

11.2.4 Node (3b): Mechanism design for bounded agents

In Section 8.1 we showed that there exist settings in which there are non-truthful mechanisms that
perform at least as well as any truthful mechanism (and strictly better if agents are computation-
ally bounded), and that are also computationally easier to execute. Future research should inves-
tigate whether this result can be generalized to other settings of interest, such as combinatorial
auctions. One may also consider non-truthful mechanisms that do not have all three of these prop-
erties,i.e. non-truthful mechanisms that are not easier to execute, or are not guaranteed to perform
strictly better in the face of computational boundedness, or are not guaranteed to perform at least
as well when agents are strategic. In the last case, it would be risky to run this non-truthful mecha-
nism instead of the optimal truthful one because the outcome may be worse, and hence it would be
good to have some way of assessing this ligkbeing able to estimate what the odds are that the
resulting outcome will be worse (or better), and how much worse (or better) it will be.

There are also various avenues for future research on voting rules that are computationally
hard to manipulate (Sections 8.2, 8.3, and 8.4). Most significantly, it is important to see whether
the impossibility result that we presented can be circumvented to create a voting rule that is in
some sense usually hard to manipulate. We offered a few approaches at the end of Section 8.4
that could potentially create such a rule (without contradicting the impossibility result). Another
direction for future research is to create new ways to tweak existing voting rules to make them harder
to manipulate. (Elkind and Lipmaa [2005a] have already generalized the technique of adding a
preround, showing that voting rules canthdridizedwith each other to make manipulation harder.)

It would be especially interesting to create tweaks that make the manipulation problem hard even
with few candidates. Finally, it is important to study in more detail how hard the manipulation
problem is when the nonmanipulators’ votes are not exactly known, as this is typically the situation
that manipulators are confronted with.

Much work also remains to be done on computing game-theoretic solutions (Chapter 9). In
Section 9.2 we showed that computing Nash equilibria with certain properties is NP-hard. Are there
any interesting properties for which this is not the case? To illustrate this, consider the following
computational problem: find a Nash equilibrium with the property that there does not exist another
Nash equilibrium in which each player’s support is reduced by one strategy (relative to the former
equilibrium). An equilibrium with this property can be found by finding any one Nash equilibrium,
and then trying each possible way of reducing each player’s support by one strategy (there are
only polynomially many ways of doing so, and given the supports, finding a Nash equilibrium only
requires solving a linear feasibility program). If we are successful in finding such a reduced Nash
equilibrium, then we repeat the process with that equilibrium, until we fail. (It should be kept in
mind that computing any one Nash equilibrium is still PPAD-complete.) Discovering properties of
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this kind can also help address the equilibrium selection problem (if there are multiple equilibria,
which one should be played?), since one can argue that it is more natural to play an easy-to-compute
equilibrium than to play a hard-to-compute equilibrium.

Various questions also remain on the generalized eliminability criterion introduced in Sec-
tion 9.3. Are there other special cases (besides the case of Breatk) where it can be computed
in polynomial time whether a strategy is eliminable? Are there alternative characterizations of this
eliminability criterion (or restricted versions thereof)? Such alternative characterizations may make
the criterion easier to understand, and may also lead to new approaches to computing whether a
strategy can be eliminated. Perhaps it is also possible to create altogether different eliminability
criteria. Such a criterion may be strictly weaker or stronger than the one presented here, so that
eliminability in the one sense implies eliminability in the other sense; or the criteria may not be
comparable. Another future research direction is to apply the eliminability technique in practice,
testing it on random distributions of games such as those generated by GAMUT [Nudstladan
2004], and using it to speed up computation of Nash equilibria (possibly on similar distributions of
games).

Finally, other directions for future research that can be taken for any one of these solution
concepts include computing solutions for restricted classes of games, as well as computing solu-
tions under different game representations (including games of imperfect information, graphical
games [Kearnst al,, 2001], action-graph games [Bhat and Leyton-Brown, 206&]).

11.2.5 Node (4): Automated mechanism design for bounded agents

Automated mechanism design for bounded agents is in its infancy, and future research will likely
create new and more comprehensive approaches. However, even the initial approach that we proposed—
starting with a n&ve mechanism and incrementally making it more strategy-proof—raises many
questions. Most significantly, while we have given a general template for the technique, many
choices must be made to fully instantiate it. For instance, we must choose the set of manipulations
that we try to prevent, the way in which we try to prevent them, and when we terminate the updating
process. We gave examples of various instantiations of the technique and the mechanisms that they
generate, but ideally we would have a single instantiation of the technique that dominates all others.
Even if this is not possible, it would be very helpful if we could provide some guidance as to which
instantiation is likely to work best for a given application.

Another avenue for future research is to use this approach to help us create new general mech-
anisms. Whereas automated mechanism design in the sense of Chapter 6 can only help us con-
jecture truthful mechanisms, this approach potentially can also help us create new non-truthful
mechanisms—for example, new voting rules. (Recall that all truthful voting rules are unsatisfactory
by the Gibbard-Satterthwaite impossibility theorem.)

On the matter of designing algorithms for automatically executing the approach, it is important
to find algorithms that scale to larger numbers of iterations. Not only will this allow us to design
mechanisms with fewer possibilities for beneficial manipulation, but it will also make the remaining
beneficial manipulations more difficult to find, because agents must reason through more iterations
to find them. (Of course, if the agents have access to the more efficient algorithms as well, this
benefit disappears. Nevertheless, if we as designers do not find more efficient algorithms, we run
the risk that agents will find these algorithms themselves, and will be able to out-compute us and
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find beneficial manipulations.)
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